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TIM LOI GIAI CAC BAI TOAN BAT PANG THUC, GTLN — GTNN NHO DU POAN
DAU BANG
Lé Anh Diing
(G/v THPT chuyén Hupnh Mén Pat — Kién Giang)
Cic em h/s va cic ban than mén, trong cic dé thi TSPH thuong c6 mdt ciu V 1a cAu
kho (dé chon cac cao thu v6 1am) cau nay nhlrng nam gz‘ln day thu’O’ng cho du’0’1 dang cac
bai toan BDT. Va thwong thi cac si tir khong biét bit dau tir dau dé giai quyet né. Bai viét
nay tdi sé truyén dat cho cac ban mdt “tuyét chiéu” vé cong doc dao (chi can mt chi€u thoi).
Sau khi hoc dwoc “tuyét chiéu” nay cac ban sé thay cc van de tré nén rat don gian.
Pé linh hoi dwoc “tuyét chiéu” ma tdi tong hop tir vo so cac chiéu thire ciia cac mon
phai khac thi trwéc tién cac ban phai nim dwoc mot s6 “chiéu thirc” ban da.
1. Bat Ping thirc Cosi (cac chiéu nay xem trong “Pai s6 10”)
a. Bat Pang thuc Cauchy cho 2 s6 :
Cho 2 sd a, b > 0 .Khi d6: a+b> 2+/ab . Dau =" xay ra khi a =b.
b. Bat Pang thirc Cauchy cho 3 sb :
Cho3sba,b,c >0.Khidétacd:a+b+c > 3¥abc.Diu ‘=’ xadayrakhia=b=c.
Nhan dang:
+ Tim nho nhat cta tong khi biét tich.
+ Tim 16n nhat cta tich khi biét tong, tong binh phuong.
+ Chtrng minh téng 16n hon tich, tich chia tong (tong binh phuong, . . .)
+ Dung nhép cac téng, téng nghich dao, . . . thanh mot.
Cdac BDT co ban lién quan_hay dung :
1.2’ + b’ > 2ab.
2.2 +b*+c? > ab+ac+bc . Diu‘="khia=b=c.

3.5+ b+ ¢ 2%(a+b+c)2 > ab+ac+bc.Diu ‘=" xayrakhia=b=c.

. 1 1 £ 1
4.Véia,b >0.Taco:(a+b)(—+—)>4. Da khi b (h >
o1a, aco:(a )(a+b) au ‘=" xayrakhia=b (hay: a+b a+b)
1 1 1

5.Voia, b,c >0. Tacoé:(a+b+ C)(5+B+E) > 9 . Dau ‘=" xay ra khi a = b = ¢ (hay :

I 1 1 9
—t—t—>
a b c a+b+c’ ) .
Y nghia ciia cac bat ding thirc 4, 5 1 cho phép ta nhap cic phan s6 thainh mét do dé rat
thuan lgi cho viéc xét ham véi mot an.
2. Bat Dang Thirc Bunhiacopxki —BDT Tri Tuyét Doi :
Trong chuong trinh thi Dai Hoc chung ta chi dwoc dp dung BDT Cauchy cho 2 va 3 s6 khong
dam va bat dang thirc Bunhiacopxki cho 2 cap so.

|a.b, +a,.b,| < /(a7 +a)(b} +b2)

A c_s 2 . a a A 2 1A v A N ~
Dau ‘=" xay ra khi b—‘:b—z(Neu bo dau | | thi can thém > 0 nira)
1 2

b. Nhdn dang: ’ 7
+ Tong cac cap so c6 tich khong doi.
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+ Tong binh phuong bang mot sé khong doi.
c. Ung dung
+ Nhép cac tong binh phuong thanh mot.
3. Khdo sdt ham so
Trén ddy la cdc van dé ma Pai Héi Anh Hiing thiong ra dé chon cao thi. Hi vong cdc st tik ndm
diroc cdc chiéu thire co ban ndy dé linh hoi cho tot.

Khi tim GTNN, GTLN céac em thuong mac phai sai lam pho bién trong viéc tim gia trj
cta bién tai cac diém dat max, min d6 1a : thuc hién lién tiép nhiéu budc danh gia nhung dau
‘=" tai mdi budc 1a khong nhu nhau do d6 khong c6 diu ‘=" dé xay ra dang thic cudi. Xét
bai toan:

Tim GTLN cua f(x) = sin’x + /3 cosx, ¢6 ban di giai nhu sau:

Chi can xét trong x< [0 ; g ].Ta cé:sim’x < sinx suy ra : f{x) <sinx + 3 cosx
Mat khac : sinx + 3 cosx = 2sin(x + g)sz.

Vay f(xX)mar = 2

Nhdn xét : bai giai trén sai (bai giai dung xem ¢ dudi) do da vudng sai 1am trong tim dau
‘=". f(x) khong thé dat gia tri bang 2 dugc vi dé t6i BPT cudi chiing ta da thuc hién 2 phép
bién d6i

+1an 1: sin’x < sinx ; ddu =" khix =0, /2.

+14n 2: 2sin(x +n/6)<2; ddu ‘=" khi x=n/6

Nhu vay, khi thuc hién mdi budc bién doi ta thuong tu dit ra cAu hoi:

+ Khi thwe hign cdc budc bién déi nhw viy thi ligu diu =’ cé dat dwoc 6 budc cudi
cung khong ?

+ Pdnh gid nhw thé nao dé cé thé dwa vé vé con lai dwoc hay khong ?

Mic du bai toan ¢ thé thuc hién lién tiép nhiéu budc bién ddi nhung dé dau ‘=" dat duogc
thi & mdi budc ddu ‘= ciing phéi giéng nhu dau ‘=" ¢ dang thuc cudi cung. Vy thi tai sao
ta khong dy dodn trudc diu =’ ciia BPT (hoiic gid tri ma tai dé biéu thirc dat max, min)
roi tiv d6 mdi dinh hwong phwong phap danh gid ?. Day 1a mot cach phan tich tim loi giai
ma t6i mudn gidi thiéu. Pé co6 hudng suy nghi dung ching ta thuc hién cac budc phan tich
sau:

L.Phan tich —tim loi gidi:
1.Du doan dau ‘=" cia BDT hay cac diém ma tai d6 dat GTLN, GTNN.
2.Tir du doan dau “=", két hop V01 cac BDT quen thugc dy doan phép danh gia. Mobi phep
danh gia phai dam bao nguyén tac “ddu ‘=" xdy ra & mdi budc niy phai giéng nhu du ‘=
du doéan ban dau”.

Pé lam 3, t6i xin phan tich cach suy nghi tim 10i giai trong mot vai vi du sau:
1. Cac thi du:
Thi du 1: (PH 2003-A)
Chox,y,z>0théaman:x+y+z < 1. Cmr:

P= \/x2+XL2+\/y2+yL2+\/zz+zi2 > /82
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Phén tich:
BI. Dy doan ddu ‘= x=y=z=1/3
B2. Bé 1am mat dau can, ta co thé suy nghi theo 2 hudng: mat ddu cin & timg sd hang
hoac nhap dau can & mdi sb hang thanh mat.
1. Néu suy nghi theo huéng mat dau cin & ting sb hang ta duing BDT Bunhiacopxki:

+ X3 +XL2 & dang tong hai binh phuong — BDT BCS - ta can tim: \/(xz +L2)([?]+ [?)> .. Déau

X

‘=" cila du doan ban dau 1a x = %Vé dau ‘=" ctia d4nh gia BPT BCS 1a —=~ 1 =—Z Nhu vay 2 s6

con lai can dién sé co ti 16 3 : %=9 : 1. Ta duoc :\/(x +—)(1* +9° )>x+— Tuong tu véi y, z
x> X
C . , 9 9 9
va cong lai, ta duogc: P.82 2;+§+E+ x+ y+ z.

+ V& phai 1a tong cac phan sdquen (BDT Cosi)
S 0 . (Dédu =’ vén dim bdo) - J32P >x+y+z+
X'V Z X+y+z X+y+2z
(voit=x+y+x(0<t <1). Khdo sat ham ta dugc dpcm. (Té1 day c6 em dung BDT Cosi

t+% >18 khong thu dugc két qua vi da vi pham nguyén tic dau ‘=)

—f(t)—t+%

2. Nqéu suy nghi theo hudng nhép cac dau can:
+ O moi dau can la dang binh phuong — tong 3 d6 dai ctia ba vecto .

+ Dy doan diu =’ khix=y=z=%.Khid(')3vect0’ u=(x; %),\7=(y; é)vé w=(z; %)

cung hudng dugce tirc dang thire sau xay ra duge : P =

-

u +1Vv|

+ o>

a+\~/+vﬁv‘=\/(x+y+x)2 +(1+1+l)2
Xy z

+ Té1 day thuc hién cac budce phan tich nhu 1.

Khi thay div kién x + y + z <1 bdng dir kién khdc, chang han: x + y + z <2 thi vé phdi badi
todn nhu thé ndo ?

Thi du 2: (DBDPH - 2003)

Tim GTNN, GTLN ctia : P = sin’x + /3 cosx.

Phan tich:

Ta thay P chira mot an x suy nghi dau tién cua ta thuong 13 ding dao ham. Thir dao ham :

£(x) = 5sin*x.cosx —v3 x

+ Chung ta thiy c6 mot nghiém la sinx = 0 nhung cac nghiém con lai ta khong thé tim duoc.
Nhu vay hudéng giai quyet khi dao ham tryuc tiép 1a khong kha thi. Nhung qua day cho ta co
dw dodn dwec cic diém ma tai d6 dat NN, LN sé& 1a cac diém lam sinx = 0.(thuong thi cac
diém dat max, min 1a cac diém t&i han ciia ham so)

+ Tir diéu nay, khi ta bién doi va str dung cac bat ding thirc dé danh gia phai luon ludn co
dau = tai cac diém lam sinx = 0.
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+ Mubn dua vé mot 4n t, ta dit t = cosx, nhung sin’x khong chuyén vé t dugc —danh gia
sin’x dé ha mot bac (sin’x, sin™x, . . . thi dwa vé t = cosx duogc). Phdi ddnh gid nhw thé nao
dé diu =’cé dwoc khi sinx = 0 sin’x < sin*x »>Khi d6 : sin*x = (1 - t%)°
f(x) < gt) = (1 —t)* + V3¢, te[-1; 1].

+ g’(t) = V3 - 4t(1 — t*) > ham béc 3 nhung ta khong nhim nghiém dugc (thir bAm may
xem c¢6 nghiém trong [-1 ; 1]-khong c6 nghiém —g’(t) chi mang dau) danh gia g’(t) dé
chtng minh g’(t) c6 mot ddu— dung BPT hoidc dao ham :

+g”°(t)=12t" -4, g”’(t)=0 < t==1/2. Lap BBT hodc dé y rang g’(+ 1), g’(+1/2) > 0=
2’(t) >0, Vte[-1;1]. Suy ra : max g(t) = g(1) (vdn dam bdo diu =’ nhw & trén).

Thi du 3: (DH 2004-A)

Cho tam giac khong ti ABC, thoa man diéu kién: cos2A + 242 cosB + 242 cosC = 3.
Tinh cac goc cua tam giac ABC.

Phén tich:

Bai toan yéu cau tinh 3 goc trong khi d6 chi cho mét dang thirc rang budc nhu vay chi cé
cach dung BPT dé danh gia mot vé 16n hon hoic bang vé con lai.

+ Dy doan ddu ‘=": B=C=45"va A =90°. B, C dbi xtrg nén du doan B = C, h¢ s6 cosB
142 tir day du doan B = 45° thir vao thay thoa.)

B-C B+C

+ Ta thuc hién bién doi biéu thirc quen thuoc : cosB + cosC = 2cos : .COS o voi du

doan B = C thi COSB%C = 1, ta c¢6 thé danh gia cosB + cosC dé chuyén vé mét an : cosB +

cosC = 2cos

. A A
.SlI’l—SZSIn?

+ Vay : cos2A + 4\/§sin%—320.
Pay 1a bai toan mot 4n ta co thé
. Ditt=sinA A2 ;
H1: batt= s1n3 (te (O'T]) chuyén
f(H=Q2Qt — 1)°~1) + 42t —1=8t" —8t* +4 2 t -1
£(t)=32t-16t + 42 —khong giai dugc nghiém. (bam may tim nghiém te (0;%] thdy khong

c6 nghiém — f(t) chi c6 mot dau )— £(t) 1ap BBT suy ra duoc £(t) >0 , vt = f(t) gf(g) =3(

bai todn thuong gap ¢ 16p 12)

H2: Panh gia cos2A dé giam bot bac, co thé phan tich theo huéng : cos2A = 2cos’A —
1.V6i du doan déu =" khi A = 90° & trén, ta c6 thé danh gia cos’A nhu thé nao?Panh
gia :cos’A <cosA (dé dam bao ddu ‘=" xay ra khi A = 90°)

+ Thu duogc : cosA +4\/Esin%—3 >0

hay: —2sin2%+4\/isin§ -4>0.

2

Suy ra: —(\/Esing—z)2 20:>sin%= ;
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Thi du 4: (PH Mo Dia Chat - 99)
Gia st A, B, C1a 3 goc mot tam giac. Tim GTNN :
_ 1 1 1
2+ COS2A Jr2+cosZBJr 2-cos2C

Phan tich:
+ Du doan diém dat GTNN: thir mot sb gia tri ddc biét va du doan A = B (A, B dbi xing)
A,B| 15" | 30°] 45" 60’

P 4 2[6/5 |4/3 |26/15

+ —

4+43 3

Vay du doan A = B=30°, C = 120"
+ V6i gia tri du doan ta dé y

2 + cos2A =2 + cos2B = 2 — cos2C, va can danh gia >. Diéu nay tring vé&i cach nhap céac
phan sb trongBDT Cosi :

A 9

TVay: b= 6+ COS2A + COS2B — cos2C Q

+ Muc ti€u bay gid 1a di ching minh:
R = cos2A + cos2B — cos2C <3/2 (gia trj tai diém dy doan, chiéu <dé dam bao Q >6/5)

+ Biéu thuc cua R chira tong quen thudc ciia tam giac : cos2A + cos2B = 2cos(A — B).cos(A
+B) =
- 2¢0s(A — B). cosC va cos2C = 2cos°C — 1. Vay :

R = - 2cos(A — B).cosC — 2¢cos’C + 1
+ Té1 day, c6 2 suy nghi :

H1 : Khi A =B = 30° x4y ra thi cos(A — B) =1 va cosC = —%z —%cos(’\ -B). Ti 1& nay gidng

ti 1& phan tich thanh binh phuong trong biéu thtrc cta R.

Ta thtr phan tich: R = - 2(cosC + %cos@ -B))* +1 +%COSZ(A - B) s%. Pay 1a muc tiéu can di
toi.

H2 : Panh gia R dwa vé mot 4n. Theo du doén thi cos(A — B) = 1 xay ra dugc. Vay ta co
danh gia quen thudc : cos(A — B) <1. Néu nhan cosC vao 2 vé ta gip sai 1am vi chua biét dau

cosC. Ta tranh bang cach : ’ 7
- cos(A — B).cosC < |cos@ - B)cosC| <|cosC| (dau ‘=" dat dugc tai cac diém du doan.). Vay :

R <-2cos’C + 2|cosC| + 1= -(|cosC| —%)2 +%s% (hodc xét ham )

Thi du 5: (DHSP Ha No6i — 99)

Cho X, y, z <[0 ; 1]. Chiing minh rang :
24y +2) - Xy +y'z+z2°Xx)<3

Phén tich:
+ Du doan ddu ‘=": hai s6 bang 1con 1 sé bang 0 hodc x=y=z= 1.
+ Véi du doan trén 1am thé nao dé xuét hién duoc vé trai 2 Dé lam xuit hién Xzy ta thur xét
tich :
(1-x>)(1 - y) >0 (ddm bdo diu ‘=" nhw dw dodn) hay : X’y + 1 —x> —y >0. Thyc hién tuong
tu trén ta co :
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Vz+1-y —z>0 ZX+1-722-x >0
+ Néu cong 3 vé ta gan duoc bdt can chimg minh, chi thay 2(x’ +y’ + 2°) bang tong : X* + Y’
+7°+x +y+ 2z Voi gia thiét x, y, z <[0 ; 1] thi ta c6 thé so sanh cac lily thira v6i bac khac
nhau, do d6 c6 thé so sanh hai tong trén: x° <x”> <x;y’ <y’ <y vaz’ <z° <z. Cong cic bdt ta
dugc dich can phai t6i.
Thi du 6: (DH- A- 2005)

Cho x, y, z la cdc sé6 dwong théa man LIS Chitng minh  rang
X y z

1 1 1
' 2x+y+zJr x+2y+zJr X+Yy+22
Phan tich:
+ Dy doan dau ‘=" x=y=z=%
+ Vi dy doan d6 thi 2x =y + z, x+ z =2y, x + y = 2z ; mdi phan s6 ¢ vé phai bay gid gidng
vé phai cia BDT nhap phan s6 quen thudc ¢ thirc thir 4 cta chiéu “Cosi”.
1 1,1 1 1 1,1 1 1 1,1 1

+Péanh gid: ——<—(—+ ; <—(—+ ; <—(—+
2X+y+zZ 4 2X Yy+Z X+2y+z 42y X+Z  X+y+2Z 42z y+X

1 A r N\
S BDT :
oy 3 (X ) .cong cac nay ta dwoc dpcm

<1

)

+ Véi dw dodn x =y =z ta ¢é thé danh gid :

Thidu 7:

3 3 3 3
\/l+x +y’ \/1+x +Z +\/1+y +Z 23\/5

Cho x, y, z > 0 thoa man xyz = 1. Chimg minh ring : X - v
Phén tich:

+ Dy doan déu “=” : x == z=1

+ Vo1 dy doan nay thi 1 = x3— y>, & mdi phan sb ta thiy déu c6 dang ton chia tich, ta dung
Cosi dé danh gia tong dua vé tich:

3 3
v s i - g s VXY Yy 43
J1+X +y 3x J3Xy = > Xy

v
w/1+y +7 >T NI+Z +x° \/_

V3 3B
Suyra: VT >
4 \/_ ’\/_ A\/_ 7 \ r
+ Két hop voi gia thiét va voi du doan dau ‘="thi \/xy =./yz =+/zx . Diéu nay tring véi dau hiéu
cua BDT Cosi, do d6 dung BPT Cosi ta duogc:
AN S R B

Qua cdc vi du trén chiing ta thdy dwoc tam quan trong cia viée danh gid, du dodn ddu
‘=’xdy ra ¢ cdc BDT.Ngodi viéc tranh cho ta nhitng sai lam thuwong gdp trong qud trinh tim
GTNN, GTLN thi viéc di dodn ddau ‘=’con cho chiing ta dinh huéng dwoc phwong phdp
chung minh(cac cdch danh gid la hoan toan tw nhién chw khong phdi ‘tw trén troi roi
xuong’).Xin moi cdc em van dung vao cdc bdi tdp sau:

I11.Bai tip dé nghi:
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1> Tinh cac goc cua tam giac ABC biét rang :

a. sin’A + sin’B + 2sinAsinB = % +3¢0sC + cos’C

. A B
b. cosA+cosB — cosC= —%+ 25m%+4c05§ cos5

2>Tim GTNN ctia : P = 3sinx + 8cos'x
3> Cho X, y, z> 0. Chtrng minh rang : 3x + 2y + 4z > \/xy +3,/yz + 5v/zx

4>Ch0a,b,c>0th()am€1na2+b2+02=l.Chl'mgminh: a_, b +—C 23ﬁ
b’+c¢ a+c¢ a+b 2

+C
5> Cho tam gidc nhon ABC. Ching minh: (1 + colsA J(l ! j(l-i- : jz 27

cosB cosC

6>Cho 3 s6 X, y, z> 0 sao cho Xy + yz + zx = xyz.

2x* +y? 2y’ +2° 2Z22 +X°

\/ y +\/ y N 272" +X >3
X ZX

y yz

Chung minh rang :

7>(PH — A- 2005)

Cho x, y, z> 0 thoa man : iy Chuang minh rang :
X y z
1 1 1
+ + <1
2X+Yy+2Z X+2y+Z X+y+2z

8>(DH — D — 2005)

\/1+x3 +y’ +\/1+y3 +2’ +m23\/§
Xy yz zx
Trén day ciing chi 1a mot trong s6 rat nhiéu cach suy nghi va di nhién né ciing chi giai quyét
dugc mot vai dang BDT cu thé ma thoi. Nhan day toi xin chan thanh cam on Th.S Nguyén
Quéc Luan da dong gdp nhiéu y kién quy bau giup t6i hoan thanh bai viét nay. Rat mong su
trao doi ctia cac ban. Pia chi E-mail : rubidragon2005@yahoo.com

Cho x, y, z> 0 thda : xyz=1. Cmr:
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