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I. PHAN MO DAU
1. Ly do chon de tai:

T khi tham dy cdc hdi nghi Chuyén dé Boi dudng hoc sinh giéi THPT do
truong Pai hoc Khoa hoc tu nhién Ha noi td chirc hang nam tur 2002 dén nay,duoc hoc tap
cac chuyén dé do cac giang vién , cac chuyén gia Toan ctia B trinh bay va duoc su dong vién
cta thiy Truong Thanh Pht chuyén vién mén Toan cua S¢ Gido duc va dao tao Tién Giang
ching t6i c6 mot tam huyét 1a s& cb gang thuc hién hoan chinh , cu thé hoa cac chuyén dé phu
hop véi trinh d hoc sinh tinh nha dé déng gop vao thanh tich chung ctia Tinh trong cac ky thi
HSG cap khu vuc va cp qudc gia.

Trong nhimg nim gan ddy bd moén Toan cia tinh Tién Giang di c6 nhing tién
bd va dat dugc mot s6 thanh tich dang ké trong cac ky thi HSG khu vyc. Nhung gan day Bo
da thay d6i manh vé quy ché thi HSG cdp Qudc gia d6 1a khong con phan chia hai bang A,B
nhu trude ma chi c6 mot bang théng nhét chung toan qudc. Dé thi kho hon va sb luong giai it
hon gay kho khan cho ca Gido vién va hoc sinh mén Toan tinh nha.

Trong diéu kién kho khan d6 viéc tim tai liéu va viét cac chuyén dé nay la viéc
can thiét trong tinh hinh hién nay.Puoc sy iing hd cua cac thay co trong t6 Toan Tin truong
THPT Chuyén Tién Giang ching t6i thuc hién viét chuyén dé :” Ap dung tinh lién tuc cia
ham sé, dinh Ii Lagrange, dinh Ii Rolle dé gidi todn”.

2. Muc tiéu nghién ciru:

Nham hé théng va phan loai kién thirc cac bai tap co st dung tinh lién tuc va céc
dinh 1i Lagrange , dinh 1i Rolle dong thoi dua ra nhén xét cach giai .Gitp cho hoc sinh ¢ hé
thong kién thirc va biét van dung vao viéc giai cdc bai toan giai tich , dai s6 dong thoi dinh
huong suy nghi tu duy toan hoc va kha nang van dung sang tao trong cac bai toan maoi.

3. Nhiém vu nghién ciru:

Trinh bay 15i giai va huéng dan giai cac bai toan c6 sir dung tinh lién tuc cua
ham s6 dé chimg minh phuong trinh ¢6 nghiém, dé giai cic bai toan vé ham s va day s6 ,
trinh bay mot phuong phap ching minh mot ham sb 1a ham sé hang va mot 16p cac phuong

trinh ham lién tuc.
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Tiép theo nhiing 4p dung tinh lién tuc cia ham so 13 cac bai tap ap dung dinh li
Lagrange, dinh li Rolle dé chimg minh phuong trinh c¢6 nghiém, dé chimg minh dang thirc,bat
dang thte, dé giai phuong trinh,hé phuong trinh,bat phuong trinh va ap dung dé tim gidi han
day so.
Rén luyén tu duy toan thong qua cac bai tdp vé& ham sb va gi6i han diy sb dong
thoi trao d6i va hoc tap kinh nghiém véi cac thiy co bd mén Toan cia tinh Tién Giang.
4. Phuong phap nghién ciru
-Dya vao cac chuyén dé da hoc & Ha Noi va céc tai lidu trong tat ca cac dot boi
dudng dé trinh bay hé théng cac ap dung ctiia ham sd lién tuc , dinh 1i Lagrange, dinh 1i Rolle
va cac nhan xét.
-Huéng dan hoc sinh Poi tuyén tim tai li¢u co lién quan,phan loai bai tdp,nhan
xét cach giai, tao tinh hudng c6 van dé dé HS cung trao d6i nghién ciru.
-Hé thong va sip xép cac dang bai tap tir d& dén kho va co cac 101 giai cu thé.
-Phuong phép phan tich:gitip hoc sinh nim rd ban chat van dé , lya chon phuong
phap giai phtt hgp dong thdi md rong va tuong tu hoa bai toan.
5. Mot s6 két qua dat dwoc
Gitip cho hoc sinh d6i tuyén c6 thém phuong phap va tai liéu can thiét dé giai
cac bai toan vé ham sb va diy sé.
Qua chuyén dé nay gitup hoc sinh khac sdu thém kién thirc vé ham sb lién tuc va
gi6i han day sb.
Gitip cho hoc sinh ¢6 thém phuong phap dé viét cac chuyén dé nang cao khac.
I1. NOI DUNG NGHIEN CUU
1.Cac tinh chét cia ham s lién tuc trén mot doan duoc ap dung nhiéu va rat phong phu
da dang trong céac bai toan vé ham sd va diy sd cling nhu cac dinh li Lagrange, dinh 1i Rolle
cling dugc st dung trong cac dé thi HS gioi cip Qudc Gia gan ddy.Véi mong mudn co6 mot
chuyén dé twong ddi hoan chinh vé cac cac dang bai tip nay nén chung toi viét chuyén dé :”
Ap dung tinh lién tuc ciia ham sé, dinh Ii Lagrange, dinh li Rolle dé gidi todn” d& phuc vu
giang day cho hoc sinh Pi tuyén tinh nha.

2. Dé tai dugce chia lam 2 chuong:
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-Chuong I: Trinh bay 4p dung tinh chat ciia ham s lién tuc, trong chuong nay
chu yéu 4p dung tinh chat ham sé lién tuc trén mot doan dong thoi st dung nhiéu dén sy ton
tai gii han hiru han cua day s va mdi lién hé giira gi¢i han ddy va gidi han ham.

- Chuong II: Trinh bay 4p dung dinh 1i Lagrange, dinh 1i Rolle dé chimg minh
phuong trinh ¢6 nghiém, dé ching minh ding thtrc, bat dang thtc, dé giai phuong trinh,hé
phuong trinh,bat phuong trinh va ap dung dé tim gi6i han day sd.

Du ¢ gang nhiéu nhung dé tai khong tranh khoi sai sot , rit mong nhan duoc sy dong
gop tir cac ddng nghiép mon Toan cua tinh nha.
Sau day va trinh bay phan noi dung ciia dé tai.
Chuong 1.
AP DUNG TiNH CHAT HAM SO LIEN TUC PE GIAI TOAN

I.1.CAC TINH CHAT:

1.Néu ham s6 f lién tuc tai x, thi moi day (x,) c6 limx, = x thi

limf(x,) = f(x¢) = f(limx,).

2 Néu ham sb y = f(x) lién tuc trén doan [a;b] thi n6 dat dugc gia tri 16n nhat va gia tri
nho nhat trén doan d6,dong thoi nhan moi gia tri trung gian & giita gia tri nho nhat va gia tri
16n nhat,nghia 12 :

a/Ton tai x; € [a;b]sao cho f(x,)<f(x) v6i Vx € [a;b],

ki higu m=f(x,)= M1 S (x)

b/ Ton tai x, e [a;b]s20 cho f(x)<f(x,) voi Vx € [a;b],

ki higu M = f(x,) = MaX f(x)

c¢/Véimoi € € [m;M],EIxO € [a;b] sao cho f(xo) =c
3. Néu ham sd y = f(x) lién tuc trén doan [a;b] va f(a).f(b) < 0 thi ton tai
Xo € (a;b)sao cho f(xo) = 0,nghia 13 phuong trinh f(x) = 0 c6 nghiém.Néu c6 thém gia thiét
ham s6 f don diéu trén khoang (a;b) thi nghiém X, 13 duy nhat.
I1.2.CAC BAI TOAN:

1.2.1. Ap dung tinh lién tuc ciia ham s6 dé chirng minh phwong trinh ¢é nghiém:
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Bién doi phuong trinh vé dang f(x) = 0 sau d6 chtirng minh f lién tuc trén [a;b] va f(a).f(b) <0
2 b2

+
X=p X=q

a

Bai 1: Cho a,b,c khac 0 va p,q tuy y.CMR phuong trinh = ¢ ludn co

nghiém.
a2 +b2 X#p

=c & x:a2 +b? ip phuong trinh c6 nghiém.
c

Gidi :* Véip=qtaco Y= p

* Vi p=q diéu kién xac dinh x=p va x=q . Véi dicu kién d6 phuong trinh twong duong
Vi a’(x-q)+b’(x-p)=c(x-p)(x-q) = c(x-p)(x-q)- a’(x-q)-b*(x-p) = 0
Pit vé trai ciia phuong trinh 13 f(x) . Ta c6 flién tuc trén R va
f(p)f(q) = -a’b*(p-q)” <0.Do d6 ton tai s6 x, & giita p va q sao cho f(x,) = 0,tic phuong trinh
c6 nghiém.

Bai 2: Cho ham f :[a;b] —[a;b] lién tuc .CMR phuong trinh f(x) = x ¢4 nghiém trong
[a;b]
HD:Dbat g(x) = f(x) —x lién tuc trén [a;b] va g(a).g(b)<0

1

Bai 3:CMR phuong trinh ,
cosx sinx

=m ludn c6 nghiém.
A {ia T fe . .
HD: bicu kién x # kE PT tuong duong vdi sinx — cosx —msinxcosx = 0

bit f(x) = sinx — cosx —msinxcosx lién tuc trén [O;%] va f(0).f (%) <0

Bai 4:CMR vd&i moi a,b,c PT sau luén c6 nghiém:
ab(x-a)(x-b)+ bc(x-b)(x-c)+ ac(x-a)(x-c) =0

HD: bat f(x)= ab(x-a)(x-b)+ bc(x-b)(x-c)+ ac(x-a)(x-c) lién tuc trén R va
f(@).f(b).f(0).f(0)<0= f(a).f(b)<0 hodc f(c).f(0)<0

1.2.2. Ap dung tinh lién tuc ciia ham s6 dé giai cac bai toan vé ham so va diy so:

-Ap dung dinh 1i gi4 tri trung gian gitta gi4 tri nho nhat va gia tri 1én nhét ciia ham lién
tuc .

-Day s6 don diéu va bi chin thi ton tai gi61 han hiru han.

Bai 5: Cho f 14 ham s6 lién tuc trén R thoa man cac diéu kién f(f(x))f(x) =1 véi moi x

va f(2a)=2a-1( vo1 a>1).Hay tinh f(a)
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Giai: Ta c6 f(f(2a)).f(2a) =1 va f(2a) = 2a-1 nén [f(2a-1)].(2a-1) =1 suy ra f(2a—1)=%

Vi f'lién tyc trén R va < a < 2a -1 nén ton tai x, <(2a-1;2a) sao cho f(x¢) =a

2a-1

Vi f(f(x)).f(x)=1 v&i moi x nén f(f(x,)).f(xo)=1 suy ra f(a) = %
Bai 6: Cho hai ham s lién tuc f,g:[0;1] - [0;1] théa mén diéu kién
f(g(x)) = g(f(x)) , Vx € [0;1] Biét rang f 1a ham s6 taing.CMR ton tai a € [0;1] sao cho f(a) =
gla)=a
Gidi: Pat h(x) = g(x)-x voi Vx € [0;1], h 1a ham s6 lién tuc trén [0;1]
va h(0).h(1) = [g(0)-0] [g(1)-1]< 0 nén ton tai x, € [0;1] sao cho h(xp) = 0 hay g(x,) = X
Néu f(x,) = x, thi ta c6 dpcm
Néu f(xo) # Xo ta xét diy (x,) duoc xac dinh boi x; = f(X¢),xn11 = f (x,) vOi moi n>1.R3
rangx € [0;1]. Do f1a ham s6 tang nén ddy (x,) 1a ddy ting néu x, < x; va 1a ddy giam néu x,
> x; Suy ra ton tai limx, =a € [0;1].Bang quy nap ta chimg minh dugc g(x,) = X, véi moi
n> 1.That vay véi n =1 ta c6 x; = f(x¢) = g(x1) = g(f(x0)) = f(g(x0)) =
f(x0) = x1. Gid str g(xx) = Xx .Khi d6 x4 = f(xx) = f(g(xx)) = g(f(xx)) = g(Xx+1) -
Vay g(x,) = X, vo1 moi n> 1.Do fva g lién tuc nén ta co :
f(a) = f(limx,) = limf(x,) = limx,.; = a va g(a) = g(limx,) = limg(x,) = limx, = a.
Vay f(a) = g(a) = a.
Bai 7: Cho f 13 ham s lién tuc trén doan [0;1] thoa diéu kién f(0) = f(1) .CMR véi bat

. A A « A s A n 1
ki sO ty nhién n nao cling ton tai so ¢ thudc doan [0;1] sao cho f(c)= f(c+—)
n

Gigi - X6t ham sd 2(x) = f(x+l) —f(x), xe |:O;n :| khi d6 g lién tuc trén |:O;I’l _1:| va
n

n n

n

g(O)+g(%)+g(%)+---g(n;1)=f(%)—f(O)+f(%)—f(%)+---+f(l)—f( ;1>

=)= f(0)=0

Ao ' ' : -1
Tir d6 suy ra ton tai 1,j sao cho g(i) <0; g(i) >0 Vi g lién tyc trén {O; & }nén
n n n
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Hce(i,l):g(c):O Vay ton tai EIce[O;l]:f(C)=f(C+l)
non "

Bai 8: Ky hi¢u x, 1a nghiém cua phuong trinh

1 1 1
——— ..+

x x-1 xX—n

thudc khoang (0, 1)

=0

a) Chung minh day (x,) hoi tu;
b) Hay tim gi4i han do.
Giai
1

a/ x, dugc xac dinh duy nhat vi ham s6 £, (x) :l+ e ! lién tuc , gidm trén
X X — X—n

(0, 1) va lim fn(x) = +o0 . lim fn(x) = —0
x—0"

x—1
R rang x, duoc xac dinh duy nhat v6i 0 < x, < 1. Ta cd
1 1

f;1+1(x):l+L+---+ + =fn(x)+; suy ra:
X XxX- x—-n x—-n-1 x—n-1

frr1(Xn) = fu(Xn) + 1/(Xo-n-1) = 1/(x4-n-1) < 0, trong khi do lim £, (x) = 4%  Theo tinh chat
x—0

cua ham lién tuc, trén khoang (0, x,) cé it nhat 1 nghiém cua f,+1(x). Nghi¢ém do6 chinh 1a x,.;.
Vay ta da ching minh duoc X, < X,. Ttc 1a ddy s (x,) giam. Do diy nay bi chin dudi boi 0
nén diy s6 c6 gidi han.

b/Ta s& ching minh gidi han noi trén bang 0. Pé ching minh diéu ndy, ta can dén két
qua quen thudc sau:

1+12+1/3+ ...+ 1/n>In(n)
(That vay ta ¢6 In(1+1/n) < 1/n suyra 1l + 1/2+ 1/3 + ... + 1/n > In2+In3-In2+.. . +In(n+1)-
Inn=In(n+1) > Inn)
That vay, gid st lim x, = a > 0. Khi d6, do day $6 gidm nén ta ¢o X, > a vo1 moi n.
Dol+1/2+1/3+ ...+ 1/n > 40 khi n = +oo nén ton tai N sao cho véimoin>Ntacd 1+
12+1/3+ ...+ 1/n>1/a.

Khi @6 v6in > N ta cod
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Mau thuan. Vay ta phai c¢6 lim x, = 0.
NX : * C6 thé 1ap bang bién thién dé thdy ham sb f, giam tir +oo xudng -co trén (0 ;1)
* Ap dung : limu, =400 < (VM >0,3N:n>N=u, >M)

n—+w

* DAy (u,) giam va bi chin dudi thi ton tai gidi han hitu han lim u
y g 1 g : : 0

Bai 9 : Cho n 1a mét s6 nguyén duong 16n hon 1. Chiing minh rang phuong trinh  x" =
x + 1 ¢6 mdt nghiém duong duy nhat, ky hiéu 1a x,. Chimg minh rang x, dan vé 1 khi n dan
dén vo cing va tim limn(x, -1).
Giai : PBat f,(x) =x"—x — 1 ta c6 (1) = -1< 0 ,£,(3) > 0 khi n>1va f ting trén (1 ; +o0)
nén x, > 1 .Khi d6 f+1(1)=-1<0vaf(x,) = xZ“— Xy — 1 >x," — X, — 1= f(x,) = 0. T d6
ta suy ra 1 <X, <X, . Suy ra day (x,) co6 gidi han hiru han a. Ta chiing minh
a = 1. That vay, gia str a > 1. Khi d6 x, > a v6i moi n va ta tim dugc n du 16n sao cho: x,," > a"
>3 vax,+ 1<3, mau thuan vi fu(xn) = 0.
bit x, =1 +y, voi lim y, = 0. Thay vao phuong trinh f(x,) = 0, ta duoc
(1+y,)" =2 + y,.. Lay logarith hai vé, ta duoc

nin(1+y,) = In(2+y,)
Tur d6 suy ra

In(l+y,)_,

lim nin(1+y,) = In2 = lim ny,
n—+0 yn
Nhung lim Ind+y,) =1 nén tir day ta suy ra lim ny, = In2, tuc la

n—>+0 yn

limn(x, —1)=1n2.

n—»0
NX: * (u,) gidm va lim x, =a thi x, > a
* Voia>1thi lima” =+ nén véin du 16n thi a" > 3

* lim In(1+ x) _
x—0 X

1

1.2.3.Dwra vio tinh lién tuc ciia ham s6 dé chitng minh mdt ham s6 1a ham hing

Ngudi thuc hién: Nguyén Vil Thanh Trang 9



Sang kién kinh nghiém

Ta thuong ap dung tinh chit sau: Néu ham sb f lién tuc tai xo thi moi day (x,) co6 limx, =

Xo thi limf(x,) = f(xo) = f(limx,).
Bai 10:Tim ham flién tyc trén R va théa man f(x)= f (%) ,VxeR
Gidi:Gia sir ¢6 ham s6 f thoa diéu kién bai toan , bang quy nap ta chting minh

duoc : f(x)= f(zin) ,VneN.Cho n—>+o thi 21 —50. Vi flién tuc nén f(zin) — £(0)

Vay f(x)=lim f(zin) = £(0) = ¢.Thir lai f(x) = ¢ thoa yéu cau.Vay f 1a ham sb hang.
Bai 11: Tim ham flién tyc trén R va thoa man f(x°).f(x) =1 véi Vx e R
Gidi : Tk débaitaco f(x)=0, VxeR vaf(0)= +1,f(1)= +I
Ta lai c6 f(x°).f(x) = f(x?).f(-x) Vx € R nén f(x) = f(-x) Vx e R ,do d6 ta chi can xét véi x>0
1
f(x%)

Khi n— +oo thi x* — 0 va do flién tuc nén f(x) = limf(x*" ) = f(0) ==+1

e V4i0<x<l:f(x)= = f(xH)=f(x)=...= f(x")

1 1 1
o Véix>1: f(x) =% = f(xH) = f(x%)=...= f(x*)
Sf(x?)
1 r
Khi 7 —> +o0 thi x* — 0 va do flién tuc nén f(x) = limf( x*" ) = (1) =+1
Vi flién tuc nén c6 hai ham hang thoa yéu cau bai toan 13 f(x) = 1 va f(x) = -1 voi moi x

NX: |x|<1 thi limx" =0

Bai 12: Tim ham flién tuc trén R va thoa man f(x)= f(x* + %) vol VxeR
Gidi: Gia st f 12 ham thoa man diéu kién bai toan thi f 13 ham sé chin Ta xét hai truong hop
*Vé1 0<x, _% Xét day xoXy,...,Xp,... Xac dinh bé1 X, = X,f + Z Bang quy nap ta c6

1 1
0<x, S%,VneN Mit khac x,, —x, =x- —x, +Z=(xn —5)2 >0 suy ra (x,) la day don

. N . . 1
di€u tdng nén nod hdi tu .Goi limx, = a thi a’ —a+Z =0suyraa =5.
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1
Vi f'1a ham lién tuc nén lim f(x,) = f(%) ,matkhac f(x, )= f(xj + Z) =f(x,),VneN,
A n | 1
Vay f(xo) = f(x;) =...= f(x,) =... nén f(x() = f(E) vO1 Mol Xy € [O;E]
*Voi x, >% Xét day X X1,...,Xy,... Xac dinh boi x,,, =,|x, —i Nhu trén (x,) la day hdi tu
Lo | A 1 1 <
va limx, = 5 va f lién tuc nén lim f(x,) = f(E) , mat

Khd £ (3,,)= f(x%, + )= /(x,), Vne .

Vay f(xo) = f(xy) =...= f(x,) =... nén f(x() = f(%) vO1 moi Xo> %

Thir lai f(x) = C thoa d& bai .Vay f1a ham hang voi moi x
Bai 13: Tim ham flién tuc trén R va théa man f(x*) + f(x)=x" +x v&i VxeR

Gidi Pat g(x) = f(x)-x , g lién tuc trén R va g(x*)+g(x) = 0 véi Vx e R do d6 g 1a ham chén va
1
g(0) = g(1) = 0.Vé6i x > 0 ta c6 g(x)= -g(x’) = g(x") suy ra g(x) =g(x*)
1
Vo1 xo > 0 ta xét day X, Xi,..., Xp,... VO1 X,,, =X} ,VneN.

1 1 1

Tacox, B = xi =x6 = =x¥" 51 vagx,)=gx)H=g(x)=g(x,)=..=g(x,)
Vi g lién tuc nén g(xo) = limg(x,) = g(limx,) = g(1) = 0.Vay g(x) = 0 v41 Vx e R do do f(x) =
x v6i Vx € R .Hién hién ham sb nay thoa yéu cau bai toan

Bai 14: Tim ham f lién tuc trén [0;1] va thoa man f(xf(x)) = f(x) , Vx €[0;1]
Giai:Gia str a € (0;1] va b =1(a).Khi do6 f xac dinh tai a va do d6 xac dinh tai ab,ab’,...,ab"
Bing quy nap ta c6 f(ab") = b,Vn e N.That vay voi n=1 ta c6 f(ab) = f(af(a))=f(a) = b va
flab™™") = fab"f(ab")) = f(ab") =b.Ta c6 b €[0;1] vi néu b<0 thi ab<0 va néu b>1 thi véin du
16n ta ¢6 ab™1 ,khi do f s& khong xac dinh tai ab va ab" .Do f lién tuc nén vGi 0 < b <1 thi
f(a) = limf(ab") = f(limab") = f(0).Vay f(a) chi nhan mdt trong 3 gia tri 0 ; f(0) ; 1 ma f lién
tuc nén f(x) =c Vx €[0;1].Thtr lai dung .

1.2.4.Phwong trinh ham lién tuc
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-Ap dung phuong trinh ham Cosi:Néu ham sb lién tyc trén R thoa diéu kién
f(x+y)=f(x)+f(y) vé1 moi x,y € R thi f(x) = ax vd1 aeR.

- Néu ham sd lién tuc trén R thoa diéu kién f(x+y) = f(x).f(y) vi moi x,yeR thi f(x) =
0 hoac f(x) =a*(véia>0)

Bai 15: Tim ham f lién tyc trén R va thdéa man f(x+y) = f(x)+(y)+{(x).f(y) vo1 moi
x,yeR
Giai: Pat g(x) = f(x)+1 thi g lién tyuc trén R va
g(xty)-1 = g(x)-1+g(y)-1+[g(x)-1][g(y)-1] suy ra g(xty) = g(x).g(y) voi moi x,yeR .Vay
g(x) =0 hodc g(x) =a" .Thur lai ta c6 f(x)=a"-1 vdi moi xeR

Bai 16: Tim ham f lién tuc trén R va thoa man f(x+y) = f(x)+f(y)+2x.y v61 moi x,yeR
vaf(l)=-1
Gidi:Thay y = 0 ta duoc f(0) = 0.theo dé bai ta c6
)y -2(x+y) = F0)--2xH(y)-y -2y
Pit g(x) = f(x)-x>-2x lién tuc trén R va g(x+y) = g(x)+g(y) , g lién tuc va cong tinh nén g(x) =
ax .Mait khéac g(1) = f(1)-3 = -4 = a nén g(x) = -4x.Vay f(x) = x*-2x v6i moi xeR.

Bai 17 : Tim ham f lién tuc trén R va thoa man {(2x-y)=21{(x)-f(y) v61i moi x,yeR
HD : bt g(x) = f(x)-1(0) lién tuc trén R ta c6 g(0) = 0 va g(2x-y) = 2g(x)-g(y)
Chox=0taco g(-y)=-g(y);choy=0tacodg(2x)=2g(x). T do6 suy ra :
g(2x-y) = g(2x)+g(-y) suy ra g(x) = ax.Vay f(x) = ax-+b.

Bai 18 : Tim ham f lién tuc trén R va thoa man f(x)+f(y)- f(x+y) = x.y v61 moi x,ye R

2 .2 2 )
HD : Taco xy:(x+y) Z(X ) va PT dugc viét :

f(x)+%+f(y>+%=f(x+y)+@. Pt g(x)= () + - tacs

2
X

g(x+y) = g(x)+g(y) véi moi x,yeR suyra g(x) =axva f(x)=ax— Y

Bai 19: Tim ham f lién tyuc trén R va théa man f(x+y)+f(z) = {(x)+f(y+z) v61 moi
x,y,ZeR.
HD: Pat f(0) = ¢ .Thay z = 0 ta ¢o6 f(x+y)+c = f(x)+H{(y) < f(xt+y)-¢c = f(x)-ctH{(y)-c <
g(xt+y) = g(x)+g(y) .Suy ra g(x) = ax va f(x) = ax+c
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CHUONG II. AP DUNG PINH Li LAGRANGE, PINH Li ROLLE DE
GIAI TOAN :
I1.1.CAC PINH Li :
1.Dinh li Lagrange : Cho ham s6 f lién tuc trén [a;b] c6 dao ham trén (a;b) khi d6 ton
S(b) - f(a)
b—a

:f/(xo)

tai Xo €(a;b) sao cho

Y nghia ciia dinh Ii Lagrange : Ly hai diém A(a;f(a)) va B(b;f(b)) voi y=f(x) 1a ham sd
lién tuc trén [a;b] va c6 dao ham trén (a;b) . Lic do trén cung AB cua dd thi co it nhat mot
diém C ma tiép tuyén tai 46 ctia do thi song song v6i duong thang AB

2.Dinh Ii Rolle : Cho ham sb f lién tuc trén [a;b] c6 dao ham trén (a;b) va f(a) = f(b)
khi @6 ton tai x, €(a;b) sao cho f'(x) =0

Y nghia ciia dinh Ii Rolle: Lay hai diém A(a;f(a)) va B(b:f(b)) v6i y = f(x) 1a ham s
lién tuc trén [a;b] va c6 dao ham trén (a;b) . Lic do trén cung AB cua dd thi co it nhat mot
diém C ma tiép tuyén tai 6 ctia do thi ciing phuong véi truc hoanh.

Hé qua : Cho ham s6 y = f(x) lién tuc trén [a;b] c6 dao ham trén (a;b).Néu phuong trinh
' (x) = 0 c¢6 k nghiém phan biét trén (a;b) thi phuong trinh f(x) = 0 ¢6 khéng qua k+1 nghiém
trén khoang do.

3.Dinh li Cési : Cho ham sb f va g lién tuc trén [a;b] c6 dao ham trén (a;b) khi d6 tén
tai ¢ &(a;b) sao cho: [f(b)-fa)]g/(c) = [g(b)-g(@)]f (¢)

4.Tinh chdt : Néu da thuc P(x) v6i hé sd thuc ¢6 n nghiém thuc phan biét thi da thirc
P’(x) 6 it nhat n-1 nghiém thuc.

I1.2.CAC BAI TAP AP DUNG:

I1.2.1. Ap dung dinh li Lagrange, dinh li Rolle dé chirng minh phwong trinh c6
nghié¢m:

Ta xac dinh ham s6 y = F(x) lién tuc trén [a;b] c6 dao ham trén (a;b) va F(a) = F(b)

Bai20: Chom>0.abcthoa — %+ 2 + S0,
m+2 m+1 m

CMR phuong trinh ax*+bx+c = 0 c6 nghiém thudc khoang (0;1)
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a b c A . , \ A .
X"+ x™ 4+ —x" lién tyc trén [0;1] c6 dao ham trén (0;1) va

HD: Ham s6 F(x)=
m+ 2 m+1 m

F(0) = F(1) = 0 nén ton tai xoe (0;1) sao cho:

F/ (xo)=x0"(ax] +bx, +¢)=0=> ax; +bx, +c=0

Bai 21:Cho q, +%+&+ ot L " =0 .CMR phuong trinh :
n+

a,x"+a, X" +...+ax +a,=0 (a, #0) c6 nghiém thudc khoang (0;1)

HD :Xét ham sb F(X)ZZ Y+ lien tuc trén [0;1] c6 dao ham trén (0;1) va

= k+1
F(0) = F(1) =0 sau d6 &p dung dinh 1y Rolle

—6(a +b)

.CMR phuon
5(n+2) P 8

Bai 22: Cho cic sd thyuc a,b,c va s6 nguyén duong n thoa ¢ =

. : : A . T
trinh asin"x+bcos"x +csinx+c=0 c6 nghiém thudc (O;E)

o1 £ 2a . , 2b ; 2c . )
HD: Xét ham s6 f(x) = sin""? x — cos""? x + =sin’ x — ccos® x ¢b
n+2 n+2 3

f!(x) =sin2x(asin"x+bcos"x +csinx+c) va f (%) - f(0)= 2a+ ;b + S?C =0 sau d6 ap dung
n+

dinh 1i Rolle

Bai 23: Chon 1asb nguyén duong va cac s6 thuc a,by (k=1,2,....n).

CMR phuong trinh

X+ Z(ak sinkx + b, coskx) =0 c6 nghiém trong (—r;7)
k=1
, . X xz d 1 1 . A N , N
HD: Xét ham s0 f(x)=—+ Z(—%ak cos kx + %bk sinkx) lién tuc trén [—7;7] c6 dao ham
k=1

trén (—z;7) va f(-n)= f(r)

3 Czn

2 .
:2co+2cl+c2 +.+—2—=0.
n+l1 3 n+1

c}’l

Bai 24: Cho c0+%+%2+...++

CMR phuong trinh ¢;+2¢,x+...+nc,x™" = 0 ¢6 nghiém thudc khoang (0;2)

Ngudi thuc hién: Nguyén Vil Thanh Trang 14



Sang kién kinh nghiém

c,x" co F(0)=F(1)=F(2)=0nén F

. 1 1
HD:Xétham s0 F(x)=c,x +—c X" +=c,x° +...+
2 3 n+1

¢ it nhat 2 nghiém x;, X, thoa 0<x;<I<x,<2.Tu F (xy) = F (x2) = 0 suy ra phuong trinh
F/(x)=0 ¢6 nghi¢m thudc khoang (0;2)

Bai 25: Cho da thuc P(x) vdi hé sb thuc c6 n nghiém thyuc phan biét .CMR da thirc p’
(x) ¢6 it nhat n-1 nghiém thuec.
HD:Gia st P(x) c6 n nghiém thyc phan biét x; < x, <...<X, .Khi d6 P(x;) =0 v611=1,2,...,n
.Ap dung dinh li Rolle trén n-1 doan [x;;X+] v611=1,2,...,n-1 ta co két qua.

Bai 26: Cho a#0 , ax*+bx+c = 0 ¢ 2 nghiém thuc va da thuc P(x) hé s6 thuc co 3
nghiém thuc.CMR da thie Q(x) = aP(x)+bP/(x)+cP’(x) ciing ¢6 it nhat 3 nghiém thuc

HD: Goi a, B 1a nghiém ctia phuong trinh ax’+bx+c =0 .
pit f(x)=e “P(x) = f(x)= LI | P(x)—aP'(x)|. f 6 3 nghi¢m thyc (do P ¢6 3
(04

nghiém) thi f’ ¢6 2 nghiém thuc nén Q(x) = P(x) — aP'(x) c6 it nhit 2 nghiém thuc .Ta
chtng minh Q(x) ¢4 it nhat 3 nghiém thuc

i/Néu P(x) c6 bac 1¢ thi Q(x) c6 béac 1¢, Q c6 2 nghiém thyc a,b thi
Q(x)=(x-a)(x-b)Qy(x) , Qi(x) co bac 1& nén co6 it nhat 1 nghiém thuc , vy Q co it nhat 3
nghiém thuyc.

ii/Néu P(x) c6 bac chin , P ¢6 3 nghiém thuc c.d,e thi P(x) = (x-¢)(x-d)(x-¢)P (X) ,
P(x) c6 bac 1é nén co it nhét 1 nghiém thuc , vay P(x) c6 it nhét 4 nghiém thyc suy ra P/(x) co

3 nghiém nén Q(x) c6 it nhat 3 nghiém thwe.Khi d6 T(x) =0(x) — SO’ (x) cling co it nhat 3
nghiém thuc , ma 7'(x) = l(aP(x) +bP' (x) +cP" (x))
a

NX: DPa thirc bac 1é ¢6 it nhat 1 nghiém thuc
Tong quat : Pa thirc f(x) = t™+a;t™'+...+a,, co cac nghiém déu thuc thi
Q(x) = P(x)+a;P'(x)+ &P (x)+... anP™(x) c6 sb nghiém thuc khong it hon sd nghiém thuc
cua P(x)
I1.2.2. Ap dung dinh li Lagrange, dinh 1li Rolle chirng minh ding thirc ,bat ding

thire :
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Bai 27(Pinh 1i Cosi): Cho ham s6 f va g lién tuc trén [a;b] c6 dao ham trén (a;b) khi d6
ton tai ¢ (a;b) sao cho: [f(b)-f(a)]g/(c) = [g(b)-g(a)]f (c)
HDXét ()= ()~ L DT Doy ga)] (gb)#ga) )

g(b)—g(a)

Ta c6 h(a) = h(b) = f(a) suy ra ton tai ¢ (a;b): h'(c) =0 suy ra dpcm
Néu g(a) = g(b) thi tdn tai ¢ (asb): g'(c) =0
Chu ¥ : Néu g(x) = x thi ta c6 dinh 1i Lagrange

Bai 28: Cho ham s6 fva g lién tuc trén [a;b] c6 dao ham trén (a;b) khi do tdn tai

1
a—->b

(af (b) = bf (@)= f(c) = cf ' (c)

¢ €(a;b) sao cho:

HD: Ap dung dinh li Cési cho cac ham sd A(x) = RAC)) , g(x)= 1
X X

Bai 29:Cho ham s f:[0;1]—[0;1] lién tuc va c6 dao ham trén (0;1) ,f(0)=0 , f(1)=1
.CMR 3a,be(0;1) a#b saocho f'(a)f (b)=1
HD: Xét ham sb g(x) = f(x)+x-1 lién tuc trén [0;1] c¢6 dao ham trén (0;1) va
g(0)=-1g() = 1.
Vi g lién tyuc trén [0;1] va g(0).g(1) < 0 nén Jc € (0;1); g(c) =0.Ap dung dinh 1y Lagrange trén

[0;c] va trén [e;1] ta ¢ a % b va g'(a) =5 =8O 1. g/(b):g(li_g(c):l 1
C C —C —C

=

f@.f () =(g'(@-D.(g'(B)-D=1.
Bai 30: Cho f:[a;b]— R lién tuc trén [a;b] va c6 dao ham trén (a;b) .
CMR t6n tai ¢ € (a;b):

)
S (a) _ e(b_a)f(c)

1)
HD:Ap dung dinh 1i Lagrange cho ham s g(x) = Inf(x) trén [a;b]

Bai 31: Cho f,g:[a;b]—> R lién tuc trén [a;b] va c¢6 dao ham trén (a;b) va

g(x)+ g (x)#0,Vx e (a;b) va J(a) = 1®) .CMR tbn tai ¢ €(a:b) sao cho:
gla) g(b)
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f©) _ [ .
gle) g'(o)
HD:Ap dyung dinh 1i C6 si cho hai ham sd A(x) =1In

, k(x) =In|g(x)|
Bai 32: Cho f:[a;bp]—> R lién tuc trén [a;b] va c6 dao ham trén (a;b) .va
F(x)#0 ,Vxe(a;b). CMR ton tai ¢ (a;b) sao cho:
(o) _ 1 N 1
f(¢c) a-c b-c
HD:Ap dung dinh 1i Rolle cho ham s g(x)=(a-x)(b-x)f(x) trén [a;b]

Sau ddy 1a mot sé ap dung tinh chat : Néu da thirc bic n P(x) ¢6 n nghiém phén biét (co thé
trang nhau) thi P/(x) ¢6 n-1 nghiém.
Bai 33: Cho P(x) 1a da thtrc bac n ¢6 n nghiém thuc phan bi¢t xy,x,,...,X,.

CMR: S P///(xk)_o
= (x;)
HD: Ta c6 P(x)= aH(x x.) (a#0)va P'(x)= P(x)( LR
i-1 —X — X

P (x) c6 n nghiém phan biét nén P’ (x) c6 n-1 nghiém phan biét y,,y»,...,yn1 vOi

1 1 1
X<y 1<X%<Y2<. .. <X 1 <Yn-1<X; . Ta cO P//(x) =P/(x)( + +o
X=V X= X =V
. . / 1 1 | .
Thay x = yx vao (1) ta c6 0=P (y,)=P(y, )N + +...+ ) Vi
Vi =% Ve =X Vi =X,
1 1 1
P(y,)#0 suyra + +...+ =0 Vke{1,2,...,n—1}
Vi =% Ve =X Vi =%,

Tacoz /(xk Z ! + ! +...+;)=0
1P (x) ‘3 -V X0 Xe = Vua

Bai 34: Cho a,b,c,d > 0.

CMR:i/abc+abd:acd+bcdS\/ab+ac+ad;—bc+bd+cd

Dau bang xay ra khi nao ?

Ngudi thuc hién: Nguyén Vil Thanh Trang 17



Sang kién kinh nghiém

HD:Gid st a<b<c<d vaF(x)=(x-a).(x-b).(x-¢).(x-d) Ta c6 F(a)=F(b)=F(c)=F(d)=0 nén
F/(x) ¢6 3 nghiém y,y»,y; trén cac doan [a;b],[b;c],[c;d] va a < y»<b<y,<c<y, <d

Ta co F(x) = x*-T x> +Tox*-Tsx+T, véi Ty = atb+c+d, T, = ab+actad+be+bd+cd ,

T; = abct+abd+acd+bced , T,=abcd

F/(x)= 4x’-3Tx*+2T,x-T; ¢6 3 nghiém duong y,,y».ys . Theo dinh li Viét ta :

T T
WV, F Vs + Yy, = ?2 SV Yy Vs = Ap dung BDT Cési ta ¢6 :

(y1y2 + 3,5 + ¥, 23( ylyzys —=> %/ %/— \/

Bai 35: Cho a,b,c,d>0 théa 2(ab+actad+bc+bd+cd)+abct+abd+acd+bed=16
CMR:a+b+c+d Z%(ab +ac+ad + bc +bd + cd) (Thi QG ndam 1996)
HD:bit F(x) , T; (1=1,2,3,4) nhu bai 34 ta c6 F/(X) co 3 nghiém khong am x,,X,,x3 .Theo dinh
li Vietta co :x, +x, + x; =7 XX, 4 XX, + XX, ===, X X,X; =—
Tu glé thlét ta co 2T2+T3 =16 Suy ra Xxi Xt Xy X3+ X3 X+ X Xo X3= 4 (1)

2
. *
Talaico T, ZETZ X+ X, + X, 2 XX, + X%, +x,x, (F)

DO (1) nén trong 3 sd x; ,X» ,x5 c6 nhiéu nhat mot sé bang 0 ,gia st x;,x, >0 tir (1) suy ra

4 —x,x,
X, =
X, + X, + XX,
T (*) ta co
4—xx 4—xx
Mox +x, + 2 >4 xx, 2
X, +x, + XX, X, + X, + XX,

(x1 +x, - 2)2 2 XXy (1 - X )(1 - xz) (**)

Néu (1-x) (1-x,)<0 thi (**) dung
Néu (1-x;) (1-x,) > 0 thi tir 0 < (1-x;) (1-x,) < %(2 —x—y)* va 0< xy <4 suy ra (**) dung.
Sau déy ta s& chirmg minh bai tong quat ctia bai 34

Bai36: Chox;>0va 7, = >

1<i <y <..<i <n

L X X
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CMR L 3>...znT"
¢ e e

HD: Ta ching minh bang quy nap

Véin=2 BDT dang

Gia st BDT dung véi n-1 va 0<x;<x,<...<x,

Xét P(X)=(X-X1) (X-X2) ...(X-Xp) = X"-T1x"+Tox"*+...+(-1)"T, c6 n nghiém suy ra

P(x)= nx"'-(n-D)Tx"Hn-2)Tox"+...+(-1)""T,.;  ¢6 n-1 nghiém y.ys....yns VOi

.., n=1_n=-2 1 1 .
X<y 1<%<Y2<. .. <X 1 <Yn1<X, Khi doé 1, T,,..,—T , 1a cac ham co ban cua
n n n

Y1,Y2,---,¥n-1 (theo dinh li Viet)
Nén theo gia thiét quy nap (cho y,ya,...,yn)

—1T2n2T2n3TZm>n T,
n n C2 n C3 C”1
/ /T_ n
Cz Z nd Cnn—ll (do n_kcf—lch )

Cudi cing »- 1/ =L C" & L > (T

n

1 1
Theo BDT Cosi l (xlx2 X)N(—+—+..+ —) > Aty =4¢T"" (dpcm)
n""

XX X, R

Bai 37: Cho p 13 sd nguyén t6 va a,b,c,d 1a cac sd nguyén duwong phan biét sao cho
a’” +b" =c’ +d” .CMR:‘a—c‘—k‘b—d‘Zp
HD:Theo dinh li Fermattaco: a+b—c—d=a” +b” —c” —d’(mod p) =>a+b—-c—d:p
i/a+b—c—d¢0:>‘a+b—c—d‘2p:‘a—c‘ﬂb—d‘z‘a+b—c—d‘2p

)4

a” —c” b’ -d’

wa+b-c-d=0=a-c=d-b=> =
a—c b—d

Tacothé giasrta<c<b<d

Ap dung dinh li Lagrange ta cé pt’™' = pt?” =t =t, (vo livi t, e (a;¢),t, € (b;d))
I1.2.3. Ap dung dinh li Lagrange, dinh li Rolle dé giai phwong trinh,hé

phwong trinh:
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Bai 38: Giai phuong trinh 2°+5%= 3"+4* (1)
HD:x=0 la nghiém phuong trinh .Xét f(t)=t" lién tuc trén [2;3] va [4;5] c¢b dao ham trén (2;3)
va (4;5).theo dinh 1i Lagrange ton tai t; € (2;3) va t,e (4;5) sao cho
f(3)-f2) =f'(t1) ; f(5)-f(4) = ' (t2)
suyra 3" =2 =xt/ ;5" -4 =xt] " Tu () suyra 3" - 2" =5" -4 ="' == x=1(vi
t, #t,).Vay phuong trinh c6 2 nghiém x=0;x=1
Bai 39:Giai phuong trinh 3 = 26x+29
HD: R0 rang PT ¢6 2 nghiém x =-1,x =2.Ta CM PT chi c6 2 nghiém
Xét ham sb f(x) = 3" - 26x-29 voi xeR

Ta co £/ ()= 31326 , £/ (=0 3" =22 s x = log, 20 _2
In3 In3

Nhu vay PT f'(x) = 0 chi ¢c6 mot nghiém nén PT f(x) = 0 khong c6 qua 2 nghiém.Vay PT chi
c6 2 nghiémlax=-1,x=2.
e che 1A . )Cz+y2=uz+v2
Bai 40:Cho u,v > 0 .Giai h¢ phuong trinh :
Sy =ud +y

2 2 2 2

X —u = bl %
HD: (u,v) , (v,u) la nghiém ctia h¢ .H¢ twong duong véi { 3 y3 3
X —u =y —v

Giast x>2u>v>y (u=>x>y=>v xét tuong tu )
it X=x’, Y=y, U=u’, V=v> (X 2U >V >Y)

X-U=Y-V
H¢ tuong duong voi 3 3 3 3
XE _ UE — YE _ VE
3
Goi f(¢)=t¢? lién tuc trén [U;X] va [Y,V], c6 dao ham trén (U;X) va (Y,V) nén theo dinh li
Lagrange ton tai t, € (U;X) va t,e (Y,V) sao cho

f();) - 5@/) - f(Y; - IJ:(V) _

1 1
(@) :%tf :%;22 =t =t (voli)

I1.2.4. Ap dung dinh li Lagrange dé gidi bat phwong trinh :
Bai 41 :Giai bAt phuong trinh 3° ™ + (x> —4)37 2 >1

HD: Pit f(x) = 3" ta c6 ' (x) = 3*In3.BPT twong duong véi
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(X =4~ F0)+(x* —4)3"7> =0
< fle)(x* —4)+ (x> —4)32 >0 (v6i c nam giira 0 va x-4)
(X -4)(3In3+37)=0
©x2_420<:{xg—2
x=2
I1.2.5. Ap dung dinh li Lagrange dé tim gi6i han diy so:
Bai42: Chosdthuca>2va fu(x)=a'x"""+x"+ .. +x + .
a) Chimg minh rang voi mdi s6 nguyén duong n, phuong trinh f,(x) = a luén c6 diing mot
nghiém duong duy nhét.
b) Goi nghiém d6 14 x,, chirmg minh rang diy (x,) c6 giéi han hitu han khi n dan dén vo
cung. Tim lim x, (HSG QG 2007)
Gidi: Két qua cta cau a) 13 hién nhién vi ham f,(x) tang trén (0, +o0) va 0 < x, < 1. Ta s&
ching minh day x, tang, tuc 1a x,+; > X,.

nt+1

Ta co f1(x,) = alf%% "M x " x L b x, F = Xofu(Xp) + 1 =ax, + 1
Vitadaco £ (1) = a'®+n+1>anén ta chi can ching minh ax, + 1 <ala s€ suy ra
Xp < Xps1 < I(do ax, +1= £, ,(x,)<a< f,,,(1)). Ta can chiing minh x, < (a-1)/a. That vy, néu

X, = (a-1)/a thi

n+10 1_(61_1)"+1 n )
fn(xn)z"w(aT_lj + 5_1 =(a—1)1°£a7_1j +a—(a—1)(a;l) >a
|

a

(doa—1>1). Vay day sb tang (x,) ting va bj chin boi 1 nén hoi ty.

Ta CM:lim x,, = (a-1)/a. That vay, datc = (a-1)/a < 1

Tac6 fy(c)= (a—1)" (a_—ljn +a—(a— 1)(a—_1jn suy ra
a a

f,(c) — fu(x,) = ke" (v6i k = (a-1)((a-1)’ — 1) > 0)
Theo dinh 1y Lagrange thi
f,(c) — fu(xn) = £ '(E)(c — x,,) vOi & thudc (x,, ¢)

Nhung f'(&) = (n+10)a'%™ + n&™ + ...+ 1 > 1 nén tir ddy suy ra
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ke">c¢ - x,
T dotacdc—ke" <x,<c.Vaylimx, =c.
Bai 43 : Cho n 1a mét s6 nguyén duong. Chirg minh rang phuong trinh

1 1 1
+ +...+
x—1 4x-1 n’x—1

v cuing, x, dan dén 4. (HSG QG 2002)
Gidi:

:% c6 mot nghiém duy nhat x, > 1. Ching minh rang khi n dan dén

o 1 1 1 1 . . .
bat £ (x)=——+ Fot —— Tacd lim f (x) =+ lim f (x) =—-5 vaf, gidm
< fn() v—1 4x-1 nzx—l > FIRT . Y—too 1 2 n g

trén (I;+00)nén goi X, 12 nghiém 16n hon 1 duy nhat ctia phuong trinh f,(x) = 0.
Ta co

1 1 11 1 1 1 1

fid)=——t ——+ A —————=—+—+ ..+ ——
4-1 16-1 -1 2 13 35 2n-1)Q2n+1) 2
1 1

1(1 1 1 1 j 1 1
=—|-——t———+..+ —— =
281 3 3 5 2n—1 2n) 2 4n
Ap dyng dinh 1y Lagrange, ta c6

1

—— = [fi(x) = &) = [ ()%,
4n
v6i ¢ thudc (x,, 4) (chi y rang f,(4) < 0)

1 4
+
(c=1)7  (4c-1)

Nhung do | £,'(c) = +...>é(Vil<c<4)

nén |x, —4| < S suy ra lim x, =4.
4n
Bai 44: Cho ham s f lién tuc trén [a;b] c6 dao ham trén (a;b) thoa f(a) = fib) =0 v a
f(x)#0,Vxe(a;b). k 1 s6 thuc cho trudc ,CMR ton tai diy (x,) voi x, € (a;b) sao cho

rley
YW/ x)

Jx
HD:Xét ham sb E1(X) =e " f(X),X e€la;b],n e N F, lién tuc trén [a;b] c6 dao ham

trén (a;b) va Fu(a) = F,(b) theo dinh li Rolle ton tai x, € (a;b) sao cho F/(x,)=0

Ta co
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Fl) =K piy e 7 () =0

:f/(x”):ﬁzlimM:hmlL:k
Sy e f )y

Bai 45:Cho ham s6 f:R — R ¢6 dao ham .Gia su lim f(x)=a va hm xf (x) ton tai

X—>+0

.Tim giéi han lim xf”(x).

X—>+00

HD:Gia stir n < N 13 hai s6 ty nhién. Ap dung dinh 1i Lagrange cho ham s g(x)=xf(x) trén

[n;N] , khi d6 tdn tai ¢, e (n;N)sao cho g'(c,) = Nf (]]VV) —nf(n)
—n

Vi lim N/ (N)=nj () =a nén véin du l6n ‘g (c,)— a‘<l Talaico limc, =+

N—+w N—-—n n n—>+00
g (x) = f(x)+xf'(x) c6 gi6i han hitu han nén lim g’(x) = lim g/(cn) =a.
Vay lim xf'(x) = lim g'(x)- lim f(x)=a—-a=0.
Bai 46:Tinh gi61 han :

lim \/n [(1+ Y -1+ )"}

HD:Xétham sd f(x)=(1+ l)x trén (0;+0).Véi n e N ,ap dung dinh li Lagrang cho ham s6 f
X
trén [n;n+1] thi tdn tai ¢, € (m;n+1): f(n+1)— f(n)= f'(c,).Ta can tinh

lim \/;f/(cn).Mél f'(c,) :(1+L)C”(ln(i+1)—%),vi n<c,<n+lsuyra
n—+0 C +

n n n

f/(cn) < (1 +i)c” (ln(l+ 1) —L) .Do do6:
c, n n+2

O<11m\/—f (c)<11m\/—(1+—) (In (— 1)——) 0 vi 11130(1+—) =eva
lim \/_

n—>+0 n +

(ln( +1)"? =1)=0
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Vay lim v/n [(1+—)"+1 1+ —)}

n—>+0

Bai 47: Cho n 1a mot s6 nguyén duong 16n hon 1. Chtitng minh rang phuong trinh
x"=x”+x + 1 c6 mot nghiém duong duy nhat, ky hiéu 14 x,. Hiy tim s thuc a sao cho gidi
han limn“(x, —x,,,) ton tai, hitu han va khac 0.

n—>0

Gidi. Pt Py(x) = x" — x> — x — 1. Py(1)<0 , P,(2)=2"-3>0 va P, ting trén (I;+o0)nén P, co
nghiém duy nhét x, € (1;2)
Taco Po(x)=x""—x*—x— 1 =x""=x"+ Py(x) = x"(x-1) + Pu(x).
Tu do Pn+1(Xn) = Xnn(Xn'l) + Pn(Xn) = (Xn2+Xn+1)(Xn'1) = Xn3 — 1.
Ta c6 Py 1(1)<0 va Ppi1(x,)>0 nén 1< x4 < X,.Suy ra (x,) hoi tu
Ap dung dinh 1y Lagrange, ta c6
(Xn2+xn+1)(xn — 1) = Pre1(Xn) — P (Xn+1) = (Xn — Xp+1)Pis1°(€)
vGi ¢ thudce (Xpt1, Xn), Por1’(X) = (n+1)xn - 2x— 1.

+Xx +1

n+l
n+l

+1+L
X

n+1 n+l

Taco x| —x2, —x,, —1=0=>x", =

n+1

X

n+l n+l

Tu do
(n+1)(xn+l+1+1/xn+l) - 2Xn—H -1= Pn—t—l,(xn-kl) < Pn+l’(c)
< Poit’(X0)= (0 D) (x> +X0+1) — 2%, — 1. (Do Py, ting )
TaCM Ilimx,=1
Gidsu limx,=a>lvdéindulontacod x >a" >7
f(x)=0=x"=x’+x, +1<7(v61i).Vay lim x, = 1, ta suy ra
llm })n+l (C) — 3

n—>0 n
Tiép tuc ta CM lim n(x, — 1) = In3.Ta c6
In(x> +x, +1)

X'=x+x, +1=>nhnx, =In(x’ +x, +1)=>n(x, —1)= 1 (x, =1)
nx,
bat y =x, -1->0; ny, = y—ln(yn +3y, +3)—>In3 Vay lim n(x, — 1) = In3.
In(y, +1)

T doé suyra

hm ”Pn+1 (e)(x, —x,,)=limn(x’ +x, +1)(x, —1)=31n3
= limn“(x, - x,,,) = hm n“?*nP._ (c)(x, —x,.).
e n+1( )
= limn“? 11m nP._ (c)(x, —x,.,). 11m
n— +1 (C)

V61 a=2 thi limn“(x, —x,,,)=1n3

n—»®0
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Véia>2thi limn®(x, —x,,,)= +o©

n—>o0

Véia <2 thi limn®(x, —x,,,)=0.Vay a=2 1a dap sb cta bai toan.

Bai 48: (D& du bi VMO 2008) Cho s thuc a va diy s thuc (x,) xac dinh boi:
X| = a va Xy = In(3+cosx, + sinx,) — 2008 voimoin=1,2,3, ...

Chung minh rang day s (x,) c6 gidi han hiru han khi n tién dén duong vo cung.
Giai. Pat f(x) = In(3+sinx+cosx) — 2008 thi

() = cos.x —sinx

3+sinx+cosx
Ta co: |cosx—sinx[<~/2, |sinx+cosx|<+2 tasuyra
B

WACIRS 3- 02
Ap dyng dinh 1y Lagrange cho x, y thudc R, ta co

f(x) - f(y) = £ (2)(x-y)
Tur d6 suy ra [f(x) — f(y)| < q)x — y| v&61 moi x, y thudc R.
Ap dung tinh chat ndy véi m>n >N, ta co

X — Xn| = [fXm-1) = fXao)] < qXemt-Xet] < 2o 4 Kinener — X € @ Xinene1 — X+
Do diy (x,) bi chin va q < 1 nén véi moi € > 0 t6n tai N du 16n dé @' [Xpmns1 — x| < €. Nhur
vay ddy (x,) thoa min diéu kién Cauchy do dé hoi tu.
NX : Tiéu chuan Co-si: Dy (x,) ¢6 gi6i han hitu han khi va chi khi voi moi € > 0, t6n tai s6
tu nhién N sao cho vé1 moi m, n > N ta co |X,, — X,| <&.

=qg<l.
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