Bai giang
PHUONG PHAP TRAI HINH TREN MAT PHANG
Nguoi soan : Tran Thi Hién
Té todn trwong THPT Chuyén Ha Long
X *** 7 2 9
Khj gidi mot bai todn vé tir dién ma cdc dit kién cua né lién quan dén tong cic géc phang
, hodc tong céc canh...thi viéc phing hod tir dién (tirc 12 trai phang tar dién do 1én mot mat

phang) sao cho phu hop s€ cho ta mot 161 giai gon gang va dé hiéu . Trong bai viét nho nay
to1 xin trinh bay mdt so6 bai todn ap dung phuong phép nay.

Cac vi du

VDI1.

CMR néu tong cic géc phang tai dinh ctia mot hinh chép 16n hon 180° thi mdi canh bén
cua n6 nho hon nura chu vi ddy.

Giai:

A

Gia sir hinh chép di cho 1a S.AA,...A . Ta cat hinh chép theo cic canh SA, 1di trai céc
mat bén nhu sau 1€n cung mot mat phéng chira mat SA/A,. Nhu vay, ta s€ dugc da gidc
AA,..AA (SA =SA)

Do tong céc géc & dinh 16n hon 180° nén dinh S nim trong da gidc, va AS kéo dai cit
mdt canh nao do6 cuia da giac & B.

Goi a 1a d6 dai duong gap khic AA,...B; b 13 d6 dai duong gap khiic BA, .. A

= Chu vi ddy chinh bang a +b.
Mat khéac: AS +SB<a;

A'S<b+SB ;

= AS+A/S<a+b;
= 2AS<a+b;



= As<4th

Mot cdch tuong tu ta suy ra mdi canh bén cta hinh chép déu nho hon mét nira chu vi

day. (dpcm)

VD2.
Cho tir dién gan déu ABCD ¢6 AB=CD=a; AC=BD; AD=BC . X4c dinh vi trf ctia

diém M trén canh AB sao cho chu vi tam gidc MCD nho nhét. Xé4c dinh gia tri nhé nhét cia
chu vi do6.

Giai:

Trai tam gidgc DAB xudng mit phang ABC thanh tam gidc D’AB va giit nguyén canh

AB.

Khidétacé: DB=DB; D’A=DA.

= D'M =DM ;

Chu vi tam gidgc MDC 12 nho nhit;

& MD + MC + DC 12 nhé nhat; nhung do DC khéng dbi

& MD + MC lanhé nhat;

& MD'+ MC 1a nho nhat. Ap dung bét ding thuc trong tam gidc
& D' M,C thang hang

= M la giao diém ctia D'C véi AB.

VD3:
Cho tr dién ABCD c6: AC=AD=BC=BD=1;, AB=a; CD=b; M,N lan luot 1a

trung diém cia AB va CD. Tim trén canh AD mdt diém P sao cho PM + PN dat gia tri
nho nhat. Tinh gid tri nho nhat d6.

Giai:



Trai tam gidc ACD theo truc AD 1én mat phang ABD:
C—->C DC =DC’ =b;
N — N’; PN = PN’;
Yéu ciu bai todn s& twong duong voi: Tim Pe AD sao cho PM + PN’ nho nhét.
= P la giao diém ciia MN’ va AD
Khi d6 (PM + PN') =MN’.
+ Tinh MN’:
D@ théy:
Tam gidc ABD can & D va M 1a trung diém cia AB = DM 1 AB;
Tam gidc AC'D can & D va N’ 1a trung diém cia AB = AN’ L DC;

— Tir gide AMDN’ ndi tiép c6 AM =<, DN’ =2

2 2
2 2
an = 12 Mp=[1-Z;
4 4

Ap dung dinh 1y Ptoleme ta c6:
MN = DN .AM + DM .AN"

1 b
2 2

= MN’=Q.1/1—]’—+3.1/1—“—;
2\ 4 2\ 4

bA—b +aVd—a’
5 \ 4 . 5 5
Viy diém P can tim trén canh AD 13 giao diém cua MN' vd AD. Khi d6 tong

_ 2 _ 2
(PM +PN), =(PM +PN')_= 4= Z“\M a

— MN’ =

VD4:



Cho hinh chép S.ABC c6 cdc géc phiang & dinh S déu bang 4o (0<a < %), con canh

bén SA bing 1. Chimg minh: AB + BC + AC 2 /2(1-cos3a) .
Goi y: Trai cdc mit SBA & SAC 1én mit phiang SBC, sau d6 dung dinh 1y ham s
cosin.

VDS:
Cho gbc tam di¢n vudng Oxyz; Ae Ox, Be Oy; Ce Oz sao cho OA=0B+0C =1.

1)

a, Chung minh rang dién tich toan phan cta t&r dién OABC khong dbi khi B& C thay
ddi nhung van théa man (1).

b, Tinh OAB + OAC + BAC =?

¢, Tinh OBA + ABC + OCB =?

Giai:
A

E /
o D

a, Trai t dién OABC xudng mit phang OBC nhu sau:
AOAB — AFDC;
AOAC — AEDB,;
= Tu gidc OEDF 1a hinh vudng.
Vi AABC =ADCB (ccc) ?
= dt tp cta tor di€én OABC = dt tp cta hinh vuong OEDF =1 khong d6i. (dpcm)
b, OAB +OAC + BAC =90°;

¢. OBA+ ABC +OCB =90°:

VDé6:
Cho tir dién ABCD thdéa man:

a, ACD + BCD =180°;
b, Tong cdc géc phang & dinh A bing téng cdc géc phang ¢ dinh B va bang 180°.

Tinh dién tich toan phan ctia t&r dién theo AC+CB=k & ACB=a;
Giai:



I::1
Trai t dién ABCD xudng mit phang ABD nhu sau:
AACB — AAC|B;
AACD — AAC,B;

ADCB — ADC,B;

— C,+C, =180

Do téng cic goc ¢ dinh A = téng cic géc 6 dinh B = 180°

= C,,A,C, thang hang va C,,B,C, thang hang.

Sau khi trai cic mat cua tor dién xuéng mat phéng ABD, ta duoc tir gidc ndi tiép
C,C,DC,, vadttp cua tir dién ABCD = dt C,C,DC,;.

Ta c6: dt C,C,DC, = dt AC,C,C,+dt ADC,C,

(04

1 . 1 . 1
= 5.2x.2y.sma + > C,C,.DH =2xy.sina + ZC2C32.tg >

=2xy.sinc¥ + i(4x2 +4y* — 8xy.cosa).tg% =(x+ y)ztg%

o
=k’tg—.
g2

Cac bai tap twong tu:

Bai 1.
Cho tir dién déu ABCD canh bﬁng a. Mot mat phéng cat 4 canh tir dién tai M ,N,P,Q.
Chirng minh rang chu vi p cta thiét dién MNPQ khong nho hon 2a va khéng 16n hon 3a.

Giai:



*Chtirng minh p =2a
Khong mat tinh tong quat, gia sit M € AB;N e AD;Pe CD;Q¢€ BC;
Trai t dién ABCD xudng mit phang BCD nhu sau:
AABC — AA'BC;,
AACD — AACD;
AABD — AA'BD,
Do ABCD 1a tir dién déu nén céc tam gidc trén déu 12 tam gidc déu
— DBC = CBA'= ABD' = 60°.
= DBD’ = DBC + CBA'+ A'BD' =3.60° =180°.
= D,B,D’ thang hang.
Tuong ty: A’,C, A, thang hang.
= DD'=BD+BD =2a; AA =A'C+CA =2a,
Theo nhu céch trai thi: AD=AD"=gq;
Xét tir gidc DAA'D" ¢c6 A’A =D'D=2a;AD=A'D"=a
= DA,A’D’ 1a hinh binh hanh.
Theo cédch trai hinh nhu trén:
M — M,
N— N ;N —N,
= N,N, || D'D;N,N, =2a,
Ta co:
p=MN +NP+PQO+QOM =NP+PQ+QOM, +M N, =2N,N,=2a. (dpcm)
MN || BD || PQ
MQI|IACI| NP

}=> MQ=M Q;PN =PN,;MN =M N,;DN,=D'N,;

Dau “=” xay ra <& {

*Chung minh p <3a



+Néu MN NBD =S5,
S,€ MN = S, € (MNPQ)
{Sl € BD= S,e (CBD)
Ma (MNPQ) # (CBD)
=5, nam trén giao tuyén cua (MNPQ) va (CBD);
Ma PQ 1la giao tuyén cua (MNPQ) va (CBD)
= S, € PQ;

Do ANM 1la géc ngoai cua tam gidc S,ND
— ANM > NDS, ;

Ma IVD\S1=6O°=IT473 :m>m = MN < AM ;
+ Néu MQ céttia CA tai S, : Chirng minh tuong ty ta c6 MQ <MB
= MN +MQ<AM + MB=AB=a;
Lai c6: PQ<BD =a;
NP<AC=a;
= MN + NP + PQ + QM < 3a;

Néu MQ cit tia AC tai S, : Chimg minh tuong tu ta co :



MQ < BQ
PO<QC
= MQ+PQ<BC=a
MN <BD =a
NP<AC=a
= p<3a;
Néu MN || BD = PQ || BD
= AMAN la tam gidc déu = MN = AM ;
Tuong tu: PO=0C;
Ching minh nhu trén ta suy ra p <3a. (dpcm)
Déu “=" xay ra < MNPQ trung voi mot mit bén cua tir dién.

Bai 2.

Trén bé mat cia mot t&r dién déu ma d6 dai canh béng 1, ta chon mot tap hgp hiru han
cdc doan thang sao cho c6 thé ndi hai dinh bat ki cta t&r dién bang mdt duong gap khiic thudc
tap hop céc doan thang d6. C6 thé chon dugc hay khong mdt tdp hop nhu vy ma tong do dai
tat ca cdc doan nhé hon 1+ \/g ?

Giai:

Trai mat DBC xubng mit phang ABC: ADBC — ADBC.

Do tt dién ABCD 1a t&r dién déu canh a nén ABD,C 1a hinh thoi canh a; A=60°. Ta
s€ chi ra mot tap hop thoa man diféu kién dé bai.

That vay, goi P la trung diém cia BC

b

— AABP vudong 6 P va PB =%;AB =1;AP =§
= d0: @: P/Q73 = @4=120° (Thuc ra Q chinh 13 diém Torixenri trong tam giac
déu , do d6 ludn ton tai Q)
bat PQ=x; BOQ=y; AQ=z;
Ap dung dinh 1y cosin:



| —

x2+y2+xy=PB2=

2

x> +z72+xz=PA% =

9

-Pl'u) N

Z+y +zy=AB’ =1,
=2+ Yy + ) +xy+yz+az=2. (1)

Lai c6:
thAPB=l.l.£=£=lxysin120°+lyzsin120°+lxzsin120°
22 2 8 2 2 2

3 3
%=§(w+yz+xz)=>xy+yz+xz=—; (2)

Cong vé voi vé cia (1) va (2) tacé: x* + y* + 27 + Xy + yz + a2 :% 3)

Cong vé voi vé vaa (2) va (3) ta duoc: (x+ y +2)* =%:>x+ yhz=—.

Goi Q' 1a diém d6i xting cia Q qua P (Trong (ABD,C))

= CQ'=BQ=y;DQ =AQ=zPQ =PQ=x;

= Tap hop cic dudng gip khic théa min dé bai ¢ day ta chon la:

{AQ;BQ;PQ;PQ’;Q'C;DQ’} (hay D,Q").

R6 rang AQ+BQ+ PO+ PO +Q'C+DQ =7 <1+/3
Va hai dinh bat ki cta tir dién déu dugc nbi boi mot dudng gap khidc thude tap hop cic

doan thang d6.

Nhu vay ta c6 thé chon dugc mét tap hop céac doan théng théa man dé bai véi cach chon

nhu trén.

Bai 3.
Gia st S,;5;:5. 1a téng cdc géc phang tai cic dinh A;B;C;D cua tt dién ABCD.

Chimg minh rang: Néu S, =S,;S, =S, thi AABC = ABAD va AACD =ABDC .

Giai:
D, E B



Taco: S,+S,+S,+S5,=4.180°
=S, +8.=360°(S,=5,:5.=5,)
Tréi t&r dién 1én mit phang ABC nhu sau:
AABD — AABD, = AABD = AABD,;
AACD — AACD, = AACD = AACD,;
ABCD — AB,CD, = ABCD = AB,CD,;
+Néu S, =S5, =180°
= Tua dién ABCD 1a tir dién gan déu
AABC = ABAD
- {AACD = ABDC
+Néu S, # S,.. Khong mat tinh tong quat gia sir S, <180°. Ta c6:
S, =D,AD, =360° — BCB, (16n)= BCB, (nhd)= S, ;
Kéo dai B,C cat BD, tai E.
Ta co: ﬁ(nh6)=@+@=53 =@+@;
— CEB=CB.D, = BD, || BD,
Ma BD, = B,D,
= BB,D,D, 12 hinh binh hanh = BB, | D,D,; BB, = D,D,
Xét hai tam giac D,AD, va BCB;:
AD,AD, cantai A; ABCB, cantai C;
D,AD, = BCB,; BB,=D,D, ;
= AD,AD, = ABCB, = AD, = BC = AD = BC
Kéo dai BC cat D,D, tai F .
Ta co:
Do AD,AD, = ABCB, = CBB, = AD,D, = ADF ;
BB, || D,D, = CFD, = CBB, ;
— CFD, =CBB, = AD,F = AD,|| BC
Ma AD, = BC = AD,BC la hinh binh hanh = BD, = AC = BD = AC;
Xét hai tam gidc AABC va ABAD, ta c6: AB chung; BD=AC; AD=BC

= AABC =ABAD (ccc)
Chung minh tuong tu: AACD = ABDC (dpcm).

Bai 4.

Cho hinh chép déu S.ABC ¢6 ASB=30°; AB=a. Ly B,C’ lan luot thudc canh
SB,SC . Xéc dinh vi tri ciia B’,C” sao cho chu vi AAB’C’ 1a nhé nhat. Tinh gia tri nho nhat
dé.

Giai:



Trai t&r dién xudng mat phang SBC nhu sau:
AABS — AA BS;
AACS —> AA,CS;
Khi d6, voi cac diém: B'e SB
C’'e SC
Thi: Py =AB + BC' +CA=AB +BC +CA > AA,;
Diu “=” xdy ra < B',C’e AA,;
Do A, A, c6dinh = A A, c6 dinh
SB,SC ¢b dinh = Ta ludn xdc dinh dugc B’,C’ théa mian chu vi AAB’'C’ 1a nho
nhat. Khi dé, ta cé:
ASA, = ASB + BSC + CSA, =3.30° =90°;
= AA, =~/2.5A =/2.5A, =/2.5A
Xét ASAB c¢6 AB=a;ASB =30°

— SBA=75° (Vi ASAB cén tai S)

SA = _AB .8in75°= 'a cosl5° = .a
sin 30° sin 30° 2sinl5°
V3
Vi sin*150 = 12608307~ 2 =2_*/§;
2 2 4

Do 0°<15°<90°:>sin15°>0:>sin15°=,/#

a a a 2a
= SA= = = A A, =+/2. - ;

2M \/2_\/5 1 \/2—\6 \/5_1
2

. . 4 . VST 2 . ’ 7 1s . « R B 7.
Vay, gia tr1 nho nhat cua chu vi AAB'C” 1a \/ga " tai B',C" la giao di€m cua SB,SC véi

AA,.




Bai S.

Cho tr dién ABCD c6 cdc goc ¢ dinh A bang 90° va AB=AC+ AD. Tinh tong céc
gbc phang & dinh B.

Giai:

M
L o o

C

Dung KLMN la hinh vudng canh AB = LMN =90°.
Trén LM lay P sao cho:
MP=AD = LP=ML—-MP=AB—-AD=AC
Trén MN 13y Q sao cho:
MQ=AC=NQ=MN-MQ=AB-AC=AD
Xét hai tam gidc ACD va MQP:
PMQ = LMN = CAD =90°
MP =AD;MQ = AC;
= AACD = AMQP (cgc) = DC = PQ;
Chung minh tuong tu: AKLP =ABAC ; AKNQ = ABAD

— —

— KP=BC;KQ=BD; ABC = LKP; ABD = NKQ;
Xét hai tam gidc BCD va KPQ: DC=PQ; KP=BC;KQ = BD;

— ABCD = AKPQ (ccc); = DBC = QKP:
Nhu vay, ta co:

S; =ABD+ ABC + CBD = NKQ + QKP + LKP = LKN =90°
Tong céc géc phang ¢ dinh B 1a 1v.

Bai 6.

Cho tu dién SABC c¢6 cac mat SAB,SBC,SCA tuong duong va téng cac goc phéng o
dinh S bang 180°. Chtrng minh rang SABC 1a tir dién gan déu.

Giai:



C
B

Trai t dién 1én mit phang SBC nhu sau:
ASBC — ASBC;
ASAB — ASAB;
ASAC — ASA,C;
Do tong cac goc phang tai dmh S bang 180° nén
ASB + BSC + CSA2 ASA2 =180°
= A,,S,A, thang hang.
Ha SI,BH,CK 1an lugt vudng géc v6i BC,SA,,SA, .
Do A,,S,A, thang hang nén BH,CK déu vudng géc véi A A,
= BH ||CK; (1)
Theo dé bai: drSAB = dtSAC = dtSBC
= dtSA,B = dtSA,C = dtSBC
N BH .AS _ CK.AS _ BC.SI
2 2 2
= BH.AS =CK.A,S = BC.SI;(*)
Ma SA =SA,=5A
—BH=CK; (2
Xét tir giac BHCK : Tu (1) va (2) = BHCK 1a hinh chir nhat
= BC||HK hay BC||SA,,BC|| SA,;
Tacé BC||SA,, ma SI L BC,CK 1L SA,
= SI = CK = BC = SA, = SA ; (Két hop Vi *)
Xét tir gidc SA,CB: BC||SA,, BC =SA,
= SA,CB 1a hinh binh hanh = SB=A,C = AC
Chtrng minh tuong tu: SC=AB=AB
Xét tir dién SABC: SA=BC,SC=AB,SB=AC;
= SABC 12 tir dién gan déu. (dpcm)

Bai7.

Cho ttr dién ABCD ¢6 céc canh AD = BC =a;AC = BD =b;AB=CD =c. Tinh thé tich
tr dién theo a,b,c.

Giai:



Trai t dién 1én mat phang DAC nhu sau:

ABAD —s ARAD;
ABCD — AQCD;
ABAC —s APAC;
D& thdy RDQ = QCP = RAP =180°

. 1
vavV,.,= ZVBPQR;

Xét tir dién BPOR co6:
APBQ:BC=CP=CQ

— PBQ =90°;

ARBQ : Tuong tu: I@ =90°;

ARBP : Tuong tu: RBP =90° ;

= T dién BPOR c6 goc B la géc tam dién vudng.
1

= Vipor = E.BR.BQ.BP ;

bat: BR=x,BP=y,BQ =7z;



x>+ 77 =(2b)* = 4b%;
Tacé: {x° +y* =(2c)* =4c?;
y2 +7°=a)* =4a’;

(x=\20* +c* —a?)
=1 y=y2(* +d*> —b*);
Z =\/2(b2 +a’—c)
Vay thé tich ttr dién la:

1 11
Visep = ZVBPQR = Z-g-xyz

B>+t =a*)ct+a*-b))b*+a* -c?)
2

Bai 8.

Cho tir dién ABCD, biét rang tong cdc géc phang & mdi dinh déu bang nhau. Chimg
minh rang ban kinh dudng tron ndi tiép ciia cdc mit cia tir dién déu bang nhau.
Giai:

C
Goi: S, 1a tong cdc gbc phang tai dinh A;
S; 1a téng cdc géc phang tai dinh B
Sc 1a tong cdc géc phang tai dinh C;
S, la téng cdc géc phang tai dinh D ;
Taco: S, +S,+S.+S5,=4.180°;
Ma S, =8,=5.=S, =5,=5,=5.=5,=180°;
= ABCD 1a t&r dién gan déu.
= AABC =ADCB = ACDA=ABAD; o
= Ban kinh dudng tron ndi ti€p cua cac mat tor dién déu bang nhau. (dpcm).

Bai 9.



Cho tir dién ABCD c6 tit ca cdc mat déu 1a cdc tam gidc nhon. Lay cdc diém tuy y
X.,Y,Z,T tuong tng nam bén trong cac doan AB,BC,CD,AD .

—_——

a, Gia st DAB+ BCD # CDA+ ABC . Chtitng minh rang khong thé c6 mot dudng gip
khic XYZTX nao c6 chiéu dai cyc tiéu.

b, Gia su DAB + BCD = CDA + ABC . Khi d6 hay chirng minh rang ¢ vo s6 duong gap

khiic khép kin XYZTX c6 chidu dai bé nhat 1a 2ACsink , trong d6 2k = BAC + CAD + DAB .
Giai:

C
Trai tr dién 1én 1 mat phang (@) nhu sau:
AABC — AABC;
ABCD — ABCD:;
ACDA — ACDA’;
ADAB — ADA'B’;
— AB=A'B’ va BX =B'X’;

Khi d6 duong gap khic khép kin XYZTX trg thanh duong gp khic XYZTX’ nam trong
luc gide ABDB'A’C.

R& rang XYZTX’ ngan nhét khi cdc diém X,Y,Z,T, X’ thang hang.
Trudng hop 1: AB||A'B’ < AA"# BB’ .
Khong mat tinh tong qudt ta gia st AA"< BB’

D =

m

/ H,)

Néu ACA” nim trong luc giac 1on hon 180° (hinh vé 1)



= Do dai duong gip khic XYZTX’ nho nhat < Y =Z=C - Tréi gia thuyét cic diém
X.,Y,Z,T tuong ing ndm bén trong cic doan AB,BC,CD,AD . = Khong c6 gtnn.

Hy)

Néu ﬁ' nam trong luc gidc nho hon 180° (t,ﬁnh ve 2) ,

= DO dai duong gip khic XYZTX  nho nhat & X' =A"& X = A - Tréi gia thiét =
Khoéng c6 min

= AA# BB’.

Khoéng ¢6 min ¢ nghia 12 muon c6 min cua dudng gap khic < AB||A'B
& B'A'A+ A'AB=180° & B'A'C+ A'CA+CAB =2.180°

< BA'D +(DA'C+A'CD)+DCB+ (BCA + CAB) = 2.180°

& B'A'D+180°— A'DC + DCB +180° — CBA = 2.180°

& BA'D+DCB=A'DC +CBA

— e~ e~

< BAD+ DCB=CBA+ ADC

Khi d6 d6 dai duong gip khic dat min 1a XX'=4A4" (Do
XX’ ||BB'|| AA"; XX' = BB’ = AA%;)

Ap dung dinh 1y ham s6 cosin vao tam gidc cAn ACA’ ta c6:

AA’ = XX’ =2AC* - 2AC.sin A'CA

=2AC.sink trong d6 2k = BAC + CAD + DAB. (dpcm).

Bai 10

Cho tr dién c6 4 mat twong duong .

Chutng minh rang : TG dién nay 12 tr dién gan déu.

Loi gidi bai todn quen thudc nay xin danh cho ban doc




