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LOT NOI DAU

Theo dong lich str, mon Dai sé tuyén tinh khdi dau véi viee gidi va bién luan
cac hé phwong trinh tuyén tinh. Ve sau, dé c6 thé hiéu thau dédo cau tric cla tap
nghiém va diéu kién dé mot hé phuwong trinh tuyén tinh c¢é nghiém, nguoi ta xay
dung nhimg khéi niém triru twong hon nhwr khong gian vécto va anh xa tuyén tinh.
Nguoi ta cing c¢é nhu cau khdo sit cdc khong gian véi nhiéu thude tinh hinh hoc
hon, trong dé cé thé do do dai cia vécto va géc gitra hai vécto. Xa hon, hwéng
nghién ctru nay dan téi bai toan phan loai cic dang toan phwong, va tong quat hon
phan loai cdc tenxo, duéi tdc dong cia mot nhém cau tric nao do.

Ngay nay, Dai s6 tuyén tinh dwoc tng dung vao hang loat linh vire khéc nhau,
tir Gidi tich t&i Hinh hoc vi phan va Ly thuyét biéu dién nhém, tir Co hoc, Vat ly
téi Ky thuat... Vi thé, né da trd thanh mot mon hoc co s& cho viéc dao tao céic
gidao vien trung hoc, cédc chuyén gia bac dai hoc va trén dai hoc thudc céc chuyén
nganh khoa hoc co ban va cong nghé trong tat cd cdc truomg dai hoc.

Da c¢6 hang tram cudn sich vé Dai s6 tuyén tinh dwge xuit ban trén toan thé
gi¢i. Chiing t6i nhan thay cé hai khuynh hwéng chi yéu trong viéc trinh bay mon
hoc nay.

Khuynh huwéng thit nhat bat dau véi cdc khai niém ma tran, dinh thitc va hé
phuong trinh tuyén tinh, roi di téi cdc khéi niém triru twong hon nhwr khong gian
vécto va dnh xa tuyén tinh. Khuynh huéng nay dé tiép thu. Nhung né khong cho
phép trinh bay 1y thuyét ve dinh thitc va hé phwong trinh tuyén tinh bang mot
ngon ngtr ¢c6 dong va dep de.

Khuynh huwéng thit hai trinh bay céc khéai niéem khong gian vécto va anh xa
tuyén tinh trudce, roi 4p dung vao khdo st dinh thitc va hé phwong trinh tuyén
tinh. Uu diém cia phwong phdp nay 1a dé cao vé dep trong tinh nhdt qudn vé cdau

tric cla cac doi twong duwoc khdo sat. Nhuoe diém cia né 1a khi xét tinh doc 1ap
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tuyén tinh va phu thuoc tuyén tinh, that ra ngudoi ta da phai d6i mat véi viee gidi
hé phwong trinh tuyén tinh.

Céach trinh bay nao cling ¢6 céi 1y cua nd. Theo kinh nghiém cia ching toi thi
nén chon cdch trinh bay thit hai cho cdc sinh vién ¢ kha nang tw duy triru twong
t6t hon va cé muc dich huéng téi mot mat bang kién thirc cao hon vé toan.

Cuén sach nay duwoc ching t6i bién soan nham muc dich lam gido trinh va sdch
tham khdo cho sinh vién, sinh vién cao hoc va nghién cttu sinh cdc nganh khoa hoc
tu nhién va cong nghé cia cdc treong dai hoc khoa hoc tu nhién, dai hoc s pham
va dai hoc ky thuat. Cudn sich dugce viét trén co s& cde bai gidng vé Dai s6 tuyén
tinh cla toi trong nhitu nam cho sinh vién mot s6 khoa cia trwong Dai hoc Tong
hop (nay la Pai hoc khoa hoc Ty nhién) Ha Noi va cida mot s6 truong dai hoc su
pham. Dic biét, t6i da giang gido trinh nay trong 3 nam hoc 1997-1998, 1998-1999,
1999-2000 cho sinh vién cdc nganh Toan, Co, Ly, Ho4, Sinh, Dia chit, Khi twong
thuy van... cia Chwong trinh dao tao Citr nhan khoa hoc tai nang, Dai hoc khoa
hoc Tw nhien Ha Noi.

Chung toi chon khuynh hwéng th hai trong hai khuynh huwéng trinh bay da
néi & trén. Tat nhién, véi doi chit thay doi, cudn sach nay cé thé dung dé gidng
Dai s6 tuyén tinh theo khuynh hwémg trinh bay thit nhat.

Tu twong cau tric dwoc ching toi nhan manh nhir mot mach chinh cia cudn
sdch. Moi doi twong déu dwoc nghién ciru trong méi twong quan véi nhém céc
phép bién doi bdo toan cau tric cia doi twong dé: Khao sit khong gian vécto gan
litn véi nhém tuyén tinh tong quat GL(n, K), khong gian vécto Euclid va khong
gian vécto Euclid dinh hiréng gan lien véi nhém trire giao O(n) va nhém tric giao
ddc biet SO(n), khong gian Unita gan lién véi nhém unita U(n)... K&t qua phan
loai cdc dang toan phwong phu thuoc can ban vao viéc qué trinh phan loai dwgc
tién hanh dwéi tdc dong ciia nhém nao (tuyén tinh tong quét, truc giao...).

Theo kinh nghiém, chiing t6i khong thé gidng hét noi dung cia cuén sach nay

N ., N A A . ’ . N , N .
trong mot gido trinh tiéu chuan vé Dai s6 tuyén tinh cho sinh vién cdc truomg dai



hoc, ngay ca déi véi sinh vién chuyén nganh todn. Cac chi de ve dang chudn tdc
Jordan cia tw dong cdu, dang chinh tdc cia tu dong cdu truc giao, viéc dua dong
thoi hai dang toan phwong vé dang chinh tic, dai s6 tenzo, dai s6 déi ming va dai
s6 ngodi... nén dung dé gidng chi tiét cho cac sinh vién cao hoc va nghién ciu sinh
cac nganh Toén, Co hoc va Vat ly.

Chiing t6i c6 gang binh ludn ¥ nghia cia cdc khéi niém va wu khuyét diém
cia cdc phwong phdp dwoc trinh bay. Cudi moi chwong déu cé phan bai tap,
duroc tuyén chon chi yéu tir cuén sach noi tiéng “Bai tap Dai s6 tuyén tinh” cia
I. V. Proskuryakov. Dé nam virng kién thitc, doc gid nén doc rat ky phan Iy thuyét
trede khi lam cang nhiéu cang tot cdc bai tap cudi moi chirong.

Viéc stt dung cudn sach nay sé dac biét thuan loi néu ngudoi doc coi né 1a phan
mot cia mot bo sdch ma phan hai cida né 1a cudn Dai s6” dai cwong cia cung tac
gid, do Nha xudt badn Gido duc Ha Noi an hanh ndm 1998 va téi ban nam 1999.

Téc gia chan thanh cdm on Ban diéu hanh Chwong trinh dao tao Cir nhan khoa
hoc tai nang, Dai hoc Khoa hoc tu nhién Ha Noi, dac biét la Gido su Dam Trung
Don va Gido sw Nguyén Duy Tién, da tao moi dieu kién thuan loi dé téc gid giang
day cho sinh vién ciia Chuwong trinh trong ba nim qua va viét cuon sich nay trén
co s& nhirng bai gidng do.

Téc gid mong nhan dwoc s chi gido cia cdc doc gid va dong nghiép vé nhirng

thieu so6t khé tranh khoi cia cudn sich.

Ha Noi, 12/1999
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Chuwong 0

KIEN THU'C CHUAN BI

Nhiém vu cia chwong nay la trinh bay dudi dang gidn lroc nhat mot so kién
thitc chuan bi cho phan con lai cia cudn sach: Tap hop, quan hé, dnh xa, nhém,
vanh, treong, da thirc... Trudong s6 thuc sé duoc xay dung chat ché & §5. Nhung
vi céc tinh chat cia né rat quen thudc véi nhimg ai da hoc qua chwong trinh trung
hoc phé thong, cho nén chiing ta van néi t6i trromg nay trong céc vi du & céc tiét

§1 - §4.

1 Tap hop

Trong tiét nay, ching ta trinh bay vé tap hop theo quan diém cia “Ly thuyét tap
hop ngay tho”.

Cu thé, tap hop 1a mot khai niém “nguyén thuy”, khong duwoc dinh nghia, ma
duoc hieu mot cach truc gidc nhuw sau: Mot tdp hop 1a mot sw quan tu céc doi
twong cé cing mot thuoce tinh nado dé; nhimg ddi twong nay dwoc goi la cdc phan
it cua tap hop d6. (T&t nhién, mo td ndi trén khong phéi 14 mot dinh nghia cua
tap hop, n6 chi dién dat khai niém tap hop qua mot khai niém cé vé gan giii hon
14 “quan tu”. Tuy vay, ban than khéi niém quan tu lai chwa duge dinh nghia.)

Nguoi ta cling thuong goi tat tap hop la “tap”.

Dé c6 mot s6 vi du, ching ta cé thé xét tap hop céc sinh vién cia mot truong
dai hoc, tap hop cdc xe tai cia mot cong ty, tap hop céc s6 nguyén to ...

Céc tap hop thuong dwoc ky hiéu bdi céde chir in hoa: A, B,C,...,X,Y, Z...
Céc phan tir cia mot tap hop thuong duwoc ky hiéu bdi céc chir in thuong:

a,b,c,...,z,y, z... Dé néi r 1a mot phan tir cla tap hop X, ta viét z € X va doc 1a



“r thuoe X7. Tréi lai, dé néi y khong 1a phan tir cia X, ta viét y ¢ X, va doc 1a
“y khong thuoe X
Dé xdc dinh mot tap hop, nguoi ta cé thé liét ké tat cd cdc phan tit cia nd.
Chang han,
A=1{0,1,2,3,4,5,6,7,8,9}.

Nguoi ta cing c6 thé xdc dinh mot tap hop bdi mot tinh chat dac trung P(x) nao

d6 cda céc phan tir cia né. Tap hop X cdc phan tt x ¢6 tinh chidt P(z) duoce ky

hiéu la

X =A{z| P(2)},
hoac la

X ={z: P(x)}.
Vi du:

— {z] 2 1a 53 ty nhien},
= {x| 2 14 s6 nguyén },

{z| z 1a s6 htru ty},

g O N Z
[

= {z| z la s6 thuc}.

Néu moi phan tir cia tap hop A cung la mot phan tir cia tap hop X thi ta néi
A la mot tap hop con cia X, va viet A C X. Tap con A gom cdc phan tir x cia X

¢ tinh chat P(x) dugce ky hiéu 1a
A={xe X| P(x)}.

Hai tap hop X va Y duwoc goi 14 bang nhau néu moi phan ti cia tap hop nay
cting 1a mot phan tir cia tap hop kia va nguoc lai, titc1a X C Y va Y C X. Khi
dé taviet X =Y.

Tap hop khong chita mot phan tir ndo cd dwoc ky hiéu badi (), va dwoc goi 1a
tap rong. Ta quy wée rang () 1a tap con cia moi tap hop. Tap hop rong rat tién

loi, né déng vai trd nhu s6 khong trong khi lam todn véi cde tap hop.
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Céc phép todn hop, giao va hiéu cua hai tap hop duwoc dinh nghia nhu sau.
Cho céac tap hop A va B.
Hop cia A va B dwoc ky hiéu bdi AU B va duoc dinh nghia nhu sau
AUB = {z| x € A hoac x € B}.
Giao cua A va B duoc ky hiéu bdi AN B va dwgce dinh nghia nhw sau
ANB={x| x € Avaz € B}.
Hiéu cia A va B dwgce ky hiéu bdi A\ B va duge dinh nghia nhue sau
A\B={z| v € Avax & B}.

Néu B C A thi A\ B duoc goi la phdn bu cia B trong A, va duge ky hiéu 1a Cy(B).

Céc phép todn hop, giao va hiéu cé céc tinh chat so cidp sau day:
Két hgp: (AUB)UC = AU(BUCO),

(ANB)NC = An(BNQO).
Giao hoan: AUB = BUA,

ANB = BNA.
Phan phéi: AN(BUC) = (ANB)U(ANCQC),

Au(BNC) = (AuB)N(AUQ).
Cong thitc De Morgan: X \ (AUB) = (X\A4)N(X\B),

X\(ANB) = (X\AU(X\B).

Gid st A; 13 mot tap hop véi moi i thudoc mot tap chi s6 I (cé thé hiru han hay

v6 han). Khi dé, hop va giao cua ho tap hop {A;}ie; duge dinh nghia nhu sau:

U4 = {z| v €A v6i mot i ndo d6 trong I},
i€l

A = {z| v€ A véimoiie€ I}.

i€l

Ta c6 dang tong quéat cta cong thirc De Morgan:

X\ (U4) = N4,

X\(NA) = U\ A



Viéc st dung qué rong rai khai niém tap hop da dan téi mot s nghich 1y. Mot
trong s6 d6 1a nghich ly Cantor sau day.
Ta néi tap hop X 1& binh thuong néu X ¢ X. Xét tap hop

X ={X| X la tap binh thuong}.

Néu X € X thi theo dinh nghia cia X, né 1a mot tap binh thuwomg. Do dd, theo
dinh nghia tap binh thwong, X ¢ X. Trai lai, néu X € X, thi X' 14 mot tap khong
binh thuwdmg, va do d6 X € X. C4 hai truomg hop déu dan téi mau thuan.

Dé tranh nhitng nghich 1y loai nhu vay, ngudoi ta sé khong diing khai niém tap
hop dé chi “nhirng thuc thé qué 16m”. Ta sé néi “Idp tat cd cde tap hop”, chir
khong néi “tap hop tdt ca cdc tap hop”. Theo quan niém nay X chi 1a mot 16p chit

khong 1a mot tap hop. Vi thé, ta tranh dwoc nghich 1y néi trén.

Phan con lai cia tiét nay dwoc danh cho viéc trinh bay so lirgc ve lwong tir pho
bién va lwong tir ton tai.
Ta thuomg can phai phat biéu nhitng ménh dé c6 dang: “Moi phan ti © cia tap
hop X déu cd tinh chdt P(z)”. Nguoi ta quy wée ky hiéu ménh dé dé nhw sau:
Ve e X, P(x).
Day ky hiéu trén dwoc doc 1la “Véi moi x thuée X, P(x)”.
Ky hiéu V duwoc goi la leong tir phd bién.
Tuwong tu, ta cing hay gap cdc ménh dé c6 dang: “Ton tai mot phan ti x cia
X ¢d tinh chdt P(z)”. Ménh dé nay duge quy wde ky hiéu nhu sau:
dr e X, P(x).
Day ky hiéu d6 dwgc doc 1a “Ton tai mot x thuoc X, P(x)”.
Ky hiéu 3 dwoc goi 1a lwong tu ton tai.
Ménh dé “Ton tai duy nhdt mét phan t x cia X c¢6 tinh chdt P(x)” dugc viét
nhu saw:

dlz € X, P(x).

10
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Luong tir phd bién va lirong tir ton tai c6 moi quan hé quan trong sau day.

Goi P la phi dinh cia ménh dé P. Ta cé

Vee X,P(x) = JreX,Px),

dr e X,P(z) = VreX,P(z).

Chiing toi dé nghi doc gia tu chtrmg minh nhimg khang dinh trén xem nhw mot bai

~

tap.

2 Quan hé va Anh xa
Tich true ti€p (hay tich Descartes) cia hai tap hop X va Y 1a tap hop sau day:
XxY ={(zy)| veXyeV}

Trudmg hop dic biét, khi X =Y, ta ¢ tich truc tiép X x X cia tap X vd&i chinh

né.

Dinh nghia 2.1 Moi tap con R cia tap hop tich X x X dugce goi la mot quan hé
hai ngoi trén X. Néu (z,y) € R thl ta ndi x ¢d quan hé R vdi y, va viét zRy.

Nguoc lai, néu (z,y) € R thi ta néi x khong cé quan hé R véiy, va viét 2 Ry.
Chéang han, néu R = {(x,y) € Z x Z| z chia hét cho y}, thi 6R2, nhung 5R3.

Dinh nghia 2.2 Quan hé hai ngoi R trén X dwoc goi la mot quan hé twong duwong

néu noé cb ba tinh chat sau day:
(a) Phan xa: 2Rz, Vo € X.
(b) Doi xting: Néu Ry, thi yRx, Vao,y € X.

(c) Béac cau: Néu 2Ry, yRz, thi Rz, Va,y,z € X.

11



Céc quan hé twong dwong thwong dwoc ky hiéu bdi dau ~.
Gia sir ~ 1a mot quan hé twong dwong trén X. Lép twong duwong theo quan hé

~ cua mot phan tir x € X dugce dinh nghia nhu sau:
[z] ={ye X| z ~y} C X.

Bo6 deé 2.3 Gid sit ~ la mét quan hé twong duong. Khi dd, véi moix,y € X, cdc

16p [x] va [y] hodc tring nhau, hodc roi nhau (tic la [z] N [y] =0).

Chitng minh: Gid st [z] N [y] # 0. Ta sé chitng minh rang [z] = [y]. Lay mot
phan tir z € ] N[y]. Tacdx ~ 2 vay ~ 2.

Do tinh doi xttng cia quan hé twong dwong, r ~ z kéo theo z ~ z. Gid st
t € [x], tic 1a & ~ t. Do tinh bac cau, z ~ x va x ~ t kéo theo z ~ t. Tiép theo,
y ~ zva z ~ t kéo theo y ~ t. Nghia la t € [y]. Nhu vay, [x] C [y]. Do vai tro
nhw nhau cia céc 16p [z] va [y], ta cing c¢6 bao ham thitc nguoc lai, [y] C [z]. Vay
2] = [y =

Theo bé dé nay, néu y € [z] thi y € [z] N [y] # 0, do A6 [x] = [y]. Vi thé, ta
¢6 thé dung tir I6p twong duong dé chi 1ép twong dwong cliia bat ky phan tir nao
trong 1ép d6. Méi phan tir cda mot 16p tiwong dwong dwoc goi 1a mot dai biéu cia
16p twong dwong nay.

Dé dang thay rang X 14 hop roi rac cia cdc 16p twong dwong theo quan hé ~.
(N6i cdch khac, X 1a hop cia céc 16p twong dwong theo quan hé ~, va céc 16p nay

roi nhau.) Nguoi ta cing néi X dwoc phan hoach bdi céc 16p twong duwong.

Dinh nghia 2.4 Tép hop céc 16p twong dwong cia X theo quan hé ~ dwoc goi
1a tdp thuong cia X theo ~ va dugce ky hiéu la X /~.

Vi du 2.5 Gid st n 1a mot s6 nguyén dwong bat ky. Ta xét trén tap X = Z quan
hé sau day:

~={(x,y) € Z x Z| x — y chia hét cho n}.

12
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RO rang d6 1a mot quan hé twong dwong. Hon nira o ~ y néu va chi néu x va y ¢

cung phan du trong phép chia cho n. Vi thé, Z/~ 14 mot tap ¢6 ding n phan ti :

z/~=A[0],[1], ... [n — 1]}
N6 dwoce goi la tap cdc sé nguyén modulo n, va thuomg dwoc ky hiéu 1a Z/n.

Dinh nghia 2.6 Gia st < 14 mdt quan hé hai ngdi trén X. N6 dwoc goi 1a mot

quan hé thit tw néu né cé ba tinh chat sau day:
(a) Phan xa: © <z, Vz € X.
(b) Phan déi xting: Néuz <yvay <z thiz=y, Vr,ye X.
(c) Bac cau: Néuz <y,y <z, thiz <z, Vr,y,z € X.

Tap X dwoc trang bi mot quan hé tht tu dwoc goi 1& mot tdp duoc sdp. Néu

r <y, tanéi x ditng trudc y, hay x nho hon hoic bang v.

Ta néi X dwogc sap toan phan (hay tuyén tinh) bdi quan hé < néu véi moi
r,y € X, thi x <y hoac y < x. Khi d6 < duogc goi la mot quan hé thir tu toan
phan (hay tuyén tinh) trén X.

Chang han, truomg s6 hiru ty Q 1a mot tap dwoc sdp toan phian déi véi quan
hé thit tu < thong thuong. Mot vi du khdc: néu X 1a tap hop tdt cd cic tap con
cia mot tap A nao dé, thi X dwoc sap theo quan hé bao ham. Day khong phai 13

mot thit tr toan phan néu tap A chiva nhiéu hon mot phan ti.

Bay giv ta chuyén qua xét cac anh xa.

Nguoi ta thwomg mo td cidc 4nh xa mot cach trure gide nhu sau.

Gid stt X va Y 1a cdc tap hop. Mot dnh za f tir X vao Y 1a mot quy tac dat
twong tng méi phin t& z € X véi mot phan ti xde dinh y = f(z) € Y. Anh xa
d6 duoce ky hieu bdi f: X — Y.

13



Tat nhién moé ta néi trén khong phdi 14 mot dinh nghia chadt ché, vi ta khong
biét thé nao 1a mot quy tac. N6i cach khéc, trong dinh nghia néi trén quy tac chi
la mot tén goi khdc cia dnh xa.

Ta c6 thé khic phuc diéu dé bang cich dwa ra mot dinh nghia chinh xdc nhung
hoi cong kénh vé d4nh xa nhu sau.

Moi tap con R cia tich truc tiép X x Y dwoc goi 1a mot quan hé gitta X va Y.
Quan hé R dwoc goi 1a mot dnh za tir X vao Y néu né cé tinh chat sau: véi moi
r € X c6 mot va chi mot y € Y dé cho (z,y) € R. Ta ky hiéu phan tir duy nhét
46 1a y = f(z). Khi d6

R ={(z, f(2))] = € X}.

Anh xa nay thuong dwoc ky hicu 1a f : X — Y va quan hé R dwoc goi 1a do thi
cia dnh xa f.

Céc tap X va 'Y duogc goi lan lwot 14 tap nguon va tap dich cia dnh xa f. Tap
hop f(X) ={f(x)| x € X} duoc goi la tap gid tri cua f.

Gia st A 1a mot tap con cua X. Khi dé, f(A) = {f(z)| = € A} dugc goi 1a dnh
cia A bdi f. Néu B la mot tap con cia Y, thi f~1(B) = {z € X| f(x) € B} duoc
goi 1a nghich énh cia B bdi f. Truong hop dac biét, tap B = {y} chl gom mot
diém y € Y, ta viét don gidn f~1(y) thay cho f~*({y}).

Dinh nghia 2.7 (a) Anh xa f: X — Y duoc goi 1a mot don dnh néu véi moi

rx#2, (z,2 € X) thi f(z) # f(2').

(b) Anh xa f: X — Y dwoc goi 1a mot todn dnh néu véi moi y € Y ton tai (it

nhat) mot phan tir z € X sao cho f(x) =y.

(¢) Anh xa f: X — Y duwoc goi 1a mot song dnh (hay mot twong #ng mét-mot)

néu noé vira 1a mot don dnh vira 1a mot toan anh.

Gid st f : X — Y 1a mot song 4nh. Khi dé, véi moiy € Y ton tai duy nhat phan
tir x € X sao cho f(x) = y. Ta ky hiéu phan ti¢  d6 nhu sau: = = f~!(y). Nhu
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thé, twong ing y — x = f~!(y) xdc dinh mot dnh xa, dwge ky hieula f~1: Y — X
v duoc goi 1a 4nh xa nguoc cia f. Hién nhién, f~' ciing 1a mot song dnh, hon
nita (f~1) "t = f.

Chocacanhxa f: X - Y vag:Y — Z. Khi d6 dnh xa h: X — Z duoc xéc
dinh bdi

hz) =g(f(z)), VreX,

dwoc goi 1a dnh xa tich (hay dnh za hop) cia f va g, va dugce ky hieu la h = gf
hoac h =go f.

Chuing to6i dé nghi doc gid tu chimg minh hai ménh dé sau day.

Ménh dé 2.8 Hop thanh cia hai don dnh lai la mot don dnh. Hop thanh cia hai

toan dnh lai la mot toan dnh. Hop thanh cia hai song dnh lai la mot song dnbh.
Goi idy : X — X 1a 4nh xa dong nhat trén X, dwoc xdc dinh nhwr sau
idx(z) =z, Vre X.

Ménh dé 2.9 (i) Gid s f: X - Y vag:Y — Z la cdc dnh za. Khi dd, néu

gf la mot don dnh thi f cting vay; néu gf la mot toan dnh thi g cing vay.

(ii) Anh za f + X — Y la mot song dnh néu va chi néu ton tai mot dnh za

g:Y — X sao cho gf =idyx, fg=1idy.

3 Luec lwong cia tap hop

D61 véi cée tap hop hiru han, khi can xét xem tap nao c6 nhiéu phan tir hon, nguoi
ta dém s6 phan tir cia chung. Nhung dong tac don gidn ay khong thure hién dwoc
doi v6i céc tap cé vo han phan tir. Dé so sanh “s6 lwong phan t&” cia cac tap vo
han, ngudi ta trd lai véi cach lam cia ngudoi nguyén thuy khi chwa biét dém. Cu

~ N \ , X . A~ . A N
the 13, néu mudn xem so riu tay ¢ du cho moi ngudi mot chiéec hay khong nguoi
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ta phat cho moi ngudi mot chiée riu, tire 14 1ap mot twong tmg gitra tap hop nguoi

va tap hop riu.

Dinh nghia 3.1 Ta ndi tap hop X cang luc lwong véi tap hop Y néu ton tai mot

song anh tir X vao Y.

RO rang quan hé cung lwc lwgng la mot quan hé twong duwong.

Gid st tap A ¢6 n phan tr. Diéu nay cé nghia la ¢é mot twong tmg mot-mot
gitra cdc phan tir cia A véi cde s6 tuw nhién 1,2, 3, ...,n. Néi cadch khdc, A ¢ n phan
tr néu va chi néu né cung lue lwong véi tap hop {1,2,3,...,n}.

Sau day chung ta sé khdo sdt 16p cdc tap hop vo han ¢ “it phan tir nhat”, dé

14 cac tap dém dwoc.

Dinh nghia 3.2 Tap X duoc goi la dém duwoc néu né cung luc lwong véi tap hop

N céc s6 tu nhién.

Chang han, Z 14 mot tap dém dwgce. That vay, 4nh xa f : N — Z xéc dinh bdi

cong thirc

f@n—1) = —n+1,

f2n) = n (n=1,2,3,...)

la mot song anh.

Twong tuw, tap hop cac s6 tir nhién chan va tap hop cac s6 tir nhién 1& deu la
cac tap dém duoc.

Céc vi du trén cho thay mot tap vo han cé thé c¢é cing lwe Iwong véi mot tap

con that su cia né. Ta cé

Meénh dé 3.3 Moi tdp con vé han cia mét tip dém dugc ciung la mot tip dém

duoc.
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Chitng minh: Gid st A = {ay, as, as, ...} 14 mot tap dém dwoc, va B 1a mot tap
con vo han cia A. Goi ¢; 14 86 tw nhién nhd nhat sao cho a;, € B, iy 1a s6 tu nhién
nhd nhat sao cho a;, € B\ {a;, }. Mot cdch quy nap, i, 1a s6 tw nhién nhd nhét sao
cho a;, € B\ {ai,,aiy, ..., _, }..

Bang céch dé, cdc phan ti cia B dwoc xép thanh mot day vo han
B = {CLZ'I, Aigy ooy A s }

No6i cdch khéc, ¢6 mot song &nh N — B dit n twong ting véi a;,. Nhu thé B dém

duoc. a
Meénh dé 3.4 Tich truc tiép cia hai tap dém dwgc cung la mét tdp dém duoec.

Chirng minh: Khong gidm tong quét, ta chi cin chirng minh N x N 13 dém duoc.

Ta xép tat ca cdc phan tir (a,b) cia N x N thanh mot day vo han bang cich
sau. Trudce hét ta xép cap (a,b) véi a+ b = 2. Gid st da xép xong cac cap (a,b)
vGia+b=mn—1, taxép ti€p céc cap (a,b) véi a + b = n, trong d6 cdp (a,b) duoc
xép trude cdp (a',V) néua+b=d +¥ =nvaa<d.

Nhu vay, N x N 14 mot tap dém duoc. O
Hé qua 3.5 Tdp hop Q cdc so hitu ty la mot tap dém duoec.

Chirng minh: Ta sé chirng minh tap hop QT cédc s6 hiru ty dwong 1a dém dwoc.
Do d6 Q =Q U{0}UQT cung luc lwong v4i Z = N~ U {0} UN, trong d6 Q~ la
tap hop cdc s6 htru ty am va N~ 1a tap hop céc s6 nguyén am. Vi thé Q la dém
duoc.

Mbi s6 hitu ty dwong duoc biéu thi duy nhat dudi dang mot phan s £, trong
dé p,q € N va cap p,q nguyén t6 cung nhau. Twong ting g — (p,q) 1a mot song
anh tir Q" 1én mot tap con cia tich truce tiép N x N. Do dé, theo hai ménh dé trén
thi Q™ 1& mot tap dém duoc. O

Chiing ta thira nhan két qua sau day, vi muon chirng minh né ta can mot hicu

biét sau sac hon vé cdc s thue.
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Meénh dé 3.6 Tdp hop R cdc sé thue la mét tap khong dém duoc.

Nguoi ta néi tap hop cdc s6 thue ¢6 lwe lwong continum.

4 Nhoém, Vanh va Truong

Céc khdi niém nhém, vanh va truong dwoc gidi thiéu trong tiét nay chi dimg &
mitc di dung cho cdc dién dat trong phan sau ciia cuén sach.

Gia stt G 14 mot tap hop. Moi 4nh xa
0:GxG—G

dwgc goi 1a mot phép toan hai ngoi (hay mot ludt hop thanh) trén G. Anh cia cap
phan tr (z,y) € G x G bdi danh xa o sé dugc ky hiéu la z oy, va duoc goi 1a tich

hay hop thanh cia x va y.

Dinh nghia 4.1 Mot nhém 14 mot tap hop khdc rong G dwoc trang bi mot phép

toan hai ngodi o thod man ba diéu kién sau day:
(G1) Phép todn c6 tinh két hop:

(roy)oz=uwo(yoz), Vr,yzeC.

(G2) C6 mot phan tr e € G, dwgce goi 1a phdn t trung ldp, véi tinh chét

roe=ceox =ux, VxedG.

(G3) V&imoi z € G, ton tai phan tir 2’ € G, duge goi la nghich ddo cua z, sao cho

I‘O{E,:{L’/OJJZG.

Nhan xét:
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Phan tir trung 1ap cia mot nhém 1a duy nhat. That vay, néu e va e’ déu 1a céc

phan tir trung 1ap cia nhém G thi

V&i moi x € G, phan tit nghich ddo 2/ néi & muc (G3) la duy nhéat. That vay,

néu rj va x4 1a cdc phan tir nghich ddo cia x thi
i =1loce=alo(zowxy) = (zjox)ory,=coxl,=u,.
Trong nhém c¢6 luat gidn wée, tire la

roy=r0z = yY=2,

roz=yoz = x=1.

~ ~ ~ ’ ~ . ’ ~ . ’ 7.
That vay, dé cé luat gidn wéce, chi can nhan hai vé cia dang thitc zoy = x 0 2z véi
nghich ddo 2’ cia z tir bén trai, va nhan hai vé cia dang thitc z 02 = y o z véi
nghich ddo 2’ cia z tir bén phai.

Néu phép todn o cé tinh giao hodn, tirc 1
xoy=youx, Vr,y€QqG,

thi G dwgc goi la mot nhém giao hodn (hay abel).

Theo thoi quen, luat hop thanh o trong mot nhém abel thwong dwoc ky hicu
theo 161 cong “+”. Hop thanh cia cap phan tir (z,y) dwoc ky hiéu la z+y va duoc
goi 1 tong cia x va y. Phan tit trung lap cia nhém dwoc goi 1a phan ti khong, ky
hiéu 0. Nghich ddo cia x (xéc dinh bdi diéu kién (G3)) dwoc goi la phdan tu doi
cia x, ky hiéu (—z).

Truong hop tong quat, phép toan o trong nhém thuong dwoc ky hiéu theo 16i

13

nhan “-7. Hop thanh cia cap phan tit (z,y) dwoc ky hiéu 1a x - y, hay don gidn
xy, va duoc goi 1a tich cia o va y. Phan tit trung 1ap cia nhém dwoc goi 1a phan
tir don vi. Phan tir nghich ddo cia o dwoc ky hiéu 1a 271

Vi du:
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(a) Céc tap hop s6 Z, Q, R 1ap thanh nhém abel d6i v6i phép cong.

(b) Céc tap Z* = {+1},Q* = Q\ {0},R* = R\ {0} lam thanh nhém abel d6i

v&i phép nhan.
(c) Ta dinh nghia phép cong trong Z/n nhu sau:
[z] + [y] = [z +y].

Dé kiém tra rang phép toan nay khong phu thuoc dai biéu cia céc 1ép twong
dwong [x] va [y]. Hon nwra, Z/n cung véi phép cong néi trén lap thanh mot

nhém abel.

(d) Moi song &nh tir tap hop {1,2,...,n} vao chinh né dugc goi 1a mot phép thé
(hay phép hoén vi) trén n phan t. Tap hop S, tat cd cdc phép thé trén n

phan tir 1am thanh mot nhém déi véi phép hop thanh cic d4nh xa
(a-B)(i) = a(B(i)), Va,B € 5,,0<i<n.

S, duwoc goi 1a nhdm doi zing trén n phdn tu. Day 1a mot nhém khong abel

khi n > 2. (Xem chi tiét & Chuong III.)

(e) Trong Chuwong IT ching ta sé khéo sat mot 16p nhém khong abel rat quan
trong déi véi mon Dai s6 tuyén tinh, dé 1a nhém GL(V) céc bién doi tuyén

tinh khong suy bién trén khong gian vécto V.

Dinh nghia 4.2 Gid st G va G’ 14 cdc nhém (v6i phép todn viét theo 16i nhan).

Anh xa ¢ : G — & duwoc goi 1a mot ddng cdu nhém néu

p(ry) = p(x)py), Vr,y€q.

Nhan xét: Dong ciu nhém ¢ chuyén don vi e ciia G thanh don vi ¢’ cia G’
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N6 ciing chuyén phan tir nghich ddo ctia o thanh phan tir nghich ddo cia ¢(x):
p(z7!) = p(2)™', Vred.
Dinh nghia 4.3 (a) Mot dong cdu nhém dong thoi 1a mot don dnh dwgce goi 1a

mot don cdu nhom.

(b) Mot dong cau nhém dong thoi 1a mot toan dnh dugce goi 1a mot toan cdu

nhom.
(c) Mot dong cdu nhém dong thoi 14 mot song dnh dwoc goi 1a mot dang cau
nhém.
Néu c¢6 mot dang cau nhém gitra G va G’ thi ta néi G dang cau véi G va viét
G=qG.
Vi du:
(a) Phép nhing i : Z — Q dinh nghia bdi cong thic i(z) = x 1 mot don céu

nhém.

(b) Phép chiéu pr : Z — Z/n xéc dinh bdi cong thire pr(z) = [x] 1 mot toan cau

nhém.

(a) Anh xa mi ezp : R — RY, exp(x) = €* 13 mot dang cau tir nhém cong céc

s6 thue R vao nhém nhan cdc s6 thure dwong R™T.

Bay gio ta chuyén sang khdo sét céc vanh va truong.

Dinh nghia 4.4 Mot vanh 1a mot tap hop R # () dwogc trang bi hai phép todn hai

ngdi, gom phép cong
+:RxR—R, (r,y)—zx+y,
va phép nhan
:RxR— R, (z,y)+— xy,

thod man ba diéu kién sau day:
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(R1) R 1a mot nhém abel d6i vai phép cong.

(R2) Phép nhan c6 tinh chat két hop:

(zy)z = 2(y2), Va,y,2 € R.

(R3) Phép nhan phan phoi vé hai phia d6i véi phép cong:

(x4+y)z = zz+yz,

20r+y) = zx+zy, Va,y,z € R.

Vanh R dwoc goi 1a giao hodn néu phép nhan cia né cé tinh giao hoan:

xy =yx, Vr,y € R.

Vanh R dwoc goi 1a ¢d don vi néu phép nhan cia né c6 don vi, tirc 14 c6 phan tix

1 € R sao cho:

lr=x1=2x, VxeR.

Vi du:

(a)

Céc tap hop s6 Z, Q 14 céc vanh giao hodn va c6 don vi d6i véi cde phép todn
cong va nhan thong thuwomg. Tap hop s6 tu nhién N khong 13 mot vanh, vi
né khong 1a mot nhém déi véi phép cong.

Ta dinh nghia phép nhéan trén nhém cong Z/n cdc s6 nguyén modulo n nhuw
sau:

[z][y] = [zyl, Va,y € Z/n.

Phép nhan nay khong phu thuoc dai biéu cia cac 16p [z] va [y]. N6 bién nhém
cong Z/n thanh mot vanh giao hoan va ¢6 dom vi, duge goi 1a vanh cdc sd

nguyén modulo n.

Trong Chuong II ta sé xét mot 16p vanh déc biét quan trong d6i véi mon Dai
6 tuyén tinh, d6 la vanh M (n x n, K) cdc ma tran vudng cdp n véi cdc phan

tir trong truomg K.
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Dinh nghia 4.5 Gid stt R vi R’ 1a cdc vanh. Anh xa ¢ : R — R’ dwoc goi 1a mot

dong cdu vanh néu

plr+y) = »@)+oy),

o(ry) = @(r)e(y), Va,y € R.

Céc khai niém don cau vanh, toan cdu vanh, dang cau vanh duoc dinh nghia
twong tu nhuw doi véi treong hop nhém.

Chang han, phép nhing Z C Q 1a mét don cau vanh. Phép chiéu pr : Z — Z/n
14 mot toan cau vanh.

Phén tir z trong mot vanh cé dom vi R dwoc goi 1a khd nghich néu ton tai phan

tir ' € R sao cho

Dé chitng minh rang phan tir 2’ ¢é tinh chat nhur vay néu ton tai thi duy nhat. N6

duoc ky hiéu 1a 271

Dinh nghia 4.6 Mot vanh giao hodn, ¢6 don vi 1 # 0 sao cho moi phéan tir khac 0

trong né déu kha nghich dwoc goi 1a mot truong.

Vanh Q 1& mot truomg. Vanh s6 nguyén Z khong 1a mot trudmg, vi cac sé khéc

+1 déu khong kha nghich trong Z.

Dinh nghia 4.7 Gid st < la mot quan hé thi tu trén truong K. Khi d6 K dwoc
goi 14 mot truong duoc sap doi véi thir tr < néu cée dieu kién sau day duwoc thod

man:
(a) Neuz <ythix+2 <y+ 2z véi moi z € K;
(b) Néuz <yva0<zthzz <yz.

Truomng s6 hitu ty Q 1a mot trwong duoc sap doi véi thi trr thong thuong.

Duéi day ta sé xét xem khi nao thi vanh Z/n la mot truong.
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Dinh nghia 4.8 Néu vanh R chita cdc phéan tit a # 0, b # 0 sao cho ab = 0 thi ta

n6i R ¢6 wdce cia khong.

Trai lai, néu tir dang thitc ab = 0 (véi a,b € R) suy ra hoic a = 0 hogc b = 0,
thi vanh R duoc goi 1a khong cé wde cia khong.

Vanh Z/6 c¢6 wée cua khong, bai vi [2] # 0, [3] # 0 va

N6i chung, néu n 1a mot hop s6 thi Z/n ¢6 wée cia khong. That vay, vi n la
mot hop s6 cho nén n = rs trong d6 0 < r,s < n. Khi d6, [r] # 0,[s] # 0 va
[r]ls] = [n] = [0] = 0.

Ménh dé 4.9 Moi trudong déu la mot vanh khong cé wéc cia khong.

Chirng minh: Gid sit K 14 mot truong, a va b 1a cdc phan tir thuoc K véi ab = 0.

Néu a # 0 thi a kha nghich. Ta cé

b=1b= (ata)b=a""(ab) = a 10 =0.
Vay K khong c¢6 wéce cua khong. O
Ménh dé 4.10 Z/n la mét truong néu va chi néu n la mot sé nguyén to.

Chitng minh: Néu n 1& mot hop s6 thi Z/n ¢6 wée cua khong, do dé khong la
mot truong.

Gid stt n = p 1a mot s6 nguyén t6. Moi phan tir khdc khong trong Z/p déu c¢6
dang [q] trong d6 dai biéu ¢ thod man diéu kién 0 < ¢ < p. Khi dé p va ¢ nguyén

t6 cting nhau, vi thé c¢6 céc s6 nguyén k va £ sao cho kp + g = 1. Hay la

[Alg] = [1] = [kp] = [1]

trong Z/p. Dieu nay cé nghia 1a [q] kha ngich, va [¢]~! = [(]. O
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Truong Z/p thuong duoc ky hi¢u 1la F,,.

Trong vanh Z/n c¢6 hién tuwong sau day:

1414 +1=0,

n

Chuyén nay khong xdy ra trong cdc vanh Z va Q. Ta di téi dinh nghia sau day.

Dinh nghia 4.11 Cho R 1&4 mot vanh ¢6 dom vi. Néu ¢ s6 nguyén duwong n sao

chol+4+1+---4+1=0, thi s nguyén duwong nhoé nhat cé tinh chat dé duwoc goi 1a
—_—

ddc 50 cia vanh R. Nguoc lai, néu khong c6 s6 nguyén dwong n nao nhwr thé thi

ta néi R c¢6 ddc sé bang 0. Dic s6 cia R duoc ky hiéu 1a Char(R).

Vidu: Char(Z) = Char(Q) =0,

Char(Z/n) = n, véi moi s6 nguyén dwong n.

Ménh deé 4.12 Néu K la mét truong thi Char(K) hodc bang 0 hodc la mét sé
nguyén to.
Ching minh: Dat m-1=1+1+---+1 € K. Gid st n = Char(K) 1la mot hop

m

s6 v6i phan tich n = rs (0 < 7,s <n). Dé thay rangn-1= (r-1)(s-1) =0. Vi

truomg K khong ¢ wée cida khong, nén hodc (r- 1) = 0 hodc (s-1) = 0. Diéu nay

mau thuan véi dinh nghia cia déic s6, vi r va s 1a cdc s6 tir nhién nhd hon n. O

5 Truong s6 thuc

TA&t ca céc hoc tro t6t nghiép trung hoc phd thong déu da tinh toan thuin thuc véi
céc s6 thire. Thé nhung, néu héi ho “S6 thuce 14 gi?” thi chic chan ho sé khong tra
161 dwge. That ra, dé 1a mot van de rat khé.

Trong tiét nay, ching ta sé xay dung truong sé thue R nhw 13 mot “bo sung”
cla truong s6 hiru ty Q, nham gidi quyét tinh trang khé xir ma Pythagore da gap

tir hon 2000 nam trude, dé 1la: Néu chi dung cdc s6 htru ty thi duwomg chéo cia

25



mot hinh vuong dom vi sé khong ¢ do dai. Néi cdch khéc, khong ton tai s6 hiru
ty a thod man hé thitc a? = 2. That vay, gid sit a c6 dang phan s6 toi gidn L, véi
p,q € Z,q # 0, khi do (5)2 = 2. Hay la p? = 2¢>. Tir d6 suy ra p 1a mot s6 chan.
Ta dat p = 2p; trong d6 p; € Z. Dang thite trén trd thanh 2p? = ¢°. Do d6 ¢ ciing
1a mot s6 chan. Diéu nay mau thuan véi gid thiét néi rang £ 1a mot phén s6 toi
gian.

Dinh nghia sau day dwoc goi ¥ tir mot nhan xét truc gide 1a: moi 14t cat vao

“duong thang s6 thue” deu “cham” phai mot s6 thue duy nhat.

Dinh nghia 5.1 (Dedekind). Tap hop a céc s6 hiru ty dwgce goi 1a mot ldt cdt
(trong Q) néu:

(a) a# 0, a #Q,
(b) Néur e a,vase Q,s <r, thisea,
(¢) a khong ¢6 phan tir 16n nhat.
Chang han, tap hop sau day (dwoc ky hiéu bdi v/2) 1a mot 14t cat trong Q:
V2:={reQqQ| r? <2}
D61 véi moi s6 hitu ty 7, ta xét 14t cat sau day
r*={se Q| s<r}.
De y rang r = min(Q \ r*).

Dinh nghia 5.2 Gid stt o 14 mot 14t cat. Néu c6 s6 nhd nhat trong tap hop Q \ «
thi o duroe goi 14 mot 14t cat hiru ty. Trai lai, néu khong cé s6 nhé nhat trong tap

hop Q\ a thi o dwge goi 1a mot 14t cat vo ty.

Tat nhién, moi 14t cat hitu ty déu cé dang r* véi mot s6 hiru ty » nao doé.

Tap hop céc 14t cat dwoc sap thit tir theo quan hé < sau day.
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Dinh nghia 5.3 Gid str a, 314 cdc 14t cit. Tandi a < B (hay 8 > ) néu B\« # 0.
Ta n6i a < 3 (hay 3 > a) néu a < 8 hoic a = 3. Mot 14t cat dwgce goi 1a duong

hay dm tuy theo né lém hon hay nhé hon 14t cat 0*.
Phép cong cac 14t cat dwoc dinh nghia nhu sau.
Dinh nghia 5.4 Gia st o, 8 1a céc 1at cat. Khi d6 14t ciat sau day dwgc goi 1a tong
cia a va 3, ky hiéu 1a o +
at+pf={r+s| rea,se g}

Dé dang kiém tra lai rang tap hop a + 3 trong dinh nghia néi trén 1a mot 14t cat
trong Q.
Véi moéi lat cat a ton tai duy nhat mot lat cat, dwoc ky hiéu 14 —a, sao cho

a+ (—a) = (—a) + a = 0*. Lit cat nay duge dinh nghia nhr sau:
—a={-r| r€(Q\ a),r khong la s6 nhd nhat trong Q \ a}.
Chiing ta gip mot s6 khé khan ve ky thuat khi dinh nghia tich hai 14t cat. Dé

tranh nhirng khé khan dé, ching ta dwa ra khéi niém gid tri tuyét doi.

Dinh nghia 5.5 Gid tri tuyét ddi (con goi tat 1 tri tuyét doi) cia lat cat o 1a 14t
cat sau day:

a néua >0,
la| = )
—a neu a < 0.

Tat nhién |« > 0 véi moi «, hon nta |a| = 0 khi va chi khi ao = 0.
Gid str « va 8 1a céc 14t cat véi o > 0%, 8 > 0*. Khi d6 tap hop sau day 1a mot

14t cat, duwoc goi 1 tich cia o va 3, va duoc ky hiéu 1a of:
af=Q U{rs| rea,r>0,s€p,s>0}.

Bay gio tich cia hai lat cat bat ky duwoc dinh nghia nhwr sau:
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Dinh nghia 5.6 Gid sit o, 3 1a céc 14t cat. Khi dé 14t cat sau day dugce goi 1a tich

cia a va 3, ky hiéu la af:

lof|3]  néua > 0%, 6> 0" hodc a < 0,5 < 0",

—(Ja]|8]) néu a < 0*, 5 > 0* hodgc o > 0*, 5 < 0* .

Dinh nghia 5.7 Ta ky hiéu bdi R tap hop tat cad céc lat cit trong Q.

binh 1y sau day duwoc chitng minh khong may khé khan, nhung doi hoi mot lao

dong ti mi.

Dinh ly 5.8 Tap hop R duoc trang bi hai phép todn cong va nhan noi trén la
mét truémng cé dic sé bing 0. Truong nay duoc sdp doi véi thi tu <. Anh za

Q — R,r — r* la mot don cdu trudong bao toan thit tuw.

Trén co s& dinh 1y nay, moi 14t cat trong Q dwoc goi 14 mot sé thuwe. Moi lat
cat hitu ty »* dwoc dong nhat véi s6 hiru ty r. Moi 1at cat vo ty duwoc goi 1a mot
50 00 ).

So véi truomg s6 hitu ty Q thi truong s6 thue R wu viét hon & tinh dd. Dé dién
dat tinh di cia R ta cin dinh nghia 14t cit trong R. Ban doc hay so sanh dinh
nghia sau day véi Dinh nghia 5.1 vé 14t cit trong Q.

Dinh nghia 5.9 Tap hop «a céc s6 thue duge goi 1a mot ldt cdt (trong R) néu:
(a) a#0, a #R,
(b) Neur e a,vase R,s <r, this € q,
(¢) a khong c6 phan tir 16n nhat.

Theo dinh nghia, 14t cit o trong Q 1a hiru ty hay vo ty tuy theo tap hop Q \ «
c6 phan t& nhd nhat hay khong. Néi mot céch truc gidc, cac 1at cat vo ty khong
“cham” phai phan t& nao cia Q. Mot trong nhirng biéu hién cia tinh du cia
triromg s6 thue 14 moi 14t cat trong R déu “cham” phai mot s6 thue nao dé. Cu

theé, ta ¢
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Dinh 1y 5.10 (Tinh di cda truomg s6 thuce). Véi moi ldt cat o trong R, phdn b

cia nd R\ a luén luén cd phan te nhd nhdt.

Chirng minh: Dit @ := o N Q. Khi dé @ 14 mot 1at cat trong Q. Néi cach khéc,
@ 1a mot s6 thye. Dé dang chirng minh rdng véi moi s € a vamoi t € R\ a, ta
c6 s < a < t. Két hop diéu dé véi su kién o khong c¢é phan tir 16n nhét, ta suy ra
a & a. Vithé a=min(R\ a). 0

Chiing ta trd lai v4i bai todn do do dai cia duong chéo cia hinh vuong don vi.
S6 (14t cat) vo ty

V2i={reqQ rP?<2}

chinh 13 s6 thie thod man phwong trinh X? = 2.

Mot cach tong quét, ¢é thé chirng minh dwoc rang néu da chon mot don vi do
dai thl mo6i doan thang deéu cé do dai 1a mot s6 thue nao dé. Nguoc lai, moi s6

thue déu 1a do dai cia mot doan thang c¢é huéng nao doé.

6 Truong s6 phic

Mé& dau tiét trude, ching ta da ching minh rang phwong trinh X2 — 2 = 0 khong
c6 nghiém hiru ty. D6 chinh 1a diém khéi dau cho viée xay dung truong s6 thuc
R nhir 1a mot “bo sung” cia truong s6 hiru ty Q, nham tim nghiém cho phwong
trinh dé.

C6 mot tinh trang twrong tu 14 phwong trinh X2 +1 = 0 khong c¢6 nghiém thue,
bdi vi binh phuong cia moi s6 thue déu khong am. Dé thoat ra khdi tinh trang
nay, ta can “md rong” truomg so thuc R bang cach xay dung thém “cac s6 méi”.

Ta goi 4 1a mot ky hiéu hinh thite (titc mot “sé méi”) 1a nghiém cia phuong
trinh néi trén, tiac la

= -1

Ta mudn thire hién dwoc moi phép todn cong, trir, nhan va chia (cho céc s6 khac 0)

sau khi da ghép thém ¢ vao truong s6 thuc R. Diéu nay dan ta tdi viéc chdp nhan
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cac “so mai” dang a + bi, trong dé a,b € R. Tap hop céc s6 nhwr vay khép kin doi

v4i bon phép todn néi trén. That vay, st dung hé thitc i? = —1 ta co:

(a+bi) £ (c+di) = (a+c)=x(b+d)i,

(a+bi)(c+di) = (ac—bd)+ (ad+ bc)i,
a+ bi (a+ bi)(c — di)
c+di 2+ d?

ac+bd  (bc — ad)i

Erd i

(V61 c+ di # 0, tire la ¢ # 0 hoac d # 0).

Y

Tuy nhién, van con mot cau hdi: “Vay i 1a cai gi 7”.
De tranh tinh trang khé str nay ta hay dong nhat a + bi v6i cap s6 thuc (a,b).
Nhirng phan tich & trén dan ta t&i dinh nghia sau day.

Dinh nghia 6.1 Mot cdp ¢6 thit tu hai s6 thue (a,b) dwoc goi 1a mot s6 phite.
Tap hop tat cd cdc s6 phire duoc ky hiéu bdi C:

C = {(a,b)|a,b € R}.
Ta dinh nghia cdc phép todn cong va nhan céc s6 phitc nhu sau:

(a,b) + (¢,d) = (a+c,b+d),
(a,b)(c,d) = (ac—bd,ad+ be).

Ménh dé sau day dwoc kiém tra mot cich dé dang.

Ménh dé 6.2 Tap cdc s6 phitc C cung vdi hai phép todn cong va nhan dinh nghia

o trén lap nén mot truong cd ddc s6 bang khong. O

Phan t trung lap déi véi phép cong 1a 0 = (0,0). Don vi cida phép nhan la
1 =(1,0). Nghich ddo cda s6 phite (a,b) # 0 1a

a —-b
a? + b2’ a2 4 b2

(a,b)" = ( )-
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Nhan xét: Theo dinh nghia, hai sd phitc (a,b) va (c,d) bang nhau néu va chi néu
a=cb=d.
Ta co
(a,0)+ (b,0) = (a+b,0),
(a,0)(b,0) = (ab,0).

No6i cach khac, anh xa

.- R — C,

a +— (a,0)

1a mot don cdu vanh. Vi thé, ta cé thé dong nhat s thuc a € R véi s6 phire ¢6
dang (a,0). Khi dé tap hop cdc s6 thue R duge dong nhat véi tap hop cde sé phite
dang {(a,0)|a € R}. Nguoi ta néi truong so thue R 14 mot treomg con cla truomg
s6 phite C.

bit i = (0,1) € C. Ta c6 > = (0,1)(0,1) = (=1,0) = —1. Nhu thé, ta da c6
“vat lieu” dé xay dung “s6 mai” i. Ta goi i 1a don vi do.

M6i s6 phttc z = (a,b) c6 thé viét dudi dang
z = (a,b) = (a,0) + (b,0)(0,1) = a + bi.

trong dé a,b € R. D6 1& dang dai sé cia sé phite. Ta goi a la phan thue cla z, ky
hiéu a = Rez, con b 1a phan 4o cda z, ky hiéu Imz.

S6 phttc z ma I'mz = 0 chinh 1a mot s6 thue. S6 phite z ¢ Rez = 0 dugce goi
14 mot s6 thuan do.

Bay gio ta xét biéu dién hinh hoc cla céc s6 phitc.

Trén mat phang xét mot hé truc toa do Descartes vuong géc Oxy. S phitc
z = a + bi dugce biéu dién trén mit phang bdi diem M cé toa do (a,b), hodc bdi
vée to OM di tir didm géc toa do O t6i didm M. Cong cic s6 phite chinh 1a cong

cac vécto twong ing véi chung.
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z = M(a,b)

Mat phang toa do dwoc goi 1a mdt phdng phite. Céc s6 thue duwoc bieu dién
trén truc Oz, dwoc goi 1a truc thiwre. Céc s6 thuin do dwoc bidu dién trén truc Oy,

dugce goi 1a truc do.

Phép doi xtrng qua truc thue dwoe goi 1a phép lién hop phitc. Cu thé hon, ta
co
Dinh nghia 6.3 S3 phitc z = a — bi dwoc goi 1a lién hop cia s6 phitc z = a + bi,

trong dé a,b 13 cic so thue.

Ta dé dang kiém tra lai rang

2+t = zZ+1t,
2zt = Zzt.
Phén cudi cia tiét nay duwoc danh cho viéc khao sat dang lwong gidc cia so
phitc. Dang lwong gidc dac biet thuan tién cho viec nang lén luy thira va khai can
cdc sO phire.

Gid st z =a+bi #0 (titc la a®> +b* #0). Ta 6

a b
= va2 + b2 + ).
: @ ( a? + b? a2+b22)
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Ta dat 7 = Va2 + b2 va nhan xét rang ton tai géc ¢ xdc dinh sai khac 2k (k € Z)

sao cho
a b

—, sl = ———.
a? + b2 RV

cos p =
Khi dé z = r(cos p + isin ).
Dinh nghia 6.4 S6 thuc khong am r = v/a? + b? dugc goi 1a mddun cia s6 phite

z = a+bi, ky hiéu r = |z|; con géc ¢ dwoc goi la argument cua z, ky hiéu p = arg z.

Argument cia s6 phitc z = 0 khong duwoc dinh nghia.

Gid st z = |z|(cos @ +ising),t = |t|(cosy + isintp). Khi dé

2t = |z||t|[(cos ¢ costp — sin@sini)) + i(sin ¢ cos P + cos @ sin )]
= [2[[tl(cos(p + ¢) + isin(p +1)).
Néi cach khéc
|2t] = [z]]t],
arg(zt) = arg(z)+arg(t),

trong dé dieu kién dé cé dang thitc cudi 1a arg(z) va arg(t) duoc dinh nghia.

Noi riéng, ta cé

2" = (|z[(cos p + isin))" = |z|"(cos ny + i sin ny).

Dac biét, véi |z| = 1, ta ¢ Cong thire Moivre:

(cosp +ising))" = cosny + isinne.

Tiép theo, ta xét bai todn khai cdn bdc n cia so phitc z, tirc 14 tim tat cd cac
s6 phitc u sao cho u™ = z.

Néu z = 0 thi u = 0 1a 101 gidi duy nhat.

Néu z # 0, ta ddt 2 = |z|(cos p+isin ) va tim u dudi dang v = |u|(cos 0+ sin ).

Ta cé
u"' =2z <= |u|"(cosnb + isinnf) = |z|(cosp + isinp)
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|u|n = |Z|7
nd = o+2kr (keZ)
lu| = /]z| (cén s6 hoc),

0 = £27 (ke Z).

Nhu vay, c6 ding n cdn bac n ciia moi s phite z # 0, ing véi cdc gid tri k =
1,2,...,n — 1. Céc can nay lap nén n dinh clda mot da gidec déu n canh vGi tam tai
goc toa do.

Néi riéng, ¢6 dung n can bac n cia don vi 1, dé 1a

2k 2k
Wi = cos—ﬂjtisin—ﬂ (k=1,2,...,n—1).
n n

Can wy duwoc goi 1a mot can nguyén thuy bac n cia 1 néu moi can bac n cia 1 déu
14 mot luy thira nao dé cla wy. Diéu nay xdy ra khi va chi khi k& va n nguyén to
cung nhau.

TA&t ca cac cian bac n cia moi s6 phitc 2 déu nhan dwoc bang cdch nhan mot
cadn nhu thé véi tat cd cde can bac n cia don vi.

Viéc khdo st cdc can phitc da cho thay trudmg sé phitc “phong phi” hon rat
nhiéu so véi truomg s6 thue. Trd lai xét phwong trinh X2 4+ 1 = 0, ta da biét rang
né ¢6 ding hai nghiém phire (£4), 14 cdc can bac hai cia (—1). Trong tiét sau ta

sé thiy truong s6 phitc cung cap “du nghiém” cho tat cd cdc da thirc hé so phitc.

7 Da thic

Ching ta trinh bay & day mot cach hiéu truwc gidc nhat ve da thic.

Gid st K 1a mot trwong. Biéu thire hinh thitc
f(X) =, X" + a1 X" -+ a1 X + ao,

trong dé ag,ay, .., a, € K, duwoc goi 1a mot da thitc cia an X (hay bién X) véi he

s trong K.
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Néu a,, # 0 thi ta n6i f(X) c¢6 bac n, va viét deg f(X) = n; con a,, duwgc goi la
hé s6 bac cao nhat cua f(X). Néuay=a; =--- =a, =0 thl f(X) duwoc goi la da
thitc 0, va duoc coi 1 c6 bac bang —oo.

Tap hop céc da thirc An X v6i hé s6 trong K duge ky hieu 1a K[X]. Ta trang
bi cho tap hop nay hai phép toan cong va nhan nhw sau:

Phép cong:
(@ X" 4+ ag) + (b X"+ +by)
= X"t A XA (g + D) X - (ag + o),

(& day ta gid sir khong gidm tong quat n > m).

Phép nhan:
(an X"+ 4 ag) (b X™ 4 -+ +bg) = Cpyn X" + - + 0,
trong do cp = 34— aib;.

Ménh dé 7.1 K[X] cung vdi hai phép todn ndi trén lap nén mot vanh giao hodn,

cd don vi, khong cé wdc cia khong vdi ddc s6 CharK[X] = CharK.
Chirng minh: Nhan xét rang déi v6i cac da thire f(X) va g(X) ta cé

deg(f(X)g(X)) = deg f(X) + deg g(X).

Tinh chat nay dan t&i sy kién K[X] khong cé wéc cia khong.
Céc khang dinh con lai cia ménh dé déu dé kiém tra. O

Ta thira nhan dinh ly sau day.

Dinh ly 7.2 (Phép chia Euclid véi du). Gia su f(X) va g(X) # 0 la cdc da thic
cia vanh K[X]. Khi dd ton tai duy nhdt cdc da thitc q(X) va r(X) trong K[X] sao
cho

f(X) = g(X)q(X) +r(X),

trong do degr(X) < deg g(X).
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Céc da thite ¢(X) va r(X) dwoc goi twong tng 1a thuwong va phin du trong
phép chia f(X) cho g(X). Néu r(X) = 0, tic la f(X) = g(X)q(X), ta néi f(X)
chia hét cho g(X) trong K[X], hodac g(X) 1a mot wde cia f(X) trong K[X].

Phan tit ¢ € K dwoc goi 1a mot nghiém cla da thie f(X) = a, X"+ +a1 X +aq
néu

fle)=apnc" 4+ +ac+ap=0¢€ K.

Ta c6 dinh 1y sau day lién hé gitra nghiém va tinh chia hét cia da thitc.

Dinh 1y 7.3 (Bézout). Da thic f(X) € K[X]| nhin ¢ € K la mdt nghiém néu va
chi néu ton tai mot da thite q(X) € K[X] sao cho

Chitrng minh: Néu f(X) = (X —¢)¢(X) thi f(¢) = (¢ —¢)q(c) =0 € K. Do d6 ¢
la mot nghiém cua f(X).

Nguoc lai, gid st ¢ 14 mot nghiém cua f(X). Ta chia f(X) cho da thitc khac
khong (X — ¢):

f(X) = (X = c)q(X) + r(X),

trong d6 ¢(X),r(X) € K[X] va degr(X) < deg(X — ¢) = 1. Nhu thé, degr(X)
hodc bang 0 hodc bang —oo. Trong cd hai truomg hop 7(X) deu 1a da thitc hang,
r(X)=reK. Tacé

Vay r=0. Tir d6 f(X) = (X — ¢)q(X). O

Dinh nghia 7.4 Phan tr ¢ € K dugce goi la mot nghiém béi k cia da thie f(X)
néu f(X) chia hét cho (X — ¢)¥, nhung khong chia hét cho (X — ¢)*! trong K[X].

Vidu: Da thic f(X) = X(X —1)? ¢ cac nghiem X = 0 véi boi 0 va X =1 véi
boi 2.
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Dinh nghia 7.5 Da thic f(X) € K[X] duoc goi 1a bdt khd quy trén K néu né
¢6 bac dwong va néu né khong thira nhan mot phan tich nao ¢6 dang f(X) =
g(X)h(X), trong d6 cdc da thic g(X), h(X) € K[X] déu ¢6 bac nhd hon deg f(X).
Mot da thite dwoc goi 14 khd quy trén K néu né khong bat khd quy trén K.

N6i céch khdc, da thie f(X) € K[X] 1a bdt khd quy trén K néu né ¢ bac
dwong va chi chia hét cho cdc da thite bac dwong c¢6 dang kf(X) € K[X], trong
dé ke K\ {0}.

Vi du:

(1) Moi da thitc bac nhat déu bat khd quy.

(2) Da thitc bac hai bat kha quy trén K néu va chi néu né voé nghiém trong K.
(3) Da thitrc bac 1ém hon 1 ¢6 nghiém trong K thi khong bat khd quy trén K
(4) Da thitc X2 — 2 bat khd quy trén Q nhung kha quy trén R.

(5) Da thitc X2 + 1 bat kha quy trén R, nhung khd quy trén C.

Chiing ta thira nhan dinh 1y sau day, néi vé tinh ddng dai sé cla trudmg s

phtc.

Dinh ly 7.6 (Dinh ly co ban cua Dai s6 hoc).

Moi da thitc bac duong vdi hé sé phitc déu cé nghiém phaitc.

N6i céch khac, mot da thitc hé s phirc 1a bat kha quy trén C khi va chi khi né
14 mot da thitc bac nhat.

Nhu vay, néu f(X) € C[X] ¢6 bac n thi né thira nhan phan tich
JX)=an(X —21) - (X = 2z,)

trong d6 a, # 0 1a hé s6 bac cao nhét ciua f(X), va z1, ..., 2, 1a cdc s6 phirc nao do.
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Cho téi nay, moi chitng minh da biét cia dinh 1y nay deu mang ban sac Topo,
Hinh hoc ho#c Gidi tich. Chwra ¢ mot chitng minh thuan tuy dai sé nao cho dinh
Iy nay.

Nhéc lai rang tam thitc bac hai hé s6 thuc aX? + bX + ¢ khong cé nghiém thuec
néu va chi néu biét thitc cia né A = b? — 4ac < 0.

Mot ing dung cia dinh 1y co ban cia dai s6 hoc 14 khang dinh sau day.

Dinh ly 7.7 Mot da thitc hé s6 thuc la bdt khd quy trén R néu va chi néu nd hodc
la mot da thitc bac nhdt hodc la mot da thite bac hai véi biét thite am. Hon nita,

moi da thite f(X) € R[X] déu thira nhdn phan tich
fX) =an(X =)™ (X —2)" (X7 01X 4 ) - (X2 + b, X + )",

trong d6 ay la hé s6 bac cao nhdt cia f(X), Yi_ ki + X5, ¢; = n = deg f(X),
Ty, ..y, la cdc 86 thuc va cdc tam thite bac hai hé s6 thue (X% + 0;X + ¢;) déu

khong co nghiém thuc.

Chirng minh: R6 rang moi da thitc hé s6 thue bac nhat hodc bac hai véi biét thie
am deu bat kha quy trén R. Khang dinh ngwoc lai dwoc bao ham trong phan tich
can tim cho moi da thitc f(X) néi trong dinh ly.

Goi x1,...,z, 1a tat cd cdc nghiém thue cia f(X) v6i boi twong tmg bang
ki,....k.. Ta c6

FX) = an(X —21)™ - (X — 2,)" P(X),
trong d6 P(X) 14 mot da thire hé s6 thuwe nhung khong ¢é nghiém thye. Gid st 2z
14 mot nghiém phite cua P(X), khi d6 z; ciing 14 moét nghiém cua P(X). That vay,
P(X) ¢6 dang
P(X) = dpX™ + -+ dy X + dy,

trong d6 d,y,, ..., dy 1a céc s6 thue, tic 1a d; = d;. Dé thay rang

O:P(21> = dmZ{n—f'—FdlZl‘i‘do
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= dp2l 4+ diz1 + dy
= dmZ{n++d121+d0
= P(z).

Theo dinh 1y Bézout P(X) = (X — z) P (X). Tu dé
P(Zl) = (21 — Zl)P1(§1) = 0.

Vi z khong phai 1a s6 thue, nén (2, — z;) # 0. Do d6 Py(z) = 0. Ap dung dinh Iy

Bézout mot 1an nira cho Py (X) ta nhan duge
P(X) = (X — 21)(X — 21)Q(X),
trong d6 Q(X) l1a mot da thire. Nhan xét rang

(X — Zl)(X — 21> = X2 - (Zl +21)X + 21z

= X2 — 2(R€<Zl)X + |21’2

14 mot tam thite bac hai hé so thue nhung khong ¢é nghiém thwre. Do tinh duy nhéat
cia phép chia da thite P(X) cho da thitc X? — 2(Re(Z1)X + |21|* trong céc vanh
R[X] va C[X], ta két luan Q(X) cing 1a mot da thire hé sé thue. N6 khong ¢6
nghiém thue vi P(X) ciing vay. Nhu thé, ¢ thé ldp lai nhitng 1ap luan & trén véi
Q(X) thay cho P(X). Bdi vi deg Q(X) < deg P(X), cho nén ta nhan duwgc phan
tich cia f(X) nhw néi trong dinh 1y bang cach quy nap theo deg P(X). O

. A

Bai tap

1. Chirng minh céc tinh chit két hop, giao hodn, phan phdi cia cdc phép todn
hop va giao trén tap hop. Chitng minh cong thitec déi ngau De Morgan cho

hiéu cia hop va giao cia mot ho tuy y cdc tap hop.
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2. Chitng minh ring
(a) (A\B)U(B\A)=0<+= A= B,
(b) A= (A\B)U(ANB),
(¢) (A\B)U(B\A)=(AUB)\(ANB),
(d) AN(B\C)=(ANB)\(ANC),
() AU(B\A)=(AUB),
(f) A\ (A\ B)=ANB.
3. Chirng minh ring
(a) (AxB)N(BxA)#0< ANB#0,
(b) (Ax )N (B x D)= (ANB) x (CND).
4. Gid st f: X — Y la mot 4nh xa va A, B C X. Chiémg minh ring
(a) f(AUB) = f(A)U f(B),
(b) fF(ANB) C f(A) N f(B),
(c) fF(A\B) D f(A)\ f(B).
Hay tim cdc vi du dé chimg to ring khong c6 d&u bing & céc muc (b) va (c).
5. Cho 4nh xa f: X — Y va cdc tap con A, B C Y. Chitng minh ring
(a) fTH(AUB) = fTH(A) U f(B),
(b) f7HANB) = f~H(A) N fH(B),
(c) f7HANB) = A\ f71(B).

6. Chirng minh hai ménh dé vé d4nh xa & cudi §2.
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10.

11.

12.

13.

14.

15.

Xét xem dnh xa f : R — R xdc dinh bdi cong thire f(z) = 22 —3x+2 ¢6 phai
14 mot dom 4nh hay toan anh hay khong. Tim f(R), f(0), f~1(0), f([0,5]),
f7([0,5]).

Gid st A 1A mot tap gom ding n phan tir. Chimg minh rang tap hop P(A)

cac tap con cia A cé dung 2" phan tir.

Chitng minh rang tap hop R* cdc s6 thue dwong cé lire lwong continum.

(Goi y: Xét anh xa exp: R — RT, v6i exp(x) = €*.)

Cho hai 86 thire a, b véi a < b. Chirng minh rang khodng s6 thue (a,b) = {z €
R|a < x < b} ¢6 lye lwgng continum. (Goi y: Xét énh xa ¢ : (a,b) — RT
xdc dinh bdi p(z) = 2=2))

z—b"
Mot s6 thue dwoc goi 14 mot s6” dai s6 néu né 1a nghiém cia mot phwong
trinh da thitc nao dé véi cdc hé s6 nguyén. Chirng minh rang tip céc s6 dai
s6 14 mot tap dém dwoc. Tir d6 suy ra rang tap hop céc s6 thuwe khong phai

14 s6 dai s6 1a mot tap vo han khong dém dwoc.

Lap bang cong va bang nhan cia vanh Z/n véin = 12 va n = 15. Dua vao

bang, tim cdc phan tir kha nghich déi véi phép nhan trong hai vanh dé.

Goi (Z/n)* 1a tap hop cdc phan tir khé nghich do6i véi phép nhan trong Z/n.

Chitrng minh rang

(Z/n)* = {[z]| * va n nguyén t6 cing nhau}.

Cho R 14 mot vanh cé don vi. Goi R* 1a tap hop cdc phan tir kha nghich doi
véi phép nhan trong R. Chirng minh rang R* 1a mot nhém déi véi phép nhan

cia R.

Cho R 1a mot vanh ¢6 don vi 1 # 0 va cdc phan tr z,y € R. Chitng minh

rang
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16.

17.

18.

19.

20.

21.

(a) Néu zy va yz khd nghich thi z va y khéa nghich.

(b) Néu R khong cé wée cia khong va xy kha nghich thi 2 va y kha nghich.
Cho R 1a mét vanh hiru han. Chimg minh rang

(a) Néu R khong c¢6 wde cia khong thi né ¢6 don vi va moi phan tir khéc
khong cia R déu kha nghich. (Ggi y: Céc phép nhan bén phai hodc bén

trai véi mot phan tir ¢d dinh khac khong déu 1a cdc song énh R — R.)

(b) Néu R c¢6 don vi thi moi phan tir kha nghich mot phia trong R déu kha

nghich.
Chitng minh rang tap hop cic s6 thire
Q(V2) ={a+bV2| a,be Q}
lap nén mot truong véi cac phép toan cong va nhan thong thuong.
Chitng minh rang cic truong Q(v/2) va Q(v/3) khong ding cau véi nhau.
Chirng minh rang néu s phitc z € R thi truong gom céc phan tir ¢6 dang
R(z) ={a+bz| a,b € R}
trung véi trueong s6 phie C.

Chtrng minh rang cdc truomg C va Z/p, véi p nguyén t6, khong 1a trirong

duoc sap toan phan ddi véi bat ky thit tur nao.

Chtrmg minh rang anh xa ¢ : R — C* xdc dinh bdi cong thic p(x) =
cos + isinz 14 mot dong cau tir nhém R véi phép cong vao nhém C* véi
phép nhan. Tim tap gia tri cia ¢. Dong cau ¢ c6 phai 1a mot toan cau hay

mot don cau khong?
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22. Chirng minh rang ddi véi s6 phire 2:

2=z < zeR,

2 =—2 <= zla thuan do.

23. Khi nao thi tich ctia hai s6 phitc 1a mot s6 thuwe? Khi nao thi tong va tich cia

hai s6 phttc déu 1a s6 thure?
24. Tinh i, %, 57, i, (1 +i)" v6i n € Z.
25. Chtrng minh céc dang thirc

(1 +Z)8n _ 2471’

(1+49)*" = (=1)"2°", (n€ 7).

n

26. Chirng minh rang néu z+z~! = 2 cos ¢ trong d6 ¢ € R thi 2" +27" = 2cosnyp,

véi moi n € N.
27. Tinh
1—2i 1—d)" 14+ /3i)"
122 gy (Lo A VBT
44 3i (1 —+/3i)n (1+14)

28. (a) Tim dang lwgng gidc cia s6 phire (1 + itgp)/(1 — itgy),

(a)

(b) Trén mat phang phtrc, tim tap hop cdc diém twong tmg véi
{z=([1+t)/(1—-ti)| t € R}.

29. Dang thitc sau day c6 ding khong /2 = {/z, trong d6 2 € C, n,s € N ?
30. (a) Tim cdc cin bac ba cia 1+, va 1 —+/3i .
(b) Tim cic can bac n ctad, 1—i, va 14 /3i.

31. Chirng minh rang tong cia tat ca cdc can bac n clia mot s6 phitc bat ky deéu

bang 0.

43



32.

33.

34.

Phan tich cdc da thitc sau day thanh cdc nhan tir bat kha quy trong cdc vanh

R[X] va C[X]:

(a) X34+ 3X2+5X + 3,

(b) X3 —X2—X —2.

Chirng minh rang da thite X3™ 4 X3+ 1 X3P+2 chia hét cho da thitc X2 +

X + 1, v6i moi m, n, p nguyén duong.

Tim tat cd cac bo ba nguyén dwong m,n,p sao cho da thire X3™ — X3+l 1

X?3P+2 chia hét cho da thitc X2 — X + 1.
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Chuong 1
KHONG GIAN VECTO

Doi tuwong ban dau ciia mon Dai s6 tuyén tinh 14 viée gidi va bién luan cdc hé
phirong trinh tuyén tinh. Tuy vay, dé c¢é thé hiéu thau ddo dieu kién ddm bao cho
mot hé phwong trinh tuyén tinh ¢é nghiém va cdu tric nghiém cia né, nguoi ta
da dwa ra khai niém khong gian vécto va khai niém nay da tré thanh mot trong
nhing tru cot cia moén Dai s6 tuyén tinh. Khong gian vécto sau dé da dugce s

dung pho bién trong moi linh vire cia toan hoc.

1 Khai niém khong gian vécto
Trong su6t chwong nay, ta luon gid sitr K 1a mot truong.

Dinh nghia 1.1 Téap hop V # 0 dwoc goi 1a mot khong gian vécto trén K néu né

duoc trang bi hai phép toan, gom
(a) Phép cong vécto:
+: VXV -V
(@, ) = a+ 75,
(b) Phép nhan vécto véi vo hudng:

KxV -V

(a, ) — aq;
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Céc phép todn nay thod man nhtimg diéu kién (hodc tién dé) sau day:

(V1) (a+pB)+y=a+(8+7), Vo, 8,7 €V,

(V2) 0eV:0+a=a+0=aqa, Va eV,

(V3) YVaeV,dd eV :ia+ad =d +a=0,

(V4) a+0=0+a, Va,B €V,

(V5) (a+b)a = aa+ ba, Va,b € K,Va eV,
(V6) ala+ ) =aa+ af, Va € K,Va,3 €V,
(V7) a(ba) = (ab)a, Va,b € K,Va €V,
(V8) la=a, Va e V.

Céc phan tir cia V dwoc goi 1a cac vécto, cac phan tir cia K duoc goi 14 céc
v0 hudng.

Bon tién dé dau néi rang V' 14 mot nhém abel déi véi phép cong. Céc tién de
(V5) - (V7) néi rang phép nhan véi vo hwéng cé tinh phan phdi déi véi phép cong
vo hudng, phan phdi d6i vai phép cong vécto va cé tinh chat cia mot “tac dong”.
Tien dé (V8) néi rang phép nhan véi vo huéng duwgce chuan hoa.

Mot khong gian vécto tréen K con duoc goi la mot K-khong gian vécto, hay don
gidn: mot khong gian vécto, néu K da ro.

Khi K = R, V duwoc goi la mot khong gian vécto thue. Khi K = C, V' duoc
goi la mot khong gian vécto phitc.

Vidu 1.2 (a) Céc vécto tu do trong hinh hoc so cap véi cde phép todn cong
vécto va nhan vécto véi s6 thue 1ap nén mot khong gian vécto thure.
(b) Tap hop céc da thirc K[X] (ctia mot an X, véi he s6 trong K) v6i phép cong
da thirc va phép nhan da thirc véi vo hudng thong thuwong lap nén mot khong
gian vécto trén truong K.
(¢) K 1a mot khong gian vécto trén chinh né déi véi phép cong va phép nhan
cua trrong K. R vira 1a mot Q-khong gian vécto vira 1a mot R-khong gian

vécto. C la mot khong gian vécto dong thoi trén cde truomg Q, R va C.
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(d) Tap hop {0} gom chi mot vécto 0 1a mot khong gian vécto trén moi truong

K, véi cdc phép todn tam thuwong
0+0 = 0,

a0 = 0, Va € K.

(e) Goi K, 1a tap hgp gom tat cd cdc hang n-thanh phan (z1, ..., z,) véi z; € K.

N6 lap nén mot K-khong gian vécto véi hai phép toan sau day:

(xla ~~-;-/L‘n> + (yh "'ayn> = (xl T Yty T+ yn>;
a(xy,..,x,) = (axy,...,ax,), a € K.
I
(f) Goi K" la tap hop gom tét ca cdc cot n-thanh phan | @ |, véiz; € K. N6
T

cung lap nén mot K-khong gian vécto véi hai phép toan sau day:

Z (1 T1+ U 1 ary
+ = , a =
Tn Un Tn + Yn Tn aTn
a1
DE trinh bay cho gon, chiing ta sé& doi khi ky hiéu vécto | & | bdi (zy, ..., z,)t.
T,

(g) Mot ma tran m hang, n c¢dt vGi cde phan tir trong K 1a mot bang ¢6 dang

a1 a12 o Qp

a921 a99 Qon
(aij)mxn = )

Am1 Am2 ... Amn
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trong d6 a;; € K. Goi M(m x n,K) la tap hop tat cd cdc ma tran m hang,
n cot v4i cdc phan tir trong K. N6 1ap nén mot K-khong gian vécto véi hai
phép todn sau day:
(@ij)mxn + (Dij)mxn = (aij + bij)mxn,
a(aij)mxn = (a@ij)mxn-
Chiing ta sé nghién ctru ky hon vé cdc ma tran & chuwong sau.
Tap hop Cla, b] cdc ham thye lién tuc trén doan [a, b] C R 1a mot khong gian

vécto thuce véi cac phép toan thong thuong

(f+9)(x) = fla)+g(z),
(af)(x) = af(x).
Gid st V va W la cdc K-khong gian vécto. Khi dé, V x W cung 1a mot
K-khong gian vécto d6i véi cac phép todn dinh nghia nhu sau
(v,w)+ (W, W) = (v+v,w+w)
a(v,w) = (av,aw),

trong d6 a € K, v,v" € V,w,w € W. Khong gian V' x W dwoc goi la tich

true tiép cia cdc khong gian V' va W

Gid st V 1a mot khong gian vécto. Céc tinh chit sau day duwgc suy ngay tir

dinh nghia cia khong gian vécto.

(1)

Phén tir trung 1ap cida phép cong 0 € V' 1a duy nhat. N6 dwoc goi la vécto
khonyg.
That vay, gid sit 0; cing la mot phan tr trung 1ap cia phép cong trong V.

Khi dé
0+0, = 0 (vi 0 la trung lap)

= 0 (vi 0y 1& trung lap).
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(2) V6imoi vécto o € V, phan tit d6i o thod man tién de (V3) 1a duy nhat. N6

sé duoc ky hiéu 1a (—a).
That vay, gid sit o) cting 14 mot phan tir d6i cia a. Khi dé

(o +a)+aof = 04+, =0 (vi o/ 14 mot phan tw doi)
= o+ (a+a)) (theo tién de (V1))

= od+0=d (vi oy 14 mot phéan tir doi).
Nhu vay, o = af.
Ta dinh nghia: a — = a + (—f).
(3) Ta c6 céc quy tac gidn wée va chuyén vé:

aty=0F+7 = a=p

a+f=7y = a=v—-7.
That vay, cong (—v) vao hai vé clda diang thitc a + v = 8+ v va cong (—0)
vao hai v& cia dang thirc a + 3 = 7 ta thu duwgce diéu phai chirmg minh.

(4) 0cx =0 va a0 = 0.

That vay,
Oa+0=0a = (0+0)a = 0a + Oa.

T dé, theo luat gidn wée, 0o = 0. Tuong tu,
a0+ 0 = a0 = a(0 4 0) = a0 + a0.
Cung theo luat gian wée, ta c¢6 a0 = 0.

(5) Néu aae =0 (véia € K, € V), thi hodc a = 0 hodc a = 0.

That vay, gid sit a # 0, nhan hai vé ciia dang thitc da cho véi a™! € K ta 6
a=1la=(a"ta)a=aaa) =a10=0.
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(6) (—a)a =a(—a)=—(aa), VYaecK,aeV.

ao + (—a)a = (a+ (—a))a = 0a = 0.
Tir 46, (—a)a = —(aa). Tuong tu,

aa + a(—a) = a(a + (—a)) = a0 = 0.
Do d6, a(—a) = —(aa).

(7) (i ai)(ngﬂ ;) =3 Z?:l(aiaj>'
Déng thirc nay cé thé duwoc ching minh bang quy nap theo m va n, trén co

s& st dung céc tien dé (V5) va (V6).

2 Doc lap tuyén tinh va phu thudc tuyén tinh
Trong sudt tiét nay ta luon gid st V' 1a mot khong gian vécto trén truong K.
Dinh nghia 2.1 (T4 hop tuyén tinh, biéu thi tuyén tinh)
(a) Mot t6 hop tuyén tinh cia cic vécto ar, ..., a, € V 1a mot biéu thite dang
zn:aiai =a101 + -+ ApQp,
i=1
trong dé a; € K.

(b) Gid st @ = a1y + -+ + aya, € V. Dang thite d6 duwoce goi 1a mot bicu thi
tuyén tinh cia o qua cdc vécto ar, ..., a, (hodc qua hé vécto (a, ..., ay)). Khi

c6 dang thitc d6, ta néi a bieu thi tuyén tinh dwoc qua as, ..., o,.
Nhan xét: Mot vécto c6 thé cé nhiéu biéu thi tuyén tinh khac nhau qua mot he
vécto.

Ta néi hé (o, ..., ay,) biéu thi tuyén tinh dwgc qua hé (8, ..., B, ) néu moi vécto

a;, trong dé 1 <4 < n, biéu thi tuyén tinh dwoc qua (3, ..., B ).
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Gid st hé (v, ..., o, ) biéu thi tuyén tinh dwoc qua hé (B, ..., Bm), vahe (51, ..., Bim)
biéu thi tuyén tinh duwoc qua hé (71, ...,7%). Khi dé, 16 rang (ay, ..., a,,) cling biéu

thi tuyén tinh dwoc qua hé (vyq, ..., 7).
Dinh nghia 2.2 (Ddc lap tuyén tinh va phu thudc tuyén tinh.)
(a) Hé (aq, ..., ap) dugc goi la ddc lap tuyén tinh néu hé thire
a0y + -+ apay, =0
chi xdy ra khia; =---=a, =0.

(b) Hé (ay,...,ap) dugc goi 1a phu thudc tuyén tinh néu né khong doc lap tuyén

tinh.

Néu hé (aq, ..., ) doc lap (hodac phu thudc) tuyén tinh, ta cing néi cdc vécto
aq, ..., o, doc 1ap (hodc phu thuoc) tuyén tinh.

bang thtrc a1 + -+ - + apa, = 0 dwoc goi 1a mot rang budc tuyén tinh gitra
cac vécto aq,...,a,. Néu a; = --- = a, = 0 thi ta goi rang budc dé 1a tam thuong.
Theo dinh nghia, hé (aq, ..., ;) doc lap tuyén tinh néu va chi néu moi rang bude
tuyén tinh gitta as, ..., o, déu la rang buoc tam thuong. Hé (aq, ..., ;) phu thudce
tuyén tinh khi va chi khi ¢6 cdc vo huéng ay, ..., a, € K khong dong thoi bang 0
dé cho

ajay + -+ apoy, = 0,
nghia 1 ¢6 mot rang budc tuyén tinh khong tim thuomg gitra cdc vécto ar, ..., a,.
Vidu 2.3 (a) Trong khong gian cdc vécto tur do cia hinh hoc so cép, hé 2 vécto
1& doc lap tuyén tinh néu va chi néu ching khong dong phwong, hé 3 vécto

1a doc lap tuyén tinh khi va chi khi ching khong dong phang, hé 4 vécto bat

ky luon luén phu thude tuyén tinh.
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(b) Trong khong gian Rs, cdc vécto e; = (1,0),e5 = (0,1) doc lap tuyén tinh.

That vay, hé thite
aje; + agea = (ar,az) = (0,0)
xay ra khi va chi khi a; = a, = 0.

V6i moi o € Ry, cic vécto eq, ea, a phu thuoc tuyén tinh. That vay, néu
a = (a,b) thi

o — ae; — bey = 0.

Hay xét xem céc véc to sau day doc 1ap hay phu thudc tuyén tinh trong Cs:

Q. = (57374>7
Qg = (37 2a3)7
a; = (8,3,1).

Ta muon tim xem c6 hay khong mot rang buoc tuyén tinh khong tam thuwong
gitta cdc vécto do, tire 1a ¢ hay khong cdc so phitc 1, 22, 3 khong dong thoi

bang 0 sao cho:
21(5,3,4) + 2(3,2,3) + 23(8,3,1) = (0,0,0).

Phuwong trinh vécto do twong dwong véi hé phwong trinh

5ZE1 —|—3ZE2 + 81‘3 =0

3$1 + QZL’Q + 31‘3 =0

dxy + 320+ 123 = 0.
Hé phuong trinh nay cé thé gidi bang cich khir thong thuong. Trudce hét,
nhan phuong trinh cudi lan lwgt véi (—8) va (—3) roi cong vao céc phuong

trinh thit nhat va tht hai, ta thu dwoc:

—27:13'1 — 211‘2 =0
—9[L’1 — 7ZL’2 =0
41‘1 + 31’2 + r3 = 0
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Hai phuong trinh dau ciia hé nay twong dwong véi nhau. Do dé, mot nghiém

khong tam thuong cia hé nay 1a:
r1="T,09=—9,23 = —1.
Nhu vay, ba vécto da cho phu thudc tuyén tinh.

Nhéan xét: Tir vi du trén ta thiy rang viec xét xem mot hé vécto doc 1ap hay phu
thuoc tuyén tinh dwoc dwa vé viéc gidi mot hé phwong trinh tuyén tinh thuan nhat.
Tuong tu, viec xét xem mot vécto ¢ biéu thi tuyén tinh dwoc hay khong qua mot
hé vécto duge dwa vé viéc gidi mot hé phwong trinh tuyén tinh (néi chung khong
thuan nhat).

Ly thuyét tong quét ve hé phrrong trinh tuyén tinh sé dwoc trinh bay & Chuwong 111
ciia cudn sich nay.

Céc tinh chat sau day 1a hé qud truc tiép cia cdc dinh nghia.

Céc tinh chat:
(1) Hé mot vécto () phu thude tuyén tinh néu va chi néu a = 0.

That vay, vi 1-0 = 0 1a mot rang buoc tuyén tinh khong tam thuomg, nén hé
(0) phu thudc tuyén tinh. Nguwoc lai, gid st (o) phu thude tuyén tinh, tic la
c6 a # 0 sao cho ac = 0. Nhan hai vé véi a™! ta cé

a=(ata)a=a"'(aa) =a"0=0.

(2) VGéin > 1, hé (ay, ..., a,) phu thude tuyén tinh néu va chi néu mot vécto nao
dé cia heé bicu thi tuyén tinh dwoc qua céc vécto con lai cia heé.
That vay, gid st ¢6 mot rang buodc tuyén tinh khong tam thuwomg
a1 + -+ apa, = 0.

Néu a; # 0, ta nhan hai vé ciia dang thitc trén véi a; * va thu duogc

o = (a7 aj)oy.

J#i
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. o A . s’ A~
Nguogce lai, néu oy biéu thi tuyén tinh dwoc qua hé (aq, ..., a1, Qig1, ..., ),

tic la c6 cdc vo hudng b; sao cho
a; =biar + -+ b1 + b -+ b,
thi ta c6 rang budc tuyén tinh khong tam thwong
bioag + -+ b1 + (=)o + by + -+ - + bpay, = 0.
Do dé6, hé (ay, ..., a,) phu thudc tuyén tinh.

Moi hé con cia mot hé doc lap tuyén tinh cling 14 mot hé doc lap tuyén tinh.
That vay, gia st (o, ..., a,) 1a mot hé doc 1ap tuyén tinh. Xét mot rang budc
tuyén tinh bat ky

a;, 0 + -+ a0 =0
gitra cdc vécto cia mdt hé con (o, ..., ;). Ta coi né la mot rang bude tuyén
tinh ¥, a;o; = 0 gitta céc vécto (g, ..., ap,) bang cdch chon a; = 0 véi moi
i # i1,y i B VI hé (aq,...,a,) doc 1ap tuyén tinh, nén tat cd cdc hé s6

cia rang budc déu bang O:
ap=ay="---=a,=0.

Do d6, hé con (a,, ..., a;, ) doc lap tuyén tinh.
Mot cach phéat biéu khac cia tinh chat trén la nhw sau:
Moi hé vécto chira mot hé con phu thude tuyén tinh cling 14 mot hé phu thudc

tuyén tinh. N6i rieng, moi hé chira vécto 0 déu phu thude tuyén tinh.

Gid st hé (aq, ..., ;) doc 1lap tuyén tinh. Khi d6 hé (ay, ..., oy, §) phu thude
tuyén tinh néu va chi néu 8 biéu thi tuyén tinh dwoc qua (ay, ..., a,,). Trong

trueomg hop d6, bieu thi tuyén tinh nay la duy nhat.
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That vay, néu (ay, ..., ap, 3) phu thuoc tuyén tinh, thi c6 mot rang buoc tuyén

tinh khong tam thwong
a1 + -+ + aypa, + b3 = 0.

Khi d6, b # 0, vi néu trai lai thi ¢6 mot rang buoc tuyén tinh khong tam
thwong ajo; + -+ - + a,a, = 0 gitta cdc vécto cila hé doc lap tuyén tinh
(a1, ..., o). Dieu nay vo Iy. Vi b # 0, nén ta cé bidu thi tuyén tinh sau day

cua [ qua (g, ..., ):
n

ﬁ = — Z(b‘lai)ai.

=1

Nguwoc lai, moi bieu thi tuyén tinh nhu thé

n
p= Z bicy
i=1
déu dan t&i mot rang budc tuyén tinh khong tam thuong SF, bioy; — =10
gitra cdc véto cia hé (aq, ..., apn, B). . Do d6, hé nay phu thuoc tuyén tinh.
Gia st ¢6 hai bieu thi tuyén tinh cia 3 qua hé (ay, ..., a,):
ﬁ = b1a1+"'+bnan

= By + o+

Khi d6 0= (b — b))z + -+ + (b — V). Do (an, ..., ) ddc 1ap tuyén tinh,

nén hé thie trén kéo theo

by =, by =1

Nhan xét 2.4 Céc khéi niém t6 hop tuyén tinh, biéu thi tuyén tinh, doc 1ap tuyén

tinh, phu thuoc tuyén tinh dwoc mé rong cho hé tuy y (c6 thé c6 vo han vécto)

nhu sau.

Gid st ()i 13 mot hé vécto tuy y cia K-khong gian vécto V. Mot t6 hop

tuyén tinh cia hé nay 1a mot tong Yc; a;; trong dé a; € K, va hau hét (c6 thé
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trir mot s6 hiru han) a; déu bang 0. Nhu thé, tong nay that ra la mot tong hiru
han, va do d6 c¢6 nghia trong V.
Trén co s& dé, cac khai niém biéu thi tuyén tinh, doc 1ap tuyén tinh, phu thuoc

tuyén tinh dwoc dinh nghia doi véi ho dé.

Vi du: Trong khong gian vécto cdc da thite K[X], hé vo han vécto (1, X, X2, ...)

14 mot hé doc lap tuyén tinh.

3 Co s& va so chiéu cda khong gian vécto

S6 chiéu ciia mot khong gian vécto 1 chi s6 do do “16n”, do “thodi mai” cia khong

gian vécto do.

Dinh nghia 3.1 (a) Mot hé vécto cda V duogc goi 1a mot hé sinh cia V' néu moi

vécto cla V' déu biéu thi tuyén tinh dwoc qua hé dé.

(b) Mot hé vécto cia V' duge goi 1a mot co sd cida V' néu moi vécto cia V' déu

bi€u thi tuyén tinh duy nhat qua hé nay.

Nhu vy, moi co s& déu 1a mot hé sinh. Dudéi day ta sé nghién ctru sau hon mdéi
quan hé gitta cdc khdi niém hé sinh, co s& va doc 1ap tuyén tinh.

Ta can thuat ngir sau day: Mot hé vécto cia khong gian V' dwoc goi 1a ddc ldp
tuyén tinh cuwc dai néu né doc lap tuyén tinh va néu thém bat ky vécto nao cia V

vao hé d6 thi hé méi thu dwoc tré thanh phu thude tuyén tinh.

Dinh ly 3.2 Cho hé hitu han cdc vécto (o, ...,a) cia V. Khi dé cdc khang dinh

sau day la twong duong:
(i) (ai,...,an) la mét co so cua V.
(11) (a1, ..., ) la mot hé sinh doc lap tuyén tinh cia V.
(111) (a1, ..., ) la mot hé vécto doc ldp tuyén tinh cuc dai cia V.
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Ching minh: (i) = (i) : (a1, ..., @,) la mot co s& cia V nén né la mot hé sinh

cia V. Hon nira, vécto 0 ¢ biéu thi tuyén tinh duy nhat qua (ay, ..., ay):
0=0a; + -+ Oay,.

Noi cach khac, hé thie ajaq + -+ + a0, = 0 twong dwong véi a; = as = -+ =
a, = 0. Diéu nay c6 nghia 1a hé (ay, ..., ;) doc lap tuyén tinh.

(i1) = (4ii) : Moi vécto 3 € V deu biéu thi tuyén tinh dwgc qua (as, ..., ),
cho nén hé (g, ..., ay,, 8) phu thudc tuyén tinh.

(i11) = (i) : Vi hé (v, ..., a,) doc 1ap tuyén tinh cuwe dai nén moi vécto € V
déu biéu thi tuyén tinh qua (ay, ..., o). N6i cdch khéc, hé nay sinh ra V. Biéu thi
tuyén tinh cia moi vécto 8 € V qua hé doc 1ap tuyén tinh (ay, ..., ay,) 1& duy nhét.

O

Dinh nghia 3.3 Khong gian vécto V' dwogc goi 1a hiru han sinh néu né ¢6 mot hé

sinh gom htru han phan tik.

Dinh 1y 3.4 Gia su V # {0} la mdt khong gian vécto hiwu han sinh. Khi do, V
cé mot co s gom hitu han phan tit. Hon nia, moi co so cia V déu cé sé phan

t bang nhau.
Trén co s& két qud nay, ta di dén dinh nghia sau day.

Dinh nghia 3.5 (i) S6 phan tir cda mdi co s& cia K-khong gian vécto hiru han
sinh V' # {0} dwgc goi 1a s6 chiéu (hay thit nguyén) cia V trén truomg K,
va dugc ky hiéu la dim V', hodc r6 hon dimg V. Néu V = {0}, ta quy wdc
dimV = 0.

(ii) Néu V khong ¢6 mot co s& nao gom hiru han phan tir thl né dwge goi 1a mot

khong gian vécto vo han chiéu.

Dé chuan bi cho viéc chirng minh dinh 1y trén, ta can bo dé sau day.
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B6 dé 3.6 Trong khong gian vécto V., gid si hé vécto (ay,...,a,) déc ldp tuyén

tinh va biéu thi tuyén tinh duoc qua hé (By, ..., 3s). Khi dér < s.
Chirng minh: Theo gia thiét, c6 mot bicu thi tuyén tinh
a1=a1ﬁ1+---+asﬁs (ai GK)

Vi hé (aq, ..., a,) doc lap tuyén tinh, nén a; # 0. Do dé, ¢6 it nhat mot vo hudng
a; # 0. Khong gidm tong quat, ta gid st a; # 0. Khi dé, 31 biéu thi tuyén tinh
dU.'Q'C qua hé (Oéhﬁ% "'768):

Nhu vay, hé (ay, ..., q,) biéu thi tuyén tinh qua hé (8, ..., 3); hé thit hai lai biéu
thi tuyén tinh qua hé (aq, Ba, ..., 3s). Hé qua l1a (o, ..., o) biéu thi tuyén tinh qua
(a1, B ey Bs)-

Ta sé chitng minh rang (o, ..., ;) biéu thi tuyén tinh qua (o, ..., oy, Bis1, ..., Bs)
vl moi ¢ < min{r, s} (sai khdc mot phép dénh s6 lai céc vécto fi, ..., B;). That vay,
& trén ta da chimg minh khang dinh nay cho i = 1. Gid st khang dinh da dwoc
chimg minh cho 4. Ta sé chirmg minh né con ding cho i+ 1, néu s6 nay < min{r, s}.

Theo gid thiét quy nap, a1 biéu thi tuyén tinh qua (o, ..., as, Bic1, ...y Bs):
Qip1 = biog + -+ b + cipafipn + 0+ s

(6 it nhat mot vo hudng c¢; # 0, bdi vi néu trdi lai thi oy bieu thi tuyén tinh
qua (g, ..., q;), diéu nay trai voi gid thiét hé (aq, ..., o) doc 1lap tuyén tinh. Néu
can thi danh s6 lai cic vécto Bii1,..., 3s, ta cé thé gid st ma khong gidm tong
quit ci1 # 0. Két hop diéu nay véi dang thire trén ta cé mot bidu thi tuyén
tinh clda By qua (ay, ..., aip1, Bigas .o, Bs). VI (ay,...,q,) bicu thi tuyén tinh qua
(@1, ... %, Biy1, -, Bs), hé nay lai biéu thi tuyén tinh qua (o, ..., Qig1, Biva, -y Bs),

nén (g, ..., ;) biéu thi tuyén tinh qua (o, ..., air1, Bive, ..., Bs).
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Néu r > s, 4p dung dieu vira dwoc ching minh véi i = s, ta khang dinh
(a1, ..., ) biéu thi tuyén tinh qua (o, ..., o). Ditu nay mau thuan véi tinh doc

lap tuyén tinh cia hé (aq, ..., ;). Nhue vay, ta ¢ r < s. O

Chtng minh Dinh ly 2.5.

Gid st (71, ..,7s) 1& mot hé sinh hiru han cia V. VI V # {0}, nén c¢é vécto
a # 0 trong V. Hé gom mot vécto khdc khong (a1) doc 1ap tuyén tinh. Néu hé nay
khong doc lap tuyén tinh cue dai, thi ¢6 hé (ap, az) doc lap tuyén tinh.

Gia st (ay, ..., @) 1 mot hé doc 1ap tuyén tinh trong V. Heé nay biéu thi tuyén
tinh qua (71, ...,7s). Theo B dé 3.6, ta ¢c6 r < s. Nhu thé qud trinh chon céc
vécto aq, g, ... dé thu duoc mot hé doc lap tuyén tinh phai dung lai sau mot so
htru han bude. Ta ¢6 mdt hé vécto (aq, ..., ) doc 1ap tuyén tinh cue dai trong V,
véi n < s. Theo Dinh 1y 3.2, hé nay 1a mot co s& cua V.

Gid st (04, ..., Bm) cing 1la mot co s& cia V. Vi (aq, ..., a,) doc 1ap tuyén tinh
va biéu thi tuyén tinh dwoc qua (3y, ..., B), nén theo Bo de 3.6, ta c6 n < m. Tréo

A . N . . N ~ ’ A~
doi vai tro cia hai co s& ndéi trén, ta cung ¢ m < n. Nhu vay, m = n. a

Vidu 3.7 (a) K" 1a mot K-khong gian vécto n chieu. Céc vécto sau day lap

nén mot co s&, dwoc goi la co s chinh tac cia khong gian K™:

1 0 0

0 1 0
€1 = , €2 = yeeey En =

0 0 1

That vay, vécto 0 € K" 13 vécto ¢ moi thanh phin bang 0 € K, vi thé hé

thirc
aq 0
a9 0
aier+ -+ anep = . =
an 0
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xay rakhiva chi khia; = ay = -+ = a, = 0. Nhuw vay, hé (e, ea, ..., e,) doc lap
tuyén tinh trong K”. Hé nay sinh ra K", bdi vi moi vécto 3 = (b, ba, ..., by)°

déu c6 bicu thi tuyén tinh
ﬁ = b1€1 + b2€2 + -+ bnen.

(b) C la mdt C-khong gian vécto 1 chiéu véi co s& (1). Dong thoi C cang 1a mot
R-khong gian vécto 2 chiéu v6i co sd (1,1), trong d6 ¢ 1a don vi do. Diéu nay
suy tir chd moi s§ phitc z deéu cé biéu thi duy nhat duéi dang 2 = a + bi,

trong dé a,b € R.

Mot cach tong quat C™ 1a mot khong gian vécto thue 2n chieu.

(c) Duong thang s6 thire R 14 mot khong gian vécto vo han chiéu trén truong so
htru ty Q. That vay, gid s phan ching (o, ..., a,) 1a mot co s& cua R trén
Q. Modi phan tir 3 € R cé biéu thi tuyén tinh duy nhat 8 = ajoq + - - - + anan
vGi a; € Q. Tuwong ing R — Q,,, 6 +— (a4, ...,a,) 1a mdt song d&nh. Do d6 R

c6 lue lwong dém duoc. Diéu vo 1y nay bac bd gid thiét phdn ching.

Ménh dé 3.8 Gid su V la mot khong gian vécto hiwu han sinh. Khi dd, moi hé
sinh cia V. déu chita mot co sd. Moi hé doc lap tuyén tinh trong V déu cé thé b
sung A€ trd thanh mot co sd cia V. Néu dimV = n, thi moi hé déc lap tuyén tinh

gom n vécto cia V. déu la mot co so.

Chirng minh: Gid st I' 1a mot hé sinh cia V. Goi IV 1a mot hé doc lap tuyén tinh
cuc dai trong I'. Khi d6 I' biéu thi tuyén tinh qua I, va do d6 V ciing biéu thi
tuyén tinh qua I''. Nhuw thé IV 14 mot hé sinh doc 1ap tuyén tinh, tirc 14 mot co s&
cia V. (Theo Bo de 3.6, I c6 hitu han phan tir. Cu thé hon, s6 phan tir cia I”
khong vrot qud sé phan tir cia moi hé sinh htru han cia V.)

Gid st (v, ..., ;) 14 mot hé doc 1ap tuyén tinh trong V. Néu hé nay khong doc

lap tuyén tinh cuc dai thi c6 thé bo sung cic vécto aiyi, aipe, ... dé hé thu duoc
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van doc 1ap tuyén tinh. Qué trinh niy phai dirng lai sau mot s6 hiru han buée, bdi
vi theo Dinh 1y 2.5, dim V' < co. Ta thu dugc hé (o, ..., ay,) doc lap tuyén tinh cue
dai trong V, titc 1a mot co s& cua V.

Néu dim V' = n, thi moi hé doc lap tuyén tinh gom n vécto (8, ..., 3,) déu cuc
dai. Thay vay, gid st phan chitng c¢é thé thém vao hé dé mot vécto (5,1 nao dé
ciia V sao cho hé thu duoc van doc lap tuyén tinh. Khi dé, he (By, ..., Bnp1) bicu
thi tuyén tinh qua mot co s& (o, ..., a,) ndo dé cia V, cho nén theo Bo de 3.6, ta
c6 n+ 1 < n. Diéu vo Iy nay bac bo gid thiét phdn chimg. Vay, theo Dinh 1y 3.2,
(01, -, Bn) 1 mdt co 86 cua V. O

Trong su6t gido trinh nay, néu khong ndéi gi nguwoc lai, ching ta chi nghién citu

cdc khong gian vécto hitu han chiéu.
Nhan xét: Nguoi ta chimg minh dwgc rang, trong mot khong gian vécto vé han
sinh (tic 1a khong hiru han sinh), hai co s& bat ky déu c¢6 cung luc lwong. Nhung
mot hé vécto doc lap tuyén tinh c¢é cung lwce lwong véi co sé thi khong nhat thiét
14 mot co so.

Chang han, hé vécto (1, X, X?,...) 1a mot co s& cia K-khong gian vécto K[X].
He (X, X2, X3, ...) doc 1ap tuyén tinh va c6 cung luc lwong véi co s& (1, X, X2, ...),
nhung khong phdi 13 mot co s& cia K[X], bdi vi da thitc 1 khong biéu thi tuyén
tinh dwoc qua hé dé.

Gid st (ay, ..., ) 14 mot co s& cia khong gian vécto V. Moi vécto a € V' ¢

bicu thi tuyén tinh duy nhat
a=aja1 + -+ apQy, a; € K.

Dinh nghia 3.9 (Toa d6). Bo vo hudng (ay, ..., a,) xdc dinh bdi diéu kién «a =
> a;a; duoe goi la toa dé ciua vécto a trong co s& (agq, ..., ). VO huéng a; duoc

goi 1a toa do thit i cia « trong co s& do.

Gid st « va (3 ¢6 toa do trong co s (aq,...,q,) twong ung la (aq,...,a,) va

(b, ...,b,). Khi dé, tir tinh doc lap tuyén tinh cia (ay, ..., q,) suy ra rang o = 3
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néu va chi néu (ay, ...,a,) = (by, ..., b,). That vay, « = 3 khi va chi khi
a—pF=(a;—b)ag+ -+ (a, —by)ay, =0.

biéu nay xdy ra néu va chi néu ay = by, ..., a,, = b,.

Hon ntra, a+ 3 ¢6 toa do 1a (ay + by, ..., an, +b,) va ka 6 toa do a (kay, ..., kay,),
(k € K), trong hé co s& (aq, ..., o).

Bay gio ta xét xem toa do cia mot vécto trong nhimg co s& khéc nhau c¢é lién
hé v&i nhau nhu thé nao.

Gid stt (B, ..., 3,) cling 1a mot co s& clia khong gian vécto V. Mdi véeto 3; bieu

: z 7 N ’ ’ A ’ ~
thi tuyén tinh dwoc qua co 86 (aq, ..., @), tike 1a ¢6 cée vo hudng ¢;; dé cho

ﬁj = ZCZ‘jCYi, (j = 17 ,77,)
i=1

Giad st « ¢6 toa do la (ay, ..., a,) va (by, ..., b,) twong Gng trong cac co s& (o, ..., ay)

va (B1, ..., Bn). Ta co

Do tinh duy nhat cia toa do cia « trong co s& (a, ..., ay,), ta nhan duge
n
ai:Zcijbj, (Z: 1,...,71).
j=1

Ngudi ta goi hé thire néi trén 1a cong thite déi toa do khi ddi co sé. Ma tran
C' = (Cij)nxn dugce goi 1a ma tran chuyén tit co s& (v, ..., ) sang co s& (81, ..., Bn)-
Cong thitc doi toa do sé duoc dién dat dudi mot hinh thire dé tiép nhan hon

nho khai niém tich cia cdc ma tran, sé dwoc nghién cttu & chwong sau.
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4 Khong gian con - Hang cia mot hé vécto

Gid st V' 1a mot khong gian vécto trén treong K. Ching ta quan tam dén nhimg
tap con cia V c¢6 tinh chit 1a ching cting 1ap nén nhirng khong gian vécto doi véi
cdc phép toan la thu hep cua nhirng phép todn twong tng trén V. Ta ¢é dinh nghia

hinh thitc sau day:

Dinh nghia 4.1 Téap con khong rong W C V' dwogc goi 1a mot khong gian vécto

con cia V néu W khép kin déi v4i hai phép todn trén V, nghia 14 néu

a+peW, Ya,B €W,
ac € W, Va € K,Va € W.

Nhan xét: Khi dé, W v4i hai phép todn 1a han ché cia hai phép todn trén V' cung
1a mot khong gian vécto trén K. That vay, cac tien de (V1), (V4), (V5), (V6),
(V7), (V8) nghiém ding v4i moi phan tir cia V, nén ciing nghiém ding véi moi
phan tir cia W. Ta chi cin kiém tra lai céc tien dé (V2), (V3) néi vé sy ton tai
cla cdc phant 1t 0 va phan tir doi.

Vi W # 0, nén c6 it nhat mot phan tr « € W. Khi d6 0 = Oa € W. Phan
tr 0 € V déng vai tro phan tir 0 € W. mat khéc, véi moi a € W, ta ¢6 (—a) =

(—1)ae € W. D6 cling chinh 1a phan tir doi cia « trong W.

Vidu 4.2 (a) {0} va V la hai khong gian vécto con cua V. Chiung duoc goi la

cac khong gian vécto con tam thuong cia V.

(b) Duong thang s6 thue R 1a mot R-khong gian vécto con ciia mit phang phite
C.

(c) Tap hop cdc da thitc bac < n la mot khong gian vécto con cua K[X].
(d) Khong gian C*[a, b] cdc ham khé vi lién tuc trén [a, b] 1a mot khong gian vécto

con cua khong gian cdc ham lién tuc Cfa, b].
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(e) Gid st m < n. Khi dé tap hop céc vécto ¢ dang

X1

0

trong d6 x4, ..., 7, € K, 1a mot khong gian vécto con cé s6 chieu bang m cia

khong gian K.

Ménh dé 4.3 Néu W la mét khong gian vécto con cia V' thi dimW < dim V.
Dang thite dim W = dim V' zdy ra khi va chi khi W = V.

Chirng minh: Vi W 14 mot khong gian vécto con cia V, nén moi hé doc 1ap tuyén
tinh trong W thi cting doc lap tuyén tinh trong V. Do d6 dim W < dim V. Dang
thitc dim W = dim V' x4y ra khi va chi khi moi co s& cida W ciing 14 mot co s& cia

V. Diéu nay twong dwong véi W = V. O

Ménh deé 4.4 Giao ciia mét ho bat ky (cé thé vé han) cdc khong gian vécto con

cua 'V lai la mét khong gian vécto con cua V.

Chitrng minh: Gid st {V;};c; 14 mot ho cdc khong gian con cia V. Vi moi V; khép
kin d6i v4i phép cong vécto va phép nhan vécto véi vo hudng, nén giao cia ching

NierV; cling ¢é tinh chat do. O

Dinh nghia 4.5 Gid st X 1& mot tap con cia khong gian vécto V. Giao cia tat
cd céc khong gian vécto con cia V' chita X dwoc goi 1a khong gian vécto con cia

V' sinh boi X va dwoc ky hiéu 1la £(X).

Tir dinh nghia suy ngay ra rang £(X) 1a khong gian vécto con nhd nhit cia V
chira X.
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Hai trudmg hop dac biét 1a £(0) = {0} va L(W) = W déi véi moi khong gian

vécto con W cua V.

Ménh deé 4.6 Gid st X # 0. Khi dé L(X) la tdp hop cdc t6 hop tuyén tinh cia
cdc phan ti cia X. N6i riéng, néu X = {1, ..., } thi
k
LYy oY) = {2 a;7vila; € K}.
Chirng minh: Tap hop céc t6 hop tuyén tinh cia cdc phan tir cia X tat nhién I
mot khong gian vécto con chita X. Mit khéc, moi t6 hop tuyén tinh cia cidc phan
tir cla X déu nam trong moi khéng gian vécto con chita X. Vay tap hop cac to
hop tuyén tinh cia cdc phan tir cia X chinh 14 khong gian vécto con bé nhat cia

V chta X. O

Dinh nghia 4.7 S§ chiéu cia khong gian £(X) dwoc goi la hang cia tap (hodc hé)
vécto X va duoc ky hiéu la rank(X).

Ta goi mot tap con cia X 1a doc lap tuyén tinh cue dai trong X néu tap dé doc
lap tuyén tinh va néu thém bat ky vécto nao cia X vao tap dé thi ta thu duoc
mot tap phu thuoc tuyén tinh.

Ménh dé sau day chi ra cich tinh hang cia mot tap vécto trong thue hanh.

Ménh deé 4.8 Hang cia tip vécto X bang sé vécto ciia moi tap con doc lap tuyén

tinh cuc dar trong X.

Chirng minh: Néu tiap con A doc 1ap tuyén tinh cure dai trong X thi moi phan ti
clia X biéu thi tuyén tinh qua A, do d6 moi phan tir cia £(X) ciing vay. Néi cach
khdc A cung la doc lap tuyén tinh cuc dai trong £(X). VAay so phan tir cia A la

s0 chiéu cua khong gian vécto L(X). O

Hé qud 4.9 Hai tap con dic lap tuyén tinh cuc dai trong X cd cing sé phan ti.
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Nhan xét: Trong Chuwong III, Nhan xét 8.2, ching ta sé giéi thieu mot phuong
phap don gidn, dé thuc hanh dé tinh hang cia mot hé vécto trong K, hoic K™.
Phirong phap nay dura trén nhan xét 13 hang ciia mot hé vécto khong thay doi sau
cdc phép bién doi so cdp. Nguoi ta dung cac phép bién doi so cap dé dua hé vécto
da cho vé dang “tam gidc trén”. S6 cdc phan tir khéc 0 trén dudong chéo cia “tam

giac” nay chinh 1a hang cia hé vécto.

5 Toéng va téng truc tiép

Gid st W1, ..., W,, 1a cdc khong gian vécto con cia V. Tap hop
Wi+ + Wy ={a1 4+ +ap|la, e Wy,i=1,...,m}

hién nhién 1ap nén mot khong gian vécto con cia V.

Dinh nghia 5.1 Khong gian vécto Wi + - - - + W, duoc goi 1 tdng cia cic khong
gian Wy, ..., W,,. N6 cing duge ky hidu boi 0, W;.

Méi vécto cia Wy + -+ + W, c¢6 thé viét dudi dang
a=o;+ -+, ocW.

Céch viét nay néi chung khong duy nhat. Chang han, néu Wi N W, # {0}, thi moi
vécto o € Wy N Wy \ {0} ¢6 hai bieu thi a = a + 0 = 0 + a, trong d6 vécto thit

nhat trong tong thuoc Wi con vécto thir hai trong tong thuoe Ws.

Dinh nghia 5.2 Néu moi vécto trong tong Wy + - - -+ W, déu viét dugce duy nhét
dudidang o« = a1+ -+, véia; € Wi (i = 1,...,m) thi Wi +---+ W, duoc goi
1a tong truc tiép cia cac khong gian Wi, ..., W,,, va duoc ky hieu la Wy @ - - - @ W,,,.

Dinh 1y 5.3 W, + -+ +W,, la tdng truc ti€p cia Wi, ..., Wy, néu va chi néu mot

trong hai diéu kién twong dwong sau ddy dwoc thod man:
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(i) Win (W) ={0}, (i=1,...,m),
(“') mm<2j>zvvj) :{0}7 (i:17°"7m_1)'

Chirng minh: Gid st Wy + - -- + W, 1a mot tong truc tiép. Khi dé dieu kién (i)
duwoc thod man. That vay, gid stt phdn ching c¢6 chi s6 i sao cho

Win (_W;) # {0}

J#

Goi v # 0 1a mot vécto cia giao dé. Viy € Y, W, nén 7 c6 the viét dudi dang

Y= v €W

J#i

Ta dit v; = —v, va thu dwoc hai céch bicu thi khac nhau cia 0 dwéi dang tong

cia nhirmg phan tir cia W :
0 =+ +m
— 0440,

biéu vo 1y nay bdc bo gid thiét phdn chirng.

RG rang diéu kién (i) kéo theo dieu kién (ii).

Gia sir dieu kién (ii) dwroc thod man. Néu a € Wy + - - + W,,, ¢6 hai biéu thi

a=ar+- -+ a,=0+ -+ b,
véi Oél',ﬂi S Wi, thi
ar == —(a; = B;) € Win (Q_W;) = {0}.
j>1 i>1

Dodéar=F vias+ - +am=PFot -+ B

Lap lai qud trinh lap ludn trén dé c6 as = Ba, ..., Q4 = Bp. Vay Wi+ -+ W,

13 mot tong true tiép. O

Dinh ly 5.4 Gid su U va W la cdc khong gian vécto con cia mét khong gian vécto

hitu han chiéu V. Khi dé

dimU + dim W = dim(U + W) + dim(U N W).
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Chitng minh: Gia st (ay, ..., ;) 1a mot co s& cia UNW. (Néu UNW = {0}, thi
ta coi r = 0.) Ta bo sung hé nay dé c6 mot co s& (au, ..., o, Bi, ..., Bs) cia U va mot
co 8O (A, ooy Ay Y1, -0, Y:) cla W, Ta sé chitng t6 rang (o, ..., Qpy B1, oy Bsy Y1y -os Vi)
14 mot co s& cua U + W.

RO rang (ay, ..., B, oy Bs, V1, -, Y1) 12 mot hé sinh ciia U+W. Dé chirng minh

d6 1a mot hé doc 1ap tuyén tinh, ta gid sir ¢ mot rang budc tuyén tinh
amar+ -+ aoy + i+ b S an -+ ey =0,
trong do6 a;, bj, ¢, € K. Vécto
aroy + -+ a0 + 01+ by Bs = —eiyr — - — e

vira thuoe U (do biéu thirc & vé trai), vira thuoc W (do biéu thitc & vé phai), nén

né thuoec U N W, va do d6 biéu thi tuyén tinh qua oy, ..., a,:
—om == e = diog + -+ dpa
Ta viét lai dang thirc nay nhw sau
diog + -+ dray e+ +an=0.

Viheé (g, ..., @y Y1, o0y Y:) dOc 1ap tuyén tinh, néne; = -+ =c¢,=dy = -+ =d, = 0.
Do dé
aray + -+ @y + 0101 + - + b0 = 0.
Hé vécto (ay,...,ap, B, ..., 3s) cung doc lap tuyén tinh, cho nén a; = -+ = a, =
by = --- = b, = 0. Két hop diéu nay véi cac hé thitc ¢; = -+- = ¢; = 0 ta suy ra
hé vécto (o, ..., A, B1y ooey Bsy Y1, -5 Y2) dOc 14p tuyén tinh, va do dé né 1a mot co s&
cuaa U+ W.
Dém s6 vécto cia cic co sé da xay dung cho U, W, U NW,U + W, ta ¢

dim(U+W) = r+s+t=(r+s)+(r+t)—r
= dimU 4+ dim W — dim(U NW). O
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Hé qua 5.5
dim(U @ W) = dim U + dim W. O
Dinh nghia 5.6 Néu V = U @ W thi W duoc goi 1a mdt phan bi tuyén tinh cia
U trong V, va dimW = dimV — dim U dugc goi 1a déi chiéu cia U trong V.
Gid st V = U ® W. Khi dé méi vécto v € V cé thé viét duy nhat duéi dang
v=u-+w, trong dé6 v € U, w € W. Ta dinh nghia mot anh xa
pry: V. — U,
pry(v) = w.
N6 duoc goi 1a phép chiéu cia V lén U theo phwong W.
Phép chiéu pryy cia V lén W theo phwong U dwoc dinh nghia twong tur.
Phép chiéu cé céic tinh chat sau:
pro(v+v') = pry(v) +pro(v), Vo, v' €V,

pry(av) = apry(v), Vae K,iveV.

6 Khong gian thuwong

Gid st W 1& mot khong gian vécto con cua khong gian V. Ta dinh nghia quan hé
~ tréen V nhuw sau:
a~f<a—-p3cW.
Dé dang kiém tra lai rang ~ la mot quan hé twong dwong, titc 1a mot quan hé cé
ba tinh chat phan xa, déi xing va bac cau.
Tap thuong cua V theo quan hé ~ dwgce ky hiéu 1a V/W. Lép twong duong
cia phan tir o € V duogc ky hiéu 1a [a], hodc o + W.

Ta trang bi cho V/W hai phép todn sau day:

[ +16] = la+p], Va,feV,

ala] = Jaa), VaeK,aeV.
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Ménh dé 6.1 Hai phép todn ndi trén duoc dinh nghia khéng phu thudc vao viéc
chon dai bieu. Hon nita, V/W duoc trang bi hai phép todn dé la mot K-khong

gian vécto.

Dinh nghia 6.2 Khong gian vécto V/W dwogc goi la khdng gian thuong cia V theo
khong gian con W.

Chitng minh Ménh dé 6.1. Gid st [a] = [/],[3] = [#], nghia la a — o €
W, 3 — "€ W. Khi d6, vi W la mot khong gian vécto con, cho nén

(a+p8)—(@+0)=(a-a)+(8-0)eW.

bigu nay chitng t6 rang [a + 8] = [o/ + 3]

Tuong tu, néu [a] = [o/], tikc la o — o/ € W, thi
ac —ad’ = ala—a') € W.

Diéu nay c¢6 nghia 1a [aa] = [ad/].

Phan tir trung lap cida phép cong trong V/W chinh 1a [0] = 0+ W. Phan ti déi
ctia [a] chinh 1 [—a]. Dé dang kiém tra rang céc tién de khac vé khong gian vécto
duogc thoa man cho khong gian V/W. O

Hai trueong hop dac biét cua khong gian thwong 1a

ViV = {0},
v/{0}y = V.

Dinh 1y 6.3
dim V/W = dimV — dim W.

Chitrng minh: Gid st (a4, ..., ;) 1a mot co s& cia W. (Néu W = {0} thi ta coi
r = 0.) Ta b6 sung hé vécto néi trén dé c6 mot co s& (au, ..., By, ..., Bs) cia V.

Ta sé chirng minh rang ([31], ..., [8s]) 1a mot co s& cia V/W.
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Gid st ¢6 mot rang buodc tuyén tinh
bl[ﬂl] +oeet bs[ﬁs] = [O]

Dieu nay c6 nghia 1a b3y + --- 4+ b8, € W. Vi thé vécto dé biéu thi tuyén tinh

qua co s& da chon cua W:
blﬁl+"'+bsﬂs = a0 + -+ arQ.

Vihé (ay, ..., ap, B, ..., Bs) doc 1ap tuyén tinh, nénay; = ---=a, = by = --- = b, = 0.
Nhu thé, hé ([31], ..., [Bs]) doc lap tuyén tinh.
Mat khéc, o rang ([1], ..., [8s]) 1& mot hé sinh cua khong gian V/W. That vay,

moi vécto o € V biéu thi tuyén tinh qua (ar, ..., ay, B1, ..., B):
a=cia;+ -+ o +dify + o+ dfs (ci,dj € K).
Vico+ -+ ca € W, cho nén
[a] = [dif1 + -+ + dsBs] = da[Br] + - - - + ds[Bs].

Nhwr vay, moi vécto [a] € V/W deu biéu thi tuyén tinh dwoc qua ([81], ..., [Bs])-

Dém s6 vécto cua cdc co s& da xay dung cho W, V, V/W ta c6
dmV/W=s=(r+s)—r=dimV — dimW. O
Ta dinh nghia anh xa

TV — V/W,

m(a) = [aj=a+W.
va goi né la phép chiéu tir V 1én V/W. Phép chiéu c¢6 nhirng tinh chdt sau day:

m(a+p) = 7n(a)+7(B), Va,feV,
m(aa) = an(a), VYaecK,BeV.
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Trong chwong sau ching ta sé nghién ctru mot cdch c6 hé thong nhirng 4nh xa

¢6 hai tinh chit nhur thé. Ching dugce goi 1a cdc 4nh xa tuyén tinh.

1. Xét xem cdc tap hop sau day cé 1ap thanh K-khong gian vécto hay khong déi
vGi cde phép todn thong thuong (dwge dinh nghia theo ting thanh phéan):

(a) Tap hop tat ca cdc day (1, ..., z,) € K,, thod man diéu kién xy + --- +
z, = 0.

(b) Tap hop tét cd cdc day (xy, ..., z,) € K, thod man diéu kién z; + - -+ +

x, = 1.

(c) Tap hop tat ca cdc day (z1,...,z,) € K, thod man diéu kién z; = z,, =

—1.

(d) Tap hop téit cd cdc day (a1, ..., z,) € K, thod man diéu kién z; = z3 =

x5:""x2:x4:x6:"'-

(e) Tap hop cdc ma tran vudng (a;;)nxn d6i xEng cap n, nghia la cdc ma

. . . o
tran thoa man a;; = aj;, véi 1l <i,5 < n.

2. Tap hop téat cd cdc day (zy,...,x,) € R, vGi tat cd cdc thanh phan zy, ..., z,

déu nguyén c6 lap thanh mot R-khong gian vecto hay khong?

3. Vi céc phép toan thong thuwong, Q ¢6 la mot R-khong gian vécto hay khong?
R c¢6 la mot C-khong gian vécto hay khong?

4. Chtrng minh rang nhém Z khong dang cau véi nhém cong cia bat ky mot

khong gian vécto trén bat ky trurdomg nao.
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. Chitng minh rang nhém abel A ddi véi phép cong + c6 thé trd thanh mot

khong gian vécto trén truomg F, néu va chi néu

pr=x+x+---+2=0 VreA
p

. Xét xem cdc vécto sau day doc 1ap hay phu thudc tuyén tinh trong Ry:

(a) e1= (=1,-2,1,2), es = (0,-1,2,3), e3 = (1,4,1,2), eq = (~1,0,1,3).
(b) a1 = (=1,1,0,1), s = (1,0,1,1), a3 = (=3, 1, -2, —1).

. Chtrng minh rang hai hé vécto sau day la cdc co s& cia Cz. Tim ma tran
chuyén tir co s& thit nhit sang co s& thit hai:

er=(1,2,1), e =(2,3,3), e3 = (3,7, 1);
ey =(3,1,4), ¢4 = (5,2,1), 5 = (1,1, -6).

. Chttrng minh rang hai hé vécto sau day 1 cdc co s& cia C;. Tim méi lién hé
gitra toa do cia cting mot vécto trong hai co s& do:

er=(1,1,1,1), ea = (1,2,1,1), e3 = (1,1,2,1), ey = (1,3, 2, 3);

eh =1(1,0,3,3), ef = (2,3,5,4), e5 = (2,2,5,4), ¢} = (2,3,4,4).

. Xét xem céc tap hop ham s6 thue sau day c6 lap thanh khong gian vécto doi
v&i cdc phép toan thong thwomg hay khong? Néu cd, hay tim s6 chiéu cia céc
khong gian do.

(a) Tap R[X] céc da thitc cia mot an X.

(b) Tap C*(R) cdc ham thuye kha vi vo han trén R.

(c) Tap C°(R) cdc ham thuec lién tuc trén R.

(d) Téap céc ham thuc bi chan trén R.

(e) Téap cac ham f: R — R sao cho sup,.g |f(z)| < 1.

(f) Tap céc ham f: R — R thod man diéu kién f(0) = 0.
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10.

11.

12.

13.

14.

(g) Tap cdc ham f: R — R thod man diéu kién f(0) = —1.

(h) Tap cdc ham thue don diéu trén R.
Dinh nghia hai phép toan cong va nhan véi vo hudng trén tap hop
V={(zr,y) e RxR|y>0}
nhu sau:

(x,y)—l—(u,v) = (x—i—u,yv), V(I,y),(u,U)EV,
a(x,y) = (ax,y*), Ya € R, (z,y) € V.

Xét xem V' ¢6 1a mot khong gian vécto thue doi véi hai phép todn dé khong.

Néu ¢, hay tim mot co s& cia khong gian ay.
A ~) N ~ ~ ’ A N
Ma tran chuyén tir mot co s& sang mot co s& khdc thay doi thé ndo néu:

(a) doi cho hai vécto trong co s& thir nhat?

(b) d6i cho hai vécto trong co s& thit hai?

(c) d&t cdc vécto trong moi co s& theo thit tuw hoan toan ngugc lai?
Cho a 14 mot s6 thire. Chitng minh rang hai hé vécto (1, X, X2, ..., X") va
(1,(X —a), (X —a)?, ..., (X —a)") 1a céc co s& cia khong gian R[X],, cdc da
thitc hé s6 thuc véi bac khong virot qua n. Tim ma tran chuyén tir co s& thit
nhat sang co s& thir hai.
Tim céc toa do cua da thic f(X) = ag+ a1 X + -+ + a, X" trong hai co s&
noéi tren.

Cho khong gian vécto con L cia khong gian R[X]. Chirng minh rang néu L
chtta it nhat mot da thitc bac k& véi moi k = 0,1, ..., n nhung khong chira da
thitc nao véi bac 16n hon n thi L chinh la khong gian con R[X],, tat cad céc

da thitrc véi bac khong viroct qua n.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

Chtrng minh rang tip hop cdc vécto (r1,...,x,) € R, thod man he thirc
1 + 229 + -+ - + nx, = 0 1a mot khong gian vécto con cia R,,. Tim s6 chiéu

va mot co s& cho khong gian vécto con dé.

Tim tat cd cdc Fao-khong gian vécto con mot va hai chiéu cia F3. Gidi bai

’ AN . A . 3 ’ N A ~ A ~
toan twong tu doi voi khong gian F7, trong d6 p la mot so nguyén to.

Chitng minh rang cdc ma tran vuoéng ddéi xitng cap n véi cac phan tit trong
truomg K 1ap thanh mot khong gian vécto con cia M (n xn, K). Tim s6 chiéu

va mot co s& cho K-khong gian vécto con dé.

Chimg minh rang cdc ma tran vuong (a;;)nxn phdn déi ziing cdp n, nghia 1a
cdc ma tran thod man a;; = —aj;, v6i 1 < 4,5 <n, lap thanh mot khong gian
vécto con cia M(n x n,K). Tim s6 chiéu va mot co s¢ cho K-khéng gian

vécto con dé.

Gid st V; C V5 1a céc khong gian vécto con ciia V. Chirng minh rang dim V; <
dim V5, dang thitc xdy ra khi va chi khi V; = V5. Khang dinh dé con ding

hay khong néu V; va Vs 14 cdc khong gian vécto con bat ky cia V'?

Gia st Vi, V5 1a cdc khong gian vécto con cia V. Chitng minh rang néu

dim V; + dim V4 > dim V' thi V; NV, chita it nhat mot vécto khic khong.

Véi gid thiét nhw bai tap trude, chimg minh rang néu dim(V; +V;) = dim(ViN
Vo) +1 thi V; 4+ V5 trung véi mot trong hai khong gian con da cho, con Vi N5

trung v&i khong gian con con lai.

Tim hang cua cdc hé vécto sau day:

a; = (1,2,0,1), as = (1,1,1,0), ag = (1,0,1,0), 4 = (1,3,0,1).

ap = (1,1,1,1), a0 = (1,3,1,3), a3 = (1,2,0,2),a4 = (1,2,1,2), a5 =

(3,1,3,1).
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24.

25.

26.

27.

28.

29.

30.

N A~ N . ’ A . , . . , ~
Tim co s& cia tong va giao cia cdc khong gian vécto con sinh bdi cde hé

vécto ay, ..., ap va By, ..., By sau day:

o = (1727 1)7 Gy = (17 17 _1>7 Q3 = (17373)7
Bl - (2’37 _1)7 ﬁQ = (172a2)’ 53 = (17 17 _3)'

ar = (1,2,1,-2), as = (2,3,1,0), as = (1,2,2, -3),
ﬁl = (]—7 17 17 ]-)7 ﬁ? = (1707 17 _1)7 ﬁ?) = (1a3707 _4)

a1 = (1,1,0,0), as = (0,1,1,0), as = (0,0, 1, 1),
ﬁl = (1’07 170)7 52 = (Oa27 17 1)7 53 = <1a27 172)

Chitng minh rang véi moi khong gian vécto con V; cia V' ton tai mot khong
gian vécto con V, cia V sao cho V = Vi @ V,. Khong gian Vs ¢6 xdc dinh duy
nhat hay khong?

Chtng minh rang khong gian C,, 1a tong truc tiép ctiia khong gian vécto con
U xdc dinh bdi phwong trinh 2 + x5+ - -+, = 0 va khong gian vécto con V
xdc dinh bdi phuong trinh 2y = 25 = - - - = z,,. Tim hinh chiéu cia céc vécto

trong co s& chinh tic cia C, 1én U theo phirong V va lén V theo phwong U.

Cho K 1a mot truromg c6 dic s6 khdc 2. Chirng minh rang khong gian M (n x
n,K) cdc ma tran vuong cap n la tong truc tiép cia khong gian S(n) gom céc
ma tran doi ximg va khong gian A(n) gom cdc ma tran phan doi ximg. Tim
hinh chiéu cia ma tran C' € M(n x n,K) 1én S(n) theo phwong A(n) va lén
A(n) theo phuong S(n).

Goi K[X],, 1a K-khong gian vécto cdc da thite véi hé s6 trong K ¢6 bac < n.
Tim khong gian thuwong K[X],,/K[X],, va s6 chiéu cia né khi m < n.
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Chuong 11
MA TRAN VA ANH XA TUYEN TINH

Cau tric cia cdc khong gian vécto chi 16 ro khi ching ta nghién cttu ching
khong phai nhw nhirng ddi twong riéng ré, ma trai lai dit chiing trong mai lién hé
véi nhau. Cong cu dimg dé xéac 1lap mdi lien hé gifra cdc khong gian vécto 1a cac
anh xa tuyén tinh. Ngon ngit gitp cho viéc mo ta cu thé cdc 4nh xa tuyén tinh I

cac ma tran.

1 Ma tran
Gid st K 1a mot truomg tuy y.

Dinh nghia 1.1 Moi bdng c6 dang

ai;  aiz ... Qip

21 a29 ... (QA9p
A= ,

Am1 Am2 ... Qmn

trong dé a;; € K (1 <i <m,1 < j <n), dugc goi la mot ma tran m hang (hay
dong) n cot véi cde phan tir trong K. Néu m = n, thi ta néi A 1a mot ma tran
vuong cap n. Vécto hang

(@i1, Aoy -eey Qi)

duogc goi 14 hang thit i cia ma tran A. Vécto cot

(alj, a2j, ceey Clmj)t

dwoc goi la ¢ot thit j ciua ma tran A.

7



Ma tran néi trén thuong dwoc ky hiéu gon la A = (aij)mxn-
Tap hop tat cad cdc ma tran m hang, n cot v4i cde phan tir trong K duoc ky
hiéu 1a M (m x n,K), hay Mat(m x n,K).

Ta dinh nghia hai phép todn cong va nhan véi vo hudng trén M (m x n, K) nhw

sau:
ayr ... Qip b11 bln ay + b11 A1y + bln
a21 ... Q9pn b21 an asy + bgl Aoy, + bgn
+ = ,
Am1 - Amn bml bmn Q1 + bml e bmn
aiy aig ... Qip aay;  aai2 ... aGip
a921 22 ... Q9pn aa9ay aoy ... QAdgp
a = . (a e K).
Am1 Am2 ... Amn adm1 aAQm2 ... AQmnp

Ménh dé 1.2 M(m x n,K) dwoc trang bi hai phép todn néi trén la mét khong

gian vécto trén truong K véi s6 chiéu bang
dim M (m x n,K) =m x n.

Chirng minh: Dé dang kiém tra khang dinh M(m x n,K) 13 mot K-khong gian

vécto. Luu y rang phan tir trung 1ap cia phép cong trong M (m x n, K) 1a

va phan ti d6i cia A = (@) mxn 18 —A = (=) mxn-
DE chitng minh khing dinh vé sd chiéu cia M(m x n,K) ta xét ma tran FEj;
(1<i<m,1<j<mn)gom toan phan tir 0, loai trir phan tir duy nhat bang 1 nam

trén giao cua hang ¢ va cot j. Gid st A = (aij)mxn € M(m x n,K). Ta cé
m n
i=1j=1
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Nhu vay hé (E;;|1 <i<m,1 < j <n)lamothé sinh cia M(m x n,K). Mat khéc,
moi rang buoc tuyén tinh
bijEij - O
=1

=17
kéo theo B = (bij)mxn = 0. Tic la b; = 0 v6i moi ¢,j. Diéu nay ching to
(Ey]l <i<m,1<j<mn)doclap tuyén tinh. .

Cho hai ma tran A = (a;;) € M(m x n,K), B = (bj;) € M(n x p,K).

Dinh nghia 1.3 Tich AB cia ma tran A va ma tran B 1a ma tran C' = (¢j) €

M(m x p,K) v&i cde phan tir duge xdce dinh nhue sau

ci =Y by, (1<i<m,1<k<p).
=

binh nghia nay dwoc minh hoa bang hinh vé sau day:

Vi du:
a b c x t ar +by+cz at+bu+cv
d e f y u | =| de+ey+ fz dt+eu+ fo
g h 1 Z v gr+hy+iz gt+hu+w

Nhén xét: Diéu kién dé dinh nghia dwoc ma tran tich AB 1a

s6 cOt cia A = sO hang cia B.

79



C6 thé x4y ra truomg hop tich AB thi dinh nghia dwroc, ma tich BA thi khong.
Trudmg hop didc biét, khi A va B déu 1a cdc ma tran vuong cap n thi cd hai
tich AB va BA déu dinh nghia dwogc. Nhung néi chung AB # BA. Chang han,
véin = 2, ta co
10 01 01 00 01 10
00 00 00 0 0 0 0 00
Céc dang thitc sau day duwoc hiéu theo nghia: néu mot vé duwoc xac dinh thi
vé kia cing vay va hai vé bang nhau.
(AB)C = A(BQC),
A(B1 + By) = AB; + ABa,
(A1 + Ay)B = A B+ A3B
Chiing ta chirng minh ding thitc thit nhat. Hai dang thitc con lai dwoc xem
nhu nhirng bai tap.
Gid st A = (ai)mxn, B = (bjk)nxp, C = (Cke)pxq- Khi d6 phan tir ndm & hang i
cot ¢ cia ma tran (AB)C la

P n
YO aigbir)cre.

k=1 j=1

Con phin tir nam & hang i ¢ot £ cia ma tran A(BC) la

Z i Z bjkCre)-
7j=1
Hién nhién cd hai phan tir néi trén déu ban
p

n p
> D aibjcke

=1 k=1
Vi diéu d6 ding véi moi 4, £, nén (AB)C = A(BC).

Nhirng nhan xét néi trén dan ta t&i khing dinh sau day cho céc ma tran vuong.

Ménh dé 1.4 Tdp hop cdc ma tran vuéng M(n x n,K) cung vdi cdc phép todn
cong va nhan ma tran lap thanh mot vanh cé don vi. Vanh nay khong giao hodn

néun > 1. O
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Luru ¥ rdng phan tit don vi cia vanh M (n x n, K) 13 ma tran sau day

10 0

01 .0
E=FE,=

0 0 1

N6 dwoc goi la ma trdan don vi cap n.

Dinh nghia 1.5 Ma tran A € M(n x n,K) dwgc goi 1a mot ma tran kha nghich
(hodc ma tran khong suy bién) néu c6 ma tran B € M(n x n,K) sao cho AB =

BA = E,. Khi d6, ta néi B 1a nghich ddo cia A va ky hiéu B = AL

Nhéan xét rang néu A kha nghich thi ma tran nghich ddo cia né dwoc xac dinh

duy nhdt. That vay, gid sit B va B’ déu 1a cdc nghich ddo ciia A. Khi d6
B = BE, = B(AB') = (BA)B' = E,B' = B'.

Trong chwong sau chiing ta sé chi ra mot dieu kién can va du rat don gidn de
cho mot ma tran vuong la kha nghich.

Sau day la vi du vé mot 16p cdc ma tran kha nghich.
Ménh dé 1.6 Goi C la ma tran chuyén tir co sd (ay, ..., ) sang co 8¢ (o, ..., al,)
cia khong gian vécto V.. Khi do, C' la mot ma tran khd nghich, véi nghich ddo la

/

A ~ \
ma tran chuyén C' tor co so (o, ...,al) sang co $6 (a1, ..., ).

Chitng minh: Gia stt C = (¢;), C' = (¢j;). Taco

n n n n n
! _ / ! / /
Q= docii =y ¢ ) G = D (Y i)y
=1 =1 k=1 k=1 i=1
N . ’ X , N N A
V1 biéu thi tuyén tinh cia moi véto qua co s 1a duy nhat, nén ta nhan duogc

n ~ . .

Z/ s 1 néuk =y,

CkiCij = Okj = . _

i=1 0 neéuk # j.
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Nghia la C'C = E,. Twong tu, trdo doi vai tro cda hai co s& cho nhau, ta cé
CC' = E,. Nhu vay, C kha nghich va ¢! = (. 0
Nhéan xét: Gia st (ay, ..., a,) 1a mot co s& cua khong gian vécto V, va C' = (¢ )
14 mot ma tran vuong cdp n va kha nghich. Khi d6 hé vécto (o, ..., a,) xdc dinh
bdi of = X7, ¢y cling 1a mot co s& cia V. That vay, néu ¢ = (cj;) 1a ma tran
nghich dao cia C thi a; = XL, ¢j;a;. Do dé (a, ..., a;,) 1a mot he sinh cia V. Hé
nay c6 s6 phan ti ding bang s6 chiéu cia V, nén né la mot co s& cia V. Tat
nhién, C' chinh 1a ma tran chuyén tir co s& (a, ..., ay,) sang co s& (o, ..., ).

Trong ngoén ngit tich ma tran, s kién C' 14 ma tran chuyén tir co s& (ax, ..., ay,)
sang co 86 (a, ..., ), tirc 1a hé dang thirc o =L cija; (§=1,...,n), dugc viét

gon nhw sau

n_alal thi ta cé

~ ~
Hon ntra, neu a = > | x;04 = i wsal,
/ /
a=@)..a)l  |=(ag...an)C| | =(a1...a0)
/ /
x, x, Ty

Dinh nghia 1.7 Ta ky hiéu bdi GL(n, K) tap hop tat cd cdc ma tran kha nghich
trong M(n x n,K).

Ménh dé 1.8 GL(n,K) ldp thanh mdt nhém déi véi phép nhan cdc ma tran.

Chitng minh: Truéc hét ta chimg minh rang GL(n,K) khép kin ddi véi phép
nhan ma tran. Gid st A, B € GL(n,K). Khi d6, ton tai cdc ma tran A™', B~ €

82


http://vnmaths.tk

M(n x n,K). Ta cé

(AB)(B'A™") = ABB 1A'= AE,AT' = AAT = E,,
(B'A™Y)YAB) = B (A 'AB=B'E,B=B'B=E,.
Nhuw vay, AB ciing kha nghich, hon nita (AB)™! = B~1A~L

Ta da biét rang phép nhan cdc ma tran vuong (néi rieng phép nhan cdc ma tran
trong GL(n,K)) ¢6 tinh két hop.

Phan tir trung lap (don vi) d6i v6i phép nhan trong GL(n, K) chinh 1a ma tran
don vi E, € GL(n,K).

Theo dinh nghia ciia GL(n, K), moi ma tran trong né deu cé nghich dédo. Hién
nhién, nghich ddo A™! cia moi ma tran A € GL(n,K) cing 1a mot phan ti cia
GL(n,K). O
Dinh nghia 1.9 Hai ma tran vuong A, A’ € M(n x n,K) dugc goi la dong dang
néu c6 mot ma tran kha nghich C' € GL(n, K) sao cho A’ = C71AC.

Dé thay rang dong dang 14 mot quan hé twong duwong.

Trong tiét sau ching ta sé chtrng minh rang moi lép twong dwong clia cic ma
tran theo quan hé dong dang dwoc dat twong tng mot déi mot véi mot tu dong

cau tuyén tinh cia mot khong gian vécto hiru han chiéu nao do.

2 Anh xa tuyén tinh
Gid st V va W 1a cdc khong gian vécto trén truong K.

Dinh nghia 2.1 (Anh xa tuyén tinh).
Anh xa f:V — W duoc goi 1a mot dnh za tuyén tinh (hodc rd hon, mot dnh
za K-tuyén tinh), néu
fla+B) = fla)+ f(B),
flao) = af(a),
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véi moi o, B € V' va moi vo hudéng a € K.
Anh xa tuyén tinh ciing dwoc goi 1a dong cdu tuyén tinh, hay dong cdu cho don

gian.
Nhéan xét rang hai dieu kién trong dinh nghia 4nh xa tuyén tinh twong dwong
vGi diéu kién sau:
flaa+b06) =af(a)+bf(B), Va,B€V,Va,be K.

Céc tinh chat sau day cia dnh xa tuyén tinh dwoc suy ngay tir dinh nghia. Gia

st f:V — W la mot 4nh xa tuyén tinh. Khi dé, ta cé
(1) f(0)=0.
That vay, f(0) = f(0+0) = f(0) + f(0). Theo luat gidn wéc, f(0) = 0.
(2) f(—a)=—f(a), Ya e V.
That vay, f(a) + f(—a) = fla+ (=a)) = f(0) = 0. Do d6, f(—a) = —f(a).
(3) flarar1+--+anay) = ay f(ar)+- - +anf(an), Vai,...,a, € K,Vay,...,a, € V.

Déng thirc nay c¢é thé dwoc chiing minh bang quy nap.

Vidu 2.2 (a) Anhxa 0:V — W xdc dinh béi cong thite 0(c) = 0 véi moi

a € V 1a mot 4nh xa tuyén tinh.
(b) Anh xa dong nhat idy : V — V, idy(a) = « 1 mot énh xa tuyén tinh.

(¢) Pao ham hinh thitrc

d
— K|X KX
d
*(aan+"'+a1X1+ao) = nanX”_1+---+a1

dX

14 mot 4nh xa tuyén tinh.
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(d) Phép lién hop phitc ¢ : C — C, z +— z la mot d4nh xa R-tuyén tinh, nhung
khong phai 1a mot 4nh xa C-tuyén tinh. Thay vay,

(e) Gia st A = (a;;) € M(m x n,K). Khi d6 4nh xa

A K" — K™,

T T

14 mot 4nh xa tuyén tinh.

(f) Céc phép chiéu
pri - ‘/1 X ‘/2 - ‘/;7

pri(v,v2) =

14 cdc 4nh xa tuyén tinh, véi ¢ =1,2.
(g) Gid st W la mot khong gian vécto con cia V. Khi d6 phép chiéu
TV — V/W,
m(a) = [a]=a+W

14 mot 4nh xa tuyén tinh.

Dinh nghia 2.3 Gid st V va W 1a cdc K-khong gian vécto. Tap hop tat ca céc
dnh xa tuyén tinh tir V vao W duogc ky hiéu la L(V, W) (hoac Hom(V, W)).

Vi L(V, W) chtra énh xa 0, nén L(V, W) # 0.
Ta trang bi cho £(V, W) hai phép todn cong va nhan véi vo hudng duoe dinh

nghia nhw sau

(f+9)(@) = fla)+g(a),
(@f)(@) = af(@) aeViackK,
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véimoi f,g € L(V,W).
Dé dang kiém tra lai rang £(V, W) 1la mot K-khong gian vécto ddi véi hai phép
toan do.

Dinh 1y sau day chi ra mot tinh chat quan trong cia dnh xa tuyén tinh.

Dinh ly 2.4 Moi dnh za tuyén tinh toe V vao W duogc hoan toan xdc dinh bdi dnh
cia nd trén mét co so. Ndi r6 hon, gia s (aq,...,q,) la mot co so cia 'V, con
Wi, ..., wy la cdc vécto bat ky cia W. Khi dé, ton tai duy nhdt mot dnh za tuyén

tinh f 'V — W sao cho f(a;) =w; (i=1,2,...,n).
Chirng minh: Su ton tai: Néu o = ayaq + -+ - + apay,, thi ta dat
fla) = ajw; + -+ + apwy.

Dé dang thit lai rdng f : V — W la mot anh xa tuyén tinh, va f(a;) = w;
(i=1,2,..n).

Tinh duy nhdt: Néu f va g 1a cdc d4nh xa tuyén tinh tir V vao W véi f(a;) =
glay) =w; (1=1,2,...,n), thi véi moi o = ajaq + - - - + a,a, ta cb

fla) = fFQ_ai) =) aif(ei) = Y aig(ai) = g3 aiew) = g(a). O
i=1 i=1 i=1 i=1

Dinh nghia 2.5 Mot dong cdu (tuyén tinh) f: V — W dong thoi 1 mot don dnh
dwoc goi la mot don cdu (tuyén tinh). Mot dong cdu (tuyén tinh) dong thoi & mot
toan dnh duwoc goi la mot todan cdu (tuyén tinh). Mot dong cdu (tuyén tinh) dong

thoi 14 mot song dnh dwge goi 1a mot dang cdu (tuyén tinh).

Néu f:V — W 1a mot dang cau, thi f~!: W — V cling 1a mot dang cau; né
dwoc goi 1a nghich ddo cia f. Do dé moi dang cau con dwroc goi 1a mot dong cdu
khd nghich. Néu c6 mot dang cau f : V — W, thi tanéi V dang cau véi W va viét
V=Ww.

Quan hé = la mot quan hé twong duwong.
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Nhéan xét rang dong cau f : V — W la mot dang cau néu va chi néu cé mot
dong cau g : W — V sao cho gf = idy va fg = idy. Khi d6, g = f~!. That
vay, néu f 1a mot dang cau thi f~'f = idy, ff~' = idy. Ngwoc lai, néu cé mot
dong cau g : W — V sao cho gf = idy, fg = idy, thi f vira la mot don cdu (do
gf = idy), vira 1a mot toan cau (do fg = idy/). Vithé, f 1a mot dang cdu. Khi dé,

nhan hai vé cia dang thitc gf = idy véi f~1 tir bén phdi, ta thu duoc g = f~1.
Ménh dé 2.6 Gid s V va W la cdc khong gian vécto hiu han chiéu. Khi dd
VW= dmV =dmW.

Chirng minh: Gid st V = W, ttrc 1a ¢6 mot ddng cdu tuyén tinh f: V = W.
Khi dé, néu (o, ..., ) 1a mot co s& cua V' thi (f(a), ..., f(ay)) 1a mot co sé cua
W. That vay, moi vécto 8 € W ¢6 dang 8 = f(a) véi a ndo dé trong W. Vi a ¢

biéu thi tuyén tinh o = ayoq + - - - + apay,, nén

B = fla)= flaroq + -+ anay) = a1 f(ar) + - + an fan).

Néu 8 con c6 biéu thi tuyén tinh 3 = by f(ay) + -+ + bof(ay), thi a = f71(B) =
biog + -+ + by, VI (o, ..., ) 1a mot co s& cua V' cho nén a; = by, ..., a, = by,.
Nhu vay, moi vécto 3 bieu thi tuyén tinh duy nhat qua hé (f(ay), ..., f(a,)), nén
hé nay 1a mot co s& cia W. Néi riéng, dim V = dim W.

Nguoc lai, gida st dimV = dimW = n. Chon cdc co s& (g, ..., a,) cua V va
(Br, ..., Bn) ctia W. Anh xa tuyén tinh duy nhét ¢ : V. — W duwoc xdc dinh béi
o(a1) = B,y 0(an) = B, 1a mot dang cdu tuyén tinh. That vay, nghich ddo
cia ¢ 14 dnh xa tuyén tinh ¢ : W — V duwge xdc dinh bdi dieu kién ¢(6;) =
at, ..., 0(6,) = ap.

Twong tng dat moi 4nh xa tuyén tinh véi ma tran cia nd ma ta sap dinh nghia
13 mot vi du dién hinh vé ding cdu tuyén tinh. Nho ding cdu nay ma nguoi ta cé

thé tinh todn cu thé véi cdc dnh xa tuyén tinh.
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Gid st V va W la cédc K-khong gian vécto véi cée co sd tweong tng 1a (o, ..., ay,)
va (01, ..., Bm). Theo Dinh 1y 2.4, énh xa tuyén tinh f: V — W dugce xde dinh duy
nhat bdi f(ay), ..., f(an). Cac vécto nay lai cé bieu thi tuyén tinh duy nhat qua
co 8¢ (B, ..., Bm) cia W:

flay) = Zaz‘j@' (j=1,..,n),

trong d6 a;; € K. N6i gon lai, dnh xa tuyén tinh f : V — W duwge xdc dinh duy
nhat bdi hé thong cdc vo hudng {a;;|1 <i <m,1 < j <n}, ching dugc xép thanh

ma tran sau day:

a1 a12 A1p
21  A22 ... Q2pn

A= = (aij>m><n-
Am1 Am2 ... Qmn

Ta goi A la ma tran cia dnh xa tuyén tinh f: V — W trong cap co s& (aq, ..., ay,)
va (B, vy Bm)-
Néu vécto a ¢6 toa do (1, ...,x,) trong co s& (ay, ..., o) thi toa do cia f(«)

trong co s& (B4, ..., Bm) duge tinh biang cong thirc
yi:Zaijxj (Z: 1,2,...,m).
j=1
That vay,

iyzﬂi = fla) = f& Tjay) = Xn:%’f(aj)
= =1 =1
= D7) ayb
=1 =1

n
= > (D ayz;)B;.
i=1 j=1
Vi biéu thi tuyén tinh cia méi vécto thuoc W qua co s& (B, ..., Bm) 1a duy nhat,

nén ta thu dwgce cong thire xdc dinh (v, ..., ) qua ma tran A va (x4, ..., z,) da néi

O trén.
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Trong ngdn ngtr tich ma tran, sy kién A = (a;j)mx, 12 ma tran cua dnh xa tuyén
tinh f : V. — W trong cip co s& (g, ..., an) va (B, ..., Bm), titc 1& hé dang thirc

flag) =" a0 (5 =1,..,n) duwge quy wdc viét nhw sau:

a1 Q12 ... Qg
(floa) ... flaw)) = (P .. Bm) a1 G2 ... QG2n
Aml1 Q2 ... Omp

Cong thite tinh toa d6 (y1,...,ym) cia f(a) trong co s& (B, ..., Bm) qua toa do

(71, ..., T,) cla a trong co s& (ay, ..., a,) duge dién dat lai trong ngdn ngtr ma tran

nhu sau:
U1 a1 a2 Q1n T
921 9292 vee A9y,
Ym Am1 Am2 ... Amn T,

Dinh 1y 2.7 Anh za ddt twong #ng dong ciu f véi ma trin cia né A = M(f)
trong mot cdp co s¢ c6 dinh cia V. va W la mot dang cdu tuyén tinh tue L(V, W)

len M(m x n,K). Ndi riéng, dim L(V, W) =dimV x dim W.

Chirng minh: Gid st trong cap co s& (aq, ..., ) cia V va (b, ..., B) cua W cédc

dong cau f va g ¢6 cdc ma tran twong tng 1a A = (ai;)mxn V& B = (bij)mxn. tikc

1a:
flay) = iﬁ
o) = S (= L)
Khi dé i
(F+0)e) = Dfa + b

(af)(a;) = i@ G=1.n).
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Nhu vy, ma tran cia f + g 1a A+ B, ma tran ciua af la aA (trong cap co s& da

cho). N6i céch khéc

M(f+g) = M(f)+ M(g),
M(af) = aM(f).

Céc hé thitc nay chitng té rang phép dat twong tng moéi déng cau véi ma tran cia
né trong mot cap co s& c6 dinh 14 mot d4nh xa tuyén tinh.
Mat khéc, theo Dinh 1y 2.4, anh xa néi trén la mot song anh. Tém lai, dé la

mot dang cau tuyén tinh. 0

Ménh dé 2.8 Néu f : V. — W wa g : W — Z la cdc dnh Ta tuyén tinh, thi

gf : V — Z cung la mot dnh za tuyén tinh.
Chirng minh: That vay, ta cé

gflaca+bB) = glaf(a)+bf(5))
= a(gf)(@) +b(gf)(B),

v&éi moi a,b € K va moi a, 5 € V. O

Ménh dé 2.9 Gid sv dong cdu f ¢ ma tran A trong cdp co s¢ (ai,..., ),
(B, -y Bm) wa dong cdu g ¢é ma trdn B trong cdp co s¢ (81, ..., Bm), (Y1, Ve)-
Khi d6, ma trin cia dong ciu gf trong cdp co s6 (ay,...,an), (Y1,...,7ve) chinh la

ma tran tich BA.
Chitng minh: Theo gid thiét, ta cé
f(Oéz') = Zajiﬁja
j=1

V4
9(8;)) = D by
k=1
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Tir d6, do ¢ 1a mot 4nh xa tuyén tinh, ta cé

(9f)i) = 9> aB) =D a;g(5;)
= =1
m ¢ ¢ m
= > iy by = (O brjaji) .
=1 k=1 k=1 j=1
Goi C' = (¢yi)exn 1a ma tran cua gf trong cap co 86 (o, ..., @), (71, ..,7e). Khi
do
¢
(9f)(04i) = Z CriVk-
k=1
Vi biéu thi tuyén tinh cia (¢f)(a;) qua co s& (71, ...,7) 14 duy nhat, nén ta thu

dwoc

cki:Zbkjaji, (1§k§€,1§z§n)
j=1
Hé dang thitc nay twong dwong véi dang thirc ma tran
C = BA. O

Néu mot trong hai vé cia cdc dang thirc sau day gitra cdc 4nh xa tuyén tinh 1

c6 nghia thi vé kia ciing vay. Khi dé, ta c6 cadc dang thirc (dé kiém tra):

h(gf) = (hg)f,
glfi+fo) = gfit+gfe

(g1 +9)f = af+agf

Dinh nghia 2.10 Moi dong cau (tuyén tinh) tir khong gian vécto V' vao chinh né
duoc goi 1a mot tw dong cdu (tuyén tinh) cia V. Mot tuw dong cdu cia V' dong thoi
14 mot dang cdu dwoc goi 14 mot tuw dang cdu cia V.

Khong gian vécto tat ca céc tu dong cau cua V' duwogce ky hiéu la End(V). Tap

hop tédt cd cdc tir dang cau cia V duwge ky hieu 1a GL(V).

Dé dang kiém tra lai rang End(V) 1a mot vanh déi v6i hai phép todn cong va
nhan (hgp thanh) cdc tw dong cdu. N6 dwoc goi la vanh cdc tu dong cdu cia V.

Vanh nay c¢6 don vi 1a idy va khong giao hodn néu dim V' > 1.
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Dé cho gon, ta s& goi ma tran cia f € End(V) trong cap co s& (aq, ..., an),

(a1, ..., ) 1& ma tran cua f trong co s& (aq, ..., ay,).

Dinh ly 2.11 Gia su V' la mot K-khong gian vécto véi dimV = n. Khi dé dnh za
ddt twong wng moi tuw dong cdu f € End(V') vdi ma tran cia né M(f) trong co sd

(a1, ..., @) la mot dang cdu vanh tie End(V) vao M(n x n,K).

Chirng minh: Day 14 mot hé qud truc tiép cia Dinh 1y 2.7 va Ménh de 4.5. O

Nhan xét ring f € End(V) 1a mot dang cAu néu va chi néu ton tai dong cau
g € End(V) sao cho

9f = fg =1idy.
Khi d6 g = f.

Do nhan xét nay ta dé dang kiém tra rang GL(V) 1a mot nhém déi véi phép
nhan 1a phép hop thanh céc 4nh xa. GL(V) dwogc goi 1a nhdm tuyén tinh tong qudt
cua khong gian vécto V.

Theo Dinh Iy 2.11, f € End(V) la mot dang cau néu va chi néu M(f) €
M(n x n,K) la mot ma tran kha nghich.

Tuwong tmg f < M(f) néi trong Dinh Iy 2.11 dwgc mo ta trong bicu do sau:

End(V) déang cdu vanh  M(n x n,K)

U U

GL(v) dangcdunhém  Grp, K).

Meénh deé 2.12 Gid si A la ma trdn cia tu dong cdu f : V. — V trong co so
(1, .oy, va C la ma tran chuyén tir co s¢ (au, ..., an) sang co 56 (o, ...,a).

n

Khi dé, ma tran cia f trong co sé (o, ...,al) la C~TAC.

» . N ~ A~ N
Chitng minh: C' la ma tran chuyén tir co s (aq, ..., o) sang co so (o, ...,

khong gian vécto V', nghia la ta co
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Nhan hai vé ctiia dang thitc trén véi C~! tir bén phai, ta thu dwoc

Tu dong cau f € End(V) ¢6 ma tran la A trong co s& (ay, ..., oy, ), nghia la

(flaq) ... flan)) = (a1 ... ap)A.

V1 f 1a mot dong cau, cho nén ta cé

(f(ah) .. flap)) = (flaa) .. flom))C
= (ai ... a,)AC
= (o} ...a,)CTTAC.

’ oA . ’ X 7 N A
Do tinh duy nhat cia biéu thi tuyén tinh cia moi vécto qua mot co s&, cho nén
C~'AC chinh 1a ma tran cia f trong co s& (o, ..., al,). O
Mot hé luan truc tiép cda ménh dé trén 1 nhuw sau.
Hé qua 2.13 Hai ma tran vuéng dong dang vdi nhau néu va chi néu ching la ma
tran cia cung mot tw dong cdu ciia mot khong gian vécto trong cdc co so nao dé

cia khong gian nay. O

3 Hat nhan va anh cia déng cau
Chung ta md dau tiét nay bang nhan xét don gidn sau day.

Ménh dé 3.1 Gid si f:V — W la mét dong cdu. Khi dé, dnh bdi f cia moi
khong gian vécto con cua V' la mét khong gian vécto con cua W. Nghich anh boi

[ cia moi khong gian vécto con cia W la mot khong gian vécto con cia V.

Chirng minh: Gia st 7' 1a mot khong gian vécto con cua V. Khi d6, f(T) # 0,

bdi vi né chira vécto 0. Hon ntra, néu o/, 4’ 1a nhing vécto cia f(T) thi ching c6
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dang o/ = f(a), B = f(B), trong d6 o, B € T. Khi d6, vi f 1a mot dong cau, cho

nén véi vo hudng bat ky a € K, ta cé
o +0 = fla)+ f(B) = fla+pB) € f(T),
ao’ = af(a) = f(aa) € f(T).

Vay f(T') 1a mot khong gian vécto con cua W.

Bay gio gid sit U 1a mot khong gian vécto con cia W. Khi d6, f~1(U) # 0, boi
vi n6 cling chira vécto 0. Néu o, 3 € f~1(U) thi f(a), f(8) € U. VI f 1a mot dong
cau, cho nén v4i moi vo hudéng a € K, ta cé

fla+8) = fla)+ f(B) €U,
flae) = af(a) €U

Vi thé a + 8 vh aa € f~1(U). Vay f~1(U) 1a mot khong gian vécto con cia V. O

Hat nhan va anh cida mot dong cau 1a nhiung khong gian vécto dac biét quan

trong doi véi viee khao sat dong cau dé. Chiing dwoc dinh nghia nhu sau.
Dinh nghia 3.2 Gid st f: V — W la mot dong cau.

(i) Ker(f) = f710) = {x € V|f(z) = 0} C V dwoc goi la hat nhan (hay hach)

cia f. SO chiéu cia Ker(f) dugce goi la sé khuyét cua f.

(i) Im(f) = f(V) = {f(z)|z € V} € W duoc goi la dnh cia f. S6 chiéu cia
Im(f) dugc goi la hang cia f va dwogce ky hiéu 1a rank(f).

Hai dinh 1y sau day néu nhirng diéu kién cin va did dé mot dong cau la mot

toan cau hay mot don cau.

Dinh ly 3.3 Dong ciu f : V. — W la mot toan cdu néu va chi néu rank(f) =
dim W.
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Chitng minh: Theo dinh nghia, f 14 mot toan cau néu va chi néu Im(f) = W.
Vi Im(f) 14 mot khong gian vécto con ciia W, cho nén diang thirc néi trén twong
dwong v6i rank(f) := dim f(V) = dim W.

That vay, néu f(V) = W thi hién nhién dim f(V) = dimW. Nguoc lai, gid
st dim f(V) = dim W; do f(V) la mdt khong gian vécto con cia W, nén moi co
s& cia f(V) cing 1a mot he doc 1ap tuyén tinh trong W véi s6 phan tir bang
dim f(V) = dim W. Néi cdch khéc, moi co s& cia f(V) cung 1a mot co s cua W.

Vay f(V) =W. O
Dinh ly 3.4 Ddi véi dong ciu f: V — W cdc diéu kién sau day la twong dwong:
(i) [ la mot don cdu.

(ii) Ker(f)={0}.

(ii1) Anh bdi f cia moi hé vécto doc lap tuyén tinh la mot hé vécto doc lap tuyén

tinh.
(iv) Anh béi f ctia moi co so cia V' la mét hé vécto doc lap tuyén tinh.
(v) Anh béi f cia mot co so nao dé cia V' la mot hé vécto doc lap tuyén tinh.
(vi) rank(f) = dim V.

Chirng minh: (i) = (i) : Gia st o € Ker(f). Khi d6 f(a) = f(0) =0. Vi f la
mot dom cau, cho nén a = 0. Do dé Ker(f) = {0}.
(i1) = (it1) : Gid st (g, ...,ax) 1& mot hé vécto doc lap tuyén tinh trong V.

Néu c6 mot rang buoc tuyén tinh gitta cdc dnh bdi f cia cic phan tir dé

k

> aif(a;) =0 (a; € K),

i=1
thi f(XF, a05) = 0. Vi Ker(f) = {0}, cho nén %, a;a; = 0. Tir dé, ta c6
a; = -+ = a; = 0, bdi vi hé vécto (aq, ..., ) doc lap tuyén tinh. Nhu thé, hé

(f(aq), ..., f(ax)) cung doc lap tuyén tinh.

95



Céc suy luan (i7i) = (iv), (iv) = (v) déu hién nhién.
(v) = (vi) : Gid st (aq, ..., ) 1& MmOt co s& cua V sao cho (f(aq), ..., flay)) 1a

mot hé doc 1ap tuyén tinh. RO rang hé nay sinh ra f(V). Ta ¢
rank(f) = dim f(V) = rank(f (o), ..., f(ay,)) =n =dim V.
(vi) = (i) : Gid st (v, ..., ) 1a MmOt co s& cua V. Ta ¢
rank(f) = rank(f(aq), ..., f(a,)) =dimV =n,

cho nén hé vécto (f(aq),..., f(ay)) doc 1ap tuyén tinh. Gid st o = >, a;04, f =
>ibiay va f(a) = f(B). Khi dé,

0= fla) = f(B) = fla—p)= f(Z(@i —bj)a; = Z(ai —b;) f ().
Tw d6 ay = by, ..., a, = b,, béivi (f(aq), ..., f(a,)) doc 1ap tuyén tinh. Dieu nay c6

nghia la o = 8. Vay f 1a mot don cau. O

Dinh 1y 3.5 (Dinh 1y vé dong cdu cdc khong gian vécto). Gid si f : V — W la
mét dong cdu. Khi do, dnh za f:V/Ker(f) — W, xdc dinh boi f([a]) = f(a), la
mét don cdu. N6 cdm sinh ding cdu f - V/Ker(f) = Im(f).

Chirng minh: Trudec tién, cin chimg to rang f dwoc dinh nghia khong phu thuoc
viéc chon dai biéu cia 16p [a]. That vay, néu [a] = [¢/], thi @ — o/ € Ker(f). Néi
cach khac f(a — o) =0, hay 1a f(a) = f(d/).

Vi f 1a mot dong cau, nén dé dang kiém tra f cling la mot dong cau.

Gid st f([a]) = f([B]), titc 1a f(a) = f(B); khi d6 f(a — 3) = 0. Vi thé
a— 3 € Ker(f), nghia la [a] = [3]. Dieu d6 chimg t6 rang f 14 mot don cdu. Hon
nira, tir dinh nghia cia f ta c6 Im(f) = Im(f). Cho nén, néu xét f nhrr mot dong

cau tir V/Ker(f) t&i Im(f) thi d6 1a mot dang cau. O
Hé qua 3.6 Ddi véi dong cau bat ky f :V — W, ta ¢d
dimV = dim Ker(f) + dim Im(f).
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Chitng minh: Theo dinh 1y trén, ta co6
dim Im(f) = dim Im(f) = dimV/Ker(f) = dimV — dim Ker(f). O

Hé qua 3.7 Gid si f:V — W la mot dong cdu. Khi dd, vdi moi khong gian
vécto con U cua 'V, ta c¢d

dim f(U) < dimU.
N6i cdch khdc, dnh za tuyén tinh khong lam tdang chiéu cia cdc khong gian vécto.
Chitng minh: Xét han ché f|y cia d4nh xa f trén khong gian vécto con U, ta ¢

dimU = dim Ker(f|y) + dim Im(f|y) > dim Im(f|y) = dim f(U). O

Hé qud 3.8 Gid st f:V — V la mot tu dong cdu cia khong gian vécto hiu han

chiéu V. Khi dé, cdc khang dinh sau day la twong duong:

(i) f la mot dang cdu.

(it) f la mot don cdu.
(111) f la mot toan cdu.
Chitrng minh: Theo Dinh 1y 3.4, f 14 mot don cau néu va chi néu dim Ker(f) = 0.
Mat khéc, theo Dinh 1y 3.3, f 1a mot toan cau khi va chi khi dim I'm(f) = dim V.
Theo Hé qué 3.6, hai diéu kién néi trén twong duwong véi nhau. Do d6, ching cling
twong dwong véi su kién f 14 mot dang cau. a

Nhan xét: Hé qua trén khong con ding néu V 1a mot khong gian vécto vo han

chiéu. That vay, dong cau
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14 mot don cau nhung khong 14 mot toan cau. Ngwoc lai, dong cau

v K[X] — K[X]

(X" = X" (n=0,1,2.),

trong d6 quy wée X1 =1)(1) = 0, 1a mot toan cdu nhung khong 14 mot don cau.
Trén co s& hé qua néi trén, cac Dinh 1y 3.3 va 3.4 cho ta hang loat dieu kién dé
mot tu dong cau tuyén tinh ciia mot khong gian vécto hitu han chiéu 1a mot dang

~
cau.

Dinh nghia 3.9 (Hang cia ma tran). Gia st A 14 mot ma tran m hang n cot véi
cdc phan tir trong treong K. Hang cia hé n vécto cot cia A trong K™ dwoc goi

1& hang cia ma tran A va dwoc ky hiéu 1a rankA.
Dinh 1y sau day cho ta mot phwong phép dé tinh hang cia céc dong cau.

Dinh 1y 3.10 Gid su dong ciu f : V — W ¢é ma tran la A trong mot cdp co so
nao dé ciaV va W. Khi do:

rank f = rankA.

Chirng minh: Gid st f ¢6 ma tran 1la A trong cdp co s¢ (ag,...,ap) cia V va

(1, -y Bm) cia W. Theo dinh nghia, ta c¢6

rank f = dim Im(f) = rank(f (), ..., f(an)).

Vi (B1, -y Bm) 18 moOt co s& cua W cho nén éanh xa

p: W — K",
b
> b =
j=1
bm
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13 mot dang cdu tuyén tinh. (That vay, 4nh xa dé chuyén co s& (51, ..., B,) thanh
co s& chinh tac cia K™.)

bang cau ¢ dwa f(o;) vao cot thit i cda ma tran A, bdi vi

ai;
flai) =" auB;
j=1

A

\ ’ V] ’ N N X A ’ ~ ,
Vi cdc dang cau tuyén tinh déu bdo toan hang cia moi hé vécto, nén ta cé

rankf = rank(f(aq), ..., f(an)) = rankA. O

4 Khong gian vécto doi ngau

Y chinh cia tiét nay la ta c6 thé nghién cttru mot khong gian vécto thong qua tap
hop tat cd cdc ham tuyén tinh trén khong gian nay. N6i mot cach nom na, tap hop
cédc ham nhu thé 1ap nén cai goi 1a khong gian vécto d6i ngau, né cé thé coi la “4nh
doi xttng qua gwong” cua khong gian vécto da cho.

Gid st V' 1a mot khong gian vécto trén truong K.

Dinh nghia 4.1 Khong gian V* = L(V,K) cdc anh xa tuyén tinh tit V vao K
dwoc goi 1a khong gian vécto déi ngau cia V. Moi phan tir cia V* duoc goi 1a mot

dang tuyén tinh trén V.
Ta da biét rang V* 1a mot khong gian vécto véi s6 chiéu bang
dimV*=dimV -dimK = dim V.

Nhu thé V* = V néu dimV < co. Diéu nay khong con ding néu V' 1a4 mot khong
gian vécto vo han chiéu. Tinh khong twr nhién cia dang cau néi trén sé dwoc thao

luan & phan sau cia tiét nay.
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Gid st f : V — W la mot dong cau. Ta dinh nghia d4nh xa f* : W* — V* bédi

cong thire sau day

(f*(e)(@) = o(f(a)), Vo € W*, Ya e V.

Ta sé chi ra rang f* 1a mot dong cau tir W* vao V*. That vay, véi moi vo huéng

a,be K vamoi ¢, € W* ta co

[lap+bp)(a) = (ap+bd)(f(e))
= ap(f(a)) +0o(f(a))
= af*(p)(@) + b (¥)(a)
= (af*(p) + b/ () ().

Hé thirc nay ding véi moi o € V', nén ta thu duoc

frlap +bY) = af* (o) +bf (V).
biéu nay ching té f* 1a mot dong cau.

Dinh nghia 4.2 f* : W* — V* dwoc goi 1a dong cdu (hay dnh xa) déi ngau cia
dong cau f: V. — W.

Néu ta ky hiéu gid tri cia dang tuyén tinh § € V* trén vécto a € V bdi
(o, ) € K, thi cong thirc diing dé dinh nghia f* c¢6 thé viét lai thanh

(o, f* () = (f(a), ).

Y nghia cia tinh d6i ngdu duwoc thay 1o trong cdch dién dat nay.
Nguoi ta goi d4nh xa (-,-) : V x V* — K 1a phép ghép cdap ddéi ngau. D6 1a mot
anh xa song tuyén tinh, titc 1a né tuyén tinh véi tirmg bién khi ¢ dinh bién con lai.
Gid stt V ¢6 s6 chiéu bang n, véi mot co s& 1a (ay, ..., a,,). Trén co sé Dinh 1y

2.4, ta dinh nghia cdc dang tuyén tinh of, ..., € V* bdi hé diéu kién sau day:

. 1, néui=j,
o, ) = 035 = A
0, mnéui#j.
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Meénh dé 4.3 Gid si (v, ..., ) la mét co so cia V. Khi d6 (af,...,a%) la mot

co so cua V*.

Chitng minh: That vay, méi € V* thira nhan biéu thi tuyén tinh sau day:

0="> (a;,0)a].

Jj=1

~ z B s 2’ . N . z e . N
beé ching to diéu dé ta chi can chirng minh rang hai vé ¢é gid tri nhu nhau trén
cac vécto cua co sO (ay, ..., ap). That vay
n

Jj=1 Jj=1

<Oéj,(9>06;(062‘) = i<0éj,9>(5ij
= <O./Z,9>:6)

(), (1 <i<n).

Nhu thé, hé gom n vécto (af, ...,«) sinh ra khong gian vécto n chieu V. Do d6,

hé nay la mot co s& cua V*. O
Dinh nghia 4.4 Co s& (af,...,a%) cia khong gian V* dwoc goi 1a co sd ddi ngau
v6i co 86 (o, ..., ) cua khong gian V*.

Ta c6 dang ciu tuyén tinh

V — V*

n n
a:Zaiai — a*:Zaiaf.
i=1 i=1

Dang cau nay khong tw nhién, vi né phu thudce vao co s& (o, ..., a,,) da chon.
Tuy vay, dang cau V — V**, bién « thanh o**, trong dé a** duwoc xac dinh boi
hé thirc sau
(0, ) = (o, ), Vo eV,
14 mot dang cdu tir nhién, vi né duoc dinh nghia khong phu thudc vao co sd.

~ ’ . M 7 /. N N N . N}
Deé chirmg minh rang twong tng néi trén 14 mot dong cau, can thir lai rang

(aa + bB)™" = aa™ + b3™", Va,be K, Vo, € V.
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That vay, hé thitc trén duwoc chirng minh bang cédc dang thic sau, trong dé ¢ 1a

phan tir bat ky trong V*:

(p, (aa +06)™) = (aa+ 0B, p)
= ala,¢) +b(3,¢)
= a(p,a™) +b{p, 57)

— <gp,a0z** +b/8**>

Nhan xét rang dim V** = dim V* = dim V. Vi thé, dé ching minh rang twong
tng V — V* néi trén 1la mot dang cau, ta chi can chimg to né 1a mot don cau.
Néi r6 hon, ta chi can chitng minh rang néu o = 0 thi o = 0. Gid sit phn ching
a # 0. Ta chon mot co s& (aq, ..., ) cia V sao cho ay = a. Khi d6, véi ¢ = af,
ta co

1 =(a,a]) = (o], a™).

bDang thitc nay chimg td o™ # 0. Dieu vo Iy nay bac bd gid thiét phan chimg.

Nhan xét 4.5 Vi moi a € V, phan tir o™ € V* duoc xdc dinh hoan toan va chi
phu thudc vao a. Nguoc lai, o* chi duoc xdc dinh khi da chon mot co s& ciua V

N ~ N N A s N .
va o phu thudc vao co s& nay. Tuy vay, ta cé the coi

trong d6, d6i ngau thtr nhat dwoc 14y theo mot co s& (ay, ..., ;) nao d6 cia V,
con ddi ngau thit hai duge ldy theo co s& ddi ngau (of, ..., o) cia V*. Moi phép
doi ngau nhu thé déu phu thuoce vao co s& da chon, nhung két qud cia hai lan déi
ngau lién tiép thi lai khong phu thudc bat ky co s& nao.

Dé chitng minh dang thitc trén ta gid st

n
a = Z a; 0.
=1
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Khi d6, a* = X, a;af, va (o*)* = X" a;(«f)*. Theo dinh nghia cia o™, ta c¢6
(af, ™) = (o,aj)

n
= (Z aiai,a;> = a;.

i=1

. 7 N . ~ 3
Gid st ™ ¢6 biéu thi tuyén tinh

Khi dé ta cé

(af,a™) = (af, > bi(a})")
i=1
i=1
Tw d6 suy ra a; = b; v6i j = 1,2,...,n. Két qud la o™ = (a*)*.

Ta can dinh nghia sau day trudce khi phat biu dinh 1y chinh cia tiét nay.

Dinh nghia 4.6 Chuyén vi cia ma tran A = (a;;) € M(m x n,K) 1a ma tran
Al = (a};) € M(n x m,K) dugc xdc dinh bdi hé thite

t _ . s
a;=a; (i=1,..,m,j=1,..,n).

/. N ’ ~ N 7 ~ . A A ’ N . s 7
N6i mot cach khong hinh thire, chuyén vi mot ma tran A titc 1a viét cic vécto
hang cia né thanh cic vécto cot cla ma tran mai Af. Khi dé, cdc vécto cot cia A
cung trd thanh cdc vécto hang twong tng cia A’

Mot hé qud true tiép cia dinh nghia trén 13

(At)t:A7
v&i moi ma tran A.
Vi du:
¢ 1 1 2
1 10 3
1 9 8
19 8 4| =
0 8 5
2 8 5 4
3 4 4
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Dinh 1y 4.7 Gid si dong ciu f : V. — W ¢d ma tran la A trong cdp co so
(a1, .y, (Biy-s Bm). Khi d6, dong cdu doi ngau f* : W* — V* ¢é ma tran

la A trong cap co sé (55, ..., 55), (af,...,ak).

m n

Chirng minh: Vi f ¢ ma tran 1a A trong cap co s& (g, ..., ), (1, ..., Bm), cho
nen
fla)) =Y ariBe (G =1,...,n).
k=1

Theo dinh nghia cia 4nh xa ddi ngau, ta cé

(ag, f(B7)) = (fley),B7)
- <kz_:@kj5k,5§k>:aij-

St dung cong thitc dwoc dwra ra trong chirng minh Ménh deé 4.3 4p dung cho vécto

0 = f*(5;), ta thu duoc

n

F187) = Yoty [H(B)))e;

Jj=1
n
*
= Z ClijOéj .
=1

Mat khéc, goi B = (bj;) € M(n x m,K) la ma tran cua f* trong cap co so

(87, s By, (af, ... a), ta c6

J=1

Vécto f*(B;) c6 bieu thi tuyén tinh duy nhat qua co s& (af,...,a), cho nén
bjz-:aij, (izl,...,m, ]:]_,,TL)

biéu nay c6 nghia la B = A’ O
Dinh 1y sau day cho thay cdc khéi niém don cau va toan ciu la doi ngau véi

nhau.

Dinh 1y 4.8 Goi f*: W* — V* la dong cdu déi ngau cia dong ciu f :V — W.

Khi do:
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(1) f la mot don cdu néu va chi néu f* la mot toan cdu.
(i1) f la mot toan cdu néu va chi néu f* la mét don cdu.
(iii) f la mét dang cau néw va chi néu f* la mot dang cdu.

Doc gid hay tu tim mot chirng minh true ti€p cho dinh 1y nay. Trong chwong
sau ta sé chirng minh rang rankA = rankA*, d6i véi moi ma tran A. Két hop dang

thitc d6 v6i Dinh 1y 4.7 ta sé ¢6 mot chiing minh gidn tiép cho dinh 1y ndi trén.

. A

Bai tap

1. Tinh tich cia hai ma tran sau day:

0471 -2 8 -5 4
2176 78 55
1 08 3 03 8 4
0196 -8 9 -8 9
Tinh céc luy thira sau day
2. . "
cosp —singp Al
sinp  cosp 7 0 A
3.
k
aq 0O ... 0
0 as ... 0
0 O an
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0000 ..01

. Cho hai ma tran A va B véi céc phan tit trong K. Chtrng minh rang néu cac
tich AB va BA déu c6 nghia vi AB = BA, thi A va B la cdc ma tran vuong

cling cap.

. Ma tran tich AB s& thay doi thé nao néu ta

(a) d6i chd cac hang thit i va thit j cia ma tran A ?

(b) cdng vao hang thit i cua A tich cua vo hudng ¢ véi hang thi j cua A?
(c) ddi cho cdc cot thir 4 va thit j cia ma tran B ?

(d) cdng vao cot thit ¢ cua B tich cia vo hudng ¢ véi ¢ot thi j cia B?

N A N N A~ ’ N ~ \
. Vét ciia mot ma tran vuong 1a tong cia tat cd cdc phan tir nam trén duwong

chéo chinh ciia ma tran dé. Ching minh rang vét cia AB bang vét cia BA.
. Chttng minh rang néu A va B la cdc ma tran vuong cling cap, véi AB # BA,
thi

(a) (A+ B)? # A2 +2AB + B2,

(b) (A+ B)(A— B) # A? — B
. Chitng minh rang néu A vd B 13 cdc ma tran vuong véi AB = BA thi

(n—1)

(A+ B)" = A" + nA™'B + = 5 A"2B% + .+ B".
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10.

11.

12.

13.

14.

15.

16.

Hai ma tran vuong A va B dwoc goi 14 giao hodn véi nhau néu AB = BA.
Chitng minh rang A giao hodn véi moi ma tran vuoéng cling cidp véi né néu
va chi néu né 14 moét ma tran vo hudng, tirc 1a A = cE trong d6 c€e K va

13 ma tran don vi cling cap véi A.

Ma tran vuong A dwoc goi 14 mot ma trdn chéo néu cdc phan t nam ngoai
dudmg chéo chinh cia né déu bang 0. Ching minh rdng ma tran vuong A
giao hodn v&i moi ma tran chéo cling cdp véi né néu va chi néu chinh A 1a

mot ma tran chéo.

Chitng minh rang néu A 14 mot ma tran chéo véi cdc phan tir trén duong
chéo chinh d6i mot khéc nhau, thi moi ma tran giao hoan véi A cung la mot

ma tran chéo.

Goi D = diag(ay, as, ..., a,) 1a ma tran chéo v4i cdc phan tir trén duwomg chéo
chinh Ian lwot bang ai, as, ..., a,. Chitng minh rang nhan D v&i A tir bén tréi
c6 nghia 1a nhan cdc hang cia A theo thit tuw véi aq, as, ..., a,; con nhan D véi

A tir bén phai ¢é nghia 1a nhan cdc cot cua A theo thit tu v6i aq, as, ..., a,.

Tim tat cd cdc ma tran giao hodn véi ma tran sau day:

310
0 3 1
00 3
. a
Chtrng minh rang ma tran A = thod man phwong trinh
c d

X%~ (a+d)X + (ad — bc) = 0.

Chitng minh rang déi véi moi ma tran vuong A, ton tai mot da thire khéc

khong f(X) sao cho f(A) = 0. Hon ntta, moi da thitc ¢6 tinh chat dé déu la
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

boi cia mot da thire fo(X) nhw thé, dwge xdc dinh duy nhat bdi dieu kién:
hé s6 cia s6 hang bac cao nhat cia né bang 1. (Da thitc fo(X) véi tinh chét

néi trén dwoc goi la da thitc t6i thi€u cia ma tran A.)

Gid stt n khong chia hét cho dic s6 p cia trirong K. Chttmg minh rang khong

ton tai cdc ma tran A, B € M(n x n,K) sao cho AB — BA = E,,.

Gid sit A 1a mot ma tran vuong cap 2 va k 1a mot s6 nguyén > 2. Ching

minh rang A* = 0 néu va chi néu A% = 0.
Tim tat cd cdc ma tran vuong cap hai A sao cho A% = 0.
Tim tat cd cdc ma tran vuong cap hai A sao cho A? = Ej.

Giai phuong trinh AX = 0, trong dé A 1a ma tran vuong cip hai da cho con

X 14 ma tran vudéng cip hai can tim.
Tim ma tran nghich ddo (néu ¢d) cia ma tran

a b
c d

A:

Gid st V = Vi@ Va, trong d6 Vi ¢6 co 86 (g, ..., ), Va €6 co 8O (pyy ey Q).

Tim ma tran cia phép chiéu lén V; theo phuwong Vs trong co s (aq, ..., ).
Chitng minh rang néu V =V, ® V5, thi V dang cau véi tich truc tiép Vi x Va.

Chirng minh rang ton tai duy nhat tw dong cau f : Ry — Rg chuyén céc
vécto ag = (2,3,5), an = (0,1,2), ag = (1,0,0) twong tng thanh cic vécto
61 =(1,1,1), B = (1,1,-1), B3 = (2,1,2). Tim ma tran cua f trong co s&

chinh tac cia khong gian.

Tu dong cau f cia khong gian vécto K™ chuyén cac vécto doc lap tuyén tinh

Qi, ..., twong ng thanh cac vécto i, ..., 5,. Ching minh rang ma tran
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27.

28.

29.

30.

M(f) cia f trong mot co s& nao dé (eq, ..., e,) thod man hé thice M(f) =
BA™! trong dé cic cot clia ma tran A va ma tran B 1a toa do twong ting cia

cac vécto aq, ...,y va [, ..., B, trong co s& (eq, ..., e,).

. a
Chirng minh rang phép nhan véi ma tran A = (a) tir bén trai, (b)
c d

tir bén phdi 14 cdc tu dong cidu cia khong gian cdc ma tran vuong cip hai.
Hay tim ma tran cua tu dong cdu dé trong co s& gom céc ma tran sau day:

10 01 00 0 0
oo/ \oo/) {10 0 1

Chitng minh rang dao ham la mot tu dong cau cia khong gian vécto cic da
thitc hé s6 thue cé bac khong virot qué n. Tim ma tran cia tir dong cau dé

trong cac co s& sau day:

(a) (1,X,...,X"™),

(b) (1,(X —¢),..., (X;!C)n), trong d6 ¢ 1a mot hang s6 thue.

Ma tran ciia mot tuw dong cau trong co s& (ey, ..., e,) thay doi thé nao néu ta

A X s’ ’ N
doi cho céac vécto e; va e;?

Tu dong cau f cé ma tran

12 01
3 0 -1 2
25 31
12 13

trong co s& (eq, €2, €3, e4). Hay tim ma tran cia f trong co s& (e, e; +ea,e1 +

€ + €3, €61 +€2+€3+€4).
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31.

32.

33.

34.

35.

Tu dong cau ¢ c¢é ma tran

15 —11 5
20 —15 8
8§ =7 6

) ~ \ ~ 2 b} N z 4
trong co s& (eg,es,e3). Hay tim ma tran cua ¢ trong co s& gom cic vécto

€1 = 2e1 + 3eg + e3, € = 3ey +4es + €3, €3 = €1 + 2e5 + 2es.

Dong cau ¢ : C3 — C3 ¢6 ma tran

1 —-18 15
-1 =22 20
1 =25 22

trong co s& gom cdc vécto ag = (8, —6,7), an = (—16,7,—13), az = (9, —3,7).

Tim ma tran cia ¢ trong co s& gom cic vécto
61 = (17 _27 1)7 52 - (37 _172)7 ﬁ3 - (27 172)

Chittrng minh rang cdc ma tran cia mot tir dong cau trong hai co s& cia khong
. N A\ N A A~ .« ~ . ’ . z
gian 14 tring nhau néu va chi néu ma tran chuyén gitra hai co s& dé giao hodn

s A~ 9 “w ~ ~ X 9 ;. N
véi ma tran cua dong cau da cho trong moi co so ndi trén.

Tu dong cau ¢ € End(Ry) ¢6 ma tran trong co s& gom a; =
4 3
. . 4 6
(1,2), as = (2,3), va tu dong cau ¢ € End(Rs) ¢ ma tran trong
6 9

co s& gom [ = (3,1), B2 = (4,2). Tim ma tran cia @+ trong co s& (01, 52).

2 —1
Tu dong cau ¢ € End(Ry) ¢6 ma tran trong co s& gom o =
5 —3
. . 1 3
(=3,7), as = (1,-2), va tu dong cau v € End(Rsy) ¢ ma tran
2 7
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36.

37.

38.

39.

40.

41.

trong co s& gom [ = (6,—7), B2 = (—5,6). Tim ma tran cia py trong co s&

chinh tic cia Rs.

Gid sttt dong cau ¢ : V — V thod man heé thirc ¢? = . Chtrmg minh ring
V =1Im(p) ® Ker(p).

Cho cdc tur dong cdu ¢, € End(V).
(a) Phéi chang néu o) = 0 thi ¢ = 07
(b) Phai chang néu ¢y = 0 va e = 0 thi hoiac ¢ = 0 hodc ¢ = 07

Gid st  va 1 1a cdc tu dong cau cua khong gian vécto hiru han chiéu V.
Chitng minh rang ¢ 13 mot dang cau néu va chi néu ¢ va ¢ 13 cic dang
cau. Khi dé

()t =yl

Ky hiéu vét cia ma tran vuong A 1a Tr(A). Chitng minh rang dnh xa T :
M(n xn,K) — K, A — Tr(A) 1a mot dong cau. Tim mot co s& cla hat

nhan cia T'r.

Chtrng minh rdng vét ctia hai ma tran dong dang bang nhau. (T dé nguoi
ta dinh nghia vét cia mot tu dong cdu la vét cia ma tran cia né trong co s&

béat ky cia khong gian.)
Chitng minh rang néu tich ma tran AB c6 nghia thi
(AB)' = B'A".

Tir d6 suy ra rang ma tran vuong A kha nghich néu va chi néu A’ kha nghich,
va khi dé
(At)—l — (A_l)t.
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42. Cho cic dong cau f: V — W va g : W — Z. Chttng minh mdéi lién hé gitra
ciac dong cau doi ngau:
(9f) = ["yg"
T dé suy ra rang dong cau f : V — W kha nghich néu va chi néu f*: W* —

V* kha nghich, va khi d6

43. Chimg minh rang anh xa L(V,W) — L(W*,V*), f — f* 1a mot dang cau

tuyén tinh.
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Chuong 111

DINH THUC VA HE PHUONG TRINH
TUYEN TiNH

Dinh thitc 14 mot cong cu hiru hieu dé gidi cdc hé phwong trinh tuyén tinh, va gép
phan gidi quyét hau hét cic bai toan dinh lwong cling nhir dinh tinh trong Dai s6

tuyén tinh.

1 Céac phép thé

Dinh nghia 1.1 Mo6i song énh tir tap {1,2,...,n} vao chinh né duwgc goi 14 mot
phép thé bac n. Tap hop tat cd cdc phép thé bac n dwoc ky hiéu bdi S,,.

S, cung voi phép hop thanh céc anh xa lap thanh mot nhom, dwoc goi 1a nhém
doi xttng bac n. Nhém nay cé n! phan tit.

Néu o € S,, ta thuomg biéu thi né dudi dang

Gid st x1, Tg, ..., ), 14 cdc phan tir d6i mot khdc nhau trong tap hop {1,2, ..., n}.
Ta ky hiéu bdi (x1,x9, ..., r) phép thé gitt nguyén cic phan ti khdc 1, s, ..., Tp,

va tac dong trén cdc phan tir dé nhu sau:
1 X9, T > X3y ey L—1 V> Ty T V> X1

N6 dwoge goi 1a mot xich do dai k trén tap nén {zy,za, ..., 2 }. Xich (z1, 2o, ..., 1)
duoc goi 14 mot xich cua phép thé o néu o tac dong nhw (21, s, ..., x1) trén cic
phan t 1, s, ..., 7. (Tuy nhién, o c6 thé tdc dong khong tam thuong trén céc

phan tit khic 1, 23, ..., Tj.)
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Ménh dé 1.2 Moi phép thé o € S, déu la tich cia tdt cd cdc xich khdc nhau cia

nd. Cdc tdp nén cia cdc xich nay la cde tap con roi nhau cia {1,2,...,n}.

Chirng minh: V&i moi z; € {1,2,...,n}, néu o(x;) = x; thi (z;) 1a mdt xich cia o.
Trai lai, néu o(z1) # x1, ta dat o = o(x1). Gid st x1, 09 = 0 (1), ..., vx = 0(Tp_1)
14 nhirng phan tr d6i mot khéc nhau, con o(zy) trung véi mot trong cdc phan ti
T1, Ty, ..., 2. Ta khing dinh rdng o(x;) = z;. That vay, néu o(zy) = x; véi i > 1,
thi o(z) = o(x;_1). Do d6 z;_; = x;. Dieu ndy mau thuan véi gid thiét rang
T1, T, ..., T A6 mot khdc nhau. Nhuw thé (xq, z, ..., 7) 14 mot xich cia o.

Moi phan tir cia tap {1,2,...,n} déu thuoc mot tap con, la tap nén cia mot
xich ndo dé cia o. Hai tap con nhw thé néu c6 mot phan tit chung thi phai tring
nhau. That vay, phwong trinh o(z) = y hoan toan xac dinh y theo z va x theo y

(do o 1a mot song dnh). O

Dinh nghia 1.3 Phép d6i chd hai phan tit khdc nhau 4,5 € {1,2,...,n} vA gitt

nguyén ciac phan tir khic dwoc goi 1a mot phép thé so cap.
N6i cdch khac, mot phép thé so cap 1a mot xich do dai bang hai: (i, 5).
Ménh dé 1.4 Moi phép thé cip n déu la tich cia mot s6 phép thé so cdp. (Ndi
khdc di, cdc phép thé so cdp sinh ra nhém S,.)
Chirng minh: Ap dung Ménh d@ 1.2, ta chi cin chimg minh ménh dé nay cho céc
xich. Ta dé kiém tra lai rang
(X1, T2y ey g) = (21,29, ., Tp—1) (Th—1, Tx) = - -
= (21, 72) (w2, 73) -+ (Tp—1, Tp)-
Trong d6, phép thé & bén phai tdc dong trude. O
Dinh nghia 1.5 Ddu cia phép thé o € S, 1a s6 sau day

o(i) —o(j)
i# LT
Tich nay chay trén moi cdp s6 (khong c6 thi tw) {7,5} € {1,2,...,n}.
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Ta goi cap s6 {i,7} C {1,2,...,n} 1& mot nghich thé cia o néu o(i) — o(j) trai
ddu véi i — j, tire 14 néu %}7(7) < 0. Nhu vay, sgn(o) bang +1 hay —1 tuy theo
s6 nghich thé cla o 1a chan hay 1é.

1 2 3 4
Vidu: o= c6 ba nghich thé 1a {1,4}, {2,4} va {3,4}, cho nén
2 3 41

sgn(o) = —1.
Dinh nghia 1.6 o dwoc goi 1& mot phép thé chan néu sgn(c) = 1, né duoge goi la
mot phép thé 1é néu sgn(o) = —1.

Ménh dé 1.7 Moi phép thé so cap déu la mot phép thé 1é.

Chitng minh: Gid st i < j va

Khi dé, tat cad cic nghich thé cia 7 1a

{i,k} véimoikmai<k<j

{¢,j} v6imoi f mai</l<j.
Vay 7 cétat cd (j—i)+ (j —i—1) = 2(j — i) — 1 nghich thé, do d6 7 1a mot phép
thé 1é. O
Dinh 1y 1.8

sgn(An) = sgn(A)sgn(p),

VOt Mot A\, b € Sy
Chitrng minh: Vi i 1a mot song énh, cho nén khi {7, 7} chay mot lan qua moi cdp

(khong ¢6 thit tu) trong {1,2,...,n} thi {u(7), u(7)} cing chay mot 1an qua moi cap
nhu thé. Do dé

sen(\) =[] Mi) = AJ) I Apld)) = Mu()

i#£j =] i) M(Z) o :u(])



Ta co

sen(Ap) = I;IA(H(ﬂz:j(u(j))
_ o M) = AmG)) @) = m0) o
- 1;{ p(i) = p(5) 1;{ i sen(Msen(p).0

Hé qud 1.9 Mot phép thé la chan hay 1é tug theo nd la tich ciia moét s6 chan hay

1é cdc phép thé so cap.

Nhan xét: Cé nhiéu cdch viét mot phép thé thanh tich cac phép thé so cap, chang
han (i,j) = (4,7)%. Nhung tinh chan 1é ctia s6 nhan ti trong tich 1 khong thay doi.

2 Dinh thirc cia ma tran
Cho mot ma tran vuong A = (a;j)nxn VOl cdc phan tir trong trueong K.

Dinh nghia 2.1 Dinh thitc cia ma tran A, dwoc ky hiéu bdi det A hoac |A], 1a
phan tir sau day cua truong K
det A = |A| = Z SgN(0)ao(1)1 * * * Qo (n)n-
UESn

Néu A 14 mot ma tran vuong cap n thi det A dwoc goi 1a mot dinh thitc cap n.

Tong & vé phéi cia dang thitc trén cb tat ca |S,| = n! s6 hang.

Vi du: (a) Dinh thie cép 1:

det(a) = a, Va € K.
(b) Dinh thitc cap 2:
a11 a2
det = (11022 — A21G12.
Q21 Q22
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(c) Dinh thire cép 3:
apn a2 a3
det | a9y a9 aes | = anaxass + aziasaaiz + asiaizass
a31 azg  aA33 —Q711032023 — A21012033 — G31A22013.

Trén thure té ngudi ta khong trire tiép ding dinh nghia dé tinh céc dinh thirc
cAp n > 3, vi viéc nay qua phitc tap. Duéi day, ching ta sé tim hiéu nhirng tinh
chat co ban cia dinh thitc. Tir d6, ta sé nhan dwoc nhirng phwong phap tinh dinh
thitc hiéu qud va tiét kiém sttc lao dong hon so véi cach trie tiép diing dinh nghia.

Goi a; € K™ la vécto cot thir j cia ma tran A, va coi det A la mot ham cia cac
vécto ay, ..., a,. Ta viét

det A = det(ay, ..., ).
Dinh thitc c6 3 tinh chat co ban dudi day.
Tinh chit 1 (Pa tuyén tinh): Dinh thitc cia ma tran 1la mot ham tuyén tinh
vGi moi cot ciia nd, khi ¢6 dinh cdc cot khac. Tire la:
det(ay, ..., ac; + b, ..., o) = adet(ay, ..., i, ..., o) + bdet(a, ..., B, . ),

/s . nog o
véimoi a,b € K, ay,...,a5, 55, ..., € K", 7 =1,...,n.

Chitng minh: Ky hiéu

aj bj
a; = ) ﬁj =
anj bn]
Ta co
det(av,...,a0; + 005, ..., 0p) = Z SgH(U)ag(l)l s (aaa(j)j + bba(j)j) © Qo(n)n
gESy
= a Z sgn(0)ao(1)1* * * Ao(j)j * * * Ao(n)n
gESy
+b Y sen(0)ag(yi - bog)j - Aonyn
gES)

= adet(ay,...,aj,...,a,) + bdet(a, ..., 5, ..., ,).0
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Tinh chit 2 (Thay phién): Néu ma tran vuong A c6 hai cot bang nhau, thi
det A = 0.

Chirng minh: Gia st a; = o v6i @ < j, titc 1a ay; = ax;(1 < k < n. Theo dinh
nghia

det A=) sgn(0)as(1)1* Aoiyi =+ Ao(j)j ** * Ao(min-
UGSTL

Ta ghép céc s6 hang trong tong thanh tirng cap

SEN(0)Ag(1)1 *** Ao(iyi =" * Ao (j)j * ** Ao(nyn

véi  sgn(o)ae(iy - Qo) Qo) Qo(n)ns

trong d6 o’ = 70, & day 7 la phép thé so cap doi chd o(i) va o(4). Hién nhién ta

cé
sgn(o’) = —sen(o)
Qo)1 Ao(i)i """ Ao(j)j " Ao(n)n = Qo)1 """ Qo(j)i """ Ao(i)j " Ao(n)n-
Nhur thé det A 13 mot tong c6 cac cap s6 hang doi nhau. Vay det A = 0. O

Tinh chat 3 (Chuin hod): Dinh thitc ciia ma tran don vi bang 1:

10 0
01 .. 0

det F,, = det =1.
00 ... 1

Chitng minh: Ky hiéu e;; chi phan tit nam & hang i cot j cia E,. Ta ¢6

1 néui:j,
61‘]‘
0 néui#j.

Theo dinh nghia
det B, = Y sgn(o)eq )1 -+ Eo(myn-

O’GSn
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Tong nay chi c¢6 ding mot s6 hang khéc khong, tng véi phép thé dong nhat
o(1) =1,...,0(n) = n. Dau cta phép thé nay bang 1. Nhu vay

detE, =1-1---1=1. O

Nhan xét 2.2 Trong tiét sau ta sé chitng t6 rang dinh thitc 14 hAm duy nhat trén

cidc ma tran vuoéng c6 3 tinh chat néi trén.

Hé qua 2.3 (i) (Tinh phan déi xtmg cia dinh thitc). Néu ddi ché hai cot cia

mot ma tran thi dinh thitc cia nd doi ddu:
det(...,q, ..., 0, ...) = —det(..., a5, ..., q, ...).
(i1) Néu cdc vécto cot cia mot ma tran phu thudc tuyén tinh thi dinh thic cia

ma tran bang khéng. NG6i riéng, néu ma tran cé mot cot bang 0 thi dinh thitc

ciia nd bang 0.

(iii) Néu thém vao mét cot ciia ma tran mét té hop tuyén tinh cia cdc cot khdc

thi dinh thic cia né khong thay doi.
Chitng minh: (i) Theo cdc tinh chat co ban cia dinh thite, ta ¢6

0 = det(,az—l—oz],,ozl—i—a],)
= det(..., ...,y ...) +det(c, ay, .y, L)
+det(..., ..y, ) Fdet (e, ay, o, ).

Hai dinh thitc dau tién cia vé phai bang 0, do tinh thay phién ctia dinh thirc. Tir
dé ta thu duwoc

det(..., A, ...y O, ) = — det(, Qjyeny Oy )
(ii) Gid sir cot j ciia ma tran A 13 mot t6 hop tuyén tinh cla cdc cot con lai:

ay = Z a; 0.

]
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Theo tinh chat da tuyén tinh cia dinh thic, ta c6
det A = Z a;det(..., q,..oy g, o).
i#]
Mobi dinh thitc & vé phdi déu cé hai cot bang nhau, vi thé det A = 0.
(iii) Theo phan (ii) ta ¢6

det(au, ..., o 4+ 3525 i, ..., Qi)
=det(a, ..., ,...,an) + det(a, ..., > Ay, ..., )
:det(oq,...,ozj,...,ozn) + 0

= det(ay, ..., 0, ..., o). O

Trong §5 ta sé chirng minh rang cc tinh chat cia dinh thitc doi véi cdc hang
cling twrong tu cdc tinh chat cia dinh thite ddi véi cée cot, nhu da néi trong hé qua
trén. Mot phwong phép tinh dinh thitc ¢ hiéu qua 14 img dung nhirng tich chit
d6 dé bién doi ma tran thanh mot ma tran tam gidc c6 cling dinh thire. Chiing ta
sé tinh dinh thitc cia ma tran tam gidc trong vi du sau day.

Vi du: Ma tran A dwoc goi la mot ma trdn tam gidc trén néu né c6 dang

a1 a1z ... Qin
0 22 ... Qop

A= ,
0 0 .. apm

trong do6 a;; = 0 véi ¢ > j. Twong tu, A duwoc goi la mot ma tran tam gidc duoi
néu a;; = 0 véi ¢ < j. Ma tran tam gide trén va ma tran tam gidc dudi dugce goi
chung la ma tran tam gidc.

Chitng minh rang, néu A 14 mot ma tran tam gidc cap n thi
det A = aq1a02 - - Gy

Loi gidi: Ta sé chi xét treong hop A 14 mot ma tran tam gidc trén. DG1 véi ma

tran tam giac dudi, chirng minh hoan toan twong tu. Theo dinh nghia dinh thic,
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ta cé

det A= > sgn(o)asy - Gomn-

O'ESn

Vi A la mot ma tran tam gidc trén, nén dieu kién dé ae(1)1 CO thé khac khong 1a
o(1) <1, do d6 o(1) = 1. Gid sit quy nap rang dieu kién dé a,(1)1 - - @o(i—1)i-1 €6
thé khac khong 1a o(1) = 1,...,0(i — 1) = i — 1. Khi d6, A1)l Ao(iyi chi cb thé
khéac khong néu o(1) = 1,...,0(i — 1) =i —1va o(i) <i. V1o la mdt song anh,
nén diéu kién néi trén kéo theo o (i) = i. Nhw thé, s6 hang duy nhéat ¢6 kha nang

khéc khong trong det A 1a s6 hang rng véi phép thé dong nhat

Hién nhién, ddu cia phép thé dé bang 1 (vi né khong cé nghich thé nao cd). Tir
dé suy ra

det A = a11a922 * * * App -

3 Anh xa da tuyén tinh thay phién

Dinh nghia 3.1 Gid st V va W 1a céc khong gian vécto trén truomg K. Anh xa
p:Vx-o-xV oW
—— ———
k lan
duoc goi 1a da tuyén tinh (hay ndi ro hon: k-tuyén tinh) néu né tuyén tinh véi timg

thanh phan trong tich V' x -+ x V khi ¢ dinh cdc thanh phan con lai, titc 14 néu
o(ag, ..,ac; +bF;, ..., ) = ap(aq, ..., @4,y ooy ) + bo(a, ..oy Biy ooy Q)
véimoi a,b € Koy, ..., 3, € V vavéimoii=1,... k.
Néu W = K thi ¢ duoc goi 1a mot dang k-tuyén tinh trén V.
Vidu: Gid st g, ..., 0, : V — K 14 cdc dnh xa tuyén tinh. Khi d6

p:Vx...xV — K
—_————
k lan
plag, . aiynar) = eia) - ora)



14 mot dang k-tuyén tinh trén V.

Dinh nghia 3.2 Anh xa k-tuyén tinh ¢ : V x --- x V — W duoc goi 1a thay phién
néu
oo, vy gy ooy, oy 0g) = 0,

khi o; = o, v6i cap chi s6 i # j nao do.
Vi du:

(a) Anh xa dong nhit khong 0: V x -+ x V — W 1a k-tuyén tinh va thay phién.

(b) Dinh thitc det : K" x --- x K® — K 1a mot ham n-tuyén tinh va thay phién.
Meénh dé 3.3 Gid st ¢ la mot dnh za k-tuyén tinh thay phién. Khi dé

(i) ¢ 6 tinh phdn déi xing, tic la

ola, o,y ey, oy o) = —@(an, oy Gy e, Q4 e, ),
V&I Moi vy, ..., €V vad moi cdp chi $6 1 # .
(ii) Néu hé o, ..., cu phu thudc tuyén tinh thi

oo, ..., ar) = 0.

Chirng minh: Ménh dé dwoc chirng minh bang cdch lap lai cic 1ap luan trong

chitng minh Hé qua 2.3. O

Nhan xét 3.4 Néu Char(K) # 2 thi mot 4nh xa da tuyén tinh p : Vx---xV — W
13 thay phién khi va chi khi né phdn déi xttng. That vay, theo ménh dé trén, tinh
phadn ddi xtimg 14 hé qud cua tinh thay phién. Nguoc lai, gid sit ¢ phdn doi xiing,

tie la
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voi moi g, ..., € V va moi cdp chi s6 ¢ # j. Lay oy = ay, ta ¢
OOy ey Ay ey Qg ooy ) = — (O oy Qs Ay ey Q).

T d6 2p(ay, ..., 4, ..., i, ..., a) = 0. Vi Char(K) # 2 cho nén dang thitc trén kéo
theo
(a1, ey Oy ey vy oy ) = 0.
bieu nay c6 nghia 1 ¢ c6 tinh thay phién.
Néu Char(K) = 2 thi tinh thay phién manh hon tinh phan doi xing.

Khéi niém dinh thitc nhu mot ham da tuyén tinh thay phién cia cdc vécto cot
clia mot ma tran vuong duwoc tong quat hod nhu sau.

Giast dimV =nvae = (g1,...,6,) la mot co s& cua V. Gid st a; = Y1 a45€;,
noi cac khac

(a...a) = (E1...60) A,

trong d6 A = (@ij)nxn-
Dinh nghia 3.5 Ta goi det A la dinh thitc cia hé vécto aq,...,q, trong co so &
(hay dd&i v6i co s& ), va ky hiéu 1a det.(aq, ..., as,).

Nhuw vay

deto(ov,...,a,) =det A= > sgn(0)as@yi - Gogmn,

0ESn
trong dé6 o; = Y1 a;j€;.
Theo §2 thi det, 1a mot dang n-tuyén tinh thay phién trén V.
Ky hiéu bdi A™(V)* tap hop tat cd cdc dang n-tuyén tinh thay phién trén V.
N6 1ap nén mot khong gian vécto trén K déi véi phép cong dnh xa va nhan dnh xa

véi vo hudng dugc dinh nghia nhu sau:
(QD + 1/})<Oé17 () an) = 90(0517 LS an) + ¢(0517 LS an)7
(ap)(aq,...,an) = ap(aq,...,ap),
véi moi p, 1 € A(V)*, a € K.
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Dinh 1y 3.6 Néu dimV =n thi dim A"(V)* = 1. Hon nia, néu e = (g1, ...,&,) la

mot co so cua V', thi (det.) la mot co so cua A"(V)*.

Chitng minh: Ta da biét det. € A™(V)*. Gid st ¢ € A*(V)*. V61 moi o =

Y aiE (J=1,...,n), ta cd

n n
90(&1,...,CK”) = @(Zaillail,...,Zainn&n)
i1 in

= Z aill---ainncp(sh,...,sin).

Néu c6 hai trong céc chi s6 iy, ..., 4, bang nhau, thi s6 hang twong tng bang 0, do
¢ ¢6 tinh thay phién. Vi vay, tong chi can 14y trén cac bo chi s6 iy, ..., 4, doi mot
khac nhau. Khi d6é, moi bo chi s6 i1, ..., 4, xdc dinh mot phép thé o € S,, bdi cong
thirc

o(1) =1iy,0(2) =igy...,0(n) = iy.

Do ¢ ¢6 tinh phdn d6i ximg, nén

O(Eirs s €in) = P(E(1)s s Ea(n)) = 880(0)P(E1, ...r En)-

Tw do

olag, ..,ap) = Z sgn(0)ao(1)1 "+ * Aoy P(E1s oy En)
gES)

= (&1, en)dete (...

Nhu thé, ¢ sai khdc det. mot nhan tr ¢(eq,...,&,) € K. Vay det. 1a mot hé sinh
ctia khong gian A"(V)*. Do tinh chuan ho4 cia dinh thitrc, nén det. # 0. Vi thé,

hé gom mot vécto (det.) 1a mot co s& cia khong gian vécto A™(V)*. O

Hé qud 3.7 (Tinh duy nhat cia dinh thitc). Dinh thitic det la ham duy nhdt tu
tap hop cdc ma tran vuong M(n x n,K) vao K ¢d cdc tinh chat da tuyén tinh, thay

N \ A s 7.
phién va chudn hod ndéi o §2.
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Chitng minh: Chon e = (ey, ..., e,) 1a hé co s& chinh tac cia K" Néu coi dinh

thitc cia ma tran A la mot ham cuia céc vécto cot ay, ..., o, cia nd, thi
det A = dete(aq, ..., ).

Néi cach khac det = det,.

Gid st p : M(n x n,K) — K 13 mot ham da tuyén tinh, thay phién va chuan
hod theo nghia da néi & §2. Ta cung coi p(A) 1a ham cua céc c¢dt cua A, nhw vay
p € A*(K")*. Theo Dinh 1y 3.6,

© = p(eq,...,e,)dete = (e, ..., €,) det.

Nhung ¢ dwge chuan hod, tic 1a ¢(ey, ..., e,) = 1, cho nén ¢ = det. O

Heé qud 3.8 det A # 0 néu va chi néu cdc vécto cot cia A doc lap tuyén tinh trong

K"

Chitng minh: Néu cic vécto cot aq, ..., a, cia A phu thudc tuyén tinh, thi theo
Heé qua 2.3 ta ¢6 det(ay, ..., ay,) = 0.

Nguoc lai, gid st ay, ..., a,, doc lap tuyén tinh. Khi d6 o = (ayq, ..., a;,) 1a mot
co s& cia K" Goi e = (ey, ..., e,) 1 co s& chinh tac cia K®. Khi d6 det = det, lap

nén mot co s¢ cua A"(K")*. Ta c6
det, = cdet, (c e K).
Do dé6 cdet(ay, ..., ap) = dety(aq, ..., o) = det E,, = 1. Vay

det A = det(ay, ..., ay) # 0. O

4 Dinh thirc cda tw dong cau

Moi phan tir p € A"(V)* ¢é thé dwoce coi 1a mot phép do “thé tich” ¢ hudng trong
V. Cu thé, p(ay, ..., a,) duwge xem nhu “thé tich” cia hinh hép n chiéu tura trén

cac vécto ag, ..., (.
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Véi quan diém dé thi dinh thite cia mot tu dong cdu f : V — V chinh 1a hé
s6 gian nd thé tich cia céc hinh hop n-chieu sau phép bién doi f. Dinh 1y sau day
néi ro diéu dé.

Dinh ly 4.1 Gid sv f € End(V), trong dé V' la mét K-khong gian vécto n chiéu.
Khi d6, ¢é duy nhdt mét phan tv duoc ky hiéu la det(f) € K sao cho

Qp(f(al)v A f(an)) = det(f)90<a17 3 O‘n)v
vdi moi p € N (V)* va moi oy, ..., €V
Dinh nghia 4.2 Ta goi det(f) 1a dinh thiéc cia tw dong cdu f.

Chitng minh Dinh ly 4.1. Chon bdt ky mdt phan t n # 0 trong A"(V)*. Vi
dim A™(V)* = 1, cho nén (n) 1a mot co s& cua A™(V)*.
Xét anh xa 0 :V x --- x V — K xédc dinh nhu sau
—_——

n lﬁn

O(aq,...,an) =n(flar), ..., flan)).

V1 f tuyén tinh, va n da tuyén tinh thay phién, nén 6 cing la da tuyén tinh thay
phién, tirc la € A™(V)*. Nhu vay, ¢6 d € K sao cho § = dn.
Mat khéc, vi (n) 1& mot co s& cua A"(V')*, cho nén véi moi ¢ € A"(V)* ta ¢

@ = cn voi mot vo hudng nao do ¢ € K. Do dé
p(f(en), - flam)) = en(flar), .., flam)) = cO(on, ..., an)
= cdn(ayg,...,an) = do(ag, ..., ap).

bDang thitc néi trong dinh 1y duwge nghiém ding ddi véi hing s6 det(f) = d khong
phu thudc . Nhu vay, ta da chi ra su ton tai cia det(f).
Dé chitng minh tinh duy nhét cia det(f), ta chon ¢ = 1. Dang thitc

Sp(f(al)v ) f(an)) = det(f)90<a17 3 Oén)
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kéo theo 6 = det(f)n. Do biéu thi tuyén tinh cia 6 qua co s& () 1a duy nhét, nén
det(f) xdc dinh duy nhat. O

Dinh 1y sau day cho thdy mai lién hé gitra dinh thitc cia tuw dong cdu véi dinh
thitc cia ma tran, dong thoi chi ra mot phwong phép dé tinh dinh thtce cia tu

dong cau.

Dinh ly 4.3 Néu tu dong ciu f : V — V ¢d ma trin la A trong mét co s¢ nao dé

cia V', thi det(f) = det A.

Chitng minh: Goi e = (g1, ...,&,) 1a co s& cua khong gian V trong d6 f ¢6 ma tran

la A. Ta céd f(egj) = Xry ajiei- NO6i cach khac
(f(e1)...f(en)) = (1...60) A.
Chon ¢ = det. € A™(V), va ap dung Dinh ly 4.1, ta cé

det(f) = det(f)det £, = det(f)detc(e1,....€n)
= det(f(e1),..., f(en)) = det A. O

Hé qua 4.4 Néu A va B la cdc ma tran cia tu dong ciu f:V — V trong nhing
co s¢ khdc nhau, thi det A = det B.

Dinh ly 4.5 (i) detidy = 1.

(it) det(gf) = det(g)det(f), Vf, g€ End(V).
Néi riéng, néu f khd nghich thi det(f=) = (det(f))™'.

Chirng minh: (i) D6i véi moi p € A"(V)*, ta ¢b
(,D(Z.dv(Oél), ES) Zdv((l/n)) =1 (,D(O[l, g) an)a

véi moi ay, ...,a, € V. Do d6, theo dinh nghia cia dinh thitc cia tw dong cau,

det (Zdv) =1.
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(ii) Néu ¢ € A*(V)*, thi

det(gf)p(a,...,an) = @(gf(cr),...,q9f(an))
= det(g)o(f(cn), ..., fan))
= det(g) det(f)p(ov, ..., an),

v6éi moi oy, ..., € V. Do dé det(gf) = det(g) det(f).
Néu f kha nghich thi ton tai f~!' € End(V) sao cho ff™' = idy. T dé
det(f)det(f~1) = det(ff!) = det(idy) = 1. Hé qud 1a det(f~') = (det(f))"'. O

Dinh 1y 4.6 Tu dong cdu f:V — V la mot dang cdu néu va chi néu det(f) # 0.

Chirng minh: Gid st € = (g4, ...,&,) la mot co s& cia khong gian vécto V. Goi C'

14 ma tran cia f trong co s& do:

(f(e1) ... f(en)) = (e1...€n)C.

Néi céch khac, C' 1a ma tran ma vécto cot thit j cua né la vécto toa do cua f(g)
trong co s& (g1, ...,&p)-

Ta co

det(f) = det(f)det E, = det(f)det.(e1,...,€,)
= det.(f(e1),..., f(en)) = det C.

Nhan xét rang, f 1a mot dang cdu tuyén tinh néu va chi néu (f(e1), ..., f(en))
14 mot hé vécto doc lap tuyén tinh. Diéu nay twong duwong véi s kién hé vécto

cot cia C' doc 1ap tuyén tinh, tirc 14 twong dwong véi det C' = det(f) # 0. O

5 Céc tinh chit siu hon cia dinh thirc
Tiét nay danh dé nghién citu sau thém céc tinh chat cia dinh thitc cia ma tran.
Dinh 1y 5.1 Gid s¢ A, B € M(n x n,K). Khi dé
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(i) det(AB) = det Adet B.
(ii) A khd nghich néu va chi néu det A # 0. Hon nia

det(A™") = (det A)~".

Chirng minh: (i) 1a mot hé qua cia cédc Dinh 1y 4.3 va 4.5.
(ii) 1a mot hé qud cida Dinh 1y 4.6 va cia phan (i).

Dinh 1y 5.2 (Dinh thitc ciia ma tran chuyén vi).
det(A") =det A, VA€ M(n xn,K).

Chirng minh: Gid st A = (a;;)nxn, A" = (a%;)nxn. Theo dinh nghia dinh thirc, ta

ij

co

det(A") = > sgn(0)ag ) - gy,
O'GSn

= Z sgn(0)a1531) -+ * Ano(n)-
O'ESn

Néu k = o(j), thl j = 07 (k), v& ajo(j) = aGo—1(ky- Dt w =071 Béiviwo = id,

1

cho nén sgnw = sgno. Hon ntra, khi ¢ chay mot lwot trén S, thi 0~ cung chay

mot lwot trén S, Do do

det(At) = Z Sgn<w)aw(1)1 © Qy(n)n
wESy
= detA (theo dinh nghia). O

Theo dinh Iy trén, tat cd céc tinh chat cia dinh thitc doi véi cde cot cia né van
ding doi véi cac hang cia né. Chang han, dinh thic 1a mot ham da tuyén tinh,
thay phién va chuan hod déi véi cdc hang cia né...

Bay gio ta xét bai toan tinh dinh thitc cAp n thong qua cdc dinh thire cap nho

hom.
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Cho A = (a;;) € M(nxn,K) va k 1a mot s6 nguyén bat ky thod man 1 < k < n.
Xét hai bo chi so

1< <ig <~ <y <,

1<ji<ja<- <jrp<nm

Céc phan tir ndm trén giao cia cdc hang iy, ..., 4, va cdc cot ji, ..., jx clia ma tran
A 1ap nén mot ma tran cdp k (dwgc goi 1a mot ma tran con cap k cua A), va dinh
thitc cia ma tran con dé, dwoc ky hiéu 1a D“’ f:, dwoc goi 1a mot dinh thite con
cap k cua A.

Néu xod tat cd cdc hang iy, ...,49; va cac cot Ji,...,Jr thi phan con lai ciia ma
tran A 1ap nén mot ma tran vuong cap n — k, ma dinh thirc cia né dwoc ky hiéu

Ik J1ye a]k
la D; " va dugce goi la dinh thire con bl cia D7k

Ta goi (—1)5 J)Djl’ oI © la phan bu dai s6 cia D”’ oIk trong A6 s(I,.J) = (i +

Zk’

"+ik)+(j1+"'+jk)-

Dinh 1y 5.3 (Khai trien Laplace). Gid s da chon ra k cét (twong #ng, k hang)
trong mét dinh thitc cdp n (1 < k < n). Khi do, dinh thitc da cho bing téng cia
tat cd cdc tich cia cde dinh thite con cap k lay ra te k cot (twong #ng, k hang) da
chon v&i phan b dai s6 cia ching. Néi ro hon, ta cé:

(i) Céng thitc khai trién dinh thitc theo k cot j, < -+ < ji:

detA = Z (—1) (I ‘])Djl’ ).]kD-?’lV"h'jk‘

Llyeenslle 7 Ulyeenylk )
1< <ip
(ii) Cong thitc khai trién dinh thitc theo k hang iy < --- < ij:

det A = Z (—1)* (IJ)DJL a]kDJI: Sk

----- 115 Jk
J1<<Jg

Chitng minh: Ta sé chi chirng minh cong thitc khai trién Laplace theo k hang.
Tir d6, 4p dung Dinh 1y 5.2, ta thu duwoc cong thitc khai trién theo k cot.

Trude hét, ta ching minh cong thite khai trién Laplace theo k hang dic biét
11=1,ia =2, ...,ip = k.

130


http://vnmaths.tk

Ky hiéu vécto cot thir j cia ma tran A la o, Véimoi bo chi s6 1 <j; <+ <
Jr < m, ta goi ji,...,7; 1a bo chi s6 {1,2,...,n}\{Jj1, ..., jr} dugc xép theo thi tuw

tang dan:

Xét ham sau day
WA = o ma) = X (<10 DT
1< <k
Dé thay rang 1 1a mot ham da tuyén tinh déi véi ag, ..., a,.

Néu A = E, (ma tran don vi), thi D{"/* # 0 néu va chi néu j; = 1,j, =

n(E,) = 1.

Ta sé chitng minh 7 c¢é tinh thay phién.

Trude hét gid st a, = a,q. Lay mot s6 hang bat ky trong tong xéac dinh 7, néu
o =7, Jern =7+ 1 thi DI = 05 con néu j, =7, jl, =7+ 1thi DIV =0
(trong ca hai treong hop, dinh thitc twrong tng bang 0 vi ¢6 hai cot bang nhau).
Céc 6 hang con lai duge ghép thanh ting cap: s6 hang ¢6 j, = r, j, = r+ 1 dugc
ghép véi s6 hang ¢6 j; = r + 1, j/, = r (céc chi s6 khdc cia hai sé hang nay nhuw
y = apq), va c6 dau (—1)*3) trai nhau (vi chi s6 j; cia ching twong tng bang
r var+1). Do d6 ching la céc phan tir d6i nhau. Tém lai, n(ay, ..., @,) = 0 néu
Q= apqp voi T bat ky (1 <r < n).

Tir d6, theo phwong phép da dung dé chirng minh Hé qua 2.3, ta c6

n(alv oy Oy Ol 15 eey an) = _n(ala oy Opg 1, Qs ey an)a

véi moi ay, ..., € K" vamoir (1 <r <n).

Bay gior ta sé chitng minh rang 1 c¢6 tinh thay phién, tic 1a

N, ooy Qg ey gy ey ) = 0,



néu o, = o, véi cap chi s6 r # s bat ky. That vay, ta Ian lwot hodn vi a, véi a,_q

. s A~ . s’ 7
1ol v&i ag_o,... dé duwa oy vé vi tri cia a,4q. Ta cé

MLy ey Oy ey Qg ey Cty)) = (—1)5_7"_177(041, ey Qs Qg vy Oy ) = 0,

bdi vi o, va a, diing ké nhau trong vé & gitra.
Theo Hé qua 3.7, dinh thitc 1& ham duy nhét trén cdc cot cia ma tran cé cdc

tinh chat da tuyén tinh, thay phién va chuan hod, cho nén

det(aq, ..., an) = n(aq, ..., ap).

D6 chinh 1a cong thirc khai trién Laplace theo k hang iy = 1, ..., 4, = k.

Cudi cling, ta xét truomg hop k hang tuy y I = (iy, ..., 1), Ky hiéu I’ = (1,..., k).
Ta lan lrot hodn vi hang 4; véi (i, — 1) hang ding trude né (dé dua hang i; ve
hang 1 va gitt nguyén vi tr{ twong déi cua cdc hang con lai), roi lai lan lwot hodn vi
hang iy vGi (iz — 2) hang ding trude né... Cudi cung, 1an lwgt hodn vi hang iy, vi
(ir — k) hang ding trude né. Sau phép bién doi dé, céc hang iy, ..., 4, duge dua vé
cdc hang 1, ..., k va vi trf twong doi cia cédc hang con lai duoc gitr nguyén. Ma tran
A dwoc bién déi thanh ma tran A’ véi det A = (—1)1=D++0=k) det A'. Ta ciing

co
(_1>s(I,J) _ (_1)(i1+~--+ik)—(1+-~~+k) (_1)3(1’,J)

I

D) = DR(A)

11 yeeylle
DAY = DAY,

Dung khai trién Laplace theo k hang 1, ...,k cla ma tran A, ta cé

det A = (—=1)G=DF+=k) et A’

= (_1)(i1+~~~+ik)—(1+~--+k) Z (—1)5(1,’J)D{}.’.'.';,;jk(A,)Ef’:_';,;jk(Al)

J1<<Jk
= > (CV)IDR R A)D (A,
J1<-<Jk
Dinh ly dwoc hoan toan chirng minh. a
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Vi du: Tinh dinh thitc Vandermonde

1 o 22 . ot

1 2y 23 ... oyt
D, =

1z, 22 ... an?

Loi gidi: Ta lam cho hau hét cidc phan tir trén hang cudi ciia dinh thitc trd thanh
bang khong bang cdch 1ay cot thit (n — 1) nhan véi —x,, 161 cong vao cot n, sau dé
1dy cot thit (n — 2) nhan véi —x, 161 cOng vao cot (n — 1),..., cudi cung lay cot thir

A s . . N N A . Ao ’
nhat nhan v4i —z,, roi cong vao cot 2. Sau bién doi dé, ta thu duoc

1 x—ua, x1(z — ) e (|

I @y —x, To(vg — Tn) e T (xy — )
D, =

1 Ty =T Tt (Tpoy — ) oo 20 (X1 — 2)

1 0 0 0

Khai trién Laplace theo hang thit n, roi dua céc thira s6 chung cia moi hang ra

ngoai dau dinh thitc, ta cé

1oz af 1~

1z a2 2
D, = (=1)""(ay — @) (29 — 20) -+ (€01 — ) 2

| R A 3t

Tw do6 ta thu duoc cong thire truy toan
Dn = (.an - $1)($n - 'TQ) T ('Tn - 'rnfl)anl-
Xuat phéat véi Dy = 1, va bang quy nap st dung cong thitc trén, ta cé

1>]

Mot ttng dung quan trong cia khai trién Laplace 1a cong thirc tinh ma tran

nghich ddo.
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Dinh 1y 5.4 Néu ma tran vuong A = (a;;) € M(n x n,K) ¢d dinh thitc khdc 0 thi
A khd nghich va

ayr ... Qp1
L1

trong dd a;; la phan b dai s6 cia a;;.

Chitrng minh: Ky hiéu ma tran ndéi trong dinh 1y 14 B. Theo dinh 1y Laplace vé
khai trién det A theo hang i, ta cé

aildﬂ + -t Cl,inCNLin = det A, Vi.

Hon nira, véi moi j # i, xét ma tran thu dwoc tir A bang cich thay hang j bdi
hang 7 va git nguyén cac hang khéc, ké ca hang i. Ma tran nay c6 hai hang i va j
deéu bang (a;, ..., a;,). Do d6, dinh thitc cia né bang 0. Khai trien Laplace dinh
thitc nay theo hang 7, ta co

aitGj1 + -+ Qiplj, =0, Vi # j.

Két hop hai dang thitc trén, ta thu duwoc AB = E,. Tuong tu, bang cich 4p dung
khai trién Laplace theo cot, ta c6 BA = E,,.
Tém lai, A khd nghich, va A~! = B. O
Trong phan sau, chiing ta sé gi¢i thiéu mot phwong phép khéc tim ma tran

nghich ddo bang cach gidi hé phuwong trinh tuyén tinh.

6 Dinh thirc va hang cda ma tran

Chung ta da dinh nghia hang ctiia mot ma tran 1a hang cia hé vécto cot cia no.
Dinh 1y sau day cho phép tinh hang cia ma tran thong qua dinh thitc. Dong thoi
né dat co s& cho khang dinh: hang cia ma tran cling bang hang cia hé vécto hang

cla ma tran do.
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Dinh 1y 6.1 Gid si A la mot ma trdn m hang, n cot véi cdc phan t trong trudng
K. Khi dé, hang ciia ma tran A bang cdp cao nhdt cia cdc dinh thitc con khdc 0
cia A. N6i r6 hon, rankA = r néu cé mot dinh thitc con cip v cia A khdc 0, va

moi dinh thitc con cdp > r (néu cd) cia A déu bang 0.

Chirng minh: Viéc déi chd cdc cot ro rang khong lam thay doi rankA. Viéc doi
ché céc hang ciing vay, bdi vi déi chd cac hang twong tmg véi viee doi cho cac toa
do cia cdc vécto cot trong K, d6 1a mot dang cau tuyén tinh cia K™

Mat khéc, doi chd cdc hang va céc cot cla A cling khong lam thay doi cap cao
nhat cia cdc dinh thirc con cia A.

Vi thé, dé cho dé trinh bay va khong gidm tong quat, ta cé thé gia st dinh thitc
con cap r & gbc tréi trén cia A khdc 0, va moi dinh thite con cidp (r+1) cia A déu
bang 0.

Khi dé, r cot dau tién cia A doc 1ap tuyén tinh. (Néu trai lai, thi dinh thic
cap 7 & géc trai trén cia A bang 0.) Ta sé chimg minh rang cot thir j cia A, ky
hiéu a, biéu thi tuyén tinh qua r cot dau tién, véir < j < n. DE lam dicu d6, véi

moi ¢ thoa man 1 <7 < m, ta xét dinh thitc sau day:

a11 ... Qi Q14
det

Ar1 oo Gy Qpj

Qi1 ..o Qi Qg

Dinh thitc nay luon bang 0. That vay, néu 1 < i < r, thi dinh thitc ¢6 2 hang bang
nhau; con néu r < 7 < m, thi né 1a mot dinh thitc con cap (r+1) cia A. Khai trién
Laplace dinh thitc nay theo hang cudi, va goi A, 14 phan bu dai s6 cia a;, ta c¢6

)\16%'1 + o+ )\raw + )\aij = O

O day A = \; # 0, vi d6 1a dinh thitc con cap r & gbc tréi trén. Luu ¥ rdng
A1y ooy A, A déu khong phu thuoc vao i. Tt dé



Theo dinh nghia hang cia ma tran, rankA = r. O
Hé qua 6.2 Hang cia mét ma tran bang hang cia hé cdc vécto hang ciia nd.
Chirng minh: Ta cé

rankA = rankA’ (theo Dinh 1y 3.4)
= Hang cia hé vécto cot cua A’

= Hang cia hé vécto hang cua A. O

7 Hé phuong trinh tuyén tinh - Quy tidc Cramer

Mot hé théng c¢é dang

Am1%1 + Qpale + -+ Qpp®y, = by,

trong dé a;;, b; 1a cdc phan tik cho trude trong trudmg K, duge goi 1a mot hé phwong

trinh tuyén tinh gom m phwong trinh véi n an x4, ..., z,. Ky hiéu

A= (aij)mxna x ' ) ﬁ =

Khi d6, hé phwong trinh néi trén cé thé viét dudi dang phwong trinh vécto
Ax = (.

Mot nghiém cia hé nay 14 mot vécto 2° € K" sao cho Az® = 3. Mot hé phuong
trinh c6 it nhdt mot nghiém dwoc goi 1a mot hé phuwong trinh twong thich.

Hé phuong trinh Az = 0 duogc goi 1a hé phuwong trinh tuyén tinh thudn nhdt lién
két v4i he Ax = (.
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Theo kinh nghiém, ta cdm nhan rang hé phuwong trinh tuyén tinh Az = 3 cé
nghiém duy nhat néu s6 phwong trinh ctia hé bang s6 an, va khong cé phuwong trinh
nao cda hé 13 “hé qud” cda cdc phwong trinh khdc. Dieu nay dwoc dién dat chinh

xéac trong dinh nghia sau day.

Dinh nghia 7.1 Hé phuong trinh tuyén tinh Az = 8 duwoc goi 1a mot hé khong suy
bién (hay mot hé Cramer) néu né cé s6 phwong trinh bang s6 an (néi cach khéc,

néu A 1la mot ma tran vuoéng) va néu det A # 0.

Dinh ly 7.2 H¢ phuwong trinh tuyén tinh khong suy bién Az = 3 ¢é mot nghiém

duy nhdt, dwoc tinh bang cong thitc

o detAj
YT Qet A

(1<j<n),

trong d6 A; la ma tran nhin dugc ti ma tran A bang cdch thay cét thi j boi cot

hé s6 tu do 3.
Chitng minh: Vi det A # 0, nén A 14 mot ma tran kha nghich. Khi dé

Ar =8 < A'Az=A"p

—= z=A"5
Theo Dinh 1y 5.4, ta c¢é

aiy ... Qp1
-1 1

A1 ... QApp

trong d6 a;; 1a phan bu dai s6 cla a;; trong det A. Tir d6 = A7 ¢6 nghia la

1

[l?j = det A(dljbl + Elzij + -+ Elnjbn)
det AJ’ .
= 1 <7 <n).
dtar 1Sisn
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Déng thitc cudi nhan dwoc bang cach khai trien Laplace dinh thitc cia A; theo cot
thir j. a.

Vi du: Giai hé phuong trinh sau day:

r + y + 3z + 4 = -3
r + y + 5z + 2 = 1
2 + y + 3z + 2t = -3
2 + 3y + 11z 4+ 5t = 2.

Loi gidi: Trude hét ta tinh dinh thite ciia ma tran hé so

1 1 3 4 1 1 3 4
1 1 5 2 0 0 2 =2
det A = =

21 3 2 0 -1 -3 -6

2 3 11 5 0 1 5 —3
0 2 =2 0 2 =2

3+1 2 =2
= -1 -3 —6|=]0 2 —9|=(-1) ) Y =2-(=9)—2-(-2)=-14.

1 5 =3 1 5 -3

Theo quy tac Cramer, hé phwong trinh cé nghiém duy nhat

-3 1 3 4 1 -3 3 4
11 5 2 1 1 5 2
-3 1 3 2 2 -3 3 2
2 3 11 5 98 2 2 11 5 0
v = == =-2 y= - —;=0.
det A —14 det A —14
11 -3 4 11 3 -3
1 1 1 2 1 1 5 1
2 1 -3 2 21 3 -3
23 25| _14 2 3 11 2 14
z = = =1, t = = =—1
det A —14 det A —14
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8 Hé phuong trinh tuyén tinh - Phuwong phap khir
Gauss

Phuong phap Cramer chi 4p dung dwoc cho cdc hé phwong trinh tuyén tinh khong
suy bién (néi riéng, cdc hé nay cé s6 phuong trinh biang s6 an). Thé nhung rat
nhiéu hé phwong trinh tuyén tinh ma nguoi ta gip lai suy bién. Phwong phap khi
Gauss, ma ta sé trinh bay dwéi day, c6 wu diém la c¢6 thé dp dung cho hé phirrong
trinh tuyén tinh tuy y. Nhuwoc diém cia phiwong phap nay la khong dua ra duoc
thong tin ndo vé nghiém cia hé phwong trinh trude khi gidi xong hé dé.

No6i dung cia phuwong phdp khir Gauss nhu sau.

Ta goi hai hé phuong trinh 14 twong duong néu nghiém cia hé nay cung la
nghiém cuia hé kia va nguoc lai.

Nhén xét rang néu ta ap dung cic phép bién doi sau day, duwoc goi 1a cic phép
bién d6i so cdp, trén mot hé phirong trinh tuyén tinh, ta nhan dwoc mot hé phwong

trinh tuyén tinh twong dwong véi hé ban dau.
(1) D6i chd hai phuwong trinh cia hé.
(2) Nhan mdt phuong trinh cia hé véi mot vo hudng khde 0 thude truomg K.

(3) Cong vao mot phwong trinh mot t6 hop tuyén tinh cia cdc phiwong trinh khéc

trong he.
Bay gio ta xét mot hé phwong trinh tuyén tinh tong quét

a11T1 + G12T2 + - - - + A1 Ty, = b
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Ta goi A = (aij)mxn 1& ma tran cdc hé so, va

ai; G2 ... Qip by
_ 921 A929 ... QA2p bQ
A=

m1 AQm2 ... Gmp bm

1& ma tran cdc hé s6 md rong cia hé phwong trinh néi trén.

Gia st c6 mot hé s6 ndo dé a;; # 0. Khong giam tong quat (néu can, déi cho
cdc phwong trinh va danh s6 lai cdc an) ta c6 thé coi aj; # 0. Khi dé, nhan phirong
trinh thi nhdt véi (—£1) r6i cong vao phuwong trinh thit ¢ (i = 2,...,m), ta nhan

duogc hé phuwong trinh twong dwong c6 dang

a11°1 + 12T + - - - + A1 T, = bl
’ ’ _ /
Ty + -+ Gy, T = b
/ / _ /
a,oTo+ - +a,,, r, = b .

Lap lai lap luan trén ddi véi hé con gom (n — 1) phwong trinh cudi véi céc an
Loy eeey Ly
Sau mot s6 htru han buéc, hé phwong trinh Az = 3 duwgce dwa vé mot hé twong

dwong, v&i ma tran mé rong cé dang

ay; % ... k% L % by
0 Qg .. *x * .. x b,
* * *
0 0 Qpp ¥ x| b |,
0 0 0 0 ... 0] by
0 0 .. 0 0 .. 0| by

trong d6 a; # 0 (i = 1,...,7), va cdc ddu * ky hiéu cdc phan tir ¢6 thé khic 0 trong

treong K.
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Néu mot trong cac vo hudng b,.1, ..., by, khac 0, thi hé phwong trinh vé nghiém.
Né&u byyq = - -+ = by, = 0, thi hé phurrong trinh ¢6 nghiém. Hon nita, méi nghiém
cia hé phirrong trinh deéu cé thé nhan dwoc bang cich gan cho z,.1, ..., r, nhing
gid tri tuy ¥ thuoc treomg K (néu n > r), roi gidi duy nhat z1, ..., x, theo nhing
gia tri da gn cho .41, ..., 7,. (Cu thé, z, duoc tim tir phwong trinh tht r,..., 2,
dugc tim tir phwong trinh thir nhét.)
Vi du: Giai hé phuong trinh

r1+3x3+ b3 —224 = 3

1+ 52 — 923+ 8x4 = 1

201+ Txo+3x3+24 = O
5r1 4+ 18z + 423+ dxy = 12.

Loi gidi: Dung phuong phédp khir Gauss, ta thay hé phuong trinh trén twong

duong voi
T1 + 320 + dx3 — 214 = 3
209 — 1423+ 102y, = -2
A
To — 7ZL’3 + 5$4 = -1
31‘2 — 21ZL‘3 + 15!174 = -3
r1+ 3x0 4+ dr3 — 214 = 3
To — 7$3 + 5.%'4 = -1
<
Owg + OZE3 + 01‘4 = 0
OSEQ + O$3 + 01’4 = 0
T1 = 6—26x3+ 1724
— Ty = -1+ 7373 — 533‘4

r3, T4 tuyy.

Nhan xét 8.1 Dé cho gon, trong qud trinh giai hé phwong trinh tuyén tinh, ta chi

. A . A A~ N A M ’ A~
can ghi nhan su bién doi cia ma tran hé s6 suy rong. Chang han trong vi du trén,
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ta chi can viét

1 3 5
1 5 -9
2 7 3
5 18 4
1 3 5
01 -7
<~
00 O
00 O

—2

3
1
—
5
12
3
-1
—
0
0

o o o
—_

X1
D)

T3,

—14 10

-2 3

-2

-7 5] —1
15| =3

—21

Ty

6 — 261’3 + 171‘4
-1+ 7.175 — 51‘4

tuy y.

Nhan xét 8.2 Twong ng véi cadc phép bién ddi so cap trén hé phwong trinh tuyén

tinh 1a cac phép bién doi so cdp trén ma tran. D6 1a cédc phép bién doi thude mot

trong cac dang sau day

(1) Doi chod hai hang (ho#ic hai c¢ot) clia ma tran.

(2) Nhan mot hang (hodac mot cot) cua ma tran véi mot vo hudng khace 0.

(3) Cong vao mot hang (hoic mot cot) mot t6 hop tuyén tinh cia cac hang (twong

ung: cac cot) khéc.

Dé thdy rang cac phép bién doi so cap khong lam thay déi hang clda ma tran.

Nhan xét nay dan téi mot cdch tinh hang ciia ma tran rat cé ich trong thurc hanh.

Cu thé 14, mdi ma tran A = (a;;)mxn saut Mot s6 hitu han phép bién déi so cap

142


http://vnmaths.tk

déu cé thé dwa vé mot ma tran dang (tam gidc trén suy rong)

ayjp  * k% *
0 a9 * ok *

x ok *
0 0 Ary % * |,
0 0 0 0 0
o o0 .. 0 0 .. 0

trong d6 @i, # 0 (i = 1,...,7), va cdc ddu * ky hiéu cdc phan tir ¢6 the khac 0 trong
treong K.
Bing cach truc tiép dung dinh nghia cia hang hodc dung Dinh 1y 6.1, ta dé

thay rang hang ciia ma tran néi trén bang r.

Nhan xét 8.3 Phuwong phap khitr Gauss dwoc tng dung vao viéc tim ma tran
nghich dao.
Gia st can tim nghich ddo cia ma tran A = (a;;) € M(n x n,K) néu nhu né

khé nghich. Ta xét hé phwong trinh
Zaijl’j =Y (’lI 1,...,?1).
j=1

Khi d6, A khd nghich néu va chi néu hé phwong trinh trén c¢é nghiém v&i moi vé

phai 41, ..., y,. Hon nira, néu nghiém cia hé dwgc cho bdi cong thire
ZEZ:ZbZ]y] (izl,...,n),
j=1

thi ma tran nghich dao cia A chinh 14 A™! = (b;;)nxn. (Cong thitc biéu thi tuomg
minh 1, ..., 2, qua yi,...,y, c6 thé duwoc tim bang cich dung phuwong phap khir
Gauss.)

That vy, ta xét phép bién d6i tuyén tinh A : K* — K",z — Az. N6 ¢6 ma

tran 1a A trong co s& chinh tac cia K”. Hé phwong trinh Az = y ¢é nghiém véi
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moi y néu va chi néu A 1a mot ddng cdu tuyén tinh, didu nay xdy ra khi va chi
khi A khd nghich. Hon nftra, ta ¢c6 Az = y twong dwong véi x = A~ ly. Do dé
Al = (b’lj)nXTL

9 Cau tric nghiém cda hé phuong trinh tuyén
tinh

Ta xét cidc hé phwong trinh tuyén tinh thuan nhat va khong thuan nhat lién két
véi nhau

Axr =0 va Ax =3,
trong d6 A = (aij)mxn € M(m x n,K), 3 € K™. Nhu vay, ca hai hé phuong trinh

7. ~ S N N ~
néi trén déu gom m phwong trinh va n an.

Dinh 1y 9.1 Tdp hop L tit cd cdc nghiém cia hé phwong trinh tuyén tinh thudn
nhdt Az = 0 la mot khong gian vécto con cia K", ¢d sé chiéu thod man hé thitc

dim L = n — rankA.

Chitng minh: Ta xét 4nh xa tuyén tinh

A: K" — K™,

r — Ax.
RG rang L = KerA 1a mot khong gian vécto con ciia K”. Hon nita, vi 4nh xa tuyén
tinh A ¢6 ma tran 13 A trong co s& chinh tdc cia cdc khong gian vécto K™ va K™,
cho nén
dim L = dim KerdA = dimK" — dim ImA
= n —rankA. O
Dinh 1y 9.2 Gid si L la khong gian vécto con gom cdc nghiém cia hé phwong

trinh tuyén tinh thudn nhdt Ax = 0, va 2° la mot nghiém cia hé Ax = 3. Khi dé
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tap hop cdc nghiém cia hé Ax = 3 la
2+ L={2"+ala € L}.

Chirng minh: ° 13 mot nghiém cda hé Ar = 3 néu va chi néu 3° — 2° 14 mot
nghiém cia hé Az = 0, tirc 1a néu va chi néu y° — 2° € L. Bao ham thitc cudi ciing
twong dwong véi y° € 20 + L. O
Dinh nghia 9.3 Véi cdc gid thiét cia dinh 1y trén, z° dwge goi 1a mot nghiem
riéng cua hé phwong trinh tuyén tinh khong thuan nhat Az = 3. Con 2° + «, véi
a € L, dwoc goi 1a nghiém tong quét cia hé phwong trinh doé.
Dinh 1y 9.4 (Tiéu chuan Kronecker - Capelli). Hé phuwong trinh tuyén tinh Az = (3
c6 nghiém khi va chi khi rankA = rankA, trong dé

11 Q12 ... Qin by

A=

Am1 Am2 ... Omn bm
la ma tran cdc hé sé maé rong cia hé.
Chirng minh: Goi «a; la vécto cot thit j cia A, con (3 1a vécto cot tu do (tire 1a

cot cudi cing cia A. Ta ¢
rank A = rank(ay, ..., a,,) < rank(ay, ..., i, ) = rankA.

N N ) . , , , .
Dé&u bang x4y ra néu va chi néu 3 biéu thi tuyén tinh qua cdc vécto ay, ..., a,. Goi

N s N N . , 7 \
2%, ..., 2% 14 cdc hé s6 cia bicu thi dé, tire 1a

0 0
B =xzij0q + -+ x,00,.
Hé thitc nay twong dwong véi viee 2° = (29, ..., 29)! 1a mot nghiém cia hé phwong

trinh Az = (. O
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Bai tap

Thuc hién cic phép nhan sau day, viét cdc phép thé thu dwoc thanh tich cia

nhtng xich roi rac va tinh dau cia ching.

[(r23as
“l2 4513
12345
2.
35 4 1 2

3. (1,2)(2,3) - (n,n — 1).

4. (1,2,3)(2,3,4)(3,4,5) - --

1
4

1
4

2
3

w N

(n—2,n—1,n).

3 4 5
5 1 2

3 45
1 5 2

5. Cho hai cach sap thanh day ai, as, ..., a, va by, by, ..., b, clia n s6 tir nhién dau

LN 7 . N 7 ~ ’ g N ’ g . N ’
tién. Chitng minh rang c¢6 thé dwa cdch sap nay vé cdch sap kia bang cach sir

dung khong qué n — 1 phép thé so cap.

6. V&i gid thiét nhw bai trén, chirng minh rang cé thé dwra cich sap nay vé cach

sap kia bang cach stt dung khong qua n(n — 1)/2 phép chuyén vi tri ctia hai

phan tir ditng ké nhau.

7. Cho vi du vé mot cach sap n s6 tur nhién dau tién thanh day sao cho day nay

khong thé dwa ve day siap tu nhién bang cich ding it hon n — 1 phép thé so

~
cap.

8. Biét s6 nghich thé cia day ay,as, ...,a, bang k. Hay tim s6 nghich thé cia

day ay,,a,_1,...,a;.

9. Tinh céc dinh thic sau day

(a)

w ot ot W
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10. Tinh cac dinh thitc sau day bang cach dwa vé dang tam gidc:

(CL) -1 =2 O n |,
-1 -2 -3 ... 0
Qo a; Qs (7% aq o Qg Qp,
—x z 0 0 -1 o 0 0
(b) 0 —x =« 01, () 0 —x9 x3 0
0 0 0 T 0 0 O Tn

11. Tinh dinh thitc ciia ma tran vuong caAp n v4i phan tir nam & hang i cot j

bang |i — j|.

12. Tinh céc dinh thitc sau day bang phwong phdp it ra cdc nhan t tuyén tinh:

1 2

1 z+1
(@)1 2

1 2

3
3
z+1

n

r+1

1 1

1 1
1+y 1

1 11—y

13. Tinh cdc dinh thitc sau day bang cach s dung cdc quan hé hoi qui

arby
a1by

abs

albn

arby  aq b3
asby  agbs
asbs aszbs
a2bn a3bn

albn

a2bn

—Y

Qg ai

X
0 —uo
0 0

a9 Qp,
0 ... O
Ty ... 0
0 T




14. Tinh céc dinh thitc sau day bang cich bi¢u dién ching thanh tong cia cdc

dinh thitc nao do:

T+ ap a9 as Ay, Tr1 Qo das Ay
a T+ as as an a; Ty as A,
(a) aq as T+ as Qn, ) 0) | ar ay 3 an
ay Q2 as T+ ay, ap as as Ty
Tinh céc dinh thitc sau day:
a; T T !
2 n—1
Ay Ty Ty ... To
15.
2 ~1
Ay, Ty Ty .. T
~1 1
1 22 23 . a2 1z 22 R x}
2 3 n 2 s—1 s+1 n
1 x5 oy ... 2§ ) 1 xo 3 Ty Ty Ty
16. (a) ;o (b)
2 3 n 2 s—1 s+1 n
1 z: =z ks 1 z, =z @, xy
2 n—1
1 xl(azl — 1) $1<$1 — 1) Ty (.Tl — 1)
2 n—1
1 xo(xe —1) x5(x0 — 1) xy (29 — 1)
17.
1 zp(x, —1) 22(z, — 1) " Y, — 1)
1+z 1+22 1+ 27
1+xy 1+ 23 14+ 2%
18.
l+xz, 1+22 14+
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1 cosg, cos2p cos(n — 1)py
L 1 cosys  cos2py cos(n — 1)y
1 cosy, cos2p, cos(n — 1)y,
Ty L+ zye 1+ 21y,
50, 1+ 2oy T2y 1+ 22yn
1+x1 142,92 TnYn

21. Day Fibonacci 13 day s6 bat dau véi céc s6 hang 1,2 va moi s6 hang, ké tir

s6 hang thitr ba, déu bang tong cia hai s6 hang dirng ngay trudc né. Chimg

minh rang s6 hang thit n cia day Fibonacci bang dinh thitc cap n sau day:

(ay + b1)71

as + by) 7t
29, (a2 + )

(an + bl)il

1 1 00
—1 1 10
0 -1 11
0 0 00
(ay + bz)fl
(CZQ + bz)_l
(an + b2)71

(ay + bn)il
(CL2 —+ bn>_1

(an + bN)il

23. Tinh dinh thirc sau day bang cich viét né thanh tich cia hai dinh thirc:

S0
S1

59

Sn

S1 52

S2 S3

53 S4
3n+1 3n+2
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k

trong d6 s = xf + a5+ + 2k,

24. Chtrng minh rang

25.

26.

27.

aq s ag ... Qyp,
(079 ay a ... Qp—1

Ap—1 Qp Q1 ... Gp—9 Zf(€1)f(€2)"'f(5n)7

a9 as Q4 ... aq

trong d6 f(X) = a; + aaX + -+ + a, X" va 1,69, ...,&, 1& céc cdn bac n

khéac nhau cuia 1.

Dung khai trién Laplace chitng minh rang néu mot dinh thitc cdp n ¢é céc
phan tir nam trén giao cia k hang va ¢ cot xac dinh nao dé déu bang 0, trong

d6 k + ¢ > n, thi dinh thirc d6 bang 0.

Giai hé phuwong trinh sau day bang phwong phiap Cramer va phwong phap
khit:

32L’1+4Z’2+$3+2$4+3 = 0,
3x1 + 929 +3x3+ 924 +6 = 0,
6$1+8Q?2—|—£L'3—|—5(L'4+8 = 0,

3I1+5JI2+31’3+7CL’4+8 = 0.

Chtrng minh rang mot da thirc bac n trong K[X] duoc hoan toan xac dinh
bdi gid tri cia nd tai (n + 1) diém khac nhau cia treong K. Tim vi du ve
hai da thitc khéc nhau ciing bac n nhan cac gia tri bang nhau tai moi diém

cia K, néu s6 phan tit cia K khong vuot qué n.

Gidi cdc hé phurong trinh sau day bang phirong phap thich hop:
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28. ar +by +cz+dt = p,
—br+ay+dz—ct = q,
—cx —dy+az+bt = r,
—dr+cy—bz+at = s.

1

29. Tp+ a1 Tp 1+ @3an o+ +a} 2y +al = 0,
1

Ty + Q2Xp—_1 + agan—2 + -+ ag T+ ag = 07

Tp+ UnTyq +a2a, o+ +a" oy +a” = 0.

30. Dat s, (k) =1" 42" + --- + (k — 1)". Hay thiét 1ap phwong trinh
K= 1+ 0y spa (k) + - 4+ Cosi(k) + so(k)

va chirng minh rang

BoCent oon Ll
N Ol S O+ cl,1
1| k2 o0 O3 cl, 1
Sn_l(k) = E
200 o1
k 0 0 0 1
31. Xét khai trién —%= = 14 bz +bya? + bsa® + - - -. Ta ddt by, = %, trong

d6 B, dwoc goi la s6 Bernoulli thit n. Chitng minh rang

i 1 0 0 .. 0
AR | 0 .. 0
n—1
Bu=(=D""20)l 5 5 g 1.0,
1 1 1 1 1
(2n+1)!  (2n)!  (2n—-1)! (2n-2)! 2
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N J N
va chi ra rang

i 1 0 0 0
R 1 0 .0
bon—1=1| + L 1 1 0l=0
1 1 1 1 1
2n)!  (@2n—1)! (2n—2)! (2n-3)! " 2

véi moi n > 1.
32. Dién dat hé s6 a, trong khai trién
—x __ 2 3
e =1—a1x+ ayx” —azx” +---,

nhu mot dinh thire cap n, tir d6 tinh dinh thite thu duoc.

33. Khong diing ma tran, hay chitng minh truc tiép rang det(f*) = det(f), trong

dé f* la dong cdu doi ngau cia f, véi mot twr dong cau f:V — V.

34. Tinh hang cia cdc ma tran sau day bang phwong phap bién doi so cap va

phwong phap dung dinh thitc con:

3 -1 32 5
9 -1 3 —2 4
5 -3 23 4
@ |4 25 1 7], (b)
1 -3 -5 0 —7
2 .11 8 2
7 -5 14 1

35. Tim gid tri cia A sao cho ma tran sau day c6 hang thap nhat

31 1 4
A4 10 1
1 7 17 3
2 2 4 3
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36.

37.

38.

39.

40.

41.

42.

43.

Tim hang cia ma tran sau day nhu mot ham phu thuoc A:

I A -1 2
2 -1 X b
1 10 -6 1

Ching minh rang néu hang cia mot ma tran bang r thi méi dinh thitc con
nam trén giao cia bat ky r hang doc lap tuyén tinh va r cot doc lap tuyén

tinh cia ma tran dé déu khac 0.

Cho A 13 m6t ma tran vuong cap n > 1 va A 14 ma tran phu hop (gom nhirng
phin bu dai s6 cia céc phin tir) cia A. Hay xéc dinh rankA nhrr mot ham

cua rankA.
Chitng minh rang néu céc vécto
a; = (a1, a5, ...,am) €ER,  (1=1,2,...,8; s <n),
thod man dieu kién |a;;| > Y2, |a;;|, thi ching doc lap tuyén tinh.
Ching minh rdng néu A va B 1 cdc ma tran cling s6 hang va s6 cot thi
rank(A + B) < rank(A) + rank(B).
Chitrng minh rang mo6i ma tran c¢6 hang r cé thé viét thanh tong cia r ma

tran c6 hang 1, nhung khong thé viét thanh tong cia mot s6 it hon r ma tran

¢6 hang 1.

Chitng minh bat dang thitc Sylvester cho cdc ma tran vuong cap n bat ky A

va B:

rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)}.

Chiing minh rang néu A 1 mot ma tran vuong cidp n sao cho A%2 = E, thi

rank(A + F) + rank(A — E) = n.
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44. Tim ma tran nghich ddo cia cdc ma tran sau day bang phwong phép dinh

thitc va phwong phap bién doi so cap:

1 2 -1 —2
01 3
38 0 —4
(@) | 2 3 51, (b)
2 2 —4 -3
35 7
38 -1 —6

Nghién cttu tinh twong thich cia cdc hé phwong trinh sau, tim mot nghiém

[N N [N ~) ’ ) 7
rieng va nghiém tong quat cua chung:

45. 3 —2y+5z+4 = 2,
6r —4dy+42+3t = 3,
9z — 6y + 3242t = 4.

46. 8z + 6y + 52+ 2t = 21,
3r+3y+22+t = 10,
dr +2y+32+t = 8§,
3r+5y+z+t = 15,

Tr+4y+52+2t = 18.
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Chuong IV
CAU TRUC CUA TU DONG CAU

Muc dich ctiia chwrong nay la tim cho méi tw dong cau (trong truong hop cé thé
dugc) mot co s& cia khong gian, sao cho trong co s& d6 tuw dong cdu ¢ ma tran

. ~ N N S A 7 \ ~
don gidn, cu the 1a cang gan ma tran chéo cang tot.

1 Vécto riéng va gia tri riéng

Gid st V' 14 mot khong gian vécto trén truong K, va f : V — V 14 mot tuw dong
cau cia V. Viéc nghién citu f trén toan khong gian V' doéi khi gap khé khan, vi V
qué 16n. Nguoi ta muon tranh dieu dé bang cich han ché f 1én mot s6 khong gian
con ndo dé U cia V. Nhung dé cho han ché d6 van con la mot tuw dong cau cia U

thi khong gian con nay phdi ¢ tinh chat ddc biét néi trong dinh nghia sau day.

Dinh nghia 1.1 Khong gian vécto con U cua V dwoc goi la mot khdng gian con
on dinh déi véi f (hay mot khong gian con f-6n dinh) néu f(U) C U.

Doi khi nguoi ta cling néi cho gon rang U 1a mot khong gian con 6n dinh, néu
f daro.

Mot s6 tai liéu dung thuat ngtt khong gian con bdt bién trong trudng hop nay.
Chiing t6i cho rang thuat ngtr khong gian con 6n dinh chinh xdc hon. Con thuat

ngit khong gian con bdt bién déi véi f dung dé chi khong gian con sau day:
VIii={veV|fv) =v}
D6i v6i tir dong cau f : V — V bat ky, cac khong gian con sau day déu la f-6n

dinh: {0}, V, Kerf, Imf.
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Néu may man c¢6 céc khong gian con f-6n dinh U; va U, sao cho V = U; @ Us,
thi fi = flo, va fo = f|y, déu la cdc tu dong cdu. Moi vécto v € V ¢6 the viét duy

nhat dudi dang v = u; + us, trong d6 uy € Uy, uy € Us, va

fv) = flur) + f(us).
Khi dé viéc nghién ctru tu dong cau f trén V cé thé qui vé viéc nghién ctru céc
tu dong cau f; cia U; (i = 1,2). N6i ro hon, néu f; ¢ ma tran A trong co s&
(é1,...,em) cua Uy, va fy ¢6 ma tran B trong co s& (€41, ..., €,) cua Us, thi f ¢6

ma tran

A0
0|B

trong co s& (€1, ..., €m, €mat, -y €n) cia V. Nhu thé,
det f = det f; - det fs.

Noi rieng, f 14 mot dang cau tuyén tinh néu va chi néu f; va fy cing la cdc dang
cau tuyén tinh.

Tuy vay, mot khong gian con 6n dinh néi chung khong c6 phan bu tuyén tinh
ciing 1& mot khong gian con 6n dinh. Sau day 1 mot vi du.

Gid st V' 1a mot khong gian vécto 2 chiéu trén K véi mot co s& gom hai vécto
a va 3. Ty dong cau f : V — V duge xdc dinh bdi f(a) =0, f(8) = a. Khi d6
U = L(a) 1a khong gian con f-6n dinh mot chiéu duy nhat cia V. Doc gid hay tw
chiing minh diéu nay xem nhu mot bai tap.

Mot cau hdi duwoc dat ra la lam thé nao dé tim céc khong gian con 6n dinh doi
véi mot tur dong cdu da cho? Dang tiéc 14 khong ¢ mot phwong phdp chung nao
dé lam diéu d¢ trong truong hop tong quét.

Sau day ta sé xét mot truwong hop rieng dac biét thd vi, ¢ nhiéu tng dung
trong Vat Iy va Co hoc. D6 1a trueong hop céc khong gian con 6n dinh mot chiéu.

Giad st L 1a mot khong gian con f-6n dinh mot chieu. Gid st o € L 1a mot

vécto khéc 0. Khi d6 («) 1a mot co s& cua L. Vi f(L) C L, cho nén ¢6 mot vo
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hudéng A € K sao cho
fla) = A

Nguoc lai, néu ¢6 mot vécto a # 0 va mot vo hudng A € K sao cho f(a) = \a,
thi L = £(«) 13 mot khong gian con f-6n dinh mot chieu. Ta di t6i dinh nghia sau
day.

Dinh nghia 1.2 Gia st f 14 mot ty dong cau cua K-khong gian vécto V. Néu ¢
vécto a # 0 va vo hudng A € K sao cho f(a) = Aa, thi A dwoc goi la mot gid tri

N 2 N PR ~ , <A P ’ s e g [N
riéng cua f con a dwoc goi la mot vécto riéng cua f ng véi gia tri rieng A.

A~ N N ’ N . A~ . A~ o ) o« A
Nhu vay viéc tim cdc khong gian con 6n dinh mot chiéu tuong dwong véi viée
tim cac vécto rieng.
Nhan xét rang cdc vécto riéng cua f img v4i gid tri riéng A cung véi vécto 0

lap nén khong gian vécto con Ker(f — Aidy).

Dinh nghia 1.3 Gid st A 14 mot gid tri riéng cua tuw dong cau f : V — V. Khong
gian vécto Ker(f — Midy) gom vécto 0 va tat cd cac vécto riéng cua f tmg véi gid

tri rieng A dwoc goi 14 khdng gian con riéng cia [ 1ing vdi gid tri riéng X .

Van dé dat ra 1a lam thé nao dé tim cic vécto riéng va céc gid tri riéng cia
mot tu dong cau?

Nhan xét rang A 1a mot gid tri riéng cia f néu va chi néu Ker(f — Nidy) # {0}.
Dieu nay twong dwong véi det(f — Nidy ) = 0. N6i cach khée, A 1a mot nghiém cia
da thitc det(f — Xidy) véi an X.

Vi sao ta c6 thé khang dinh det(f — Xidy) 1a mot da thitc cia X? Gid st s6
chiéu ctia V bang n, va f c6 ma tran 14 A trong mot co s& nao dé (ey, ..., e,) cia
V. Khi d6 dong cau (f — Xidy) ¢6 ma tran la (A — X E,) trong co s& ndi trén. Vi
thé

det(f — Xidy) = det(A — X E,).
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Néu A= (O,ij)an, thi

ai] — X a2 Q1n
921 99 — X .. a9
det(A — XE,) = !
An1 an2 oo Qpp — X

16 rang 14 mot da thitc bac n cla an X.
Dinh nghia 1.4 Da thitc bac n cia mot an X véi he s6 trong K
Pf(X) = det(f — XZdv)

dwoc goi 1a da thite ddc trung cia tu dong cau f.

Da thitc bac n clia mot an X véi hé s6 trong K
PA(X) =det(A - XE,)

dwoc goi la da thitc ddc trung cua ma tran A. Nghiém cua da thitc nay duwoc goi

1& gid tri riéng cua A.
Nhimg 1ap ludn & trén da chitng minh ménh dé sau day:
Ménh dé 1.5 Vo hudng A € K la mot gid tri riéng cia tw dong ciu f : V — V néu

va chi néu X la mot nghiém cia da thitc ddc trung det(f — Xidy) = det(A— X E,)

cia f. O

Trong thuc hanh, dé tim gid tri riéng va vécto rieng cia mot tu dong cau f
nguoi ta lam nhw sau:
Bude 1: Tim ma tran A cia f trong mot co s¢ tuy v (e, ..., e,) cua V.
Budgce 2: Tinh da thite dac trung det(A — X E,).

Buéce 3: Giai phirong trinh da thitc bac n déi véi an X:
det(A - XE,) =0.
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Budce 4: Gid stir A 14 mot nghiém cia phwong trinh d6. Giai hé phwong trinh tuyén

tinh thuan nhit suy bién

(CLH — )\)xl -+ 19T + .. A1nTn =0
a91T1 + (agg — )\)ZL‘Q + .. A2n, Ty, = 0
Ap1T1 + p2To + .. (apy — Nz, = 0.

Gid st 2 = (29,...,29)" 14 mot nghiém khong tam thuomg cia hé nay. Khi do,
a=ale; + -+ 2%, 1a mot vécto riéng clia f ng véi gid tri rieng .

Vi du: Ty dong cidu f cia khong gian vécto thue 3 chieu V' ¢6 ma tran 1a

4 =5 2
A=|5 -7 3
6 —9 4

trong co s& (e, eg, €3). Hay tim cdc gid tri riéng va céc vécto riéng cia f.

Loi gidi: Da thite dac trung cia f 13

Vay f c6 cac gia tri rieng la Ay = Ay =0, A3 = 1.
Véi Ay = A2 = 0, hé phwong trinh

dr —dy+2z = 0
dor—Ty+3z = 0
6z —9y+4z = 0

¢6 nghiém khong tam thuomg © = a,y = 2a,2 = 3a trong d6 a # 0. Vay a(e; +

2e5 + 3e3) v6i a # 0 1a vécto rieng cia f tmg véi gia tri rieng bang 0.
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Véi A3 = 1, hé phuong trinh

3r—>5y+2z = 0
or—8y+3z = 0
6xr—9y+3z = 0

c6 nghiém khong tam thuomg z = a,y = a, z = a trong d6 a # 0. Vay a(e; +e3+e3)
véi a # 0 14 vécto rieng cla f ng véi gid tri rieng bang 1.

Trong thuat todn 4 budc dé tim vécto riéng va gia tri riéng néi trén, bude 3 1a
khé hon ca. Néi chung, ta khong biét phwong trinh det(A — X E,,) = 0 ¢6 nghiém

hay khong, va néu c6 thi tim bang cdch nao.

Ménh dé 1.6 Gid sit U la mét khong gian vécto con dn dinh déi véi tu dong cdu
f:V —=V. Goi f:V/U— V/JU, fla] = [f(a)] la dong cdu cdm sinh boi f. Khi

do, da thitc ddc trung cia f bang tich cdc da thitc ddc trung cia f|y va cia f.

Chitng minh: Chon mot co s& bat ky (eq, ..., e,) cta U 161 bo sung né dé nhan
dwroc mot co s& (eq, ..., €m, ..., €,) clia V. Vi U la mot khong gian con 6n dinh déi

véi f cho nén ma tran cia f trong co s& ndi trén cé dang

B|C
A= :
0D
trong d6 B la ma tran cua f|y trong co s& (e, ...,em). Vifel] = = [en) =0
trong V/U cho nén D chinh 1a ma tran cia f trong co & ([eny1], -, [en]). RO rang

det(A — XE,) = det(B — XE,,)det(D — XEp_p).

N6i cach khac, ta cé

Pp(X) = Py, (X) Pp(X).
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2 Khoéng gian con 6n dinh cda cic tu dong cau
thuc va phirc

Trong tiét nay, ta sé xét hai trurdomg hop dac biét, trong dé K 1a truong s6 thuce hay
trueong s6 phire, dé ¢6 thém nhing thong tin bo sung vé nghiém cia céc da thirc
véi hé s6 trong nhirng trudong ay.

Vi moi da thitc hé s6 phitc déu cé nghiém phitc, nén ta c6 dinh 1y sau day.

Dinh 1y 2.1 Moi tu dong cdu ciia mét khong gian vécto phitc déu cd it nhat mot

4 . - A \ s s s A A . A . A S\
gid tri riéng, va do dé cé it nhdt mot khong gian con én dinh mot chiéu.

Chirng minh: Gid st tu dong cau f : V — V cia khong gian vécto phitc V' ¢6
ma tran 1a A trong mot co s& nao dé (eq, ...,e,) cua V. Vi C la mot trueomg déng
dai s6 nén phuwong trinh da thic véi hé sé phite Pr(X) = det(A — XE,) = 0 ¢6
it nhdt mot nghiém phite, ky hiéu 14 A\. Xét hé phwong trinh tuyén tinh thuan
nhat (A — AE,)z = 0, trong d6 = 14 mot an vécto cot gom n thanh phan phite. Vi
det(A — AE,) = 0 nén hé néi trén c6 nghiém khong tam thuomg 2° = (29, ...,2°)" €
C". Khi d6 a = 3", 29¢; 1A mot vécto rieng tmg véi gid tri rieng . a

Céc da thitc hé s6 thue c¢6 the khong c6 nghiém thire, nhung luén luén cé nghiém

phitc. Dieu dé 1a co s& cia dinh 1y sau day.

Dinh ly 2.2 Moi tw dong cdu cia mét khong gian vécto thuc déu cd it nhdat mot

khong gian con 6n dinh mot hodc hai chiéu.

Chirng minh: Gid sit V' 1a mot khong gian vécto thue, va tu dong cau f: V — V
c6 ma tran 1la A = (ay;) trong mot co s& nao dé (ey, ..., e,) cua V. Khi d6 da thitc
déc trung Pp(X) = det(4A — X E,) 1la mot da thitc véi he s6 thue.

Néu phuong trinh det(A — X E,,) = 0 ¢6 mdt nghiém thue thi f ¢6 vécto riéng,

2 s ’ N . A~ . A .
do d6 né cé khong gian con 6n dinh mot chiéu.
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Trai lai, gid stt phwong trinh det(A — X E,,) = 0 khong ¢ nghiém thue. Goi A =
a + ib 1a mot nghiém phitc khong thuce cia né, & day i 1a don vi do, a,b € R, b # 0.

Ta xét hé phwong trinh tuyén tinh thuin nhat suy bién hé s6 phitc

(A—AE,)z =0,

trong d6 z 1a mot an vécto cot gom n thanh phan. Goi 20 = (29,...,20) € C" 1a

mot nghiém khong tam thwong cia hé d6. Gid st 2§ = 28 + iy, (j = 1,2,...,n).

Ta co

n 0 __ 0
Yy axjz; = Az,

— Y akj(x? + Zy?) = A2l +uw)) (k=1,...n)

0 _ 0 0

> agjr; = axp — byy
0 _ p,0 0

> kjy; = brp +ayy.

it a = 37, 2%¢;, =37, yle; € V. Cac hé thitc trén twong dwong véi

fl@) = aa—bp
f(B) = ba+apl.

Nghia l1a L = £(a, 3) 1a mot khong gian con 6n dinh cia f. Ta khing dinh rang
dim L(a, 3) = 2. Gid st trai lai dim L(a, 8) # 2. Vi 2% # 0, cho nén hodc o # 0
hoac 3 # 0. Do dé dim L£(«, 3) = 1. Nhwr thé L 14 mot khong gian con f-6n dinh
mot chiéu, néi cdch khac f c6 mot gid tri rieng thiwe. Diéu nay mau thuan véi gid

thiét phwong trinh ddc trung det(A — X E,,) = 0 khong ¢6 nghiém thue. 0

Ménh dé 2.3 Moi tw dong cdu cia mot khong gian vécto thuc sé chiéu lé déu cé

it nhdt mot khong gian con 6m dinh mot chiéu.

Chirng minh: Néu khong gian vécto V' c¢6 s6 chiéu n 1&, thi da thitc dic trung
P;(X) ciia méi ty dong cdu f cling c6 bac 1&, cu thé 1a bang n. Do dé da thirc nay

6 it nhat mot nghiém thye. That vay, gid st tréi lai Pp(X) khong c6 mot nghiém
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thure ndo. Nhan xét rang néu z = a+1ib 14 mot nghiém cia Py(X) thi lién hop phitc
cia né z = a — ib cing vay. Hai nghiém nay phan biét, vi z khong 14 mot s6 thue.
Nhw vay, n nghiém phitc cua Pr(X) duge ghép thanh tung cap lién hop véi nhau.
Vi thé n 1a mot s8 chan. Dieu ndy mau thuin véi gid thiét.
Ta da ching minh da thitc déc trung Pr(X) ¢é it nhat mot nghiém thye. Vay

f c6 it nhat mot gia tri rieng thwe. Do dé, né cé it nhat mot khong gian con 6n
dinh mot chiéu. O
Vi du: Phép quay mat phang R? xung quanh gdc toa do mot géc ¢ c6 ma tran
trong co s& chinh tac 1a

cosp —singp

singp  cosp

Da thitc dac trung cia phép quay nay 1a

cospp— X  —sin
i 4 = (cosp — X)? +sin® o = X? —2cos pX + 1.
sin ¢ cosp — X
Biét thitc A’ = cos? ¢ —1 = —sin® p < 0 néu ¢ # kmr. Vi thé, phép quay mit phing
R? xung quanh goc toa do mot géc ¢ khong cé vécto rieng néu ¢ # k.
Tuy nhién, néu ta xét tu dong cdu f cia C? cing cé ma tran 1a A trong co s&

chinh tac, thi da thitc dic trung cia f ciing 1a da thitc néi trén. Vay f cé hai gia

N . 1
tri riéng phitc 14 Ay 2 = cos p L isinp. Dé thay rang la cac vécto riéng cua
+1

f ung véi cac gia tri riéng ndi trén.
3 Tu dong cdu chéo hoa dugc

Ching ta van gid stt V' 14 mot khong gian vécto trén truong K.

Dinh nghia 3.1 Ty dong cau f cia khong gian vécto V dugce goi 1a chéo hod duoc
néu c¢6 mot co s¢ cia V' gom toan nhing vécto rieng cia f. N6i cdch khdc, f chéo

hod dwoc néu ma tran cia né trong mot co s& nao dé cia V 1a mot ma tran chéo.
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Goi A € M(n xn,K) la ma tran cia f trong mot co s& bat ky cia V. Tt dinh
nghia ta suy ngay ra rang f la chéo hod duoc néu va chi néu c6 mot ma tran kha
nghich C' € M(n x n,K) sao cho C"*AC 14 mot ma tran chéo. Néi cach khac, f 1a

chéo hod dwgce néu va chi néu A dong dang (trén K) véi mot ma tran chéo.

Dinh nghia 3.2 Ma tran A € M(n x n,K) dong dang (trén K) véi mot ma tran

chéo dugc goi la chéo hod dugc (trén K).

Theo dinh nghia, A chéo hod dwoc néu va chi néu moi ma tran déng dang véi
n6 cung chéo hoa duoc.

Viée tim mot co s& (néu ¢d) cia V gom toan nhirng vécto riéng cua f dugc goi
14 viéc chéo hod tu dong cau f.

Viéc tim mot ma tran kha nghich C' (néu c6) sao cho C71AC 14 mot ma tran
chéo dwoc goi la viec chéo hod ma tran A.

Dinh 1y sau day sé cho mot diéu kién du cho su chéo hod.

Dinh 1y 3.3 Gid st oy, ..., ld cdc vécto riéng cia tu dong ciu f 'V — V ing
vo1 nhung gid tri riéng doi mot khdac nhau Ay, ..., \p. Khi do, cdc vécto ay, ..., o

doc lap tuyén tinh.

Chitrng minh: Dinh 1y dwoc chiing minh bang quy nap theo k.
Véi k = 1, vécto rieng o # 0, nén hé chi gom mot vécto oy doc 1ap tuyén tinh.
Gia str quy nap rang dinh ly da dwoc chirng minh cho hé gom k — 1 vécto. Bay gio

ta gid sir ¢c6 mot rang buodc tuyén tinh
aray + - - -+ agay, = 0,
trong do6 aq,...,ar € K. Téc dong f vao hai vé clia dang thitc trén, ta nhan dwoc
arf(on) + -+ arflag) = ahiag + -+ + apdpay, = 0.
Nhan dang thirc thit nhat v4i A, 101 trir vao dang thire thit hai, ta cé
ar(M — Ag)ar + -+ ap_1(Ae—1 — Ap)ag—1 = 0.
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Theo gid thiét quy nap, cic vécto oy, ..., ap_1 doc lap tuyén tinh, cho nén
aj(A — Ap) = = ag_1(Ag_1 — Ng) = 0.
Tir d6, do A — Ay #0 (i =1,...k — 1), nén
ap=---=ap_1 =0.

Thay cdc gid tri d6 vao dang thite dau tién, ta thu dwoc agoy, = 0. Vi véceto riéng
ar # 0, nén a; = 0.
Tém lai a; = -+ - = ap_1 = a3, = 0. Diéu nay chiing t6 hé vécto oy, ..., ay 1a mot

hé doc 1ap tuyén tinh. O

Hé qua 3.4 Gid si Vi,...,V} la cde khong gian con riéng cia tu dong ciu f :
V — V 1ng véi nhing gid tri riéng doi mot khdc nhau Ay, ..., \y. Khi dd, tong

Vi+ -+ Vi la mot téng truc tiép.
Chtrng minh: Theo dinh ly trén

Vin (3_V;) =A{0},

JFi

véimoi i =1,..., k. Vay, tong Vi + --- + Vj, 1a mot tong truc tiép. O

Hé qud 3.5 (i) NéudimV =n va tu dong ciu f : V — V ¢én gid tri riéng doi

mot khac nhau, thi f chéo hod duoc.

(i1) Néu ma tran A € M(n xn,K) ¢dn gid tri riéng doi mot khdc nhau trong K,
thi A chéo hod duoc tréen K.

Chirng minh: Goi ay,...,a, 14 hé gom n vécto riéng ing v4i n gid tri rieng doi
mot khac nhau cia f. Theo dinh 1y trén, d6 1a mot hé doc 1ap tuyén tinh. Vi dim V'
ding bang s6 vécto ciia hé, cho nén hé nay 1ap nén mot co s& cia V. Nhu vay f

va ma tran cia né trong co s& bat ky cia V chéo hod dugec. O
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Nhéan xét: Hé qud néi trén chi néu mot dieu kién dd, ma khong phdi la diéu kién
cdn cho su chéo hod. That vay, tu dong ciu f = idy cé gid tri rieng A = 1 v4i boi
n, nhung idy dwong nhién chéo hod dwoc.

Dinh 1y sau day la mot thai cure khac cia diéu kién du cho su chéo hod. N6 chi
ra rang moi phép chiéu lén mot khong gian con nao dé déu chéo hod dwoc, mic
du cdc phép chiéu nay chi cé thé cé cac gid tri rieng bang 0 hosc 1, thuwong la véi
boi rat 16n. Dinh 1y nay ciing dong thoi cho mot tiéu chuan dé nhan biét céc phép

chiéu.

Dinh ly 3.6 Gid si tw dong ciu f:V — V ¢ tinh chdt f? = f. Khi dé f chéo

hod duoc.

Chitrng minh: Dat U = Imf va W = Kerf. Ta sé chirng minh rang V =U & W
v f = pry 1a phép chiéu tir V 1én U theo phwong W . Trudc hét, nhac lai rang
U va W la cac khong gian con f-6n dinh. Gid st « € UNW. Vi a € W, nén
fla) = 0. Mat khic o € U = Imf, nén a = f(f) véi f nao d6 thuoe V. Ta cé
fla) = f(f(B) = fA2(B) = f(B) = a. Két hop hai sy kién trén, ta cé a = f(a) = 0.
Vay UNW = {0}.

Mobi vécto v € V deéu cé thé phan tich

vy=f(y)+ 0 —=rf(),

trong d6 f(v) € U va v — f(y) € W. Thay vay,

for=f)=f() = F2(v) = f(n) = f(y) = 0.

Tém lai, ta da chimg minh rang V =U @& W.
Gid st (eq, ..., €,) 1& mot co s& cua U, (& ddy m = 0 néu U = {0}). Trong phan
trén ta da chi ra rang f|y = idy. VA thé cdc vécto ey, ..., e,, déu la vécto riéng cia

f tmg véi gia tri rieng bang 1.
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Gid st (€mi1, .-, €n) 12 MOt co s& cia W, (& day n —m = 0 néu W = {0}). i
W = Kerf, nén cic vécto epy1, ..., €, déu la vécto riéng cia f ing véi gid tri riéng
bang 0.

B&éiviV =U&W, chonén (e, ..., €m, €mit, -y €,) 1& mOt co 8¢ cla V' gom toan
nhitmg vécto riéng cia f. Diéu ndy cé nghia l1a f chéo hod duoec. O

Dinh 1y sau day dwa ra diéu kién can va du cho su chéo hoa.

Dinh 1y 3.7 Twu dong cdu f cia K-khong gian vécto n chiéu'V chéo hod dwgc néu

va chi néu hai dieu kién sau day duoc thod man:
(i) Da thice dac trung cia f cé di nghiém trong truong K:
Pr(X) = (=1)™"(X = A)™ - (X = A)™,
trong do Ay, ..., \m la cdac vo hudong dor mot khdac nhau trong K.
(ii) rank(f — Niidy) =n—s; (véii=1,...,m).

Chitng minh: Gid st f chéo hod dwoc. Cu thé hon, gid sit ma tran cia f trong
mot co sé nao dé cia V' 14 mot ma tran chéo D véi s; phan tir trén duomg chéo
bang Ai,..., S, phan tir trén duwomg chéo bang \,,, trong d6 Ay, ..., A, d6i mot khac

nhau, va n = s; + -+ + S,,. Khi dé

Pr(X)=Pp(X) = (M —=X)"- Ay = X)
(L ) (X - A
Nhén xét rang ma tran (D — \;E,) 13 mot ma tran chéo, v4i s; phan tit trén duong
chéo bang A; — \; = 0, cdc phan tir con lai bdng \; — \; # 0 (v6i j # i ndo dd). Vi
thé
rank(f — \jidy) = rank(D — \E,) =n — s,

voii=1,...,m.
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Nguoc lai, gid st cdc diéu kién (i) va (ii) duwoc thod man. Xét khong gian con

riéng cua f ung véi gid tri rieng \; : V; = Ker(f — Nidy) (i =1,...,m). Ta ¢
dim V; = dim Ker(f — \jidy) = n — rank(f — Njidy) = s;.

Theo Hé qud 3.4, tong Vi + --- + V,, 14 mot tong truc tiép, véi s6 chieu bang
sy 4 -+ + 5, =n. Vay tong dé bang toan bo khong gian V:

V=1oV,& &V,

Lay mot co s& bat ky (e;1, ..., €5,) cia V; (v6ii = 1,...;m). Khi d6 (e11, ..., €14, --s
€ml, -y Ems,,) 1& MOt co & cia V' gom toan nhimg vécto riéng cua f. Nhu vay f

chéo hoa duoec. a

4 Tu dong cau lay linh

Khong phdi bat ky tu dong cau nao cung chéo hod dwoc. Tuy thé, véi nhirng gid
thiét nhe, nguoi ta c6 thé dwa ma tran cia mot tw dong cau ve mot dang rat gan
véi dang chéo, dwoc goi 1a dang chudn tac Jordan. D6i véi moi tu dong cau, dang
nay dwoc xac dinh duy nhat, sai kém thi tu cia céc khéi khac 0 trén dwong chéo.

Cho f : V — V la mot tu dong cdu cia V. Gid st ta c6 phan tich V =
Vi®---@®V,, trong d6 mdi V; 1a mot khong gian con f-6n dinh. Gid st thém rang
tu dong cau fly. ¢6 ma tran 1a J; trong co s& (e, ..., €5,) cia V;. Khi d6, ma tran

cia f trong co 8G (€11, ...y €1syy ooy Erly oy Ers,.) Cla V' 6 dang (dudmg) chéo khdi sau
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day, duwoc goi 1a tong truc tiép cia cdc ma tran Ji, ..., J,

Sl 0| 0

0 | Jo | 0
WG ®Jo=| —— . =

0 R B A

Trong tiét nay, ching ta sé nghién ctru mot 16p cic tu dong cau f ma ma tran
cla né trong mot co s& nao dé ¢6 dang chéo khdi nhu trén, véi cac khéi J; that

“dom gidn”. DG 1a 16p céc tu dong cau luy linh.

Dinh nghia 4.1 (i) Tu dong cdu ¢ cia K-khong gian vécto V' dugc goi la luy
linh néu cé s6 nguyén duwong k sao cho ¢F = 0. Néu thém vao dé @F~! #£ 0,

thi k dwoc goi la bac luy linh cia .

(ii) Co s& (eq,...,e,) cia V duoce goi la mot co sd xyclic dSi véi @ néu p(er) =

s, p(es) = es, ..., p(e,) = 0.

(iii) Khong gian vécto con U ciua V' dwgc goi 1a mot khong gian con xyclic ddi vii

@ néu U ¢6 mdt co s& xyclic doi véi .

Nhan xét rang moéi tir dong cau luy linh deu cé gia tri riéng duy nhat bang 0.
That vay, gid st ¢ c¢é bac luy linh bang k. Theo dinh nghia, ton tai vécto o sao
cho o* () # 0 va ¢*(a) = 0. Nhu thé 8 = ¢* () chinh 1a mot vécto riéng cia
@ mg véi gia tri rieng bang 0. Nguoc lai, gid sit o 13 mot vécto riéng cia ¢ tmg
véi gid tri rieng A Ta c6 p(a) = Aa, do d6 p*(a) = \fa. Vi k 1a bac luy linh cia
¢ nén ¢* = 0. Do d6 Ma = 0. Vi a 1a mot vécto rieng, nén a # 0. T dé suy ra

A=0.
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Hon ntra, (ey, ..., e,) 1 mot co s& xyclic ddi v6i ¢ néu va chi néu ma tran cia

© trong co s& nay cé dang

000 ..00
000

—_
=}

Dinh 1y 4.2 Gia s ¢ la mot tw dong cdu lay linh cia khong gian vécto hiu han
chiéu V. Khi dé, V phan tich dwoc thanh téng truc tiép cia cdc khong gian con
zyclic doi véi . Hon nita, véi moi $6 nguyén duwong s, s6 khong gian con s chiéu

zyclic d6i véi o trong moi phan tich nhw thé la khong dés, va bang
rank(p*~!) — 2rank(p®) + rank(p*™).

Chirng minh: Goi k 1a bac liy linh cia ¢. Dit V; = o*~1(V), ta thu duoc day

khong gian vécto long nhau:
V=V,DVi1 D--- DV DV ={0}.

Ta sé xay dung cac khong gian vécto con V;-j véi 1l < j <i<kcocac tinh chat sau

day:
(1) @l :ViSVE, (n>15=12..,n-1),
(2) Ker(ply,) =Vt Vee---aV!r (1<n<k),
(3) Vi= @1§j§i§n‘/;j (1<n<k).

Ta dat V' = V; va dé dang kiém tra lai 3 tinh chdt trén v&i n = 1.
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Gid st da xay dung dwoc cdc khong gian V7 véi 1 < j < i < n thod méan céc
tinh chat néi trén. Vi ¢y, : V,, — V,,_1 1a mot toan dnh, nén cé thé chon cic khong
gian VI ... V"1 sao cho

n

~

gp’v,{ : VT{ — VTZ—I? (] = 17"'7n - 1)

Tiép theo, ta chon V" 1a mot phan bu tuyén tinh cia Ker(p|y,_,) trong Ker(o|yv, ).

Nhuw vay, ta co

Ker(ely,) = Ker(gly,_,) ® V)

Khi d6, c¢6 thé chirng minh déng thitc sau bang quy nap theo n:
Vi = (@171 V) @ (®Brjcicn V7) ® Ker(oly,).
Két hop hai dang thitc & trén ta thu duwoc
Vo = rgjziza V7

Nhw vay ho khong gian con Vij v6i 1 < j <i <k da duoc xay dung bang quy nap
theo 1.

Xét day cac khong gian vécto

iV.j—>(),

i = i
V;c_>v;c—1 7

L
L
=
T

trong d6 cac mii tén deu chi cdc han ché cia dong cau ¢. Nhan xét rang moi vécto
e # 0 trong Vk] duogc dat twong ing véi mot khong gian con xyclic (k — 7+ 1) chiéu

N ;. s . A 9 . N , , ~
doi véi p, véi mot co so xyclic gom cac vécto sau day:

(e, 0(e), -, 97 (e)).

Nhu thé V/ @ V) @@ ij 1a tong truc tiép clia mot sd hiru han khong gian con
xyclic (k — j 4 1) chiéu déi v6i ¢. (SS khong gian trong tong nay bing dim V;.)
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Do dé
V=Vi=e,(eVi e oV
1 tong truc tiép cia mot s6 hitu han khong gian con xyclic déi véi .
Gia st V = @;W; 1a mot phan tich cda V thanh tong tuc tiép cla cdc khong

gian con xyclic d6i véi ¢. Vi méi W; déu 1a mot khong gian ¢-6n dinh, cho nén

rank(y) = Zrank(gp W)

Néu W; 1a mot khong gian m chiéu xyclic d6i véi o thi dé thiy rang

~
s m—s neus<im,
rank(p*|,) = )
neu s > m.

Tuw dé

~
il 1 néus=m,

rank(¢* !y, ) — 2rank(p®|w,) + rank(o*w,) =

0 néu s # m.
Vi thé, v4i moi s6 nguyén duwong s,
rank(¢® 1) — 2rank(y*) + rank(p*™)

chinh 14 s6 khong gian con s chiéu xyclic ddi v4i ¢ trong moi phan tich cia V. O

5 Ma tran chuan tic Jordan cia tw dong cau

Bay gio ta gid st f : V — V 1a mot dong cau bat ky, khong nhat thiét lay linh.
Véimoi A € K, ta xét tap

Ry ={a €V :3m =m(a) sao cho (f — Nidy)™(«) = 0}.

D6 1a mot khong gian vécto con, bdi vi né 1a hop cua mot day cdc khong gian vécto
N N
con long vao nhau

R)\ = fj Ker(f — )\’Ldv)m

m=1
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Vi f giao hodn véi f — Midy, cho nén Ry 13 mot khong gian con 6n dinh déi véi f.

That vay, néu o € Ry, thi ¢6 m > 0 sao cho (f — Aidy)™(a) = 0. Do dé

(f = Xidy)"™ f () = f(f = Xidy)™ (o) = £(0) = 0.

Nhan xét rang Ry # {0} néu va chi néu )\ 14 mot gid tri riéng cia f. That vay,
néu A la mot gid tri riéng cia f, thi khong gian con riéng Py = Ker(f — Nidy) 1a
mot khong gian con cia Ry: Py C Ry. Nguoc lai, gid st o € Ry\\{0}, chon m 1a s6
nguyén dwong nhoé nhat sao cho (f—Aidy )™ («) = 0. Khi dé 8 = (f—Nidy)™ Ha) #

0 la mot vécto riéng cua f ng véi gid tri riéng A, boi vi (f — Aidy)(8) = 0.
Dinh nghia 5.1 Gia s A la mdt gid tri riéng cua f.
(a) Ry dwoc goi la khong gian con riéng suy réng ing véi gid tri riéng .
(b) dim Py va dim Ry duogc goi twong ung la sé chiéu hinh hoc va so chiéu dai sé
cla gid tri riéng A.
Ménh deé sau day gidi thich mot phan ¥y nghia cia nhirng thuat ngit nay.

Ménh dé 5.2 Néu A\ la mot gid tri riéng cia tw dong cdu f:V — V thi dim R)

bang boi cia N zem nhu nghiém cia da thitc dac trung cia f.

Chirng minh: Theo dinh nghia cia khong gian con riéng suy rong, dong cau
(f — Nidy)|g, 1a luy linh. Do d6, ap dung Dinh 1y 4.2 cho (f — Xidy)|g,, ta c6 thé
chon mot co s clda Ry sao cho trong co s¢ d6 ma tran cia f|g, ¢6 dang chéo khoi,
véi cace khoi trén duong chéo c6 dang

A0 O ... 00

1 20 .. 00
01 X .. 00

173



T d6 suy ra da thitc ddc trung cia f|g, 1a
Py (X) = (A = X)tim it
Theo Ménh deé 1.6, ta c6

Pp(X) = P, (X)Pp(X)
= (A= X)) Py(X),

trong d6 f 14 dong ciu cam sinh bdi f trén khong gian thwong V/Ry. Vi thé, néu
goi s 1a boi cua A xem nhu nghiém cua da thite ddc trung cua f, thi dim Ry < s.

Gia str phan ching dim Ry < s. Khi dé A la mot nghiém cua Pp(X). Goi
[a] € V/Ry 1a mot vécto rieng cia f ting véi gid tri rieng A. Khi d6 fla] = Aa].
Nghia la ¢6 vécto f € Ry sao cho f(a) = Aa+ (. Do d6 = (f — Nidy)(«) € Ry.
Vi thé, ¢6 s6 nguyén m sao cho (f — Midy)™(a) = 0, nghia 1a a € Ry. Diéu nay
mau thuan véi gid thiét [a] # 0 trong V/Ry, vi d6 1a mot vécto riéng.

Tém lai, ta c6 dim Ry = s. O

Dinh 1y sau day 1la mot tong quat hod cia Hé qua 3.5.

Dinh 1y 5.3 (Dang chuan Jordan ciia ma tran cia tw dong cdu tuyén tinh).
Gid s tu dong ciu f cia K-khong gian vécto n chieu V ¢é da thite ddc trung

P¢(X) phan tich dugc thanh cdc nhan te tuyén tinh trong K[X], tic la
Pp(X) = (=1)"(X = A)™ - (X = A)™,

trong do Ay, ..., Ay la nhing vo hudng doi mot khdc nhau trong K. Khi do, V' phan
tich duoc thanh tong truc tiép cdc khéng gian con riéng suy réng &ng véi nhing
gid tri Tieng Ay, ..., A !

V=R\,® - @Ry,

¢ day dim Ry, = si. Hon ntta, V' cd mét co so sao cho ma tran cua f trong dd la
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tong truc tiép cia cde khoi Jordan cdp s ¢ dang

A O 0 ... 0 O

1 X 0 ... 0 O

0O 1 X ... 0 O
Jore =

0 0 O A O

0 0 O 1 A

S6 khoi Jordan cdp s véi phan ti A, trén dwuong chéo bang
rank(f — A\pidy )™t — 2rank(f — A\pidy)® + rank(f — A\pidy)¥.
Ma tran nay dvoc xdc dinh duy nhdt boi f sai khdc thit tu sdp ©ép cdc khéi Jordan
trén dwong chéo chinh.
Ma tran néi trong dinh 1y trén duwoc goi 1a ma tran dang chudn Jordan cia tu
dong cau f.
Chitng minh: Ta sé chiing minh dinh 1y theo nhiéu buée.
Buéc 1: Gid st A # p la céc gid tri rieng cia f. Vi cde dong ciu (f — Midy) va
(f — pidy) giao hoén véi nhau, nén ta c¢6 dong cau
(f — )\Z.dv)‘pm . RM — RM'
Ta sé ching minh rang d6 1a mot dang cdu. Vi R, hitu han chiéu, cho nén chi can
chirng minh dong cau ndi trén 14 mot don cdu. Gid st phdn chimg ton tai vécto
a € R, \ {0} sao cho (f — Xidy)(a) = 0. Theo dinh nghia cia khong gian con riéng
suy rong, c6 s6 nguyén dwong m sao cho
B =(f - pidy)" () # 0,
(f = pidy)(B) = (f — pidy)™ () = 0.

Vi cdc dong cau (f — Midy) va (f — pidy) giao hodn v4i nhau, cho nén

(f = Nidy)(B) = (f — Xidy)(f — pidy)™ " ()
= (f — pidy)™ ' (f — Nidy)(a) = 0.
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Két hop hai dang thitc trén ta c6 f(8) = A3 = uB. Vi A # u, nén dang thirc trén
dan t6i B = 0. Mau thuan nay bdc bo gid thiét phdn chimg.
Buéc 2: Ta chitng to rang Ry, + - - -+ Ry, 13 mot tong truc tiép trong V. DE lam
dieu dé, ta chimg minh rang véi moi a; € Ry, \ {0}, hé vécto (o, ..., o) doc 1ap
tuyén tinh.
Khéang dinh dé hién nhién ding véi m = 1. Gid st qui nap diéu d6 ding véi

m — 1. Xét mot rang buoc tuyén tinh bat ky S a;a; = 0 véi cée hé s6 a; € K.
Chon s6 nguyén dwong k sao cho (f — Apidy)* (o) = 0. Tac dong (f — \nidy)*
vao hai vé cia rang budc tuyén tinh néi trén, ta thu dwoc

m—1

> ai(f — Amidy)*(a;) = 0,

i=1
trong dd, theo Budc 1, cac vécto f; = (f — Apnidy)*(a;) déu khéc khong trong R,
véimoii=1,....,m — 1. Do dé, theo gid thiét qui nap, cic vécto dé doc lap tuyén
tinh, nghia la

a1:~~~:am,1:0.

Thay céc gid tri nay vao rang buoc tuyén tinh ban dau, ta ¢é a,a,, = 0. T d6, vi
a,, # 0, nén a,, = 0. Vay hé vécto (ay, ..., a,,) doc lap tuyén tinh.
Buéc 3: V=R, ®---®R,,.

That vay, theo Ménh dé 5.2, dim Ry, = s;. Do d6, diéu phdi chirng minh dwoc
suy tir ddng thirc sau

dim(Ry, ®--- ® Ry,,) = isi =n=dimV.
i=1

Buéc 4: Boivi (f — Agidy) luy linh trén Ry, cho nén theo Dinh 1y 4.2 thi f[g,
c6 ma tran dang chuan Jordan trong mot co s& ndo dé cia Ry,. Mit khac, V =
Ry, ®---@® Ry, , chonén f cé ma tran dang chuan Jordan trong mot co s& nao dé
cua V.

Budéce 5: Theo Bude 1, véi moi Ay # A, dong cdu han ché (f — )\kz’dv)|RM : Ry, —

176


http://vnmaths.tk

Ry, 1a mot dang cdu. Vi thé, ta cé
rank(f — Apidy )5, — 2rank(f — Aidy )|%, + rank(f — Apidy )3 = 0.

Két hop diéu nay véi dang thite V = Ry, @---@® R),, vA mot [an nita 4p dung Dinh
ly 4.2, ta thay trong moi ma tran dang chuan Jordan cia f, s6 khéi Jordan cap s

v4i phan ti A, trén duong chéo chinh bang

rank(f — A\pidy )™t — 2rank(f — Apidy)® + rank(f — Apidy)¥™
= rank(f — \pidy) gi — 2rank(f — AkidV)|SRAk + rank(f — )\kidv)|5Rti.

~ N . /. . A A A~ .
V1 s6 nay nhu nhau d6i véi moi ma tran dang chuan Jordan cia f, cho nén hai ma
tran nhw vay chi khdc nhau thit tu cia cic khéi Jordan trén duwong chéo. 0

Mot truong hop riéng quan trong cia dinh ly trén 1a hé qua sau day.

Hé qud 5.4 Néu K la mét truong dong dai sé (chang han K = C), thi moi tu
dong cdu cia mot K-khong gian vécto déu cd ma tran dang chudn Jordan trong

mot co so nao dé cia khong gian. O

Vi du: Tim dang chuan Jordan trén truomng s6 thirc cia ma tran sau day

3 -4 0 2

4 -5 =2 4
A=

0o 0 3 -2

0o 0 2 -1

Loi gidi: Trudce hét ta tim da thite dac trung cia A:

3-X -4 0 2
4 —5-X -2 4 , )
det(A — XEy) = = (X —1)2(X +1)2
0 0 3-X -2
0 0 2 —1-X
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Da thirc nay c6 dd nghiém thwe Ay = Ay = 1, A3 = \y = —1. Vay, ma tran A dong
dang trén truomng s6 thue véi mot ma tran Jordan J. Cdc khoi Jordan cia ma tran
J ndy c6 cdc phan tir trén duwong chéo bang 1 hodc —1, va ¢6 cap toi da biang 2 (1

boi cia céc gid tri rieng 1 va —1). Véi Ay = Ay =1, ta ¢6

2 -4 0 2 1 -2 0 1

4 —6 -2 2 -3 -1 2
rank(A — 1E,) = rank = rank 2 =3,

0O 0 2 =2 0 0 1 -1

0o 0 2 =2 0o 0 1 -1

bdi vi ma tran nay suy bién, va ¢ dinh thitrc con cédp 3 & gdc trai trén khac 0. Hon

nua,

1 -2 0 1 -3 4 3 -4
) 2 -3 -1 2 —4 5 4 -5
rank(A — 1FE,)” = rank 4 = rank 4 =2,
0o 0 1 -1 000 O
0 0 1 -1 000 O

bdi vi hai hang cudi ciia ma tran bang 0, va dinh thitc cAp 2 & géc trai trén khac
0. Nhu thé, s6 khoi Jordan cap 1 ciia ma tran Jordan J v&i phan tir trén duwong

chéo bang 1 13
rank(A — 1E,)" — 2rank(A — 1+ E;)! +rank(A —1- E,)* =4—-6+2=0.

Két hop diéu dé véi su kién A = 1 14 nghiém kép cia da thitc ddc trung cia A, ta

suy ra J chita ding mot khéi Jordan cap 2 véi cédc phan ti trén duwomg chéo bang

1. Twong tu, véi Ag = Ay = —1, ta cb
4 -4 0 2 2 =2 0 1
4 —4 -2 4 2 =2 -1 2
rank(A + 1E,) = rank = rank 2 =3,
0O 0 4 =2 o 0 2 -1
0o 0 2 0 o 0 1 0
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bdi vi d6 14 mot ma tran suy bién va dinh thitc con cap 3 & géc phdi dudi cia né

khéc 0. Tiép theo,

2 =2 0 1 00 3 =2
9 2 -2 -1 2 00 2 -1
rank(A + 1E,)° = rank 4 =rank 4 = 2.
0o 0 2 -1 00 5 -2
o 0 1 O 002 -1

Nhu thé, s6 khoi Jordan cap 1 cia ma tran Jordan J véi phan tir trén duong chéo

bang -1 1&
rank(A + 1E,)" — 2rank(A +1- E,)' +rank(A+1-E,)*=4—-6+2=0.

T d6, vi A = —1 1a nghiém kép cua da thirc dac trung cia A, ta suy ra J chira
ding mot khéi Jordan cdp 2 véi cde phan tir trén dwong chéo bang —1.

, . ~) A~ \
T6m lai, dang chuan Jordan cia ma tran A la

10 0 O

11 0 O
J =

00 -1 0

00 1 -1

Bai tap

1. Tim gi4 tri riéng va vécto riéng cua cac tu dong cau ¢b ma tran sau day trong

mot co s& nao do cua khong gian:

2 —1 2 4 -5 2
(a) 5 -3 3|, b |5 -7 3|,
-1 0 =2 6 —9 4
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-1 —4 8 6 —7 7

1000 3 -1 0

0000 1 10
() : (f)

0000 3 05 -3

1001 4 -1 3 -1

2. Chtrng minh rang néu tir dong cau ¢ cia khong gian vécto n chiéu V cé n gia
tri riéng khdc nhau va 1 13 mot tw dong cau giao hodn véi ¢, thi moi vécto

[N 9 ~ N ~ ’ EON 9 \ ’ ~ 9 = \ ’
rieng cua ¢ cung la mot vécto rieng cua ¢ va ¥ c6 mot co s¢ gom toan vécto

riéng cua no.

3. X4c dinh xem nhirng twr dong cau dwoc cho bdi cdc ma tran sau trong mot
co s& nao d6 cua khong gian vécto V ¢6 chéo hod duoc khong. Néu cd, hay
xdc dinh co s trong d6 ma tran cia tu dong cau c6 dang chéo va xac dinh

ma tran nay.

-1 3 -1 6 —5 —3

()| =3 5 -1 |, b 3 -2 -2 |,
-3 3 1 2 -2 0

1 1 1 1 4 -3 1 2

1 1 -1 -1 5 -8 5 4

(c) , (d)
1 -1 1 -1 6 —12 8 5
1 -1 -1 1 4 -3 2 2
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4. Cho ma tran cap n

10.

11.

00 .. 01

00 .. 120
A=

01 .. 00

1 0 .. 00

Tim ma tran kha nghich T sao cho B = T7'AT 1a mot ma tran chéo, va tim

B.

. Ma tran A c¢é cac vo hwdéng ay, as, ..., a, nam trén dwong chéo thit hai (theo

thit tir tir hang mot t&i hang n) con tat cd cdc phan tir khac bang 0. Tim

dieu kién dé A chéo hod duoc.

Tim gid tri riéng va vécto riéng cia tir dong cau xdc dinh bdi phép dao ham

trong khong gian vécto cdc da thire hé so thue ¢é bac khong vuot qué n.

Chitng minh rang néu it nhat mot trong hai ma tran A va B kha nghich, thi
cdc ma tran tich AB va BA dong dang véi nhau. Tim vi du vé cdc ma tran

A, B sao cho AB khong dong dang véi BA.
Tim tat cd cdc ma tran chi déng dang v4i chinh né ma thoi.

Ma tran B nhan duwoc tir ma tran A bang cdch doi chd cic hang i va j
dong thoi doi chd céc cot @ va j. Tim ma tran khong suy bién T sao cho

B=T71AT.

Chitng minh rang ma tran A dong dang véi ma tran B nhan duwoc tir A bang

phép déi xtimg qua tam cia né.

Gid st (iy, i, ..., 4,) 1a mot phép thé bat ky cia (1,2, ...,n). Chitng minh rang
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cac ma tran sau dong dang:

ail a2 ... Gip Qiviy  Qivip -+ Qi

Q21 Q22 ... Q2pn . Qigiy  Qigig -+ Qigiy,
A= va B=

ap1 Ap2 ... Qpp Qipiy Qipig v Qi

Céc ma tran sau day cé dong dang véi nhau hay khong ?

12.
3 2 =5 6 20 —34
A=12 6 —10 va B=1]6 32 —51
1 2 -3 4 20 -—32
13.
4 6 —15 1 -3 3 —-13 =70 119
A=|13 -5 |, B=| -2 -6 13|, C= —4 —19 34
1 2 —4 -1 —4 8 -4 =20 35

14. Chtrng minh rang cdc hé s6 cia da thitc déc trung cia ma tran A cé theé mo

t4 nhw sau:
A= XE| = (=X)"+ a1 (=X)"" +eo(=X)"2+ -+ e,

7 N ~ ’ . 7 7 ~
trong dé ¢, 1a tong cia tat cd cdc dinh thitc con chinh cip k clia ma tran A.
(Mot dinh thite con dwge goi 14 chinh néu cdc chi s6 hang va cdc chi s6 cot

cua né trung nhau.)

15. Gid st p > 0 la bdi cua A\g xem nhw nghiém cia da thire dac trung cia ma

tran vuong A cAp n. Goi r 1a hang cia ma tran (A — A\gE). Chitng minh rang

1<n—r<np.
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16. Chtrng minh rang céc gia tri riéng cia ma tran nghich ddo A~! bang nghich

’ .« s . PN A A A
dao cua céc gid tri riéng cua ma tran A (ké ca boi).

17. Chiing minh rang cdc gid tri riéng cia ma tran A% bang binh phwrong cia céc

., . A A A~ A
gid tri riéng cia ma tran A (ké ca boi).

18. Chitng minh rang néu Ay, ..., A, 1a cdc gia tri rieng clia ma tran A va f(X) la

mot da thite thi f(A), ..., f(\,) 1& cdc gid tri riéng cia ma tran f(A).

19. Chitrng minh rang néu A va B 1a cdc ma tran vuéng cung cap thi cdc da thirc

dic trung cua cdc ma tran AB va BA trung nhau.

20. Tim cac gia tri riéng cia ma tran xyclic

aq a2 asg ... (079

Qyp, a; a ... QAp_—1
A= Ap—1 Qpn A1 ... Qp—2

a9 as Q4 ... aq

21. Tim céc gid tri riéng cla ma tran cap n sau day

o -1 0 0 .. 00
1 0 -1 0 .. 00

N ~) , ~ A~
Tim dang chuan Jordan cia céc ma tran sau day:

22.
2 6 —15 1 -3 3

(@11 =51, M| —2 -6 13 |,
1 2 —6 1 -4 8
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23.

24.

25.

26.

(d)
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27.

28.

29.

30.

31.

32.

33.

a a2 a1z ... Qin
0 a asz ... Qa9n
0 0 a as, |
0 0 0 .. a

trong d6 ajaa93 -+ - ap_1, # 0.

Gid st K 1a mot truomg déng dai s6. Ching minh rang ma tran A véi céc
phan tir trong K 13 liy linh (tttc 14 A* = 0 véi mot s6 nguyén dwong k nao

d6) néu va chi néu tat cd cdc gid tri riéng cia né bang 0.
Chitng minh rang moi ma tran liy linh khac 0 déu khong chéo hoa dwoc.

Tim dang chuan Jordan ctiia ma tran liy dang A (ttrc 13 ma tran véi tinh chat

A? = A).

Chtrng minh rang moi ma tran déi hop A (ttc 13 ma tran véi tinh chat
A? = E) deu dong dang véi mot ma tran chéo. Tim dang cia cdc ma tran

chéo do.

Chitng minh rang moi ma tran tudn hoan A (tc 14 ma tran véi tinh chat
A¥ = E, véi mot s6 nguyén duong k nao d6) deu dong dang véi mot ma tran

chéo. Tim dang cia cdc ma tran chéo dé.

Cho A la mdt khdi Jordan cép n

a 1 0 ... 0

O a1l ... 0
A:

0 0O a
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34.

35.

36.

37.

Chtrng minh rdng gid tri cia da thie f(X) khi thay X = A dwgc hco bdi

cong thire sau day

(a "(a (n=1)(q

o fp se e
f'(a) "2 (a)

o 0 0 .. f

Tim dang chuan Jordan cia binh phuwong cia mot khéi Jordan véi 0 nam

tréen duwong chéo chinh.

N A ~ ~ x
Tim dang chuan Jordan cia ma tran sau day véi cip n > 3.

a 01 0 ... 0

0O a O1 ... 0
A:

000 . ... a

Chirng minh rang moi ma tran vuéng véi cdc phan tir trong mot truong déng
. AN , ~ . N ’ . A . 7 N A .
dai s6 déu c6 thé viét thanh tich cia hai ma tran doi ximg ma mot trong hai

ma tran dy khong suy bién.

Chitng minh rang néu ma tran A c6 dang dwong chéo khdi

A 0 ... 0
Ao 0 Ay .. 0 |
0 0 .. A

trong dé Ay, Ay, ..., A, 13 cdc ma tran vuong, va f(X) 1a mot da thirc clia an

X thi

f(A) 0 .. 0
o 0 f(Ay) .. 0
0 0 f(As)
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38. Cho A 1a mot ma tran vuong cap n véi cdc phan tir trong mot trudomg déng
dai 86 K. Goi A, Ay, ..., \, 1a céc gid tri rieng (ké cd boi) ciia A. Ching minh

rang néu f(X) 1a mot da thitc véi céc hé s6 trong K thi

det f(A) = f(A)f(A2) - [(An).
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Chuong V
KHONG GIAN VECTO EUCLID

Cau tric khong gian vécto cho phép dien dat céc khai niém nhw doc lap tuyén
tinh va phu thudc tuyén tinh, tap sinh, hang, co s& va toa do, khong gian con k
chiéu (dwong thang, mit phang)... Tuy nhién cdu tric nay chwa cho phép néi dén
cdc khéi niém mang noi dung hinh hoc nhiéu hon nhw dé dai cia vécto va gdc gitta
hai vécto... D dién dat nhitng khai niém nay, nguoi ta can cau tric khong gian
vécto Euclid.

Céc khong gian vécto loai dac biet nay khong dinh nghia dwoc trén mot truong
co s& tuy y. Vi thé trong hau nhu toan bo chwong nay ta chi xét cdc khong gian
vécto (trén truwong so) thure. Tidt cudi cia chrong sé dwoc danh dé xét nhirng thay

do6i can thiét khi chuyén sang khong gian vécto phitc.

1 Khong gian vécto Euclid

Nhéc lai rang, trong hinh hoc so cap, tich vo hwéng cia hai vécto durge dinh nghia
bang tich ciia do dai hai vécto d6 va cosin cla géc xen gitta chiing. Dé thay rang,
nguoc lai, do dai clia vécto va géc xen gitra hai vécto cé thé bieu thi qua tich vo
huéng. Nguoi ta nhan thay rang, dé dwa nhitng khai niém nay vao cac khong gian
vécto triru twong, viée trire tiép triru twong hod cdc khéi niém do dai cia vécto va
géc xen gitra hai vécto khé hon nhiéu so véi viée triru twong hod khdi niém tich
vo huéng. Vi thé, trude hét chiing ta nghién ciru khai niém tich vo hudng. Roi st
dung né dé dinh nghia do dai cia vécto va gbc xen gitra hai vécto.

Gid st E 13 mot khong gian vécto thue. Nhic lai rang mot ham

n:ExE—-R
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duoc goi l1a song tuyén tinh néu né tuyén tinh déi véi tirng bién khi ¢6 dinh bién
con lai. Moi ham song tuyén tinh nhu thé dwoc goi 1a mot dang song tuyén tinh
tréen E.
Dinh nghia 1.1 (i) Dang song tuyén tinh n : £ x E — R dwoc goi 1a déi zing
néu
n(a,3) =n(f,e), Va,B€E.

(i) n dwogc goi la duwong néu

n(a,a) >0, Vace E.

(iii) n dwoc goi 1a zdc dinh dwvong néu né duwong va

n(la,a) =0 < a=0.

(iv) Mot dang song tuyén tinh, doi xitng va xéc dinh dwong trén E dugce goi 1a
mot tich vo hudng trén E.
Tich v6 hudng trén khong gian E thuong dwgc ky hiéu la (-, -):
(wv: ExXE — R
(@,B8) — (o f).
S6 thue (a, 8) duge goi 1a tich vo hudng cia hai vécto a va . Nhing dieu kién
dé {(-,-) 1a mot tich vo huéng dwoc liet ké nhir sau:

Tinh song tuyén tinh (a1 + g, 3) = (a1,0) + (ag, 3),

)
(aa, B) = afa, f),
(@, B1+0) = (a,b1)+(a, b)),
(@, aB) = ala, ),
Tinh déi xtng (o, B) = (B, a),
Tinh x4c dinh dwong (a,a) > 0,
nla,a) =0 < a=0

v6éi moi o, oy, 3, B € E,a € R.
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Dinh nghia 1.2 Khong gian vécto thuc F cung véi mot tich vo hudng trén E

duoc goi la mot khong gian vécto Euclid.

Vidu 1.3 (a) Khong gian céc vécto tu do da hoc & hinh hoc so cap 1a mot khong

(b)

gian vécto Euclid véi tich vo hudéng thong thuwong
(o, B) = la|8] cos £(ex, B).

Gid st F la mot khong gian vécto thue n chiéu va (eq, ea, ..., €,) 1a mot co
s& cia n6. Cé thé dinh nghia mot tich vo huéng trén F nhw sau. Néu

a = xe, 3 =3, ye;, thi ta dat
<O‘75> = szyz
i=1

Ndi riéng, néu £ = R" va (e, ea, ..., €,) 1a co s& chinh tac cia R™, thi tich vo

X1 Y1

huéng cia hai vécto a = . |.,8=1 . | duoc dinh nghia la

Tn Yn
<O_/, ﬁ> = Z TiYi-
1=1

N6 duwoc goi 1a tich v6 hwdng chinh tdc trén R™. Nhan xét rang theo céch
nay moi co s& ciia £ cho phép xéc dinh trén E mot tich vo huéng. Hai tich

vO huéng xdc dinh bdi hai co s& khdc nhau thi néi chung khéc nhau.
Gid st E = Cla, b] 1a khong gian cdc ham thuyce lién tuc trén [a, b]. Cong thirc

b
(£.9) = | f@g@)dz,  f.g€ Clab

x4c dinh mot tich vo hwéng trén khong gian vo han chiéu Cla, b]. Tinh lién
tuc cia cdc ham trong Cla, b] durge dung dé chirmg minh tinh x4c dinh dwong

cia dang song tuyén tinh (f,g) — (f, g).
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Moi khong gian vécto con F' ciia khong gian vécto Euclid E duwoc trang bi mot
tich vo hudng, 1a thu hep cia tich vo huéng da cho trén E. Vi thé F cung 1a mot
khong gian vécto Euclid. N6 dwoc goi 1a mot khong gian vécto Fuclid con cia E.

Bay gi¢v ta dinh nghia do dai cia vécto va gdc gitta hai vécto trong mot khong

gian vécto Euclid.

Dinh nghia 1.4 Gia st E la mdt khong gian vécto Euclid véi tich vo hudng (-, ).

Khi d6, dé dai (hay chudn) cia vécto a € E 1a s6 thue khong am |af = /(a, a).

Nhén xét rang, nguoc lai, tich vo huéng cing duoc hoan toan xac dinh bdi do

dai vécto. That vay
1 2 2 2
(@, 8) = S{la+ 6" = [af” = |BF}-
Dé dinh nghia dwoc géc gitta hai vécto, ta can ménh de sau day.
Ménh dé 1.5 (Bit dang thitc Cauchy-Schwarz)
a8 < lall8l, Va.Be B
Chirng minh: Ta ¢ (ta + §,ta + 3) > 0,Vt € R. Hay la
t*(a, @) + 2t{a, B) + (B, B) > 0,Vt € R.

Vé trai la mot tam thie bac hai doi véi t. N6 khong am véi moi gid tri cia ¢, cho
néen
A= (a, 8)° = (a,a)(8,8) < 0.
Tw do
(@, 8)” < (o, a) (8, B).

Khai can hai vé& cia bat dang thitc, ta cé

(e, B) < /e, a)\/ (5, B) = |e|5]. .
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Trong R" véi tich vo huéng chinh tac, bat dang thirc trén c6 dang

|Zx@yz| <.\ Z%Q« nyv Vi, y; € R.
=1 =1 =1

Dinh nghia 1.6 Gdc gitta hai vécto khdc khong a va 8 duge ky hiéu bdi Z(«, 3)

va duoc xdc dinh duy nhit bdi cdc diéu kién sau

cos /(a, §) = {28
0< /a,8) < .

Ta coi goc gitra vécto 0 va mot vécto khac la khong xac dinh.

Dinh nghia 1.7 Hai vécto o, € E dwoc goi la vuéng goc (hay truc giao) véi

nhau, va dwoc ky hiéu la o L 3, néu
(o, B) = 0.

Nhu vay, (o, 8) = 0 néu va chi néu hogc 1a it nhat mot trong hai vécto «, 3 bang

0, hoac 1a /(a, B) = 7.

Ménh dé 1.8 (Dinh ly Pythagore) Néu o L 3, thi
o+ B* = |af* + |8
Chitng minh: Ta cé

(a+B,a+0) = (a,a) + 2{a, B) + (B, 5).

Via L 3, chonén (o, 3) =0. Do dd |a+ B]? =|a|* + 8> O
Céc tinh chat co ban cia do dai vécto duoc liét ké trong ménh dé sau day.
Ménh dé 1.9 (i) |a] >0, Va € E,
la] =0 < a=0.
(ii) |ac| = |alla] Va € R,Va € E.
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(iii) (Bat dang thirc tam gidc)
o+ 8| < |af + 18], Va,f € E.

Chitng minh: Céc phan (i) va (ii) dwoc suy ngay tir dinh nghia cia do dai vécto.

(iii) Theo bat ddng thitc Cauchy-Schwarz ta cé

o+ B = (ot B+ B) = (a,a) +2(a. ) + (5.5)
< la? +20a]|8] + |8 = (Jo +16])* O

Khoang cdch tir vécto a t61 vécto 3 dwoe dinh nghia nhw sau:
d(a, B) = |a— p|.
Ham khodng céch c¢6 nhitng tinh chat co ban sau day:

(i) d(a,B) >0, Vo, € E,
dla,5) =0 & a=0.

(ii) d(o,B) =d(B,) Va,p € E.
(iii) (B4t dang thirc tam gic)
d(e,y) < d(e, f) +d(B,7) Va,8,7 € E.
Dinh nghia 1.10 (i) Hé vécto (ey, ..., ex) cia khong gian vécto Euclid E duoc
goi 1a mot hé truc giao néu cc vécto cua hé doi mot vuong goc vai nhau, tire

la
(e;,e;) =0, mnéui#j.
.o A , RN ~ A A 7 1N ~ ~ .
(il) Hé vécto (eq, ..., ex) duoce goi 1a mot hé truc chudn néu né 1a mot hé truce giao
va moi vécto cia hé déu cé do dai bang 1, tirc 1a
~ . .
0, neu i # j,

{eires) = o
1, neu i = j.
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Ménh dé 1.11 (i) Moi hé truc giao khong chita vécto O déu ddc lap tuyén tinh.

(i) Néu hé vécto (ey, ..., ex) ld truc giao va khong chita vécto 0, thi hé (é—h, . ﬁ)

\ A
la truce chuan.

Chirng minh: (i) Gia st (eq, ..., ex) 1a mot hé truc giao va khong chita vécto 0.

Gid st ¢6 mot rang budce tuyén tinh
are; + -+ agep, = 0.
Nhan vo hudng hai vé v6i ex, va sit dung gid thiét e; L e; v6ii # j, ta co:
0= (aiey + -+ arep,ex) = ailer,ex) + -+ arleg, ex)
= ax(ek, ex).
Vi e, # 0, nén (eg, ex) > 0. Do d6 ar = 0. T d6 ta thu duwoc rang budc
aer+ -+ ag_1e-1 = 0.

Lap lai lap luan trén véi k dwoc thay bdi k — 1, ta thu dwoc ap_; = 0. Cudi cing
ta thu duoc

ap=ay = ---=a; = 0.

Vay hé (e, ..., ex) doc lap tuyén tinh.
(ii) Ta c6
e € 1 0, néu i # 7,

) (ei,e5) =

 eslles] 1, néu i = 5.0

{

leil” [e;]

~ e N A ~ ~ . N ~
Mot co s& cia E dong thoi 14 mot hé trire chuan dwoc goi 14 mot co sd truc

A . ’ A~ s N 7z A . A~
chudn. Dinh 1y sau day néi lén tinh pho bién cia co s& truc chuan.

Dinh 1y 1.12 Moi khong gian vécto Euclid hitu han chiéu déu cé co sé truc chudn.
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Chirng minh: Dinh 1y dwoc chitng minh bang phép truc giao hod Shmidt.

Gid st (aq, ..., ;) 1a mot co s& bat ky cia khong gian vécto Euclid E. Truc
giao hod Shmidt la phép dung mot co s& truce giao (eq, ..., e,) cia F v4i tinh chat
sau

L(e,....er) = L(ag, ..., ag), (k=1,2,...,n).
Sau d6, ta chuan hod (ey, ..., e,) dé thu duge mot co s& true chuan cia E.
Ta dat e; = ag. Nhu thé L(e1) = L(ay). Gid st da xay dung duwoc hé truc giao

(e1,...,€;-1) sao cho
Ler,...;ex) = L(ag, ..., ag), (k=1,2,...,i—1).
Tiép theo, ta tim e; dudi dang
e; = Aiter + -+ Aim1ei1 + i,

trong dé A1, ..., A\jji—1 1&i—1 s0 thue dwoc xdc dinh bdii—1 dieukiéne; L eq,...,e; L

€i—1. Ttc la

(€iseim1) = Ni—1(ei—1,ei-1) + (o, ei-1) = 0.
Hé nay c6 nghiém duy nhat

<ai’ 6k>
(ex, ex)

ik = — (k=1,2,...i—1).

Vi a; khong nam trong khong gian L(ey, ...,e;_1) = L(ay, ..., ;_1), cho nén
e; = Ajper + -+ N6 + o # 0.

Hon nita, theo dang thitc trén o; € L(ey,...,e;), va e; € Lleq,...,ei1,0;) =
L(ay, ..., ;). Két hop dieu d6 véi gid thiét Lley,...,e; 1) = L(ag,...,q; 1), ta
co

C(Bl, ceey Gi) = E(Ozl, ceny Ozi).



Qué trinh nay tiép dién cho téi i = n. Hé gom n vécto truc giao ey, ..., e, sinh ra
khong gian n chieu E. Vay hé dé 1a mot co s& true giao cia E. Cudi ciing, chuan
hod co s& tryc giao nay nhu da lam & phan (ii) cda ménh dé truge, ta thu dwoc
mot co s& true chuan cia E. O
Vi du: Truc giao hod hée vécto sau day trong khong gian Ry véi tich vo hudng

(dinh nghia nho co s&) chinh tac:

a; = (1,0,0,0),
az = (2,1,0,0),
az = (3,2,1,0),
as = (4,3,2,1).

Loi gidi: Ta dat eg = a3 = (1,0,0,0). Vécto tht hai dwge tim duédi dang

es = Ag1€1 + (i, trong do

<042,€1> . 1.2
<€1,61> N 1.1 B

Aop = —

Vay ey = —2e; + ap = —2(1,0,0,0) + (2,1,0,0) = (0,1,0,0). Vécto thit ba duoc

tim dudi dang €3 = /\3161 + /\3262 + a3, tI’OIlg do

(g, eq) 1.3

Ag1 = —2 =3

3 <61,61> 1.1 ’
<Oé3,€2> 1.2

Agp = — S|
52 <€2,€2> 1.1

Vay ez = —3e; — 2ep + a3 = (0,0,1,0). Twong tu, e4 = Agieq + Mg + Agzes + ay,

trong do
<Oé4, 61> 1 4
At = — oty
4 <€1,61> 1.1 ’
<Oé4,€2> 1.3
Ao = — -2 -3
12 <62,62> 1.1 ’
1.2
Mz = — o, 12 —2.
<63,€3> 1.1
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Tém lai, hé (eq, e, €3, e4) chinh 1 co s& chinh tac cia Ry.

Ménh dé sau day cho thay co s& truc chuan giip cho viéc tinh tich vo huéng
duoc dé dang.
Ménh deé 1.13 Gid sit (ey,...,e,) la mot co sd truc chudn cia khong gian vécto
Euclid E. Khi dd, néu o = 3, aze;, va 3 =Y, be;, thi

(a, B) = arby + - -+ + ayby,.
Chitng minh: Do tinh song tuyén tinh cia tich vo hudng, ta cé
(a, B) = (Z a;e;, ijej> = Zaibj<ei, e;).
i J i\j
Vi (eq, ..., €,) 12 mot co s& truc chuan, cho nén
(a, B) = Z a;bi(e;, e;) = Z a;b;. O

Dinh nghia 1.14 Gid st U va V la cdc khong gian vécto con cia khong gian vécto

Euclid E.

(i) Ta néi vécto a € E vudng goc (hay truc giao) véi U, va viét o L U, néu

a L uvéimoiuel.
(il) Ta néi U vuong géc (hay truc giao) véi V, va viét U LV, néu

ulv, YueUVvelV.

Do tinh déi xtng cia tich vo huéng, néu U L V thiV L U. Khidé UNV = {0}.
That vay, néu o € U NV thi (a,a) = 0, do d6 a = 0. Khi d6, tong U + V 1a mot
tong truc tiép, U @ V. Né duoc goi la tong truc giao cia U va V., va duoc ky hiéu
U@ V.

Giasu Uy, ..., Uy, 1a céc khong gian con cia E doi mot true giao véi nhau: U; L U
v6i i # j. Dé thdy rdng U; L (3,4 U;), cho nén

U;n (>_U;) = {0}, (i=1,..,k).
JFi
Do dé, tong Uy + - - - 4 Uy, 1a mot tong truc tiép.
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Dinh nghia 1.15 Tong truc tiép cia cic khong gian con doi mot truc giao véi

nhau Uy, ..., U, duoc goi 1a mot téng truc giao, va duwoc ky hieu 1a Uy @+ - - - @+ Uy

Né&u (ey, ..., e,) 1a mot co s& trire chuan cia E thi E phan tich duoc thanh tong
truc giao

E=L(e)) @@ Le,).
Dinh nghia 1.16 Gia sir U la mdt khong gian vécto con cua E. Khi dé
Ut ={a € Ela LU}
dwoc goi 1a phdan b truc giao cia U trong E.
Dé thay rang U+ ciing 1a mot khong gian vécto con cia FE.

Ménh dé 1.17 Gid s U la mét khong gian vécto con ciia khong gian vécto Euclid
hitu han chieu E. Khi dé, (UY)* = U, va E cd thé phan tich thanh téng truc giao
E=U@t Ut

Chirng minh: Chon mét co s& truc giao (eq, ..., e,) cia U, va bo sung né dé cé
mot co 8G (€1, vy Emy Ui, -y Q) CUA E. Ap dung phép truc giao hod Shmidt cho
co s& dé, ta thdy m vécto dau cia co s& khong thay doi, bdi vi ching da truc giao
san roi. Két qua la ta thu duwrgec mot co s& truc giao (e, ..., €m, Emit, -\ €n) clia E.
Céc vécto e, .-, €, triee giao voi moi phan tir trong co s& (eq, ..., €,) cia U, cho
nén ching truc giao véi U. Vi thé, epyq,...,e, € UL

Hon nira, néu o la mot véc to bat ky ciia UL, ta xét khai trién cia né theo co
s& (eq,...,e,) cua E: o = aje; + -+ -+ aye,. Do tinh triee giao cia co s& ndi trén, ta
thu duoc:

(el g g, = e g

(€1,€1) (€m; €m)

Hé qud 1a o bicu thi tuyén tinh qua (€ni1,...,e,). Két hop diéu nay véi viec

ap =

Cmils s €n € UL, tasuy ra (€my1, ..., €,) 12 mot co s& cia UL,
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Tir d6, lap ludn twong tu ta thdy: néu 8 L UL, thi 8 biéu thi tuyén tinh qua
(€1, ...y m), tikc 14 B € U. Nhu vay, (U+)t =U.

Cudi cting, ta cé phan tich truc giao
E=L(e1,....em) ®F L(emy1,...nen) = U & UL O

Bay gi¢ ta trd lai véi chi dé khodng cach trong khong gian vécto Euclid.

Khoang céch tir tap con A t&i tap con B cia E dwoc dinh nghia nhu sau:

d(A,B) = aelléxr,leEB d(a, B).

N6i riéng, néu A chi gom mot phan tr « thi ta sé ky hiéu don gidn d({a}, B) bdi
d(a, B). Nhu vay
d(a, B) = inf d(a, §).

Tap a + U = {a +u|u € U}, trong d6 U la mot khong gian vécto con cua E
dwoc goi 1a phang song song véi U va di qua a. Ta sé xét trueong hop dac biét khi

A va B la nhirng phang song song véi cac khong gian vécto con U va V.
Ménh dé 1.18 Gid sit a — 3 =v +vt, trong dé v € Vot € VL. Khi dé
d(a, B+ V) = [vt].
Téng qudt hon, néu o — B =t+t*, trong dét € (U+ V), tt € (U+V)*, thi
Aot U5+ V)= |

Chirng minh: Ro rang d(a, B+ V) 1a mdt truweomg hop dac biét cua d(a+U, 5+V)
v6i U = {0}. Theo dinh nghia

Ao+ UA+V)= L, datufro= gl lo-f+u—
batu—v=t € (U+V). Taco
a—p+t =ttt (a—p—t-+1).
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Vi(a—p—tt+t)=t+t € (U+V), néntt L (a—p—t+++t). Theo dinh Iy

Pythagore, ta cé

la— B+t =t +a—B—t-+1)7 > [t
Vi thé d(a+ U, B+ V) = infpewivy |a — f+ /| = |t+]. Gid tri nhé nhat nay dat
dwoe véi t' = —t . O

Vi du: Trong khong gian Ry véi tich vo huéng chinh tic, tim khodng cach tir

a = (2,4,—4,2) t6i phang B xéac dinh bdi hé phuong trinh

r+2y+z—t=1,

r+3y+z2—3t=2.

Loi gidi: Ro rang = (0,1,—1,0) € B. Vay B = §+ V, trong dé V la khong

gian cdc nghiém cia hé phwong trinh thuan nhat

r+2y+2—t=0,

r+3y+z2—-3t=0.

Do d6, V* 1a khong gian sinh bdi hai vécto hé s6 ciia hé phwong trinh trén: V- =
L£((1,2,1,-1),(1,3,1,-3)). Gid st a — 3 = (2,3,-3,2) = v + vt, trong dé v €
V,vt € V+. Khi dé v+ thira nhan phan tich

vE=7r(1,2,1,-1) +5(1,3,1,-3) = (r 4+ 5,2r + 35,7 + 5, —r — 35).
Vi thé, vécto
v o= a—fB—v=(2,3,-3,2) = (r+s,2r+3s,7+s,—r — 3s)
= 2-r—s53-2r—3s,—-3—r—s5,2+1r+3s)
thod man hé phwong trinh xéc dinh V. Tic la
2—r—s5)4+23-2r—3s)+(-3—r—s)—(2+r+3s) = 3—Tr—11s=0,
(2—r—s)+3B83—-2r—3s)+(-3—-r—s5)—32+r+3s) = 2—11r—20s=0.
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T dé r = 2,s = —1. Thay céc gié tri dé vio v+ ta cé

d(e, B) = |o*] = |(1,1,1,1)] = 2.

2 Anh xa truc giao

Dé nghién ctru cdu tric cia cac khong gian vécto Euclid, ngudi ta can st dung
cdc d4nh xa khong chi bdo toan cdc phép todn trén vécto, ma con bao toan tich vo
huéng.

Dinh nghia 2.1 Gidstt E va E' 1a céc khong gian vécto Euclid. Anhxa f : E — E'
dwoc goi 1a mot dnh za truc giao néu né 1a mot d4nh xa tuyén tinh va né bao toan
tich vo huéng, nghia la:

(f(a), f(B) = (a,p), Va,B€E.

oA PN N Xe 4 . S N NG ’ 7
Hién nhién 1a moi 4nh xa truc giao déu bdo toan do dai cia céc véctor:
|f(a)| = |af, Vo € E.

Ménh dé 2.2 Néu f : E — FE’ bdo toan tich vé hudng thi né la mét dnh za tuyén
tinh, va do do la mot dnh za truc giao.
Chirng minh: Dit w = f(aa + b3) —af(a) —bf(B) véia,b e R, o, € E. Vi f
bdo toan tich vo hwéng, nén véi moi v € E, ta cé
(W, f(v) = (flaa+b3) —af(a) —bf(B), f(7))

= (flaa+b3), f(7)) — alf(@), f(7)) = b(f(B), (7))

= (aa+b0,7) — ale, ) —b{(f,7) = 0.
Nhu thé w true giao v6i moi vécto c6 dang f(7), do dé w true giao véi moi t6 hop
tuyén tinh cia cdc vécto ¢6 dang f(y). N6iriéng, w 1 w. T d6 suy ra w = 0, hay
la

flaa+b0) =af(a) +bf(6) Va,be R, Vo, € E. O
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Meénh dé 2.3 Gid su E va E' la cdc khong gian vécto Euclid. Khi dé dnh za
tuyén tinh f : E — E' la mot dnh za truc giao néu nd bién moi co sé truc chudn

cia E thanh mot hé truc chudan cia E'.

Chirng minh: Né&u (e, ..., e,) 13 mot co s& true chuan cia E thi

1, néui=j,
(f(e:), f(e)) = (e €5) = L
0, néui #j.
Vay (f(e1), ..., f(en)) 1a mot hé truye chuan cia E'. (N6 cé thé khong phai 1a mot
co 8O cua E’ néu s6 chiéu cua E’ 1én hon n.)
Nguoc lai, gid stt (eq, ..., e,) 1& mot co s trie chuan cia E, va (f(e1), ..., f(en))
14 mot he tryc chuan cia E'. Khi d6, véi moi a = Y, aze;, f = 3, bse;, ta b
(fla), f(B) = (fQ_aien), F(D_bje;))
( J
= <Z a; f(e:), Z bif(e;))
i J
= D ab(f(e), fle;)) = D _aibs
1,J i
(do tinh truc chudn cia he(f(e1), ..., f(en))
= <Z a;€;, Z bj€j>
i J
= (o, ).

Nhu vay, f la mot anh xa true giao. O

Ménh dé 2.4 Moi dnh za truc giao déu la mot don cdu tuyén tinh. NJi riéng,
néu ¢ : E — E la mot tu dong cdu truc giao ciia mot khong gian vécto Euclid hitu

han chiéu E, thi ¢ la mét dang cdu tuyén tinh.

Chitng minh: Gid st f : F — FE’ la mot dnh xa truc giao. Néu f(a) = 0 thi
la| = |f(a)| =0, nén a = 0. Nhu thé Kerf = {0}. Do d6 f 1a mot don cau tuyén
tinh.
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Néu ¢ : F — E la mot anh xa truce giao, thi
dim E = dim I'mp + dim Kerg.

Vay dim E = dim Imep. Do d6, ¢ la mot toan cdu. Phén trén cia ménh dé da
khang dinh ¢ 14 mot don cau. Tém lai, ¢ 14 mot dang cdu tuyén tinh. O
Theo ménh dé trén thi moi 4nh xa truwc giao h : E — E' deu la mot dang cau
tir E vao Im(h). Hon nita, moi dang cau truc giao f : E — Im(h) déu c6 dang
f = ho, trong d6 ¢ 1a mot tu dang cau truc giao cia F. That vay, chi can ldy
po=h"1f: E— E.
Nhu vay, viéc nghién ciru cdc anh xa truc giao ¢6 thé quy ve viéc nghién ctru

cac tu ding cdu truc giao (hay con dugce goi la cdc phép bién déi truc giao).

Ménh deé 2.5 Tdp hop O(E) cdc phép bién déi truc giao cia mét khong gian
vécto Euclid E lap nén mot nhém doi véi phép hop thanh cdc dnh za. D6 la mot
nhém con cia nhém GL(E) tdt cd cdc tw dang cdu tuyén tinh cia E.

Chitng minh: Theo dinh nghia cia phép bién doi truc giao, néu f,g € O(E) thi
fogeOF).

Gid thiét théem h € O(E). Hién nhién ta cé

(fog)oh=fo(goh).
Phan ti idg € O(F) la don vi cia phép nhan trong O(F). That vay, véi moi
f€O(F) taco
Anh xa nguoc f~! cia f € O(E) ciing 1a mot phép bién doi true giao, tie 1
e O(E), vata cb

Fof =0 f=idp

Mobi phép bién doi truc giao déu la mot tu dang cdu tuyén tinh, nghia la

O(F) C GL(F). Hon ntra, phép nhan trong O(F) la thu hep cia phép nhan trong
GL(E). Vay O(F) 1la mot nhém con cua GL(E). O
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Dinh nghia 2.6 O(FE) duoc goi 1a nhém bién déi truc giao clia khong gian vécto

Euclid £ .
Ménh deé sau day 13 hién nhién

Ménh d@é 2.7 Néu o la mot phép bién doi truc giao cia E thi né bién moi co sd
triuc chudn thanh mét co sd truc chudn. Nguoc lai, néu te dong ciu ¢ : E — E
bién mét co sd truc chudn nao doé thanh mot co so truc chudn thi ¢ la moét phép

bién doi truce giao.

. N A~ ~ ~ . ’ . N
Gid st (eq, ..., €,) 1a moOt co s& truc chuan cua khong gian vécto Euclid E, va A

N A~ A~ N s A~ N ’ ~
la ma tran chuyeén tir co s&¢ dé sang mot co s& nao dé (eq,...,e,) cua E. Nhuw vay

(51-‘-571) = (61...6n)A.

Dieu kién can va du dé hé (e, ...,&,) cling 1a mot co s& trire chuan cia E 1a
(eirgj) = (Z AkiCk; Z jer)
K K

= Za;ﬁ-akj :51‘]' (Z,j: 1,...,n).
k=1
Néi cach khéc
A'A=E,.

Dinh nghia 2.8 Ma tran thue A vuong cap n dugc goi 1a truc giao néu A'A = E,,
néi cach khic, néu hé vécto cot cia A 1a mot hé truc chuan trong R™ véi tich vo

hwéng chinh tac.
Theo phan tich & trén, ta da ching minh khang dinh sau day:

N S . \ A ~ \ A A
Ménh dé 2.9 Gid si A la ma tran chuyén ti mot co s¢ truc chudin (eq,...,e,)
sang mot co s¢ nao dé (eq,...,&,). Khi dé, (g1, ...,e,) cling la mot co s truc chudn

néu va chi néu A la mot ma tran truc giao.
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Ménh dé 2.10 Gid sut A la mét ma tran thuc, vuong cip n. Khi dd, cdc tinh chdt

sau day la twong duong:
(i) A truc giao.
(ii) A khd nghich va A~' = A'.

(iii) HE¢ vécto hang cia A la truc chudn trong R, vdi tich vé hwdng chinh tdc,
hay la
AA' = E,.

Chitng minh: Gid st A’A = E,. Khi d6 (det A)? = det(A’A) = det E,, = 1. Do
d6 ma tran A kha nghich. Nhan hai vé cia dang thitc A'A = E, véi A™! tir bén
phéi, ta thu dugc A = A'AA™! = E,A7! = A~!. Bay gio lai nhan hai vé cia dang
thitc A* = A= véi A tir bén tréi, ta nhan dwoc AA* = E,. Nhu vay ta da chiing
minh rang (i) = (1) = (i77). Suy luan ngugce lai dwrge tién hanh hoan toan twong

tu. O

A~ \ A , . A . \ A e

Ménh dé 2.11 Néu ¢ la mét phép bién doi truc giao cia E thi ma trdan cia nd

X . A \ A A . . ,

trong moi co s truc chuan cia E la mot ma tran truc giao. Nguoc lai, néu ¢ cd
A A A \ s \ A A . \

ma tran trong mot co so truc chudn nao dé cia E la mdt ma tran truc giao thi ¢

la mot phép bién doi truc giao.

Chitng minh: Gid st ¢ 13 mot phép bién doi truc giao va (e, ..., e,) 1a mot co s&
trye chuan cia E. Khi dé (¢(ey), ..., p(e,)) ciing 1a mot co s& trire chuan. Goi A
13 ma tran cia ¢ trong co s& (eq, ..., e,). Khi d6, A chinh 1a ma tran chuyén tir co
s& (eq, ..., e,) tGi co s& (p(€1), ..., 0(€,)). Theo Ménh dé 2.9, A 1a mot ma tran true
giao.

Nguroc lai, néu ¢ ¢6 ma tran A trong mot co s& trie chuan nao dé (ey, ..., e,) 1a
mot ma tran truce giao, thi cing theo Ménh deé 2.9 (¢(e1), ..., 0(en)) = (e1, ..., en)A

1a mot co s& true chuan. Do dé, ¢ 14 mot phép bién doi truce giao. a
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Hé qud 2.12 Tdp hop O(n) cdc ma tran truc giao cip n lap nén mét nhém doi
v&i phép nhan ma tran. D6 la mét nhém con cua nhom GL(n,R) cde ma tran thue

cap n khd nghich.

Chirng minh: C§ dinh mot co s& trwe chuan (e, ..., e,) cia khong gian vécto
Euclid n chiéu E. Khi d6, moi phan tir ¢ € O(F) duge dat twong tmg 1-1 vi ma
tran cua né A, € O(n) trong co s& ndi trén. Twong tng nay bao toan phép todn,
nghia la

Aoy = Ay o Ay

Vi O(F) la mot nhém, nén O(n) cting vay. Ngoai ra, ta ¢6
GL(E) <  GL(n,R)
U U
O(E) - O(n). 0
Dinh nghia 2.13 O(n) dwgce goi 1a nhdm cdc ma tran truc giao cdp n.
Meénh dé 2.14 Néu A la mét ma tran truc giao thi
det A = +£1.
Chirng minh: T dang thitc AA' = E,, ta c6
1 =det E, = det(AA") = det Adet A" = (det A)>.

Két qua 1a det A = +1. O

Ménh dé 2.15 SO(E) = {¢ € O(F)|detp = 1} va SO(n) = {A € O(n)|det A =

1} la cdac nhém con twong ing cia O(E) va O(n).
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Chitng minh: Néu ¢, ¢ € SO(E) thi ¢ € O(E) va
det(pp) =detp-detyp =1-1=1.
Nhu thé, theo dinh nghia, ¢ € SO(E).
Néu ¢ € SO(E) thi o=t € O(F) va
det(p™!) = (detp) ™t =171 =1.

T d6 ¢! € SO(E).
Tém lai SO(F) 1a mot nhém con cia nhém O(FE).
Truomg hop SO(n) duge chitng minh twong ti. 0

Két qua la ta cé bicu do sau day:

SO(E) dwgc goi 1a nhém bién déi truc giao ddc biét cia E, con SO(n) duge
goi 1a nhdm cdc ma tran truc giao ddc biét cip n.

Bay gio ta xét cau tric cia mot phép bién doi truc giao.
Ménh deé 2.16 Néu o la mot phép bién ddi truc giao, thi moi gid tri riéng (néu
cd) cia ¢ déu bang +1. Cdc khong gian con riéng Pi(¢) va P_1(¢) (néu cd) cia
¢ (tng vdi cde gid tri rieng 1 va —1) truc giao véi nhau.
Chirng minh: Gid st « 1a mot vécto riéng tmg vGi gid tri rieng A cia o, nghia la
o(a) = . Ta ¢

(@, @) = (p(a),p(a)) = (A, Aa) = N, q).
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Via#0, nén A2 =1. Do dé, A = £1.
Gia st o € Pi(yp), 3 € P_1(p). Ta cb

(o, B) = {pla), 0(B)) = (@, =) = —(a, B).
Tw dé (o, f) =0vaa LS. O
Ménh dé 2.17 (i) A€ O(1) néu va chi néu A = (£1).
(it) A € O(2) néu va chi néu A la mét trong hai ma tran dang sau day

cosw —sinw Ccos w sin w
Al - ) A2 -
sin w COS w sinw — cosw

Ma tran Ay chéo hod dugc néu va chi néu w = kw véi k € Z. Ma trdn A,

luén chéo hod dwgc nho mot ma tran truc giao. N6i ro hon, ton tai Q € O(2)

sao cho
B 10
QA =
0 —1
Chirng minh: (i) A = ) néu va chi néu a® =1, titc 1a a = +1.
(i) Gid st A = . Khi d6, A € O(2) néu va chi néu

S

d

>+ =1,+d*=1,ac+bd = 0.

Hai dang thitc cudi chimg t6 (¢, d) 14 nghiém duy nhat cia hé phwong trinh tuyén
tinh khong suy bién

ar+by = 0,
cr+dy = 1.
Theo quy tic Cramer, ta cé
0 b a 0
det det
1 d b c 1 a
c= = — ,d = = .
det A det A det A det A
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Ta xét hai truong hop:
Truong hop 1: det A =1. Khi dé ¢ = —b,d = a. Két qua 1a

a —b
A= , véi a? 4+ b? = 1.
b «a

bat a = cosw, b = sinw, ta thu duoc

cosw —sinw

A=

sin w CoSw

Da thitc dac trung cia A bang X2 — 2coswX + 1. N6 ¢6 nghiém thire néu va chi

néu A’ = —sin?w > 0, hay 1a w = k7 v6i k 1a mot s6 nguyén. Khi do
+1 0
A=
0 =#=1

Truong hop 2: det A= —1. Khi d6 ¢ =b,d = —a, va

A= , voia® + b2 = 1.

Dat a = cosw, b = sinw, ta ¢

cosw sin w
sinw —cosw
Da thitc dac trung cia A 14
cosw — X sinw ) ) Ly )
det = X"—(cos*wtsin“w) = X°—1 = (X-1)(X+1).
sin w —cosw — X

Vay A c6 hai gia tri rieng la 1 va —1.
. N ’ . Ao . ’ A~ N z.
Gia st ¢ 1a phép bién doi trure giao cia R? ¢6 ma tran 14 A trong co s& chinh
tac. Goi av va 3 1a cdc véceto riéng ¢6 do dai bang don vi cla ¢ tng véi cde gid tri

rieng 1 va —1. Ta biét rang o L 3. Vay (a, ) 1a mot co s& true chuan cia R2.
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Néu @ la ma tran chuyén tir co s& chinh tic cia R? sang co s& (o, 3) thi Q € O(2)

va
X 10
Q AQ = . a
0 —1
Phép bién doi truc giao ¢ cia khong gian vécto Euclid hai chieu E ¢6 ma tran
dang
cosw —sinw cos w sinw

, hoac
sin w Cos w Sinw — Cosw

trong mot co s& true chuan nao dé dwoc goi thir tuw 1 phép quay gdc w zung quanh

goc toa do va phép doi xing truc.

Ménh dé 2.18 Gid sit o la mot phép bién doi truc giao cia khéng gian vécto
Buclid E. Khi do, néu U C E la mét khong gian vécto con @-on dinh thi U+ ciing

vay.

Chitng minh: o|y : U — U la mot phép bién doi true giao, nén né 13 mot dang
cau tuyén tinh. Néi riéng, o(U) = U. V&i moi u € U, ¢6 mot t € U nao d6 sao cho

u=p(t). Gid stt v € U+. Ta cé
(p(v),u) = (p(v), (1)) = (v, t) = 0.
Nghia la p(v) € U*. O

Ménh dé 2.19 Gid si p € O(E), trong dé E huu han chiéu. Khi dd, ton tai mot

2 ~ s A J J \ ’
CcoO SO truc chuan cua E Sao ChO ma tmn cua (p trong coO SO ’ﬂCLy cO dang

coswi —sinwy CcoSw, — sinw,
E,®(—E)® @D
sin wq COS Wy sin w,. COS Wy
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cosw; —sinwy

sinw; cosw;

cosw, —sinw,

sin w, COS Wy

trong do wy, ...,w, la nhing so thwe khdc km (k € Z).

Chitng minh: Ap dung ménh dé trude va nhé ring moi phép bién ddi tuyén tinh
thue déu c6 khong gian con 6n dinh mot hodc hai chiéu, ta nhan dwoc phan tich
true giao

E=U @ - & Un,
trong d6 moi U; 1a mot khong gian con ¢-6n dinh mot hoadc hai chieu. Bay gio ta
ap dung Ménh deé 2.17 cho ¢|y,. Nhé rdng moi phép ddi xtmg truc hosic phép quay
géc km déu cé thé chéo hod duwge. Vi thé, ¢ ¢ ma tran nhu ndi trong ménh de

A ~) N ’
trong mot co s& truc chuan nao dé cua FE. O

Dinh nghia 2.20 Ma tran néi & Ménh dé 2.19

cosSw; —sinwy CoOSw, —sinw,
Ly @ (—Ey) @

sin wy COS w1 Sin w, COS W,

dwoc goi 14 ma tran truc giao dang chinh tdc.
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Hé qud 2.21 V§i moi ma tran truc giao A cdp n, ¢é mot ma tran truc giao Q

cung cap n sao cho Q7 LAQ = Q'AQ la ma tran

truc giao dang chinh tdc.

Vi du: Tim dang chinh tic B cia ma tran tryc giao

Wik Wi Wi
Wby Wl W

Wi Wi W=

va ma tran truc giao @ sao cho B = Q7 tAQ.

Loi gidi: Trudce hét ta tim da thite dac trung cia A:

-x o

PA(X) = det 2 %-X _%
S IR R

130

Da thirc nay c6 3 nghiem: X; =1, Xp3 = =

—(X - D(X?* =X +1).

Goi ¢ 1a phép bién déi tuyén tinh cia R? ¢6 ma tran 1a A trong co s& chinh

tac. Vécto rieng e; = (z,y, 2)" cua ¢ tng v6i gid

phuong trinh

(2 -1z —3y+ 22
x+(E-1y—3z
—sr+2y+ (3 —1)z

Tir dé suy ra x = y = z. Néu ta doi héi thém e,
1 1 )t'

1 _ (1
+ 5. Ta chon e; = (%, eI

tri rieng X; = 1 14 nghiém cua hé

0
0
0.

cododaidonvithhe =y=2=

Tiép theo, ta xét khong gian ¢-6n dinh hai chiéu tmg véi cdc nghiém phirc lién

hop Xo3 = —1i;/§"
(3 — 5800 — 1y +
§$+ (% _ 1+§/§¢>y_
RN ANERES &
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Hé nay c6 ho nghiém phu thuéc mot tham so phitc ¢:
x=—2ty=(1+V3i)t,z=(1—V3it.

Chon t = 1 va tdch riéng phan thire va phan do cila vécto nghiém, ta thu dwoc hai
vécto

6/2 - <_27 ]-7 ]->t7 6% = (O, \/g, _\/g)t
Hai véc to nay truc giao véi nhau. Ta chuan hod ching dé ¢é mot hé truwe chuan :

V2 11, 1 1,
€o = (_7a777) , €3 = (Oaia_i) :
V3 V6 V6 V2© V2
Theo chirng minh Dinh 1y IV.2.2 ta c6

(ple2) ples)) = (e e3)

‘ D=
)
S
Ol b
= ol

Nhur vay, trong co s& trire chuan (eq, es, e3) phép bién doi ¢ cé ma tran dang chinh

tac
1 0 0
— 1 V3
B=10 5 ¥
Vv3 1
0 =% 3

A ~ N ’ I ~ ’
Ma tran chuyén @ tir co s& chinh tac cia R? sang co s& trire chuan (ey, eq, e3) chinh

14 ma tran trirc giao véi cde cot 1a cace vécto toa do cuia ey, eq, e3:

1 2
V3 V3

Q — 1 1 1
V3 V6 V2
1 1 1
V3 V6 V2

Hién nhién 1a B = Q1 AQ.

rd L] A’. * A N Ve L A’. L]
3 Phép bién doi lién hop va phép bién doi déi
xXrng
Dé dinh nghia dwoc phép bién déi lién hop, ta can bo de sau day.
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B6 de 3.1 Gid st ¢ : E — R la mét dang tuyén tinh trén khong gian vécto Euclid
hitu han chiéuw E. Khi dd ton tai duy nhdt vécto o € E sao cho l(x) = (z,a) vdi

moix € E.
Chirng minh: Tinh duy nhét: Giad st ¢6 cdc vécto a, 3 € E sao cho
lx) = (z,a) = (z,03), VreE.
Khi d6 (z,a — 8) = 0 véi moi « € E. N6i riéng
la— B = (a—B,a—f) =0.

Do d6 o = 5. 0
Swu ton tai: Néu ¢ = 0 thi ta chon a = 0. Nguwoc lai, néu ¢ # 0, thi Im(¢) = R.
Ta cé

dim F = dim Kerf¢ + dim R.

Ky hiéu n = dim E, ta ¢6 dim Ker{ = n — 1. Do d6, khong gian (Kerf)* cé s6
chieu biang 1. Goi e € (Kerf)* 1a mot vécto véi do dai don vi |e| = 1. Nhu thé,

e#0,va (Kerl)t = L(e). Tadat a ={(e)-e € E. Mdi z € E déu cé phan tich
r=tle+z (teR,z € Kerl).
Ta c6

(x,a) = (te+z,0(e)-e) = (te,l(e) - e) = tl(e)(e,e)
= tle) =L(te) = L(te+ z) = L(x). O

Hé qua 3.2 Gid s E la mot khong gian vécto Fuclid hitu han chiéu. Khi dd dnh

ra f: E — E* ddt twong itng moi o véi fo, € E* xde dinh bdi hé thic
folx) = (z,0), VreFE

la mot dang cdu tuyén tinh.
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Chirng minh: Ro rang f,, x4c dinh bdi hé thitc trén 13 mot dang tuyén tinh trén

~ x oA N}
E. Hon ntra, de kiém tra rang

P o, €E,
faa = afa, a€R,a€E.
No6i cach khéc, f: E — E* 1a mot 4nh xa tuyén tinh. Sy ton tai va tinh duy nhat
cla vécto o néi & bo de trude chirmg té f 1a mot dang cau. O
Anh xa f dwoc goi la dang cdu chinh tdc gitta E va E*. N6 duoc dinh nghia
khong phu thudc vao co s¢ cia E. Néu ta viét f,(z) dudi dang (x, f,), trong d6
(-,-): Ex E* — R 1a ghép cap ddi ngau gitta F va E*, thi hé thitc xac dinh f, trd
thanh
(7, fo) = (2, ).
Nhur thé, dang cau f cho phép dong nhat ghép cap doi ngau gitra F va E* véi tich
vo hudng trong F.
Bay gio gid stt ¢ : F — E 1a mot phép bién doi tuyén tinh. Véi moi 3 ¢6 dinh

trong F, twong tng

EFE — R
a — (g(a),B)

13 mot dang tuyén tinh trén £. Do d6, theo B6 dé 3.1, ¢6 duy nhat phan tit dwoc
ky hiéu la ¢*(3) trong E sao cho

(p(a), B) = (, ©"(53))-
Ta dé kiém tra lai rang anh xa

' FE — E
B o= ¢ (B)

14 mot d4nh xa tuyén tinh.
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Dinh nghia 3.3 ¢* dvoc goi la phép bién déi lién hop cia .
Phép bién doi lien hop c¢é nhirng tinh chat sau day:
Meénh dé 3.4 Véi moi v, € L(E,E), a € R, ta ¢

(i) (p+v) = o+,

*

(ap)” = ap".
(ii) (97)" = o.
(i) ()" = ¢ ™.
(iv) Néu ¢ khd nghich thi ¢* cung vay, va

(™) = (")

Chitng minh: Ta chi ching minh tinh chét (iii). Cédc phan con lai dugce coi nhuw

bai tap. Theo dinh nghia, véi moi «, 8 € F, ta co

{pi(a), B) = (o, (p¥)*(0))-
Mat khac
(pi(a), B) = ((a), ¢*(B)) = {7 (0)).

VI (e, (¢0)"(8)) = {o, ¥"¢"(B8)) v6i moi v, 3 € E, cho nén ta ¢6 (p¢)* = ¢ ¢*. O

A~ \ A A A \ s
Meénh dé 3.5 Néu A la ma tran cia @ trong mot co s truc chudan nao dé cia

E, thi A la ma tran cia ©* trong cing co so dy.

Chirng minh: Gid st ¢ va ¢* ¢6 ma tran lan luot 1a A = (a;;) va B = (b;;) trong
co s& trie chuan (eq, ..., e,) cia E. Ta c6
n

(ple): ) = (3 awgenses) = 3 auglevs ) = iy

k=1
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Twong tu
(e, " (e:)) = (£"(ei), €5) = b
Diéu kién (p(e;), e;) = (e, ¢*(e;)) twong dwong véi a;; = bj; v6i moi 4, j, hay la
B = A" O
binh nghia sau day dwa ra mot 16p cdc dnh xa tuyén tinh quan trong.

Dinh nghia 3.6 (i) Phép bién doi tuyén tinh ¢ : E — E dwoc goi 1a mot phép

bién doi doi ming (hay tu lién hop) néu ¢ = ©*, titc 1a
(p(@), B) = (a,(B)), Vo,B€ E.
(ii) Ma tran vuong A dugce goi l1a dd7 zitng néu A = A'.

Hé qua 3.7 Néu phép bién doi tuyén tinh ¢ : E — E la d6i ztng th ma tran cia
nd trong moi co sé truc chuan cia E la ma tran déi xitng. Nguoc lai, néu phép
bién doi tuyén tinh ¢ ¢6 ma tran ddi zing trong mot co sé truc chudn nao dd cia

E thi ¢ la do1 zming.

Chitng minh: Ta dung cdc ky hiéu cia ménh deé trude. Khi d6, ¢ doi xtimg (tirc
1a ¢ = ¢*) néu va chi néu A = A" O
Ménh dé 3.8 Cdc khong gian con riéng ng véi nhiung gid tri riéng khdc nhau
cila mot phép bién doi déi xing la truc giao véi nhau.

Chirng minh: Gia str o va 3 la cac vécto riéng ciia phép bién doi doi xing ¢ ng

vGi cdce gid tri rieng khdc nhau A va p. Nghia la o(a) = A, o(8) = uf (A # u). Ta

(p(a),B) = (o, 0(B))
= (Ao, B) = (o, pnf)
= (A-p)a,8) = 0
= (o, B) = 0. O



Ménh dé 3.9 Moi gid tri riéng cia mét ma tran thwe doi zing bat ky déu la sé

thuc.

Chirng minh: Gid st A = (a;;) 1 mot ma tran thye doi xing béat ky, ¢6 cap n.

Gid str A la mot nghiém phite cia phwong trinh dac trung
det(A - XE,) =0.

Hé phwong trinh >°7_; a;;7; — Av; = 0 (i = 1,...,n) ¢ dinh thitc det(A — \E},) = 0,

nén hé dé ¢6 mot nghiém phite khong tam thwomg (by, ..., by,). Tic 1a
Zaijbj :/\bz (Z: 1,...,n).
j=1

Nhan hai v& cia dang thitc trén véi lién hop phite b; cia b; roi cong lai theo i, ta
céd

> aibibi =AY bibi = A3 [bi]*).
i=1 =1

i=1 =
Hé s6 31, |bs]? 1& mot s6 thire, nén dé chitng minh A 14 thie ta chi can chitng minh

vé trai cung 1a mot so thue. Ta cé

m = Xij= aibib; = >him1 a;jbjb;
= Y7oy ajibib; (do A d6i ximg)
= Xij=1 aijbib; = > =1 a;jbib;. O
B6 de 3.10 Gid si o la mét phép bién doi doi ming cia E. Néuw U la mot khong
gian vécto con p-6n dinh cia E thi Ut ciing vay.

Chirng minh: Néu u € U thi p(u) € U. Véi moi v € UL, ta c6

(u, o(v)) = {p(u),v) = 0.
Do d6 ¢(v) € U*. O

Dinh 1y 3.11 Phép bién doi tuyén tinh ¢ cia khéng gian vécto Euclid hitu han
chiéu E la d6i ming néu va chi néu cé moét co so truc chuin cia E gom toan

nhing vécto riéng cua @.
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Chitng minh: Néu £ c¢6 mot co s& trire chuan gom nhirng vécto riéng cia ¢ thi
ma tran cia ¢ trong co s& d6 1a mot ma tran chéo, va do dé doi ximg. Vi thé ¢
daoi xtmeg.

Nguoc lai, gid sir ¢ déi xitng, ta sé chitng minh bang quy nap theo n = dim F
rang c¢6 mot co s& trire chuan clda F gom toan nhitng vécto riéng cla ¢. Két luan
14 hién nhién v6i n = 1, vi khi dé moi vécto khac 0 trong £ déu 1a vécto riéng cia
¢. Gid st quy nap rang két luan ding véi moi khong gian cé s6 chiéu nhé hon n.
Theo Ménh dé 3.9, ¢ c6 mot gid tri rieng thuwe A;. Goi e; 1a mot vécto riéng cé
do dai bang 1, img véi gid tri rieng A;. Khi dé L(e;) 1a mot khong gian vécto con

¢-on dinh. Theo bé deé trén, khong gian £(e;)* ciing 1a ¢-6n dinh. Ngoai ra, ta c6
dimL(e))t =dimE - 1=n—-1<n.

. . , A ~ N
Theo gid thiét quy nap, ¢ mot co s& true chuin (e, ..., e,) cia L(e;)t gom toan
~ , PN . ’ N ~ ~
nhirng vécto riéng cia ¢. Khi do (eq, e, ..., €,) 1a co s& triue chuan cia E cing gom

toan nhirng vécto riéng cua . O

Hé qud 3.12 Moi ma tran thuc déi zing déu chéo hod dugc nho cdc ma tran
truc giao. Cu thé hon, néu A la mét ma tran thuc déi xing, thi ton tai ma tran
truc giao Q dé cho

B=Q'AQ = Q'AQ

la mot ma tran chéo.

Chirng minh: Chon mot khong gian vécto Euclid E s6 chiéu n, 1a s6 hang va s
cot cia ma tran A. Goi ¢ 1a tu dong cau cia E nhan A lam ma tran trong mot co
s& trire chuan nao d6 (eq, ..., e,) cia E. Khi dé ¢ la mot phép bién doi doi xing,
vi A la déi ximg.

Theo Dinh Iy 3.11, ¢ mot co s true chudn (g1, ...,€,) cia E gom toan nhing

vécto riéng cla . Ma tran B cua ¢ trong co s& nay tat nhién 1a mot ma tran chéo.
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Bay gitr goi @ 1a ma tran chuyén tir co s& trwe chuan (eq, ..., e,) sang co s& truc

chuan (e, ...,&,). Khi d6, Q 1a mot ma tran truc giao. Hon nira, ta c6

B=Q 'AQ = Q'AQ. 0

Vi du: Tim mdt ma tran true giao @ lam chéo hod ma tran doi ximg sau day:

1 1 1 1

1 1 -1 -1
A—

1 -1 1 -1

1 -1 -1 1

Loi gidi: Trude hét ta tim da thitc dic trung cia A:

1-X 1 1 1
1 1-X -1 -1 5
det = (X —-2)°(X +2).
1 -1 1-X -1
1 -1 -1 1-X
Sau do6, ta tim vécto riéng cia A tmg v4i gid tri rieng Ay = —2:
x r+y+z+t 0
Y r+3y—z—t 0
(A+2E,) = =
z rT—y+3z—t 0
t rT—y—2z2+3t 0

Hé nay cé ho nghiém phu thudéc mot tham s6 —o = y = 2z = t. Vécto eq4 =
(—%, %, %, %)t thod man hé phwong trinh dé va cé do dai bang don vi.

Tiép theo, ta tim cdc vécto riéng cia A tng véi gid tri rieng A\ = Ay = A3 = 2:

x —r+y+z+t 0
r—y—z—t 0

a—2E)| Y | = Y _
z rT—y—z—t 0
t r—y—z—t 0
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Hé nay twong duong véi chi mot phwong trinh
r—y—z—t=0.

Néu chon x = y thi 2 = —t. Ta mudn tim céc vécto riéng cé do dai bang don vi,
tiicla 2% +9y? + 22 +12 =222+ 222 = 1. Do d6 2%+ 2% = % Tir day ta c6 thé chon
hai vécto riéng doc 1ap tuyén tinh eq, e; véi cde toa do twong timg 1a

=y =2 =35, =—

va To =Yg =19 = 5,29 = —

NI= o
N= N

May man, hai vécto nay truc giao véi nhau. (Néu tréi lai, ta tién hanh truc giao
hod ching). Cudi cling, ta tim vécto riéng ez ing véi A = 2 bang cdch doi hoi né

true giao v4i hai vécto eq, es, tire 1a thod man thém hai phwong trinh

r+y+z—t = 0,
r+y—z+t = 0.

DO [

Ngoai ra, ta mudn |es| = 1. Tir d6, e3 ¢6 cdc toa Ao x5 = 23 =t3 = 3,y3 = —3.

Ma tran can tim @ c¢6 céc vécto cot chinh 1a cdc vécto riéng (e, eq, €3, €4):

101 1 _1

2 2 2 2

101 11

. 2 2 2 2

@= 1.1 11

2 2 2 2

1111

2 2 2 2

Ta ¢co
200 0
» t 020 0
B=Q AQ =Q'AQ =

00 2 0
00 0 =2

4 Vai nét vé khong gian Unita
Trong tiét nay ta noéi vai nét vé nhirng thay doi can thiét khi nghién citu viéc do
do dai cua cdc vécto trong mot khong gian vécto phire. Trong nhirng khong gian
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nhuw thé, ta khong dinh nghia dwoc khdi niém gdc gitta hai vécto bat ky. Tuy theé,
khai niém trirc giao thi van cé nghia.

Gia st E 1la mot khong gian vécto phite.

Dinh nghia 4.1 Mot ham n : £ x FF — C duwoc goi la mot dang Hermit tréen E

néu né thod man hai diéu kién sau day:
(1) n tuyén tinh déi véi bién thit nhét:

7](041 +a27ﬁ) = 77(04175) +n(a27ﬁ) vahaQaﬁ € Ea
nac, B) = an(e, B), Va € C,a,B € E.

(2) nla mot ham lién lop déi xing:

T](ﬁ,()é) :77(0‘7ﬁ)7 Vo, 8 € B,

trong d6 n(a, #) la lién hop phitc cua n(a, 3).

Moi dang Hermit déu lién hop tuyén tinh ddi v4i bién thit hai. Tic 13

n(aa 51 + ﬁQ) = 77(@751) + n(avﬁQ) VO&, ﬁhﬂQ € Ea
n(a,b8) = bn(a, B), Vbe C,a,0 € E.

That vay:

n(a, Br+F2) = 1B+ Ba, ) = n(B1, ) +n(f2, )
= 77(51704) +77<52705) :77(04751) +77(Oé,ﬁg).
n(e,b8) = n(bB, o) = bn(B, a)

= bn(B,a) =bn(a, B).

bic biét, 1dy a = 3, ta ¢

n(a, a) = n(o, a).
Vi thé, n(a, ) 1a mot s6 thye, véi moi a € E.
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Dinh nghia 4.2 Dang Hermit n dwgc goi 1a mot tich vé hudng néu né ¢b tinh xdc

dinh dwong:

n(a, a) >0, Va € E,

nla,a) =0 <= a=0.

Khong gian vécto phitc E cung véi mot tich vo hudng da cho tréen £ duoc goi la

mot khong gian Unita.

Khi dé n(«, 8) duoc goi 1a tich vé hudng cia « va 5, va thuong dugce ky hiéu
bdi («, ).
Nhan xét: Khong thé dinh nghia tich vo huéng trén khong gian vécto phirc nhw
mot dang song tuyén tinh, doi xitng va xdc dinh dwong. Ly do don gidn 14 vi khong
ton tai mot dang nhuw vay. That thé, néu (-,-) 1a mot dang song tuyén tinh, doi

xing va xac dinh dwong thi
(ac, aa) = a*(a, a),Ya € C,a € E.

Néu {(a,a) 1a mot s6 thire dwong thi a?(a, o) khong thire, ching han véi a = v/,
trong dé ¢ 1a dom vi do.
Vi du: Khong gian C" 1a mot khong gian Unita véi tich v6 hudng chinh tdc dinh
nghia nhw sau:
(o, 0) = may1 + -+ + T,

trong d6 a = (1, ..., )" 8= (Y1, .o, Yn)".

Trong khong gian Unita F, s6 thue khong am |a| = m duwoc goi la do dai
cua vécto a.

B4t dang thitc Cauchy-Schwarz van con diing trong cdc khong gian Unita. Tuy

theé, ty s ngBBﬁ no6i chung 14 mot s6 phitc ma khong 14 s6 thwe, nén ta khong dinh
nghia duoc gdc gitra hai véc to khdc 0 bat ky.

Mic dau vay, ta van néi « truce giao véi 8 va viét a L 8 néu (a, 3) = 0.
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Moi khong gian unita déu c¢é co s& truc chuan. Dieu nay c¢é thé dwoc chitng
minh bang céch truc giao hod Shmidt mot co s& tuy ¥ cia E dé xay dung mot co

. . A~ ’ ~ ’ A A~
s& truc giao, roi chuan hod dé cé mot co s trire chuan cia E.

Dinh nghia 4.3 Ty dong ciu f : E — E dugc goi 1a mot bién doi unita néu f

bao toan tich vo hudng:
(f(a), f(B)) ={a.B),  Va,BEE.

A ’ N A ’ N . N , . X
Mot phép bién doi tuyén tinh 14 unita néu va chi néu né bién moi co sd truc
A~ N A A~
chuan thanh mot co s& truc chuan.
Gid st A = (a;;) 1a mot ma tran phitc vudng cdp n. Ma tran phu hop phite

A* = (aj;) cia A dwge dinh nghia nhw sau:

Dinh nghia 4.4 A dwoc goi 1a mot ma trdn unita néu AA* = A*A=E,.

Ma tran chuyén giita hai co s& trire chuan bat ky cia £ 1a mot ma tran unita.

Mot phép bién doi tuyén tinh 1a unita néu va chi néu ma tran cia né trong moi
co s& truc chuan cia F 1a mot ma tran unita.

Khéac véi cdc phép bién doi truc giao, moi phép bién doi unita déu chéo hod
duoc. Diéu nay 1a hé qud cia tinh déng dai s cia trwdong s6 phitc. Moi gid tri

riéng ctia mot phép bién doi unita déu ¢ moéodun bang 1.
Dinh nghia 4.5 Phép bién doi tuyén tinh f: E — E dwogc goi 1a tu lién hop néu
(f(a),B) = {a, f(B)), Va,3 € E.

Ma tran A dwoc goi 1a tu lién hop néu A = A*.
Mot phép bién déi tuyén tinh la tw lien hop néu va chi néu ma tran cia né

X A~ N A~ A oA
trong moi co s& truc chuan cia E 14 mot ma tran tw lién hop.
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Mobi phép bién doi tu lien hop cia E déu ¢6 mot co s& truc chuan cia F gom
toan nhitng vécto rieng cia né. Moi gid tri riéng cia céc phép bién doi tu lien hop
deéu thue.

Hé qud 1a moi ma tran tw lién hop A déu cé mot ma tran unita C' sao cho

C*AC = C7'AC 1a ma tran chéo, véi cdc phan tir trén duong chéo déu thue.

1. Chitrng minh rang cdc vécto (1, —2,2, —3) va (2, —3,2,4) truc giao véi nhau.

B6 sung hé vécto d6 dé thu duwoc mot co s& truc giao clia khong gian.

~ Ao . 111 1yoy (1 1 1 1y a3 A :
2. Bo sung he gom 2 vécto (5,3,5,5) Va (5,5, —35, —5) dé thu dugc mot co so

A~ A .
truc chuan cia khong gian.

3. Dung phép truc giao hod dé xay dung mot co s& truc giao cia khong gian

con sinh bdi céc vécto sau day:

(2,1,3,—1), (7,4,3,3), (1,1,-6,0), (5,7,7,8).

4. Tim mot co s& truc giao cho phan bu truc giao U+t cia khong gian con U

trong R* sinh bdi cdc vécto sau day:

a; = (1,0,2,1), as = (2,1,2,3), a3 = (0,1, =2, 1).

5. Khong gian vécto con U dugc xdc dinh bdi hé phuong trinh

2%1 + To + 3ZE3 — Ty = 07
31‘1 + 21’2 — 2£U4 = 0,
3513'1 + To9 + 9%3 — Ty = 0.

Tim hé phwong trinh x4c dinh phan bii true giao U+ cia U trong R*.
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10.

. Xéc dinh hinh chiéu truce giao cia vécto a = (4, —1,—3,4) 1én khong gian con

U sinh bdi céc vécto

Q= (17 17 L 1)7 Qg = <1a2727 _1)7 Qg = (1707073)

X4c dinh hinh chiéu trure giao cia vécto a = (7, —4, —1,2) 1én khong gian con

U xéc dinh bdi hé phuong trinh

201 + 9 + 3 + 34y = 0,
3r1 + 219 + 23 + x4 = 0,
r1 + 219 4+ 223 — 924 = 0.

Tim khoang cich tir vécto a = (2,4, —4,2) t6i phang duge x4c dinh bdi hé
phwong trinh:
T + 2r9 + w3 — x4y = 1,

r1 + 319y + 3 — 3x4 = 2.

. Chtrng minh rang khodng céch d tir vécto o t&i phang 3 + U, trong d6 U 1a

khong gian con ¢é co s& (o, ..., ay), nghiém ding cong thire

G(ag, ..., ap, a0 — 3)
G(ala ) Oék) .

& =
O day
Glay, ..., ap) = det({ov, ;) ) pxk

la dinh thitc Gram (con goi la dinh thitc Gram - Shmidt) cua hé vécto

(1, ooy ).

Tim khodng céch gitta hai phang o + U va 8+ V, trong d6 o = (4,5,3,2)
8= (1,-2,1,-3), khong gian con U sinh bdi cdc vécto

(1,2,2,2) va (2,-2,1,2),
va khong gian con V sinh bdi cdc vécto
(2,0,2,1) va (1,-2,0,—1).
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11.

12.

13.

14.

15.

Cho céc vécto o va 3 trong khong gian vécto Euclid E. Chitng minh rang:

(a) a = af v6i s6 thue nao d6 a > 0 néu va chi néu goc gitra hai vécto a
va (8 bang 0;
(b) o = af véi s6 thue nao d6 a < 0 néu va chi néu gbe gitra hai vécto «

va 3 bang 7.

Chirng minh rang géc gitta vécto a véi cac vécto 8 € L, trong dé L 13 mot
khong gian vécto con, dat gid tri nhd nhat khi 3 14 hinh chiéu vuong goc 3y
clia o 1én L. Dang thite cos /(a, 3) = cos /(a, fy), trong d6 3 € L, xdy ra néu

va chi néu 3 = afBy véi s6 thue nao dé a > 0.

Ta goi gbc gitta o va hinh chiéu vuong géc ciia né lén L 1a gbc gitra o va L
(xem bai tap trudce). Tim géc gitta o = (1,0,3,0) va khong gian con L sinh

bdi cdce vécto sau day:

(5,3,4,-3), (1,1,4,5), (2,—1,1,2).

Cho mot hé vécto doc lap tuyén tinh (eq, ..., ex) va hai hé vécto truc giao
(f1, -, fr) va (91, ..., gx) sao cho cdc vécto f, va g, biéu thi tuyén tinh duwgc
qua cic vécto ey, ...,es (v6i s = 1,2, ..., k). Chtrmg minh rang f, = a.g, trong

dé a, 1a mot s6 thuwe khac khong (s = 1,2, ..., k).

Xét tich vo hudng sau day trong khong gian R[X],, cic da thitc thue ¢ bac
khong vuot qua n:

(F.o)= [ F)g(X)X.
Chirng minh rang néu ap dung qué trinh trire giao hod vao co sé (1, X, ..., X™)
cia khong gian ndi trén thi ta thu duoc hé da thire chi khac v4i cde da thire

Legendre sau day cdc nhan tir thuc khac khong:

1 d*

R(X) =1, P(X) = 5 (X7 = 1),

v6i (k=1,2,...,n). Tim céc nhan tir dé.

227



16.

17.

18.

19.

20.

Chitng minh rang dinh thite Gram G(ay, ..., o) = det({as, ;) )kxi khong thay
doi sau qua trinh trie giao hod. Cu thé, gid st (eq, ..., ex) 1a két qua cia qud

trinh true giao hod ap dung cho hé vécto (aq, ..., ax). Khi dé
G(ag, ...,ar) = G(eq, ...,er) = (e1,e1)(ea, ea) - - - (ex, ex).

(Trén co s& d6, nguoi ta goi /G (o, ..., ax) 1 thé tich k-chiéu cia hinh hop

vGi cdc canh ag, ..., ag.)

Chitng minh rang cdc vécto aj,...,a; doc lap tuyén tinh néu va chi néu

G(Oél, ...,Oék) 7é 0.

Chitng minh rang néu (eq, ..., ex) 1a két qud clda qud trinh truc giao hod ap
dung cho hé vécto (ay, ..., a) thi

G<a17 ) Oék)
G(Ctl, ceey Ctk,1>7

lex|* =

voi k= 1,2,...,n. (Dinh thitc Gram cia mot hé gom khong vécto duge qui

wée coi la bang 1.)
Chitng minh bat dang thitc
0 S G(Oél, (XD Oék) S |Oél|2 te |O[k|2,

trong d6 dau bang xdy ra & bat dang thirc thit hai néu va chi néu céc vécto

ari, ..., doi mot true giao hodc it nhat mot trong cic vécto dé bang 0.
Chitng minh bat dang thitc
G(at, ooy O, B1, -y Bo) < G, ooy, ag)G (B, -y Be),
trong dé dau bang xdy ra néu va chi néu
(0, B;) =0 (i=1,..,k; j=1,...,0)
hodc mot trong céc vécto ay, ..., ay, B, ..., B¢ bang 0.
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21.

22.

23.

24.

25.

Céc co s& (€1, ...,e,) VA fi1,..., fn) cia mot khong gian vecto Euclid duogce goi
14 nghich d4o ciia nhau néu
1 néui=j,
e, fi) = o
0 néui # .
Chirng minh rang ton tai duy nhat co s& nghich ddo d6i véi moi co s&

(€1, .y €n)-

Cho hai hé vécto (aq,...,ax) va (05, ..., Bk) cia mot khong gian vécto Euclid
E. Chttrng minh rang ton tai mot tu dong cau truc giao ¢ cia E sao cho
o(a;) = F; (i=1,2,...,k) néu va chi néu cdc ma tran Gram cua hai hé vécto
dé trung nhau:

(<ai7aj>)k><k = <<6z’76j>)k><k-

s e o~ . ’ A N . A~ ~

Phép bién doi true giao ¢ ¢é ma tran la A nhw duéi day trong mot co sd true
A~ N s ~ \ A A~ A~

chuan nao d6. Hay tim mot co s& truc chuan sao cho ma tran B cua ¢ trong

co s& d6 ¢6 dang chinh tac, va tim ma tran B:

Wi Wi W=

13
2

() A = 12
0

Wi Wi Wi

—~
=y

S~—

s

I
I
NI N

W= Wi wiN

1 1
V2 —3V2

Tim dang chinh tac B cia ma tran truc giao A sau day va ma tran truc giao

Q sao cho B = Q7 LAQ:

11 1 1
2 1 2 2 2 2 2
8 3 3 11 1 _1
2 2 2 2
a) A = 2 2 _1 b) A =
(a) 3 3 3] (b) 101 1 1
1 2 2 2 2 2 2
508 03 11 1 1
2 2 2 2

Chtrng minh toan bo Ménh dé 3.4.
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26.

27.

28.

29.

30.

31.

32.

. N ~ A v v \ ’
Gid st (e, e2) 14 mot co s& true chuan cia mat phang va ty dong cau ¢ ¢é

1 2
ma tran A = trong co s&¢ gom f; = e; va fy = e; + 5. Tim ma
1 -1

tran cua tw dong cau lién hop ¢* trong cling co s& (f1, fo).

Phép bién doi tuyén tinh ¢ cia khong gian vécto Euclid Rg ¢é ma tran 1a

11 3
A=10 5 -1
2 7 -3

trong co s& gom cdc vécto fi = (1,2,1), fo = (1,1,2), f3 = (1,1,0). Tim ma

tran cta phép bién doi lien hop ¢* trong ciing co s& do.

Tim ma tran cta phép bién doi lién hop ¢* trong co s& chinh tic cia Rs néu
¢ bién céc vécto a; = (0,0,1), as = (0,1,1), az = (1,1,1) twong tng thanh
céc vécto By = (1,2,1), B2 = (3,1,2), f5 = (7,—1,4).

Cho mot phan tich cia khong gian vécto Euclid £ thanh tong truc tiép cia
hai khong gian con: E = U; @ U,. Goi ¢ 1a phép chiéu lén U; theo phwong
Us,. Chimg minh rang £ = Ui @ Ush, va ©* 1a phép chiéu 1én Us- theo phirong
Ui

Chtrng minh rang néu U la mot khong gian con 6n dinh ddi véi phép bién
doi tuyén tinh ¢ thi U+ 1a mot khong gian con 6n dinh déi véi phép bién doi
lien hop ¢*.

Chirng minh rang hai phép bién doi tuyén tinh lién hop véi nhau c¢é cling da

thite dac trung.

Chirng minh rang néu phép bién déi tuyén tinh ¢ cé ma tran A trong co s&
(e1, ..., €,) thi phép bién ddi lien hop ¢* c6 ma tran A trong co s& nghich ddo

véi co s& néi trén.
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33.

34.

35.

36.

37.

Gia st U = ({a;, @) )nxn 1 ma tran Gram cia co s& (aq, ..., o). Chirng minh
rang ma tran A cia phép bién doi tuyén tinh ¢ vi ma tran B ctia phép bién
doi lien hop ¢* trong co s& néi trén lién hé véi nhau bdi cong thite:

(a) B=U AU d6i v6i khong gian vécto Euclid;

(b) B=U"'A'U d6i véi khong gian unita.
Tir d6 suy ra dieu kién can va di dé ¢ 1a mot phép bién doi tu lién hop.
Gid st U la ma tran Gram cia mot co s& nao d6 ciua khong gian va A 1a ma

tran cia phép bién déi tuyén tinh ¢ trong co s& d6. Tim ma tran cla phép

. A PN N /. N .
bién doi lién hop ¢* trong cling co s& néi trén, cho biét

3 1 =2 1 20
U= 1 1 -1, A=[20 3
-2 -1 2 013

Goi ¢ la phép chiéu 1én U; theo phwong Us (hodc phép phdn xa qua U theo
phwong Us,). Chitng minh rang ¢ 14 d6i xitng néu va chi néu cdc khong gian

con U; va U, trie giao.

Cho phép bién doi tuyén tinh ¢ xéc dinh bdi ma tran A sau day trong mot co
s& trie chuan nao dé cia khong gian. Tim mot co s& tric chuan gom nhitng

vécto riéng cla ¢ va ma tran cia né trong co s& ay:

11 2 -8 17 -8 4
(a) A= 2 2 10|, BWA=]| -8 17 —4
8 10 5 4 —4 11

7 . N ~ . 3 . ’ A A~ AN
Chitng minh rang khong gian vécto Euclid E ¢6 mot co s& trire chuan gom
s 2 . N ’ 7 oA . 2 . Ao . 7 \
cic vécto dong thoi 1a cdc vécto rieng cua hai phép bién doi déi xiing ¢ va

N . , . Ao N . ’ ;.
1 néu va chi néu hai phép bién doi nay giao hodn v&i nhau.
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38.

39.

40.

41.

42.

43.

44.

45.

Chtrng minh rang méi tu dong cdu ¢ cia mot khong gian vécto Euclid deu
c6 thé phan tich thanh ¢ = 1 x1 VA © = Y21, trong dé 1y, ¥y 1a céc phép
bién doi doi xing ¢6 moi gia tri rieng déu duwong, con 1, 2 1a cdc phép bién

doi truc giao. Chirng minh rang moi cach phan tich néi trén déu duy nhat.

Phan tich cdc ma tran sau day theo cac cach néi & bai trude:

4 -2 2
2 —1

(a) A= o A= 4 4 -1
2 1

—2 4 2

Chttrng minh rang phép bién doi ddi xing ¢ la xéc dinh dwong (tic 1a
(p(a),a) > 0 v6i moi a # 0) néu va chi néu cdc hé s6 cia da thie dac
trung cia né X" + ¢, X" 1 + ... + ¢, déu khdc khong va dan diu; Hon nira,
¢ la khong am (tie 1a (p(a), @) > 0 v6i moi «) néu va chi néu ¢6 mot chi s

k sao cho ¢y = 1, ¢y, ..., ¢ khdc khong va dan dau, con ¢y =+ =¢, = 0.

Chirng minh rang néu ¢ va 1 1a cdc phép bién doi doi xing, trong dé ¢ xéc

dinh dwong, thi cdc gid tri rieng cia varphiy déu thue.

Chirng minh rang néu ¢ va 1 1a cdc phép bién doi doi xtmg véi céc gid tri
riéng khong am va mot trong hai phép bién doi 1a khong suy bién thi cic gia

tri riéng cua varphiy déu thue va khong am.

Chtrng minh rang moéi phép bién doi doi xtmg khong am cé hang r déu 1a

tong cda r phép bién doi déi xtng khong am ¢ hang 1.

Phép bién déi ¢ cia khong gian Euclid E dwoc goi 1a phdn déi xitng néu

©* = —¢p . Chitng minh rang ¢ 14 phdn déi xttng néu va chi néu ma tran cua

’ X A~ A . N A . ’
né trong moi co s& trirc chuan cia khong gian déu 14 ma tran phan déi ximg.

Chirng minh rang néu khong gian U 6n dinh déi véi phép bién doi phan doi

xitng ¢ thi phan bii truc giao U+ cia né cling vay.

232


http://vnmaths.tk

Chuong VI

DANG SONG TUYEN TINH
VA DANG TOAN PHUONG

Noi dung chinh cida chwong nay la phan loai tat cd cdc dang song tuyén tinh

ddi xtmg va cic dang toan phuwong trén khong gian vécto thie hiru han chiéu.

1 Khai niém dang song tuyén tinh va dang toan
phuong

Gia st V 1a mot khong gian vécto thure.

Dinh nghia 1.1 Anh xan:VxV — R duoc goi 1a mot dang song tuyén tinh trén

V néu né tuyén tinh véi moi bién khi ¢ dinh bién con lai; tirc 13

= 77(041:5) + 77(042’5),

n(ay + o, B)

n(aa, 8) = an(a, B),
)
)

n(a, B+ B2) = nla, Br) +n(a, Ba),
n(e,af) = an(a, B),
véi moi a, oy, 3, 35 € V,a € R.

Dang song tuyén tinh n dwoc goi la doi xitng néu
(e, B) = n(B, a)
véi moi a, € V.

Dinh nghia 1.2 Gid sit 7 14 mot dang song tuyén tinh déi xing trén V. Khi d6
anh xa H : V — R xéc dinh bdi



dwoc goi 1a dang toan phwong trén V ting véi dang song tuyén tinh doi xing 7.
Nhan xét: n duoc hoan toan xdc dinh béi H. That vay, ta ¢6

nla+8,a+08) = nla,a)+nla, B) +n(B,a) +n(8, )

= n(a,a) +2n(a, B) +n(B, 8).

T do, ta nhan dwoc

w0.8) = sl B0+ 5)—n(a,0) — n(5,5)

1
= JlH(a+5) ~ H(a) ~ H(B).
Vi thé, n duoce goi 1a dang cuc cia dang toan phuwong H.

Vidu 1.3 (a) n(x,y) = zy la mot dang song tuyén tinh déi xing trén khong

gian vécto V = R. Dang toan phuwong tng véi n la

H(z) = 2°.

(b) Moi tich v6 huémg trén V' 14 mot dang song tuyén tinh, doi xitng va xdc dinh

dwong. Dang toan phuwong ttng véi né chinh la
H(a) = |af.

Gid st V' 1a mot khong gian vécto thwe hiru han chiéu, va (ay, ..., o) & mot co
b) ) z ~ N
so cua né. Neu a = 3, vy, 8 = 3, yj0, thi

n

n(a,B8) = n(Y wian, Y i) = 3 aapm(on o).

3,7=1

n

Nhu vay, n hoan toan duge xdc dinh bdi b cée gid tri (n(ai, aj)); ;- -

Ta x6t ma tran A = (a;;)7,-; = (n(ow, @;));;—,. Dang 1 la déi xiing néu va chi

néu A 1a mot ma tran doi ximg. That vay, néu n doi xitng thi

Q;; = 77(041‘7 Oéj) = 77(04]‘, Oéz) = Qjj,
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vGi moi 7, j, nén A doi xitng. Nguoc lai, néu A ddi ximg thi

n

77(0475) = Z wiyjﬁ(OéuOéj) = Z i T;Y;

inj=1 ij=1
n n
= Y aumy; = Y agyix; =16, a),
ij=1 inj=1

véi moi a, 3 € V, tire 1a n d6i ximg.

Dinh nghia 1.4 Ma tran A = (a;j)nxn = ({0, @))),,,, dwoc goi la ma tran ciua
dang song tuyén tinh n (hodc ma trdn cia cia dang toan phuong H wng vdin)

trong co so (aq, ..., ).
Ky hiéu cdc vécto cot toa do cia a va 3 boi

Ty Y1

Tn Yn

Dong nhit ma tran vuong cap mot z'Ay véi phan tw duy nhat 7, agzy; cia
no, ta co

n(a, B) = Z AijT;Y; = $tAy-

inj=1
Ta goi d6 1a biéu thirc toa do cia cliia dang song tuyén tinh 7 trong co s& (ay, ..., ay,).
Ciing nhir vay, biéu thitc
n
H(a)= Y ajzz; =a"Ax
ij=1
dwroc goi 1a bicu thitc toa do cla cia dang toan phwong H trong co s& (au, ..., o).
Ménh dé sau day cho thiy ma tran cia dang song tuyén tinh thay doi thé nao

. A
khi doi co sd.
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Ménh dé 1.5 Gid s A va B la ma tran cia dang song tuyén tinh n (hay cing
vay, cua dang toan phuwong H ) twong #ng trong cdc co so (aq, ..., a,) va (B, ..., Bn)-

Néu C' la ma tran chuyén tir co so (ai,...,an) sang co s (B, ..., 3n) thi ta cé
B=C'AC.
Chirng minh: Ky hiéu A = (aij)nxn, B = (bij)nxn: C = (Cij)nxn, ta cé
bre = (B, Be) = W(Z Cik Vi, Z ¢jet;)

= Z cincjen (o, a;) Z Cik@ijCije,
4,j=1 1,j=1

véi moi k, £. D6 chinh 1a phan t ndm & hang k c¢ot £ cia ma tran C*AC. Dieu nay
twong dwong vaoi

B=C'AC. O

2 Duwa dang toan phuong vé dang chinh tic

Gia st 7 1a mot dang song tuyén tinh déi xitng (khong nhédt thiét xdc dinh dwong)
tréen khong gian vécto thuc V' va H la dang toan phuwong mg véi nd. Khai niém
n-truc giao sau day la mot tong quat hod cia khéi niém truc giao d6i véi mot tich
vo hudng trong khong gian vécto Euclid.

Dai v6i cde véeto o, 8 € V, néu n(a, #) = 0 thi ta néi a n-vuodng goc (hay n-truc
giao) véi 3, va ky hieu o L, 5.

Luu ¥ rang, vi n khong nhat thiét xdc dinh dwong, nén rat c6 thé a L, a véi

mot s6 vécto a # 0 nao do.

Dinh nghia 2.1 Co s& (aq,...,a,) cia V duoc goi 1a mot co so n-truc giao (hay

H-truye giao, hay don gian, truc giao, khi g va H da ro) néu
(o, a;) =0, Vi # j.
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bDieu nay twong dwong véi su kién ma tran A cia n trong co s& (ay, ..., a,,) 1a
mot ma tran chéo, hay cling vay, bieu thitc toa do cia dang toan phwong H tng

véi n trong co s& dé ¢é dang
n
H(a) => a7,
i=1

é déy a; = Qg;.
Gid st (aq, ..., ) 1la MmOt co & n-trure giao. Khi d6, sau mot phép hoan vi cée
phan tir trong co s& d6 (néu can), bidu thitc toa do clia dang toan phwong H tiwrong

ng v4i n trong co s& nay c6 dang
2 2 2 2
H(a) = a1y + -+ + @pT, — GpiaZy g =+ = QpagTpy g,

trong d6 a; > 0(0 <i < p+q,0 < p+q < n). Biéu thirc nay duwoc goi 1a dang
chinh tdc cia dang toan phwong H = H,).
Ta “chuan hod” co s& (ay, ..., ) bang cach dat

1
Vi
Khi d6 a = ¥, 250 = 3, 4:/3;, trong d6

Bi = (i=1..p+q),0=ali>p+q).
vi=+var, (i=1,..p+q), v =z(i >p+q).
Biéu thitc toa do cia H trong co sé méi (B, ..., B,) 1a
H(a) =yi+ Yy = Ypi1 =~ Ypig
Bieu thirc nay dwoc goi 1a dang chudn tic cia dang toan phwong H = H,.

Dinh 1y 2.2 Ton tai mét co so n-truc giao cho moi dang song tuyén tinh déi ziing

n trén khong gian vécto thuc hitu han chiéu V.

Chirng minh: Goi A la ma tran cua n trong mot co s& nao dé (aq,...,a,). Vi

A 1a mot ma tran déi xing thuwe, nén ton tai ma tran truc giao Q sao cho B =
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Q'AQ = Q'AQ 1a mot ma tran chéo. Goi (B, ..., B,) 1a co s& ma ma tran chuyén
tir (a1, ..., ) sang né 1a Q. Khi d6, theo Ménh dé 1.5, B 1a ma tran cia n trong
co 86 (01, ..., 3,). Vi B la mot ma tran chéo, nén (5, ..., 5,) 1a mot co s& n-truc

giao. O

Hé qud 2.3 Gid si n la mot dang song tuyén tinh doi ming trén mét khong gian
vécto Euclid E. Khi do, ton tai mét co s truc chudn cia E dong thoi la mét co

s n-truc giao.

Chirng minh: Ta lip lai chimg minh cida dinh 1y truée, nhung xuat phat tir mot
co s& truc chudn nao dé (o, ..., ) cia E. Ton tai ma tran true giao Q sao cho
B = Q'AQ = Q'AQ 13 mot ma tran chéo. D6 chinh 14 ma tran cia n trong co s&
(B, ..., Bn) xéc dinh bdi dieu kién ma tran chuyén tir (ay, ..., ay,) sang co s& dé la
Q. V1 B la mot ma tran chéo, nén (0, ..., 3,) 1a mot co s& n-true giao. Vi Q truc
giao, cho nén (i, ..., 3,) ciing 1a mot co s& true chuan cia E. O

C6 thé nhin hé qua néi trén tir mot khia canh khéc. Theo cdch nhin nay hé qua
khang dinh c6 thé dwa dong thoi hai dang toan phwong, trong dé cé mot dang xéc
dinh duwong, vé dang chéo trong cling mot co sd.

Bay gio ta trinh bay Phwong phdp Lagrange dwa dang toan phuwong vé dang
chinh tic. Phwong phap nay tién loi hon trong thuc hanh so véi phwong phép
duoc trinh bay trong chitng minh Dinh ly 2.2.

Giéa s dang toan phuong H dwgce cho trong mot co s& nao dé (g, ..., a,,) boi
bicu thitc

H(a) =) ajax;, (a;; = aji).
tj
Ta xét 3 truong hop sau day.
Truong hop 1: Gid st a;; # 0 véi @ nao d6. Sau mot phép ddnh s6 lai cde phan
tir cia co s (ay, ..., a,,) néu can, ta cé the gid st ay; # 0. Khi d6

H = an(z}+221) &xi) + (nhirng s6 hang khong chita x1)
i—2 411
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"L ay; N N ,
= ay(z + g al z;)? + (mot dang toan phwong cia zo, ..., z,)
j=2 W11

= any; + Y bieyse (bee = ber,),
o =2

trong do

o= T, g,
Y = Tk (k=2,3,..,n)
13 mot phép bién doi toa do khong suy bién.

Viéc dwa H ve dang chinh tac duwoc quy ve viée duwra dang toan phwong H' =
Sk 1= beeyrye cta (n — 1) bién vé dang chinh téc. Dieu nay c6 thé thye hién bang
quy nap.

Truomg hop 2: Moi a; = 0 (¢ = 1,...,n) nhung c¢6 a;; # 0(i # j). khong giam
tong quét ta gid str a;y # 0. Thuc hién phép bién doi toa do khong suy bién

1 = Y1+ Yo,

T2 = Y1 — Yo,

Tk = Yk (k=3,..,n),
ta co

20120122 = 2012(y; — ¥3).
Tu do

H =) ayvx; =) bijyy;
i

tj
c6 hé s6 cia y? 1a 2a15 # 0. Ta trd ve truomg hop 1 da xét.
Truwong hop 3: Moi a;; =0 (i,j =1,...,n).
Khi d6 H c6 dang chinh tic trong bat k¥ co s& nao cia khong gian V.

Vi du: Chitng minh rang mot trong hai dang toan phwrong sau day

H = 8x% — 28z + 1453 + 162,25 + 142,23 + 327973,

K = af +4a5+ 223 + 27173
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14 x4dc dinh dwong. Tim mot phép bién doi tuyén tinh khong suy bién dwra dang
dé ve dang chuan tac, dong thoi dwa dang con lai vé dang chinh téc.
Loi gidi: Ta sé theo sdt cdc bude cia chitng minh Hé qua 2.3.

Dung phuwrong phép Lagrange dwa K vé dang chinh tic, ta nhan thdy K xéc

dinh dwong, bdi vi
K = o] + 43 + 205 + 2123 = (21 + 3)° + 405 + 23

Truée hét ta dwa K ve dang chuan tic bang phép doi bién vy = 1 + 23, ys =

21‘2,3/3 = I3. Khi do

H = 8y —Tys +8y5 + 8y1y2 — 2y1y3 + 8Y2ys,

K = yi+ys+us

Ma tran cia H trong co s& méi img v6i cac bién yy, 10, y3 12

8§ 4 -1
A= 4 -7 4
-1 4 38

Cai khé cia bude tiép theo 1a phai tim mot phép bién doi tuyén tinh dua H ve
dang chinh tic nhung khong lam thay doi dang chuan tic cia K. Ta sé tim mot
bién doi nhw thé trong lop cdc bién doi truc giao.

Dé lam dieu dé, trude hét ta tinh da thitc dic trung cia ma tran A cia dang

toan phuwong H:

det(A— XEs)=det| 4 —7-X 4 |=-(X-9%*X+9)

Da thtrc nay c6 3 nghiém thuce ké cd boi X; = X, =9, X5 = —9.
Ta tim cdc vécto riéng tng véi céc gid tri rieng X7 = Xy = 9 (cia ty dong céu

cia R? ¢6 ma tran A trong co s& chinh tic) bang cdch gidi hé phwong trinh tuyén
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tinh
—r+4y—2 = 0

4o — 16y +42 = 0
—r+4y—2 = 0.
Hé nay twong dwong véi phuong trinh dau tién cia hé. Ta chon 2 nghiém doc 1ap
tuyén tinh cia nd:

Q1 = (L 07 _l)ta Qg = (07 1a4>t‘

Truc giao hod hé gom hai vécto néi trén:

€ = aQi,

/ /
ey, = Qg+ Aej,

trong d6 A dwge xéc dinh duy nhdt bdi diéu kién €] L ef:

<042,6,1> _ _;4 _

A=— = = 2.
(€1, 1) 2

Két qué 1a e, = ap +2¢} = (2,1,2)". Ta chuan ho4 hai vécto €, e}, titc 1a chia moi

’ N NG s ~
vécto cho do dai cia né, dé thu duoc:

€ = T 07 - = ta
21 2,
== G
Tiép theo, ta tim vécto riéng tng véi gid tri rieng X5 = —9 bang cach gidi hé
phuong trinh tuyén tinh
17Te+4y—2 = 0
dr+2y+4z = 0

—r+4y+ 172 = 0.

Hé nay c6 hang bang 2, nén khong gian nghiém cia né cé s6 chiéu bang 1, va duoc
sinh bdi véeto sau day:

ey = (1,—4,1)"
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Chuan hod vécto nay, ta thu duoc

1 2v2 1,
€3_(3\/5’_ 3 ’3¢§)'

N N A~ A . ’ ~ A~ N ~ A~
Vi A 14 mot ma tran déi ximg, nén hé (e, es, €3) 14 mot co s& true chuan cua

R3. Xét ma tran truc giao véi cdc ¢t (theo thir tr) 14 ey, eq, e3:

12 _1

V2 3 3v2

_ 1 2v/2
@= 0 3 =5
_1 2 1

V2 3 3v2

, ; N ~ , . N . . , v .
D6 chinh 14 ma tran cia phép bién doi tric giao cia R? bién co s chinh tic thanh
b)
co 8O (e, e9,€3).
Trong co s& mai (e, ez, e3), dang K van c6 ma tran don vi, bdi vi Q'E3Q =
Q7'Q = E3; con H ¢6 ma tran chéo, véi cac phan tir trén duwong chéo chinh 1a céc

gia tri riéng cia A:

90 0
QAQ=109 0
00 —9

N6i céch khac, sau phép déi bién thirc hién bdi ma tran Q:

1 = %3/1 + %?JQ + ﬁys

g2 = %yz - %ys
_ 1 2 1

3 = TR Ry T 5 5Ys

bieu thitc cia cac dang toan phwong H va K nhu sau:
H = 927 +9z5 — 923,
K = zi+2+2.
Thé céc bicu thirc cia ; theo z; vao z;, ta thu duoc su phu thudc twong minh cia

cac bién méi vao cadc bién ban dau:

_ 1 4 2v2
A ﬁxl —+ gl’g + T%g
— 2 2v2
Z9 = 51‘2 - T3 T3
_ 1 4 V2
zZ3 = —ﬁxl + 51132 — ?l’g.
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D6 chinh 14 phép bién doi tuyén tinh khong suy bién phai tim.
Nhan xét rang nghiém cia bai todn trén khong duy nhat. That vay, c¢é nhieu
phép bién déi khac nhau dwa K vé dang chudn tic; cling c6 nhiéu cach khéc nhau

~ ~) N ~ ’ PN ~
dé chon co s& truc chuan cia R? gom toan nhitng vécto riéng cida ma tran A.

3 Hang va hach cda dang toan phwong

Gia str 7 1a mot dang song tuyén tinh doi xing trén khong gian vécto thue V. Deé
c6 co so sau sac cho viéc dinh nghia hang va hach cia 7, ta xay dung 4nh xa tuyén

tinh lien két f = f, : V — V* bang diéu kién sau:

F(B) () = {a, £(B)) == nla, B), Vo, B €V,

& day (-,-) chi phép ghép cdp d6i nhau gita V' va V*. Do 7 tuyén tinh déi véi
bién thit nhat, nén theo Bo dé V.3.1, f(3) hoan toan xéc dinh véi moi 3 € E. Vi

n tuyén tinh déi véi bién thir hai, nén f 14 mot d4nh xa tuyén tinh.

Ménh dé 3.1 Ma tran cia n trong mot co so (o, ..., ap) trung vdi ma tran cia

f = f, trong cap co s¢ doi ngau (ay, ..., ) va (af, ..., ak).

Chirng minh: Gia s vécto a* € V' ¢6 phan tich qua co s& (af, ..., ) nhu sau
o =z0] + - 30,

Tac dong cd hai vé 1én «a; ta ¢6 x; = (ay, a*). Két qua 1a

*

o = (ag,a")al + -+ {ap, a")a.

Goi A = (a;;) la ma tran cua 7 trong co so (aq, ..., ay,) va A’ = (b;;) la ma tran cua
f trong cap co s& (g, ..., ) va (af, ..., ). Theo dinh nghia ma tran cia mot dnh
xa tuyén tinh

flag) =3 b
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Ta co
bij = <Oéz‘7f(04j)> = 77(041‘704]') = Qjj,

véi moi i, 5. Dodé A= A'. O

Dinh nghia 3.2 (i) Hang cia dang song tuyén tinh doi ximg n (hay hang cua
dang toan phwong H twong tmg) la hang cia dnh xa tuyén tinh lién két véi

no f,.

(ii) Néu rankH = dim V, thi dang toan phwong H va dang cuc n cia né dwoce goi
1& khong suy bién. Tréi lai, néu rankH < dimV, thi H va n dugc goi 1a suy

bién.

Theo ménh dé trén, hang cia n hay cia H bang hang cia ma tran cia ching
trong co s& bat ky cua V.

Néu W 1&4 mot khong gian vécto con cua V' thi H|y cung la mot dang toan
phwong trén W.

Luu ¥ rang H (hodc n) cé thé khong suy bién trén V nhung lai suy bién trén
mot khong gian con nao dé cia V. Day la diém khic nhau can ban gitra cdc dang
song tuyén tinh va cic dang tuyén tinh.

Vidu: Dang toan phwong cé biéu thitc toa do trong mot co s& nao dé6 H = x2 —1?

khong suy bién trén khong gian 2 chiéu, vi ma tran cia né trong co s& dé 1a

1 0
0 -1

Nhung H = (z — y)(x + y) suy bién trén cdc khong gian con mot chiéu xdc dinh

twong tmg bdi cdc phwong trinh z = y va o = —v.

Dinh nghia 3.3 Khong gian vécto sau day dwgc goi la hach hay hat nhan cua

dang song tuyén tinh doi xitng 1 (hodc hach cia dang toan phwong H twong tng):
V= Kerf,={a V| n(a,B)=0,V3 €V}
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Vi f, 1a mot dnh xa tuyén tinh, nén V° 1a mot khong gian vécto con cia V.

Gid st T va U la cdc khong gian vécto con cua V. Ta néi T vuong géc (hay
truc giao) véi U theo nghia n, va viet T L, U néu t L, u, véimoi t € T,u € U.

NéuTNU = {0} va T L, U, thi tong tryc tiép T @& U duge goi la mot tong
n-trie giao (hodc H-trure giao), va dwoce ky hieu 13 T @+ U. (Lwu y rang néu 7 suy
bién thi diéu kién T L, U khéng kéo theo T NU = {0}.)

Theo dinh nghia, ta ¢6 V° L, V.

Ménh deé 3.4 Goi VO la hach cia dang song tuyén tinh déi ming n trén khong gian
vécto V. Khi do
rankn = dim V' — dim V°.

Hon nita, néu W la mot phin bi tuyén tinh cia V° trong V, thi nlw khong suy

bién va V la téng n-truc giao cia VO va W.

Chirng minh: Ta xét 4nh xa tuyén tinh f, : V' — V* lién két v6i 5. Theo dinh 1y
vé moi lién hé gitra hang va so chiéu cia hat nhan cia mot anh xa tuyén tinh, ta
co

rankf, = dim V' — dim Kerf,.

Theo dinh nghia rankn = rankf, va V° = Kerf,, cho nén
rankn = dim V — dim V°.

Bay gitr gid st W 1a mot phan bt tuyén tinh cida VO trong V, tic 12V = VO W,
Hién nhien VO L, W, bdi vi VO L, V. Ta chi con phai chitng minh 5]y 1a khong
suy bién.

Gid st phdn chimg |y suy bién. Theo phan trén cia ménh de, hach W9 cia

nlw ¢6 s6 chiéu bang

dim W = dim W — rankn|y > 0.
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Ly mot vécto bat ky a € WO\{0}, ta c6 n(a, 8) = 0, VB € W. Mit khéc, theo
dinh nghia V) ta cé n(a,8) =0, Ve V' ViV =V @ W, nén

n(a,3) =0, VBeV.

Nghia la o € V0. Tr d6 o € VONW = {0}, vay a = 0. Diéu vo Iy nay bac bd gid

thiét phan chirng. O

Hé qud 3.5 Dang song tuyén tinh n khong suy bién khi va chi khi hach cia né
bang 0.

Chirng minh: Hach V° cia 7 c6 s6 chiéu bang
dim V° = dim V — rankn.

n khong suy bién nghia la rankn = dim V. Diéu nay xdy ra néu va chi néu dim V° =

0, tirc 1a twong dwong véi VO = {0}. 0

4 Chi s6 quéan tinh

Khéi niém dang toan phwong xdc dinh dwong that ra da dwoc dinh nghia & chwong
khong gian vécto Euclid. Sau day ta dat dinh nghia d6 trong méi lién hé véi mot
s6 khai niém lién quan.

Trong tiét nay ching ta sé chitng minh tinh duy nhit cia dang chuan tac cia
mot dang toan phuwong. N6i ciach khdc, moi dang toan phwong dwoc dwa vé cling
mot dang chuan tac trong nhitng co s& khac nhau cia khong gian.

Gia st H 1a mdt dang toan phuong trén khong gian vécto thue V.
Dinh nghia 4.1 (i) H duogc goi la duong néu H(a) > 0 véi moi a € V.
(ii) H dwoc goi 1a zdc dinh duong néu né khong am va
H(a)=0<= a=0.
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(iii) H dwoc goi la dm (twong tmg: xdc dinh dm) néu —H la duong (twong tng:

xac dinh dwong).

Ta ctung néi dang cwe n cia H la khong am, khong dwong, xdc dinh dwong, xac

dinh 4m néu H 14 nhw thé.

Dinh 1y 4.2 (Dinh ly Sylvester vé chi s6 quan tinh). Gid su H la mdt dang toan
phuong trén V. Khi do V' thita nhan mot phan tich H-truc giao

V=V, ot V._aV,

trong dé Hl|y, xzdc dinh duong, H|yv_ zdc dinh am, H|y, = 0. Trong bdt ky phdn
tich nao nhw vay thi Vi la hach cia H, dimV, = p,dim V_ = ¢ la nhitng hdang s6.

Dinh nghia 4.3 Ta goi p 1a chi s6 qudn tinh dwong, q 1a chi sé qudn tinh am va
cap s6 (p,q) 1a chi s qudn tinh cia dang toan phwong H (hay cia dang cuc 7

twong tng véi H). Hiéu s6 p — ¢ dwoc goi 1a ki sé cia H (hay cua 7).

Ching minh Dinh ly 4.2:

Gia st trong co s& (eq, ..., €,) cia V dang toan phwong H c¢6 dang chuan tic

H(a):If%—-“—i-xf,—xf,H—-~~—x§+q,
voi a = 1161 + -+ - + xpe,. Ta dat
Vi = Ler,...,ep),
V. = £(€p+1, ceey €p+q),

% = £(6p+q+17 B en)-

Khi d¢, r6 rang H|y, xac dinh dwong, H|y_ xdc dinh am, H|y, = 0. Hon ntra, V

thira nhan phan tich H-truc giao:
V=V, otV._aV,

247



diéu nay dwoc suy ra tir cho dang cure n cia H duwoc xdc dinh bdi cong thire

n(a, ) =z + -+ TpYp — Tpr1lYp+1 — *° — TpiqYp+gs

véi o= T1€1 + -+ Tpepn, B =y161 4+ + Ypen.

Béay gio ta hay xét mot phan tich H-truce giao (tie la n-truc giao) bat ky nao
A6V =V, @t V_ @V, trong d6 H|y, xdc dinh dwong, H|y xdc dinh am, va
Hl|y, = 0. Truée hét ta chimg minh rang Vy = VO 1a hach cia n. Gid st a € Vg, vi

Vi L, Vo, Vo L, Wy, cho nén
nla,3) =0, V3eV,atV..
Hon ntra, vi H|y, = 0, nén 1|y, = 0, tic la
n(a, B) =0, VBeW.
GOp cd hai két luan trén lai, ta cé
n(a,B) =0, V3eV=V,otV_ otV

Theo dinh nghia cia hach cia dang song tuyén tinh, ta thu dwoc o € VO, tic 1a
Vo C VO.
Mat khéc, gid st o = a +a_ +ag € VO, trong dé oy € Vi, a_ € V_, ag € V}.

Via € VO nén ta cé

0=mn(a,ar) =nlas +a- + ag, ay) = nlay, ag).

Ding thitc nay cling véi gid thiét H|y, xdc dinh dwong dan t6i ay = 0. Twong t,
a_ =0. Do dd, a = ag € V. Vi diéu d6 diung v6i moi a € VY, cho nén VO C V.
Hai bao ham thitc nguoc nhau Vy € VO va V0 C 1} chimg té 1V = VO.

Bay gio gid sit V' ¢6 hai phan tich H-trie giao nhu trén

V=VietV. e 'V =V eV ot V"
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Ta sé chitng minh

p=dimV, =dimV] =p’
g=dimV_ =dimV’ =¢.

Gid str phdn chimg p > p'. Vip+qg=p' +¢ = dimV —dimV? nén ¢ < ¢’. Do d6
dim(Vy @+ VO +dimV’ =p+¢ +dimV? > dim V. Béi vay, c¢6 vécto khic khong
ae (Vyat V)NV, Khidé H(a) > 0via e (Vi &t V% (ta nhdn manh diéu
kien Vi L, V%). Mat khdc, H(a) <0 vi @ € V/. D6 1a mot mau thuan.

Do vai tro doi xttng cuia hai phan tich cia khong gian V, gid thiét p < p’ cung

dan t&i mau thuan. Vay p = p/, do dé ¢ = ¢. O

Hé qua 4.4 (Dang toa do cua dinh ly Sylvester) Gid su dang toan phwong H

3 A g . s
dugc dua vé dang chudn tac trong hai co s¢ khdc nhau, nhu sau

2 2 2 2

H(a) = Tt T T, =Ty — 0~ Ty
2 2 2 2
y1+"'+yp’_yp’—i-l_”'_yp’—&-q"

Khiddép=1yp',q=q lacdc chi so qudn tinh dwong va am cia H, con dimV —(p+q)

la s6 chiéu cia hach cia H. O

Dinh nghia 4.5 Hai dang toan phwong H va K trén khong gian vécto thuc V
duoc goi 1a trong duong néu ¢ mot tu dang cau tuyén tinh ¢ : V — V sao cho
H(a) = K(p()).

D6 thure su 1a mot quan hé twong dwong.

Hé qua 4.6 Hai dang toan phwong trén khong gian vécto thue V twong duong

vé1 nhau néu va chi néu ching cé cing chi s6 qudn tinh.

Chitng minh: Gid st hai dang toan phuong H va K twong dwong, tite 1a ¢6 mot
twr dang cdu tuyén tinh ¢ : V. — V sao cho H(a) = K(p()). Gid st H ¢6 dang

A v . ~
chuan tac trong co s (eq, ..., e,), néi ro6 hon
e 2 .« .. 2 —_— 2 —_— . s e — 2
H(Oé) — Il + + xp Ip+1 xp+q7

249



s N N v ’ A A 3
véi o = 161 + - + Tpe,. Vi 1a mot dang cau tuyén tinh, nén hé vécto g, =

o(er),...,en = @(ey,) cing lap nén mot co s& cua V. Dat

B=pla) = zipler) + -+ zup(en)

= T1€1+ -+ Tpép.

Ta co

K(B) = K(p(a)) =ai+ -+, =y = = Ty

Vay H va K c¢é cung chi s6 quan tinh.
Ngwoc lai, gid st H va K ¢6 cing chi s6 qudn tinh (p, q). Goi (ey, ..., €,) 1a mot

co s& trong dé6 H nhan dang chuan tac

— 2 2 2
Hio) =+ bl —ahy ==y,

vol o = w1y + -+ xpe,. Gid st (g1, ..., 6,) 1a mot co s& trong d6 K nhan dang
A~ J
chuan tac

véi B = yie1+- - -+ yncn. Goi platiw dang cau cia V chuyén co s& (ey, ..., e,) thanh
co 8O (€1, ...,6,). Khi d6, néu a = z1€1 + -+ - + xThe,, thi p(a) = 161 + -+ + Tpen.

Vi thé, ta ¢

H(a):K(go(a)):xf+'~-+x§—x§+1—'--—xiﬂ.

Nhu thé, hai dang toan phwong H va K twong duwong. a

Theo hé qua trén, moi 16p twong dwong céc dang toan phwong trén khong gian
vécto thue n chiéu dwoc dat twong img mot-mot véi mot cap s nguyén khong am
(p,q) sao cho p+ ¢ < n. Vay, s6 céc 16p twong duwong cla cdc dang toan phuong

trén khong gian vécto thuc n chiéu bang

m+1)+n+---4+1= (n+1)2(n—|—2).
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Nhéan xét 4.7 Ta néi doi diéu vé cédc dang song tuyén tinh va cdc dang toan
phuong (trén khong gian vécto) phite. Moi dang toan phwong H trén khong gian
vécto phitc V' deu dwa dwoc vé dang chinh tic trong mot co s& nao dé cia khong
gian:

H(a)=azi + - +a,22, a; €C,
trong d6 r = rankH < n = dim V. Vi moi s6 phitc déu c6 cin bac hai, nén moi
dang toan phuwong phttc H deu dua duwoc vé dang chuan tac:

H(@) =B 4o £

trong do ty, ..., t, 1a toa dd cua « trong mot co s& nao dé cia V. Nhu vay, cdc dang
toan phwong phitc duwoc dic trung hoan toan bdi hang cia né. Do dé, cé tat ca
(n+ 1) 16p twong dwong cua céc dang toan phwong phire dudi tac dong cia nhém

tw dang cau GL(V).

5 Dang toan phuong xdc dinh dau

Dinh nghia 5.1 Gia st A 1a mdt ma tran vudng. Céc dinh thitc con chinh cia A

14 cac dinh thitc & gdc trédi trén, bao gom

a1 a2

det(aq), det ,...,det A.

Q21 A22

Dinh 1y 5.2 (Sylvester) Gida sw dang toan phuong H trén khong gian vécto hiu

han chiéu V cé ma tran A trong mét co so nao dé. Khi dé

(i) H la zdc dinh dvong néu va chi néu moi dinh thitc con chinh cia A déu

duong.

(i1) H la zdc dinh am néu va chi néu moi dinh thitc con chinh cdp chan cia A

déu dwong, va moi dinh thitc con chinh cap 1é cia A déu am.
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Goi n la dang cwe cia H, va (e, ...,e,) 1a co s& cua khong gian V' trong dé6 H
c6 ma tran la A. Ky hiéu Vi, = L(ey,...,ex) (k =1,...,n). Néu H xdc dinh duong
hodc xdc dinh am thi H|y, khong suy bién véi moi k = 1,...,n.

Lap lai qué trinh truc giao hod Shmidt ta ¢6 bo de sau.

B6 dé 5.3 Gid sit han ché cia H trén moi Vi, = L(ey, ..., ex) déu khong suy bién

(k=1,...n). Khi dd hé vécto (ey,...,ex) xdy dung boi quy nap

€& = e,
_ k—1 n(ek,€:
€k = ek_zz'zl l(r{(al))gl
la mot co so n-truc giao cia Vi (k=1,...,n). O

Chtng minh Dinh ly 5.2:

Trong co s& n-truwe giao (e1,...,&,), H ¢ ma tran chéo

H(z)) 0 0
B_ 0  H(es) 0
0 0 .. H()

Goi Ay (twong tmg By) 1a ma tran nam & giao cia k hang dau va k cot dau cia A
(twong tng cua B). Khi d6 Ay va By la ma tran cia H|y, twong tng trong céc co
s (€1, ..., ;) VA (€1, ...,ex). Goi Cy 1a ma tran chuyén tir co s& thit nhit sang co s&
thit hai, ta co

By, = CLACy.

Theo Bo dé 5.3, O} 13 mot ma tran tam gidc trén véi cédc phan tir trén duong

chéo bang 1. Vi thé det Cy = det C! = 1. Hé qua 1a
det Ay =det By = H(ey)---H(ex) (k=1,..,n).

H la xdc dinh dwong khi va chi khi H(g) > 0 véi moi k = 1,...,n, tikc 1a néu
va chi néudet Ay >0 (k=1,...,n).
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H 1a xéc dinh am khi va chi khi H(g;,) < 0 v6i moi k = 1,...,n, titc 1a néu va
chi néu det A;, am véi moi k 1& va det A, dwong v6i moi k chan (k= 1,...,n). O
Vi du: Dinh thitc Gram-Shmidt cua hé vécto (uy, ..., ux) trong khong gian vécto
Euclid E dugc dinh nghia nhw sau:

(ur,ur) (ug,ug) ... (ug,ug)
Clun. . ug) = det (ug,u1) (ug,us) ... (ug,ug)
(U, u1)  (ug,ug) ... (U, ug)

Néu vécto u; bieu thi tuyén tinh qua nhimg vécto con lai cia hé thi cot thir j
cia dinh thirc 13 mot t6 hop tuyén tinh cia nhitng cot con lai. Vay, dinh thirc
Gram-Shmidt cia mot hé vécto phu thude tuyén tinh thi bang 0.

Nguoc lai, dinh thitc Gram-Shmidt cia mot hé vécto doc 1lap tuyén tinh luon
luon dwong. That vay, néu (uq, ..., ux) 1la mot hé vécto doc lap tuyén tinh thi ma

tran ((ug, u;))f

z. N J ) z ~ z b} 2
+j=1 chinh 1a ma tran cia tich v6 huéng trong co s& (uy, ..., ux) cua

khong gian L(uq, ..., uy). Vi tich vd huéng cdm sinh mot dang toan phwong xac

dinh dwong, nén theo Dinh ly 5.2

Bai tap
Tim dang chuan tic cla céc dang toan phirong sau day trén truomg s6 thurc:
1. 2% + 23 + 322 + 4119 + 231703 + 22973,
2. T1Tg + T1T3 + T1T4 + X3 + ToXy + T3T4.

Tim dang chuan tic cia cidc dang toan phwong sau day va nhitng phép bién

doi tuyén tinh khong suy bién dwa dang da cho ve dang chuan tac:
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10.

11.

12.

13.

14.

. 2;5% + 18133 + 81’% — 12$1I2 + 8LL’1133 — 271’2l’3.

—122% — 322 — 1222 + 122129 — 242173 + 81273,
Dua céc dang toan phuong sau day vé dang chinh tac véi hé s6 nguyén bang
cach st dung céc phép bién doi tuyén tinh khong suy bién véi hé s6 hiru ti:

222 + 322 + 422 — 22115 + 41703 — 37073,

1o} 4 203 + 32% — 1120 + T3 — w324
Tim phép bién doi tuyén tinh khong suy bién dwa dang toan phwong H vé

dang toan phwong K:

H =22? + 93:% + 333% + 8x1x9 — 4123 — 102923,
K =2y + 3y3 + 63 — 4y1y2 — 45193 + Sy2ys.

H = 322 + 1023 + 2522 — 122,25 — 18123 + 402573,
K= Sy% + 6y% + 12y195.

H = 522 + 523 + 222 + 81179 + 67123 + 62973,

K =497 4 3 + 993 — 1201ys.

Dua céc dang toan phuwong sau day ve dang chinh téc va biéu thi cdc an méi
qua cac an cii:

Yin1 77 + Ti; Ty

n
i<j

Tilj.
n—1
Doy TiTig.

T1tTo+-+Tn

Y° (x; — s)?, trong d6 s = +

zn<j i — jlwiz;.
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15.

16.

17.

18.

19.

20.

Cho dang toan phuong

H:f12+f22+"‘+f13_ z?ﬂ_ §+2_"'_ §+q>

trong d6 f1, ..., fprq 12 cédc dang tuyén tinh thue cia céc bién z, ..., z,. Ching
minh rang chi s6 quan tinh dwong cia H khong viwot qué p va chi s6 quan

tinh Am cia né khong vuot qué q.

Chirng minh rang néu cé thé dwa moi dang toan phwong H va K vé dang
kia bang mot phép bién doi tuyén tinh (khong nhat thiét kha nghich) thi céc

dang nay twong dwong véi nhau.

Céac dang toan phuwong sau day cé twrong dwong véi nhau trén truong so thue
hay khong:
H = x% + 4x§ + :L’§ + 4129 — 21123,

K = yi+2y5— 5+ 4y — 20193 — 4y,

L = —4,2% — z% — z§ — 42129 + 42123 + 182923.

Tim hang va ki so cia dang toan phwong thwe H néu né twong duwong véi
—H bdi mot phép bién doi tuyén tinh thuwe khong suy bién.

Tim s6 16p twong dwong cla cdc dang toan phwong thuce n an cé ki s6 bang

s da cho.

Chitrng minh rang dieu kién can va di dé mot dang toan phwong H viét duroc

thanh tich cia hai dang tuyén tinh 1a:

(a) D61 voi truomg s thue: hang cia H khong viot qud 2, va néu hang cia

H bang 2 thi ki s6 ciia né bang 0.

(b) Doi v6i truong s6 phite: hang cia H khong viegt qué 2.
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21.

22.

23.

24.

25.

26.

Chtrng minh rang dang toan phwong thuwe H xdc dinh dwong néu va chi néu
ma tran cia né cé thé viét dudi dang A = C!C, trong d6 C 1a mot ma tran

thurre khong suy bién.

Chitng minh rang trong mot dang toan phwong thuc xdc dinh dwong moi
hé s6 ctia cdc binh phuong cla cac an déu la s6 duong; nhung dieu kién dé

khong du dé mot dang toan phwong 1 xdc dinh dwong.
Chitng minh rang:

(a) Dieu kién can va di dé ma tran déi xtimg A viét duwoc dudi dang A =
C'C, trong d6 C la mot ma tran thue khong suy bién 13 cac dinh thice
con chinh cia A déu dwong.

(b) Dieu kién can va di dé ma tran doi xing A viét duoc dudi dang A =
C'C, trong d6 C' la mot ma tran vuong thuce 1a cde dinh thite con chinh
cia A deu khong am. Hon nira, néu hang cia A bang r thi hang cia C
cling vay, ngoai ra ta cé thé chon C' véi r hang dau doc 1ap tuyén tinh

va cdc hang con lai bang 0.

Tim tat cd cac gia tri cia tham s6 A dé cho dang toan phwong sau day xéc

dinh dwong:
T3 + 23 + 523 + 2\1 29 — 27173 + 4o
22 4+ 413 + 23 + 2 1179 + 102123 + 62973.

Ta goi hop thanh cua hai dang toan phwong H = Y7, ajjzir; va K =
Z;l,jzl bijﬂfi&?]’ la dang toan phll'O’Ilg (H, K) = ZZj:l al-jbl-jxixj. Chfrng minh
rang:

(a) Néu H va K khong suy bién thi (H, K) cung vay.

(b) Néu H va K xdc dinh dwong thi (H, K) cung vay.
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27.

28.

29.

30.

31.

32.

33.

Tim mot phép bién doi tuyén tinh khong suy bién dwa mot trong hai dang
toan phuong sau day vé dang chuan tac dong thoi dwa dang con lai vé dang

7z g . ~ oA ’ ’
chinh tac, viét ro bieu thitc cia cdc dang thu dwoc:

H = 8% — 28x3 + 14x§ + 162129 4+ 142123 + 322923,
K = 2% + 422 + 222 + 22, 23.

H = 2:@21 + 2122 + 123 — 2I25E3 + 2I2174,

K = 2% + a3 + o} + 223 + 22914
H = 2% + 323 — 223 + 2f + 2z120 + 43123,
K =22+ %m% + x5 + T3 + 2T973.

H = l‘% — 151‘% + 4.%'11‘2 - 2.1‘11’3 + 61’21’3,

K= x? + 17x§ + 31‘% 4+ dx1x9 — 20103 — 1420523

Cho cap dang toan phuwong H va K, trong dé K xac dinh duwong. Xét phép
bién doi tuyén tinh khong suy bién bat ky dwa K ve dang chuan tic, dong
thoi dwa H ve dang chinh tac

H =My 4+ Ay
Chitng minh rang céc hé s6 My, ..., A, duwroc xdc dinh duy nhat sai khéc thi tu.
Hon nira, chiing 1a cdc nghiém cia phwong trinh da thite det(A — XB) =0
véi an X, trong dé A va B 1a cdc ma tran twong tng cia H va K trong cling
mot co s& nao dé cua khong gian.
C6 thé dua cip dang toan phwong sau day vé dang chinh tic bdi cling mot
phép bién déi tuyén tinh thuc khong suy bién hay khong?
H = 22 + 4xy39 — 23,

— 2 2
H = a7 + 2129 — 23,

K= x? — 271 75.
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34.

35.

36.

37.

38.

39.

40.

Cho cép dang toan phwong xac dinh dwong H va K. Gia st phép bién doi
tuyén tinh khong suy bién thit nhat dwa K vé dang chuan tic, dong thoi dua
H vé dang chinh tac H = 3", \;y? v phép bién doi tuyén tinh khong suy
bién thit hai dwa H vé dang chuan tic, dong thoi dua K ve dang chinh tic

K =" ;2% Tim mdi lién hé gitra cdc hé 86 Ap, ..., Ay VA i1, -.os oy

Ta néi cac cap dang toan phwong (Hy, K1) va (Ha, Ks), trong dé Ky va Ko
xéc dinh dwong, 1a tirong dwong néu cé mot phép bién doi tuyén tinh khong
suy bién dwa H, vé H, dong thoi duwa K; vé K,. Chirmg minh rang diéu kién
can va di dé hai cap dang trén twong duwong 1 tap hop nghiem (ké ca boi)
cua hai phwong trinh det(A4; — X By) = 0 va det(Ay — X By) = 0 trung nhau.
O day A; va B; 1a ma tran twong tng cia H; va K; trong cing mot co s cua

khong gian.

Chitng minh ring dang chinh tic Y%, A\jy? ma dang toan phwong H cé thé
duwa vé duoc nho mot phép bién doi truc giao duwoc xac dinh duy nhat sai
khéc thtt tu cia cdc bién. Hon ntra cdc hé s6 Aq, ..., A, 1a cidc nghiém cia da

thitc dac trung cua ma tran A cia dang H.

Tim dang chinh tic ma dang toan phwong sau day cé thé dwa vé nho mot

phép bién doi truc giao. Viét biéu thitc twong minh ciia phép bién doi dé.
i1 @ + X T

n
i<j Lidj-

Hai dang toan phuwong dwoc goi 14 twong dwong truc giao néu dang nay cé
thé dwa ve dang kia nho mot phép bién doi true giao. Chirng minh rang diéu
kién can va di dé hai dang toan phwong twong dwong truc giao la cac da

thitc dac trung cia cidc ma tran cia ching tring nhau.

Chirng minh rang moi ma tran déi xing thuwc A déu cé thé viét dwéi dang
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41.

42.

43.

44.

45.

46.

A = Q7 'BQ, trong dé Q 1a mot ma tran trirc giao va B 13 mot ma tran duong

chéo thuc.

Chirng minh rang moi gié tri riéng clia mot ma tran thuwe A deu thudc doan
[a,b] néu va chi néu dang toan phwong v4i ma tran (A — AF) xdc dinh duong

véi moi A < a va xac dinh am véi moi A > b.

Gid stt A va B 1a cdc ma tran doi xtrng thire. Chimg minh rang néu cdc tri
riéng cia A déu thude doan [a, b] va cdc tri riéng cda B déu thuoe doan [c, d]

thi cdc gid tri riéng cia ma tran A + B déu thude doan [a + ¢, b + d].

Chirng minh rang mot dang toan phwong khong suy bién c6 thé dwa vé dang
chuan tac nho mot phép bién doi true giao néu va chi néu ma tran cia né

trong mot co s& nao dé la mot ma tran truc giao.

Chirng minh rang ma tran ciia mot dang toan phuwong xac dinh dwong 13 true
giao néu va chi néu dang toan phwong dé la tong cia cic binh phwong. Hay

dién dat su kién nay bang thuat ngir ma tran.

Chirng minh rang moi ma tran khong suy bién thuc A cé thé viét mot cach
duy nhat duwéi dang A = QB, trong dé @ la mot ma tran truc giao va B 1a

moOt ma tran tam gidc trén véi cde phan tir dwong trén duong chéo chinh.
Chtrng minh rang:

(a) Mbi ma tran thuc khong suy bién A deéu cé thé viét dudi hai dang
A= @Q1By va A = ByQ», trong do (), Q2 la cdc ma tran truc giao va
Bi, By 1a cdc ma tran déi ximg thue véi cde dinh thire con chinh dwong.
Moi cdch viét dé déu duy nhat.

(b) Méi ma tran phtrc khong suy bién A deéu cé thé viét dudi hai dang
A =Q1B; va A= ByQs, trong dé @1, Qs 1a cdc ma tran unita va By, By
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14 cdc ma tran tiw lién hop, ¢6 cdc dinh thirc con chinh dwong. Moi cach

viét d6 déu duy nhéat.
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Chuong VII
DAI SO DA TUYEN TINH

Trong chwong nay, ching ta trinh bay cdc cdu tric da tuyén tinh cia dai so
tuyén tinh. Virot xa ra ngoai khuon kho cia dai s6 tuyén tinh, céc cau tric nay
tim duwgce nhiéu ing dung trong Co hoc va Vat 1y, trong Hinh hoc vi phan, Gidi
tich trén da tap va Ly thuyét bieu dién nhém...

Dé chuan bi cho viéc trinh bay chwong nay, ta can may dinh nghia sau day.

Dinh nghia 0.4 Mot dai s6 trén truong K 1a mot K-khong gian vécto A duoc
trang bi mot phép nhan - : A x A — A, (o, ) — «af thod man nhirng diéu kién

sau:
(a) A cung véi phép cong vécto va phép nhéan lap thanh mot vanh.

(b) Céc phép nhan véi vé hudng va phép nhan cia A lién hé véi nhau bdi hé
thite
(ae)B = a(af) = a(af),

véimoia € K, o, € A.
Tap con khdc rong B C A dwoc goi 1a mot dai sé con cia dai s6 A néu né vira 1a
mot khong gian vécto con vira 14 mot vanh con cia A.
Cho cdc dai s6 A vi A'. Anh xa ¢ : A — A’ duoc goi 1a mot dong cdu dai s6

néu né vira la mot dong cau khong gian vécto vira la mot dong cau vanh.

Chéang han, K-khong gian vécto cac ma tran vuong M (n x n, K) véi phép nhan

ma tran 1a mot dai s6 trén truong K.
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Dinh nghia 0.5 Gid st A 14 mot dai s6 trén K. Khong gian vécto con B C A

duoc goi 14 mot idéan cia dai s6 A néu né cé tinh chat hiap thu, titc 1a néu:
af € B, pfaceB,
véi moi o € A, B € B.

Chang han, tdp cdc ma tran tam gidc trén véi cdc phan tir trén duong chéo
bang 0 1a mot idéan clia dai s6 ma tran M(n x n, K).
Dé thdy rang, néu B 1a mot idéan cia dai s6 A thi khong gian thwong A/B trd

thanh mot dai so, goi 1a dai s6 thwong, véi phép nhan dinh nghia nhu sau:
(a+ B)(¢/ + B) = (ad’) + B.

Nén tang cia cdc cau tric da tuyén tinh l1a khai niém tich tenxo cia cédc khong

gian vécto.

1 Tich tenxo

Gid st L, M, N la céc khong gian vécto trén truomg K. Anh xa ¢ : L x M — N

duoc goi 14 song tuyén tinh néu

plar +as, B) = @(ay, B) + v(ag, B),
ola, b1+ 52) = @la,Br) +pla, B2),

)

plac, B) = ap(a, ),
)
) = ap(a, B),

p(a,af

véimoi a, i, 00 € L, 3, 61,32 € M, a € K. Néi cdch khdc, 4nh xa song tuyén tinh
14 mot d4nh xa tuyén tinh véi moi bién khi ¢6 dinh bién kia.

Goi F(L x M) la tap hop tat ca cdc ham c¢d gid huu han tiv L x M vao truong

K, tirc 1a cdc ham chi khéc 0 tai mot s6 hiru han difm nao dé cia L x M. Tap
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hop nay 1ap nén mot K-khong gian vécto doi véi cde phép toan cong va nhan véi

vo huéng duoc dinh nghia theo gid tri cida ham, cu thé nhw sau:

(f+9)(a,8) = fla,8)+g(a,p),
(af)(a,8) = af(a,f),

véimoi f,ge F(Lx M), a €K, (a,0) € L x M.
Mobi phan tir (o, 8) € L x M dwgc dit twong ing véi mot ham, cing ky hiéu
la (a, B) € F(L x M) dwgc dinh nghia nhu sau:

(,): LxM — K,
(a,0) — 1,
(@, 3) = 0, V(a', ) # (a, ).

Gid st f € F(L x M) la ham chi khéc 0 trén tap htru han {(ay, 5;)| @ € I}, véi
f(Ofi, ﬁz) = ;. Dé théiy ring

= Z%(O‘iaﬁi)'

il
Nhir vay, mot cdch true gidc, ta cé thé hieu F(L x M) la tap hop cdc téng hinh
thitc ¢6 gid hiru han cia cdc phan tir trong L x M véi hé s6 trong K.
Goi H la khong gian vécto con cia F(L x M) sinh bdi céde phan tir ¢6 dang sau

day:

(a1 + a2, 8) — (a1, B) — (a2, 3),

(ac, B) — a(e, B),

(o, Br + B2) — (o, B1) — (@, Ba),

(@, af) —ala, B),
trong d6 a,aq, a0 € L, 3,31,0: € M, a € K.

Dinh nghia 1.1 Ta goi khong gian vécto thwong F(L x M)/H la tich tenzo cua
cac khong gian L va M. N6 dwoc ky hiéu bdi L @ M, ho#c chi tiét hon L @k M.
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Anh cta phan it (o, 8) bdi phép chi€u chinh téc F(L x M) — L ® M duwoc ki
hiéu la o ® . Nhu vay

a®f=[(afp)]:=(,0)+ H
Theo dinh nghia cia khong gian con H, ta cé
(14 a)®@F = @0+ a®f,
(a) @B = ala® ),
a®(Bi+f) = a®b+a® s,
a®(af) = ala® ),
trong d6 a, aq,a0 € L, 3,061,032 € M, a € K. Néi cach khac, anh xa

t:LxM—-LM

dinh nghia bdi cong thite t(o, 3) = a ® 14 mot dnh xa song tuyén tinh.
Tich tenxo dwoc xay dung nham muc dich tuyén tinh hod céc d4nh xa song

tuyén tinh. Diéu nay dwoc néi ro trong dinh 1y sau day.

Dinh 1y 1.2 (Tinh pho dung cia tich tenxo). Vi moi dnh za song tuyén tinh
o:LxM— N, ton tai duy nhdt dnh za tuyén tinh h : L& M — N lam giao hodn

A
biéu do

ticla p=hot.

Chirng minh: Ta théc trién d4nh xa ¢ thanh énh xa ¢ : F(L x M) — N xé4c dinh
bdi cong thite

95(2 ai(as, i) = Z aip(o, ;).

el el
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RO rang ¢ 1a mot anh xa tuyén tinh. Hon nitra, do ¢ 1a song tuyén tinh cho nén

H C Kerg. That vay

(o + as, B) = (ou, B) — (a2, 8)) = p(ou + aa, B) — p(au, B) — p(az, 3) =0,
((ac, B) — ale, B)) = p(ac, B) — ap(a, B) = 0,
@((
o((

Ay

o, B+ f2) — (o, 1) — (o, B2)) = (e, By + B2) — (o, B1) — ¢(a, B2) =0
a, a ) (O‘vﬁ)) = 90(0‘7 aﬁ) - a90<04a ﬁ) =0,

v&éi moi o, aq, a0 € L, 3,061,062 € M, a € K.

Do H C Kerg, d4nh xa tuyén tinh ¢ cam sinh 4nh xa tuyén tinh

h:L&M = F(LxM)/H— N

hlz] = &(x),

& day [z] = x + H 14 16p cia phan t&r  bat ky trong F(L x M).

Véimoi o € L, € M, ta co

p(o, B) = ¢(a, B) = hl(av, B)] = h(a ® ) = h(t(a, 5)).

Vithé o = hot.

Tiép theo, ta chitng minh tinh duy nhat cia h. Gid st h/ : L ® M — N cung la
mot 4nh xa tuyén tinh thod man hé thitc ¢ = hot = I/ ot. Nhu thé h = A’ trén
Im(t).

Khong gian F'(L x M) dwge sinh béi cde phan tir ¢6 dang (a, 8), do d6 L& M :=
F(Lx M)/H dugc sinh bdi cdc phan tir ¢6 dang (o, ) + H = a® § = t(a, 3). N6i
cach khéc, I'm(t) sinh ra khong gian L @ M. Céc anh xa tuyén tinh h va A’ bing
nhau trén I'm(t), nén chiing bang nhau trén toan khong gian L @ M. O

Goi L(L, M; N) 1a khong gian vécto cdc d4nh xa song tuyén tinh tir L x M vao
N. Dinh 1y 1.2 cho phép xay dung mot énh xa L(L, M; N) — L(L ® M, N) bang
cach chuyén ¢ thanh h. D6 1a mot déng cdu tuyén tinh:

Hé qua 1.3 L(L,M;N) = £(L® M,N). O
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Tich tenxo cia hai 4nh xa tuyén tinh dwoc dinh nghia nhw sau. Gid st f : L —

N vd g : M — P la cdc 4nh xa tuyén tinh. Dé thay rang d4nh xa

fxg:LxM — N®P,
(fxg)e.8) = fla)®yg(B), a€L,BeM

14 song tuyén tinh. Do dd, theo Dinh 1y 1.2, ton tai duy nhat mot 4nh xa dwoc ky
hituld f®g: LM — N® P c6 tinh chit (f @ ¢)(a® ) = f(a) ® g(8). Anh xa

f ® g duoc goi 1a tich tenxo cia f va g.

2 CaAc tinh chit co ban cida tich tenxo

Trong cic ménh dé sau day, gid st L, M, N 1a cdc khong gian vécto trén trurong K.

Ménh dé 2.1 (Tinh két hop). Ton tai duy nhdt mot dang cdu tuyén tinh
(LeM)® N> L®(M®N),

sao cho (a® PB)@y+—a® () véimoia € L,f € M,y € N.

Chitrng minh: Ta xét &nh xa 7 : (L M) x N — L ® (M ® N) xac dinh bdi
T((a®fB),7) = a® (B®7y). Dé kiém tra lai rang dé 1a mot anh xa song tuyén tinh
doi véi cée bién a ® 8 va . Theo Dinh 1y 1.2, ton tai duy nhat mot 4nh xa tuyén
thh h: (LOM)®N - L® (M ® N) sao cho h((a® f) ®@7) = a® (6 ®7), véi
moia € L,Be M,ve N.

Twong tu, ton tai duy nhat mot dnh xa tuyén tinh k : LQ(MQN) — (LQM)QN
sao cho k(a® (B®7)) =(a® ) ®vy, véimoi o € L, € M,y € N.

Nhu vay, kh: (LOM)®@ N — (L® M) ® N la mot 4nh xa tuyén tinh thod man
Eh((a®B)®@7) = (a®p) @, véimoi a € L,3 € M,y € N. Néi cach khéic, kh
tring véi dnh xa dong nhét id trén tap cdc vécto ¢6 dang (a ® ) ® v; d6 1la mot
tap sinh cia khong gian (L ® M) ® N. Do dé kh = id, bdi vi cd hai déu 1a cdc dnh

xa tuyén tinh.
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Lap luan twong tu, ta cé hk = id. Hai dang thitc kh = id vi hk = id ching t6
rang h 1a mot dang cau tuyén tinh. O

Ménh dé nay cho phép ta dinh nghia tich tenxo L1 ® Ly ® - - - ® L,, cia n khong
gian vécto Ly, Lo, ..., Ly,.

Chung toi dé nghi doc gid tur chimg minh ba ménh dé dwéi day, xem nhu nhimg

bai tap.
Ménh dé 2.2 (Tinh giao hoan). Ton tai duy nhdt mot dang cdu tuyén tinh
LoMS ML,

sao cho a® B+ R a voi moiw € L, € M.

Ménh dé 2.3 (Tinh “c6 don vi”). Ton tai duy nhdt dang cdu tuyén tinh
Kok L > Leox K > L,

sao cho a® a+— a®a+— ax voi moi a € K, € L.

Ménh dé 2.4 (Tinh phan phoi).

(Le&M)® N = (LN)®(M®N),

Le(Ma&N) = (LeM)®(L®N).

Hé qua 2.5 Gia sw (aq,...,q) va (B1,...,0,) la cde co so twong #ng cia cdc

khong gian vécto L va M. Khi do, hé vécto
(a;f;] 1<i<m,1<j<n)
la mot co so cia khong gian vécto L @ M. Néi riéng

dim(L ® M) = dim L - dim M.
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Chirng minh: Theo dinh nghia cia co s&, ta ¢6 cidc dang cdu tuyén tinh
L~aer Ko M=a' Kg.
Ap dung hai ménh dé ké trén, ta c6

= o, EB?:1 (Kai) @ (Kﬁj>

SeY @?:1 K(o; ® ﬁy)

I

Ding thitrc nay chimg t6 hé vécto (8] 1 <i < m,1 < j < n)la mot co sd cia
khong gian vécto L ® M. a

Céc vi du sau day gidi thitu mot s6 dang cau chinh tac lién quan dén tich tenxo.
Vi du 2.6 Néu Ly, ..., L, la cdc khong gian vécto hiru han chiéu thi
L® Ly =2(Li®--®Ly)"

Béang phép quy nap, ta chi can kiém ching vi du nay cho n = 2. Gid st
fi: L - K, foy: Ly — K la cic 4nh xa tuyén tinh. Xét hop thanh cia 4nh xa
fi®fy : Li® Ly, — K®K véi dang cau tuyén tuyén tinh ¢ : KK — K, a®b — ab,
tacé Lo (fi ® fa) € (L1 @ Lg)*. Twong tng

Ly x Ly — (L1 ® Ly,

(fi, f2) = 1o(fi® fa)

hién nhién 13 mot anh xa song tuyén tinh. Theo Dinh 1y 1.2, ¢6 duy nhat moét anh
xa tuyén tinh b : L3 ® L — (L1 ® Ly)* sao cho h(f1 @ f2) = 1o (f1 @ fa).
Anh xa h chinh la ding cau phai tim.

Vidu2.7 L*® M = L(L,M).
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Xét anh xa song tuyén tinh
L*x M — L(L M),
(f,0) = lo— f(@)s],

trong d6 f € L*,a € L, € M. Theo Dinh ly 1.2, &nh xa ndi trén cam sinh mot

anh xa tuyén tinh duy nhat
oM — L£(L,M),
fep — la— fl@)p.
D6 1a mot dang cau tuyén tinh.
Vidu 2.8 £(L® M,N) = L(L, £(M, N)).
Ta da biét ring £(L ® M, N) = L£(L,M; N). Anh xa
L(L,M;N) — L(L,L(M,N)),
fo= la=[8— flap)],

trong d6 f € L(L, M;N),a € L,3 € M, chinh la dang ciu tuyén tinh cin tim.

3 Dai so tenxo

V6i moi K-khong gian vécto L, ta xét tich tenxo

T =L"® L' ®L® @ L.

p

p q
Dinh nghia 3.1 Moi phan tir cia khong gian T)¢(L) dwgc goi la mot tenzo kiéu
(p, q) hay la mot tenzo p lin thudn bién va q lan phdn bién trén khong gian L.
Ta ¢6 thé dong nhét T4(L) véi (L ® -+ @ LOL* ® - - ® L*)*. Vithé, moi tenxo

P q
p lan thuan bién va ¢ lin phdn bién duwoc dong nhat véi mot dnh xa da tuyén tinh

Lx -« - xLxL"x -+ xL"—K.
p q
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Céc dang cdu tuyén tinh néi trong cdc Ménh deé 2.1 va 2.2 cho phép xéc dinh

dang cdu tuyén tinh chinh tic (c6 duwge bang cach trdo doi thir tir cdc nhan tir)

p q p’ q
- LI'®---9L"®L®---®L.

/

!

p+p q+q

. v s A s .
Ta viét gon dang cau ndi trén dudi dang

pl: THL) @ T (L) — T4 (L).

Xét tong truc tiép

T(L) = & _ T9(L).

P,q=0"p
Ho céc anh xa {40 < p,q < oo} xdc dinh mot dnh xa tuyén tinh
u:T(L) @ T(L) — T(L).
No6i cach khéc, T'(L) dwoc trang bi mot phép nhan dinh nghia nhu sau:

T(L)x T(L) — T(L),
(v, 8) — pla®p).

Dinh 1y sau day dwoc kiém nghiém khong may khé khan.
Dinh ly 3.2 T(L) la mot dai s trén truong K.
Dinh nghia 3.3 T(L) dugc goi 1a dai sé tenzo cia khong gian vécto L.

Dai s6 tenxo T(L) c6 hai dai s6 con hién nhién, d6 1a T.(L) = &22T7(L) va
T*(L) = ©;20T5 (L). Han ché ctia tich p cia T'(L) trén cac dai s6 con nay don gian
chi 1a viéc “viét lién” céc tenxo véi nhau. Vi thé, tich cia cdc dai s6 con nay dwoc
ky hiéu don gidn bdi ®.

Tiép theo, ta xét biéu thitc toa do clia mot tenxo.
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Gid st (eq, ..., ;) 1 MOt co & cia khong gian vécto L. Trong ly thuyét tenxo,
dé cho gon nguoi ta thuong ky hiéu co sé déi ngau véi (eq, ..., e,) 1a (e, ..., e"). D6

14 co s& cua L* duge xdc dinh bdi diéu kién sau day:

(w):LxL" — K

Y

Z. Z. 1, néui=j,
<€j76> = 6]‘: . )
0, néui # j.

Theo Hé qua 2.5, h¢ vécto sau day lap nén mot co s cua khong gian vécto T(L):
(" @eP®e; @ @ej,| 1< i1,y bp iy Jg <)
Nhw vay, m6i tenxo T' € T2(L) ¢6 bieu thi tuyén tinh duy nhét

T= Y Thvbehg.. . @eé@e, @ - e,

015yl
2155pyJ1yee5dq

trong dé Tfiﬁ::;;iq € K la céc toa do cua T trong co s& ndi trén.
Dau tong trong cong thirc trén qua cong kénh. Dé don gidn hod, nguoi ta dat

. ’ A~ N A
ra qui wéc co dien sau day.

Quy wéc 3.4 Trong cdc phép tinh véi tenzo, ta sé khong viét (ma hiéu ngam) ddu
tong trong truong hop tong duoc ldy theo mot cap chi sé giong nhau, trong dé cé

mot chi s0 trén va mot chi sé dudi.
. e N N A ’ ~ s ~ . .
Theo qui wée nay thi cong thite & trén cé thé viét lai nhur sau:

Jise-sdaq i i
T = Til,.“’ipqell R ®e?PR €j, @ - ey, .

Gid st (€}, ...,el,) cung la mot co s& cua L, va A = (aj), trong dé aj 1a phan ti

o Cpy

N N - ~ A N ~ ~ N
nam & hang j cot £ cia ma tran A, 1a ma tran chuyén tir (eq, ..., e,) sang (e}, ..., €,),

nghia la

I
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Goi B = (b¥) 1a chuyén vi cia ma tran chuyén tir (!, ..., e") sang (€', ..., ™), nghia

la e’ = bFel. Ta c6
kE 1otk /] k i\ __ _Ji1k i
o = (ep, ™) = (wej, bie’) = azbi{ej,e")
_ ki itk
= apb;d; = apb;.

biéu nay twong dwong véi dang thitc ma tran BA = E,. Hay la B = A~L

. N ’ A s N
Gid st bieu thitc toa do cua tenxo T trong co s& méi la
11,...,0
T=T,}e"®  -@e"e & - 0¢.
Ta co

T = TEhee) @@ ) © (afe;) @ @ (afle;,)
= @A BT ® @ Ry, @ B ey,

Do tinh duy nhét cia toa do cila mot vécto trong mot co sé, ta nhan dwoc

Jleeda _ J1 jqb’?l . b]?p 12417-..’,511
1--9Rp :

D6 1a cong thite doi toa do cia tenxo.

Sau day la cdc vi du vé mot vai tenxo quan trong.
Vidu 3.5 (a) Ma trdn va dnh za tuyén tinh: Theo Vi du 2.7, khong gian cdc
dnh xa tuyén tinh £(L, L) dwgc dong nhat véi tich tenxo L* @ L = T!(L).
Mobi phan tit f clia né véi bidu thire toa do
f= aé-ej ® e;
dwoc dong nhat véi anh xa tuyén tinh f : L — L xdc dinh bdi
fle;) = azei.

Néi céch khic, ma tran A = (a}) v6i phan tir a} nam & hang i cot j chinh la

ma tran cua anh xa f trong co s (eq, ..., €,).
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(b)

Tenzo métric: Theo Hé qua 1.3 va Vi du 2.6, tich tenxo T9(L) = L* ® L*
dugce dong nhat véi khong gian (L ® L)* = L(L, L; K) céc d4nh xa song tuyén
tinh tir L x L vao K. Moi phan tit cia né

g=giye' @¢
dugc dong nhat v4i dang song tuyén tinh ¢ : L x L — K xdc dinh bdi

g(ei e5) = gij-
Ham g¢ la d6i xitng néu va chi néu g;; = g;; v6i moi 4, j. Gid st K = R, ham
g d6i xtmg va ma tran Gram-Shmidt G = (g;;) ¢6 cdc dinh thitc con chinh

déu duwong. Khi dé, tenxo g 1a mot tich vo hudng trén L. N6 duoc goi 1a

mot tenxo meétric.

Tenzo cdu tric dai s6: Theo Hé qua 1.3 cing cdc Vi du 2.6 va 2.7, tich
tenxo Ty(L) = L* ® L* ® L dugc dong nhat véi khong gian cdc dnh xa
L(L® L,L)= L(L,L; L). Méi phan tit cia tich tenxo dé

m = mﬁjei ®e ® e
dugc dong nhat véi mot d4nh xa tuyén tinh m : L ® L — L xéc dinh bdi

t
-Ct.

m(e; @ e;) = my;

Anh xa nay trang bi cho L mot cdu tric dai s6 néu va chi néu né cé tinh két
hop, nghia la:
m(m(e; ® €;) ® ex) = m(e; @ m(e; ® ex)),
v&i moi i, j, k. Dang thitc ndy twong duwong véi
¢ ¢

¢ _ t
MMy = My M

véi moi 4, 7, k, . N6i cach khdc, moi tenxo m thod man hé thitc trén dwoc
dong nhat v4i mot cau tric dai s6 trén khong gian vécto L. N6 duoc goi 1a

mot tenxo cau tric dai s6 trén L.
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4 Dai s6 doi xitng

Trong céc cdch dinh nghia khdc nhau cia khdi niém tenxo doi xing va dai s6 doi
xttng, chiing ta chon cich khong phu thudc vao dic s6 cua truomg K.
Ta van gid st L 1a mot khong gian vécto trén trueong K.

Goi A, la khéng gian vécto con ciua T9(L) := Ti (L) sinh bdi céc vécto c¢é dang

O ® 0y — Op(1) @+ ® Cio(g),
trong d6 oy, ..., € L, 0 € S, (nhém déi xting trén ¢ phan tr).

Dinh nghia 4.1 Khong gian thuwong

SU(L) := T9(L)/A,

dwoce goi 1a lug thira déi zing cap ¢ cia L. Moi phan tir cia S9(L) dugce goi 1a mot
tenzo doi xitng trén L.

De cho gon, ta ky hiéu L@ := L x ---® L (q lan).

Dinh nghia 4.2 Gid st M la mot K-khong gian vécto. Anh xa da tuyén tinh

Y L9 — M duoc goi 1a déi zitng néu

Yo, ..., aq) = Y(Ae()s s Qo(g)),
v6éi moi ay,...,00 € L, 0 € 5.
Hop thanh cia 4nh xa da tuyén tinh chinh tic
t=t,: L'O — TIYL),
o, ..,y = 1@ - ®a

va phép chiéu tuyén tinh 7 = 7, : T%(L) — S9(L) la 4nh xa da tuyén tinh

p=yp,: L9 — SUL),

olaq, ..., o) (a1 ® - @ ay).
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Theo dinh nghia cda luy thira déi xttng S?(L), 4nh xa ¢ c¢6 tinh déi xiing.
Hon nira, cap (¢, S9(L)) c6 tinh chat phé dung sau day: Véi moi anh xa da
tuyén tinh doi xing ¢ : L@ — M trong dé M 1a mot K-khong gian vécto bat ky,

ton tai duy nhat mot énh xa tuyén tinh h : S9(L) — M lam giao hodn biéu do

tiee la ¢ = ho .
Dé kiém tra lai rang A = @2 A, 1a mot idéan cia dai s6 T*(L) = @;2,T9(L).
Do dé,
S(L) =T (L)JA = G2 T (L) /Ay = ©ZoS*(L)

14 mot dai so trén K.
Dinh nghia 4.3 S(L) dwgce goi 1a dai s6 doi zitng ciua khong gian vécto L.

Tich cia hai phan tit x € S9(L) va y € S"(L) dugce ky hiéu bdi z - y, hodc don

gidn baoi xy € ST(L).
Ménh dé 4.4
olag, ..., aq) - (g1, ooy Qgr) = @(Q, ooy Qg Qgits ooy Ay ),
VO MOT Q1 ..., g, Qg1 -, Qgir € L.
Chitng minh: Goi x : L@ x L) — L@+7) 13 4nh xa tu nhién
X (01 ooy ), (g1 s eoey Q) = (@14 ooy Qs Qg1 ooy Qlgpr ).

’ N . ’ A
Ta c6 biéu d6 giao hoan sau day:
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L@ x () L(a+r)

tg Xty tgtr

Y

T9L) x T"(L) —2——~T97(L)

g XTp Tq+r

Y Y

S9(L) x S"(L) 1 (L)

trong d6 “®” 1a tich cia dai s6 T*(L), “” 1a tich cia dai s6 S(L). Nhu thé
(mg X ) (g X ty) = Tgprlgpr X .
Mot mat, ta cé

(g X ) (g X ) (i, ooy )y (Qgty ooy Qlgir))
= (Mg xm)( ® - ®ag, 001 @ @ ag)
= (plan, s aq), p(agrs s Qger)

= @(ala"'aaq) 'SD(aq+17"'7Oéq+T)-
Mit khac
7Tq+rtq+r X ((ala ) aq)a (anrla ) aq+r))

- 7Tq+rtq+r<0517 ey Qg Olg1y ooy aq+r>

= T ® - Q@ ag® a1 @ @ gyr)

= 90(0417 ooy Qgy Olgpdy veny aq+r)-

Meénh dé dwoc chitng minh.

Hé qua 4.5

Olar, .y ay) =m0 @ ®ay) = a1+ ay,

VoL Mot oy, ..., 0y € L.
Chirng minh: Hé qud duoc chirng minh bang quy nap theo ¢.
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Véi ¢ = 1, dang thite p(a;) = m(a;) = a; duwge suy true tiép tir dinh nghia

cia . Gid st hé qud da duwoc chimg minh cho ¢ — 1. Theo ménh dé trén ta ¢

olag,....,oq) = @lag,...,0q1) - p(ag)
— o) g

Nhu vay, hé qud cling ding doi véi q. O
Meénh dé 4.6 xy = yx véi moi x € SI(L), y € S"(L).

Chitrng minh: Truée hét xét truomg hgp v = a € SY(L)=L,y=03¢€ SY(L) = L.
Theo dinh nghia, a ® 8 — 8 ® a € Ay. Do dé

af = Po = o((o,f) = (8, 0)) = 7t((a, 5) — (6, )
= 1la®B-Fa)=0¢c S*L).

Dé chirng minh zy = yx ta chi cin chirng td rang

(1---ag)(Br--- ) = (Br---Br)(an- - ay),

vél moi ayq, ..., g, 1, ..., B € L. Theo Ménh dé 4.4 va phan dau cda chimg minh
ménh dé nay, ta cé thé trdo doi thir tu tirng oy véi ting B; ma tich khong thay

doi. Ménh de duoc chirng minh. O

Dinh ly 4.7 Gia su (e1, ..., e,) la mot co so cia K-khong gian vécto L. Khi dé hé
vécto sau day lap nén mot co so cua khong gian vécto S(L):
(€ el iy, .. ip > 0).

n

Hon nita, dai s6 S(L) dang cau véi dai s6 da thizc trén n phan ti ey, ..., e,, nghia

la S(L) = Kley, ..., e,].
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Chirng minh: Goi K[X, ..., X,,] 1a dai s6 da thirc cia n an, va (K[X1, ..., X,]),
14 khong gian con cdc da thitc thuan nhit bac ¢. Ta xét 4nh xa da tuyén tinh
n: L9 — (K[Xi, ..., X,]), x4c dinh bdi hé thie n(ej,, ..., e;,) = Xj, -+ X;,. Vidai
s6 K[X1, ..., X,,] giao hodn, nén 7 déi xitng. Do tinh phd dung cta S@, ton tai dnh
xa tuyén tinh h, : S — (K[X,, ..., X,,]), sao cho

holej, - e5) = X5 - X

Jq*

Vi cdc dai s6 S(L) va K[X1, ..., X,,] déu giao hodn, nén hé thirc trén cé thé viét lai
thanh

bl k) = Xjt o X,
trong d6 i + -+ + i, = q.

hy 1& mot toan cau, bdi vi theo cong thitc trén moi don thitc bac ¢ cua céc
bién X7, ..., X,, déu thuoc anh cua h,. Mat khdc, theo Hé qué 2.5 va Ménh dé 4.6,
khong gian S@ (L) duwge sinh bdi hé vécto (el ---ei» =4y + -+ 41, = q). Do dé,
dim S (L) < dim(K[X1, ..., X,]),- V1 thé, toan cdu h, 1a mot ding cau.

Hé qua la h = @h, : S(L) — K[X1, ..., X,)] cing 1a& mot dang cau tuyén tinh.
Tir Ménh dé 4.4 suy ra rang h(zy) = h(x)h(y). Vay h la mot dang cau dai so.
Dinh 1y dwoc chitrng minh. O

Modi dnh xa tuyén tinh f : L — M cédm sinh mot dong cau dai s6 S(f) : S(L) —
S(M). D6 14 tong tric tiép cia cdc dong cau thanh phan S9(f) : SI(L) — SI(M),

(0 < ¢ < 00), duge dinh nghia nhur sau. Xét 4nh xa da tuyén tinh doéi ximg

SUf) LD — s,

ST s aq) = flaa)--- flag).
Do tinh pho dung cia S9(L), ton tai duy nhat anh xa tuyén tinh S9(f) : S9(L) —
S9(M) sao cho S9(f) = SU(f) o ¢, trong dé ¢ : LW — S9(L) la 4nh xa da tuyén
tinh déi ximg chinh tdc. Ta thu dwge bidu thirc twong minh cho SI(f) :

S1 - --aq) = S )plan, ... aq)) = S1(f) (e, .., ag)
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= floa) -+ flay),

véi moi ay, ..., a4 € L.
Dé dang kiém tra lai rang S(gf) = S(9)S(f), v&i moi cap anh xa tuyén tinh
f:L— M, g: M — N. Hon ntta S(idy) = idg(r).

Nhan xét 4.8 Néu Char(K) = 0, nguoi ta ¢6 mot cidch khdc dé dinh nghia luy
thira d6i xting S9(L) nhw sau.
Todn tir doi xitng hod

S:TYL)— TYL)

13 4nh xa tuyén tinh dwoc dinh nghia bdi hé thic
Sl ® -+ ® ay) ::l' Y ey ® - Q Qg(q)-
7 ses,

Vi Char(K) = 0 cho nén ¢! kha nghich trong truong K, véi moi ¢ € N. Dé dang
chitng minh rang S? = S. Xét khong gian dnh cia toan tir thay phién ho

SU(L) :=Im(S) Cc TY(L).

Nhu véy, z € T9(L) 1a mot phan tit cia S9(L) néu va chi néu z = S(x).
Nguoi ta chimg minh dwge rang, néu Char(K) = 0 thi phép hop thanh

SU(L) € T9(L) = S9(L) = T9(L)/A,

13 mot dng cdu tuyén tinh. Ding cdu nay chuyén S(a; ® - - - ® ) thanh a; - - - .
Do d6, trong nhirng linh vuc ma truong K luon luon 1a trudong s6 thue hoac
truong s6 phitc, ngudi ta thuong dung dinh nghia sau day:
SUL) := Im(S)cCTIL),

ap-oy = S ®- - ® o).
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5 Dai so ngoai

Ciling giong nhu & tiét trude, trong cac cdch dinh nghia khdc nhau cia khéi niém
liy thira ngoai va dai s6 ngoai, ching ta chon cich khong phu thudc vao déc so cua
treong K.

Gol B, la khong gian vécto con cia T9(L) sinh bdi cde phan tir ¢6 dang a; ®

- @ ay trong d6 a; = a; v6i cde chi s6 i # j nao do.
Dinh nghia 5.1 Khong gian thuong
A(L):=T9L)/B,
dwoc goi 1a luy thita ngoai bac g cia L.
Dinh nghia 5.2 Gid st M la mot K-khong gian vécto. Anh xa da tuyén tinh
n: L9 — M dwoc goi 1a thay phién néu
n(aq, ..., aq) =0,
véi moi ay, ..., € L trong d6 oy = a; vGi cde chi 86 ¢ # j nao do.
Hop thanh cia 4nh xa da tuyén tinh chinh tic
t=t,: L0 — TIL),
o, ..,y = 1@ - ®a
va phép chiéu tuyén tinh 7 = 7, : T9(L) — AY(L) la 4nh xa da tuyén tinh
E=6: LW — A(L),
Elar,...ap) = T @ - @ ay).

Theo dinh nghia cia luy thira ngoai, £ 1a mot dnh xa thay phién.

Hon nita, cap (£, A%(L)) c6 tinh phd dung sau day: V&i moi énh xa da tuyén
tinh thay phién n : L@ — M, trong d6 M 1a mot K-khong gian vécto bat ky, ton
tai duy nhat mot 4nh xa tuyén tinh A : A?(L) — M lam giao hoan bi¢u do
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tc lan=hot.
Dé théy rang B = @22 B, 1a mot idéan cia dai s6 T*(L). Do d6

A(L) :=T"(L)/B = &2,T%(L)/By = ©2,A"(L)
14 mot dai s6 trén K.
Dinh nghia 5.3 A(L) duoc goi 1a dai s6 ngoai cia khong gian vécto L.

Tich trong A(L) cua w € AY(L) van € A"(L) dwgce ky hiéu la w An € AT (L),

va duoc goi 1a tich ngoai cua w va n.
Ménh dé 5.4

E(ar, ooy g) NE(Qgtt, ooy Q) = &0, ooy Oy Qi oy Qi ),
VOL MOT Oy, ..., gy Olgt1s -, Qgyr € L.

Chitng minh: Goi A : AY(L) x A"(L) — A*"(L) la (han ché cia) tich trong dai

s6 A(L). Ta c6 biéu do giao hodn

L@ % () L(a+r)

tg Xty tgtr
Y

T9(L) x T(L) —2——~ T3t (L)

Tq X Tp Tg+r

Y

AY(L) x A™(L) —"—— AT7(L) ,
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Tu dé
Ny X ) (tg X t) = Tgprtgr X .
Mot mat, ta cé

ATy X ) (tg X t) (0 ooy g)y (s ooy Qggr))

= Almg X m)(1 @ @ g, g1 @+ @ gy
- /\(g(al’""Oél})vg(aq-ﬁ-h-"7aq+7"))

= &(ag, ..., 0q) NE(Qgg1s ey Qggr)-

Mt khéc

7rq+7”tq+7“ X ((Qla ) Oéq)> (Qq+17 B aq-l—r))
= Toprbqrr(Q1, ooy Qgy Qi1 ooy Qi)

= a1 @ Qg ® Qg1 @ -+ @ )

= f(ala vy gy Qg 15 --0y aq-i—r)-

Ménh dé dwoc chitng minh. O
Hé qua 5.5

E(ar,...ay) =T @ - @ay) =1 A+ Aay,
V01 MOL Oy, ...,y € L.

Chirng minh: Hé qud duoc chitng minh bang quy nap theo q.
Véi g = 1, dang thitc (o) == 7(a1) = a; duwoc suy truc tiép tir dinh nghia cla

£. Gid str hé qua da duoc chimg minh cho ¢ — 1. Theo ménh dé trén ta cé

Elar,...aq) = &(on,.yag-1) NE(ay)
= (a1 A~ ANag1) Ny

= AN
Nhw thé, hé qud cing dung doi véi g. O
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Ménh dé 5.6 w Anp=(—1)"nAw vdi moiw € AY(L), n € A"(L).

Chitng minh: Trude hét xét truomg hopw =a € AY(L) =L, n= € A(L) = L.
Ta sé chirng minh rang

alNfB=—-0ANa,

That vay, theo dinh nghia cia A%(L) ta cé a Aa =B A S =0. Do dé

0 = (a+f)AN(a+B)=aha+aAB+BANa+BAS

= aAf+PBAa.
De chitng minh w A = (—1)7n A w ta chi can chimg td rang
(aa Ao Nag) AN(BL A AB) = (DT (BL A~ AB) Aar A+ A ay),

vél moi oy, ..., g, 1, ..., B € L. Theo Ménh dé 5.4 va phan dau cia chirng minh
ménh d@ nay, moi [an tréao doi thit tu timg a; véi timg B; ding st né thi tich ngoai
doi ddu. D bién d6i ay A= AagABy A+ AB, thanh By A AB. Aag A+ Aay
ta can thuc hién ¢r lan trdo doi nhw thé. Ménh dé dwoc chirng minh. 0

Mot hé qua hién nhién cia ménh de trén 13
Aoy N\ -+ N Qg(q) = sgn(0)ar A -+ A ag,
vél moi ay, ..., € L, 0 € S,;. Trén co s¢ do, ta ¢ dinh 1y sau day.
Dinh ly 5.7 (1) AYL) =0 vdi moi ¢ > n = dimg L.

(i1) Gia su (eq, ..., e,) la mot co so cua khong gian vécto L. Khi dé, v5i0 < g < n,

hé vécto sau day lap thanh mot co so cia khong gian vécto A9(L):

<6i1/\"'/\eiq:1§i1<"‘<iq§n)-

Ndi riéng, dimg A9(L) =
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Chitng minh: Do tinh da tuyén tinh cia tich A, khong gian vécto AY(L) dugc
sinh boi cac vécto e;; A+ Aey, voi 1 <y, ... ig < n.

(i) Néu ¢ > n thi trong mo6i phan tir nhir vay c6 {t nhat hai chi s6 nao dé bang
nhau: i, = i; v6i s # t. Vi thé, tat cd cic phin ti néi trén deu bang 0. Do dé
AI(L) = 0.

(il) Néu ¢ = n, theo ly thuyét dinh thite, ¢6 duy nhat mot anh xa da tuyén tinh,
thay phién det : L(9 — K sao cho det(ey, ...,e,) = 1. Do dé, ton tai duy nhat anh
xa tuyén tinh

det : AY(L) - K

sao cho det(e; A--- Ae,) = 1. Tir d6 suy ra hé chi gom mot vécto e; A--- Ae, la
mot ¢& s¢ cia khong gian vécto A?(L). Nhu thé dim AY(L) = 1.

Bay gitr xét trueong hop 1 < ¢ < n. Gid sit ¢6 mot rang bude tuyén tinh
Za(i)eil VANRIERWAN Ciy = O,
(4)

trong d6 (1) = (i1,....,7), 1 < i1 < -+ < iqg < n, ay € K. Véi moi bo chi
s0 ¢6 dinh (j) = (j1, ..., Jq) thod man j; < -+ < j,, ta chon jyi1, ..., jn sao cho
(41, s Jgs Jgt1s -5 Jn) 10 mOt hodn vi ndo dé cia (1,2,...,n). Nhan ngoai hai vé cua
dang thitc trén véi ej ,, A--- Aej, ta thu dwoec mot tong véi hau hét cdc s6 hang
ei, N Ney, Nejy A Aej, bang 0, vi ¢6 cde chi s6 trung ldp, loai trir mot s6

hang duy nhdt v&i cdc chi s6 khong trung 1ap
agye, N Nej, Nej N Nej, =0,

Hay la agye; A -+ Ae, = 0. Do d6 ag) = 0.
Nhuw vay, hé vécto (e; A---Ae, : 1 <ip <--- <i, <n)doc lap tuyén tinh
trong A(L). Dinh 1y dwoc chitng minh. O
Moi énh xa tuyén tinh f : L — M cam sinh mot dong cau dai s6 A(f) : A(L) —
A(M). D6 1a tong trire tiép cia cdc dong cau thanh phan AY(f) : AY(L) — AY(M),
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(0 < g < 00), dugce dinh nghia nhu sau. Xét 4nh xa da tuyén tinh thay phién
AU(f): L9 — AI(M),

A (f)(on,.say) = fla) A+ A flay).
Do tinh phd dung cia AY(L), ton tai duy nhat anh xa tuyén tinh AY(f) : AY(L) —

A9(M) sao cho AI(f) = AU(f) o &, trong A6 € : L9 — A9(L) 1a 4nh xa da tuyén
tinh thay phién chinh tic. Ta thu dwoc biéu thirc tiromg minh cho AY(f) :

Al A= Nag) = A([)(E(ar, -, aq))
= AN(f) (..., )
= fla) A--- A flay),

véi moi ay, ...,y € L.
Dé kiém tra lai rang A(gf) = A(g)A(f), véi moi cip anh xa tuyén tinh f: L —
M, g: M — N. Hon ntta A(idr) = ida(r).

Nhén xét 5.8 Néu Char(K) = 0, nguoi ta c6 mot cach khac dé dinh nghia luy
thira ngoai AY(L) nhw trinh bay dudi day. Céch nay thuwomg duwgce cdc nha giai tich
va hinh hoc vi phan wa dung.

Toan tir thay phién hod
Alt : TYL) — TYL)
14 4nh xa tuyén tinh duwoc dinh nghia bdi hé thire

1
Alt(on ® - ® ag) = — D (sgno) (1) @ -+ @ Qy(g)-

T o€eSy

bieu kien Char(K) = 0 ddm bdo cho ¢! khd nghich trong truomg K. Dé dang thi
lai rang Alt? = Alt. Xét khong gian anh cia todn tir thay phién hod

AY(L) = Im(Alt) c T(L).
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Nhur thé, w € T9(L) 1a mét phin tir cia AY(L) néu va chi néu w = Alt(w).
Ngudi ta chimg minh dugce rang, néu Char(K) = 0 thi phép hop thanh
A(L) c T%(L) & AY(L) = T9(L)/B,
13 mot ddng cdu tuyén tinh. Ding cdu nay chuyén Alt(a; ® -+ ® o) thanh a; A
e A Oélr

Vi thé, trong Gidi tich ho#c Hinh hoc vi phan (14 linh vire ma truong K ludn

luon 1a R hoic C), nguoi ta thuong dung dinh nghia sau day:
AYL) = Im(Alt) C TY(L),
ap NNy = Alt(a @ - @ ).

Dinh nghia 5.9 Goi L* 1a khong gian ddi ngau cida L. Khi dé moi phan tir cia
AY(L*) duogc goi la mot g-dang (ngoai) trén L.

Meénh dé sau day gidi thich cdu tric ciia khong gian céc g-dang ngoai.

Ménh dé 5.10 Néu L la mot K-khong gian vécto hiu han chiéu thi

AY(L") = AY(L)7,
trong dé vé phdi la khong gian déi ngau cia AY(L).
Chitrng minh: Nhan xét rang dnh xa

L x (L) — K

(a1, s ), (P15, 0) = det((au, ;)
la da tuyén tinh thay phién déi véi cde bién aq, ..., ay, dong thoi cing da tuyén
tinh thay phién déi v6i cdc bién ¢y, ..., g (é day (o, ;) la gid tri cia ¢; trén
vécto a;.) V1 thé, nd cam sinh d4nh xa song tuyén tinh
AN(L) x A(L*) — K

(A Aag,pr A Apy) — det({as, 9;)).
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Anh xa nay cho phép xem mdi phan tit ciia AY(L*) nhr mot dang tuyén tinh trén
AY(L), titc 1a nhuw mot phan tr cia AY(L)*.

L ...,e" 1a co s& doi ngau cia L*. Str dung

Goi e, ..., e, 1a mot co s cua L va e
phép dong nhat néi trén ta thay co s& (et A--- Aefa|j; < --- < j,) chinh 1a d6i

ngau cia co sO (e, A---Ae;|ip <--- <ig). That vay,

(eiy Avo- A€y, € A Aelt) — det({e;,, €)).
V& phai bang 1 khi va chi khi 4, = jy,...,4, = j, va bang 0 trong cdc trwong hop
khéc. Nhu thé AY(L*) 22 AY(L)". 0
Vi du 5.11 Xét khong gian vécto thire L = R™ v6i co s& chinh tac (eq, ..., e,):

€1 = (1,0,...,0>t,
es = (0,1,...,0),

e, = (0,0,..,1)%

Goi (dz', ..., dz™) 1a co s& d6i ngau cia (R™)* dugce xdc dinh bdi hé diéu kién sau
da'(e;) = 65, (1<i,j<n).

(Céch ky hiéu nay cé co s& tir Ly thuyét vi phan cia ham nhiéu bién.)
Ta xét khong gian A?(R™) = AY(R™)* céc g-dang trén R™. N6 ¢6 mot co so 1a
hé vécto sau day
(dz"™ A+ Ada'|1 < iy < ... <i, < n).
Méi vécto w € A?(R™) c6 bidu thi tuyén tinh duy nhit qua co s& do:
w = Z (lil ..... iquil VARV deiq,
1<ir <. <ig<n
(’)‘ day ai1,...,iq € R.
Truong hop dic biét khi ¢ = n, khong gian A"(R™) ¢6 s6 chiéu bang 1, véi co
s& gom phan tir duy nhat

dz* Ndx? A -+ A da™.
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Theo dang cau chinh tac A"(R™*) = A"(R")* néu trong chirng minh Ménh de 5.10,
n-dang dz' A -+ A dz" duge dong nhat véi dnh xa tuyén tinh A*(R") — R xdc

dinh béi diéu kién chuan hod
(dz' A~ Adx™)(er A--- Aey) = det(da? (e;)) = 1.

Ta dinh nghia 4nh xa da tuyén tinh thay phién duy nhit (R*)™ — R, ciing duwoc
ky hiéu 1a do!' A - - A dz™, bang cong thirc sau day

(de* A~ ANdx™) (g, .oy ) = (dz' Ao~ Ada™)(ag A A ay).

Theo 1y thuyét dinh thirc
dzt A - ANdx" = det .

That vay, ca hai vé déu la dnh xa da tuyén tinh thay phién duy nhat (R")™ — R
thod man diéu kién chuan hoé.

Do tinh da tuyén tinh thay phién, mo6i phan tir w € A"(R™)* ¢ thé xem nhw
mot thudc do thé tich dinh hwdng n chieu tren R™ ma gid tri w(ag A -+ A ay) 1a
thé tich cia hinh hop n chitu cé hudng tua trén cic vécto oy, ..., ay,.

Gid st U 1a mot tap md trong R™. Moi ham khd vi vo han tir U vao AY(R™)*
dwoc goi 14 mot g-dang vi phdan trén U. Nhu thé, moi ¢-dang vi phan trén U dwoc
biéu thi duy nhat dwéi dang

w(x) = Z Qiy.... i (z)dz"™ A -+ A da'e,

1<i1<...<ig<n

trong d6 a;, ... ;, () 1& cdc ham kha vi v6 han theo bién x € U.

Khong gian cac g-dang vi phan trén U dwoc ky hiéu la Q(U). N6i cach khéc

QI(U) = C=(U, AY(R™)").
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B

N

A

a1 tap

Chitng minh chi tiét cdc khang dinh vé tich tenxo trong cdc Vi du 2.6, 2.7 va
2.8.

Cho ey, ..., e, 1a mot co s& cia L va e, ..., e" 1a co s& dbi ngau cia L*. Moi

tenxo kicu (1,1) c¢6 dang toa do nhur sau
f= a}ej ® €;.

Goi A = (a}) la ma tran v6i phan tir af ndm & hang 7 cot j. Hay tim cong

thitc mo ta su thay doi cia A khi doi co sd.

. V6i gid thiét nhw bai trén, moi tenxo kiéu (2,0) c¢6 dang toa do nhu sau

g = gmel X e'j

Goi G = (g;;) 1a ma tran v6i phan tit g;; ndm & hang ¢ cot j. Hay tim cong

thitc mo ta su thay doi cia G khi doi co sd.
Gidi quyét van dé twong tu véi bai tap trén cho cic tenxo kieu (0,2).

Gia st tenxo hai lan thuan bién g c6 ma tran G = (g;;) trong co s& (e', ..., e")

1

14 mot ma tran kha nghich. Xét tenxo hai lan phdn bién ¢~! xdc dinh nhw

sau g~ = ge; ® e;, trong d6 ¢ 1a phan tt cia ma tran G~'. Chimg minh
rang ma tran cia hai tenxo néi trén trong hai co s& déi ngau bat ky deu la

cdc ma tran nghich ddo cia nhau.

Cho tw dong cdu f : L — L cua K-khong gian vécto hiru han chiéu L. Hay
dién dat ham F : L x L* — K x4c dinh bdi cong thie F(a, ¢) = ¢(f(«)) nhu
mot tenxo. So sdnh cdc toa do cua tenxo nay trong mot co s& vGi ma tran

cla f trong cing co s& ay.
Tim s6 chiéu cia tich déi xtmg S(L) biét rang dim L = n.
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8.

10.

Gid stt f : L — L 1a mot tu dong cau cia khong gian vécto n chiéu L. Khi dé
A™(f) : A*(L) — A™(L) la phép nhan véi mot vo huéng. Chimg minh rang
A"(f) = det(f).

Giad st L 1a mot khong gian vécto n chiéu trén truomg K va f : L — L 1a mot
tu dong cdu. Goi a,.(f) = TrA"(f) 1a vét cua tu dong cdu A"(f) : A"(L) —
A"(L) (xem bai tap 40 Chwong IT). Chitng minh rang

det(id + ) =>_ a.(f).

r>0

No6i riéng, ta c6 ao(f) = 1, aq(f) = Tr(f), an(f) = det(f), a.(f) = 0 (v6i

r > n). Hay dién dat a,(f) theo cdc hé s6 cia da thire dic trung cia f.

Gid st f : L — M 1a mot dong cau gitra cac khong gian vécto hiru han chiéu
trén truomg K. Str dung phép ddi ngau trong chiing minh Ménh dé 5.10 gitra
cdc khong gian A"(L), A"(M) va A"(L*), A"(M*), hay chtrng minh rdng dong
cau A"(f*) : A"(M*) — A"(L*) la ddi ngau cia dong cdu A"(f) : A"(L) —
A" (M).
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