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Loi noi dau

Gido trinh "Topd dai cuong" trinh bay nhiing khai niém co
ban cua Topd, cach xdy dung topd, phan loai cac khong gian
t6p0, suw dong phdi gitra cac khong gian topd va xét trudng hop
riéng cta khong gian t6pd nhu khong gian compic, khong gian
lién thong, khong gian métric,.... DAy 1a nhing kién thic co s&
can thiét cho nhiéu linh vuc toan hoc khac nhau nhu Giai tich
ham, Ly thuyét do do va tich phan, Topd dai sd, Hinh hoc vi
phan,....

Gi4o trinh dugc viét trén co sé nhitng bai giang cho sinh vién
nam tht 3 h¢ Cur nhan nganh Todn va sinh vién hé Sau dai hoc
nganh Toan cua khoa toan, truong Pai hoc Su pham - Dai hoc
Thai Nguyén.

Gido trinh bao gdm 4 chuong, trong mdi chuong c6 néu
nhiéu vi du minh hoa va c6 phﬁn bai tap co ban dé sinh vién tu
giai.

Trong lan xudt ban dau tién nay chic rang khong tranh khoi
thiéu sot. Chuing t61 mong nhan duoc sy gop ¥ cua ban doc.

TAC GIA
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Chuong 0
NHUNG KIEN THUC CO SO

§1. CAC PHEP TOAN VE TAP HQP

1 Giao, hop, hi¢u
Déi véi cac tap con A, B, C cua tap hop X ta co:
AUB=BUA,
ANnB=BnNA,
AuBuUlC)=(AuB)uUC,
AnBnNC)=(AnB)nC,
ANnBuUulC)=(AnB)U(ANC),
AuBNCO)=(AuB)n(AuUCC),
X\ (AuB)=(X\ A)nN (X\B), (Cong thuc De Morgan)
X\V(ANB)-(X\A)U (X \ B), (Cong thitc De Morgan)
A \B=AnN(X\B),
(A\B) \ C=A\ (Bu(O),
X\(A \ B)=BU(X\A).
Giad St (Aj)i < 1 va (By)k < k 12 hai ho nhiing tap con tuy y cua
tap hop X. Khi do:

(UA] (UBJ U(ANB,),

isl il
keK

[QA] (ﬂB] QAUB)




www.VNMATH.com

X\(UAij: (X\A,)
i=] icl
X\[ﬂAi)=U(X\Ai)

il

(Cong thitc De Morgan mo rong)

(Cong thirc De Morgan mo rong)

2. Tich Décac
Gia sir, X va Y 1a nhitng tp hop, XxY 1a tich Pécac cua
ching. V61 Uy, U, c X vaVy, Vo, c Y ta co:
(UxV) N (UxV,) = (U NUpx(V, N V,),
(U,xV) U (UyxV,) ¢ (U, U Ux(V, U V,).
3. Anh xa

Cho anh xa f: X — Y. B6i voi batky A, B < X ta co:
f(A U B) = f(A) U(B),

(A N B) c {(A) N{(B),
f(A) \ f(B) c f(A \ B).

Gid su (Aj)i < 1 12 ho nhiing tap con tuy y cua tap hop X. Khi
6

(0N

tJan =Jfn,

il izl

f()A) <A

i£] ©oiEl
D6i v6i bat ky M, N C Y ta co:
M UN) = (M) U (N,
f'M N N) = /(M) N (N),
f'M N\ N) = /(M) \ (),
f(t'(VM)) = M N fX),
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Gid st (Mj); < 1 1a ho nhiing tap con tuy y cta tap hop Y. Khi
do:

£ (UMi}Ur‘(Mi),
icl i<l

f! (ﬂMij =" My).
icl

il

§2. QUAN HE THU TU

Quan h¢ hai ngéi < trén tap hop X duoc goi 1a mot quan hé
thtr tu néu cac diéu kién sau thoa man:

a) Phan xa: x <x, Vx € X.

b) Phan d6i xtimg: Vx,y € X, néux<yvay<xthix=y.

¢) Bic cau: Vx,y,ze X, néux<yvay<zthix<z

Tap hop X da trang bi mdt quan h¢ thir tu < dugc goi 1a tap
sap thir tu. Néu x <y, ta néi x dimg trude y, hay x nho hon hoic
bangy. Khi x <y vax # vy, ta s& viét x <y. Ta néi hai phan tir x
va y trong X 14 so sanh duge néu x <y hodc y < x.

Cho X 1a tap sdp thtr ty. Phan tir a € X duoc goi 1a phan tir
cuc tiéu (tuong tng cuc dai) trong X, néu VX e X, diédu kién x
< a (twong Ung a < x) kéo theo x = a. Trong mot tip sip th tu
khong nhat thiét phai luén c6 phan tir cyc tiéu (cuc dai), va cling
c6 thé co nhiéu phan tir cuc tiéu (cuc dai) khac nhau.
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Gia sit A < X. Phan tir a € X duge goi la can dudi (tuong
mg cén trén) cta tip A, néu Vx € A, ta luén ¢ a < x (twong
g x < a). Néu tap con A < X ¢6 can dudi (twong tng can trén)
thi ta n61 A bi chan dudi (tuong tng chan trén). Tap A dugc goi
13 bj chin (hay giéi noi) néu A ddng thoi bi chin dudi va bi chin
trén. Ta ky hi¢u Dy 1a tap tat ca cac can dudi cia A, ky hiéu Tp
1a tap tt ca cac can trén ciia A. Néu Dy # & va ag € Dy thoa
man a < ap Va € Da. thi ag dugce goi 1a can dudi dung cua tap A,
ky hiéu 14 ap = infA. Tuong tu, néu Tp # & va ag € Tx thoa man
a, < a, Va € Ty thi ap dugce goi 1a can trén dung cua tap A, ky
hiéu 14 ao = supA. Phan tir xo € A dugc goi 1a phan tir bé nhat
(twong ung 16n nhat) cia A néu VX € A ludn co x¢ < x (tuong
ung x < Xp).

Ta néi tap X duoc sip thir ty toan phan (hay tuyén tinh) néu
Vx,y € X thi x <y hoac y < x. Khi do ta cling ndi < la quan h¢
thi tu toan phan trén X.

Gia str X 1a tap sdp tht ty toan phan, via,b € X tuy ¥, a <b.
Ta ky hiéu: [a, b] = {x € X |a < x < b}, va goi 1a khoang dong
v6i ddu mat trai 1a a, ddu mat phai 1a b.

[a,b)={x e X[a<x<Db}, vagoilakhodng md bén phai,
dong bén trai.

(abl={xe X|a<x<b},vagoilakhoiang dong bén phai,
mé bén trai.

(a,b)={x e X]a<x<b}, va goi la khodng m¢ trong X.

Tap sap thtr ty toan phan X dwoc goi 1a tap sip tha tu tot néu
moi tap con khac réng ctia X ludn c6 phan tir bé nhit.

Gia sir X 1a mot tap hop sap thir ty. Tap hop tt ca cac tap
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con sap thu tu toan phén cua X vdi quan h¢ bao ham la mot tap
sap thi tu.

Mai phan tir cyc dai cta tdp nay duoc goi 1a tap con sip thir
tu toan phén cuc dai cua tap hop X.

§3. TIEN PE CHON

Gia sir o 1a mot ho nao do6 cac tap hop. Ta ndi rang ho o ¢
dac trung hitu han néu no thoa mén cac diéu kién sau:

(1) YA € o, néu B la mot tap con hiru han ciia A thi B € .

(2) Néu A 1a mét tap hop thoa man: mdi tdp con hitu han bat
ky ctia A déu thudc o, thi A € o.

Dinh Iy. Cac diéu kién sau 1a tuong duong:

(i) Cho tap hop khac rong bat ky X. D6i véi mot ho tiy ¥
(Aj)1e1 nhiing tap con khac r5ng cua tap X, ton taithamf: 1 —> X
sao cho f(i) € (Aj) véimoi i € 1.

(ii) Trén mdi tap hop tiy ¥ ludn ton tai mot quan hé thir tu
t6t.

(iii) M&i mot tdp con sdp thir tu toan phan cua tap hop sip
thir tw X ludn dugc chira trong mot tap con sép thi tu toan phan
cuc dai.

(iv) Néu ho o cac tap co déc trung hitu han thi moi ph?m to
cua no6 dugc chira trong mat phﬁn tr cuc dai xac dinh.
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(v) Néu moi tap con sip thir tw toan phan ciia tap sap thir ty X
déu bi chan trén, thi mdi ph?m tr x € X luon so sanh dugc voi
mot phén tir cuc dai nao do cua X.

Diéu kién (i) duoc goi 1a tién dé chon.

Diéu kién (ii) duoc goi 1a diéu kién Zermelo.

Diéu kién (iii) duoc goi la diéu kién Hausdorff.

Diéu kién (iv) duoc goi 1a diéu kién Tukey.

Diéu kién (v) duoc goi la diéu kién Kuratowsky - Zorn.
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Chuong 1
KHONG GIAN METRIC

§1. KHONG GIAN METRIC, SU HOI TU TRONG
KHONG GIAN METRIC

1 Khong gian métric

Dinh nghia 1.1 Khong gian métric 1a mot cdp (X, d), trong
do X 1a mot tap hop, d : X x X — R 1a mdt ham xac dinh trén X
x X thoa mén cac diéu kién sau:

1. Voimoix,y € X:d(X,y)>0;d(x,y) =0< x =y, (tién
dé dong nhét).

2. Véimoix,y € X: d(x, y) = d(y, x), (tién dé ddi ximg)

3.V6imoix,y,z e X:dx,z) <d(x, y) + d(y, z), (tién dé
tam giac).

Ham d duoc goi 1a métric trén X. Mbi phﬁn tir cua X duoc
goi 1a mot diém cua khong gian X, s6 d(x, y) duoc goi 1a khoang
cach giita hai diém x va y.

Vidu 1.1

Tap hop cac s6 thuc R va tdp hop cac sb phirc C 13 nhitng
khong gian métric, voi métric d(X, y) =[x -y|, voimoi X,y € R
(hoac ©).

Vidu 1.2

Tap hop R 1a khong gian métric véi métric d xac dinh nhu

sau:
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-

d(x,y):(g -

Hién nhién d thod man hai tién dé dong nhat va doi xing. Ta

izj VO X = (&), 5 €D,y =My, .., M) €RK

kiém tra tién dé tam giac. Trudc hét, d€ y rang néu ay,... ,ax, by
,.. sk 1a nhitng so thuc thi:

lea (Z{a[j [gbiff (BAt ding thirc thirc Cosi).

—

Léy tﬁy }'/ X= (él’-"’ik)v Y= (nl """ nk)7 z= (QI’“W Qk)ERk' Khi
do
(dos,y))’ Z( - +nl—§il)2
k 2
Z! -< |+ =<

JZJZ'C S
Uzla of +\/Zln—C1J (dlx.y)+ d(y. 2

Twr do6 ta c6 d(x,z) < d(x,y) + d (v,2).

Ta goi d 1a métric Euclid va (RY, d) dwoc goi 1a khong gian
Euclid.
Vidu 1.3

Goi CJa, b] 1a tap hop cac ham s6 thuc lién tuc trén khoang
dong hitu han [a, b]. D& dang ching minh duoc rang C[a,b] la

o d(x ,y)—ﬂur»lx(w y|
mot khong gian métric véi métric ast <h VOl
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moi x,y € C [a,b].

Dinh nghia 1.2.Gia st M 1a mot tdp hop con cua khong gian
métric (X, d). D& dang thy rang ham dy = d|ym 1a mot métric
trén tap hop M. Khong gian métric (M,dy) duogc goi 1a khong
gian con cua khong gian métric (X, d), ta goi dy 1a métric cam
sinh b&i métric d trén M.

2. Su hoi tu trong khong gian métric
Dinh nghia 1.3. Ta ndi day {xu} " nhitng phén tir ciia khong

gian métric (X, d) hoi tu dén phan tir hoi tu dén phan tir xo € X

limd(x, ,x,)=0__ . . Iimx, =x,
- (%u%0) khi d6 ta viét w-oe " , hodc

néu
X, —=X, Tq noi {Xa) ot 1a diy hoi tu va goi xo la gidi han
ctua day {xy}

Nhan xét.

a) Day hoi tu trong khong gian métric c6 mét gidi han duy
nhit.

That vy, gia st limx, =a va limx, =5 trong X. Khi do:

d(a, b) < d(a, x,) + d(xy, b) v&i moi n.
vilimd(a.x,)=0va limd(b.x,)=0, nén tir bat dang thic

trén suy rad (a,b) =0 tuc laa=b.
b) trong khong gian métric (X, d) néu tim lim X, =a va

n—>0

limy, =b thilimd(x,.y,)=d(a,b).

That vay v6i moi n, ta déu c6:
d(a,b) < d (a,xy ) + d(Xs, yu ) + d(yub).
Tur @6 ta co. d(a,b) - d(xy, yn ) < d(a, X, ) + d(yy,b).

10
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Ching minh tuong ty ta dugc:

d(x,.y,)- d(ab)<d(ax,)+ d(y,.b).
Tir hai bat dang thic trén suy ra:

(d X,.¥,)-d(ab) < d(ax,)+ d(y,.b)

vi limd(a.x,)=0va im hma’(a v,)=0 , nén tu bat dang

n—0

thuc trén suy ra limd(x,.y,)=d(a,b). Ta co diéu can ching

minh.
Vidu 1.4
C, limx, =x @hmlx ~X,|=0

Trong khong gian R va " woe .Day
12 su hoi tu ma ta da biét trong giai tich cd dién.
Vidu 1.5
— {n)
Trong khong gian R, gia su’ (&1 " é e la day

s ( (v) c
trong R*va x, (é() sl ) eR™ gpj do:

k 2
limx, =x, 1im[Z gg“’—gg"’l J =0 &
i=l

H—>r B
lxmi =tV i=1, .k

Vi vay nguoi ta néi rang sy hoi tu trong khong gian Euclid
R* 1a sy hoi tu theo cac toa do.
Vidu 1.6

trong khong gian C[a.b], limx, = x,<> ddy ham sO { xa(t) }%a

= 1 hoi tu déu din ham sb xo(t) trén [a, b]. That vay,

lim x, —x()@hmd(x X, )=0 & VYe>0 3n €N,
n—7 n— Sao Cho

1| —

11
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Yn € N thoa min n > np ta co dXn, Xu) < g, tuc la

sup [x,(D—X,(1)] <&
a<i<b vo1l moi n > ny < | Xy(t) - Xo(t)] <e, Vn

>ng va Vt € [a, b].

§2. TAP HOP MO VA TAP HOP PONG

1 Tap mé

Dinh nghia 1.4 Gia str (X, d) 1a mot khong gian métric x¢ €
X var 1a mot sé duong. Tap hop S(xo, 1) = { x € X| d(x, X¢) <1}
duoc goi 1a hinh cAu m& tAm xo ban kinh r.

Tap hop S[xo, 1] = {x € X | d(x, x0) <r} dugc goi 1a hinh cau
dong tam xo ban kinh r.

Vi A, B 1a 2 tap con khac rong trong X, ta goi:

L {dx, »)}

1a khoang céch giira hai tdp con A, B.

Dinh nghia 1.5 Gia st A 1a mét tdp con cua khong gian
métric (X, d). Piém x, ctia X duoc goi 1a diém trong ctia tap hop
A néu ton tai mot hinh ciu mé S(xp, 1) < A. Tap tat ca cac diém
trong cua tip A duoc goi 1a phan trong ciia A va ky hiéu 1a dira
hoic A°).

Phén trong ctia mdt tip bop co thé 1a tap hop rong.

Dinh nghia 1.6. Tap hop G — X duoc goi 14 tip md néu moi
diém cta G déu la diém trong ctia no:

12
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Hién nhién tap X va tdp & déu la nhiing tdp mé trong khong
gian métric (X, d). M&i hinh cau mo 1a tap mo trong (X, d).

Dinh Iy 1.1 Trong khong gian métnc (X, d) ta co:

a) Hop cua mdt ho tuy y nhitng tap moé 1a mot tap mo.

b) Giao cia mdt s6 hitu han nhirng tap mo 1a mot tap mo.

Chung minh.

a) gid st {U}; < 1, la mdt ho tuy ¥y nhiing tap con mé trong
khong gian métric (X, d). Ta chung minh = UU' la mdt tap
md. A3l

That vay, gia St X € U tuy y. Khi do6 x € U; véi t nao do. Vi
U, mé nén ton tai mot hinh cau S(x, r) € Uy, do d6 S(x, r) < U.
Vay U Ia mdt tdp mo.

b) Gia su U; .. , U, la nhiing td4p méd. Ta ching

V=Y, ,
minh i=l la tdp md. That vay néu x € V thi x € U; voi
moii=1,...,n. Vi mdi U; mé nén ton tai mot sd duong r; sao
cho S(x,r;) c U, i =1,... , n. Pat r = min{ry,.... r,}. Khi d6 hién
nhién S(x, r) c Uj véii=1,...,n,do d6 S(x, r) = V. Vay TE 1a
mot tap mo. [

Dinh nghia 1.7 véi x €(X,d) ty ¥, tdp con bat ky U c X
chira diém x duoc goi 1a 1an can cua diém x néu U chira mot tap
mo chira x.

Hién nhién, tap A trong khong gian métric X 1a mé khi va chi
khi v6i mdi x € A ludn tdn tai mot 14n can U cua x chua trong
A. hién nhién ta co:

1) A° 12 tap ma, va d6 1a tap mo 16n nhét chira trong A.

2) Tap A 1a m¢ khi va chi khi A = A°

13
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3) Néu A = B thi A = B.
2 Tap déng

Dinh nghia 1.8. Tap con A c (X, d) duoc goi la tap dong néu
phan bu ciia A trong X (tap X\A) 1a mot tap mo.

Hién nhién cac tap X va & la nhimng tdp dong trong khong
gian métric (X, d). D& dang ching minh dwoc moi hinh cau
dong 1a tap dong.

Dinh Iy 1.2. Trong khong gian métric (X, d) ta co:

a) Giao cua mot ho tuy y nhirng tap dong 1a mot tap dong.

b) Hop cia mdt ho hiru han nhiing tap dong 1a mot tap dong.

Chung minh.

a) Gid st {E},.cr 12 mot ho tuy y nhling tdp dong trong

X\NE =[JX\E)
khong gian métric X. Khi do6 T teT la tap mo, vi
E
voimoit € T, tdp X \ F; la mo. Vay Q ' la mot tap hop dong.

b) Chirng minh tuong tu. [
Dinh ly 1.3. Tap con F ctuia khong gian métric X la dong khi
va chi khi véi day bat ky {x,}7, nhitng phan tir cia F, néu

limx, =x, € X thixoeF

n—>0

Ching minh.

0

(=>) Cho tap F dong, gia st ton tai ddy {x }*, trong F thoa

n=1
man limx, =x, vaxo¢ F.
n—>0
Vi X\F 12 tdp m& nén ton tai mot hinh cau S (xo, €) Chua
trong X\F. Vi lim(x

n—»0

X,) =0 nén v6i n du 16n d(xy,Xo) < g, tlc

n’

14
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1a x, € X\F véi n di1 16n. Didu nay mau thuan véi gia thiét.
(<=) Pao lai, gia sir v6i ddy bat ky {x }7 nhiing phan tir ciia

F, néu limx, =x, € X thi xo € F., va gia st X\F khong phai la

n—>00
mot tip ma. Khi d6 ton tai it nhat mot diém x, € X\F khong phai
1a diém trong ctia X\F. Khi d6, v&i moi s6 tu nhién n, ton tai mot

\ 5 1
phan tir x, € F thudc hinh cau S(x,,—); Day {x, } _ la mot day
n

phén tr cua tap F hoi tu dénxo ¢ F (vi d(x0,xp )< % vO1 moi n).
Diéu ndy mau thudn véi gia thiét.

Dinh nghia 1.9. Cho A c (X, d), giao cta tit ca cac tip dong
trong X chtra A dugc goi 1a bao dong cua tap A, ky hi¢u la A.

Vi X 1a mét tdp dong chira A nén bao dong cua tap A ludn
ton tai.

Hién nhién ta c6 :

1) A 1a mét tap dong va do 1a thp dong nho nhat chita A.

2) Tap A 1a dong khi va chi khi 4 = A.

3)NéuAc Bthi 4 c B.

Pinhly 1.4. Gia st A = (X, d), vix € X. Piém x € 4 khiva
chi khi mo6i 1an can U cta x déu c¢6 diém chung véi A.

Chtrng minh.

=) Giasux e A , va gia su tdn tai mot 1an can md U cia x
théa man U N A = & khi d6 X\U 1a tap déng chia A =>4 <
X\WU=>4NU=2vdly.

(<=)Néu x ¢ 4 thiU=X\4 1a mdt lan can cua x khong c6

15
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diém chung véi A, mau thuan véi gia thiét. [
Dinh Iy.15. Gia st A (X, d), vax € X. Pim x € A khi va

chi khi ton tai mot ddy {x,}7, nhiing phan tir cia A sao cho

limx, =x
Chting minh.
(=>) Gid st x ¢ 4. Theo dinh 1y 1.4, v6i mdi sb tu nhién n ta
1
1 N x, €A N S(x,—j
c6 S(x ,—) N A#J. V&i moi n chon N/ Khi do6
n

{x,}_, la mét ddy diém cua A thod man limx, =x .

n—>0

(<=) Néu {x,}”, c A théa man limx, = x thi tir dinh 1y 1.3

n—>0

suyrax € Al

Dinh nghia 1.10. Tap con A cua khong gian métric X dugc
goi 1a tap trii mat trong X néu A4 =X Tép con B cua khong gian
métric X duoc goi 1a tdp khong dau tri mat trong X néu (E )
%)

nhdn xét.

a) Tap A 13 tru mat trong X khi va chi khi v6i mdi x € X tén

0

trong A sao cho limx, =x .

n—»0

tai mot day {x,}

n=1

b) Tap B cua khong gian métric X 1a tdp khong dau tru mat
khi va chi khi mdi hinh cau tily y trong X ludn chira mét hinh
cau khong ¢ diém chung véi B.

Dinh nghia 1.11. Khong gian métric X dugc goi la khong
gian kha li néu ton tai mot tap con M dém duoc tri mat trong X.

16
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Vidu 1.7
R1a mot khong gian kha li vi Q@ 1a dém duoc va tro mat

trong R.

Dinh nghia 1.12. Cho (X, d;) va (X3, dy) 1a hai khong gian
métric.

Véi bat ky (x1, X2), (Y1, y2) € X; x X, dit:

dl(X;5 X5), (vy5 YOI = {Ld(x,,y )T + [d(x,,y,) 12

Ham d xac dinh nhu trén 1a mdt métric trén X; x Xy, tap X x
X, cung voi métric d dugce goi 1a tich ctia cac khong gian métric
X1 va X2

§3. ANH XA LIEN TUC GIUA CAC
KHONG GIAN METRIC

Dinh nghia 1.3. Cho (X, dx) va (Y, dy) la hai khong gian
métric, anh xa f: X — Y goi 1a lién tuc tai diém xo € X néu véi
mdi sd duong ¢ déu ton tai mot sd duong 6 sao cho v&i moi x
eX, néu dx(x, o) < & thi dy(f(x), f(xo)) < .

Ta ndi 4nh xa f1a lién tuc trén X néu no lién tuc tai moi diém
x € X.

Dinh ly 1.6. Cho anh xa f: X — Y tu khong gian métric (X,
dy) vao khong gian métric (Y, dy), Khi d6 ta c6 cac m¢nh dé sau
la twong duong:

1) Anh xa f1a lién tuc tai diém x e X.

17
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2) Véi moi day {x,} _, trong X, néu limx, =x trong X thi

n—m0

lim f(x,)= f(x) trong Y.

Chung minh. Hién nhién. [

Nhdén xét. Néu X, Y, Z 1a ba khong gian métric, f: X — Y va
g : Y — Z la nhiing anh xa lién tuc thi g.f: X — Z 1a mét 4nh xa
lién tuc.

Dinh nghia 1.14. Song anh f : X — Y tir khong gian métric
(X, dy) 1én khong gian métric (Y, dy) duoc goi 1a mot phép dong
phoi néu cic anh xa f va f' : Y — X déu 1a nhitng 4nh xa lién
tuc.

Hién nhién, song anh f: X — Y 1a mot phép dong phéi khi va
chi khi v&i moi ddy {x,}”, nhiing phan tir cia X va véi x € X,

taco limx, =x lim f(x,) = f(x),

Hai khong gian métric X va Y duoc goi la dong phdi véi
nhau néu ton tai mot phép dong phoi f: X - Y.

Dinh nghia 1.15. Anh xa f: X — Y tir khong gian métric (x,
dy) Vao khong gian métric (Y, dy) dugc goi la lién tuc déu noi
véi mdi sd duong E, déu ton tai mot sd duong 6 sao cho v4i moi
X1, X2 € X, néu dy (x1, x2 ) <& thi dy (f(x1) .f(x2)) <e.

hién nhién mot anh xa lién tuc déu 13 anh xa lién tuc. Diéu
nguoc lai khong ding.

Dinh ly 1.7 Cho khong gian métric (X, d), A < X, A # &.
Khi @6 anh xa: f: X — R, xac dinh bdi f(x) = d(x,A), 1a &nh xa
lién tuc déu.

Chtng minh.

18
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Liy x1,x2 € X tuy ¥, khi d6 Vz € Atacod:
d(x,, z) < d(x,,X,) + d(X,,2),

= d(x,, A) = m{ d(x,, z) £d(x,, x,) + d(X,, 2)

= d(x;, A) - d(x,, x,) < 1Il1\ d(x,, 2)

=2 dx;, A) - d(x,, X,) £ d(x,, A). (%)
Vi vai tro cua x; va X, 1a nhu nhau nén chirng minh tuong tu
ta co: d(x2, A) - d(x, x2) < d(xi, A). (**)

Tu (*) va (**) = |[d(x;, A) - d(x2, A)| < d(x1, X2). V61 € >0
tuy y ta chon 6 = ¢. Khi d6 Vx;, xo € X thod man dx(x;, x;) < ¢
Ta co:

d(f(x,), £(x0)) = d(d(x,, A), d(x,, A)) = [d(x,, A) = d(x,, A)
<d(x;, x;)<e. [

Dinh Iy 1.8. Néuf: X > Y; g: Y — Z 1a cac anh xa lién tuc
déu gitra cac khong gian métric thi tich gf : X — Z 1a ciing la
anh xa lién tuc déu

Chtrng minh.

Gid st dy, dy, d, lan luot 1a cac métric trén cac tap tuong Ung
X, Y, Z Khi d6 Ve >0, vi g 1a lién tuc déu nén & > 0 sao cho
v6i mdi cip yi,y2 €Y thoa man dy(y,yz) < & thi dz(g(y1),g(y2))
< &. Mit khéc do f1a anh xa lién tuc déu nén 3& > 0 sao cho véi
mdi cip X; , X, € X thod min dx(xy, x2) < & thi dy(f(x)), f(x2)) <
0 va do vay ta co dz(gf(x,), gf(x2)) < €. suy ra gf 1a anh xa lién
tuc déu.

Dinh nghia 1.16. Anh xa f : (X, dx) —>(Y, d,) dugc goi la
mdt phép dang cu néu Vx, y € X ta ¢6 dy(X, y) = dy(f(x), f(y)).
Hai khong gian métric X, Y goi 14 dang cu néu ton tai mot phép
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dang cu tir X 1én Y.

Nhdn xét. Phép dang cu f1a mot don anh lién tuc déu néu nd
1a toan 4anh nita thi anh xa /' ciing 1a mot phép dang cy, va khi
d6 hai khong gian X va Y 1a ding cu, dong thoi ciing 1a dong
phoi voi nhau.
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§4. KHONG GIAN METRIC DAY BU

1 Khéng gian métlic diy da

Dinh nghia 1.17 Day {x, } _ trong khong gian métric (X, d)
duoc goi la day Cosi, (hodc day co ban), néu voi mdi € > 0, tdn
tai s6 Ny €N ga0 cho véi moi sb i, J 2 ng ludn cé d(xi, x; < €
Khong gian métric (X, d) dugc goi 1a khong gian day du néu
moi day Cosi trong X déu hoi tu.

Dinh Iy 1.9. Moi diy hoi tu trong khong gian métric déu 1a
day Cosi

Chung minh.

Gia sir ddy {x }~, 1a ddy hoi ty, va limx =a , khi d6 véi

n—

moi € > 0 tuy y, Iny €N ga0 cho Vi = ny ta ¢6 d(a, xi) < g Ta

co: d(x;, xj) < d(x;, a) + d(a, xj) <e.
Vay {x,} _ laday Cosi. ]

Ta c6 thé chi ra mot vi du chung to6 mot day Cosi chua chéic
da hoi tu.

Vidu 1.8

Xét tap cac s6 hiru ti Q véi métric d(x, y) = [x - y| , Va day

x, =+ l)
n

{x,}~_, Xac dinh nhu sau: ,n=1,2,.. Khidd voi

\ , Ny > — .
moi € > 0, ton tai chi sO € sao cho v&i moi s i, j > ng ludn
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1 1 1 1 2
d(xg,xj)—|7——,|=|T|+|—_‘<——<8
co ! J . J R . Vay day
o i an . . limx, =e €Q | .
{x, }-_ la day Cosi. Tuy nhién v—= chimg t6 trong Q

day {x,} _, khong hoi tu. Va do vay Q khong phéi 1a khong
gian métric day du.

Dinh ly 1.10.

a) Khong gian con day du ciia mot khong gian métric 1a tap
dong.

b) Tap déng trong khong gian métric day du 1a mot khong
gian con day du.

Chung minh.

a) Gia sir A 1 khong gian con day du cua khong gian métric

X, ldy x € 4 tuy y => tdn tai ddy {x }”, trong A:limx, =x .

Day {x,}7, la diy Cosi trong A, vi A la day du nén theo dinh
nghia nd phai héi tu dén diém nao dé thudc A, vi mbi day hdi tu
chi c6 mot giéi han =>x € A => AcCcA=A= Z.VéyAlé
tap dong trong X.

b) Gia su A la tap dong trong X va day {x,} _, la day Cosi
trong A. Vi n6 cing la day Cosi trong X, nén ndé hdi tu:
limx, =x,. Do A dong nén xo € A. Vay A la khong gian con

day du. [
Dinh Iy 1.11. Gia su {x, 6} _ la didy Cosi trong khong gian

métric (X, d), Xo € X thod man moi lan cén bat ky cua xy déu

chira vo s6 diém ctia diy {x,}7,. Khi d6 diy{x,}*, hoi tu dén
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Xo,limx, = x,

n—>0
Chung minh.
Gia str € 1a mot sb thuc duong tuy ¥, xét hinh cau mo S(xo, &
trong X. Vi {x,}7, la ddy Csi nén I €N sao cho véi i, j > ng

n=1

o d(x
ta co

12

€
X) < —
: 2
Mait khac theo gid thiét ton tai cac chi s
. . . & , . X k N
1, 12 coveeenn.. In = ng sao cho d(xix, Xo) < E vO1l mo1 K €N,

Khi d6 v6i p = ny, ta c6 d(xp, Xo) < d(Xp, Xik ) +d(Xik, X0) < €.

Nghia la x, € S(xo, €). vay limx, = x [

Pinh ly 1.12. Tap R v6i métric Euclid 1a khong gian métric
day du

Chung minh.

Gia su {x,}_ la day Cosi trong tap cac s6 thuc R. Khi d6
véi e =1, dk sao cho Vi, = ktacod(x; xj) = [xi-xj| <1.

bat m = max{ |X;, |Xa|, [X3| ..... [Xi1|, |Xi| + 1} Khi d6 voi
1>k taco:

IXi| = d(X;, 0) < d(Xj, Xg) + d(Xx, 0) < [Xg| + 1 <m. vay day
{x,} _ la day bi chan.

Goi A={ y € R|(y, ) chi chtra nhiéu nht mét s6 hitu han
diém cua diy {x,}7,. Taco A # & do day {x,}~, 1a bi chan.
Do A la tap bi chan dudi, ta ky hiéu x = infA. Vi 6 > 0 tuy y,
theo cach xac dinh cta tdp A va cta phan tir x ta c¢6 khoang (x -

00
n=12

5, x + &) chita vo han diém ctia day {x,}”,, theo dinh 1y trén ta
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suy ra day {x,}7, hoi tu dén diém x. Vay moi diy Cosi trong
R déu hoi ty, ta c6 R1a khong gian métric day du. [

Dinh Iy 1.13. Tich Dé cac cta hai khong gian métric day du
1a mot khong gian métric day du.

Chting minh.

Gia stir (X, dy), (Y, dy) 1a hai khong gian métric day du, d 1a
métric trén tich X x Y (theo dinh nghia 1.12). Gid st {x,,y,}

n=1
1a mot day Cosi trong X x Y. Do véi mdi cip i, j ta co dx(xi, Xj <
d[(Xi, yia)a (Xj’ YJ)] va dY(yi, YJ) < d[(Xia yi)7 (Xj’ YJ)] nén suy ra cac
diy {x, )7, ,{y, )7 ciing la day Cosi, theo gia thiét cac day nay

hoi tu. Gia sir limx, =x, va limy, = y,. Véi &> 0 tuy y, ton tai

n—»o0 n—»o0

€ o4
B , dy(x;, Xy) < —= dy(¥i Yo) < —=
chi s6 k dé V2 v V2

do6 suy ra:

voi moi 12 k. Tu

2 2

dl(Xi 2, Ko ¥o)] = {(dye(X, X)) + (dy(¥in Yo))2H72 < %ﬁz— =.

Vay day {x,y,}._, hoi tu dui diém (X0,y0) (do

lim(‘xnﬁyn) = (‘x(])yo)) ° D

H¢ qua.

a) Tich Dé cac ciia mot sd hitu han cac khong gian métric day
dua 1a khong gian métric day du.

b) Khong gian métric Euclid R" 14 khong gian métric day du.

Dinh Iy 1.14. Néu anh xa f: (X, dy) — (Y, d,) 1 lién tuc déu
thi d6i véi mdi diy Cosi {x,}” trong X ta c6 diy {f(x,)}",

trong Y ciing 1a ddy Cosi (4nh xa lién tuc déu bién day Cosi
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thanh diy Cosi).

Chtng minh.

Ta ching minh day {x } _ la day Cosi. Vi f'la anh xa lién
tuc déu nén Ve >0, 38 > 0 dé tir dx(x, x*) < & = dy(f(x), f(x"))
<E&.

Hon nita theo gia thiét {x,}”1a diy Cosi nén véi & tim dwoc

& trén ludn tdn tai No €N sao cho dx(xi, Xj) <06, vé1moi 1, ] = ng
= dy(f(xi), f(xj)) <€ véimoi i, j 2 no. Vay day {f(x,)}._, 1a day
Cosi trong Y. [

2 Nguyén Iy anh xa co, bé dé Cantor.

Dinh nghia.18. Gia su (X, dy), (Y, dy) la cac khong gian
métric, anh xa f: (X, dx) = (Y, dy) duogc goi 1a 4nh xa co néu Ik
€ [0, 1) sao cho: dy(f(X), f(X’)) < k.dx(X,X’) voi moi X, X’ €
X.

Nhdn xét. Néu f: X — Y 12 4nh xa co thi 13 anh xa lién tuc
deu.

That vay, Ve > 0, léy 0= % ta cO v6i bat ky X, X’ € X thoa

man dx(X, X’) <6 thi ta c6 dy(f(X), f(X")) < k.dx(X, X’ <k.0 =
e. Vay f1a lién tuc déu.

Dinh Iy 1.15. (Nguyén 1y anh xa co). Néu (X, d) 1a khong
gian métric ddy du, f : X — X 1a 4nh xa co thi trong X ton tai
duy nhit mot diém a thoa man f(a) = a.

Churng minh.

Gia st k € [0, 1] thod man d(f(X), f(X")) < k.d(X, X°), VX,
X’ e X. Lay diém X, tuy ¥ cta X, dit x; = f(Xo), Xa = f(x)),...,
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Xn = f(Xp.1), ... Khido Vn>1tacé:
d(x,, X,+1) = d(f(x,-1), {(x,)) < kd(x,-, X,)
= d(x,, X,oq) <kK'd(Xg, X;) (%)

=2 d(X,, Xyep) SA(X,, Xyop) + d(Xyeps X)) + oo+ Xy X))
1}

k
dx,x
] (0 l)

<(k"+ k" 4 L+ kP, X)) <

(voi moi p nguyén duong).
vay {x, }_ la day Cosi trong khong gian métric day di X.

Do d6 ton tai giéi han limx, =a ,a € X.

Mit khéc biéu thire (*) 6 thé viét duéi dang:

d(Xn, f(Xn)) < k'd(X0.X1),

cho n — oo va st dung tinh lién tuc cua f ta nhan duoc: d(a,
f(a)) = 0 = f(a) = a. VAay a 1a diém bat dong cta anh xa f.

Gia sir a' ciing 1 diém bat dong cua f, nghia 1a f(a") = a'. Khi
do ta co:

d(a, a')=d(f(a), f(a’ )) < kd(a,a") = (1 - k)d(a,a' ) <0
=d(a,a’)=0=>a=a"

Viy diém bat dong a ctia anh xa £ 1a duy nhét. [

Dinh Iy 1.16. (B4 d& Cantor). Gia st {Sy[an, ra]}n €N 1a diy
cac hinh cau dong bao nhau trong khong gian métric day da X:

Si[a;, 1] > ... 2 Su[an, 1] D ..., c6 ban kinh r, —> 0.
Khi d6 tat ca cac hinh ciu cta ddy trén c6 mot diém chung duy
nhat.

Chiing minh.

V61 moi cap so tu nhién n, m thod man m > n ta c6:
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Slll[alll’ rﬂl] C Su[au’ rll] => a‘lll E Su[an’ rll] => d(all’ am) < rll

= lim d(a,,a,)=0

m
01—, =300

= {a,} _, la day Cosi trong X.
Do X la khong gian métric day du nén day {a,}._, hoi tu,

lima,=ae X. Khi d6 a € Sy[ay, 1,], Yn € N.vi Vn € N ta co

n—»0

day {a,,,}., la mot day trong Sy[a,, 1y va lima, =a.
n—»0

Gia su b ciing 1a mot diém chung cua tat ca cac hinh cau
Sa[an, rn]. Khi d6 ta c6 d(a, b) < d(a, a,) + d(as, b) £ 2r,,Vn €
N=d(a,b) =0 = a=b. [

Dinh nghia 1.19. Tap con A trong khong gian métric X dugc
goi la tap hop thudc pham tru thir nhét néu no la hop cua mot ho
dém dugc nhimng tap con khong dau trii mat trong X (nghia la

o

A=A,

w=t _trong do (Z )’ = & v6i moi n). Tap con cua X khong

thudc pham tru thu nhét duge goi 1a tap hop thudc pham tru tho
hai.

Dinh Iy 1.17 (Barie) Khong gian métric day di 1a tap hop
thudc pham tru thir hai.

Chtng minh.

Gia st (X, d) 1a khong gian métric day du va X thudc pham

, x=a, :

tro thir nhat. Khi do 1 trong d6 (4)° = & véi moi
neN. Goi S 1a mot hinh cdu dong bat ky. vi (4)° = @ véi moi
n, nén ton tai hinh ciu dong S; S théaman S; N A} = (ta cod
thé chon ban kinh ctia S; < 1), twong tyu ton tai hinh cau dong S,
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< S;théoaman S; N Ay = (ta cod thé chon ban kinh cua S <

% ). Bang quy nap ta nhan dugc mot diy hinh cdu dong {S,!

bao nhau, théa min S, N A, = & va S, ¢d ban kinh nho hon l
n

v61 moi n. Theo bo dé Cantor, trong X ton tai di€ém a théa man a

o

ag X =UAu
eS,véimoin=a ¢ A, voi moin. Do d6 w=t Vo ly. [

3 Thac trién lién tuc

Dinh nghia 1.20. Gia st M la khong gian con cua khong gian
métric X, g¢ M — Y 1a anh xa lién tuc tr M vao khdéng gian
métric Y. Néu ton tai anh xa lién tuc f: X = Y, sao cho f M= g,
thi ta noi £ 1a mot thac trién lién tuc cta gt M 1én X.

Dinh Iy 1.18. (Nguyén 1i thac trién lién tuc). Gia sa M 1a
khong gian con tru mat ctia khong gian métric X. g: M —> Y la
anh xa lién tuc déu, trong d6 Y 1a khong gian métric day du. Khi
d6 ton tai duy nhét anh xa lién tuc déu f: X — Y, sao cho fly =
g.

Chtrng minh.

M tru mat trong X = VX ¢ X, 3 {x,},_, < M sao cho
limx, =x (theo dinh 1y 1.5). Hién nhién {x }7, 1a diy Cosi
trong M. Vi g lién tuc déu, nén {g(x,)}_, la day Cosi trong Y.
Do Y 1a khong gian métric day dii nén day { g(x,)}_, hoitu dén
phan tir y € Y. Phan tir y chi phu thudc vao x chi khong phu

thudc vao day {x,} .
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That viy, gia s ta C6 diy {x.};, = M, thoi man
. ) limdy (x,,x',)=0 = limd,(g(x,),g(x',)=0
thnIX .Khl dé: Ll X 1 —0 Y

n—>0

Do g lién tuc déu lim g(x,) = x. Nhu vy, ta c6 4nh xa f: X —

Y cho phan tir x e X twong Gmg v6i phan tir f(x) = y xac dinh
nhu trén.

Néu x € M, chon X, = X ( Vn € N), khi d6 f(x) =
limg(x,)=g =1t |u =g Taco anh xa f lién tyc déu. That vay

Vi g 1a lién tyc déu suy ra Ve > 0, 36 > 0 sao cho Vx;,Xx; € M,
thoa mén dx(Xi, Xz) < 8, thi dY(g(X)), g(X»)) < . Ly tuy y X',
X’ € Xsao cho dx(X’, X’) < 9. Gia sur

()7, {xW}”, la hai didy trong M sao cho

limx,=x limx,=x . Khi do ta co

n—»0 n—»0

IMdX(x‘u’ X”n) de(x', X")

— dx(X'y, ") <B(v4i n du 16n )
= dy(2(X), 8X")) <€ (ygin da 16n ) =W EX), X)) <e — ¢
lién tuc déu.

Anh xa f dugc xac dinh nhu trén 1a duy nhét nhu vay, gia su
h: X — Y ciing 1a mdt anh xa lién tuc déu sao cho h |y=g. Lay
bat ky x € X va gia sit {x,}”, 1a mot diy cia M thoa man

limX =X . Khi do, vi h 1a 4nh xa lién tuc déu, nén ta co

n—

h(x) = limh = h =t
() hth (%) ulj}lg(x“) (X)Tfrd(')suyrath.D
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4 B6 sung cho mjt khong gian métric

Tinh day du cia mot khong gian métric dong mot vai tro rat
quan trong trong giai tich ham, vi vay tor mdt khong gian métric
khong day du, nguoi ta tim cach nhing né vao mot khong gian
métric day du.

Dinh Iy 1.19. Gia sir (X, d) 12 khong gian métric khong day
du. Khi @6, ton tai mot khong gian métric dy du (X ,El) sao
cho:

1. X dang cy véi mot khong gian con X cia A,

2. X tru mat trong X.

Khoéng gian (X ,&) duge xac dinh mot cach duy nhat néu coi

cac khong gian dang cu 1a dong nhit. Khong gian (X ,a) duoc
goi 12 b6 sung ciia khong gian (X, d).

Chtrng minh.

goi Z 1a tap tit ca cac diy Cosi ciia X. Ta xay dung trén Z
mot quan h¢ tuong duong sau : voi

{ Xu } 2 {yu} “’71 EZ, { Xu } [::l ~ {yu} :f:l = K}T‘d( Xu ’Yn) = O'

u=1-’

Goi X 1a tap cac 16p tuong duong trén tap Z : X =7/~Ta
ky hidu cac phin tir cia X béi X, ¥,.. LAy X, § € X tuy y va
gia sir: {x, b € XAy in €9 Khi do véi hai sb tu nhién n, m
bét k¥, ta ¢6 : d(x,, yo) < d(X,, X)) + d(Xyy, Yin) + AV Vo) suy ra:
d(x,, Yu) — d(Xps ¥i) < d(Xy5 X)) + d(Yyp Vo)

Tuong tlI ta Cé d(xm’ Ym) - d(xu’ Yu) < d(xu’ Xm) + d(ym, yu)'

DO d(’) :‘ I d(xm yu) - d(xm’ ym)l < d(xu’ xm) + d(Yu’ Ym)'
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Vi {Xu} C:zl > {yu} :::1 1a cac déy Cosi :>{d( Xuo Yu)} u=1]g3 déy

Cosi trong R, ta c6 diy (d(xe, Y} o héi tu (do R 13 khong gian
métric day dn).

lim d(x,,y,) .
Hon ntra, n—e "% khong phu thudc vao viéc chon cac

day Cosi dai dién trong & va § 1a ' X tet> Yabum

That vay, gia su Xt € X, (b €3 Tuong tu trén, ta
co:
ld(x',, ') = (%, Y| < (X %) + A, ¥) (V)

= limdx', y',) = Iimk d(X,, Y-

. d(%,§)=lmd(x,.ys)
voi X,y € X tuyy, ta dat: (%, 3) o (%, y“).Dé
A A
dang chimg minh dugc (X.d) 1a mot khong gian métric. Ta s&

chung minh:

a. X dang cu v6i khong gian con X, cia X.

b. X tru mat trong X.

c. X la khong gian day du.

Giastx € X = {x, x,... } 1a day Cosi trong X. Goi X 1a 16p
twong duong chua day {x, X,... } = X € X . Hién nhién 4nh xa
o: X —X duoc xac dinh boi o(x) = % 1a mot phép dang cu.
Vay X dang cu v6i khong gian con X; = ¢(X) ciia X.

Liy tiy y X e X, va gia sur {x 3, = X, khi d6 Ve > 0, 3ng

sao cho: Vm, n > ny ta ludn c¢6 d(X,, Xy) < €. Goi )N(no la phén
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tir trong X chita ddy { Xuo, Xno -....}, ta c6 X, € X;. Khi d6,

d(%, %, )= limd(x,, x, )<e=X, . _ .
07 uoe ¢ tru mat trong X .

Gia s {%)7, la ddy Cosi bét ky trong X. Vi X, trd mat

n=1
trong X, cho nén v6i mdi n ta c6 3 ¥, € Xi ( ¥a 12 phan tir cua

X chl'ra day {Vn, Yn, ... } V6i yu 12 phan tir ndo d6 trong X) thoa
1 A

d (X 0’ y ) < —. @ . . .

man n Ta co day {¥ubia € Xoghi do, vo1 moi

m, n ta co:

A0 Ya) =4 (T o ) < d(F 0 X))+ d (K, Ko) + d (R - )

1 1 N
< — 4+ — +d(x,, X,),
n m
1\

= {y.ts

do {x,} _ laday Cosi trong u=1 13 day Cosi trong X.

Goi ¥ 1a phan tir cta X chira day {y,} _ . Ta ching minh

lim X ,=y A e ,
e . That vay, véi moi n ta co:
" 1
X, < d(y Y+ d(y,,,x )< d(y y )+— (*)
. . d=>d",",,=limdm,u‘
Theo dinh nghia cua RARD m—>o Yo ¥ ),Do

day {y,}-_, la day Cosi trong X nén Ve > 0, Ing sao cho Vn, m

> 1y ta co:

7 €
AV, V) < —-
(ylll y) 2

im (Y, yu) < R :
Nghia la Vn 2 no. nHv 2 _do vdy Vn 2> n, ta co:
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~ €
d(y, = (k%
(y,¥w) < 2( )-
Chon ny da 16n sao cho -1~ < % Khi do, tr (*) va (**)
n,

suy ra:
s

43,505 5+

=g(Vn>ng) = limXx,=y.

0o

Nlm

A A

Bay gio ta chi ra rang khong gian (X.d)dugc xac dinh duy
nhét néu ta coi cac khong gian dang cy 1 nhu nhau, tic 1a : Néu
(Y, dy) cling 1a mét khong gian métric dﬁy du thoa man X déng
cu voi khong gian con X2 tru méat cua Y, thi Y dfmg cu voi X.

That vay vi X va X, cung dang cu v6i X nén chung dang cu
v61 nhau.

Goi ¥ : X; — X, 1a phép déng cu tor X; 1én X, Léy X > X.

Khi d6 ton tai day {X )7 trong X; thod man limX, =%. Vi ¥ la

n—>0©

n=l

nhip ding cu va {x,}_, laday Cosi trong X; ,nén { ¥{x,} _ la

diy Cosi trong X, do d6 1a ddy trong Y. Do Y diy du, nén ton

I x i ‘ )
tai s WX = Y D& thay rang phan tir y chi phu thudc vao X

chtr khong phu thude vao viéc chon day {x } _, trong X;.

Pat d(%) =y, ta dugc mot anh xa tr X vao Y, va chimg
minh dugc @ 13 toan anh. That vy, véi batky y € Y, ton tai diy
{y,}, =Xy Saocho limy, =y trong Y, = {y,},, la day Cosi

n—>x0

trong X, va W' 1a phép dang cu, nén { ¥ ( v}, la day Cosi

n=l
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trong X, va la day Cobsi trong X.ViX day du cho nén ton tai

lim ¢! =X . . . T ] .
i () . Hién nhién ®(X) = y. D€ két thic ching minh,

ta chimg minh ® 14 mot phép déng cu. That vay, ldy X,y e X,

va gia su {x ) _va {y} ., la hai didy cua X; sao cho:
limX,=%X, imy, =¥ . . ,
aoa ° = yDét O(X)=u,d(y)=vtaco:

d (%, §)=lim d(X, §,)= lim dy(y(X,) W (3,) = dy(, v). 0
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§5. TAP COMPAC

1 Tap compic

Ta biét ring mot khoang dong hitu han [a, b] trong khong
gian R ¢o nhiéu tinh chat dic biét. Chéng han, mot ham sb lién
tuc trén [a, b] thi gidi ndi trén doan do, dat dugc can trén, can
dudi va lién tuc déu ton [a, b]. Nhiing tinh chit d6 duoc suy ra
tir mot trong nhitng tinh chit dac trung : Mdi diy bat ky nhiing
phan tir cia [a, b] déu c6 mot diy con hoi tu. Khai quat tinh chét
nay vao khong gian métric, ta nhan dugc khai niém tap compic.

Dinh nghia 1.21. Tap con A (X, d) duoc goi 1a tap compéc
néu mdi day bat ky {x }7, < A déu c6 mot diy con{x, }7, hoi
tu dén mot phén tr nao do6 cua A.

Tap con cua mot tap Compéc dugc goi la tap compéc tuong
doi.

Nhdn xét.

1) Tap compic la tip compic tuong doi.

2) Tap compic trong khong gian métric 1a tip dong.

3) Tap con dong clia mot tip compac 1a mot tip compéc.

4) Tap A la compéc tuong d6i khi va chi khi bao dong A 1a
tap compic.

That vay néu A4 1a compéc thi theo dinh nghia A 1a compic
tuong d6i. Pao lai, néu A 1a compéc tuong dbi thi A 1a tap hop
con clia mot tap hop compic K. vi K 1a mot tap hop dong va A
c Knén 4 c K. Tur3)suyra 4 1a mot tip hop compic.

5) Tap con A cia khong gian métric X 1a compic twong d6i
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khi va chi khi mdi day bat ky {x,}*, c A, ton tai mot ddy con
{x,,}, hoi tu dén phan tir ndo d6 cua X.

That viy, Néu A 1a compic tuong d6i suy ra A1a tap
compic, do diy {x 1 nam trong A nén né ciing nam trong A .
Do d6 {x,}7, co mot diy con {x,}~, hoi tu dén mot phan tir
cia 4 cX.

Do lai gia st mdi ddy phan tir ctia tip con A déu c6 mot diy
con hoi tu trong X. Pé chimg minh A 13 tdp compéc tuong d6i ta
s& chirarang 4 l1a compac. That vy, gia st {x,}7, 1a mot day

trong A . Khi d6, v6i mdi n ton tai mot phan tir y, ctia A sao cho

a5, 3,) < - o ‘
n . Theo gia thiét, ddy {y,} _ nhing phan tr A chta

Ae 1x o 1A li =xeX .
mot day con {y, } . hoitu trong X, ame Y ka ~ XS Khido

d(xkn ,x) < d(xkn Y, ) + d(yku ,x) < I(l—+ d(yk“ ,x)

u , vO1 moi 7.
\ hrnd()’k 7X):0 A | A 2 , A
Vi b o , nén tu bat dang thuc trén suy ra
limx, =x

vi 4 déngnénx ¢ A.Nhu vay mdi ddy phan tir {x,}”, cla
A déu c6 mot day con {x,,}_, hoitu dén mot phén tr x cua A .

Vay 4 1a compic.
2 Tap gidi noi va tap hiru toan gidi noi

Dinh nghia 1.22 Tap con A cua khong gian métric (X, d)
duoc goi 1a gidi ndi néuno 1a tap con cua mot hinh cAu nao do.
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Néu A 1a mot tip con gidi ndi ctia khong gian métric (X, d)
thi s6d(A4) = sup d(x, y) duoc goi 1a duong kinh cua tap hop A.

x,yed

Hién nhién A 1a mot tap gii noi khi va chi khi d(A) 1a mot s6
hiru han.

Dinh nghia 1.23. Tap con A cua khong gian métric (X, d)
duoc goi 14 hoan toan gidi ndi néu véi mdi € > 0 bat ky, cod thé
pht A bdi mdt s6 hiru han hinh cAu m& ban kinh ¢ nghia Ia tdn
tai mot sé hiru han hinh ciu S(x1, € ),... , S(Xpn, €) sao cho

m

Ac US(xi,a)
i=]

Nhdn xét. Mot tap hop hoan toan gidi ndi thi gidi ndi.
That vay, gia sit A 1a mot tdp hop hoan toan gidi ndi. Khi do6
theo dinh nghia tp A chira trong hop clia mot s6 hiru han hinh
‘ Ac| s,
cau ban kinh I: i=1 . Dat k= max d(x,,y,). Khido A

=2,...,m
< S(xp,k +1).
That vy, néu x € A thi x thudc mot hinh cau S(x;,1) nao do.
Khidod (x,xi)<1vad(xy,x) <d(xy,x;) +d(xi,x) <k + 1.
Vay x € S(xi,k + 1) = A < S(xy, k +1).Vay tép A 1a gidi ndi.
Chu ¥ : Mot tap ha giéi ndi co thé khong hoan toan gidi noi.
Nhan xét.
1 ) Tap con ciia mdt tp hoan toan gidi ndi 1a mot tdp hoan
toan gidi noi.
2) Bao dong cua mot tdp hoan toan gidgi ndi 1a mét tap hoan
toan gidi noi.

37



www.VNMATH.com

Vidu 1.9

Khoang déng hitu han [a, bi 1a mot tap compéc trong khong
gian R. Cac khoang (a, b), [a, b), (a, b]déu 1a nhimg tip compic
tuong doi trong R.

Vidu 1.10

Mot tap A gi6i ndi trong khong gian R* 1a compic twong ddi.

That vay, vi A 1a gidi ngi trong R* nén ton tai mot s6 M sao
cho A < S(0, M), nghia 1 v6i moi X = (€, 1) € A, ta déu c6 |§|
<M va|n| <M. Vi mdi n €N chon X, = (&n, M) € A thoéa min
1€ <M, Nnl <M, ta c6 day {x,,}_ < A. Vi|&,| la mot day phan

tir cua khoang dong [-M, M] nén &l co mot day con {ékn } wt

) Iim¢&, =&, .
hoi tu: n»wé"" a).Tuo’ng tu, day {nk}":1 c6 mot day con
W, Fot g e S = Mo e

lim X rlli_w(&jk" Ny, ): (&mno) =S

n-o

vay A 1a tap compic tuong dbi.

Vidu 1.11

Tap con giGi ndi bat ky cua khong gian Euclid R* 1a compéc
twong ddi. Do d6, tap con dong va mot gidi ndi bat ky cua R* 1a
mot tip compic.

Dinh Iy 1.20. (Dinh ly Hausdorf)

a) Tap compic twong dbi trong khong gian métric 1 hoan
toan gidi noi.

b) Néu X 1a khong gian métric ddy du va A 1a tdp con hoan
toan gidi ndi trong X thi A 1a tip compic twong ddi.

Chung minh.

a) Gia st A 1a mot tap compac twong ddi nhung khong hoan
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toan gi6i ndi. Khi d6 ton tai € > 0. Sao cho khong thé phii A boi
mot s hiru han hinh cau ban kinh E.

Gia st X; € A. vi A & S(x;, €) nén ton tai mot diém x2 € A
sao cho d(x, X2) > & vi A & S(x1, €) U S(X2, €) nén ton tai mot
phﬁn tor x3 € A sao cho d(x;,x3) > e va d(xz,x3) > €.

Béng quy nap, ta nhan dugc mét day phén to {x } ", cua A

sao cho d(xp, X ) = € vO1 moi n # m.

00

Hién nhién {x,}~_, khoéng chita mdt ddy con nao hoi ty, diéu

n=1
nay trai véi gia thiét A 1a tap compéc tuong ddi (theo nhan xét
5).

b) Gid su A la tap hoan toan gidi ndi trong khong gian métric
day di X va {x,} _ laday phan tir cia A. vi A 13 hoan toan gidi
ndi, nén c6 thé phu A béi mot sd hiru han hinh cau ban kinh 1.
Trong cac hinh cu do6, ton tai it nhat mot hinh cAu chira vo s
phan tir ctia day {x,}*,. va goi hinh cau d6 1a S(a;, 1) va ky
hi¢u{x,,}, 1a ddy con cua diy {x,},_ nam trong hinh cau

S(a,1). Vi ¢ thé phu A béi mot s hitu han hinh cau ban kinh
Y4 nén ton tai it nhat mot hinh cu chira vo sé phén tir ciia day
1
a,,—

{3)
{x,,},— - Goi hinh cau do6 1a 2) va ky hiéu {x,, )~ laday

(1

{Xl.u} n=1 < Skal’__j \ . X
con cua day 2) . Bing quy nap ta ¢, véi mdi k
Xeat oy € S[ak"_

J
e N, ton tai mot day k/ va {x, .}, 1addy con
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Cﬁa dﬁy {xk—l,n }::1

Xét day {x,,},, Do la diy con cua diy {x,},, va la day

Cosi. That vay v6i hai s6 tu nhién m, k bat ky, m >k, ta déu co

Xm,m € S(ak’i—} . . . X ., - w .2
, Vi Xy 1a mot phén tr cua day {x, ,},, Hién

1
Xpx € S(ak’—j
Nhién k
2

1
Do d6 d(xm,m 7Xk"k) = d(xm.m A )+ d(ak ,Xk.k) < E+ I(- - k .

Vi x 1a ddy du nén ddy {x,,}7, hoi tu. VAy A 1a tap compéc

tuong doi. [

Pinh nghia 1.24. Cho tip hop X tuy y khic rong, A 1a tap

con nao do cua X. Mot ho (B;)icr cac tap con cua X dugc goi la
 AclUB

mot phu cia tdp con A néu iel . Khi d6 ta ciing noi ho

(Bi)ic1 Phu tap A. Néu (Bi)ic; 12 mot phi cua tip A, ho con

(Byj)jex (K cl) cua ho (Bj)ier duge goi la mot phu con cua phu

trén néu ban than ho (Bj)jek cling 1a mot phu cta A.

Néu A 1a tap con cua khong gian métric X, (Bj)ic; & mot phu
cua A thoa man B; 1a tdp m¢ (dong) voi moi il thi ta ndi (B))icr
1a phtt m¢ (dong) cua tap A.

Néu I 1a tap hop hitu han thi ta néi (Bj)ic; 12 pht hitu han cua
A.

Dinh ly 1.21. (Dinh ly Haino - Boren) Tap con A cua khong
gian métric X 1a tdp compic khi va chi khi mdi phii mo bét ky
(Bi)icr cua A déu co pht con hitu han (nghia la ton tai iy,... ,In €
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AcC L”JBu )
k=1

Chtng minh.

I sao cho

(=) Gia str A 1a mot tap compa( trong khong gian métric X
va gia st ton tai mot phi mé (B;)ic; ctia A khong c6 mot phu con
hitu han nao. Theo dinh 1y 1.20, A 1a tap hoan toan giéi ndi. Do
d6 co6 thé pha A boi mot s6 hitu han hinh cu c6 ban kinh bang
1. Trong cdc hinh cau d6 ton tai it nhat mot hinh cau S[a;,1] sao
cho khong thé phu tap A; = A N S[a;,1] bdi mot s6 hitu han tap
mé B; Do A; 1a tip con dong clia tdp compic A nén nd 1a tap
compic. vi vay A; la tap hoan toan gidi ndi. Suy ra co thé phu
A, boi mot s6 hitu han hinh cau dong ban kinh ' . Trong céac

{3
\ I3 N b a2’—
hinh cdu d6 tdn tai it nhit mot hinh ciu 2] sao Cho
1
) Al = Al ﬂS{az, '—} B
khong thé phu tap L 2] bsi mot sO hitu han tap

mo B;. Tiép tuc qua trinh ndy ta nhan dugc mot diy cac tap
compiac {4 }7 cb cac tinh chat sau:

HDAD AiIDAD....

2y A, cS[au,]—
n

] vOoi moin=1,2,...
3) Khong thé phu mdi tap A, bi mot ¢d hiru han tap mo Bi.
voi mdi n, chon x, € A, Dé dang théy ré“mg {x,} _ 1a mot
day Cosi trong tap A. Vi A 1a tdp compic nén {x,}", co mot

day con hot tu dén mot phan tr xo € A ( limx, = x,). Vi Xo €A

n—>»0
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nén X, thuéc moét tdp mé Bip nao do6 cua phu (Bi)ic1, do Big 1a tap
mo nén ton tai mot sb r duong sao cho S(xo,r)  Bjo.Ta sé& chi ra
ré“mg v6i n du 16n, A, < Bijp. That Vay, véi bat ky X € A, , do

T
d(xgX,) <= _
limd(x,,x,)=0 nén 2 v6i n du 16n, ta ciing
n—»0
2 r
__<_
con 2.

d(xo,x)sd(x(,,xu)+d(xu,x) < d(XO’Xu)+—2_ (1)
n

Twr do6 suy ra d(xo,x) <r. Vay A, < S(x¢,r) < Bjp v&i n du 16n.

Diéu ndy mau thuin vé6i khang dinh 3) dd néu & trén. Viy
mdi pht mé cta A déu c6 mot pha con hitu han.

(<) Gia sir mdi pha md ciia A déu c6 mdt phi con hiru han
va A khong 1a tdp compéc. Khi do, ton tai mot diy phan tir
{a,}7 clia A khong c6 mot day con nao hoi tu dén mot phan tir
ciia A. Khi 6 v6i mdi phan tir x € A ton tai mot 1an cdn mé B,
chi chira mot sb hitu han phan tir cia diy {a,}”,. Ho {By}xea
xua 1a mot phu mo cta A. Theo gia thiét, ton tai xi,..., Xm € A

Ac UBXk
sao cho i=1

Tir bao ham thtc trén suy ra rang tip hop A chi chira mot sd
hiru han phan tir ctia day {a,}”, < A. Vo Iy vi ddy {a,}*, nam
trong A. Vay A 1a mot tap hop compic. [

Hé qua. (B6 dé Haino - Boren) Néu A 1a mot tp con dong va
gi61 ndi cua khong gian C va (Bi)icr 12 mot ho tdp md sao cho
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1

AclJB, . Ac| B,
i«1  thiton tai iy ,..., I, € I sao cho k=

Dinh Iy 1.21 cho ta mot tinh chit dic trung ctia mot tap
compic. Trong chuong 4 ta s& thiy trong tong dai cuong ngudi
ta 1y tinh chat nay lam dinh nghia ciia khong gian compic.

3 Khong gian compic

Dinh nghia 1.25 Khong gian métric (X, d) dugc goi 1a khong
gian compéc néu X 1a mot tp compic.

Dinh Iy 1.22. Khong gian métric compac 1a khong gian day
du va kha li

Chirng minh.

Gia sir X 12 mot khong gian compac va {x,}*, 1a mot day
Cosi trong X. Khi d6 ton tai mot ddy con cia diy {x,}_, hoitu
dén xpe X. D& dang thdy rang limx, = x,. Vay X la mot khong
gian day du.

Do X 1a tap compéc nén X 13 hoan toan gidi ndi véi mdi sé tu
nhién n, c6 thé phu X béi mot s6 hiru han hinh ciu ban kinh

1 K 1
—: X=|jSla,.,—
i X=Us[ay)

M={JM, ,
bat M, = {an; ..... ,aukn}, ta cod u=l la tap dém duoc.

M la trit mat trong X. That vy, liy bat ky x € X, va gia site > 0

<, | . , , Ao A1y
tuy y. Khi d6 — < ¢ vo1 ng du lon, ta c6 x thuoc vao mdt hinh
n,
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. S(duo_i’nLj d(x,auOi)<i<a
cau ~ 70/ nao d6. Do d6 N, | Vay X la
khong gian kha li. [
4 Ham s6 lién tuc trén mot tap hop compic

Dinh Iy 1.23. Néu ham sb f lién tuc trén tap compic A thi f
lién tuc déu trén A.

Chtrng minh.

Gia str f 1a ham s6 lién tuc trén tap compac A nhung khong
lién tuc déu trén A. Khi d6, ton tai mot sb duong ¢ sao cho véi
moi n, déu ton tai hai phan tr X’, va X’’, cia A thod man cac
diéu kién sau:

d(x',.x",) < E lf(x‘u)~ f(x",)ze. (1)
n

vi {x 17, 1a mot day phan tir clia tap cotnpic A nén ton tai

limx', =x,€A

mot day con {x_}7, cla {x }*, sao cho n> Véi
moi n, ta déu cé:
. 1
dlx, x,)<d{x", x'. }+d[(x'. ,x,)<—+dlx. ,X,].
( k, 0) ( k, k“) ( k, 0) ku ( k, 0)
limd(x'k ’Xo):O N 2 . n

Do o n , to bat dang thuc trén suy ra
Iimd(x", x,}=0 Imx", =x
n—>w ( k, 0) R tﬁ'c 12‘1 n—o K, g .

Vi f lién tyc tai diém xo nén tr X’y = Xo va X iy — X0, SUY 1a

P_I»T; f(x’kﬂ )_ f(xuk" )l =0 , mau thuan véi (1). Vay f lién tuc déu

trén A. [
Dinh Iy 1.24. Néu ham sé f lién tuc trén mot tdp compac A
thi f gidi noi trén A.
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Chtng minh.

Gia sir ham s f khong gidi ndi trén A. Khi d6 véi mdi s6 tu
nhién n, ton tai mot phan tir X, € A sao cho [f(x,)| > n (1), {x,}7,
1a diy phan tir cia tdp compic A, nén nd c6 modt diy con

{x,,}7_ hoi tu dén mot phan tir X, cia A. Vi f lién tuc, do d6 |f]

\ Tt
t(xku )‘ l (XO)‘ ).
Mau thau gitta (1) va (2) chtng t6 f gidi noi trén A. [

A . L lim
lién tuc trén A, nén u—e

5 Tap hop compic trong khong gian C(S)

Gia st S 1a mot tap compic trong khong gian métric X. Goi
C(S) 1a tap hop tat ca cac ham s lién tuc trén S. Vi f, g € C(S),
g d(te)=swlf(x)-e(x). ()

Theo dinh Iy 1.24 f va g déu 14 nhing ham s gidi noi trén S,
nén vé phai cua (1) 1a moét sd hiru han. D& dang chimg minh
dugc rang: C(S) 1a mot khong gian métric day du véi métric xac
dinh boi (1).

Gia st Z la mot tap con cua khong gian C(S).

Dinh nghia 1.26. Tap Z duoc goi 1a gidi ngi déu trén s néu
tdn tai mot s6 M sao cho [f(x)| <M, véi moi x € S va véi moi
e’

Tap Z duoc goi 1a dong lién tuc tai diém xy cia S néu véi moi
€ > 0 bat ky, ton tai & > 0 sao cho voi moi x € S, néu d(x,xo ) <&
thi véi moi f € Z, ta déu c6 [f(x)- f(x,)] < e.

Tap Z duoc goi 1a dong lién tuc tai diém S nhu Z 1a dong lién
tuc tai moi diém cua S.

Tap Z dugce goi la déng lién tuc déu trén S néu véi mdie >0
bat ky, tdn tai € > 0 sao cho v&i moi x; , x, €S, néu d (X1 ,x2) <
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8 thi vi moi f € Z, ta déu ¢6 [f(x)) - f(x2)| <e.

Dinh ly 1.25 (Pinh 1y Arzela - Ascoli) Gia su S 1a mot tap
compic trong khong gian métric (X, d). Tap Z 1a compic tuong
dbi trong khong gian C(S) khi va chi khi tap Z 1a gidi ndi déu va
ddng lién tuc déu trén S.

Chung minh.

(=) Gia st Z 1a mot tap compic tuong dbi trong C(S). Khi
do Z 1a moét tap gidi ndi trong C(S) = tap Z gidi ndi déu trén S.

Ta chimg minh tap Z 1a déng lién tuc déu trén Z. That vay, do
tap Z 1a hoan toan giGi ndi, nén véi € > 0 tuy y, ta co thé phil Z
boi mot 6 hiru_han hinh chu bn kinh - (nghia 14 2 < Ulﬁ»(f%)
, Voif ... fin thudc Z).

ViSla compéc nén theo dinh 1y 1.23 cac ham $O T ..., fin

lién tuc déu trén S. Do do6, ton tai & > 0 sao cho vd1 moi X°, X’ €

f(x)-t; (x")] <E

3,v6ii=1,..,m Neuf

S, néu |4(X'X") <8 g

12 mot ham s bat ky cua Z thi f thudc mot hinh cau S(fl,g) nao
d6 (1<i<m)véimoi X', X’ € S, néu d(x',x") < & thi;

J(x) = £ (x| < () = £ (x)]+ [£ (x") = £ (x| <2dC(S)(f,fi)+§ <e

( dc(s) 1a métric trong khong gian C(S)).

(<) Gia sir tap Z 13 gi6i ndi déu va dong lién tuc déu trén S.
Vi tap compic S 1a kha li, nén ton tai mot tap dém duoc A-{a|n
€ N} tru mat trong S.

Gia sir {f,}7, 1a mot ddy phan tir bat ky ciia Z. Ta s& chi ra

n=l1
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rang {f,}7., c6 mot day con hdi tu trong C(S).
Vi vy Z 1a gi6i ndi déu trén S, nén { fi(a))} 1a mot diy sb

gii ndi suy ra ton tai mot diy con { Sintnoy cuaddy {f,},_ sao

cho diy sé ‘{f,_u(al)} - hoi tu.
Tuong tu ton tai mot day con {fontn cla ddy {f,},_, sao

{1”u( )}

cho day so =1 hoi ty.
Bang quy nap, ta nhan duoc mot diy con Heerad oo coa day
{f4.nn1 520 cho day $6 RISV C IR} hoi tu, voi k=1, 2,...

Hién nhién feat o 13 mot day con cua day {ft 1 thoa man

didu kién: Uaa(@} 721 12 mot day s6 hoi tu véi moi k.

Ta chirng minh day uak i 12 mdt day Cosi trong C(S). That
vay, theo gia thiét, véi bat ky € > 0, tdn tai & > 0 sao cho: luu
fa(X)-1f,, (x")t < %,n =1.2,.

voimoi x', x> € Smad (x',x") <d.

q $=Us(a..9) ,
Hién nhién k=1 . Theo dinh ly Haino - Boren, ton
ko

, S={Js(a,.8)
tai mot soO ko sao cho k=1
NUPVE 1 SO - T | S o A A N
Vi day so { ““( ‘)} 7=l ho1 tu voi k = 1,... , K¢. nén ton tai mot
sO tu nhién ngy sao cho véi moi m, n néu m > ny , n > ny), ta déu
co

fuhu (X) - 1:m.m (X)l <
fu,u (X) - t‘u ‘ + )|
T d6, voi moi m, n, néu m > ngy , n > ng thi
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d(f(s) (fu.u ’fm,m) = SUp|f.,_u (X) = fm,m (X)‘ <g

x£8
vay {f, .}, la mot day Cosi trong C(S). ). Vi C(S) la mot
khong gian day du, nén { Sontna DO tu trong C(S) = Z 1a tap

compic twong ddi trong khong gian métric C(S). [
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Bai Tap
Gia sir X 1a tap hop bat ky va d : X x X — R 1a ham s
xac dinh béi:

0 khix =y
d(x,y) = {
1 khix=y

Chung minh rang d 1a mot métric trén x, va trong khong
gian métric (X, d) moi tip con déu vira md vira dong.
(Khong gian (X d) nhu vay dugc goi 1a khong gian métric
roi rac).

Goi M(X) 1a tap hop cac ham sé f: X — K (K =R hoic
K = C) gi6i ndi trén tap hop X. Véi £, g € M(X) tuy y dit
ddt, g) = S\:}I{’lf(x)—g(x)' Ching minh rang M(X) 1a mot
khong gian métric véi métric d.

Chung minh rang néu A, B 13 2 tap con ciia khong gian
métric X thi:

a) AUB=AUB

b) ANB — ANB , Cé thé thay ddu c boi déu = duge
khong.

Chtng minh rang néu U, V 1a 2 tap con m& khong giao
nhau trong khong gian métric X thi U nV=UV =&
Cho A la tap con cua khong gian métric X. Tap b(A) =

AN X\ A dugc goi 1a bién cua tip A. Chimg minh rang:
a) Vi moi x € X, x € b(A) khi va chi khi véi mdi 1an can
Uctaxtadéuco: UNA =@ vaUA =P (Piém x ¢
b(A) duoc goi 1a diém bién cta tap A).

b) A’=A\b(A); 4 =A UDbA).
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Cho A < (X, d). Piém x € X duoc goi 1a diém gi6i han
cua tap A néu mdi 1an can U cia x déu chira it nhat mot
diém cua A khéc x (nghia 12 U N (A\{x} # &). Tap hop tat
ca cac diém gi6i han ciia A dugc goi 1a tap dan Xuét cia A
va ky hiéu 1a A’. chimg minh ring:

a)Véimoix e X,x e Ao x e A\{x}.

b) X €Ay < ton tai trong A mot diy diém { x, } doi mot
khéc nhau héi tu dén x.

¢) A la tap dong trong X < A c A.

d) A’ 1a tp dong.

Cho f : (X,dy) = (Y,dy) Ching minh rang cac diéu kién
sau la tuong duong:

a) Anh xa f1a lién tyc.

b) Tao anh cua mdi tap mo trong Y 1a mdt tdp mo trong X.
¢) Tao anh ctia mdt tdp dong trong Y 1a mot tap dong
trong X.

Trong khong gian €[, b] xét hai tap con sau:

E={x eClab]:A<x()<B.,Vt&[a b},
F={xeClab]: A<x(t)<B,VYtea b]},

Trong d6 A va B 1a cac sé thuc cho true. Chirng minh
rang E 13 tap mo, F 1a tap dong trong C[a, b].

Cho ham sb xo(t) lién tuc trén doan [a, b]. Chimg minh
rang:

a)E = {x € Cla, b] : x(1) < x,(1) , VL € [a, b]} 13 tap mo
trong Cla, b]
b) F = {x € Cla, b] : x() < x,(1), YVt € [a, b]} |3 tap dong
trong Cla, b],
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10.  Trong khong gian €[, bl hay xét tinh lién tuc déu cua cac
ham s6 sau day:
f(x) = sup x(t)

a) a<i<b

b) Al

¢) 0=%) trong d6 ty 1a mot diém cb dinh cua
[a,b]

b
f(x) = j' x(t)dt
d) a ‘
11.  Cho (x, d) 1a khong gian métric, A — X, chung minh rang:
a) Ham d(x,A) 1a lién tuc.
b) Néu A 1a tip dong trong X thi x € A < d(x,A) = 0.

12.  Goi I' 1a tap tit ca cac day sb thuc x = (x}, X3 ....... ) sao
cho
VO1 X = (X1, X2 evunnes ), V=1, Y2 eun... ) € 1'ta dat:
dexy) = 2 [%, -V, ‘
u=1 .Chtrng minh rang:

a) d 1a mot nlétric trén 1'.
b) Khéng gian métric (1',d) 1a mot khong gian day du.
¢) 1' 1a khong gian kha Ii.

13.  Cho 1” 1a tap tt ca cac day sb thuc x = (X, X3 ....... ) giGi
ndi (nghia 13 sip {|x,|} < co. Vi hai phan tir tiy ¥ x = (x1,
X2 eeeenn ), v = (Y, V2 eeeen.. ) € 1”7 ta
d(x, y) = sup {1x, - y,1}
dat: ueN Chiing minh rang :

a) d 1a mot métric trén 1

51



14.

15.

16.

17.

18.

19.

www.VNMATH.com

b) (17 ,d) 1a mot khong gian métric day du.
¢) 1” khong phai la mot khong gian kha 1i.
Gid st X 1a mot tap hop, Y 1a khong gian métric. Goi O (X,
Y) 1a tap cédc anh xa gidi ndi f: X > Y. (Thc 1a d5x) < ).
V6i 2 phan tor tuiy y f g e OX, Y) dit
F(ﬁ g) = sup d(f(x), g(x))

xeX

a) Chtng minh ring: d 1a mot métric trén ®(X, Y).

b) Chting minh rang: Néu Y 1a khong gian métric dy du
thi ®(X, Y) la khong gian métric day du.

Chtmg minh ring R* v&i métric ty nhién 1a mot khong
gian kha li.

Chung minh rang néu trong khong gian métric X moi diy
hinh cau dong bao nhau déu c6 giao khac rong thi X 13 mot
khong gian day du.

Cho (X, d) 1a khong gian métric day du, G, 1a hop ctia mot
s6 hitu han hinh cau c6 ban kinh < mn=1 2.,

o]
n—>%

A=G,
u >0, Ching minh rang u=l la mot tap

compic.

Cho A la tap dong, B l1a tap compic trong khong gian
métric (X, d). Ching minh rang néu d(A, B)=0thi A N B
# (J. Néu B chi 1a tap dong thi két qua trén con dung hay
khong?

Chimg minh rang : Néu ham s6 f lién tyc trén tp compic
A c (X, d) thi n6 dat dugc gia tri 16n nhét va nho nhat trén
A.
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Cho ham s6 f lién tyc trén khong gian métric X va A 1a tap
con compic trong X. Chimg minh rang;

a) Tn tai mot tap mo U chura A sao cho f gidi ndi trén U.
b) Néu f(x) > 0 véi moi x € A thi ton tai s6 r > 0 va mot
tdp V mo chura A sao cho f(x) >rvéimoix € V

Cho (X, dx) 1a khong gian métric compic va (Y, dy) 1a
khong gian métric day du. Goi C(X, Y) la tap tat ca cac
anh xa lién tuc tir X dén Y voi bat ky f, g € C(X, Y) dat

d(f,g) = supdy (f(x),g(x)) , .
xeX . Chung minh rang d la mdt

métric, va C(X, Y) voi métric d 1a khong gian day du.

Gia str trén tap hop X c6 hai métric d; va d,. Ta ndi rang
cac métric d; va d, 1a tuong dwong néu anh xa déng nhét
idx: (X,d;) = (X,d>) 1a mot phép ddng phéi.

Chung minh rang d; va d, 1 twong dwong khi va chi khi

: i A limd, (x ,x)=0 .
vo1 moi day bat ky {x,} trong X ta co ot 1%y, %) khi

O limd,(x ,x)=0
va chi khi s« 2%, %) i

Cho khong gian métric (X, d) va cho toan anh ¢ : [0, ©) —>
[0, o0) thod man : ¢(0) = 0; @(t) > 0 v&1 moi t > 0; (t) <
o(u) voi t < u; e(t+u) < @(t) + @(u). Ching minh rang ¢.d
1a mot métric trén X va cac métric d, ¢.d 1a tuong duong.
Cho d; va d, 1a hai métric trén tdp X. Chimng minh rang
ham (d;+d;) xac dinh boi (d;+dy)(x) = di(x)+da(x), VxeX,
Ciing 1a mot métric trén X va néu d;, d; 1a cac métric tuong
duong thi d;, (d;+d;) cling 1a cac métric tuong duong.

Cho khéng gian métric (X, d) va f: X —R 1a 4nh xa lién
tuc (dbi voi cac topd phit hop véi cac métric da cho trén X
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va R ). Chimg minh rang anh xa:
0: XxX—>R

(x,y) = 8(x,y) = d(x,y) + | f(x)— ((y)]

la métric trén X va d, 6 1a cac métric twvong duong.
Gia st (X, d) 1a khong gian métric bat ky, k 13 mot sé thuc
duong cb dinh cho trude. V&i moi x, y € X dit:
0 (x, y) =min{d(x, y), k}.
Chung minh rang § 14 mot métric trén X thoa man d va §
1a hai métric lvong duong.
a) Cho v 1a mot s6 vo ti. Chirmg minh rang tap:
A={m+nv|mn€e€Z}
la tru mat trong R.,
b) Cho T €Q, chimg minh ring tdp B ={m + nr | m, n
€ Z} khong tri mat trong bat ky khoang nao trén duong
thang R.
Chung minh rang trén duong thang R, tap hop khong dém
dugc A c6 it nhat mot diém gidi han.
Gia sir X 1a khong gian métric kha li va A < X. DPiém a €
X duogc goi la diém dong cua A néu mdi 14n can bat ky cua
a déu chira mot tap con khong dém duge cta A.
a) Chung minh rang néu tip A khong c6 diém dong thi
hodc A 13 hitu han, hodc A 1a dém duoc.
b) Goi B 1a tap tit ca cac diém dong cua A. Chimg minh
rang néu B khac rdng thi moi diém cua B déu 1a diém dong
cia B va tap A\B 1a khong qua dém duoc
Chtrng minh rang trong khong gian métric kha li ta co:
a) Mdi tap dong 1a giao cia mot sb dém duoc nhitng tap
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mo.

b) M&i tdp md 13 hop cua mot sd dau dugc nhiing tip
dong.

Trong khong gian métric (X, d) cho hai tap hgp A va B
thbamin 4 "B=@ va AN B =. Ching minh rang
ton tai hai tap mo U va V trong X sao cho A c U,Bc V
vauUnNnV=y.

a) Chimg minh rang trong khong gian métric (X, d), véi
moi tdp con A = X, moi s6r>0, tip hop : V(A, 1) = {x €
X |d(x,A)<r} ludn la tap mé.

b) Hay chi ra vi du ching to rang tap:

WA, n)={xeX|dx, A)<r,r>0}

khong nhat thiét 1a tap dong.
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Chuong 2
KHONG GIAN TOPO

§1. CAU TRUC TOPO

Dinh nghia 2.1. Cho tap hop X, gid st & la mét ho nao dé
cac tap con cua X. Ho & dugc goi 1a mot cAu trac Topo trén tap
X (hay & 1a mot Topd trén X) néu cac diéu kién sau day thoa
man:

1) Tap & va tap X 13 céc phan tir ciia ho &

2) Hop ctia mot ho con tuy ¥ cac phan tir ctia ho & 14 phén tir
cuaho &

3) Giao cua hai phan tir tuy ¥ ctia ho & 1a phan tir ciia ho &
Cap (X, ), trong do & 1a topd da cho trén X, dugc goi 1a mot
khong gian topd. Cac phan tir ciia & duoc goi 1a cac tip mo
trong X dbi véi topd &, hay goi 1a tdp & - md. Trong truong hop
topo & da xac dinh, céac phﬁn tor cua & s€ dugc goi mot cach don
gian 1a cac tdp mo.

Céc diéu kién 1), 2), 3) trong dinh nghia trén dugc goi 1a hé¢
tién dé cua topo.

Vidu 2.1

" Trén X xét ho r chi gdm hai tap con ciia X d6 1a tap &
va tap X. RO rang gr la mot topo trén X. Ta goi no 1a tdopd tho
trén X. Khi d6 cap (X, &r) dugce goi 1a khong gian topo tho.
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" Trén X xét ho gp = P(X) (tap tat ca cac tap con cua X).
RO rang op 1a mot topo trén X va nod dugce goi 1a topd roi rac
trén X. Khi d6 cap (X,op) duoc goi l1a khong gian topd roi rac.
trong khong gian topd rdi rac moi tap con cia X déu 1a tap mo.

B Xét tap hop R cac s6 thuc voi & 1a ho tat ca cac tdp con

A thoa méan diéu kién sau: ddi v6i mdi diém x € A, I > 0 sao
cho (x - &, x + &) c A, khi d6 & 1a mdt topo trén R. Topd xac
dinh nhu trén dugc goi 1a topd tu nhién (hay topo thong thuong
trén R).

® Ky hiéu @ 1a ho tit ca cic tdp mo trong khong gian
métric(X, d) (dinh nghia 1.6). Ta c6 & la mot topd trén X va goi
no la topo métric phu hop voi métric d.

Dinh nghia 2.2. Cho khong gian topd (X, ), A < X. Tap
con U cua khong gian topo X dugc goi la mot 1an cén cua tap A
néu trong U c6 mdt tap m¢ chtra A. Ta hiéu mot 1an can cua
phan tr x € X 13 1an can cua tip con {x}.

Nhdn xét.

Lan can ctia mot diém khong nhét thiét 1a mot tap md, nhung
mdi tdp md bat ky 1a 1an cén cua moi diém thudc nd. Néu lan
can ctia mot diém 13 tap mo thi ta néi d6 13 1an cdn mé cua diém
do.

Dinh nghia 2.3. Tap con A cua khong gian topo (X, &) duoc
goi 1a tip dong néu phan bu cua A trong X 1a tip mo (tap X \ A
la - mo).

Vidu 2.2

" Péi voi khong gian topd thd (X, Fp) cac tip @ va X
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dong thoi vira 1a tip mo. vira 1a tap dong.

®  Trong khong gian topd roi rac moi tap con cia X dong

thoi vira 1a tap mé vira 1a tap dong.

®  Trong khong gian topd (R,&) véi tong tu nhién & mdi
khoang mé& (a, b) = {x : a < x < b} 1a mdt tdp md, mdi khoang
dong [a, b] - { x:a <x < b} la mdt tap dong.

Dinh Iy 2.1. Tap con A cua khong gian topd (X, &) 1a m¢d khi
va chi khi A 13 1an cin cta mdi diém thudc no.

Chtng minh.

Hién nhién néu A 1a tdp md thi nd 1a 1an cén cua mdi diém
thudc n6. Nguoc lai gid sir tap con A cua X 1a 1an can qua moi
diém thuoc né, khi d6 véi mdi x € A ton tai mot tap mo Uy thod
man: x € Uyc A. Tacod. A= | JU, véimoix € AnénAlathp
m(vy D xeAd

Dinh nghia 2.4. Ho tat ca cac 1an can ciia mot diém duge goi
14 hé 1an can ctia diém do.

Dinh Iy 2.2. Gia st @ 1a hé 1an can cua diém x € X, khi d6
giao cua mdt ho hitu han cac phén tor thudc @ cling la phén o
clia @ va mdi tap con cua X chira mot phan tir nao do cua @
cling thudc @

Chtng minh.

Gia st (Uj); < 1 1a mot ho hiru han nao doé cac ph'?ln t cua @,
U= OUi , v6i mdi iel, vi Ujla 1an can cia diém x nén ludn tén
tai ml(;)ft lan can m& V; cua x sao cho x € V; < U;. Khi do6 ta ¢co
xeV= Vi U = [, trong d6 V 1a 1an cdn m& cua x.
vay U € @

Gia sir U 1a tap con bat ky ciia khong gian topd X chita phan
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tir W nao dé cua @, khi d6 ton lai 14n cdn mé V cia x thoa man
xeVcWcU,vayUcaO

Dinh ly 2.3.
a) Cho khong gian topd (X,&). Goi F 1a ho tit ca cac tap con
dong trong X. Khi d6 ho (7 thoa min céc diéu kién sau:

(1) Tap & va tap X thude F

(ii) Giao ctia mot ho con khac rdng tuy ¥ cac phén tir ciia F
1a phén tir ctia (F

(iii) Hop cuia hai phan tir bat ky ctia (7 12 phan tir ciia (7
b) Cho tap hop X. gia str (F 1a mgt ho nao do céc tap con cua X
thoa mén cac diéu kién (1), (2), (3) & trén. Khi d6 ho:

7= {UcX|U=X\AAeF
1a mot topd trén X, va ddi v6i topd & nay (F chinh 14 ho tat ca
cac tap con dong trong X.

Ching minh.

a) Hién nhién X, @ € @ nén ta c6 diéu kién (i). Gia st (Aj)icr
la mot ho tuy y cac ph'?ln tir cua (F Pat A= QAi Khi d@6 ta co
X\A=X\[4, = J&x\4)

el iel vi Aj 1a tdp dong nén X \A;
latdp mé voimoii € I. Vay X\ A latdp mo. Suyra A eF, ta
c6 diéu kién (II).

Gia sir A va A, 13 hai phéan tir tuy y ctia F Xét tap X\ (A, U
Az) =(X\VA) N (X \A). Do Aj, A, 1a cac tap dong nén (X \ A))
va (X \ Ay) la nhiing tap md. Vay X \ (A U Ay) 1a tdp mo, do do
AUAeF

b) Gia st (F 1a mot ho nao do6 cac tap con cua X thoa man cac
diéu kién (i), (ii), (iii) 0 trén, xétho = { U c X | U=X\ A, A
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e @.DoX=X\@, &=X\X trong d6 theo diéu kién (i), X,
D eFnén X, D € (F.

Gid su (Uj)icr 12 mot ho tuy y cac phﬁn tr cua &, dat UUi =U
véimdii e Iton tai A; € (Fra sao cho U= X | 4;, dt lj\ =NA
theo dicu kién (ii) ta c6 A e F Mat khdc X\A =X\ ()4, = UJxna)=

i€l

i<l

UU'.:U viAeF néntacoUe g
i<l

Gia sir U; va U, 1a hai phén tir tuy y ciia . Pat U =U, U U,
Theo gia thiét ton tai cac tAp A; va A, trong (F sao cho U; = (X \
Aj) va U, =(X\ A Khi do:

XN UA) = (XNAYN(X\A)Y=U,NU, = U.

Theo diéu kién (iii) ta ¢c6 A; U A, 1a phan tir cia (7 nén U
€d. Theo dinh nghia 2.1 ta c6 @ la mdt topo trén X.

Ta chimg minh d6i véi topd & nay (F chinh 13 ho tit ca cac
tap con dong trong X. That vy mdi phan tir thudc (7 rd rang 1a
tap dong ddi voi topd . Nguoc lai, gia st A 1a tap dong bat ky
d6i voi topd 7 khi 46 X | 4 € &, theo cach xac dinh & trong (iii)
tdn tai tapcon A' € (Fsaocho X\A=X\A'<<> A=A", suyra
AeF
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§2. PIEM GIOI HAN, PHAN TRONG, PHAN NGOAL,
BIEN VA BAO BPONG CUA MOT TAP

Dinh nghia 2.5 Cho khong gian topd (X, &) A < X. Piém x
e X duoc goi 1 diém gidi han cia tdp A nén moi lan cén cua x
déu chua it nhat mot diém cia A khac x. Tap tat ca cac diém
gidi han cua tap A dugce ky hiéu Ia Ad, va goi la tap dan xuét cua
A.

Dinh ly2.4. Tap con A cua khong gian topd (X,&) 1a tap dong
khi va chi khi A chira moi diém gi6i han cuia no.

Chtng minh.

Trudc hét ta co nhan xét sau : A 1a tap dong khi va chi khi X\
A 12 mo, khi va chi khi mdi diém x tuy y thudc X \ A ¢6 lan can
nam trong X \ A (hay noi cach khac voi bat ky x € X \ A ludn
tim duogc lan can cua x khong giao voi A). Vi vay tap A la dong
trong X khi va chi khi d6i voi mdi x € X thoa man diéu kién
moi 1an c4n tuy ¥ ciia nd déu co giao khac rdng véi A thi suy ra
x € A.

Gia sir A 1a tap dong va x 13 mot diém gi6i han tuy ¥ cia A.
Vi moi lan c4n cua x déu ¢ giao voi A khac rong nén theo nhan
xéttrénta co x € A.

Nguoc lai gia st A° ¢ A. Ly diém y tuy ¥ thudec X \ A, viy
khong 13 diém gi6i han ctia A nén c6 mot 1an can cua y khong
giao v6i A, 1an can d6 nam trong X \ A, suy ra X | 4 1a tap md.
Vay A la tap dong. [
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Vidu 2.3

® Trong khong gian topd thd R.7) vé6i tdp con A tuy y
nhiéu hon mot phﬁn tt moi diém thudc R déu 1a diém gi6i han
cua A.

® Trong khong gian topd roi rac (R-7b) mot tap con cua R
déu khoéng c6 diém gi6i han nao.

® Trong khong gian t6pd (R.9), véi o 1a topd tu nhién, xét
tap A = (a,b). Khi d6 moi diém x e [a,b] déu 1a diém gidi han
ciia A. Cac tap N, Z khong c6 diém giéi han nao. Moi s6 thuc
déu 1a diém gidi han cua tap Q.

Dinh Iy 2.5 Néu thém vao mot tap tat ca cac diém giéi han
cua no thi ta nhan dugc mdt tdp dong.

Ching minh.

Gia str A 1a tap con tuy y trong khong gian top6 (X, &), xét
tap X \ (A U A% ta thdy : Vx € X\ (A U A% ludn ton tai 14n cin
mé U ctia x sao cho U N A =@. Tacd U N A=, Vinéu Iy
ceUUA=Ulalancanciay = U U A = & (vo 1y). Tir d6
suyyraUN(AUAY=F=UcX\(AUAY) =X\ (AuUA*
1a 14n can cua niém x. Theo dinh 1y (2.1 ) ta c6 X \ (A U AY 1a
tap mo. Vay (A U A%) 1a tap dong. [

H¢ qua. Trong khong gian t6pd moi tap khong c6 diém gidi
han déu 1a tap dong. [

Dinh nghia 2.6. Cho khong gian top6 (X, &), A 1a tap con bat
ky ctia X. DO1 v6i moi phén tur x thude X ta ndi :

(1) x 1a diém trong ctia A néu ton tai it nhat mot 1an can cia x
nam trong A.

(i) x la diém ngoai cua A néu ton tai it nhat mot 1an cén cua
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x nam trong X \ A.

(iii) x 1a diém bién ciia A néu x ddng thoi khong 1a diém
trong, khong 14 diém ngoai ctia A. Hay noi cach khac x 1a diém
bién ciia A néu moi 1an can cta x déu giao khac réng voi A va X
\A.

Dinh nghia 1.7 Gia st A la tap con bat ky cta khong gian rong
(X, 7). Tap con cua X chira tat ca cac diém trong (tuong tmg
dém ngoai, diém bién) cua tap A dwoc goi 1a phan trong (twong
mg phin ngoai, bién) cta tap A va s& ky hiéu 1a A” (tvong tng
extA, b(A)).

Vidu24

" Trong khong gian t6pd (R> 71), véi bat ky A 1a tap con

thue su cia R ta co6 A’ = &, extA = &, b(A) =R.

®  Trong khong gian topod R, 7p), voi bét kyA=(ab)c R
taco A’=(a, b), extA =R\ (a, b), b(A) = .
Trong khong gian t6po (R. Tvéig 12 topd tw nhién, cho A =
(a, b). Khi d6 moi di€m thudc (a,b) deu la diém trong cua A :

= (a, b), cac di€ém a, b 1a diém bién cua A: b(A) = {a, b},

moi diém thudc tap R\ [a.b] déu 1a diém ngoai cua A: extA =R
\ [a,b].

Dinh Iy 2.6. Cho khong gian topd (X, &)

a) Déi voi batky A c X ta co:

X =A"Ub(A) U extA; extA = (X \ A)"

Cac tap A”, extA 1a mo, tap b(A) 1a tap dong.

b) Tap A” 1a tap m& 16n nhét trong A.

¢) Tap A 1a mé khi va chi khi A = A”.

d)NéuB c A c X thi B = A”. extA c ext B.

e) Voimoi A, B ¢ X taco (AN B) -A" B’
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f) Véimoi A < X tacod b(A) =b(X\ A).

Chung minh.

a) Hién nhién X = A° U b(A) U extA. Ta cd x € extA < ton
tai mot l1an cén U cua x sao cho U c X | 4 < x 1a diém trong
ciia X | 4, hay x € (X\ A)°. Vay extA = (X \ A)’.

Léy tuy y x € AO, khi d6 ton tai mot lan can mé U cua x sao
cho x € U ¢ A. Mit khac do mot phan tir thudc tip mo U déu
nhan U lam 1an can nén chiing déu 14 diém trong cua tap A = U
— AD. Tir d6 ta ¢6 A° 1a 1an cin cta moi diém thudc no, vay A’
13 tap mé. Ta c6 extA = (X \ A)", nén extA 1a tap mo.

Do A’ U (X\A)’ = (A% U extA) la tap md nén:

b(A) =X\ (A’U extA)

la tap dong.

b) Gia sir V 1a tip mo bat ky trong A, khi d6 V 1a 1an cén ciia
moi diém thudc no, nghiala Vx € Vtacdx € VcC A, suyra Vx
€ V déu 1a diém trong ctua A. Vay V < A’, hay A’ 1a tip mo 16n
nhét trong A.

¢) Sir dung a), b) ta c6 ngay tip A lamé < A = A",

d) Giast Bc Ac X. ViB’c B c A va A’ 1a tap mé 16n
nhét trong A nén B® = A”. M6t cch tuong t ta co extA  extB.

e) Gia sir A, B < X. Vi A’ n B’ 1a tdp mo trong A N B, theo
b) ta c6 A’ N B’ = (A n B)°. Nguoc lai voi bat ky X € (A N
B)O , luon ton tai 1an cAn md U ctiax saochoUc ANB= U c
AvaUcB=xe A’vax e B". Vay x € A~ B’=(A N B)"

f) Taco :
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b(A) = X\ (A’ U extA)
= X\ (X \AY Uext(X\A)) = X\ A). O

Dinh nghia 2.8. Gia sir A 13 tp con bat ky ciia khong gian
topd (X, ). Giao ciia tat ca cac tap dong chira A duoc goi 1a bao
dong cua tap A va ky hiéula 4 .

Theo dinh 1y 2.3 bao déng cua tap A 1a tap dong, vi vay no la
tap dong nho nhat chira A.

Pinhly 2.7V5i A c (X, ), taco 4 =AU A=A UbA).

Chtrng minh.

a)Do A c 4 nén A< (4)". Theo dinh 1y (2.4), do 4 1a tap
dong nén né chira moi diém gidi han cia nd. Vi vay A’ < 4.
Tir d6 suy ra A U A © 4 . Mat khac theo dinh 1y (2.5), do A U
A%latap dong chita A, nén 4 c AU A% vy 4 =AU A%

b) Trudc hét ta co A = 4 , mit khac do mdi diém bién cia
A hoic thudc A, hodc 1a diém gi6i han ctia A nén b(A) c 4.
Vay A’ U b(A) ¢ 4 . Nguoc lai theo dinh Iy (2.6) tir X = A° U
b(A) U extA, ta co X \ (A’ U b(A)) = extA 1a tdp mé, nén A® U
b(A) 1a tap dong chira A. do d6 A < A’ U b(A), ta ¢ didu can
chtirng minh. [}

Ta dé dang ching minh dinh ly sau day.
Dinh Iy 2.8. Cho khong gian t6pd (X, @). Khi d6 cac khang dinh
sau day la dang:

a) =0

b) Véimoi Ac X luénco A c 4.

¢) Véimoi Ac X luonco A = A,

d) Véi moi A, B < X ludn co6:
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AUB=AUB:ANBcANB.

e) Tap A la dong khi va chikhi A= 4 .

g)néuAcBthi 4 ¢ B

Dinh nghia 2.9. Cho khong gian topd (X, &), anh xa:

pH: PX) = P(X)

cho twong tng moi tdp con A cia X vdi bao dong A cia nd
duogc goi 1a toan tir bao dong trén X tuong thich véi topd &

Dinh Iy 2.9. Cho tap hop X khéc rong; ky hidu @(X) 1a tap
tat ca cac tip con cua X. anh xa f : P(X) - P(X) thoa min cac
diéu kién sau :

a) f(D)=03.

bi Vo1 moi A < X luon co A < f(A).

¢) Véimoi A < X luon c6 f(f(A)) = f(A).

d) Véi moi A, B < X Iudn c6 f(A U B) =1f(A) U f(B).

Khi @6 trén X ton tai duy nhit mot topd & sao cho voi mdi
tap con A ciia X ta c6 f(A) = 4 (hay noi cach khac f1a toan tir
bao dong trén X phu hop vé1 G.

Chtrng minh.

Taky hiéu: B8={AcX|f(A)=A};
T={BcX|B=X\A, AeB}.

Ta s& chimg minh & 13 t6pd trén X thoa méan két luan cia
dinh ly.

Trude hét ta ching minh ho ® thoa man ba diéu kién cia
dinh 1y (2.3). That vay ta c6 :

(i) &, X € B vi (D) = & theo diéu kién a), va theo diéu kién
b) ta cd X — f(X). Vi vay F(X) = X.
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(ii) Trudc hét ta chimg minh v&i A, B tuy ¥ trong ®(X) thoa
man A c B thi suy ra f(A) c f(B). That vy, do B=A U B nén
theo diéu kién (d) ta co:

f(B) = f(A U B) = f(A) U f(B). Diéu nay chimg t6 f(A)
f(B). Bay gio gia sir dd cho mot ho (A))icr tuy ¥ cac phan tir ctia
® Dt A =[] theo diéu kién (b) ta c6 A < f(A). Mt khac
viA CA; V(’yi¥m(_)i 1 e I, nén f(A) c f(Aj) véi moi i € I, suy ra:

f(a)c (fA) = A =A.

icl i<l

vay A = F(A) = A € 8. Vay giao cua mot ho (Aj)ic; tuy v
cac phan tir cia @ 12 mot phan tir thudc 3.

(iii) Hop cua hai phan tir bt ky A, B € 8 1a mot phan tir
thudc B vi tir diéu kién f(A) = A, f(B) = B va diéu kién (d) ta co:

f(AUB)=f(A)UfB)=AUB

Theo dinh 1y (2.3),hog={Bc X |B=X\A, A € 8} duoc
xéac dinh nhu trén 1a mot topd trén X , va dbi véind ho B = { A
— X | f(A) = A} chinh 13 ho tit ca cac tap con dong trong X.

Bay gio ta s€ ching minh f 1a toan tir bao dong trén X phu
hop véi . That vay gid su M 1a mot tap con tuy ¥ cua X, vi M
c M nén theo ching minh trén ta c6 f{M) c (M) ,vi M c B
nén fiM) = M suy ra f(M) c M. Mit khac theo diéu kién (c)
la c6 f(f(M)) = f(M), nghia 1a f{(M) c 8 vay f(M) la tdp dong
trong X chita M nén M < f(M). Nghia 1a fiM) = M vé&i moi tap
con M cua X.

Ta d& dang ching minh dugc tinh duy nhét cua t6pd &. Dinh
1y dugc chung minh. [
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§3. CO SO CUA KHONG GIAN TOPO

Dinh nghia 2.10. Cho khong gian topd (X,&), x 1a phan tir
cua X. Ho @y nao do nhitng l1an can cua diém x dugc goi 1a co
s¢ dia phuong cua topd & tai x (hay con goi 1a co sé 1an can tai
X) néu véi moi 1an can bat ky U cua x luon tdn tai V € @ sao
cho x € V < U. Ho con @ céc phan tir cua topd & dugce goi la co
s& clia & trén X néu moi phan tir thuée & déu 1a hop nao d6 cua
cac phﬁn tor thudc @. Ho con M — o duoc goi la tién co s& cua
topd & néu ho tit ca cac giao hiru han c6 thé cta cac phan tir
thudc A tap thanh mot co so cua topd 7.

Vidu 2.5

Trong khong gian topd roi rac (X, Ip). ho tit ca cic tap con
col phén ttr 14 mot co s& cua Ip. Ho tat ca cac tap con cua X co
hai phan tir 1a mot tién co s& ciia Ip, Voi diém x bat ky thude X,
ban than tap {x} la mdt co s¢ dia phuong tai x.

Dinh Iy 2.10. Cho khong gian topd (X,&), ho con @ — 7. Ta
¢ cac ménh dé sau 1a tuong duong:

a) Ho @ 1a co s& cua topo.

b) Tai mdi diém x € X cing v6i mot 1an can U tuy y ciia nd
lubn ton tai V € @ sao chox € V < U.

¢) B6i voi mdi phéan tir x € X, ho @ bao gom tit ca cac phan
tr thudc @ chira x tao thanh co sé dia phuong cua topd T tai x.

Chung minh.

B 2) = b) Gia sitr 7 1a co s6 clia topd & Ly x € X bat ky va
gia sir U 1a mot 1an can tuy ¥ ciia diém x. Khi d6 ton tai mot tap
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mé W thod manx € Wc U. ViW € g nén W la hop nao do
céc phan tir ciia @ Do d6 ton tai phan tir V € @ sao cho x ¢ V
c WcU

® b) = ¢) Gia st @ la mdt ho con nao d6 cia & thoa man
didu kién b. Pbi voi x € X tuy ¥, gia sir @ 1a ho bao gom tat ca
cac phan tir thugc @ chira x, va gia st U 14 1an can bat ky cua x.
Theo didu kién b tdn tai V € @ sao chox € V< U. ViV chua
xnén la co V € @ thoia min x € V  U. Vay ho @, bao gom tat
ca cac phan tir thudc @ chira x tao thanh co so dia phuong ctia
topo o tai X.

® ) = a) Gia sir v6i mdi phan tir x € X, ho @, gdm tit ca
céc phan tir thudc @ chira x tao thanh co so dia phuong cua topd
& tai x. Lay W tuy ¥ thudc &, khi d6 v6i mdi phan try € W
lLuJGS tf”)_ﬂ\}gi Vy e @y d)‘sao Choy € Vy  W. R6 rang , hay
-t nao do6 cac phan tir cua @. Theo dinh nghia ta c6 @
la co s& cua topd 7 [

Tur dinh nghia 2.10 ta théy mot topd co thé duoc xac dinh tir
co s& cua no6 nho phép todn hop céc tap hop, hon nira mot topo
6 thé duge xac dinh tir mot tién co sé nao dé cta ndé nhd phép
toan giao hiru han va phép toan hop céac tap hop. Véan dé dit ra 1a
voi diéu kién nhu thé nao ta c6 thé xay dung mdt topd trén X tu
mot ho ndo d6 cac tap con ciia X. Dé gidi quyét cau hoi d6 trude
hét ta xay dung khai niém phi nhu sau.

Dinh nghia 2.11 Cho tap hop X tuy y khic rong, A 1a tp con
nao doé cua X. Mot ho (Bj)ic; cac tap con cua X duogc goi 1a mdt
phu cua tap con Anéu Ac UBi Khi do6 ta cling n6i ho (Bi)icr
Phu tap A. “
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Néu (Bi)ier 1a mot phu cua tap A, ho con (Bj)icx (K < I) cua
ho (Bj)icr duoc goi 1a mot phu con cua phu trén néu ban than ho
(Bj)jexk cling 1a mdt phu cua A.

Néu (X, 9)la mot khong gian topd, B; 1a tap mé (twong tng
dong) voi moi i e 1, thi ta ndi phu (B))ic cua tdp A 1a mot phu
m¢ (twong ing dong).

Dinh Iy 2.11.

a) Ho @ nhiing tap con cua tap hop X la co s& cua topd nao
d6 trén X khi va chi khi cac diéu kién sau ddy thoa man:

(1) @ 1a mot phu cua tip X, nghiala X=U { B: B € @ }.

(ii) DPbi v6i hai phan tir tuy ¥ U, V € @ va voi mdi diém x e
U NV ton tai phan tt W € @ saochox e Wc U N V.

b) Pé ho  nao d6 nhiing tap con cua tap X 14 tién co sé cia
mot topd trén X thi didu kién can va du 13: ho  1a mot phi ctia
tap hop X.

Chung minh.

a) Gia str @ 1a co s cia mot topd trén X. Khi d6 hién nhién
@ 1a mot phu cuia X. Hon nita voi hai phan tir tuy y U, V € @ va
véi mdi diémx e UN 'V, do U, V 1a cac tap mo nén U NV la
tap mo chtra x. Vi thé ton tai W € @saochox e W U V.

Nguoc lai gid Stir @ 1a mot ho nhiing tap con cua X thod man
cac diéu kién (1) va (i1). Goi & la ho gém tap D va tat ca cac tap
con ctia X sao cho no 1a hop cua nhitng phan tir nao d6 trong @
Dé dang chirng minh duoc & 1a mét topo trén X va nhan @ 1a co
SO.

b) Gia stir ho # nao do nhitng tap con cua tap X thod man M
la mét phu cua X. Goi @ 1a ho tat ca cc giao hiru han c6 thé cua
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cac phan tir thudc AL, 15 rang A 13 mot ho con clia @ nén @ ciing
1a mot phu ctia X, hon nita d6i voi hai phéan tir tuy y U, V € @ ta
¢6 U NV ciing 1a giao hitu han céc phan tir thudc M nén U N V
€ . Vivayvéimaidiémx ceUNnVitdntaiW=UNV e @dé
Chox € W Un V Theo a) @ la co s¢ cua topd nao do trén X.
Vay hou 1a tién co s cua mot topo trén X. [

Dinh nghia 2.12. Ta ndi rang khong gian topd (X, &) thoa
min tién dé dém duoc tht nhit néu tai mdi diém tuy ¥ trong X
déu co co s dia phuong khong qua dém duoc.

Ta ndi rang khong gian topd (X, &) thoa man tién dé dém
dugc thir hai néu topd & trén X ¢o co s khong qua dém dugc.

R& rang mdi khong gian topd di thoa man tién dé dém duoc
th hai thi ciing thoa mén tién dé dém duogc thir nhat, nhung ton
tai nhitng khong gian t6pd thoa man tién dé dém duoc thir nhat
nhung khong thoa mén tién dé dém duoc thir hai.

Vidu 2.6

Xét tap cac sd thue R véi topd roi rac, voi x € X bt ky, ta
thdy ho chi gdm mdt tap {x} tip thanh mét co so dia phuong tai
x. Vi thé day 1 khong gian thoa mén tién dé dém dugc thir nhat,
nhung n6 khong thoa mén tién d& dém dugc thir hai vi khong co
co s& dém duoc

Dinh Iy 2.12. Néu khong gian topd (X, &) thoa man tién dé
dém duoc thtr nhét, thi tai moi diém x € X ludn ton tai mot co
s& dia phuong (Udien thoa min Ui+ UjvoimoiieN,

Chtrng minh.

Gia st ho (Wiien 13 mot co s dia phuong dém dugc tai
diémx. Pat: Uy =W, ,U,=U; " W,, ....... ,Ui=Ui.1 N Wi....
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R rang ho (Upien thoaman : U;;+ ;< Uj(véimoiieNvala
mot co s¢ dia phuong tai diém x. [

Dinh Iy 2.13. Gia sir A 1a tap con khong dém dugc ciia khong
gian topd (X, &) thoa man tién dé dém duogc thi hai. Khi d6 A N
Az

Chtng minh.

Gia st A N A = &, nghia 1a moi diém thudc A déu khong
phai 1a diém gi6i han ciia A, va gia sir @ 1a mot co s¢ dém duge
cua topd &. Khi d6 véi mdi x € A tdn tai mot 1an can mé Ux
thoa man Uy, N (A \ {X}) = &. DO @ 14 co s& nén ton tai 1an can
Vx € @ cua niém x thoA man x € Vy c U,. Ta cd Vx N A =
{X}. Do d6 c6 mot don anh tu tap A dén ho @. Suy ra tap A co
luc luong dém duoc, diéu nay mau thuan voi gia thiét ban dau.
Viy trong A c6 diém gidi han cta A. [

Dinh Iy 2.14. (Pinh 1y Lindolop) Mdi mot phu mé bat ky cua
khong gian t6pd (X, @) thoa min tién dé dém duoc thir hai ludn
¢6 phu con dém dugc.

Chiing minh.

Gia st ho (W))icr 12 mot phit mé ciia X ddi véi topd &, va @
1a mot co sé dém duge ciia & véi mdi i e I ta thdy W; 1 hop nao
d6 cac phan tir cia @. Nhu vy trong @ ta s& chon dugc mot ho
con X c6 tinh chat sau:

(1) M&i phan tir V e x 1a tap con ctia mot tap W nao do.

(i1) Ho X 1a mot phu cua X.

béi v6éi mdi phén tir cia V € X ta chon ) dinh phf?ln tr W)
la phﬁn tir cua ho ho (Wj)ic; chtta V. Nhu vay ta chon dugc ho
con (Wev))vexr cua ho (Wj)icr thod man : ho (Wew))vey €O luc
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luong dém dugc va 1a phi ciia X (vi Z 1a phi cia X). [

Dinh nghia 2.13. Khong gian topd (X, F)duoc goi la khong
gian Lindolop néu mdi phu mo bat ky cta né cd phu con dém
duoc.

Dinh nghia 2.14. Ta nod1 tap con A cua khong gian topod
(X,&) 1a tra mat trong X néu 4 = X. Khong gian topd (X&)
duogc goi 1a khong gian kha li néu trong X c6 mét tap con dém
duoc tru mat.

Vidu 2.7

Xét tap R véi tdng tw nhién &, khi do6 tap Q céc sb hitu ty la
trit mat trong R vi moi s thyuc thudc R déu 1a diém giéi han cua
Q, hon nira vi Q 1a ¢ém dugc nén (R, &) 1a khong gian kha 1i.

Dinh Iy 2.15 Khong gian topd (X, &) thoa man tién d& dém
duogc thir hai 1a khong gian kha 1i.

Chtrng minh.

Gia sir do 1a mot co s¢ dém duoc ctia khong gian topo (X,9).
Vi mdi U € @ ta chon 1 phan tir x € U. Goi A 1a tap hop tat ca
cac diém x dugc chon nhu trén, khi d6 A 1a tip con dém duoc
ctia X. Matkhactaco X\ 4 1a tap mo, gia su X'\ A # D khi do
ton tai phan try € X\ 4. Taco X\ 4 13 1an can cua y. theo
dinh nghia co s& tdn tai V € @ sao cho V < (X\ A ), nghia la
V N A = @. Piéu nay mau thuin véi cach xy dung A ¢ trén. do
d6 X\ A=, nghiala X = 4. vay A la tap dém duogc tru mat
trong X. theo dinh nghia X 14 khong gian kha li. []

Dinh nghia 2.15 khong gian topd (X, &) dugc goi 1a khong
gian Hausdorff (hay con goi 1a H - khong gian, T, - khong gian)
néu dbi véi hai diém khac nhau tuy y x, y € X ludn ton tai cac
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lancan U cuaxvaVecuaysaochoUNV=0.
Dinh ly 2.16. Trong khong gian topd Hausdorff (X, &) moi
tap con hitu han déu 1a tip dong.
Chung minh.
Voix € Xtuyy, taco tap X'\ {x} la tdp mo. that vay, véiy €
x \{X} bat ky ta luén tim dugc mdt 1an can cia y khong chua x,
va do d6 1an can nay nam hoan toan trong X \ {x}. Do vay y la
diém trong ctia X \ {x} , nghia la (X \ {x})" =X {x}. Tir d6 suy
ra té,p mot didm hat kv trono X' 13 uﬁ(’mq,
Taco A={x,%,....x} = Jix} la tap dong.
Vidu 2.8 !
1) Xét tap X véi tong 1di rac Tp = Px.
" Tién co s0, dé)ng thoi 1a co sé cua (X, gp) 1a ho tat ca cac
tap con ctia X ¢ mot phan tir.
Ho tat ca cac tap con ciia X ¢ hai phan tir ciing 1a mot
tién co so cia (X, Ip)
® Khong gian topd (X, p) thoa man tién dé dém duoc thi
nhat, nhung chua chic thoa man tién dé dém duogc thu hai.
® Khi X c6 luc lwong khong dém duge thi khong gian topd
(X, gp) khong thod man tién dé dém dugc tht hai, cling
khong phai 1a kha 1.
® Khong gian topd (X, &p) la khong gian Hausdorff.
2) Xét khong gian t6pd (R.7) véi & 1a t6po ty nhién. Khi do:

" (R, 9) 1a khong gian t6pd thoa mén tién dé dém dugc thir
hai véi co s& 1a ho dém duge tat ca cac khoang m¢ co
dang.
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(x - l,x+ l),vc’n’xe‘Q.
n n
® (R, 9) 1 khong gian Hausdorff, va 14 khong gian kha li..

3) Trong tap hop R xét ho gy = {A : R\ A la tdp hitu han }. Ta
c6 Gy 1a mot topd trén R va goi no 13 topd tao bdi phan bu cua

céc tap hitu han. Khi d6 cac khing dinh sau 1a dung.

m R, T 13 khong gian top6 khong thoa mian tién dé dém

duoc thir nhat.

® (R, %) khong 1a khong gian Hausdorff,

® (R, F%) 1a khong gian kha 1.
4) trong khong gian métric (X, d) voi & 1a topd métric, ta co6. Ho
tat ca cac hinh cau mo S(x, 1) | x € X, r € R" } 1a co s cha topd
d.

Ho tat ca cac hinh cdu mé {S(xo, 1) | 1 € QL) l1a co s& dia
phuong tai diém xo. Vi vay (X, d) 1a khong gian thoa mén tién
dé dém dugc thtr nhat.

® (X, d) 1a khong gian Hausdorf.
BAI TAP

1. a) Hay tin tat ca cac topd c6 thé xay dung trén tap co hai
phan tir.
b) C6 bao nhiéu t6pd khac nhau c6 thé xdy dung trén tap co
ba phan tir.
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. Hay xé4c dinh xem ho & céc tap con cua tap X dugc cho dudi

day co 1a topo trén X hay khong:

a) X=1{a,b,c} ;o= {J, {a}, {a, b}, {b, c}, X}.

b)X=R;g = {J,(-a,a)|aec R,a>0}.

) X=R ;7 = {&,(ab]|abelR,a<b}.

d X= R x R, trong do R 1a tap s6 thuc véi topd tu nhién ;
g={UXV|U,V lacac tp tho trong R }.

. Chirng minh rang giao cta hai top6 xac dinh trén tip X la

mot topo trén X. Hop cua hai topd xac dinh trén tap X cd 1a

mot topo trén X khong ? vi sao?

. Hay chi ra vi du dé minh hoa : C6 nhimg khong gian topd

trong d6 giao ciia mot ho vo han nhitng tip con md chua chéc

l1a tdp mo; hop cua mot ho vo han nhiing tap con dong chua

chéc 1a mot tap dong.

. Chung minh rang trong khong gian topd (X, @) néu U va V 1a

hai tdp mé khong giao nhauthi: U nV=UnNV =.

. Chting minh rang trong khong gian top6 (X, &) voi moi tap

con A ta ludn c6 b(A) = 4 N (x\A); A UbA)=A"uU

b(A).

. Chimg minh rang trong khong gian t6pd (X, @) néu U i tap

con md va A la tap con dong trong X thi: U \ A 1a tdp mé va

A\U la tap dong trong X.

. Trong tap cac s6 thuc R cho cac tap con sau : (0, 1); [0, 1);

0, 17:70,15; N> Q (0, 1, 2}. Hay xét tinh m&, dong cia cac

tap con trén trong R ddi vai cac topd sau:

a) Topd o1 rac.

b) Topo tu nhién.
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¢) Topd tao boi cac phin bu cia cac tap hitu ban.

9. Chimg minh rang trong khong gian topd (X, &) tip con A 1a
vira md, vura dong khi va chi khi b(A) = <.

10. Chimg minh ring néu A 13 tp con hitu han phan tir cua
khoéng gian t6pd R voi tong tu nhién thi b(A) = A.

11. Tim tat ca cac diém gidi han cua tip con A = [0, 1 ] trong
tap R véi topo :

a) Topod tho.

B) Topo roi rac.

¢) Topo tu nhién.

d) Topd tao boi cac phan bu cua cac tap hiru han.

12. Chirng minh rang trong khong gian topd (X, &) diém x 1a
diém gi6i han cua tap A khi va chi khi x € A\ {x}.

13. Gia str (X, &) la khong gian topd. Hay chung minh céc
khang dinh sau day:

a) Néu A ¢ B thi A < B,

b) (A UB)!=AYU B

¢) Tap A la tap dong khi va chi khi A% = A. Hiy chi ra vi du
chimg to A 1a tap dong nhung A% # A.

14. Cho khong gian topd (X, &) voi A 1a tap con ctia X, nhitng
khang dinh sau day 1a dung hay sai? Vi sao:

a)A'c 4.B)A%c b(A).c)bA)c A% d) 4 < A”

15. Trong khong gian topd (X, &) voi A 1a tap con cua X, cac
diém cua tap A \ A duoc goi 1a cac diém co tap cua tap A.
Tap A dugc goi la thua trong X néu A’ =g. Tap A duoc goi
1a khong dau tri mat trong X néu (4 )° = &. Tap A duoc goi
1a ty tri mat néu A ¢ AY. Hiy chimng minh cc khing dinh
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sau day:

a) Piém x € X 1a diém c6 tap ciia X néu va chi néu {x} 1a tap
mo.

b) tap A 1 tra mat trong X néu va chi néu mdi tap mé khac
rong trong X déu c6 diém chung véi A.

c¢) Tap A 1a thua trong X néu va chi néu mdi tip mo khac
rong trong X déu c6 diém chung véi X | 4.

d) Tap A 1a khong ddu trir mat trong X néu va chi néu mdi tap
mo khac réng trong X déu chira mot tip mé khac rong khong c6
diém chung véi A.

16. Chimg minh ring ho # ={(@, +©) [a €R} y3 ho
[, = {(-0, ) |a€R} 13 c4c co sé clia cac topd nao do trén
[R. Hay xé4c dinh céc tinh chét cua cac topd do.

17. Chtmg minh ring ho @ = {la, b) | a, b €R} (a6 nén co s

cua topd trén R, ky hiéu topd do la &, Hay chung minh

khong gian topd (R, &) 1a khong gian thoa mén tién dé dém
dugc thir nhat, 1a khong gian kha li, khong gian Hausdorff
nhung khong 1a khong gian thoa man tién dé dém duogc tha
hai.

18. Trén khong gian topd (R, Gk) hay chi ra mot ho vo han cac
tdp con mo nhung giao cia chung khong 1a tdp mo.

19. Ching minh rang khong gian métric (X, d) véi & 1a topd
métric 14 khong gian thoa mén tién dé dém dugc th II khi va
chi khi X 1a khong gian kha li.
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Chuong 3

ANH XA LIEN TUC, KHONG GIAN CON
KHONG GIAN TiCH, KHONG GIAN THUONG

Viéc nghién ctru 16p anh xa giita nhitng khong gian topo rat
quan trong, dac biét 1a cac anh xa lién tuc. Trong chuong trinh
giai tich ¢ dién chiing ta da biét vé cac ham lién tuc. O day khai
niém anh xa lién tuc s€ l1a khai quat hon, su hiéu biét vé cac anh
xa lién tuc tir khong gian topd nay dén khong gian topd kia sé
cho ta biét dugc nhing tinh chit cia khong gian topd ngudn
(hodc dich), ddc biét cac phép dong phdi giita nhitng khong gian
topod s& chuyén ciu trac khong gian topd nay dén khong gian
topd kia véi y nghia 1a cac twong duong topd. Cac bit bién qua
cac phép dong phoi duoc goi 13 cac bat bién topod. Dudi day ta s&
nghién ctru cu thé vé anh xa lién tuc.

§1. ANH XA LIEN TUC - PHEP PONG PHOI

Dinh nghia 3.1.

® Tandi anh xa f: X — Y, tir khong gian topd X dén khong
gian t6pd Y, 1a lién tuc tai diém x, € X néu véi mdi lan
can U cia diém f(x0) € Y luon tdn tai 1an can V cua diém
X thod man f(V) < U.
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" Anh xa f duoc goi la anh xa lién tuc trén khong gian topo
X néu nod lién tuc tai moi diém x e X.

Nhdan xét.

Gia st f: X — Y 14 4nh xa tir khong gian topd X dén khong
gian topo Y. Anh xa f1a lién tuc tai diém xo € X néu va chi néu,
véi moi lan cén U cua f (Xg) trong Y, tao anh 1(U) la lan can
cua X trong X.

That vdy, néu anh xa f 13 lién tuc tai xo hién nhién ton lai 1an
can Vcliaxo dé (V) c U = V c f'(f(V)) < £1(U) = f(U) 1a
lan can cua x trong X. Nguoc lai gia st voi moi lan can U cua
f(x0) ludn c6 £'(U) 14 1an can cua diém x, trong X. Khi dé chon
V =f1(U), ta c6 f(V) = f(f'(U)) = U Vay f1a lién tyc tai x.

Dinh ly 3.1. Cho f: X — Y la &nh xa tir khong gian top6 X
dén khong gian topd Y. Khi d6 cac diéu kién sau day 1a twong
duong:

a) Anh xa f1a lién tuc.

b) Déi véi mdi tap con A bat ki ctia X luén ¢ f(A) C f(A),

¢) Tao 4anh ctia mdi tp con dong tuy y trong Y 1a tap con
dong trong X.

d) Tao anh ciia mdi tap con m& tiy y trong Y 1a tip m& trong
X.

e) Tao anh cua mdi phan tir thudc tién co s¢ ndo do cia topd
trong Y 1a tdp m¢é trong khong gian topo X.

g) Dbi voi mdi tip con B bit ki trong Y ludn co
f1(B) c(B)

Chung minh.
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" a)=b). Gia st A c X, va f1a anh xa lién tuc. Néu f( 4 )
= @ laytuy yy € f(A), khi d6 3x € 4 thoa mén f(x) =y. Gia
sir U 12 14n c4n tuy y cia y = f(x). Vi f1a lién tuc, nén ton tai 1an
can V ciia x sao cho f(v) U, do d6 V < f'(U).

Vixe A=V Az=J=f'(U)n A= J, nghia 1a ton tai
x* e f(U) N A. DBbi v6i phan tir x* d6 ta c6 f(x') € U N f(A),
nghia 1a U N f(A) # @ (Ian can tiy ¥ cta diém y ludn co giao
khac rong voi tap f(A)) = f(A) c £(A).

®  b) = ¢). Gia sir B 1a tdp dong tuy y trong Y, dat A =
'B)c X.

Theo gia thiét ta co: f( 4 ) < f(A)= f[f-1(B)] =B f(X) c
B = Acf'[f(A)cf !B)=AcA. Vay A=A = f'(B)
la tdp dong trong X.

® ¢)=d). Gia st B la tdp mo tuy y trong Y. Khi d6 Y \ B 1a
tap dong trong Y = tf'(y \ B) 1a tip dong, nhung lay £'(Y \ B)
= X \f'(B) la dong nén f'(B) 1a tdp md trong X.

® d) = e). Hién nhién, vi mdi phan tir thudc tién co sd cla
topod trong Y 1a tdp mo trong Y nén tao anh cla nd 1a mé trong
X.

® ¢) = a). Gia sir anh xa f thoa man diéu kién (e), v6i xo 1a
diém bat ki trong X, va U 1 1an c4n tuy ¥ cua diém f(xo) trong
Y. Gid str @ 1a mdt co sé cua topo trén Y, va M 1a mat tién co s&
cua topo do.

Theo dinh 1y (2.10), tdn tai W e @ sao cho f(xg) e Wc U, tr
dinh nghia tién co so ta thdy W 1a giao hiru han nao d6 cua cac

81



www.VNMATH.com

phan tir trong A, nghia 1a W=V, N ... "\ Vi (Vi € M) vi £1(W)
=f'(V) N ... (Vi) theo () cac tap £(V)) ... £(Vy)déu
1a tap mo trong X, nén f'(W) 1a tdp mo trong X. Pat £'(W) =V
tacoxo € (W)= V. Taco:

fV)=fE (W) =WNIX)cWcU.
Theo dinh nghia f 14 lién tuc tai diém xo. Do xo 1a diém bat ky
trong X nén anh xa f'1a lién tuc trén X.
" b)=g). Giasa Bc Y tuy y, dit A = f'(B). Theo b) ta c6:
f(A)c f(A) c B = A c t7(f(A))ct Y(B)

= fY(B) c f'(B).

B o)=b)Giast AcXtuyy. DatB=traicY.

Taco A c F'(B) c £4(B)=f(A)cf(f'(B))c B = f(A).O

Dinh ly 3.2. Gia st X, Y, Z 1a ba khong gian topo, f: X > Y
vag:Y — Zlacéac anh xa lién tuc. Khi do anh xah=g.f: X -

Z cling la anh xa lién tuc.

Chtrng minh.

Gid st W 1a mdt tap mé tuy y trong Z, do g la lién tuc nén
g (W) 1a mot tip mé trong Y. Vi f1a lién tyc nén:

g W)] = (gh ™' (W) = h™}(W)

la tap mé trong X. Vay h 1a 4nh xa lién tuc. [

Dinh nghia 3.2. Anh xa f: X — Y tir khong gian topd X dén
khong gian topd Y dugc goi la anh xa mé (twong tng dong), néu
anh ctia mdi tdp mo (twong ing dong) bét ki trong X qua dnh xa
fla tap mo (twong ing dong) trong Y.
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Dinh nghia 3.3. Anh xa f: X — Y tir khong gian top6 X dén
khong gian t6pd Y duoc goi 1a phép déng phoi néu f 13 song anh
va f, £ déu 1a cc 4nh xa lién tuc. Hai khong gian t6pd X va Y
duoc goi 1a ddng phoi néu ton tai mot phép dong phdi tir X dén
Y.

Vidu 3.1

1) Xét tap hop s6 thuc (R, 77) vOi1 topd tu nhién, cac ham
lién tuc tr R = R [a cac anh xa lién tuc.

2) Dbi véi khong gian topd (X, ) tuy ¥, anh xa dong nhat tir X
— X 13 mot phép dong phai.

3) Anh xa f: X — Y tir khong gian t6p6 (X, &) dén khong gian
topd (Y, Ty) cho moi phan tr x € X ung v6i mot phan tir cd
dinh nao d6 trong Y 1a lién tuc (goi 1a 4nh xa hang).

4) anh xa tir mot khong gian t6pd roi rac dén khong gian topd
tuy y 1a lién tuc.

5) anh xa tr khong gian topd tuy y toi khong gian topd roi rac 1a
anh xa md, nhung chua chac lién tyc.

6) Ton tai nhimng anh xa 14 song anh, lién tyc nhung chwa chéc 1a
phép dong phoi. That vay gia sir (X, ) 1a khong gian topd
101 rac, (X, @) 13 khong gian t6pd thé. Khi d6 anh xa dong
nhit id, : (X, &) — (X, @) 1a song anh, lién tuc nhung khong
1a phép dong phoi.

7) Anh xa f : R = R (v¢i téng tu nhién) 13 lién tuc khi va chi
khi Ve > 0, ton tai & > 0, sao cho Yx €R thoa mén |x - Xo| < &
thi: [f(x) - f(xo)| <e.

That vy, gid st 4nh xa f 1a lién tyc tai diém xo, € > 0 tuy y.
Khi do ta co6 khoang I = (f(xo) - €, f(x0) + €) 1a mot 1an can ctia

&3



www.VNMATH.com

diém f(x0). Vi f lién tuc nén tdn tai mot 1an can V cla xo sao cho
f(V) < L. Vi co s¢ cua topd tu nhién 1a nhitng khodang mé, nén
t6n tai mot khoang mé J < V chtra xo. Khi d6 ton tai § > 0 thoa
man (Xo - 0, Xo + 0) < J. Nhu vay tdn tai & xac dinh sao
chd¥x €R théa min x € (Xo- 8, Xo + 8) thi f(x) e I, nghia 1a |X
- X0 < 0 [f(x) - f(x0)| <e.

Nguoc lai, gid sir &nh xa f thoda man diéu kién d3 dua ra &
trén.

Véi U 1a 1an c4n tuy ¥ cua diém f(xo) khi d6 c6 mot khoang
mo I < U sao cho f(xg) € I. Ta co thé gia thiét rang: I = (f(xo) - €
, f(x0) + €), V6i € > 0 xac dinh. Theo gia thiét ta tim duogc s6 & >
0 x4c dinh dé tir diéu kién |x - Xo| < & s& kéo theo [f(x) - f(xo)| <
€. batJ = (x0- 0, xo + ). Ta co J 1a 1an can cua X, thoa man f(J)
cIc U. Do U ldy tuy ¥ nén ta c6 f1a lién tuc.

8) Sau day 1a mot vai vi du vé anh xa khong lién tuc.
a) I: R > Rduoc x4c dinh boi:
0 khix <0
f(x)= {
1 khix >0
1a ham lién tuc tai moi diém x # 0, nhung khong lién tuc tai
diém X, = 0.
b) Ham Dirichlé f: R = R x4c dinh bai:
f(x)={1 khl. xeQ
O khi xeR\Q

la ham khong lién tuc tai YxeR,

Thuc vy gia sit %0 €Q tuy v ta ¢6 f(xo) = 1. Chon mét lan
can cta 1 = f(xo) 1a U = (1/2,3/2). Khi d6 véi mot 1an can V bat

84



www.VNMATH.com

kictiaxotaco VNRNQ %D = (V) ¢U, Viluon Co x € V:
f(x) = 0. Nhu vay f khong lién tuc tai moi diém cua Q. Chting
minh tuong tu ta c6 tai moi X0 € R \Q, f cting khong lién tuc.

Ta c6 thé dé dang ching minh két qua sau:

Dinh Iy 3.3.

a) Pé anh xa f: X > Y 1a 4nh xa mo thi diéu kién can va du
1a anh f(U) ctia phan tir U tuy y trong co s& @ nao d6 cua topd
trén X 1a md trong Y.

b) Hop thanh cua hai anh xa m¢ 1a anh xa mo.

¢) Song anh f: X — Y 1a mot phép dong phéi khi va chi khi f
la anh xa hen tuc va mo. O

§2. SO SANH HAI TOPO

Dinh nghia 3.4. Cho hai top6 &, &, trén cung mot tdp hop
X, ta noi rﬁng &) la min hon &, (hoac &, tho hon &), &; manh
hon &, hay & yéu hon &) néu @ c gy. Ta noi réng hai topd 7,
&, trén X 1a so sanh duge néu @, — &, hodc T, c &> Trong
truong hop khong c6 quan hé trén ta néi rang &, va &, la khong
so sanh duoc.

Vidu 3.2

1) Trén tap s6 thue R ta ki hiéu :

gr=Topd tho,
&p = Topo ro1 rac,
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Tk = Topo tao boi phén bu cua céc tap hiru han,

Fs =Topd co cosd laho v= {[a, b] |a,b e R} (bai tap ch2.
16),

g =1a Topd tu nhién.

Khi d6 ta c6 day bao ham sau : Fr € Tk © ¥ C F5 C Tp
Trén tdp X tuy ¥y v6i A va B 1a 2 tap con thuc su, khac nhau cua
X, chc topd 7 = (X, @, A}, 7, = {X, @, B} 13 khong so sanh
duoc

Dinh Iy3.4. Gia st & va & 1a 2 top6 trén X. Khi d6 cac diéu
kién sau la twong duong:

a) & la manh hon .

b) Anh xa déng nhat id, : (X, g1 ) = (X, & ) 12 lién tuc.

¢) Moi phan tir thudc tién co sé ctia &, ciing 13 phan tir ciia &
Chung minh.

" a) = b). Hién nhién néu U e @ ta cb
idy(U)=Ue7,c 7., vay 4nh xa idy 14 lién tyc.

" b) = c). Ap dung dinh 1y (2.1), tao anh ctia moi phan tir
thudc tién co s cua &, 1a phan tir cia &;. VAy moi phan tir
thudc tién co so ctia & ciing 1a phén tir cta .

® )= a) Ap dung dinh 1y (2.1), anh xa id, 14 lién tyc. Suy
ravéibitky U € o tacoidx (D =U€ET, vay grc g, [

Ta d& dang ching minh cac khang dinh sau:

Dinhly 3. 5

a) Chodanhxaf: X - Y, trong do X la khong gian topo, Y

1a tap hop trén d6 da xac dinh hai topd B, va B, thoa man: B;
@, Khi d6 néu anh xa f lién tuc dbi véi topd B, thi ciing lién tuc
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ddi vi B

b) Cho anh xa f: X > Y , trong d6 Y 1a khong gian topo, X
1a tdp hop tuy y. Gid st &, &> 1a hai top6 xac dinh trén X thoa
man g1 c &, Khi d6 néu d6i véi & anh xa f lién tyc thi doi véi

&, anh xa f cling lién tyc. [

§3. TOPO XAC PINH BOI MOT HQO ANH XA

Dinh Iy 3.6. Gia st X 1a mot tap hop, {YeB)tict 13 mot ho
nhitng khong gian topd. Gia thiét ring véi mdi i € I dd cho mot
anh xa f;: X — Y;. Khi d6 trong sb cac topd xac dinh trén X sao
cho tat ca cac anh xa f; déu lién tuc s& ton tai mot topd & yéu
nhét , va & c6 mot tién co s& 1a ho A tit ca cac tdp con cua tap
hop X c6 dang f'(U; ) (trong d6 i € I va U; la tdp mé nao do
trong khong gian Y;). @ duoc goi 1a topd dau xac dinh boi ho
anh xa {fi}ic1.

Chtng minh.

D& dang thiy ring ho 7= { U el Uies) g mot phu cua
X nén theo dinh Iy (1.11) ton tai mot topd ? trén X nhan A 1a
tién co s6 voi mdi i € I, va mot tapmdotuy y U € Yitaco fi!
(U) 1 phan ti cia/ € . Do do £'(U) 1a tap & - mo trong X.
Nhu vy dén voi & ta ¢6 anh xa fj la lién tuc d6i voimoi i € I.
Tg c6 & 1a topd yeéu nhat trong cac topd trén X sao cho mai f;
d,éu lién tuc. That vay, gia st V < X 1a mot topd trén X sao cho
tat ca f; déu lién tuc voimoii € I. Gia st V< X thoaman V €
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o, khi do V 1a hop cia mot ho nao do6 céc giao hfl’}l han ¢6 thé
cua cac phan to thu@c M. Dq tinh lién tuc cua f; doi y(’)’i topd 7
(i € I) ta suy ra rang moi phén tur cua ¢ la tdp mo doi voi topd
&’. Do viy moi giao hitu han c6 thé ctia cac phan tir thude A 1a
tap mo d6i voi 7. Suyra V € g. Vay g € & .Ta ¢6 diéu phai
ching minh. [

Dinh ly 3.7 Gia st {fi}ic; la m0t ho &nh xa f; : X > Y; tur tap
hop X vao cac khong gian topd (Y, B;), T l1a topd dau trén X
xac dinh bdi ho anh xa {fi}ic1, g : Z — X 1a anh xa tir khong gian
topo (Z, @) vao khong gian (X, ). Khi d6 g la anh xa lién tuc
néu va chi néu, véi mdi I € 1, 4nh xa fig: Z — Y;la lién tyc.

Chtrng minh.

Hién nhién néu g lién tyc thi mdi fig 1a lién tuc vi né 14 tich
ctia hai 4nh xa lién tyc. Gia sit véi méii € I, anh xa fig : Z —
Yi;laliéntucva V= f{l(Ui) (trong d6 1 € I va U; 1a tap hop mo
nao d6 trong khong gian Y; ) 1a mot phan tir tuy y thudc tién co
SO M cua topo. Ta cod g (V)= gfl[fiul(Ui)] = (fig)_l(Ui). Vi fig lién
tuc nén (fig)'(U)) 1a tap ma trong Z. Do d6 g'(V) € @. Vay g la
anh xa lién tuc. [

Nhan xeét.

Gia st {(Xs, Fs}ses la mot ho khong gian topd, (Y 1a mot

khong gian topo, {fs}scs 1a mot ho anh xa f; : Xi — Y lién tuc.
Hién nhién néu thay ® bang mot t6pd 8" trén Y yéu hon B thi
mdi anh xa f; ciia ho ndi trén van lién tuc. Nhung noi ta thay B
bang mot topd B~ manh hon thi tinh lién tuc cta anh xa f; c6 thé
khong dugc bdo toan. Bay gio gid st {fs}scs 1a mot ho anh xa f :
Xs = Y tr khong gian topo X vao tap hop Y. Dinh ly dudi day
chi ra rang trong tit ca cac topd xac dinh trén Y, sao cho moi
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anh xa cta ho {f,}scs déu lién tuc, ton tai mot topo manh nhat.

Dinh ly 3.8. Gia su {(X;, T} ses 1a mot ho khong gian topo, Y
la mot tap hop , {fi}ses 18 mot ho anh xa f; : Xy — Y. Khi d6
trong tat ca cac topd xac dinh trén Y, sao cho tat ca cac anh xa f,
déu lién tuc, ton tai mot topd B manh nhat, thoa man mdi tap
con V cua Y 1a phan tir ciia 8 khi va chi khi, v6i mdi s € S, luén
co fi'l(V) € T, B goi la topo cudi xac dinh béi ho anh xa 1
{f}ses

Chtng minh.

D@ thiy rang B xac dinh nhu trén 1a mot topd trén Y. Ta s&
chimg minh @ 13 topd manh nhit trong tat ca cac topd xac dinh
trén Y sao cho tat ca cac anh xa f; déu lién tuc. That vay, gid st
B’ 1a mot topd trén Y sao cho moi f; déu lién tuc véi moi s € S,
vaU e @ Khido & (D ET, y4i moiseS.DodoUe B =
B cB. ]

Dinh Iy 3.9. Gia st {f; : X > Y}ses1a mot ho anh xa tur cac
khong gian topd (X, &) vao tap hop Y, B 1a topd cudi trong Y
xac dinh boi ho anh xa {fi}ses, h : Y — Z 12 anh xa tur khong
gian topo (Y, B) vao khong gian topd (Z, @). Khi d6 h lién tuc
néu va chi néu, véi mdi s € S, anh xa ho : X — Z 1a lién tuc.

Chtrng minh.

Hién nhién néu g lién tuc thi ho lién tuc véi moi s € S. Gia st
anh xa hop hf lién tyc véi mois € S va W € @ tuy y. Khi do:
()" W)= £ "W €T, v6i moi s € S. Do do h''(W) 1a
mdt tap hop mé trong Y ddi voi topd B Vay h 1a anh xa lién tyc.
U
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§4. CAC TIEN BE TACH

Dinh nghia 3.5 Khong gian topd (X, ) dugc goi la To-
khong gian néu véi hai diém khac nhau bat ki x, y € X ton tai it
nhat mot diém ¢ 14an can khong chura diém kia.

Dinh Iy 3.10. Khong gian t6pd (X, &) 1a Ty - khong gian néu
va chi néu ddi véi hai diém khac nhau tuy ¥ x, y € X ta c6 hoic
X # m hodcy # Q

Chtrng minh.

Gia st X la To-khong gian. Khi d6 véi x # y tuy y trong X,
néu ton tai 1an can mo Uy thoamény ¢ Uy, thiviy € X\ Ux la
tap dong nén m cX\UyDodoéx ¢ m Néu ton tai 1an can
mo& Uy thoa man x ¢ Uy, thi tuong tutacdy ¢ @ Nguoc lai,
gia st x ¢ m hodcy ¢ {x} Khi d6 X\ m la 1an can cua x
khong chtra y hodc X \ @ la lan can cua y khong chira x. vi
vay X la Ty-khong gian. [

Dinh nghia 3.6. Khong gian topd (X, ) duoc goi 1a T;-
khong gian néu voi hai diém khac nhau bat ky x, y € X ludn ton
tai cac lan can Uy ciax va Vyciaysaochoy ¢ Uy vax ¢ Uy

Dinh Iy 3.11. Khong gian topd (X, &) 1a T;-khong gian néu
va chi néu v6i mdi x € X tap {x} la tap dong.

Chtrng minh.

Gia st X 1a T; - khong gian. voi x € X ta c6 tap X\ {x} 1a tap
mo. That vay, 1y bat ky y € X\ {x} theo dinh nghia ton tai lan
canvacuay thodminx ¢ Vy.suyray € Vyc X\ {x} ,nényla
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diém trong ctia X \ {x }. Nhu vay moi diém thudc X \ {x} déu la
diém trong ctia nd. Vay X \ {x} 1a tap mo. Do d6 {x} la tap
dong.

Nguoc lai, gia st véi moi x € X ludn c6 {x} 1a tdp dong
trong X. Gia str x,y 1a hai phan tr khac nhau tuy ¥ thudc X, tap
V =X\ {x} 1a m& va né 1a lan can ctua y khong chira x. Tuong
tutap U=X \ {y} tap la tap md va no 1a lan can cua x khong
chuay. Vay X 1a Ty-khong gian. [

Dinh nghia 3.7 Khong gian topd (X, &) dugc goi l1a T,-
khong gian néu véi hai diém khac nhau bat ky x,y € X ludn tén
tai cac lan can U, cuia x va Vy cua y sao cho Uy " Vy =

Dinhnghia 3.8. Khong gian topo (X, &) dugc goi la Ts-
khong gian (hodc khong gian chinh quy) néu X 1a T;-khong gian
va voi moi X € X, voi moi tap dong F < X thod man x ¢ F, luon
ton tai cac lan can mo Uy cuax va V cia F sao cho Uy "V =,

Dinh Iy 3.12. T -khong gian (X, &) 1a T;-khong gian néu va
chi néu v&i moi x € X va v6i moi 1an cadn mé V cia x ludn ton
tailan cdn U ctiax saochox e Uc U c V.

Chiing minh.

® Gia str X 1a T -khong gian, x € X va V 1a mét 1an can mo
nao do cua x. Khi d6 tap E = X\ V 1a tap dong trong X thod man
x ¢ F, theo dinh nghia, tdn tai cac 1an can mé U cua x va W cua
FsaochoUN W= nghialaUc X\ W. Vi X\ W la tap dong
nnUc X\WcX\F=V.

" Gia st (X, &) 1a T)-khong gian thoa man diéu kién véi

moi x € X va véi moi 1lan cdn mo V cua x ludn ton tai lan can U
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ciaxsaochox e Uc Uc V. Laytuy y x € X va gia st F X
1a mot tdp dong sao cho x ¢ F. Theo gia thiét, vi X \ F 1a lan cén
mé ciia X, nén ton tai lan can U clia x sao cho x e UcUc X\ F.
RO rang V=X \U la 1an cdn md cia F thoaman U NV = [
Dinh nghia 3.9. Khong gian topd (X, &) duoc goi la T31 -
2
khong gian (hoic khong gian hoan toan chinh quy) néu X 1a Ti-
khong gian va véi moi x € X, voi moi tdp dong F < X khong
chira x, ludn ton tai ham lién tuc £: X — [0, 1] thod man f(x) =0
véimoi fly)=1védimoiy € F.

Dinh nghia 3.10 Khong gian top6 (X, &) dugc goi 1a Ts-
khong gian (hodc khong gian chuéan tic), néu X 1a T, -khong
gian va voi hai tap déng roi nhau bat ky A, B X ludn ton tai
caclancanmo U ciaAvaVciaBsaochoUNV=0.

Vidu 3.3

a) Khong gian topo (X, &p) vo1 Fp la topo roi rac la To-
khong gian, T, -khong gian, 1a khong gian Hausdorff, khong
gian chinh quy hoan toan chinh quy, chuan tic.

cong gian t6pd (X, &r) khi X c¢6 nhiéu hon mot phan tir
khong phai 1a To-khong gian vi moi x thuge X chi cé duy nhat
mot 1an can la X.

b) Khong gian topo (X, ) véi X = {a,b }, T={J, X, {a}}
la Ty khong gian nhung khong 1a T;-khong gian.

¢) Khéng gian topd (X, T) voi X 1a vo han, 1a T,-khong gian
vi moi tdp mot diém 1a tip dong, nhung khong 1a T,-khong gian
vi hai tdp mé khac rong tuy y trong khong gian topd (X, Tk)
luén c6 giao khac rong.
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d) Trén tap cac sé thuc R, ky hidu Y = { %{ki 0,keZ}.

. R 1 1
voi mdi X €R, i€Nky hidu Oy(x) = (x - -, x + -).
1 1

Goi : BX)={0x) [1eN"} ndyx =0,
B(x) = {OO\Y |ieN} ndyx = 0.

Ta nhan théy ho {B(X)}ier thoa man cac didu kién trong dinh
Iy (2.11), do d6 trén R c¢6 mot topd A trén R nhan ho {B(X)} er
R 1am co so. RS rang voi hai diém tuy ¥ x # y trong R ¢6 thé
chon duoc m va n di 16n dé On(x) < Ou(y) = @. vi vay (R, )
la T»-khong gian.

Mit khéc, ta ¢6 Y 1a mot tdp dong trong (R, ) khong chira
diém 0. V6i U 1a 1an can bt ky cua diém 0, va V 13 lan can bat
ky ciia Y ta luon ¢c6 U NV = &. Pidu d6 chung to (R, /1)
khong phai 1a Ts-khong gian.

d) Néu (X, @) la khong gian hoan toan chinh quy thi (X, &) la
Ts-khong gian. That vay trong X ta xét cac tap U = £'([0, 1/2)),
vaV = fl((1/2,1]), do d6 f'1a anh xa lién tuc va céc tap [0, 1/2),
(1/2', 1] 1a tap mé trong khong gian topd [0, 1] néntaco Uva 'V
la mé trong X thoamanx e U, FcVvaUnNnV=y.

Ton tai nhitng khong gian topd 1a Ts - khong gian nhung
khong la khong gian topd hoan toan chinh quy. Nhung do viéc
xay dung nhiing khong gian do kha phuc tap nén ta khong dua
ra ¢ day.

Néu (X, &) 1a T4 khong gian thi (X, &) 13 Ts-khong gian (hién
nhién). Tir b d& Urison duéi day ta s& ching minh duoc rang
moi T,-khong gian 12 mot khong gian hoan toan chinh quy. Ta

93



www.VNMATH.com

ciing s& dwa ra mot phan vi du dé chimg to ring ton tai nhimng
khong gian topd hoan toan chinh quy nhung khong la khong
gian chuan tic.

g) Trong mit phing toa do Oxy ky hiéu P={(x y) R |y > 0}
1a tap hop cac diém ndm & nira phia trén truc hoanh, P; = {(x, y)
e R’ |y=0};P,=P\P,. V6imdiz € Py var>0, goi U(z, 1) 1a
tap tit ca cac diém ciia P, nim trong hinh tron ban kinh r tiép
xuc voi Py tai z. Bat Uj(z) = U(z, 1/i)) u{z },(1=1,2,..) (H.1).
Véimbi z € Py) var> 0, goi U(z, 1) 12 tap tat ca cac diém cua P
nam trong hinh tron tim z ban kinh r. Dat Ui(z) = U(z, 1/i), (i =

1,2,..) (H.2).
y y
Ui(2)
Pn_, PQ_ Ui(Z)
P, P,
O z X O \j X
H.1 H.2

Ho {Ui(2)},ep. ien thoa mén cac didu kién cua dinh 1y (2.11),
nén no 1a co sé cta topd & xac dinh trén P. Ta c6 thé ching
minh duoc (P, &) la khong gian topd hoan toan chinh quy nhung
khong 1a khong gian chuan tic.

Dinh Iy 3.13. (b6 dé Urison). Véi hai tap dong rdi nhau bat
ky A, B trong khong gian chuan tic (X, &) ludn ton tai ham lién
tuc f:X — I'sao cho f(x) =0, Vx € Avaf(y)=1, Vy € B.

Chting minh.
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Trude hét ta chimg minh bang phuwong phip quy nap rang:
véi moi sb hiru tyr e [0, 1] tacod thé chon dugc tdp md V, thod
min céc diéu kién sau:

A cVy Vy =X\Bvanéur<r thi Vr < Ve (%)

That vay vi tip cac s6 hitu ty Q c¢6 luc lwong dém duoc nén

ta c6 thé sip xép céac sb hitu ty trong doan [0, 1] thanh mot diy
h;}ifeﬂ\‘* trong dor;=0,1,=1.
Do A, B la hai tap dong ro1 nhau trong (X, &) nén theo gia
thiét ton tai cac 1an cAn m& U ctia A va V ctia B sao cho U NV
=.PbatVo=U,V;=X\B.Khidodo Voc X\V,viX\Vla
tap dong nén 70 cX\VcV,

Nhu vay ta dugc V_rl c Vinéur <rj (véii,j<2).

Gia st voi moi 1 < n ta da xac dinh dugc mét tdp md V5 thoa
mén diéu kién \TH C Vi néur < 1; (**), Trong tap { 1, r2.... Iy,
1} 011 la b 16n nhat trong cac $b 1y, I7.... 1y, nho hon Tntl,
var, la s6 nho nhat trong cac $b 11, Ia.... 1y lon hon ry:;. Khi d6
theo gia thiét quy nap vi r; < r, nén tacod V_rt C Vyp. Hon nira vi
V_nvé tap X \ Vy, 1a hai tap hop dong roi nhau va (X, 9) la
khong gian chuén tic, nén ton tai cac tap mé U’ va V’ 1a lan can

cua cac tap V_rt va X\ Vpthoamdan U’ "V’ =0.bat vV, =U
ich; d6 V, <X \V’. Do X\ V" 1a tap dong nénVs., cX\V'cV, .

Nhu vay ta da xay dung dugc céc tdp mé V,, ....... , V., thoa
man diéu kién (*%).
Goif: X —> 1=]0, 1] 1a ham x4c dinh boi f(x) =1 néux e B,
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tx) = :n\} tr} néux e V;=X\B.

Khi do ta c¢6 f(x) = 0 voi moi x € A va f(y) = 1 véi moi ye B.
Mat khac do ho @ cac tap c6 dang [0, a), (b, 1], (c.d) (0 <a<
1,0<b<1,0<c<d<1)lacosdcuatdopdtrén=[0, 1], ma
(c d) =0, d) d) N (c, 1] nén dé ching minh anh xa f1a lién tuc
ta chi can chimg minh tao anh cta céac tip c6 dang [0, a) va (b,1]
1a tip mo trong X. Voi x € X ta thay f(x) < & Jrj < a sao cho x
€ Vr;. Vivay I7([0,2)) = {xe X : {(x) <a} = UV,J. 1a mot tap
md. N

Tuong ty voiy € X, tacod fly) >b < Iri>bsaochoy ¢ Vi
< 3dr;>bsaochoy ¢ V Vi vay Fi(b, 1D = U(X\V ) cling

=by

la tdp mé. Do do f1a anh xa lién tuc. 0

Dinh Iy 3.14. Khong gian chinh quy X c6 mot co s& dém
duoc 1a khong gian chuan tic.

Chung minh.

Gia sir A, B 1a hai tdp con dong bét ky trong X théa man A N
B =, va {Uy}uen 12 mot co so dém duoc trong X. Vi X Ia
chinh quy nén véi mdi x € A ton tai Ve {U,}yen sa0 chox € V
c V < X\ B (theo dinh 1y 3.12). Cho x chay khép trong A ta

nhan duoc {‘V'}ke"\‘ la ho con cua ho {Uituen thoa man ch X\

B (Vk), va UV SA
Mot cach tu:ong tu ta cling chi ra dugc mot ho con! Witken

cia ho {U,},en théa man W, c X\ A (Vk), vi UW 5 B.
Dit: k=1
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Pl:\II’QI:Wl\131’PZZVZ\EI’QZZWZ\(PIUF)Z)

k-1 k
szvk\UQi » Qe=W\ UR 5 0og
i=l i=l

P= DP. Q= UQ&-
i=1 i=1

Khi d6 P va Q 1a hai tap mé khong c6 diém chung, théa min

A < P va B c Q. That vay, vi P, Va Qx déu 1a nhitng tap mo
trong X (Vk) nén P va Q la nhiing tdp m¢ trong X. Hon nira voi
moik,te N ta déu c¢6 P, M Q=9. Vinéu k <t thi

Q=W \ Uﬁ CWA P, = PinQ=Dvandut<kthi

i=1

k-1
P.=VAUJQ cV,\Q, =P, NQ =0.

i=1
TrdosuyraPnQ=4.
Do ka SA. Nénnéux e AthiIneNgx e vy

k=t

Do W, c X\ A (Yk) = x¢ Wi (Yk) = x¢ Q,, (VK)

uovl_ o
=xeV,\JQ =P, vavivayxe | JP, =P=> ACP.

i=1 k=1
Ching minh tuong tu ta c6 B < Q. Vay X la khong gian

chuan tac. [
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§5, KHONG GIAN CON CUA MOT
KHONG GIAN TOPO

Ta s& nghién ciru va xay dung topd bang phuong phap tu
nhién trén cac tdp con cua cac khong gian topo.

Dinh nghia 3.11 Cho khong gian topd (X, &) A < X. Khi d6
trén A c6 thé xac dinh mot topd T nhu sau: T 1a ho tat ca cac
giao clia cac phan tir cia Fvéitip A(Fa={ANU| U € @}).T
duoc goi 1a top6 cam sinh boi topd 7 trén A. Cap (A, Fa) dugc
goi 1a khong gian topd con cua khong gian topd (X, &).

Céc phén tir cia & dugc goi 1a cic tap mé trong A. Phan by
ctia chiing trong A duoc goi 1a cac tip dong trong A (goi tat 1a
Ta- MG, Ty - dong). RS rang tap A dong thoi 1a tap dong va la
tap md trong chinh n6, mic du no c6 thé khong mé, khong dong
trong X.

Dinh Iy 3.15 Cho khong gian topo (X, &) va (A, Ta) la
khong gian con. Khi d6 top6d cam sinh & 13 tép tit ca cic tao
anh ctia cic phan tir clia @ qua phép nhiing chinh tic i: A — X,
(1(x) = x).

Chung minh.

Gia sit U € g, tuy ¥, khi d6 theo dinh nghia ton tai W € @
sao cho U =W n A. Ro rang U = (W) (12 tao anh cua W qua
anh xa 1).

Mot cau hoi duge dit ra 1a: néu (A, ) 1a khong gian con
cua khong gian topo (X, ), va (B, 8) 1a khong gian con cua
khong gian (A, @) thi (B, B) c6 1a khong gian con cua (X, &)
hay khong? Cau tra 10i 1a ¢ va tinh bac cau nay dugc minh hoa
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nho dinh ly sau day [

Dinh Iy 3.16. Gia st (A, Ta) la khong gian con cua khong
gian topo (X, &) B — A. Khi d6 topo B trén B cam sinh boi topo
T trén A s€ trung voi topo trén B cam sinh boi topd Ftrén X.

Chtng minh.

Goi T 1a topo trén B cam sinh bdi & (ta s€ chung minh B =
& ). Liy U € @ tuy y = ton tai U' € @ sao cho U=U' N B. vi
U' e gy = ton tai W € @ sao cho U'= W N A ta co:

U=UnNB=(WNA)NB=WnNnB=Uegs=vayBcC
&s. Nguoc lai lay tuy y U € g = IW € g'sao cho U=W N B.
batUU=WnAtacoU=WnNB=(WnNA)NB=U NB
Suy raU € 8 Tu d6 suy ra g — B hay 7= B. [

Dinh nghia 3.12. Khong gian con A cua khong gian topd X
duogc goi 1a khong gian con md (dong) cua X néu ban than A 1a
tap mo (dong) trong X.

Gia su (X, &) la khong gian topd va (A, &) la khong gian
topd con ciia (X, &) Khi d6 voi tap con M bat ky cta A ta ky
hi¢gu M} 1a phan trong ciia tip M trong A, ba(M) 14 bién ctia tap
M trong khong gian topd A, M_A la bao dong cua tap M trong

khong gian topd con A, va ta van hiéu M’ M, b(M) 14 phan
trong, bao dong va bién cua M trong X.
Dinh ly 3.17 Cho (X, ) la khong gian topo va (A , Fu) la
khong gian con. Khi do :
a) D6i voi tap con batky M c A ta c6
M® = M2 NA®, byM)cb(M)NA, M, = MNA.
b) Néu M < A 1a mét tip mé (tuong tu 13 tap dong) trong X
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thi n6 1a mo (twong ty la dong ) trong A.

c) Néu A la khong gian con m& (déng) trong X, thi mdi tap
mé (dong) trong A déu 1a md (dong ) trong X.

Chtng minh.

a) Ta chung minh M= M{ NA°

Trude hét ta chimg minh: M M° n A”.

Te M c A suy ra M = A° (*). Mt khac viM'c M c A
nén M° N A = M° Va rd rang rang M° 13 tap mé trong A (vi nd

1a giao cua tip mé trong X voi A). Theo dinh nghia phan trong
ctia mot tap hop ta c6 MY, 13 tap md 16n nhat (ddi véi topd Ta)
duoc chira trong M, ma M° ¢ M. Vi vay M’ ¢ M = M’ ¢
M’ go A’ (¥)

Bay gio ta ching minh bao ham thtrc ngugc lai. Gid s x €
M’ N A° tuy y. Khi do x € M% vax e A”. Vix € MY, nén tén
tai 1an c4n md V cia diém x trong A thoa man V < M. Theo
dinh nghia khong gian con, ton tai 1an cAn mé W, cta x trong X
sao cho V=W, N A, tir diéu kién x € A’ = 3 1an can W, cua x
trong X sao cho W, c A. Bat U =W; N W, 16 rang U la lan cin
ctia x trong X, hon nita U € W; N A =V < M. Nhu Vay diém x
la diém trong ctia tap M (ddi voi topd & trén X). Tir d6 suy ra
M4 N A% MO (%)

Tir (*) Va (**) SuyraM’ = M n A",

Liy X € ba(M) tuy ¥ goi U 14 1an cén cua x trong X. Khi d6
U N A la lan cén cua x trong A, 16 rang (U N A) "M = . Do
ddunM=Id. Tuongtu (UNAYNA\M)zD=>UnN(A\
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M)zZd=UnN(M\M)=J. Vay x € B(M), vix € ba(M) c A
= x € b(M) N A, Suy ra ba(M) c b(M) N A.

Ta chiing minh: V&1 M c A tuy y ta cd M_A = M NA.

Taco M N A la mot tap dong trong A d6i voi tong I chira
M.

Vay M, cMNA.

— {XEM
Nguogc lai, ta co xeﬁﬂA@JxeMab x € b(M).
b{eA 1
XeA

+ Néu x thudc M thi ta co ngay x € M U ba(M) = M, .
+Néux ¢ Mthix e M) vix € A\ M.
Gia st U 1a mot 1an can bat ky cua x trong A. Khi do6 ton tai
lan can V cua x trong X sao cho U=V N A. Suy ra:
VOM = @
{VH(X\ M) # @

DoMcA nentt VnM#Z8=>VNnANMz= G=UnNnM#

.

Mit khéc vi {XEU SUNA\M)#0

x € (A\ M)

Vay x 14 diém bién cia M trong A. Suy rax € M_A

b) Néu M c A 1a tap mo trong X, thi M N A =M 1a mo trong
A (dinh nghia ).

Néu M c A 1a déng trong X thi X \ M 12 mé trong X =A N
X\M)=A\(AnM)=A\M la tap mo trong A. Vay M la tap
dong trong A.
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¢) Néu A 1a tap mé trong X, M 1a tip mo trong A = M = A
N U véi U la tdp mo nao d6 trong X. Vay M la tap mo trong X.
Néu A la tap déng trong X, M 1a tap dong trong A, thi

ﬁc [?x:A‘ Ta co MA =M=MNA=MNA= M. Vfin la

tap dong trong X. [
Vidu 34

Trong khong gian topd (R,&), xét tap con I = [0,1] véi tong
cam sinh boi t6pd. Do tién co so cia & 1a ho tat ca cac tap c6
dang ( -, a), (b, o) nén tién co s& cua topd & trén I 13 ho cac
tap c6 dang [0,a), (b, 1] v6i0<a<1,0<b<I1. Hién nhién [0,]]
la khong gian con dong trong (R,&).

Dinh ly 3.18.

a) Voii< 3% , khong gian con bat ky ctia mot Ti-khong gian

la T;-khong gian.

b) Khong gian con déng cua khong gian chuan tic 1a chuan
tac.

¢) Khong gian con cua khong gian t6p6 thoa mén tién dé dém
duoc thir nhat (twong tmg thr hai) 12 khong gian t6p6 thoa min
tién dé dém duoc thtr nhét (twong Gng thir hai).

Chung minh.

a) Ta chiimng minh cho truong hop 1 = 2 va i = 3, cac truong
hop con lai chung minh tuong tu.

Gia st khong gian topo (X, &) 1a To-khong gian va (A, Ta) la
khong gian topd con cta nd. V6i hai diém khac nhau tuy ¥ x,y
€A, do (X, @) 1a T,-khong gian nén ton tai cac 1an can mo U
ciax va Vctiaytrong X thoaman UNV=J. Khido U =U
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NA,vaV’ =V N Alacéac tdp mé trong A thoa man x € U, y
e V?'valU NV’ =J. Vay (A, Fa) la Tr-khong gian.

Gia str (A, @) 1a khong gian con bat ky cua khong gian
chinh quy (X, &). Ldy x € A tuy y, va gia su F 1a tap dong trong
A khong chira x. Khi @6 F= Fx = F NA (theo dinh 1y trén). Vi
x ¢ Fnéntacox ¢ F.Khido ton tai U, V mo trong X sao cho:
xeUFcVvaUnNnV=3Jd.

bat U =UnNA, Vi=V n A. R0 rang U}, va V; la nhiing
tap mo trong A thoamanx € U, ,Fc V,vaU=1nV,=3.

D@ thdy A 14 T)-khong gian. Vi vay A 1a khong gian chinh
quy. ’

b) Gid su A la khong gian con dong bat ky ctua khong gian
chuan tic (X, @). Véi hai tap dong khong giao nhau tiy y M va
N trong A suy ra M va N 1a déng trong X = ton tai cac tip mo
khong giao nhau U va Vthéaman M c U, Nc V. batU' =Un
A, V=V N A, khidé U va V’ Ia cac lan can khong giao nhau
ctia M va N trong A. Vay A 1a khong gian chuan téc.

¢) Hién nhién. [|

Nhu vay trong ciu trac cua khong gian t6pd, cac tinh chét T,
. ... 1 \ s A A aZ . 1A
khong gian, voi i1 < 35 , thoa man tién dé dém duoc thir nhat,

thtr hai van duoc duy tri cho cac khong gian con.
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§6 TICH BPE CAC CUA CAC KHONG GIAN TOPO

1 Tich Pé cac ciia hai khong gian topo

Dinh nghia 3.13. Cho X va Y la cac khong gian topo, XxY la
tich D& cac ctia X va Y. Ky hiéu 8 1a ho tat ca cac tap con cua
XxY c6 dang UxV, trong d6 U la tap mo trong X, va V la tép
mo trong Y.

R rang B 1a mot phu ciia XxY va giao clia hai phan tir ty ¥
thudc B lai thudc B, do d6 ho B 1a co so cia topd nao do trén
tap XxY, topd nay dugc goi 1a topo tich (hay topd Tichonov)
trén tap XxY.

Nhu vay mot tap con M < XxY 1a tap mo ddi voi topd tich
néu va chi néu v6i mdi phan tir (x, y) € M tim duoc cac tip mo
U chtra x trong X, va tdp mé V chira y trong Y sao cho UxV c
M. Céc khong gian topo X, Y duoc goi 1a cac khong gian toa do.

Céc anh xa p;: XxY — X, p2 : XxY — Y duoc xac dinh bdi
pi(x, ¥) = X, va pa(x, y) = y duoc goi 1a cac phép chiéu chinh tic
1én cac khong gian toa d§. RO rang cac anh xa py, p2 1a lién tuc
d6i v6i topd tich va cac topd trén X, trén Y, vi néu U mé trong
X thi p;”! (U) = UxY 1a m& d6i v6i topd tich. Tuong ty néu V
mé trong Y thi p,™! (V) = XxV 1a mo.

Tinh lién tuc cta cac phép chiéu p; va p; 13 co s¢ dé mo ta
topo tich. Thuc vay, gid sit & 1a mot topo nao d6 xac dinh trén
XxY sao cho céc anh xa pjva py 1a lién tuc. Khi d6 véi U mé
trong X, V mo trong Y ta c6 tap UxV 1a m¢ trong topd &, (UxV
€ J)vi UxV = p (U)N p’ V) ma cac tap hop & vé phai 1a mo
d6i voi tong @ Nhu véy, topd & 1a manh hon t6pd tich, hay noi
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cach khac topd tich 12 topd yéu nhét trong cac topd xéac dinh trén
XxY, ma dbi véi chung, cac phép chiéu p;, P, 1én cac khong gian
toa do la lién tuc.

Dinh ly 3.19. Gia st XxY la khong gian top6 tich dugc xac
dinh nhu trén. Khi do:

a) Céc phép chiéu chinh tic 1én cac khong gian toa d6 13 anh
xa mo.

b) Gia sir X, Y 1a cac khong gian topd. Vi mdi xo € X, 4nh
xaf:Y — {Xo} XY cho tuong ng y > (X, y) 1a mét phép dong
phoi tr Y Ién khong gian con {Xo} xY cua khong gian topod
XxY.

c) Gia st X, Y, Z la cac khong gian topd, XxY la khong gian
t6po tich, 4nh xa f : XxY — Z 14 lién tyc tai diém (xo, yo). Khi
d6 anh xa g : Y — Z xac dinh boi g(y) = h(xo, y) 1a anh xa lién
tuc tai diém Yo.

d) Anh xa g XxY - YxX, (x, y) = (v, X), la mot phép
ddng phai.

Chung minh.

a) Gia sir M 13 tap mo bat ky trong khong gian topd XxY.
Khi d6 M 13 hop nao d6 cac phan tir thudc co so cua topd tich
trén XxY : M = U (VixWy) , (Vi la cac tabo mo trong X. Wi 1a céc
tp mo trong Y voi moi i < 1). Khi do P = UV piM =W,
la cac tap md trong cac khong gian toa do X Vle. )

b) Ta chi can ching minh anh xa f va anh xa nguogc " lién
tuc tai moi diém 1a du vi 15 rang f 14 song anh. Lay tuy ¥ diém y
€ Y, gia sir U 1a 1an can bét ky cta diém (xo, y) € {xo} xy khi
d6 ton tai mot tip mo V < XxY sao cho VN { x¢ } XY c U. Do
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do ton tai cac 1an can V; ciia xo va Vo ciay saocho Vi x Vo, c U
(VivViamo). Taco {xo} xVo=(VixVo)n{X,}xYcU=
{Xo} x V2 < U thoa min V, c f'(U), do d6 tao anh cua mot
lan can bat ky cta (xo, y) 13 14n can cta y. Vay anh xa f 1a lién
tuc tai y. Suy ra f 1a lién tuc. Anh xa nguoc f ' cta f1a thu hep
cua py 1én khong gian {x¢} xY < XxY, va vi vay n¢ la lién tuc.
Vay f1a phép dong phoi.

c) Xét Y — > {XIxY —> Z Taco Vy € Y théa man
g(y) = h(xo, y) = hf(y) nghia la g = hf. Vay g 1a hop thanh cua
hai 4nh xa lién tuc tai diém Vo va (Xo, yo), nén no 1a anh xa lién
tuc tai yo,

d) Hién nhién. [

Nhu dinh nghia trén ta da thiy topoé Tikhonov trén XxY
chinh 13 t6p6 dau xac dinh béi cac anh xa py, P, sau day ta s& mo
rong khai niém trén dé dinh nghia topo tich cia mot ho tuy ¥ cac
khong gian topd.

2 Tich Pé cac ciia mot ho khong gian topd

Dinh nghia 3.14. Gia st {X;}s < s 1a mot ho cac tap hop. Tap
hop tAt c4 cac anh xa x : 5 ng' Xssa0 cho véimdis € S, x(s) €
X, duoc goi 1a tich Pé cac cta ho tap hop {Xs}s < s va ky hiéu 1a

[1x

scS

Ta ky hi¢u phan texe€ JIX,  1ax = {x}; c s trong d6 x, =
X(s) € X, véi mdi s € S. i’glblﬁn tor xs cua X goi la toa do tht s
ctia phan tir x. Anh xa p; : !:S[XS > X xac dinh bo1 ps(x) = X
goi la phép chi€u chinh tac 1€n thanh phan X;. Néu S 1a mot tap

hop hitu han, (S = {1, 2, 3...., n}) , thi tich Dé cac ctia cac khong
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gian topo {Xi}, (1 = L,..., n), dugc ky hi¢u 1a X;xXox ... xX,
hoidc l_u_IXi Néu tht ca cac khong gian ciia ho {Xs}scs déu bﬁ“mg
nhau, tire 1a X, =X véi mdi s € S thi tich D& cac HXS duoc
ky hiéu 1a X

Dinh nghia 3.15 Gia sit {Xs, Js}s < s 1a ho nao d6 cac khong
gian topo. Tap hop HXs v6i t6pd ddu & xac dinh boi ho anh
xa {ps.}s e s dugc goisglsé tich P& cac cua ho khong gian topd {xs,
Ts}s e s tOopo & dugce goi la topod tich (hay con dugce goi 1a topo
Tikhondp ).

Tir nay vé sau, néu {X, Ts}s < s 1a mot ho khong gian top6 thi
ky hi¢u H X ludn dung dé chi khong gian topd tich voi tong &
Xac dinhsrglshu’ trén. I

Dinh Iy 3.20. Ho tit ca cac tap con cua QXS c6 dang !;lws
trong do6 Ws la tdp m¢ trong khong gian X va Wy # X chi véi
mét sd hitu han phﬁn tir cha S, tao thanh mot co s& cua tich Pé

cac 1] X,
Chung minh. L
- £ i oho (4 [,
Theo dinh 1y (2.6) ho tat ca cac tap hop dang (trong do ! ™" %
S1,82 veunnn. sn € S, Wy la tip trong X, vai=1......n) 1a mot co

s& cta khong gian tich [TX. Taco picW.) = (P W,)
i=1

s=8

trong do Wy = X voi moi s; # so. Mat khac ta co thé viét

([TWo n(ITwH = [TW.NWe). Do a6 (e, (W,) = [TW..

sS seS seS

trong 40 W, =X, v6i moi s € {s; ..., sy}. Ta c6 diéu phai ching
minh. []
Dinh Iy 3.21. Néu As c Xs voi mdi s € S thi trong tich D&

cic 11X taco: ITA. = T1A

seS s€S se$
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Chtrng minh.

x=(X),es € | [ A,

Gia sur, «s ,tlamot phan tir batky cua S, va

gia sit W, 1a mét 1an cén tuy ¥ cua diém x, trong khong gian X,.
Khi d6 tap H W, trong d6 W, 1a lan cén cua x, trong X; da chon
O trén, con W X, v6i moi s # t, 1a mot 14n can cia diém x
trong khong gian HW Dodo (JTAaN([IW.)=[]a.nw)

828 58 s=§

12 mot tap hop khac rdng. Tir d6 A N W, = &. Vay X € Ar vj

X € A, véimois e S nén ¥~ Xes€ [TA Tir d6 suy ra

se§
HAS c []A..

scS seS

Pao lai, gia St X~ =(Xdses € HAS Va V la lan can cua

sS
niém X trong khong gian HX . Khi do6 theo dinh 1y (3.20),
t6n tai mot phan tir thudc co so cua topo tich la s trong do
W, =X voi moi s ¢ {s, ....... , Sn} , cac tap Wsl, Weo .......

Wqn 1 mo trong cac khong gian twong tmg Xsi, Xs2 ....... Xsn

W, cVye  x. : A <ot X
sao cho * € 1_] s CVVoimdis e S, taco s nén voO1 mo1
s<

seS, AN Ws#@. Tirdé taco ([[AN]W) HAﬂWS) 0

) EN

X, € A

Dodo VNTTA, # @ vay X € HA: Ta c6 diéu phai chimg
seS SES
minh. [ >
Hé qud 1. Néu voimdis € S, tip Agja dong trong X, thi tap

HA la dong trong khong gian tich .

scS sS
Chung minh.
Theo dinh ly vtra chiing minh:

1A =T]A. = []A.-©

s€S se8 s€S
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H¢ qud 2. Néu véi mdi s € S, tap A, 14 tri mat trong khong
gian X thi tap con H A, 1a tri mat trong khong gian l_IXs

, . s£S =S
Chirng minh. *
Vivéimois € Stacd As = X, nén:

A, =]]A, = J[X..O
s&S s€S scS

Dinh l_}5‘3.22. A "‘“X‘;a f:Ys— !;[Xs tu khong gian t6pd Y
vao tich D€ cac s cua ho khong gian topd {Xs}ses la lién
tuc khi va chi khi vdi mdi s € S anh xa psf:Y — X;lalién tyc.

Chtrng minh. Hién nhién theo dinh 1y (2.7). [

Dinh ly 3. 23.

.. 1 3 .
1) Véii < 35 , tich B¢ cac cua mdt ho cac T;-khong gian 1a

Ti-khong gian.

2) Véi i < 4, néu tich Pé cac HXs cua ho khong gian topd
{Xs}sex 1a Ti-khong gian, thi Xs i;s mot T; -khong gian (v6i moi
s € S). Chtrng minh.

1) Ta chung minh cho truong hop i = 3% , cac truong hop

khac duoc chimg minh tuong tu. Trude hét ta chimg minh néu
véi mdi s € S khong gian X 1a T;-khong gian thi HXS cling la
s€S

T;-khong gian.
That vay, gia sir X = (X¢)ses 12 mot diém bat ky ciia khong gian

HX tacd [y} = I‘I x} = [[{&E)} = H{x} = (X)ses = X.

seS seS

Nhu vdy moi tip con c6 mot phan tir trong [_SIXS déu 1a tap
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dong nén l—ng la T,-khong gian.

Bay gio gia sit vdi moi s € S khone gian X la hoan toan
0
Xo= (X dses €
scS*

mot phan tir thude co so cla topd tich trong khong gian HSX .

chinh quy. Xét phan tir tiy ¥ X vagiasu 'V la

2 . o2 , = " ;.
Chtra diém x. Khi d6 V ¢6 dang \/ sti (W) trong do céc
1= o
tap Wi, Weo ooennel. Wi 1a cac 1an can mo cua cac diém Xosl,

XOSZ ... X°sn trong cac khong gian twong tng X1, Xo ......... Xsn.

Ta s€ chimg minh tdn tai mot anh xa lién tuc f: HXs =1 Qa0
s<S

Cho f(xg) =0 va f(x) =1 vé61moi x € Il X \ V. That vay vi X

seS
(i=1,2 ....n) la khong gian hoan toan chinh quy nén ton tai
mot ham $b gi; X5 — I'1a lién tuc sao cho g (x%;) = 0 va g (Xs)
=1véi moi x5 € X5 \ Wi (véii=1 .....n). Tacd anh xa f; = g;.

Psi : HS X, — 114 lién tuc thoa man fi(xg) = 0 va fi(x) = 1 vé1

moi € TIX NP W) vsii=1.. .

s€S
bat f=max {fi,... , f, }. Khi d6 f1a 4nh xa lién tuc trén IT X

seS

, lay gia tri trong I, thoa man f(xo) = 0. Hon nita, néux € I1 X,

seS
thi X e ps'l(Wsi ) véi mot 1 nao d6 thoa man 1 <i<n, do do ta
c6 fi(x) = 1 nghia la f(x) = 1. Vay l—g X, 1a khong gian hoan toan

chinh quy.

2) Gia sir T1 X, 1a mot Ti-khong gian va t la mot phan tir bat
ky cia S. Ta chimg minh X, 1a Ti-khong gian. Lay tuy y
Xo =(X{)ses thuoc I1 X,. Pat X, =11 A, trong d6 A= X va

seS seS
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*

As = {x"} v6i moi s # t. D& dang thdy rang anh xa i : X, = X,
xé4c dinh bdi i(u) = X = (Xs)ses trong d6 xs : x! (voi moi s # t),
va x; = u la mot phép dong phoi. Nhur vay X, dugc nhing dong
phoéi vao khong gian tich l'g X,. Do do theo dinh ly (3.18) néu
HS X, 1a mot T;-khong gian thi X cling 1a mot T;-khong gian véi

<3l
2

Ta ciing thdy ngay rang néu HSX . la mot T;-khong gian thi
X: la mdt tap hop con dong cua HS X, . That Vay, Vi A_t = Z
=X;=A;Va A_S = X_SZXSOZASV(')’iins;tt,néntacc'):

X; =[1A. =T]A. = T]A =X;.

seS s€8 scS

Ta da biét, néu I1X . 1a mot T4-khong gian thi moi khong

seS

gian con dong cling 1a Ts-khong gian. Vi vay khi HSX . la mot

T4-khong gian thi X, cling la T4-khong gian. [
Vidu 3.5

a) Khong gian top6 Euclid :

Gia st R. D) 13 khong gian topd voi topd tu nhién, neN
Khi d6 topé tich trén tap R*={(x, X, ....x)) | X, €R, 1 =1, 2, ..., n}
duoc goi 1a t6pd tu nhién hay topd Euclid. R" cung véi tong d6
duoc goi 1a khong gian t6pd Euclid. Ta c6 thé chon mét co s
cua topd nay l1a ho tat ca cac hinh chit nhat mé dang: K,p = [1x
... xI, trong d6 a = (a; ,... , a,), b = (by,..., by), va [; = (a;, by).
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Topd cam sinh trén mot tdp con cua khong gian Euclid cling
duoc goi 1a topo Euclid.

D@ dang ching minh dugc rang véi k < n, khong gian Euclid
R* dong phoi v6i khong gian con:

A={(X, X5, o0, X,) ER" | X, =0V6ii =k +1,k+2,...,n}

Phép ddng phéi cho tuong tng (X1, Xz ........ Xg) VOi:
(X1, X2 cennenn xk, 0,..., 0)
goi 1a phép nhung chinh tic R vao R".

Tas€ goitap R" = {(x,, X5, ..., X)) €R" | x; <0} cR"
v6i topd cam sinh 1a nira khong gian trong R*

Khong gian con OR = {(X, X,, ..., X,) €R" | x, =0}c R? goi
1a bién cua R” . D& dang thiy rang trong R" ta ¢6 b(RY) = OR’

b) Ham lién tuc trén khong gian topo

Gia sa (R, @) 1a tap s6 thuc voi topd tu nhién, X 1a khong
gian topd bat ky, khi d6 cac anh xa tir X téi R, @) duge goi 1a
cac ham trén X. Ta c6 cac khang dinh sau: Néu g, f 13 cac ham
lién tuc trén X thi (f + g), f.g x&c dinh boi (f + g)(x) = f(x) +
g(x), (f.g)(x) = f(x).g(x), cling 1a cac ham lién tyc trén X.

That vay goi h = (f + g), ldy tuy ¥ xo € X va gia stt V 1a lan
can tuy y cua h(xo), khi d6 3¢ > 0 sao cho (h(x,) - €, h(x,) +¢) C
V. Ta co (f(xo) - €/2, f(X,) + €/2) 1a 1an can cua f(x,) va (g(Xo) -
£/2, g(Xo) + €/2) 1 1an c4n cua diém g(x,).

Vi f lién tuc tai xo nén tdn tai lan can mé U; cua X, sao cho
tam f(U;) < f(xo) - €/2, f(X,) +€/2) nghia la v6i moi x € Uj ta co:

f(x) € (t(x,) ~ £/2, f(xy) + €/2) & [f(X) - t(xo)] < % *)

Tuong tu, vi g lién tuc tai x¢ nén ton tai 1an cdn mé U, cla x,

112



www.VNMATH.com

sao cho giun g(U;) < (g(xo)- €/2, g(xo) + €/2) nghia la véi moi x
e U, ta co: g(x) € (g(xo0) - €/2, g(x0) + €/2) & [g(x) - g(x0)| <
e/2. (**)
Tu (*) va (**) voimoi x € U =U; N U, ta co:
If(x) — (%) + 2(X) — 2(Xp)| < f(x) = (Xp)] + |2(x) — g(Xp)l
€ €

<=+ — =¢.
2 2

Suy ra |h(x) - h(x,)| = € < h(x) € (h(x,) - & h(x,) +e) c V
tuc la h(U) c V. Vay ta cé h = (f + g) 1a ham lién tuc trén X.

Dit q = f.g, gia st X, 14 diém tuy ¥ cua X, ta s& chimg minh
véi moi € > 0 ludn tdn tai 14n can U cua x, sao cho v&i moi x €
U ta cd: lalx) - alx )M < s
bat 8= %l:\/('f(xo)|+ |g(x0)l)2 +4e *If(xo)"|g(xo)lil tacd 6> 0.

Tuong tu nhu trén do cac anh xa f va g la lién tyc tai x, nén

ton tai cac lan can mé U; cua X, va lan can mo U, cia X, sao cho
[f(x) - f(x0)] <0 (v6i moi x € Uj) va |g(X) - g(Xo)| < 0 (Vi moi X
€ Uz)
Pai U =U; n U, khi @6 voi moi x € U ta co:
la(x) = q(xo)| = If(x).g(x) — f(X).2(X,)|
= [[1(x) = f(xo)].[g(x) — g(Xo)]
+ 1(x).2(X) + £(Xg).2(%) — £(Xg)-2(xg) — f(X¢)-2(Xo)|
<HX) = t(X)l-[g(x) — g(Xo)| + [2(X) (X)) — 1(x0)]
‘ + f(xp)]-[8(X) — g(Xo)|
<8 +8(|g(x0)] + f(Xe)]) = (B + |g(Xp)| + [f(Xe)])

1 : - 2 1 ) 2
= {EJ(lt(xo)IJr[g(xo)p +48J {E(It(xo)lJrlg(xo)l)J =&.
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Chimng t6 q 1a 4nh xa lién tuc tai X,. Vi x, 1y tuy y nén ta co
q lién tyc trén X.

Mot cach tuong tu ta chiing minh dugc ham r(x) = Xac

1
S ()
dinh va lién tyc trén khong gian con X \ {x | f(x) = 0}.

¢) Ap dung két qua trén ta chimg minh duoc tinh lién tuc ciia
cac phép toan cong va nhan trén tap hop sb thuc véi topd tu
nhién. That vay, ta da biét cac phép chiéu chinh tic p;, P, tir tich
Pé cac RxR 16n R 1a c4c 4nh xa lién tuc, nén cac ham sau day 1a
lién tuc:
P +p):RxR >R
(s, ) > s+t

va p;.p, : RxR - R,
(s, ) b s.t.

Mo rong két qua trén ta ¢ thé chimg minh dugc tinh lién tuc
cua phép cong hai véc to trong khong gian Euclid R*, va phép
nhan mot sd thue véi mot vée to trong R" ddi voi topd tu nhién.

d) Topd ty nhién trén khong gian véc to hitu han chiéu:

Gia st E 1a khong gian véc to n chidu trén R ¢6 co so 13 {1,
€2 veerennnns en}, khi d6 mdi véc to x € E c6 thé biéu dién duy
nhét dudi dang: x = aj.e; +... + a,.a. (a; € R). Tada biét anh xa
f: E > R*, xé4c dinh béi f(x) = (ay, a ....... a,), 1a mot ddng cau
tuyén tinh. Néu xét R" véi topo Euclid &, khi d6 ho @ tat ca cac
tao anh cta cac phan tir ciia & s& 14 mot topd trén E va rd rang
d6i voi cac topd B, 7 anh xa f 1a mot phép dong phoi. Ta thay
rang topd B xac dinh nhu trén hoan toan khong phu thudc vio
co so {e}, € ...... en} ga chon ban dAu trén E. Ta cling s€ goi
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topo nay la topo tu nhién trén khong gian véc to E.

e) Topd tu nhién trén tap hop s6 phirc €={a +bi [ a, b eR}
Xét anh xa f: € > RxR x4c dinh béi f(a + bi) = (a, b).

Ta c6 f 12 mot song anh, ho & tit ca cac tao anh cua céc tp

mo trong RxR tao nén mot topd trén C, ta goi M 13 tong tu
nhién trén C, véi tong nay f1a mot phép dong phoi, va do vay ta
cling chtrng minh duoc phép cong va phép nhan cac sd phirc dbi
v6i topd ty nhién A 13 lién tyc.

§7. TONG TRUC TIEP CUA MOT HO
KHONG GIAN TOPO
Gia st {(Xs, Fo)ses 1a mot ho khong gian topd d6i mot khong
c6 diém chung, tuc 1a X, N Xi = voi moi s # t.
Véimdis € S goi i5 : Xg — SEUSX . 1a anh xa xac dinh bé1 14(x)
=X, vOi X € X,

Dinh nghia 3.16. Tap hop USX ., cung topo cubi @ xac dinh

boi ho anh xa {is}ses dugc goi 1a topd truc tiép ctia ho khong
gian t0pd {(Xs, F)}ses VA kY hicula @ X,. D@ dang thay rang
v6i mdi tap con bat ky A cua khong gian S(?S X,,A 1a mo trong
S(?SXS khi va chikhi A N Xs € g5 véimois € S.

Dinh ly 3.24. Tap con F S(JEBS X, la dong khi va chi khi F n

Xs la dong trong X véimoi s € S.
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Chtng minh.
Tép con F 1a dong trong @ X khi va chi khi @ X \ F 1a tap

seS seS

m¢ trong @ X, tirc 1a khi va chi khi ( @ X\ F) N X, 1a m¢&
seS seS

trong X véi moi s € S. Két luan cua dinh 1y dugc suy ra tir déng
thirc ( (JBSXS\F)GXSZXS\(FGXS). [

H¢ qud. Mbi tap hop X 1a vira mé vira dong trong 695 X,.

Dé dang thay rang véi mdi s € S, do & 13 topd cam sinh boi
& trén X, suy ra moi X, 1a mot khong gian con vira dong vira mo

cia @ X, vé6imois € S éanh xa i : Xy & @ X, xdc dinh bdi
seS seS

iy(x) = x, goi la phép nhiing dong phodi X, vao @ X,.

seS
Dinh Iy 3.25 Néu khong gian topd X 1 hop cta ho {X,}es
nhirmg khong gian con mé d6i mot khong c6 diém chung thi X =
@ X.,.

seS
Chtrng minh.
Hién nhién hai tap hop X va @S X, la bang nhau. Ta sé& ching

minh céc topd trén X va @ X la trung nhau. That vay, néu U 1a
seS

mot tap hgp mé trong X thi véi mdi s € S, tp hop U N Xs 1a
mo trong EI-)SXS. Do d6 U la mé trong ®SXS. Pio lai néu U 1a
mot tdp mo trong @S X, thi véi mdis € S tap hop U N Xs 1a m&

trong X, (vi X la tdp mé trong X). Do d6 U = US(U NX,)latap

mo trong X. [
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Dinh Iy 3.26. Anh xa f: ® X, — Y lién tuc khi va chi khi

seS
voimdis € S anh xa fis : X —> Y 1a lién tuc.
Chtrng minh. Hién nhién theo dinh 1y (3.9). [

§8. TOPO THUONG

Gia st X la mot khong gian topo, R 1a mot quan h¢ twong
duong trén X. Goi X/ la tap céac 16p twong duong vai: X —
X/®R 1a anh xa thuong, tic 12 4nh xa x4c dinh boi i(x) = [x],
trong do6 [x] 1a 16p tuong duong chira x.

Dinh nghia 3.17 Topd cudi trén tap X/®R xac dinh boi dnh xa
duoc goi 1a topd thuong trén. Do 13 tdpdé manh nhét trong cac
topd xac dinh trén X/®R sao cho anh xa i lién tuc. Tap X/R voi
topd thuong dugc goi 1a khong gian thuong.

Dinh Iy 3.27 Tap V  X/R 1a mo dbi véi tong thuong khi va
chikhii' (V)= ULX]  1atap mo trong X.

Chiing minh: Suy ra tir dinh 1y (3.8). [

Dinh ly 3.28. Tap F la dong trong khong gian thuong X/R
khi va chi khi i"'(F) dong trong khong gian X.

Chtrng minh.

Ta co tap F dong trong khong gian thuong X/® khi va chi khi
(X/®R\F 14 tap mo. Piéu nguogc lai twong dwong véi i (F)((/R)\F
=X \i'(F) mé trong X, tirc 1a i"'(F) déng trong X. ]

H¢ qud. Khong gian thuong X/ 1a T,-khong gian khi va chi
khi tit ca cac 16p tuong duwong trong X theo quan hé tuong
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duong ® déu 1a nhitng tap dong trong X.

Nhan xeét.

Néu f : X/® — Y 1a mot anh xa tir khong gian thuong X/®
vao khong gian topo Y thi f lién tuc khi va chi khi anh xa f.i: X
— Y la lién tuc.

§9. TOPO METRIC, KHONG GIAN METRIC HOA

Dinh ly 3.29. Gia st (A, da) 1a khong gian con cia khong
gian métric (X, d). Goi & la topd métric trén X phu hgp véi
métric d, va g, la topo trén A cdm sinh béi & Khi dé topo
métric da trén A phu hop v&i métric du trung voi Gy,

Chtrng minh.

Véiméix € Avar>0, kyhiéu Sa(x, 1) ={y e A|d(x,y) <
r) 13 hinh cAu mé trong A. Ta c6 ho {Sa(X, 1)}xear-0 12 co s& cta
topo B trén A, hon nira ta c6 Sa(x, r) = A N S(X, 1) nén Sa(X, 1)
€ T nghia 1a 8 c Fa(1) Nguoc lai iy tuy y U € & khi d6 IV
€ @sao cho U=V n A, do ho S(x, r) la mdt co s& cua & nén
v6i bat ky x e U, luén Je > 0 sao cho S(x, €) < V= A N S(x,
e)=Sax,e)cU.vaytacd gacB(2). Tu(l) va(2)suyrag=
B. [

Dinh Iy 3.30. Cho (X, d;) va (X3, d2) 1a hai khong gian
métric. Gia s i (tuong tng &) 1a topd métric trén X; phu hop
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v6i d; (tuong ung d, trén X, phu hop véi dy). Goi & 14 topd tich
trén X = X; x X,. Gia st

T4 1a topd métric trén X; x X, phu hop véi métric d trén X; x
X, xéc dinh boi dinh nghia 1.12. Khi d6 =gy

Chtng minh.

Ta s& ching minh moi phan tir thudc co so cliia & 1a thude Fy
va nguoc lai. That vay voi bat ky (x1, x2) € X; x X, va voi moi
s6 thuc duong r ta d& dang chimg minh duoc:

Si(Xp, Xy), %)) C Sy, (X, -;-) X Sq, (X, %) C Su((Xp, %), ).

Diéu d6 chimg t6 Sq((x1, X2), 1)) € T Vi moi (x1, X2) € X X

\ X S, (X5, T,) EFy 1 .
X, 1€ R, va Sdl (i, 1) a; (X2 To) ¢ vo1i moi x; € Xy, X»

e Xor,1p € R*. Do vaytaco T=Ty [

Dinh nghia 3.18. Khong gian topo (X, &) dugc goi 1a khong
gian métric hoa néu ton tai mot métric d: X x X — R sao cho
topd sinh boi d tring véi tong &

nhdn xét. Do khong gian métric 1a khong gian théa man tién
dé dém duogc thir nhat nén mdi khong gian métric hoa 1a khong
gian thoa mén tién d& dém duoc thir nhat.

Sau ddy ta s& chi ra mot diéu kién du ¢é mot khong gian topd
la métric hoa.

Dinh Iy 3.31 (Urison) Khong gian top6 chinh quy (X, &) thoa
man tién dé dém duoc thir hai 1a khéng gian métric hoa.

Chtrng minh.

Gia su B={U,} 1a mot co sé dém duoc cua khong gian
topd (X, &). Vi mdi x € Uy, vi X 14 chinh quy nén ton tai U,

sao cho x € U, U_n c Uy (dinh 1y 3.12). Nhu vay, ton tai
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nhitng cdp tap hop (U,, Uy) thudc B sao cho U_n C Up. Hién
nhién ho nhirng cap nhu
Vay la ¢m duoc. Ta danh sé nhitng cip ndy nhu sau:
(U s Up 05Uy Uy Do (U s U e
Do X 1a khong gian chinh quy c6 co sé dém dugc nén né 1a
khong gian chuan tic theo dinh Iy (3.14). Véi mdi k € N, do

ny?

U, va X\Uy la cac tap dong roi nhau, nén theo b dé Urison
(dinh 1y 3.13) ton tai cic ham lién tuc fi : X — I théa man f(x) =
0(vx eU, ), vafi(y)=1(Vy € X\ Upp).

Goi d 1a ham xac dinh trén X x X boi:

o

i, y) = Yo f 00 -0 xy e X, )

k=1

Do G~ <1 (Vx,y €X,YK) nay (o ¢ chudi ham &
vé phai ctia (*) ¢ trén 12 hoi tu Vx, y € X.

Dé dang chung minh dugc d 1a mot métric trén X. Thyc vay,
tién d& dong nhit duoc kiém tra nhu sau: Néu x, y € X thoa man
X #y, thi ton tai mot tdp U, € B sao cho x € Uy, vay # Uy, Khi
d6 tn tai sao cho X €U.C U, cU, Cap (U, Up) trung véi

mot ¢dp (Uni,Uni) ndo d6. vix € U, vay € X\ Upy, nén fi(x)

1
=0, vafy)=1. Dododx,y)= ?> 0.vaydx,y) =0=>x=

y.

Ky hi¢u gy 1a topo trén X sinh boi métric d. Ta chung minh
I =d.

Ly tly ¥ V € @y, gia sit xo € V. Khi d6 ton tai & > 0 Sao
cho hinh ciu m& S(Xe, €) V.
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Chudi ham 9% ) = e RGD 5i 1y ddu en X,
mdi hang tir cia nd 1a m(f)tu ham lién tuc trén X, cho nén téng d(x,
X,) cua chudi ham 13 mot ham lién tuc trén X. Anh xa x — d(x,
Xo) (cho tuong tmg mdi x € X vai sé d(x, xo) 12 lién tuc tai diém
X, € X, nén tdn tai U, € @ sao cho x, € U, va voi mdi x € U, ta
co:

d(x, X,) = | d(X, X,) - d(x0, X,) | <E&.
tuc la U, c S(Xo, ) c V.Nhu vay tdp VIa g-mé suyragy c &

Nguoc lai, néuV e @, va giad s X, € V. Khi do ton tai mot
tap Un € B sao cho x, € Uy, < V. Goi U, 1a phén tr thudc B
sao cho X €U,c U, cU, Cap (U, Uy) tring vGi mot cap
(Unk, Uk ) nao do.

1z 2 1 1
Vi batky diém x € S(xo,z—k) ta co d(x, Xo) <2—k

Mat khac ta lai co6:

1 1. .
A%, %0) 2 |00~ £, (xo)] = 7 i) (do fy(x) = 0)
>f(x)<1=2x¢X\U, =>xeU,
= (X, ZL") cU,cV=Vegy=>TCTy

Ta co6 hai topd F va Fy 1a trung nhau. Vay X la khong gian
métric hoa. [

Dinh Iy 3.32. Tich Dé cac ciia mot ho dém duogc {x,}* cac
khong gian métric hoa 1a mot khong gian métric hoa.

Chtrng minh.

Trudce hét, theo bai tap 26. chuong I ta c¢6 khing dinh sau:
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V61 moi khong gian métric (X, d) ton tai trén X mot métric &
tuong duong véi d, thda man d(x, y) < 1 (Vx, y € X). Trong do6
0 dugc xac dinh nhu sau: 8(x, y) = min{d(x, y), 1}.

Véi moi n €N, ky hi€u d, 1& métric bi chan bsi don vi va

sinh ra tond &. trén X Véimoi x =(x,)._,, y=(y.) o, € HXu
n=1

n=l
oL

<. 1
dat: gex,y) = Zzu—du(xu,yn). (*)

n=1
Ta nhén théy chudi s6 & vé phai cia (*) 1a hoi tu, vi dn(Xn, Yn)
< 1 v6i moi X, yn € Xy va voi moi n. D& thay d 13 mot métric
trén [ [X, Ky hiéu & 1a topd tich trén [ [X, va gy 1a topo
n=l1 n=l1

sinh bo1 métric d trén HXn Ta chirng minh & va G 1a trung

n=1

nhau.
. x. oz . 1
Véi moi s6 ty nhién n ta luén cé6 d(x,y) > Z—ndn(xu,yn) =
do(Xn,yn) < 2"d(x, y). Diéu d6 ching t6 véi mdi n, phép chiéu pu:

l_IXn — Xplalién tuc. > g g

n=1
Nguoc lai, 1y tily ¥ V € Gy gia st x, = (x')7, ) € V. Khi

d6 ton tai € > 0 sao cho hinh cau mé S(xy, €) < V. Goi ng 1a mat
A C A = 1 e ;e X ;1A N

s0 ty nhién sao cho »* — < > Véi moi n < ng, ky hiéu hinh
A € :

ca  S,(x?, 5) =B, "™

_ U=S,xSx ... xS, x [] X, ‘
Khi d6 tap Mt la mot phan tir
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thudc co s¢ clia topd tich & trén [ [ X, Chira xo thoa mén U <

n=1

S(xo, €). That Vay, véix = {x, } _, € Utuyy taco:

d(xx)—uzold(x x“)+ild(x x°)<8u01+8<e
y A0S —u— n n? ™ _u n 4™ - —u -
u=l 2 ll:llo+l 2 n=1 2 2

2 X eNXy,e).2UcSX,e)cV= Veda

viy Gy € &. Ta c6 diéu phai chimg minh. (]

BAI TAP

1. Trén tap céac sé thuc R ta ky hiéu (Fr, Ik, T, Ts, Ip lan
luot 12 topd thd, topd tao bai phan bu cta cac tap hiru han, topd
tu nhién, topd Sorgent, topd rdi rac. Cho cac anh xa
f,g : R, ?) > R xac dinh nhu sau: f(x) =x + 1, g(x) = x*. Hay
x¢&t tinh lién tuc cuia cac anh xa f, g v topo cua tap dich lan luot
la: g gk, I, Fs, T

2. Cho [+ (R, @) = R, 9) 13 ham Dirichlé dugc x4c dinh nhu
sau :

i 1khixeQ
f(x)= ,
Okhi x¢Q
Chung minh ring ham & @ R, &) = R.9) thoa man v6i mdi
xe€R : g(x) = x£(X) 13 4nh xa chi lién tuc tai mot diém.
3.Chotp X =1{1,2,3,4,5,va@=1{@. {1}, {1,2}, {1,2,
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3}, {1,2,4},{1,5} }. Chimg minh ring @ la co s& cta
top6 nao do trén X. Hay xac dinh top6 do. Giasu f, g, h: X —
X 1a cac anh xa duoc xac dinh nhu sau:

f(l=1, f2)=1, f(3)=2, f(4)=4, f(5)=>5.

G(1)=3,g2)=1, g3) =2, g4 =52g05=1

H(1)=3,h(2)=2, h(3)=3, h(4) =4, h(5) =4.

Hay xét tinh lién tuc cua cac anh xa trén.

4. Chimg minh rang 4anh xa f : (X, gx) — (Y, Fy) 1a mot phép
ddng phoi khi va chi khi 14 song anh va f(A) = f(A) v6i moi
tap con A cua X.

5.Cho f: R, ) = R, 9) 13 4nh xa duogc xac dinh nhu sau :

Okhix<O
f(x)=<xkhi0O<x <1
1khix>1

Chimg minh rang 4nh xa f 13 dong nhung khong 13 anh xa
mo.

6. Xét (R, 9) trong d6 o 1a topd ty nhién, va xét cac tp con
cua R voi t6pd cam sinh tir @. Chirng minh rang cac khong gian
t6po sau day 1a dong phoi :

a)X=(a,b),Y=(c,d). b)X=[ab],Y=][cd]

c)X=(a,b), Y =R, D) X=[a,b), Y =][c,d).
trong d6 a, b, c, d 1a cac s6 thuc tuy y.

7. C6 thé xac dinh cac topd trén cac tap sd hiru ty, va vo ty dé
dugc hai khong gian t6pd dong phoi khong?

8. Hay tim hai vi du vé cac loai 4nh xa trén tuc dong nhung
khong mé, lién tuc mé nhung khong dong, lién tuc nhung dong
thoi khong dong va khong mo.
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9. Co ton tai hiy khong nhimng anh xa giita cac khong gian
topo thoa man dong thoi vira 1a 4nh xa dong vira 1a anh xa m&
nhung khong phai 1a anh xa lién tuc?

10. Gid su trén tap X da cho hai topd & va &, thod man ;
&, , biét rang (X, 71) 1a khong gian Hausdorff, chirng minh rang

a) Khong gian (X, &) cling 1a Hausdorff.

b) Néu A 1a tap con dong ciia X d6i v6i & thi A ciing dong
doi véi o>,

11.chocacanhxaf: A—>Y,g: X —> Y, véi Ac X. Anh xa
g duoc goi 1a mé rong (thac trién) ciia anh xa f1én X (hay ta con
no6i f'1a thu hep (han ché) cua g lén tap con A), néu véi moi x €
A ta c6 f(x) = g(x). Khi d6 ta s& viét = g|s.

Giasuf: X >Yvag: X —> Zlahaianhxa, Y c Z, ta n6i
rang anh xa f thu dugc tir 4nh xa g bang cach thu hep (han ché)
mién gia tri néu f(x) = g(x) (VX e X). Trong truong hop nay ta
cling n6i anh xa g thu duoc tir f bang cach mé rong mién gia tri.
Chtrng minh rang:

a) Thu hep cia mot anh xa lién tuc 1én khong gian topo con la
mot anh xa lién tuc.

b) Gia st f: X — Y la mét anh xa lién tuc gitta cac khong
gian topo Y, 1a khong gian top6 con ciia Y thod man f(X) c Y,
Thé thi anh xa g. X — Y thu dugc bang cach thu hep mién gia
tri cia f'la mot anh xa lién tuc

c) Gid st f: X > Y la anh xa lién tuc gitta cac khong gian
topo. Y la khong gian topo con cua Y,. Khi dé anh xa g : X —
Y, thu duogc tur £ bé’lng cach mé rong mién gia tri 1a mot anh xa
lién tuc.
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12. Cho f, g : X — Y la hai anh xa lién tuc tr khong gian
t6pd X vao khong gian topd Hausdorff Y. Ching minh rang: tap
A={xe X|f(x)=gx) } ladong.
13. Gia su f, g 1a hai ham lién tuc tr khong gian topd X vao
tap R v6i tong ty nhién.
a) Ching minh rang néu a € R thi 4nh xa: a.f : X > R, xéc
dinh bdi (a.f)(x) = a.f(x), véi moi x € X, 1a lién tuc.
b) Chirg minh rang 4nh xa: [fl: X - R, xé4c dinh boi [fl(x) =
[f(x)|, voi moi x € X, 1a lién tuc.
¢) Chimg minh rang cac anh xa: f + g, f- g, f.g : X - Rxac
dinh boi:
(t + 2)(x) = f(x) + g(x),
(- 2)x) = f(x) - gx),
(f.2)(x) = f(x).g(x),
v6i moi x s € X 1a lién tuc. Hon nita néu g(x) # 0 véi moi x
€ X thi anh xa 1/g cling lién tuc.
d) Céac anh xa: max(f, g), min(f, g) : X — R ciing lién tuc,

1 ) 1
trong d6 max(f, g) :E (f+ g +|f- g|), min(f,g) :E (f+g-|f-
gl B
14. Gia st R 1a tap s6 thuc vGi tong tu nhién, voi hai diém
tuy y
x,yeR, x=&, X, ..., %), Yy =5 Va5 ---, y,) dat:

d(x,y) = \/(xl —y )+ (X~ Y, e+ (X~ V)
Voibatky a €R" var €R gat: Bla, 1) = {x eR* | d(x, a) <1},
Tap B(a,r) duoc goi 14 hinh ciu mo tim a ban kinh r trong R®
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a) Chimg minh rang ho tit ca cac hinh ciu mé trong R® 1a co
sO cua topo nao do trén R".

b) Chimg minh rang topd tim duoc & trén chinh 1a topd
Euclid trén in.

¢) Chtng minh riang khong gian Euclid R" I3 khong gian topo
thoa man tién dé dém dugc thi hai, va 1a khong gian topo kha Ii.

15. Trong khong gian topd Euclid R, xét cac tap sau diy véi
topd cam sinh:

K =(-1, Dx(-1, D). (‘hinh vuong mo)

‘B ={x y) eR* [ +y* <1} (hinh tron mo)

S'={y) R X+ ¥ =1} (quong tron)

L={(x,y) eR*|x*=1,-1<y< 1} U{x, y)eR?|y*=1,

' -1<x<1}

a) Chimg minh rang: Cac khong gian topd K va B 1a dong
phoi.

b) Cac khong gian topd S' va L 1 dong phoi.

¢) Céc khong gian topd R* MO0} va S'xR cR’ 13 ddng phéi.

d) Hay xét xem anh xa f: [0, 1) — S', xac dinh béi:

f(t) = (cos2mt, sin2mt)

c6 1a phép dong phoi hay khong?

16. Cho X va Y la hai khong gian topo, f : XxY — Z 1a anh
xa tlr khong gian topo tich vao khong gian topd Z. Ta néi rang f

1a lién tuc ddi v6i bién x € X néu véi mdiyy € Y anhxa X — Z
(x > f(x,y0)) 1a lién tuc.

Twong tur ta n6i rang f 14 lién tuc ddi v6i bién y € Y néu voi
mdi xo € X anh xa Y = Z (y — f(xo, ¥)) 12 lién tuc. Néu f 1a
lién tuc theo bién x va bién y thi ta néi rang f lién tuc theo hai
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biénx vay.

a) Ching minh réng néu f1a anh xa lién tuc thi f lién tuc theo
hai bién x va y.

b) Hay chi ra vi dit ching t6 rang ton tai nhiing 4nh xa lién
tuc theo ca hai bién x va y, nhung khong phai la anh xa lién tuc.
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Chuong 4
KHONG GIAN COMPAC,
KHONG GIAN LIEN THONG

§ 1. KHONG GIAN COMPAC

Dinh nghia 4.1 Khong gian topo X dugc goi l1a khong gian
compic néu mdi phit mé bat ky ctia X ludn c6 phi con hiru han.
Tap con A cua khong gian topd X goi 13 tdp compic néu A 1a
khong gian compéc v6i tong cam sinh.

Vidu 4.1

1. Moi khong gian topd gém hiru han phan tir déu 1a khong
gian compac.

2. Khoéng gian top6 R(véi topd tu nhién) khong phai 1a
khong gian compic vi phit m¢ S = {0 Mlaen ¢ R khong c6
pht con hiru han nao.

3. Khong gian topd R, k) 13 khong gian compic.

Dinh nghia 4.2. Ho (7 = {F;}scs nhiing tap con cia khong
gian topd X duoc goi 1a ho c6 tAm néu giao cia mdi ho con hitu
han bét ky cua 7 1a khac rdng. Nehia la vi tap con hiru han bat
ky {sl,..,sk} cStaluonco (\E, #®

i-1

Dinh Iy 4.1. Khong gian topd X 1a compic néu va chi néu
mdi ho ¢6 tAm nhimg tap con dong bat ky ciia X déu co giao
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khac rong.
Chtng minh.

® (=) Gia sir X 1a khong gian compéc,F = {F,}scs 12 mot ho
c6 tam nhitng tap dong trong X. Ta chirng minh ﬂ E #¢
seS
That vay, gia st ngugc lai ﬂFS #¢ Khiddtacod:
seS
X=X\(ﬂFS) = ﬂ (X\F)
seS s=S
trong d6 ho { X \ F}scs 1a phtt m& ciia X. Do X 1a com pic ,
theo dinh nghia phu { X \ Fs}scs cia X c6 phu con hitu han ,

nghia 13 tén tai s1. .......... sp € Ssacgha LIX\E ) =X
X\N(EH)=X ﬂFSi =
Tur d6 suy ra =t vado do * Chtrng to ho

(7 khong phai 1a ho c6 tim. Mau thudn véi gia thiét, vay

(F =4

ses

® (<) Gia St moi ho c6 tdm cac tap dong trong X ludn co
giao khac rong, va gia sir {Us}ses 12 mot pha mo tuy y cia X.
Véimdis e S dit Fy= X\ U khi d6 F 1a tp dong véi Vs € S.
Ta co:

(E = () X\U)=X\(JUy=0.

seS s=S seS
Diéu nay chimg t6 ho {F}scs khong phai 13 ha c4 tAm nhitng
tap dong, do vay 3si,sz ....... sn € S.Sao cho [ |E, =@
Suy ra =
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OUSE = O(X\FSi) =X\(ﬁFsi)=X\Q)=X.
i=1 i=1

i=1
Nhu vay pht {Us}ses c6 pht con hitu han 1a {Uiji=1,2,...,n
}. Vay X 1a khong gian compic. [

Dinh Iy 4.2. Tap con A ctia khong gian t6pd X 1a compiac khi
va chi khi mdi phii mé bét ky ciia A trong X luén c6 mot phi
con hitru han.

Chtng minh.

® (=)Gia st A la tdp compic cua khong gian topd X,
{Ui}ier} 12 mot phit mé cua A, (cac Uj (; < 1) 1a cac tap mo trong
X), khi d6 céc tap Vi=U; N A la mé trong A va ta co:

Uv. = Jw,na) =(Ju)nA=A.

i€l i€l iel

Do A la tap compéc , theo dinh nghia suy ra ho {Vi}ki <1 €O
pht con hitu han, gia st dé la{v, :i=1,2, ...k}, (A= JV,)

i=1

khidotacoho { Us:1=1,2,.k)la pht con hitu han cta phu
{U; }i 1 d6i voi A trong X.

B (<) Gia st {Vi}i o1 12 mot phtt mo bét ky cua A, trong d6
V; 1a mé trong A véi moi i € 1. Theo dinh nghia khong gian con
, 3{U;j }i < 1 1a ho cac tap mo trong X thod man V; =U; N A ( Vi
el). Hién nhién ho {U; }i <1 la pht m& cua A trong X, theo gia
thiét ta ton dugc phu con hitu han { Ug |i=1, 2,..., n } cia phi
{Uj }i <1 nghia Ia

AclJu,.Tacs | v, =Jw,nay=anJu,)=A

i=I i=1 i=1 i=l

Vay A 1a tap compic. [
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H¢ qua. Tap con dong cua khong gian compéc 14 tp compic.

Chtng minh.

Gid str A 1a tap con dong trong X , va ho {Us } < s 1a mot phu
mé bat ky ctia A. Khi d6 ho {U; !, c s cling v6i tap X \ A 1a mot
phit m ciia X, vi X 1a khong gian compic nén X ¢6 pha con hitu
han, gia sir d6 1a X \ A, Uy ........ U, Khi @6 ho 1Us a1
mot phi con hitu han ciia A. Vay A 1a compic. [

Nhdn xét.

Tap con compic trong khong gian compic chwa chic di
dong. Vi du néu X 1a khong gian t6pd thd (co nhiéu hon mot
phan tir) khi d6 moi tap con ciia X déu 1a tap compic, nhung
khong phai 1a tap dong. [

Dinh Iy 4.3. Tap con compic trong khong gian Hausdorff 13
tap dong.

Chiing minh.

Gia st A 13 tap compic. Néu A = X thi hién nhién A 1a tap
dong.

NéuA# Xthi X\ A=@. Liy bitky x € X\ A. V&i mbi y
€ A ta co thé chon mdt l1an can mé Vy cuay sao cho x ¢ Vy. R0
rang ho {Vy }y c A 12 mot phit mé cua A, vi A 1a tap compic nén

oov=Uv,
ho trén c6 phu con hitu han.la Wy, i=l Pat =t . Taco
AcV,vix ¢ V.Viviy X\ V 14 lan can cta phan tir x thoa
min X\ V < X\ A. = x 1a diém trong ctia X \ A. Vi moi x € X
\ A déu la diém trong ciia X \ A nén X \ A 1a tdp mo. Vay A la
tap dong. [

Hé qud. Néu A 1a tdp con compic trong khong gian
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Hausdorff X va x € X \ A thi ton tai cac 1an can cia x va tap A
khong giao nhau.

Dinh ly 4.4. Cho X la khong gian top6 Hausdorff, A va B 1a
cac tap con compic khong giao nhau cia X. Khi d6 ton tai cac
lan can khong giao nhau ciia A va B. Do d6 méi khong gian
Hausdorff compic 13 khong gian chuén tic.

Chung minh.

Theo chimg minh ciia dinh 1y (4.3), véi mdi x € A ton tai cac

lan cdn mé Vyx cua x, va Uy cia B sao cho Uy N Vi = . Ho
{Vix}x e o la phti mé cua tdp A nén cg) phu con hitu han. Gia sur
d61ala { Ui sooosUsi }. Taco vV = UV va 12 1an cén cia A ,
va U=(JU, lalancancuaB.RérangUnN V=0 taco
diéu phéil_(l:hl'mg minh. [
Dinh Iy 4.5. Néu X 1a khong gian topd chinh quy, A 1a tip con
compéc va U 1a 14n can cia A thi ton tai 1an can V dong ctra A
sao cho Vc U

Chung minh.

Do X 1a chinh quy nén v6i moi x € A ton tai mot lan can mo

W, cua x sao cho W, cU Ho (Wx)xea 12 mot phi mé cua A.
Do A 1a tdp compic nén phii (W,)xea C6 phi con hitu han. Gia
str d6 1a Wy, ... Wy, thoaman A c | Jw, Pat V=UW,

i=t i=1

ro rang V la lan can dong cua AvaV c U. [
Dinh Iy 4.6. Anh ctia mot tp compic qua anh xa lién tuc ciing
12 mot tap compic.

Chting minh.
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Gia str A 1a mot tap compic trong khong gian topd X, f: X
— Y la 4nh xa lién tuc. Dat B = f(A). Gia su (Us)ses 1a mot phu
mé bit ky cua B. Vi A < £! (B) nén ho f'(Uy)ses 14 mot phit mo
cta A (do f'lién tyc). Vi A 1a khong gian compéc nén phu nady co6
phu con hu‘u han, nghia la tdn tai céac ch1 $b s ..., Sn € S 820
cho |Ac Uf '"(U)DDodd B=f(A)c UU vay {U JHala

=1

phu cta B, va d6 chinh 1a phi con hitu han cta phi (U)ses doi
v6i B. Vay B 1a tap compic. [

H¢ qua. Cho f: X — Y la song anh lién tuc tur khong gian
compic X 1én khong gian t6pd Hausdorff Y. Khi d6 f 1a phép
ddng phoi.

Chting minh.

Khi Y 1a khong gian Hausdorff va f 1a song anh ta c6 f'la anh
xa dong. That vay, gia su A la tap dong trong X. Khi do A 1a tap
compic (hé qua dinh 1y 4.2) suy ra tap f(A) 13 compic. Vi Y
Hausdorff nén f(A) 1a dong trong Y (dinh 1y 4.3).

Do vay ta c6 voi A 1a tap dong trong X thi (f')! (A) = f(A)
dong trong Y. Suy ra f' 13 lién tuc. Vay f1a phép dong phéi. [

Dinh Iy 4.7 Cho X 1a khong gian chinh quy compic, A 1a tap
compéc va U 1a 1an cin md cua A. Khi d6 ton tai trén X mot
ham f lién tuc 14y gia trj trén khoang don vi dong [0, 1] thoa
min f(x)=0néux € A, f(x)=1néux € X\U.

Chimg minh. Do X 1a khong gian chinh quy compéc nén X la
khong gian chuin tic (theo dinh 1y 4.4). Theo gia thiét A 1a
compic trong X nén A 1a tap dong trong X. Pat B=X\U. Vi U
la tdp mo chira A nén B 1a tdp dong thoa man A N B = . Theo
bd dé Urison ta c6 diéu phai chimg minh. []
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Dinh Iy 4.8. Tong tryc tiép @ X, cua mot ho khong gian

seS
topd {X,}ses 12 compac khi va chi khi S 1a hiru han va Xs la
compéc véimoi s € S.
Chting minh.

B Gia st GBS X, la khong gian compéc. Khi d6 hién nhién S

la tap htru han, vi néu S 13 vo han thi ho {Xs}ses 1a mot phu mo

vO han cia @ X ho nay khong c¢6 phu con hitu han nao (do cac
seS

Xs do1 mot khong giao nhau). Do X 1a tap dong trong khong
gian compic @ X, = X latap Compéc véi moi s € S.

seS
" Gia str X.,... , Xu 14 cac khong gian com péac khong giao
nhau timg d6i mot, S= { 1, 2,..., n }. ta chirng minh tong truc
tiép @ X, la khong gian compic.

seS

Gia st {Ui}icr 1a mot pht mo bat ky cua GBSXS Khi dé { Xsn

Uilier 1a mot pha mo ctia X(1 < s <n), do d6 tir X, 1a compic
nén ton tai mot phu con hitu han cua {Ui}ic; pht X Do s chi
nhan mot s6 hitu han gia tri, nén c6 mot phu con hiru han cta

{Ui}ie1 phu GBS X, vay GBS X, la khong gian compéc. [

Dinh Iy 4.9. Cho ho khong gian topd {X}ses. Tich Dé cac
HX . 1a khong gian compac khi va chi khi X, la khong gian

seS

compic voi mot s € S.
Chirng minh.
B (=) Giasu HX . la khong gian compac véi topo tich,

sesS
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do p; 14 4nh xa lién tyc véi moi t € S, nén X; = Pt(HXs ) la
seS

khong gian compic véi moit € S.

" (<) Gia st (X,, Fy) 1a cac khong gian topd compic (vSi
moi s € S) Ta chirng minh HX , 1a khong gian compic. Gia sir

seS
# 13 ho bat ky nhitng tip con dong co tdm trong HX .. Ta
seS

chtmg minh ho # c6 giao khac rong.

That vay theo bd dé Zooc tdn tai mdt ho 6 tim cuc dai %,
chia # trong [[X,. Taco [JA=[)AD[) A Tasé ching

seS AsR AceR AeRg

minh ﬂ A+

ARy

Do tinh cuc dai cua %, ta co :
. B=A R,
a) Néu Aj,..., An € & thi =l

b) Néu Ap € [ ] X, thoa man Ag N A = D (VA emy ) thi A

seS

€ Ry.

Vi g 13 ho c6 tim nén Vs e S ta o {Ps(A) b acws 13 ho co
tm nhimg tap con déng cua X = (Vs€5) [ n(A) # O (X,

AE%O

(vi X 1a khong gian compic, moi ho c6 tim nhiing tap con dong
déu c6 giao khéc rdng).
V6imbi s € S lay mot phan tir *s € AQ P(A) ¢y ching minh
=Ry

Kkhi d6 d6 X=(X)ses€ A, (VA€ R,)
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That vay gia st V 13 mot 1an cdn mo bat ky cta x, khi d6 ton
tai cac lan can mo W; , W, ........ W,, cla cac diém xg, X
........ Xsm la trong céc khong gian tuong u’ng Xsty Xs2 wevvve-Xsm
sao cho ﬂp;‘(W)c VvV .ViTe S ,Qo P, nén véi moi A €

i=1 -1
P (WoNAZO ..

R, 1€ {1,2,.m},cOWiNpsi; (A)= I =

. , £ , TWHYe § L .
moi A€ #. Do tinh chat b) ciia #, suy ra P, (W)e R, v&1 moi

i € {1,2,..m}. Do tinh chita)tacé [ |p;(W;)eR,. Do d6 véi

i=1

moi Ae # ta c mp;'(wi)ﬂA:t(b = VNA=#+QTidosuy ra

e me A
X_(XS)SESGA (VAE%o) Suyra ﬂ :#(D Vﬁy HXv la

AR
seS

khong gian compic. (]

Dinh Iy 4.10. Khoang déng [a, b] € (R, &) 1a tap compic.

Chung minh.

Gia str {Us}ses 13 mot phu mo bat ky trong R cua doan [a,b].
Goi A 1a tap tit ca cac diém ¢ € [a, b] thoa man [a, ¢] ndm trong
hop cta mét sb hitu han cac phan tir ctia pht {Ug}scs. Ta ching
minh b € A.

Hién nhién A # @ via € A. Vi A 1a tap gidi noi trong R nén
A ¢06 can trén ding d = sup A < b, (vi A c [a, b]). Ta chiing
minh d =b.

Tén tai tip mé Uy € {U,}sesthoa min d € Uy, khi d6 t6n tai
0 >0 thoa man (d - 8, d + 0) < Uy . Vi d = supA, nén ton tai
phan tr x € A sao cho x € (d - 8, d]. Theo cach xéac dinh cua tap
A, ta c6 [a, x] duoc phit boi mot sé hitu han cac phan tir ctia phu
{Us}ses gia str cac phan tir d6 1a: {U;, Ug, .....Ugq). Khi d6
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{Uso, Us1, Uga .....Ugn} 12 mot phu hitu han cua doan [a, d] = d
€ A.

Gid st d <b, theo trén trong doan [a, b] ton tai ye(d,d+9)
c (d - 8, d+ &) c Uy, nghia 14 [a, y] dugc pht béi mot sd hiru
han cac phan tr {Ug, Ugi, Ug ..... Ug} ctia phit {Uslges, = y €
A. Piéu ndy mau thun véi d = supA. Vay d=b. [|

Dinh nghia 4.3. Tap con A cta khong gian Euclid R"dugc
goi 12 gi6i ndi néu ton tai khoang dong J = [a, b] sao cho A < J".

Anh xa f: X —» R(tir khong gian top6 X dén tap sb thuc R)
duogc goi 1a gidi ndi néu f(X) 1a gidi ndi trong R.

H¢ qud. Tap con cua khong gian Euclid n chiéu R*1a compéc
khi va chi khi n6 dong va gidi noi.

Chtng minh.

" (=)Gia sir A 1a tap compic trong R*. Do R* 1a khong
gian métric nén no6 l1a khong gian topd Hausdorff = A 1a tap
dong trong R* (theo dinh 1y 4.3). V&i mdi s6 tu nhién i€ N dit
M; = (-, i), va dat Ui =M", khi d6 ho 1Uilien 1a mot pht mo
cua A,do Ala compéc nén c6 phu con htru han, hon nira do U;
c Ui+ (Vi e N) nén ton tai ip @& A < Uyp. Pat J = [-i, ig], hién
nhién A < J"viy A la tap gi6i ndi trong R".

® (<) Néu tap con A cua khong gian Euciid R" 1a dong va
gidi noi, ton tai khoang dong J = [a, b] sao cho A  J": Theo cac
dinh 1y (4.9) va (4.10) ta c6 J" 1a tap compéc, vi A dong trong J"
nén A la compéc. [
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§2. KHONG GIAN COMPAC PIA PHUONG

Dinh nghia 4.4. Khong gian topd X duoc goi 1a compic dia
phuong néu véi moi x e X, ton tai 1an can U cua x sao cho U la
tap compic.

Vidu 4.2

a) Néu X 1a khong gian compic thi X compic dia phuong.

b) Néu X 1a khong gian topd rdi rac thi X compic dia
phuong.

¢) R* 1a khong gian compéc dia phuong.

Dinh Iy 4.11 Khong gian compic dia phuong Hausdorff 1a
hoan toan chinh quy.

Chtrng minh.

Gia str X 1a khong gian compéc dia phuong Hausdorff. Lay
tuy v F 1a tap dong trong X va x € X \ F. Goi U la lan can mé
ctia x sao cho U compic. Taco: F,=( U \U)u (U nF)la
tap dong trong X = F, dong trong U théa man x € U\ Fy. Vi
U 1a compac Hausdorff nén U 1a chuén tic (dinh Iy 4.4) = U
hoan toan chinh qui. Do do, tdn tai ham lién tuc fi: U = I sao
cho fi(x) =0, fi(y) =1 (Vy = F)). Goi f: X\ U — I 1a ham
duoc xac dinh boi: fr(y) = 1 (Vy € X \ U). Hién nhién f; lién
tuc.Ta xac dinh ham f: X — I nhu sau:

f(y)z{fl(y) khi yeU
L) khiyeX\U
Do U Nn(X\U)= U \UcF, suy ra fi(y) = 1 = fi(y), véi
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moiy € U m (X \U). Cho nén f1a mot 4nh xa. Ta chirng minh
flién tuc:

Gia sir A 1a tap dong bat ky trong I = f;'(A) déng trong U.
fi''(A) dong trong X \ U = fi''(A), fz'l(A)déng trong X (vi U va
X\ U déng trong X) = U =f;(A) U £, (A) 1a tap déng trong
X. Vay f'la anh xa lién tuc.

D@ thay f(x) = 0, fly) = 1 (Vy e F). Vay X 1a khong gian
hoan toan chinh quy. [

Dinh Iy 4.12. Gia sir X 1a khong gian compéc dia phuong
Hausaorff, A 1a tap compéc cua X, V la tap mo chira A. Khi do,
tdn tai tap m¢ U sao cho U la tap compéc viAcUc U cV.

Chirng minh.

Véimoiy € A, tn tai 14n can m& V, cta y sao cho Vy 1a tap
compic trong X. Vi X chinh quy nén ton tai lan can mo Wy cua
y sao cho W, cV, Tap Uy = Vy N Wy 1a mot 1an can cua y. Do

Uyc Vynén Uy la compic. Ta c6 ho {Uy}ye a 12 mot phu mo
, acJu,
cua tap compéc A = 3yi,..., yn € A sao cho i=1

Taco U= UU : 12 tAp mo chta A thoa man U compic

trong X, boi vi U= UUyI , trong do moi UY: compac trong X, i
=1, B .
Hon ana U= Uin - Uin C VDiéu phai ching minh. [
i=1 i=1
Dinh ly 4.13.
a) Khong gian con déng cuia mot khong gian compic dia
phuong 1a compic dia phuong.

140



www.VNMATH.com

b) Khong gian con mé ctia mot khong gian compic dia
phuong Hausdorff 1a compéc dia phuong.

Chtng minh.

a) Gia sir X compic dia phuong, M 13 khong gian con déng
cua X.

Khi d6 v&i moi x € M tdn tai mot 1an can U cua x sao cho U

1a tap compac trong X. Ta c6 tap M M U 1a lan can ciia x trong

M, va MNUy=MNU NM. (dinh 1y 3.1 7), = MO U 13 t3p

dong trong X vi MNUy 13 tap con déng ciia tap compac U nén

theo hé qua dinh 1y (4.2) ta c6 MNUy 13 tap Compéc.

b) Gia st X la khong gian topd compic dia phuong
Hausdorff, M 1a khong gian con mé cia X. Khi d6 véi moi x €
M, t6n tai tdp md U trong X sao cho U compic trong X va thoa
min x € Uc U < M (4p dung dinh 1y 4.12 véi A = {x}). Do
d6 M 1a tap compic dja phuong [

Dinh Iy 4.14. Tong truc tiép g X, cua mot ho {X}ses khong

gian topd 1a khong gian compic dia phuong < véi moi s € S,
khong gian topd X; 1a compic dia phuong.

Chtng minh.

® Gia st @S X, 14 khong gian compic dia phuong. Vi X la

khong gian con dong cua @s X,, Vs € S, nén X; la compic dia

phuong.
" Gia sir X, 1a khong gian compéc dia phuong, Vs € S. Liy
twy y x € ®X,. Khi d6 ton tai so € S dé x € Xq. Vi X
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compéc dia phuong nén ton tai 1an can U cua x trong X5y sao
cho U compic trong Xy ( U 13 bao dong trong Xy cua U). Vi
Xs0 vira mo, vira dong trong G—)S X, nén U 1a lan cén clia x trong
DX, va U la bao dong trong ®X, cia U. Vay ®X, la
compic dia phuong. [

Dinh Iy 4.15 Tich Dé cac HX . cua mot ho khong gian topo

seS
{Xs}ses 1 khong gian compic dia phuong néu va chi néu chi c¢6
mot s6 hitu han ciac khong gian Xy ..... Xy 12 compéc dia
phuong va cac khong gian khac con lai déu 1a compac.
chuing minh.
" (=)Giasu HX . 1a Compic dia phuong. Lay tlily y x =

seS

{Xs}ses EHXS . Khi d6 tén tai lan can U cua x sao cho U

seS

compéc trong HXS = ton tai tap HWS trong do W 1a lan

seS seS
can md cua X, trong X Wy # X chi véi mot s6 hitu han s € {s;
»er s Sn} S, sao cho l_IWS c U (Pinh 1y 3.20) st = st cU

seS se$ se8

Pinh Iy 3.21) HWS 1a tap Compic trong HXS = (Vs € 9).

seS seS
W, 1a compic trong Xs (Dinh 1y 4.9). Vi W, = X, véi mois € S\
{S1,..., Sn}, nén X la compéc véimois € S\ {s;,..,s € S. Cac
kh 6ng gian X ..... Xsn 12 compéc dia phuong boi vi véi moi Xg;
€ X, (1<1<n), tdn tai lan can W cua X s ao cho V_Vsi compéc
trong X;.
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B Gia Su Xg oeennn... Xsn 12 céc khong gian compéc dia
phuong, X; 1a khong gian compédc véi mois € S\ { s ,..., Su}
Liy x= {X}ses € [ [ X, . Khi d6 v6i moi i, 1 <i <n, ton tai lan

seS

can Wy cua X sao cho W compac trong Xg. Ta c6 tap U =

HXS trong d6 Wy =X Vs € S\ {sy,..., Su}, 12 1an can cua x

seS

trong khong gian HXS ,vataco U = HWS 1a tap compic

seS seS

trong HXS , do do HXS 1a Compéc dia phuong. [

seS seS

§3. COMPAC HOA

Dinh nghia 4.5 Gia st X 1a khong gian t6p6 khong compic,
Y 1a khong gian t6pd compic, ¢ 1a phép nhiing dong phdi X vio
Y sao cho @(x) tru mat trong Y. Khi do cap (Y, ¢) dugc goi la
mot compic hoa cia X.

Compéc hoa boi mot diém caa khong gian khong compic
dugc dinh nghia nhu sau: gid st X la khong gian topd khong
compic, N 1a diém khong thudc X (o0 ¢ X), dit X = X U {0} ,
trang bi cho X topd & duoc xac dinh nhu sau:

" NéuGc X vaw ¢ G, thi G € < G mo trong X.

" NéeuGc X viwe G thiGege X \G latap dong,
compic trong X.
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Nhan xét.

a) (X , @) la khong gian topd va X la khong gian con cia
(X ,9),

b) Phép nhung i: X — X (i(x) = x, véi moi x € X) la phép

nhing dong phoi tir X vao X .

Dinh Iy 4.16. Cip ( X ,i) 1a mdt compic hoa ctia X.

Chirng minh.

Ta chimg minh X 1 compac va X tri mat trong X . Gia sir
{Us}ses 12 mot phtt mo ctia X . Khi d6 ton tai so € S sao cho w0 €

Uso. Do va X \ U 1a té&dﬁm&pmnéﬂrong X, nén ton tai si,
LJU,ii D )—(\Uso {Usi -t la
i=1

............ Sn» € S sao cho vay ho
mot phu con hitu han cua {Us}ses ddivei X = X compéc.

Gia sir U 1a mot 1an can ma bat ky ctia phan tir oo trong khong
gian t6pd X . Do o € Unén X \ U la tap dong compic trong X,
do X khong 1 compic. nén X\ U # X, suy ra U N X = &. Vay
diém oo 1a diém gi6i han cta X. Vay X 1a tap tri mat trong X. [J

Cap (X 1) duogc goi la compéc hoa boi mot diém hodc
compic hoa Aléchxandrdp cua X.

Nhdn xét.

Moi khéng gian khéng compic bat ky déu c6 compac hoa boi
mot diém.

Dinh Iy 4.17 Compac hoa boi mot diém X 1a khong gian
Hausdorff khi. va chi khi X 14 khong gian compic dia phuong
Hausdorff

Chirng minh.

Gia sir X 1a khong gian compic Hausdorff. Khi d6: X =
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X \{oo} 1a khong gian con mé cia X = X compic dia phuong
Hausdorff

" Nguoc lai, gia sir X 1a khong gian compic dia phuong

Hausdorff. Léy tuy v X1,X2 € X, X| # X2, Néu X1,X2 € X thi tdn
tai cac tap mo U, V 1a 1an can mé cua x; va x; trong X, (x; € U,
X3 € V), thoa man U NV = & (do X 1a Hausdorff. Theo cach
xay dung topd trong X , ta c6 U va V clng 13 tip mo trong X .
Néu mot trong hai diém x, x 14 oo, chéng han x, = oo, thi tdn tai
lan can U trong X cta x; sao cho U compéc trong X (do X
compic dia phuong). Theo cach xay dung topd trong X, X\ U
=V la mé trong X. Nhu vdy, U va V 1a 2 1an can khong giao
nhau trong X cia X;, Xo, VAy X 1a khong gian compic dia
phuong Hausdorff. [
Vidu 4.3

Gia str € 1a khong gian cac s phuc. € 1a khong gian compic
dia phuong Hausdorff. Tap € = € U { oo} véi topd x4c dinh nhu
trén, cung voi phép nhing i : € — C la compac hod boi mot
diém cta €. Ta goi C 1a mit phing déng, € 1a mit phing mé. €
1a khong gian compac Hausdorff. Hon nita, ta cé: C dong phoi
véi métcﬁu‘sz {(&n, Q) eRE+n*+ 2 =(}

That vay trong R*ta léy hé truc toa do Pécac vudng goc &, n,
¢ trong d6 hai truc &, n trung vai truc Ox, Oy ctua C.
Mét cau S co ,dué)’pg kinh bang 1 tiép xtc voi mat phang xOy tai
goc toa do. Lay bat ky M(x, y) € €. Goi Z = (&, n, ) la giao
diém cua mat cu S voi duong thang noi diem A(0, 0, 1) va
diém M.
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ZntuMeC

L~ \ 7 , . o M) =
Goi ¢ : € — S la anh xa xac dinh bagi: ¢ (M) {Ané’uM:oo

Khi d6 ¢ 1a mot song anh va véi bat ky M(x, v) € € ta co:

_ - R
(M) = (&, n, ) trong 46 & 3 N 12 1y?

1+x*+y?

2 2

- _f_j_y.“vé; o) =
1+x" +y°

Nghia 12 ¢”'(€, n, §) = M(x, y), néu (§, 1, §) # (0, 0, 1) = A,
trong dox = Y = N Cac anh Xxa @ va (p'l lién tuc, cho

¢ T e
nén ¢ 1a phép dong phoi tir C IénS.

MnéuZ+A

conéuZ=A
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§4. KHONG GIAN LIEN THONG

Dinh nghia 4.6 Khong gian topd X duoc goi 1a lién thong
néu khong ton tai cac tap mo khac réng A va B trong X sao cho
ANnB=Y,X=AUB.

Nhdn xét.

® Khoéng gian X 1a lién théng néu va chi néu khong ton tai
mot tp con thuc sy A # & vira dong vira mé cua X.

Dinh nghia 4.7 Tap con M cua khong gian topd X dugc goi
1a tap lién thong néu M clng vé6i topd cam sinh 1a khong gian
lién thong.

Nhin xét.

® Téap M cta khong gian topd X la lién thong khi va chi khi
khong ton tai cac tdp md A, B trong X sao cho :

ANnMz0,BnMz8, AnBAnM=J,Mc AuB. (¥
Chtng minh.

® (=) Gia st nguoc lai, nghia 13 ton tai cac tp con A, B

X théa méan diéu kién (*) ¢ trén. Khid6 U=A "M, V=B N
M, 1a cac tap mé khac rong trong M thoaman U "'V =A N B
N"M= 3, UuV=AnM)uBNAM)=Mn (AuB)=M.
Vay M khéng 14 tap lién thong (trai gia thiét).

" (<) Gia sir tap M khong tién thong, khi d6 ton tai hai tap
mo khac réng U va V trong M théaman U NV =T, M=U U
V = ton tai hai tdp mo khac réng A va B trong X théa mén U =
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ANM,V=BN"nM=>AnM=g, BN M=F AnBnM=
@, M c A U B. Mau thuin véi gia thiét. [

Dinh Iy 4.18. Néu trong khong gian topd X co6 mot tap lién
thong tru mat M, thi X 1a khong gian lién thong.

Chtng minh.

Gia sir khong gian top6 X khong lién thong. Khi do ton tai
hai tdp m& A, B khéc rong sao cho A " B =, X = A U B. Vi
M tru mat trong X, chonén ANnM=J, BN M=U. Taco AN
BN M=, Mc A U B suy ra M khong phai 1 lién thong, diéu
nay trai voi gia thiét. Vay X lién thong, (]

H¢ qud. Gia st A 1a lién thong ciia X, Ac B < 4. Khi do B
1a tap lién thong.

Chung minh.

Vi A la tap lién thong tru mat cia khong gian B nén B lién
thong. [

Dinh ly 4.19. Hop cua mét ho tuy y nhitng tap con lién thong
c6 giao khac rong trong X 1a mot tap lién thong cua X.

Chtng minh.

Gid st {M}ses 1a mdt ho cac tap con lién thong cia X thoa
man [ )M:# @ nhumg M =UM: khong 1a tap lién thong. Khi o,
t6n tai hai tip md A, B X sao cho: AN Mz &, BN M = &,
ANBANM=03,Mc AU B. Ly tiy XEQM“ Vix e M
nén x thudc mot trong hai tdp A, B. Gidsux € A. TacoBn M
= =3spe Ssaocho BN Mgo=3, x € A N\ Mgy = A N Mg
=, hon nita ta c6 A N B N Mgy = . Va Mgo < A U B. Vay
Mg khong lién théng. Mau thuin véi gia thiét. Vay tap M 1a lién
thong. [

148



www.VNMATH.com

H¢ qua 1. Gia st véi moi x, y € X ludn ton tai tap lién thong
chtra x va y Khi d6 khong gian top6 X 1a 1ién thong.

Chung minh.

Lay bat ky a € X, khi d6 voi moi x € X theo gia thiét ton tai
tap lién thong C, chtraa va x. Via € ﬂCx nén X = ﬂCx lién

xeX xeX
théng. [

H¢ qud 2. Gia st A, B c X, B la tap lién thong. Néu B ¢6
diém chung v&i A va véi X\A, thi B ¢6 diém chung véi bién clia
tap A 1a b(A).

Chirng minh.

Giast BN bA)=J,taco BNb(X\A)=.nghiala B c
A’ U (X \ A, vi B ¢6 diém chung v6i A va X\ A nén: B N A°
#@. VaB N (X\A) % J. Do A’ va (X\A) 1a cac tap mo
khong giao nhau nén theo nhédn xét trén tdp B la khong lién
thong (mau thuin voi gia thiét). [

H¢ qud 3. Moi tap con thuc su, khac & ctia khong gian lién
thong déu co it nhat mot diém bién.

Chiing minh.

Gia sir X la khong gian topd lién thong, A < X, A # J, A #
X.

Khi d6 v6i B = X, 18 rang B ¢6 giao khac rdng voi A va X\A,
vi B 1a tap lién thong theo nhan xét trén ta c6 b(A) = J. [

Dinh Iy 4.20. Anh ciia mot tap lién thong qua anh xa lién tuc
la tap lién thong.

Chiing minh.

Gia sir f: X — Y 13 4nh xa lién tuc Lr khong gian topd X dén
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khong gian topd Y, A 1a tap lién thong trong X. Ta chung minh
B = f(A) la tap lién thong trong Y. Gia st B 1a tdp khong lién
thong. Khi d6 topo tai hai tap mé M, N khac & sao cho M N B
O NNBO MNNNB=U,BcMuU N. Do fla anh xa
lién tyc nén f 1am va f'(N) 1a nhiing tap mo trong X, rd rang
"M NA=B. N NA=D, M N FIN)NA=TvaA
c £'(M) U £'(N) (mau thuin véi A lién thong). Vay f(A) =B la
tap lién thong. [

Dinh ly 4.21. X khong 1a khong gian lién thong khi va chi khi
t6n tai toan anh lién tuc f: X — Y, trong d6 Y 1a khong gian
topd roi rac 6 it nhét 2 phan tu.

Chtng minh.

® (=) Gia su khong gian topd X khong la khong gian lién
thong. Khi d6 A, B 1a cac tap md khac & trong X sao cho A N
B=, X =AUB. Goi Y la khong gian roi rac gdm hai phan tir
a, b. Khi d6 ta c6 anh xa f: X — Y dugc xac dinh bdi : f(x) = a,
(Vx € A), va f(y) = b (Vy € B), l1a mot toan anh lién tuc, theo
dinh ly (4.20)

® (<) Gia sir 3 toan anh lién tuc f: X —» Y, trong d6 Y la
mot khong gian roi rac ¢6 it nhét hai phan tir. Khi d6 X khong 1a
khong gian lién thong, béi vi néu X lién thong thi theo dinh ly
(4.20), Y lién thong, mau thuin voi gia thiét Y 1a khong gian roi
rac. [J

Dinh ly 4.22.

a) Tich Dé cac HXS cua mot ho khong gian lién thong

seS

{Xs}s es 1a lién thong.
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b) Néu tich Dé cac HX . lién thong thi khong gian X, 1a lién

seS
thong (Vs € S).
Chung minh.
a) Gia su X, lién thong (Vs € S), nhung khong gian
tichHX . khong la khong gian lién thong. Khi do Jtoan anh

seS

lién tuc f: HX . — Y, trong d6 Y la khong gian roi rac co it

seS

nhét 2 phan tir (dinh 1y 4.21 ). Ly a = (as)s s € [ [ X, . Vi bat

seS

ky So € S, goi Jo : Xso = [ [ X, 1a 4nh xa xac dinh boi jy (xs0)

seS
=X = (Xs)ses trong do: - {Xso néus =s,
a, néus#s,

Khi d6 anh xa tich fy = fjs : Xso > Y 1a lién tuc, boi vi
phép nhung js va f déu lién tuc. Do Xy lién thong cho nén (theo
dinh 1y 4.20) ta c6 f50(Xs0) 1a tap lién thong = f 12 4nh xa hﬁng.
Nhu vay f(x) = f(a) v61 moi X = (Xs)ses Ma X5 = a5 (Vs # s0).

Bang quy nap ta c6 f(x) = f(a) vi moi X = (X¢)ses MA X, = a;
véimoi s € S trir ra mot s hitu han phan tir cua S. Tap A gom
cac diém x nhu vay 13 tri mat trong X. That vay gia st U 1a tap

mo khac r5ng trong X, khi do6 ton tai mot tap HX ., U, trong
seS

d6 moi Wy 1a tip mo trong Xs, Wy = X (Vs € S\ {s,...,s0}).
Piém x = (X¢)ses VOi X € Wi (1 <i<n)vax,=a,, (Vs & {s
,--Su) la diém chung cua U va A. Vay A tru méat trong X.Vi Y
la khong gian Hausdorff, A tru mat trong X, va f lién tuc thoa
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man f(x) = f(a), (Vx € A), do d6 f(x) = f(a) (Vx € X). Piéu nay
khong thé xay ra, vi f toan anh tir X 1én Y ¢6 it nhat 2 phan tir.
b) Phép chiéu: p; : HX . — X la toan anh lién tuc (Vs € S).

seS

Vivay, néu [ [ X, 1alién thong, thi X; lién thong. [

seS

Dinh ly 4.23. Khong gian thuong ciia mot khong gian lién
thong 1a lién thong.

Chtng minh.

Gia str X lién thong, ® 1a mdt quan hé twong duong trén X.
Vi 4nh xa thuong p : X — X/®R 1a toan anh lién tuc dbi voi topd
thuong nén X/R lién thong. [

Nhan xét.

Vé6i x € X hop ciia tit ca cac tap lién thong trong X chua
phan tir x ciing lién thong. D6 1a tap lién thong 16n nhat trong X
chua x.

Dinh nghia 4.8. Tap lién théng 16n nhét trong khong gian X
chtra phan tir x € X duogc goi 14 thanh phan lién thong ciia diém
X.

Néu x € A c X thi thanh phan lién théng cta x trong khong
gian con A dugc goi 1a thanh phan lién théng cta x trong A.

Nhdn xét.

® Néu X la khong gian lién thong thi X 1 thanh phan lién

thong ctia mdi diém thude né.

® Néu tdp A vira mo vira dong trong X, thi A chira cac thanh
phan lién thong trong X ctia mdi diém thudc A.
That vay, 1y tiy ¥ x € A, gia st C 1a thanh phan lién thong
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cua x trong X thod man C ¢ A, khi d6 A n C 1a tap con thyc su,
khac & vira dong, vira mé trong khong gian con C cua X. Diéu
nay khong thé xay ra vi C lién thong.

® Thanh phan lién thong ctia mdi diém x nam trong giao ciia
tat ca cac tap vira mo vira dong chirc x.

Dinh ly4.24. Trong khong gian topd X ta co:

a) Thanh phan lién thong ctia mdi diém 1a tap dong.

b) Quan h¢ hai ng6i R trén X xac dinh bdi : "yRx < y thudc
thanh phan lién thong C," ciia diém x 1a mot quan hé twong
duong trong X. Mdi thanh phan lién thong ciia mot diém trong
X 1a mot 16p twong duong cua quan h¢ R

Chiing minh.

a) Goi C, 1a thanh phan lién théng cua diém x € X , khi 46
Cx lién thong. Tir dinh nghia & = € x =G vay C, 1a tap dong.

b) Hién nhién ® 1a phan xa va ddi xtmg. Ta chirng minh quan
hé ® 1a bic cau. Gia st x, y,z € X, yRx va zRy, tuc lay € C
va'ze Cy. Tordotacoy e Cy N Cy = Cx U Cy la tap lién thong
=>CGuUulG=Ci=>ze C=zRx

R rang thanh phan lién théng cua x 1 16p tuong duong chira
X. [

Dinh Iy 4.25 Trong tich Dé cac HX . cua mot ho cac khong

seS
gian topd {Xs}ses thanh ph'?ln lién thong cua diém x = {Xs}ses €
HX . 1a tich Pécac HCS clia cic thanh phan lién théng C
seS seS
cua diém xq trong X,
Chung minh.
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Theo dinh ly (4.22) ta co HCS la tdp lién thong chra x

seS

trong khong gian topo HX . . Mt khac néu A 13 tap lién thong

seS

trong HX . chua x thi py(A) 1a tap lién thong trong X chira x,

seS

(Vs € S), vi phép chiéu p; : HXS — X 1a anh xa lién tuc. Do

seS

d6 p(A) = C, Vs € S,vavivady Acn [[C, = []C, latap

seS seS

lién thong 16n nhat trong [ [ X, chira x. Vay []C, 1a thanh

seS seS
phan lién thong ctia x. [

Dinh Iy 4.26. Tap cac sb thuc Rvoi tong ty nhién 13 mot
khong gian hon thong.

Chtng minh:

Gia st IR khong lién thong. Khi d6 trong R t6n tai mot tap
con thyc sy khac &, vira dong vira mo A = Jr € R\A. Hién
nhién A c (-, 1) U (1, +0). Pat B=A N (-0, 1), C = A N (T,
+00). Taco A=B U C (vi A # D).

Néu B # @, ta c¢6 tap B bi chin trén bai sb r cho nén ¢o can
trén dang b = supB < r. Tir d6 suy ra ton tai day {Xbuen = B sao
cho ,EI_IB % =b i {XJeen cling 1a mot ddy cua tap dong A cho
nénb € A. Do do, b <rvanhuvayb e B.

Vi B 1a tdp mo trong R cho nén 3¢ > 0 sao cho (b-¢,b + ¢)

C B, (b+¢&<r). S6 thuc x = (b + %)lém@tphént&cﬁa.BVéx

>b. Diéu nay khong thé xdy ra vi b 1a can trén cua B.
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Truong hop B = & kéo theo C # I, ta cling chimg minh mot
cach tuong tu. Vay khong gian topd R lién thong. [

Nhan xét.

® Khong gian Euclid R" 1a khong gian lién thong.

® MJi khoang mé bat ky trong R 1a lién thong.

® Mbi khoang dong hodc nira dong trong R 1a lién thong.

Dinh Iy 4.27 Néu tap A lién thong trong 1& thi A 1a mot
khoang.

Ta hiéu khoang & day 1a khoang mé, hodc dong hodc nira
doéng ntra mo.

Chiing minh.

Ta chi can ching minh réng néua,be A,a<bthiA> [a,
b]. Gid sir 3c ¢ A sao choa <c <b. Khidé B = (-0, c)vaC=
(c, 0)motrongR, BNC=F.BNnA=zTJ,CNnA #TAcCB
U C. Suy ra A khong lién thong (mau thudn véi gia thiét). [

Ta ching minh mdt mé rong cua dinh ly Bonzano - Cosi
trong giai tich co dién.

Dinh ly 4.28. Gia st f : X — (R 1a ham lién tyc trén khong
gian lién thong X, a, b € X, f(a) < f(b). Khi d6 v&1 moi C €
[f(a), f(b)], ton tai ¢ € X sao cho f(c) = C.

Chtrng minh.

X lién thong suy ra f(x) lién thong trong R, (dinh ly 4.20) =
f(X) 1a mét khoang (dinh 1y 4.27) = [f(a), f(b)] c f(X) = C €
f(X) = Jc € X thoa man f(c) = C. []

Mot truong hop riéng cua khong gian lién thong la khong
gian lién thong cung.
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Dinh nghia 4.9. Khong gian topd X dugc goi 1a lién thong
cung, néu véi moi a, b € X, ludn ton tai 4nh xa f : [0,1] > X
lién tuc sao cho f(0) =a, f(1) =b.

Anh xa f dugc goi la cung ndi hai diém a va b, a dugc goi la
diém dau, b duoc goi la diém cudi cua cung.

Nhdn xét.

a) Néu khong gian topo X 14 lién théng cung thi X lién thong.

That vay, do [0, 1] 1a tap lién thong trong R, va 4nh xa flién
tuc nén tap fJ0,1], 14 1a lién thong trong X. Tap lién thong nay
chtra moi cap diém a, b € X. Khi ¢b dinh diém a, cho b chay
khép X, du anh xa f co6 thay ddi nhung van ludn ton tai mot tap
lién thong chua cap diém do. Vay X 1a hop cua mdt ho céac tap
lién thong trong X c6 giao khac rong. Vay X la khong gian lién
thong.

b) Mot khong gian lién thong chwa chic da lién thong cung.

¢) Gia sir X 1a khong gian topd, A < X khi d6, mot cung bat
ky néi diém a € A véi diém b e (X\A)" 4t phai cét bién ban cua
A. Ta ndi cung f: [0, 1] — X cit bao néu £ ([0, 1]) N b(A) = .

BAI TAP
1. Chimg minh ring:
a) Hop cua hai tdp compic trong khong gian topd 13 tap
compic.
b) Néu U 1a tap con mé va A 13 tip compéac trong khong gian
t6pd X thi A \ U 1a tap compic.
¢) Giao ctia mot ho bat ky nhing tap con déng compic trong
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khong gian topd X 1a mot tap dong compic.

d) Cho khéng gian t6pd X, A ¢ B < X. Ching minh rang
néu B 1a tap compic thi A ciing la tdp compic.

2. Hiy cho vi du chimg té giao cua hai tdp compic trong
khong gian topd chua chic 1a tip compic.

3. Chimg minh riang khoang mé (a, b) trong khong gian topd

(R, P khong phai 1a tap compéc.

4. Trong khong gian top6 Chi, bi hay cho vi du mét tap dong
bi chin nhung khong 13 tap compic.

5. Cho A, B 1a nhiing tdp con dong, compéc roi nhau trong
khong gian métric (X, d). Chirng minh rang tdn taix € A vay €
B sao cho d(x, y) = d(A, B).

6. Cho X 1a khong gian topd compdc. Fi 2F,2...o0FK >
la mot day don di¢u gidm nhitng tap con dong trong X théa man
ﬂﬂ = ¢ Chimg minh rang ton tai mot sb ty nhién n sao cho F,
k=1
=.

7. Cho X 1a khong gian compiéc, Y 1a khong gian Hausdorff, f
: X = Y la &anh xa 1én tuc. Chung minh rang f1a 4nh xa déng.

8. Trong khong gian R. @) cho . X = {0} U {% :neN’}
Chung minh rang X 1a tap compac.

9. Xét tinh compéc ctia tap cac sd. hitu ti Q trong R. véi cac
topd tuong tmg lan luot 1a Fr. Gk T, Fs. Tp.

10. Trong tap R? véi tong tu nhién hiy xét xem céc tap sau
¢6 1a compéc hay khong:

a1 ) eR*[X*+y* <1, 1>0,(x,y) #(0,0)}
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b){(x, y) € R* | x <0}

©) {(x,y)e[Rﬂy:l ,0<x <1}
X
d){(x,y)e[Rz[yzsinl ,0<x <1}
X

11. Cho Y 12 mét tap hop vO han phan tir, a, b ¢ Y, dat X =
{a,b} UY. Goi & 1a ho tdp con cuia X.dugc xac dinh nhu sau: X
€ &, moi phan b cua cic tp con hitu han trong X déu la phan
tor clla &, moi tdp con cua Y déu la ph?m thcua .

a) Chimg minh rang & 1a mot topo trén X.

b) X¢ét tinh compic cua cac tip con sau trong X : Y, A=Y U
{a} ,B=Y U {b}

12. Hay xét xem nhitng khong gian top6 sau c6 1a compic dia
phuong hay khong :

a) Tap R voi tong T,

b) Tap Q trong R dbi véi téng tu nhién.

13. Hay xét tinh lién thong cua cac khong gian topd dudi day:

a) Khong gian tépo (R, Ry).

b) Tép cac s6 hitu ti Q trong (R, o).

¢) Tap cac sb vo ti trong (R, &)

d) Tap cac s ty nhién N trong (R, o).

e) Tap cac s6 phirc € v6i topd tu nhién.

14. a) Hay dua ra vi du dé chung to rang anh ctia mot tap
khong lién thong qua 4nh xa lién tuc chwa chic di 1a tap khong
lién thong.

b) Chimg minh rang tao anh cia tap khong lién thong qua
mdt toan anh lién tuc l1a tap khong lién thong.
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15. Chimg minh rang néu X la khong gian t6pd hoan toan
chinh quy, lién thong c6 nhiéu hon mét phan tir thi X c6 luc
luong khong dém dugc.

16. Ching minh rang néu X 1a khong gian t6pd Hausdorff va
M la khong gian con compic dia phuong trii mat trong X thi M
la tap mo trong X.

17. Gia sit X la khong gian topd compic dia phuong
Hausdorff. Ching minh rang mdi tap con A cua X 1a compéc dia
phuong khi va chi khi A 1a giao cua mdt tdp con m¢ va mét tap
con dong trong X.
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Chiu trach nhiém xut ban
Gidam doc PINH NGOC BAO
Téng bién tdp LE A

Hoi dong tham dinh
GS. TSKH NGUYEN VAN KHUE (CT)
PGS. TSKH LE MAU HAI (UV)
PGS. TS PHAM KHAC BAN (UV)

Bién tap
TANG VAN LONG

Trinh bay bia
PHAM VIET QUANG

162



	www.VNMATH.com
	Lời nói đầu
	Chương 0: NHỮNG KIẾN THỨC CƠ SỞ
	§1. CÁC PHÉP TOÁN VỀ TẬP HỌP
	§2. QUAN HỆ THỨ TỰ
	§3. TIÊN ĐỀ CHỌN

	Chương 1: KHÔNG GIAN MÊTRIC
	§1. KHÔNG GIAN MÊTRIC, SỰ HỘI TỤ TRONG KHÔNG GIAN MÊTRIC
	§2. TẬP HỢP MỞ VÀ TẬP HỢP ĐÓNG
	§3. ÁNH XẠ LIÊN TỤC GIỮA CÁC KHÔNG GIAN MÊTRIC
	§4. KHÔNG GIAN MÊTRIC ĐÂY ĐỦ
	§5. TẬP COMPẮC

	Chương 2: KHÔNG GIAN TÔPÔ
	§1. CẤU TRÚC TÔPÔ
	§2. ĐIỂM GIỚI HẠN, PHẦN TRONG, PHẦN NGOÀI, BIÊN VÀ BAO ĐÓNG CỦA MỘT TẬP
	§3. CƠ SỞ CỦA KHÔNG GIAN TÔPÔ

	Chương 3: ÁNH XẠ LIÊN TỤC, KHÔNG GIAN CON KHÔNG GIAN TÍCH, KHÔNG GIAN THƯƠNG
	§1. ÁNH XẠ LIÊN TỤC - PHÉP ĐỒNG PHÔI
	§2. SO SÁNH HAI TÔPÔ
	§3. TÔPÔ XÁC ĐỊNH BỞI MỘT HỌ ÁNH XẠ
	§4. CÁC TIÊN ĐỀ TÁCH
	§5, KHÔNG GIAN CON CỦA MỘT KHÔNG GIAN TÔPÔ
	§6 TÍCH ĐỀ CÁC CỦA CÁC KHÔNG GIAN TÔPÔ
	§7. TỔNG TRỰC TIẾP CỦA MỘT HỌ KHÔNG GIAN TÔPÔ
	§8. TÔPÔ THƯƠNG
	§9. TÔPÔ MÊTRIC, KHÔNG GIAN MÊTRIC HÓA

	Chương 4: KHÔNG GIAN COMPẮC, KHÔNG GIAN LIÊN THÔNG
	§ 1. KHÔNG GIAN COMPẮC
	§2. KHÔNG GIAN COMPẮC ĐỊA PHƯƠNG
	§3. COMPẮC HOÁ
	§4. KHÔNG GIAN LIÊN THÔNG


	www.VNMATH.com



