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CHUYEN DE:

SU DUNG HAM SINH GIAT BAT TOAN TO HGP

LJi néi dau

To6 hop 1a mot 16p cac bai toan khé, xuat hién nhiéu trong cac ki thi hoc sinh gidi.
N6i dén t6 hop chiing ta khong thé khong nhic t6i nhitng bai toan dém c6 nhiéu tng
dung trong thiec tién. V6i su yéu thich mon t6 hgp vita béi vi do kho ctia né, vira béi
st thich thi va vui suéng khi chinh phuc duge mot bai toan t6 hop khé, tim duge 15i
giai cho bai toan t6 hop gibng nhu mot chang trai chinh phuc duge mot co gai dep
nhung khé tinh. Ngay nay, to hgp da tré thanh mot linh viuc toan rat phat trién, gop
phan quan trong trong viéc ting dung khoa hoc cong nghé vao cuoc song va san xuat.
Dén nay toan bo 1y thuyét toan hoc cho linh vic nay cé thé néi la da rat hoan thien.
Bai toan t6 hop c6 thé ting dung truc tiép vao cac linh vitc nhu san xuat véi mo hinh
"lap lich lam viéc ctia mot c¢o quan", vao giao thong van tai véi mo "bai toan van tai",
vao quan 1y con ngudi véi mo hinh "phan viéc"... hodc né cé thé tng dung gian tiép
nhu nhitng bai toan con trong cac phuong phéap, cac thuat toan gidi cac bai toan toi
wu nhu bai toan "Xép ba 16", bai toan "Ngudi du lich" ... Cac bai toan té hop c6 thé
dugce gidi bang nhiéu phuong phap nhu:

- Phuong phéap st dung nguyén 1i bu trur.

- Phuong phap song anh.

- Phuong phap st dung li thuyét quan xe.

- Phuong phap ham sinh.

- Phuong phap quy dao.

Trong s6 cac phuong phap trén, mdi phuong phap déu cé wu diém rieng, phuong phap
ham sinh c¢6 wu diém la hién dai, c6 nhiéu tng dung trong cac bai toan t6 hop, xac
suat. Du rat c6 gang song do thdi gian va trinh do c6 han nén nhiing tng dung clia
ham sinh vé xac suat chua duge néu & day. Moi ¥ kién déng goép xin gii vé dia chi

hoangquan9@gmail.com.

Ha Noi, ngay 20 thing 8 nam 2011
Nguoi viét
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1 TOM TAT LI THUYET

1.Dinh nghia:
Dinh nghia 1:
Ham sinh ctia day s6 thuc ag, ai, as, ..., a,, ...1a ham s6 duge xac dinh béi:
G(r) = ap + a1x + asx® + ... + a, 2" + ...
Dinh nghia 2: .
Cho day so thuc ag, a1, as, ..., @y, .... Ham s6 cho béi cong thic G(z) = Y, an% duoc
goi la ham sinh dang mu cia day ag, aq, as, ..., ay, ... .

2.Mot s6 déng thiic lien quan dén ham sinh.

1 2 3
=l4+zxz+2°+2°+ ..
11—z
1
——— =1+42z+32" +42° + ...
(1-2x)
1 nn+1) , nn+1)(n+2) , = ;
1 2 3
=1l—-xz+zx"—2"+...
1+z
1
——— =1+ 2ax + 3a’x? + 4az® + ...
(1 —ax)
1
=142+ +25+ ..
1—2a"

Hai ménh dé thuong dude sit dung.
Meénh dé 1: Cho ham sinh G(z) = (1 + x + 22+ ..)"
a, Dat a, 1a he s6 clia 2" trong khai trién ctia G(x) thi: a, = Cr,,_,
b,(1—2™)"=1-Clz™ + C2z*™ — ... + (—1)"ax™
e(l+z+22+. .+ ) =0—-a™)"(1+z+2>+..4)"
Ménh dé 2: (Cong thiic xac dinh hé sb tich ctia hai ham sinh)
Cho hai ham sinh cta hai day (a,, ),(b, ) lan lugt la:
A(r) = ag + ayx + asx® + ...
B(z) = by + by + box? + ...
Dat G(x) = A(x)B(x) = (ag + a1z + asz® + ...) (bg + byw + by + ...)
= agbo + (agh + arbo)x + (agbs + a1by + asbo)x? + (aghs + aiby + asby + aghs)x® + ...
Khi d6 hé s6 clia 2" trong khai trien ctia G(x) 1a:agh, + aiby_1 + asby_o + ... + ap_oby +
a,_1by + aby (*).
Chu y: Trong céc vi du tng dung ham sinh dé giai bai toan dém nang cao & phan II

chiing ta rat hay st dung cong thic (*)
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2 UNG DUNG HAM SINH GIAI CAC BAI TOAN
DEM DIEN HINH.

2.1 Ij’ng dung ham sinh giai bai toan chia keo Euler

Y tudng chung ctia phuong phéap st dung ham sinh giai bai toan dém la di tim he s6
ctia " trong khai trién ctia ham sinh v6i r 1a s6 phan t& duge chon ra trong n déi
tugng vdi nhitng diéu kién rang buoc cho trude. Bay gio ching ta sé van dung nhiing
kién thitc ham sinh trén vao viec giai quyét cac bai toan dém t6 hop nang cao. Thong
qua nhiéu vi du khac nhau duéi day ching ta sé dinh hinh va nim chac dude cach s

dung ham sinh trong viéc giai bai toan dém t& hop nang cao,

Vi du 2.1.1| Vao ngay nghi chti nhat, ¢6 Hoa di choi va mua qua la 12 qua cam

cho 3 dia tré An, Binh, Chi.Hébi c6 Hoa c6 bao nhiéu cach phan phdi 12 qua cam
sao cho An c¢6 it nhat 4 qua, Binh va Chi mdi nguoi déu c6 it nhat 2 qua, nhung
Chi khong duge nhiéu hon 5 qua?

Lai gidi.

Ham sinh cho s6 cach chon qua cho An la:

Alz)=a*+ 2+ 2%+ 2" + 28 = 2*(1 + 2 + 2 + 2% + 2*) :x4.11%g;5
Ham sinh cho s6 cach chon qua cho Binh la:
B(z)=a2*+ 23+ a2t +2° + 2% = 2> (1 + = + 2® + 2° + 2*) ::ch.ll__gf
Ham sinh cho s cach chon qua cho Chi la:
Clzy=2*+23+ 2t +2°=2*(1 + 2 + 2> + 23) :xz.ll%ms

Ham sinh cho s6 cach phan phéi 12 qua cam théa man diéu kién dé bai 1a:

Glo) = Alz)B(a)Cle) = 5“4-11__‘1 'x2'11__9; 'x2'11_—g;; - =L _(13:_)95()13_ =)

— 28(1 = 20° + 2'0)(1 — g;4).< ! )3

z—1

3
:( 8—x12—2x13+2x17+x18—x22).< 1 1)
x_

Do tim hé 86 clia 2'? trong khai trién ctia G(x) nén ta chi quan tam t6i he sé ctia
U(z) = (2® — ' — 2213 + 2217 + 2" — 222) v6i bac < 12.Do d6 U(x) chi ¢6 cac he s6
ag, a1z 1a thoa man. ,
xil) la b, =Cy,,

Vay hé s6 ctia 2'2 trong khai trién ciia G(x) 1a: aghy + a19by = 1.C4 — 1.C9 = 14

Két luan : Co Hoa c6 14 cach phan chia 12 qui cam cho 3 dita tré théa man yéu cau
An c6 it nhat 4 qua, Binh va Chi mdi ngudi déu c6 it nhat 2 qua, nhung Chi khong

Va hé sb clia 2" trong khai trien V(z) = (
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dude nhiéu hon 5 qua.
NHAN XET: Thoat nhin ban dau ching ta thiy cach giai bing liet ke cho 13i giai

ngan gon hon cdch ham sinh nhung suy nghi sau thém ching ta sé thay d6i v6i bai

toan c6 dit kién 16n thi cach lam liét ké té ra kém hiéu qué tham chi khé lam ra duoce,
ching han bai toan trén ching ta thay doéi mot chit nhu sau :  Vao ngay nghi chi
nhat, ¢6 Hoa di choi va mua qua la 50 cai keo cho 3 dita tré An, Binh, Chi.H6i ¢6 Hoa
c6 bao nhiéu cach phan phdi 50 cai keo sao cho An c6 it nhat 4 keo, Binh va Chi méi
ngudi déu c6 it nhat 2 keo, nhung Chi khong duge nhiéu hon 5 keo? ” R6 rang cach
lam liet ké do6i v6i bai todn nay tré nén kém hiéu qua, khoé khian va mat thoi gian hon
rat nhiéu vi chiing ta phai xét qua nhiéu truong hop.Khi d6 giai phap ham sinh trong
bai todn nay dem lai cho chiing ta hiéu qua ro rét vi ching ta chi can quan tam t6i he
s6 clia trong khai trién ctia ham sinh tuong ting dé bai. Trong cudc séng thuec tién thi
dit lieu rat da dang, véi nhitng bai toan dém c6 nhiéu dieu kién rang buoc khac nhau

viéc sit dung ham sinh sé cho chung ta 16i giai hiéu qua.

Vi du 2.1.2| C6 bao nhiéu cich xép mot gié gom n trai cay gom (tdo, chudi,

N A 2 20 1N [~ P P . £ - 3 2 2 o X
cam,d’0), sao cho s6 tédo phai la chdn, s6 chudi chia hét cho ndm, chi c6 thé nhiéu

nhat 4 qua cam va nhiéu nhat 1 qua dao.

Lai gidi.

Ham sinh cho s6 cach chon qua tdo (s6 chén)la:

1
Alz)=1+2*+ 2" +25+ ... =
(x) +a2° + a2t + 2%+ 12
Ham sinh cho s6 céch chon qua chubi (s6 chia hét cho 5)la:
1
B(z) =142+ 2%+ 25+ ... =
(x) +a2°+a +a + -
Ham sinh cho s6 cach chon qui cam (nhiéu nhat 4 qua)la:
1— 5
Clx)y=1l+z+2?+23+a2t = . °
-z
Ham sinh cho s6 cach chon qua dao (nhicu nhat 1 qua)la:
1— 2
Dz)=1+x= N i
Ham sinh cho s cach chon ca 4 loai qua la:
1 1 1—a2°1—2?2 1 >0 ,
G(x) = A(x)B(z)C(z)D(x) = : = => (i+ 1)’

l—221—251-2 ' 1-2 (1-2)° &

Vay s6 cach chon trai cay thoa man dé bai 1a n + 1 cach.

Vi du 2.1.3| C6 bao nhiéu cach chon ra 15USD tir 20 nguoi néu 19 nguoi dau,
mdi ngudi c6 thé dua ra nhicu nhat 1 USD, ngusi thit 20 ¢6 thé dua ra 1USD hoic
5 USD hoac khong USD nao.

Lai giai.
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Ham sinh cho s6 céch chon nhiéu nhat 1 USD tur 19 nguoi la:A(z) = (1 + )"
Ham sinh cho s6 cach chon 1USD hoic 5 USD ho#ic khong USD nao ¢ ngudi thit 20
la:B(x) =1+x +a°
Ham sinh cho s6 cach chon ra 15USD la:
G(z) =A(x)B(z) = (1+ )1+ x +2°)
Chiing ta tim hé s6 ctia 2'® trong khai trién ctia G(x).

19
Ta co: 1+2) = k;) Ck 9=k

Dat a,la hé s6 clia 2" trong khai trién ctia A(x), b, 1a he s6 clia 2" trong khai trién ctia
B(x).Khi d6 ta c6:a, = Cjy vava by = by = b5 =1

Vay hé s6 ctia z'° trong khai trién ctia G(x) 1a:a15by + a14b1 + aizby + ... + agbys

Ta c6 : aijsby + a14by + arobs = Clg + Cllg + C19 = 107882

Vay c6 107882 cach chon ra 15 USD théa man diéu kién dé bai.

Vi du 2.1.4| Tim s6 nghiém nguyén duong ciia phuong trinh:
ut+v+w4+z=27 v6i 3<u,v,w,z<8

Loi giai.
Ham sinh cho s6 nghiém nguyén duong ctia phuong trinh la:
G(z) = (2% +2* + ... + 2°)*

= P14+ z+22+ .. +2°)
=221 +x+2°+.. +2°)*

S6 nghiem nguyén duong clia phuong trinh 1a hé s6 clia 7 trong khai trién ctia G(x)

va 1a he s6 ctia 2'° trong khai trién ctia H(x) = (1 + 2 + 22 + ... + 2°)%

1—a%\* I
Ta c6: H(z) = (1 24 428 = = (1— 29! |
aco: Hx)=(1+x+a°+ ... +2°) <1—x) ( x>(1—x>

Dat A(z) = (1 —2%)%, B(x) = (1 i x)4. Ta co:

Alx) = (1 =25 =1 - Cjab + O — C32"® + 2

1 4
B(z) = (1 _:C) =14+ Ciz+ C22® + Coa® + ...

Do tim hé s6 ctia 71° trong khai trién ctia H(x) nén ta chi quan tam t6i hé s6 ctia A(x)

véi bac < 15 .Do d6 A(x) chi ¢6 céc he sb ag, ag, ai2]d thoa man.
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1

r—1

4
Va he 86 clia 2" trong khai trien B(z) = ( ) lab, =Cl ., =Cl,.

Vay hé s6 ctia 2'° trong khai trién ciia H(x) la:
agbis + aghy + arobsy = 1.C15 — C1CY, + CIC§
Vay s6 nghiém nguyén duong cia phuong trinh 1a:
i - Cict, + ¢

Vi du 2.1.5| Phuong trinh:
X1+ To+ T3+ T4+ Ts =30
c6 bao nhiéu nghiém nguyén duong théa man:

0<x1,09 <10;3 < 3,214,205 <5 va T1,To chan

Huéng giai.
Ham sinh cho s6 nghiém nguyén duong ctia phuong trinh la:
Gx)= 1+ 22+ '+ ... 4+ 219 (2% + 2* + 25)°

30

Cong viéec tim hé s6 22° xin gianh cho ban doc.

2.2 Ung dung ham sinh tim céng thiic tdng quat cta day sb

Vi du 2.2.1| Tim cong thiic tong quat ctia day s6 (a, )véi :

{aozl
n > 1(x)

Ay = 2an,1 + 2"

Loi giai.
bat G(z) 1a ham sinh cho day (a,), ching ta co:
G(z) = ap + a1z + agz? + ...
—22G(z) = —2apr — 2a17* — 2a97> — ...
Cong hai dang thic trén ta cé:
G(z) — 22G(x) = ag + (a1 — 2ap)x + (a2 — 2a1)x + ... + (ap, — 2a5,1+)x + ...
T gid thiét ap = 1 va tix (*), ching ta co:

G(r) —22G(z) =1+ 2x + 2222 + ...+ 2"2" + ... = . 12
— 2z
Do d6 ) .
Glr)= — =3 (k+1)(2z)*
(1) = g = 55+ D2

Vay a, = (n+1).2",n > 0.
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Vi du 2.2.2| Tim cong thitc tdng quét ctia day sd(a, )véi :

ag=0,a1 =1
n>=2
an + 50,1 + 6a, o = 3n

Loi giai.
Dat G(z) 1a ham sinh cho day (a,), ching ta co:

G(z) = ag + a1z + ax® + ...
52G(z) = bagx + 5ayx? + Sasx® + Sasz* + ...
62°G(z) = 6agr® + 6a2> + 6azx® + 6azx® + ...

Cong cac déng thic trén ta co:
(1 + 5z + 62°)G(x) = ag + (a1 + 5ag)z + (az + day + 6ag)x® + (az + Hay + 6a1)z® + ...
r+3 i i’
=2
=2+ 3(22% +32% + 42" + ..)

=1+ 3z(2z + 32° + 42° + ...)
= —2x + 3x(1 4+ 27 + 32° + 42° + ...)

3z —223 + 42 + x
(1—2x) (1—x)
-9 3 4 2 -2 3 4 2
Vay G(z) = e e - ¥ +4r° +x !
(1+ 52 +622)(1 — x) Bz +1)2z+1)(1 —x)
—223 + 42? A B C D
Phan tich G(z) = S e n n N :
Bz+DRr+1)(1—2)° 3rx+1 2z+1 1-z2 (1-2)
N . . -2 ) 1
Dong nhat hé so ching ta tim duge : A = 1—6;B = ?;C = @;D =1
Vay
—2x% + 42 + x 5) 1 2 1 5) 1 1 1
G(z) = 5 = . - - + —. + - 5
Br+1)2e+)(1—2)? 161+3r 31+2c 81—z 4(1—q)
D SIS VIR D S VIS P
= — — x) — = — )+ =Y '+ - i x
165 33 8= o
Hé s6 ctia 2™ trong khai trién ctia G(z)la :
) 2 ) 1 ) 2 n 17
—(=1)"3" — —(—=1)"2" _ - N =—(=1)"3" — Z(=1)"2" o -
oV g A g g D) = (U g (DR T
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5 9 no 17
an = 16(=1) U2t

Vi du 2.2.3| Tim cong thiic tong quat ctia day s6(a,, )véi :

ao—l
n=0
ani1 = (n+1)(a, —n+1)

Loi giai.
Xét ham sinh G(x) = Y20 a, ., tit dé bai ta c6:
n:
- xn—i—l - J:n—&—l - LUTH_I
2 n—o Anl Ty 2 om0 U~ 2o — 1) =
Ta co:
G(z) — 1 =2G(z) — 2%e* + 1.€°

1 an

tuong duong G(z) = 1% +xe® =) 507"+ Dm0 T

. z"
Vay heé so cta — la: a, = n! +n.
n!
Do dé6 day s6 a, c6 cong thitc tong quat a, = n! + n.

2.3 Ij’ng dung ham sinh chiéng minh dang thic té6 hop

Vi du 2.3.1| Chitng minh déng thiic t& hop :

G+ )+ () =)

Loi giai.
Xét da thiic (1 + x)** ¢6 he s6 cla 2™ 1a (2:) (1)
Mait khac ta co:
(1+2)" = (1+2)"(1+2)"

Xét ham sinh

G(x) = H(z) = (1 +z)" ¢6 he 86 a, = b, = (")
Heé s6 2™ cta G(x)H (z) 1a agb, + aib,—1. anbo = (8)2 + (’11)2 + o+ (2)2 (2)
T (1) va taco()2+ ) +”_+(n) = (™).

n

Vi du 2.3.2| (VandeMone)Chiing minh ding thiic to hop :

2k (1) G2 = (")

Huéng giai.
Dua vao ¥ tudng 15i gidi bai 2.3.1 ban doc c¢6 thé chitng minh dang thitc VandeMone
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Vi du 2.3.3| (China1994)Chiing minh déng thitc td hop :

S0 (2 (k) = ()

2

Lai giai.
Ta co (LED 14 hé s6 tu do trong khai trién (1 + x)(x 4+ 271)*
Khi do:
" /n 1\* " /n 1\*
1 —) =101 —) otk
;(k)( +x)(a:+x) ( —l—x);(k) (x—kx)

=(1+uw) (2+x+i)n

1
(1+z)2r+22+1)" =

:ﬁ

1
= 1 2n+1
w”( + )

So sanh he so6 tu do ta c6:y ., (Z) 2""“(L§J) = (2"+1)

n

Vi du 2.3.4| Chitng minh cac s6 Fibonacci c6 thé duge viét dusi dang:
n n—1 n—2
Fn:(o)+( 1 )"’( 2 )+

Loi giai.
Ching ta da biét cong thiic dang truy hoi ctia s6 Fibonacei:
Fi=FK=1
n=>=3
F,=F,_1+F,
Dat G(x) la ham sinh cho day (F, ), va gia st Fy = 0 chiing ta co:

G(z) = Fy + Fix + Foa® + Faa® + ..
—2G(z) = —Fyx — Fia® — Foa® — ...
—2°G(7) = —Fpr® — Fia® — B — .

Cong vé v6i vé ba dang thiic trén, ta co:

(]_ — X — 5(72)G(ZE) = FO + (Fl - F()).T + (F2 - F1 - Fo)l'2 +..=x
Ta viét lai G(x) nhu sau:

1 1

= =1 1 2(1 24 .. (1 "
22 1-a(lt7) +rx(l4+x)+2°(1+2)*+ ... +2"(1+x)

Hé s6 ctia 2™ trong khai trién cudi 1a () + (") + (";°) + ...

2.4 Ung dung ham sinh gidi bai toan phan hoach

Mot phan hoach ctia s6 ti nhién r 1a mot cach viét r thanh tong ctia cac sb nguyéen
duong hay mot bo s6 khong thi ty (ai) thoa man > a; = r.

Hoang Minh Quéan MathScope.org



Vi du vé phan hoach

2=1+1

3=2+1=1+1+1

4=34+1=24+2=24+1+1=14+1+1+1
5=4+1=3+2=3+1+1=24+24+1=2+1+1+1=1+1+1+1+1

Dit ey, 1a s6 nguyén duong thanh phan xuat hién £ lan. Ta c6:
leg +2ey+ ...+ ke +...+re. =r
Xay dung ham sinh cho phuong trinh trén ta co:

Ga)=1+x+2*+2°+ .. +2"+..)
A+ +2t+25+ .+ + )
(+22 4+ 4+ 2+ + 2%+ )

(42" 2 ¥ )

Vi du 2.4.1| Xay dyng ham sinh dém s6 nghiém nguyén duong ctia phuong trinh

20 +3y+5z2=r v z,9,2>0

Huéng giai.
Ham sinh cho phuong trinh trén la:
A+ +2t+ . +22) A+ 2+ 28+ .+ 21+ 2° + 20+ .+ 25)

Vi du 2.4.2| Hdi c6 bao nhicu cach déi td 500 nghin dong thanh cic t& 1 nghin,
2 nghin, 5 nghin, 10 nghin, 20 nghin.

Huéng giai.
Bai toan da cho quy vé dém sé nghiém nguyén duong ctia phuong trinh:
Ty + 229 + 523 + 1024 + 2025 = 500
S6 nghiem nguyén duong ctia phuong trinh chinh 1a he s6 ctia 2°% trong khia trién ctia

ham sinh:
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Glz)=(1+z+2"+..)(1+2+2"+.) (1+2"+2"0 + ..)
(T+2+270+.) (1+2*+2+...)
1
S (I—2)(1—22) (1 —a5) (1 —219) (1 — 220)

Vi du 2.4.3| Xay duyng ham sinh dém s6 nghiém nguyén duong ctia phuong trinh

20 +3y+T7z=r voi 0<2z2<2<y<8<«x

Vi du 2.4.4| (China 1996)Cho n 1a s6 nguyen duong. Tim s6 da thic P(x) véi
he s6 thuoc {0;1;2;3} théa man P(2) = n.

Lai giai.

Dat P(z) = ap + a1z + as2® + ... + apa® + ...

Theo gia thiét P(2) = n nén ta cé: ap + 2a; + 4as + ... +2Fa, + ... = n v6i 0< k < 3
Ching ta xay dung ham sinh:

Gx)=Q+z+22+2°) 1+ 2> + 2 + 2% (1 + 2+ 2° + 2.

=1] (1 + 2?4 220 4 x3(2’“>>
k=0

[e.e]

B 11— B 1

s 1— a2 (1 —x)(1—2a?)
1111 1

41—z 2(1—x)2 414+«

=~ /1 1, ., n
:Z(Z+Z(_1) + (n+1))x

k=0
11 P

Vay ¢6 Y 1—1—4(—1) + —(n+1) ) da thic téa man dé bai.

3 Mot sd bai toan téong hdp

Vi du 3.1 | Huan luyén vién bong da c6 n cau thi tap luyén hang ngay. Dau tién

huan luyén vién chia cac cau thi thanh 2 nhémva yéu cau cac cau thii mdi nhém
xép thanh hang. Nhém thit nhat cé thé chon 4o da cam, 4o tring hoic 4o xanh,
nhom tht hai c6 thé chon 4o dé. Hdi c6 bao nhiéu cach thyc hién cong viec chon
4o nhir thé
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Huéng giai.
Gia stt huan luyeén vién chon k& ngudi tit nhom thi nhat. Dat ay 14 s6 caAch ma & nguoi

nay chon cac 40 mau da cam, trang, xanh va nhém xép thing hang nén cé a;, = k!3*.

k
1
,Do dé ham sinh lily thuwad cho a; 1a : A(z) =), k!Bk% =13
= ! — 3z

x
Tuong tu dit by, 1 s6 cach chon m ngudi tit nhém thit hai xép hang thang va chon &o

do, ta c6 :b,, = m!. Ham sinh cho day b,, la:

™ 1
_ | _
Vay ham sinh cho ca 2 nhém chon éo 1a : G(x) = A(z)B(z) = T 351
-3z 1—2

Dén day ban doc chi can tim hé so ctia — trong khai trien G(z) 1a xong.
n!

. 1(3ntl — 1
Déps@:—n( 5 )

Vi du 3.2| Cho r do vat. Hoi c6 bao nhiéu cach phan phéi r do vat khac nhau

vao trong n cai hop sao cho khong c6 hop nao rong.

L&i giai.

Ham sinh lfiy thita cho s6 cach phan phdi r do vat la:

G(z) = (w+x—2+x—3+...)n

Do d6 he s6 cta a, = Y, (=1) (") (n —i)"

1

Vi du 3.3| Cho s6 tu nhién r. Dém s6 phan hoach r gom cac thanh phan xuat
hién céc s6 1,2,3,5,7 .

Huéng giai.

~ 3 : L
Xay dung ham sinh G(x) = (1—2)(1—22)(1—23)(1 - 2°)(1 — a7)

Vi du 3.4| Mot don vi bo doi ¢6 n ngusi linh xép thing thanh 1 hang. Nguoi si

quan phan chia cac ngudi linh thanh ciac nhom nhé dé giao nhiém vu. Hai si quan

c6 bao nhiéu céch chon 1 nhém dé phan cong truc dém.
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Vi du 3.5| C6 bao nhiéu cach phan phdi 25 qui béng giéng hét nhau vao bay

hop riéng biét sao cho hop dau tién c6 khong qua 10 qua bong va sé bong 1a tuy §

G moi hop trong sau hop con lai.

Loi giai.
Ham sinh cho s6 cach phan phdi r qua béng vao bay hop riéng biét sao cho hop dau

tién c6 khong qua 10 qua bong la:

Gz)=(14+z+2>+2°+ .. +2' )1 +z+2>+..)°

_ el1 6 7
-(7=2) (=) o)
11—z 11—z 1—=z

Dat A(z) = 1 — ', B(z) = ()"

1—x

Chtng ta c6 he s6 khac 0 trong ham s6 A(x) la: ap = 1;a1; = —1 Va B(z) = (ﬁy =

> Cr,¢nén he s6 cla z” la: Cf 4

r=0

Vay hé s6 ctia 22° trong khai trién ctia G(x) 1a: aghas + a11b1y = C2 — O3 = 697521.
Vay c6 697521 cach phan phoi 25 qua boéng giong hét nhau vao bay hop rieng biét sao
cho hop dau tién c6 khong quéa 10 qua béng va s6 bong 1a tity ¥ & mdi hop trong sau

hop con lai.

Vi du 3.6| C6 bao nhiéu cach chon 25 do choi tit by loai do choi khac nhau sao
cho moéi loai do choi c6 tit 2 dén 6 do choi duge chon.

Loi giai.
Ham sinh cho s6 cach chon r do chai tit bay loai do choi khic nhau sao cho méi loai c6

tit 2 dén 6 do choi duge chon la:

G(z) = (2* + 2° + 2* + 2° + 2%)7
= [X2(1 +x+x2+x +X4)]7:aj14(1 +x+x2+x3 —|—X4)7

Dé tim hé s6 ctia 2% trong khai trién ctia G(x) thi chiing ta tim hé s6 ctia ! trong
khai tricn
1—25\" 1 7
H<$)=(1+X+X2+X3+X“)7:( ) :(1—955)7(1 >
—x

1—=x

Dat Alz) = (1—-2°)"; B(x) = <1 i x)
1

7 o
B xTr) = R m— = CT ZET.
Do tim he s6 ctia 21! trong khai trién ctia H(x) nén ta chi quan tam t6i he s6 ctia A(x)

véi bac < 11 .Do d6 A(x) chi ¢6 cac he s6 ag; as; aip 1a thoa man. Va he s6 clia 2" trong
khai trién B(x) 1a b, = C7 .
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Vay hé s6 ciia 2! trong khai trién ctia H(x) 1a: agby1 +asbs+ai0by = 1.C1 +(—CH S, +
C2C1 = 6055.
Vi du 3.7 | Tinh tong:

S =212+2224+23%>+ .. +2n?

Huéng giai. Xuat phat tit ham sinh:

Lz =1z +222 + 323+ ... +ra" + ...

(1-2)
Ta c6: y |

ol 5 _ o —HU):12x+22x2+32x3+...+7“2x7"+...
dz (1 — ) (1—x)3
Nhan cé 2 vé clia dang thitc cubi vé6i 2 ta co:
2z(1
G(z) = % = 2.1%2 +2.222% + 2.3%2° + ... + 2720 + ...
-

Vay hé s6 a, = 2r?. Ta c6 can tinh tong cac hé s6 a, + a1 + as + ... + ay,.

Ta co:

G(z) 2z(z+1)
G* pu— pum pum
@) =1 = T
Hé s6 ctia 2" trong khia trién 22(1 — z)~* 1a hé s6 ctia 2"~ trong khai trién 2(1 —x)~*
4

20(1 —2)™* +22%(1 —2)™*

Hé s6 ctia 2" trong khia trién 222(1 —z)~* 14 hé s6 ctia 2"~2 trong khai trién 2(1 — )

Do do tong § = 2("247") + 2(" (258 ) = 25 + 21

Vi du 3.8| Trong mot tdi sdch ctia Long c6 chita bao gom 10 chiéc nhan

vang, 20 chiéc nhan bac va 30 vién kim cuong.Héi Long c6 bao nhiéu cach chon

ra 30 do vat dé dem ban, biét ring mdi loai trang stic ¢6 it nhat 1 do vat dugc lay ra.

Lai giai.

Ham sinh cho s6 cach chon it nhat 1 chiéc nhan vang dugce chon la:
M(z)=ax+ 2>+ 2%+ ... + 2"

Ham sinh cho s6 cach chon it nhat 1 chiéc nhan bac duge chon la:
N@z)=xz+2*+ 23+ ..+ 2%

Ham sinh cho s6 cach chon it nhat 1 vién kim cuong dugce chon la:
Pz)y=z+2*+2>+ ...+ 2%

Vay ham sinh cho s6 cach chon 30 do vat dé dem ban, biét ring mdi loai trang stic c6
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it nhat 1 do vat dugc lay ra la:

G(x) = M(z)N(z)P(x)
=+ +2 + . )@+ 2 (o2 2+ 4 20)
=231 +o+22+ .+ A+ +2+ . +2 )1+ + 22+ . +2%)

31_1,10 1_1.20 1_3;.30

=x . )
l—-2 1—2 1—2z

23(1 — 21%)(1 — 22°)(1 — 2%°)

(1—a)
(1 — 2% — 210 4 230 (1 — 2
(1—a)
(1 — a0 — 20 4 g0 — 10 g0 30 60
(1—2)°
a1 — 210 — 20 4 g0y 50 g60)
(1—a)
1
— (2% — 21— o g % ) .
(1—x)

21— 210 — 20 4 g0 4 50— g60)

- (1—a)

— (2% — 2 a5 B 1 .

(1—x)
1
Dit A(z) = 23 — 213 — 22 + 2% + 273 — 2%, B(z) = ﬁ
-
Heé s6 khac khong va c6 bac nho hdn 30 cia A( ) 1a: a3 = 1;a13 = —1;a93 = —1.
1

Trong khi d6 B(z) = Z g1 = Z T,.oc0 he s6 clia 2" 1a b = C,

(1-2)°

Vay hé s6 ciia %Y trong khai trlen clia ham s1nh G( ) 1a
a3b27 + (113b17 + a2367 =1. 027 — 1. Ollg - 105 =199
Vay Long ¢6 199 cach chon 30 do vat dé dem ban ma mbi loai trang stic ¢ it nhat 1

do vat dugc lay ra.

Vi du 3.9| C6 bao nhiéu cach phan hoach s6 tu nhien n thanh cac thanh phan

gom céac s6 nguyén duong 1é khac nhau?

Huéng giai.
Bai toan tré thanh tim heé s6 ctia 2™ trong khai trién ctia ham sinh :
1 1 1 1
l—x'1—a231—251—a""
Vi du 3.10| Phuong trinh sau ¢6 bao nhiéu nghiém nguyén:
u+v+w+z=20 v6i u>0,v>0,w=2m,z=2k+1

Huéng giai.
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Xét ham sinh :
G)=(1+z+22+22+2'+ ) Q+z+2+2'+ ) +22+ 22+ 27+ )

Vi du 3.11 | (Déng thiic PasCal). Chiing minh ring;

) =)+ G0

Loi giai.

Xét ham sinh G,(z) = (1 + 2)" . Ta viét lai nhu sau:
Guz)=(1+2)"=1+2)1+2)" ' =1+2)G, 12 =G 1(2) + 2G,_1(x)

Dé ¢ réing: He s6 ctia «* trong khai trién G, (z) = (1 + z)" 1a (}), con he sb cla

trong khai trién G,_1(z) + 2G,_1(2) 1a (") + (12))

Vay () = (") + (i)

Vi du 3.12| (PTNK 2009) Tim s6 tat ca cac sé ¢6 n chit s6 lap tir cac chit s6

3,4,5,6 va chia hét cho 3.

k

Loi giai.

Mot s6 chia hét cho 3 néu tong cac chit s6 ctia n6 chia hét cho 3. Mbi chit s6 c6 thé 1a
3,4,5,6. Xét ham sinh G(z) = (2% + 2 + 2° + 2°)" = go + 12 + g22? + ... + ggn2™"
Goi s6 tat ca cac sd c6 n chit s6 lap tir cac chit s6 3,4, 5,6 va chia hét cho 3 1a S, thi
S, chinh 1a tong cac heé s6 clia cac s6 mil chia hét cho 3.

Goi e = €5 la can bac ba nguyen thily clia phuong trinh 2% = 1 ta c6: e2 +e+1 =0

Ta co:
G()+Ge)+ G =3g0+ (14+e+eH)g + (1 +e+¥)gs+ 395 + ...
=3(go+ g3+ g6+ ...) = 35,
Vay
1
S, = 3 (G(l) + G(e) + G(&‘Z))
1 n n
:g[(1+1+1+1)"+(e2+1+e+1) +(e+1+e*+1)"]
1
= (4" +2
3( +2)

Vi du 3.13| Cho s6 nguyén duong n. Goi a,, 1a s6 cach phan tich n thanh tong

cac s6 tu nhién 1é, £, 1a s6 cach phan tich n thanh tong cac s6 tu nhien doi mot

khac nhau. Hay ching t6 rang o, = 3.

Loi giai.
Xét ham sinh F(z) = [[,cn 1+ 2" + 2% + 2% 4+ ...) véiilé
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Hé s6 ctia 2™ trong khai trién ctia F(z) chinh 1a a,.

Xét ham sinh G(x) = (14 ) (1 +2%) (1 + 2?) ...

Hé s6 ctia 2™ trong khai trién ctia G(z) chinh 1a ,,.

taco 1 1 1 1—221—a*1—2af 1 1 1
Fle) = 1_$1_x31_$5...,cbnG(x) T l-zl-2' 11— l-zl-231—2 "
Do d6 F(x) = G(z) hay oy, = B,.

Vi du 3.14| (IMO 1998 Shortlisted) Cho day sb6 ag,ay,as, ..., a, la day sb

khong giam sao cho moi s6 tu nhién déu cé thé biéu dién duy nhat dusi dang

a; + 2a; + 4ay, vOi i, j, k 1a céc s6 tu nhien khong nhat thiét khac nhau. Tim ajgos

Loi giai.
Xét ham sinh G(x) = 2% + ™ 4 2% + ...

Ta c6: G(2?%) = 2290 4 229 + g2 +  va G(z?) = 2% + glo 4 ploz

Vay ta c¢6 ham sinh:

F(r) = G()G(2*)G(x*) = 3, w@t2eation

Theo gia thiét: Moi s6 tu nhien déu c6 thé biéu dién duy nhat dusi dang a; + 2a; + 4ay
V6i 4,4,k 1a cac s6 tu nhién khong nhat thiét khac nhau én ta c6 thé bicu dién
Flz)=1+z+2*+23+ .= L

1—a
T do ta co:

g((:,?) =1+z hay G(z)=(1+2)G(") =1+2)(1+2%G@") =

Vay G(z) = (14 2)G(z®) = (14 2)(1 + 23)G(z®) = (1 + 2)(1 + 28)(1 + 2¥)G(2®)...
Ta ¢6 a; 1 s6 tu nhién nén viét theo co s6 8 thi dugc biéu dién béi cac s6 0 va 1 .
Do dé ta biéu dién 1998 theo co s6 2 , 16i thay co s6 2 bdi co s6 2 béi co s6 8. Ta c6
1998 = 11111001110(2). Do d6 ajg9s = 11111001110 g.

Vi thé

Vi du 3.15| Tim s6 cac tap con ctia tap {1,2,3,...,2003} sao cho tong cdc phan

tlt clia ching chia hét cho 5.

Huéng giai.

Xét ham sinh G(x) = (1 4+ z)(1 4+ 22)(1 + 23)...(1 + 22°%3)

Gia st khai trien duge G(z) = Y a,2™. Ta can tinh tong cac he s6 c6 s6 mil chia hét
cho 5, tuc la tinh ag + a5 + a0 + ...

Dap 36:%(22003 4 gt01)
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Bai tap 1

Tim s6 nghiém nguyén duong ctia phuong trinh:
u+v+w+z=20

vGi
Bai tap 2

1< u,v,wz <7

Tim s6 nghiém nguyén duong ctia phuong trinh:
u+v+w+2z=20 véi

1<u<43<v,w,z<8

Bai tap 3

C6 bao nhiéu cach phan phéi 10 qua béng giéng nhau cho 2 cau bé
va 2 ¢6 bé sao cho mdi cau bé dudge it nhat 1 qua béng va moi co bé dugde it nhat
2 qua boéng?

Bai tap 4

nhiéu nhat 1a 7 bong hoa.

Co Trang c6 25 bong hoa va 4 lo hoa.Héi ¢6 Trang c6 bao nhiéu cach
phan phoi 25 bong hoa vao 4 lo hoa sao cho méi lo c6 it nhat 1a 3 bong hoa va

Bai tap 5

Hoi ¢6 bao nhiéu cach chon 25 qua béng gom 3 loai béng, xanh, dé,
trang.Sao cho s6 bong dé chon nhiéu nhat 14 2, s6 béng xanh chon nhiéu nhat 1a
3; s6 bong trang chon nhiéu nhat 13 4.

Bai tap 6

Mot cau bé dude cha ting 30 vién bi lam do

choi.Héi cau bé c6 bao

chén vien bi va s6 bi trong mdi hop d6 khong vuot qua 10 vién, va s6 bi trong méi

nhiéu cach phan phéi 30 vién bi d6 vao 5 cai hop sao cho hai hop dau c6 chita s6
hop con lai c6 it nhat 3 vién va nhiéu nhat 1a 5 vien.

Bai tap 7

C6 bao nhiéu cach suu tam 24 con tem tit 4 ban nam va 6 ban ni.Biét
rang moi ngudi c6 it nhat 1 con tem nhung mdi ban nam c6 nhiéu nhat 4 con tem
con modi ban nit ¢6 nhiéu nhat 7 con tem.

Bai tap 8

Tim cong thitc tong quét ciia day s6 (a, ) v6i

{a0:2,a1:2

n =2
an — 6a,_1 +5a, o =0

Bai tap 9

Tim cong thitc tong quét ctia day sb (a, ) v6i

{aozo,alzl,a2:2

n=3J
20, = Qp_1+ 20,2 — A3
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Bai tap 10| Tim cong thiic tdng quét ctia day s6 (a, ) véi :

ap = —4,a1 = —>
0 1 .
Ap — Oyl — 20p_9 = 4n

Bai tap 11| (IMO 1995)Cho p 1a mot s6 nguyen t6 16. Tim s6 cac tap con A
cia tap hop =, 2,...,2p} théa man:

i, Tap A c6 dtng p phan t1i.
ii, Tong cac phan tit clia tap A chia hét cho p.

Bai tap 12| Ching minh ring s6 cach thém dau ngoac vao vao tich gom n + 1

J 1
nhan tif 1a s6 Catalan C,, = ——C%,
n+1

Bai tap 13| (Rookie Contest 1990)Cho n 1a s6 nguyén t6 va ay,as, ..., an,

la cac s6 nguyen duong. Goi f(k)la s6 cac bo m s6 (ci,co, ..., ) théa méan
dieu kien 0 < ¢ < a; VA ¢1 + ¢ + ... + ¢ = k (mod m). Chiing minh rang
f(0) = f(1) = ... = f(n — 1) khi va chi khi n|a; v6i j nao dé6 thuoc {1,2,...,m}

Bai tap 14| Tim hé s6 clia 2'® trong khai trién:
1+a®+ 28 +2%+..)7

Bai tap 15| (AMM 2010) Chitng minh ring véi moi s6 nguyén duong n ta co:
n\ 2 An 4
(k:) 2" (n!)

20 Gk 1) (%) @) 4 1)

Ban quyén chuyén dé thudc vé tac gia va ban quan tri MathScope.org
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