SAI LAM TRONG
CUC TEI DAl SO

AT - DANG SAI LAM THU NHAT
Trong bai 1am c6 st dung nhiéu BDT, nhung khi tim diéu kién d€ biéu thic cdn tim dat gi4 tri nhd nhat

(hodc 16n nh4t) thi cdc ddu bing khong déng thoi xay ra di két luan két luan biéu thitc dat gid tri nhd
nh4t (hodc 16n nhat) hoic biéu thitc khong dat gid tri nhé nhat (hodc 16n nhat)

Bai 1: Cho x, yla hai s6 duong thoa man x+1 <1. Tim gi4 tri nho nhat cta biéu thiic
y

M =325+ 2007Y
y X

N
Al

L &i giai “co van dé

Tirx, y>0tacé 2+ >2.
X

< | x

Tu x, y >0va x+1s1tacc’> 1z(x+1J 24x.1:>—2 4,
y y y X

Do vay M =322+ 2007 = 3{§+XJ+ 1979 > 32@ 19754 7%
y X y X X

Diu “="xayra « x=y.

Vay gia tri nho nhat ctia M 1a 7964, gia tri nay dat dugc khi x = y.

Binh luan
Nhung!... x = y thi M = 2039. Vay sai lam & dau?
Giai dap
Loi gidi sai & ché véix,y > 0 thi =+ >2.
y X
Diu “="xayra < x =Yy, con Y 4, Dau “=" xay ra < y =4x.
X

. , 2 A N N x e .9 .« A 1
Mat khac c6 thé thay x =y thi mau thuan véi gia thiét x+—<1.
y

Nhu vay nguyén nhan cla sai 1dm trong 15i gidi trén 12 trong mot bai todn ma sit dung nhiéu bat ding
thitc dé tim cuc tri nhung cdc diu “=" khong dong thoi xdy ra .

L &i gidi dung

GIASU DUCKHANH 0975.120.189 22A — PHAM NGQC THACH — TP. QUY NHON




2
Tir gia thiét ta c6 1z(x+1J st Ysa
y y X

4p dung bat dang thitc Cosi cho hai s6 khong am ta c6

M =322+ 2007.1:( 32% 4 2¥J+ 2004, > g/ 353 %+ 20054 8
y X y X X y X

Diu “=" xay ra < x:%; y=2.

Vay gia tri nho nhat cia M 1a 8036, gia tri nay dat dugc khi x = %; y=2.

Bai 2: Tim gi4 tri nho nhat cta biéu thiic A=2x+ 3y biét 2x* + 3y*< 5.

L &i giai “co van dé&”

Goi B=2x*+3y?, taco B<5.

p _ 2 2 _ 2 2 _ 1Y’ 1\* 5 5
Xét A+B=2x+3y+ X"+ Yy —2(x +x)+3(y +y) =2 x+§ +3 y+§ —22—— ()
Talaic6 B<5nén -B>-5 (2)

Cong (1) v6i (2) ta duge A> —2745.

Min A=—£3 - x=y=——1.
4 2
Binh luan
» 1 5 .
Nhung v6i x:y:—5:> A:—E,Vay sai lam ¢ dau?
Giai dap

9 9

Sai 1dm & chd v6i x=y= —%, chi xay ra dau “=" & (1), con dau “=" & (2) khong xay ra.

That vay véi x:y:—%thi B:§¢5.Do d6 -B# -5,

L &i gidi dung

ap dung BDT Bunhiacopxki ta c6:

A= (V2 2x+3V) <( 2+ 3 2+ 9)< 55 2

Do A?<25nén -5< A<5.
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Min A=-5 " Y o x=y=-1.
2x+3y=-5

Max A=5 1~ 7 Lx=y=1.
2x+3y=5

Bai 3: Tim gi tri nhd nhat ctia biéu thic F (x,y) = (x+y)" +(x+1)*+(y-x)".

N
Al

L &i giai “co van dé

Ta thdy (x+y)”; (x+1)*; (y—x)’ khong déng thoi bang 0 nén F (x,y)>0.

F(x,y) dat gid tri nhd nhat khi va chi khi a=(x+1)" va b=(x+y)"+(y-x)” déng thoi dat gid tri nhd
nhat.

a=(x+1)" dat gi4 tri nho nhat bang 0 khi x = -1.

Khi d6 b=(x+y)*+(y-x)*=2y?+ 2, nén b dat gid tri nho nhét bang 2 khi y = 0.

=-1
Vay gid tri nhé nhat ctia F (x,y) 1a 2 khi {X T
Binh luan
Phai chang 1oi giai trén la ding?
Giai dap

Loi giai mic sai 1dm & budc 1ap luan: F(x,y) dat gid tri nhé nhat khi va chi khi a=(x+1)" va
b=(x+y)*+(y-x)” dong thdi dat gid tri nho nhat. Lap luan nay chi ding khi cdc gid tri nhé nhat d6

dat duoc tai cing mot gia tri ctia cac bién. Ro6 rang & day a dat gia tri nho nhat khi x = -1, con b dat gia
tri nho nhat khi x + y=x—y =0, tic lakhi x =y =0.

L oi giai ddng

2
Bién d6i F(x,y)=3x"+2x+1+ 2y° = {x+%) +§+ 3/22—2

Ding thifc xdy ra = x=-=, y=0.

Wik

Vay gid tri nho nhit cia F (x,y) 1a 2 . gié tri nay dat duoc khi x = —%, y=0.

Bai 4: Tim gi4 tri 16n nh4t cha bi€u thic D = -5x° - 2xy — 2y* + 14+ 1G/— ..

L &i giai “co van dé&”

Tacé D=-5x" - 2xy - 2y°+ 14+ 10— . =—(x* +2xy + y*) - (4x* - 1) - (y* - 10y) - :
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=—(x+ y)2 —(2x—%)2 —(y—5)2+1_j:5

X+y=0 X=-y
Suy ra D 5%5. D4u “=" xay ra khi va chi khi 2X_£ =0 = {x=
y-— 5=0 y=
Hé trén vo nghiém nén D khong ton tai gid tri 16n nhat
Binh luan
Ban c6 dong ¥ v6i két luan trén cua bai todn khong? Loi giai da thuyét phuc chua?
Giai dap
2
Tir bién ddi dén D =—(x+y)’ —(ZX—EJ —(y—5)2+%5 thi méi chi suy ra D sl%:S, con viéc két luan
gia tri 16n nhat cua D khong ton tai 1a chua chinh xédc, khong ¢6 can c xdc dang.

L &i giai dung

Cach 1:
Tacé D=—(x*+y?-6x-6y+ 2+ 9 -( 4 - &+ 4-(y*~ 4+ I+ 1

=~ (xry=3)'-a(x-) = (y- 9"+ 16

x+y-3=0 =1
Suy ra D <16. Dau “=" xay ra khi va chi khi {x-1=0 - {y:2
y-2=0 -

Vay Max D = 16, gia tri nay dat dugc khi va chikhix=1vay=2.

Loi giai trén tuy dung song c6 vé thi€u “tu nhién”, cach 2 sau day s€ mang tinh thuyét phuc hon.

Cach 2:
Biéu thic tong quat dang P(x,y) =ax’ +bxy+cy’+dx+ey+h (a,b,cz 0)

Ciach giai: Bién déi P(x,y) vé mot trong hai dang sau:
Dang 1: P(x,y)=mF?(x,y)+nH?*(X)+g (@)
Dang 2: P(x,y)=mF?(x,y)+nK?(y)+g (2)
Trong d6 H(x), K(y) la biéu thiic bac nhit doi vé6i bién cia chiing, con F(x, y) 1a biéu thic bac nhat
doi v6i ca hai bién x vay.
« Néu m>0,n>0 thitacé maxP(x, y)=g.

F(x, y)=0 hodc {F(x, y)=0

Gia tri nay dat dugc khi va chi khi
H(x)=0 K(y)=0
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* Néu m<0,n<0thitacé mnP(x,y)=g.

Fouy)=0,  [F(x¥)=0
H() =0 K()=0

Dé bién ddi dugc nhu vay, ta coi mot bién 1a bién chinh réi tim céch bién déi dé 4p dung cdc hing dang

Gid tri nay dat dugc khi va chi khi {

thic a* +2ab+b* :(a+b)2 , a* —2ab+b* :(a—b)2
0 day ta chon bién y 1a bié€n chinh

Cu thé:

Tacé D =-5x2—2xy— 2y* + 14+ 1G/— :

=_2_[y2 +(X_5)y+(X—45)2}+(x—25)2 e

+§:§-O x=1
Suy ra D <16. Dau “=" xay ra khi va chi khi y 2 - {
_ y=2
x-1=0
Vay Max D = 16, gia tri nay dat dugc khi va chikhix=1vay=2.

A2 - DANG SAI LAM THU HAI
Khong xac dinh diéu kién xay ra ddu bang trong BDT f >m (hay f<m), hodc diéu kién xay ra ddu

bing khong thoa man gia thiét.

Bai 5: Cho x, y, z thod man x?+ y*+z2< 27. Tim gid tri 16n nhat clia biéu thiic P = x+ y+ z+ xy + yz+ 2x.

X
A

L &i giai “co van dé

Véimoi x,y, ztacé: (x-y)’ 20;(y-2)*20; (z-x)°20

Suy ra X*+Yy®>2xy; y>+2z°>2yz; 2%+ X*> 2 :>2(x2+y2+22)22(xy+ yz+2X) = 272 xy + yz+ zx. (1)
Mat khic (x-2)*20; (y-2"20; (z-3°2 ¢

Suyra X*+122x; y*+1=2 2y; 2°+ 1> Z

:>(x2+y2+zz)+32 2(x+y+z)= 152 x+y+z  (2)

Cong theo ting vé€ ctia (1) va (2) suy ra P<42,
Vay gia tri 16n nhat cua P 1a 42
Binh luan

Bai lam kha “dep”, nhung két qua lai sai? Theo ban 10i giai sai & dau? Khac phuc nhu thé nao?
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Giai dap
Loi giai nay da quén mot budc vo cung quan trong cua mot bai toan cuc tri khi sir dung BDT, d6 1a xac

dinh diéu kién x4y ra dang thic.

X=y=2z=3
Ta thdy P=42 < (1) va (2) dong thoi trd thanh dang thiic = { x*+y*+22=27
x=y=z=1

Heé trén vo nghiém nén BDT P < 42 khong thé try thanh dang thic.

L &i gidi dung

Xét hiéu 3(x2 + y2+22)—(x+ y+2z)’ = 2(x2+ y2+ 22)— 2(xy +yz+ )

=(x-y) +(y-2)"+(z-%)20 (9

Tu (*) suy ra:

(x+y+z)253(x2+y2+22)33.27 =x+y+z<9 (1) (dangthicxdyra = x=y=2z=23).
Ciing tlr (*) suy ra 2(xy+ yz+ 2X) S 2(X* + y* + 2°) = Xy+yz+ X< X* +y*+72°< 27 (2)

Tu (1) va (2) suyra: x+y+z+xy+yz+zx<36

Dang thitc xdy ra = x=y=z=3.

Vay P dat gia tri 16n nhat Ia 36, gia tri nay dat dugc < x =y =z=3.

Bai 6: Tim gid tri nho nhat clia biéu thitc A= x+~/x.

X
A

L &i giai “co van dé

1% 1. 1 . 1
=|JX+=| ——==2--=.Vay minA=-=.
(\/_ 2) as Y 4

Ta c6 A= x+/x :(x+ x+ij—£
4) 4
Binh luan
Loi giai rat “hon nhién” va “ngan gon” nhung 1ap luan da chat ché chua? Két qua c6 chinh xdc khong?
Theo ban “ké hd” & chd nao?
Giai dap
Sau khi chiing minh A= —%, chua chi ra truong hop xay ra A= —%, . Xay ra ddu déng thic = /x= —%,
vo li.

L &i gidi dung

Dé ton tai v/x phai cé x=0.Do d6 A=x+/x=0. Min A=0 = x=0.

(x+a)(x+b)

Bai 7: Tim GTNN cua biéu thic A= , VGi x>0, ava bla cdc hiang s6 duong cho trudc.
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L &i gidi “co van dé&”

Tacé x+az=2v/ax (1)
x+b=2Jbx (2
_(x+a)(x+b) N 2\Jax. 2/bx _ aJab

Do d6 A=
X X

MinA=4J/ab = x=a=b.
Binh luan
Loi giai “thuyét phuc” day chi, c6 can phai giai lai khong?
Giai dap
Chi x4y ra A=4/ab khi & (1) va (2) xay ra ddu dang thiic, titc 12 x = a v x = b. Nhu vay ddi hdi phai
c6a=b.Né&u a #b thi khong c6 duogc A=4/ab.
L &1 giai dung

Ta thuc hién phép nhan va tich ra cac hang so:

A= (x+a)(x+b) _ x* +ax+bx+ab =( abj+(a+b).

X+—
X X X

Ta co x+a—b22@ (BDT Cosi) nén A= 2\/%+a+b=(x/5+\/5)2
X

_ab
Min A=(va+vb) « [“Tx - x=vab,
x>0
Bai 8: Cho a, b, ¢ 12 cdc s6 duong, hdy tim gid tri nhd nhat clia biéu thic P = (1+ 5%](& %)(H éj .

L &i giai “co van dé&”

Do a, b, ¢ 1a cdc s6 duong nén 4p dung bat dang thic Cosi ta c6:

1+izz\/E Q: w2522 ) wEs S 3
5 Vs £ V& Y

Nhan timg v€ chia ba bt déng thiic cling chiéu va cdc vé€ déu duong ta dugc P>8, /5%3.‘ /% \ f% :%.

Do d6 P nho nhat bang ;i:

Binh luan
Cac ban c6 dong tinh véi cach giai nay khong?
Giai dap
GIASU DPUCKHANH  0975.120.189 22A — PHAM NGOQC THACH — TP. QUY NHON




Pé y khong ton tai a, b, c d€ P :¥ . Day Ia sai 1am thuong mac khi dung bat dang thitc dé tim gia tri

16n nhat, gi4 tri nhd nhat cia mot biéu thitc. Mot nguyén nhan sau xa hon nhiéu 12 ban doc khong hiéu
diing nghia ctia dau “>” va d4u “<”. Khong phai khi nao viét “>" ciing c6 thé xdy ra ddu “=". Vi du ta
viét 10 > 2 la ding nhung khong thé ¢6 10 = 2.

L oi giai dung

Bién déi P:(1+ij£1+£j(1+£j 1+1(a b, Cj+_15[a b Cj+_ i
5b 5 52 b ¢ a 25¢c a b 125

Do a, b, ¢ 1a cdc s6 duong nén 4p dung bat dang thitc Cosi ta c6 :

E+b+c>3/993:3 ) 9+9+523/9.9£:3 (3)
b ¢ a bca c awb cab

Tir (1), 2). 3) tacé P21+t 3+~ 3¢+ =21€
57257 125 128

DAu dang thic x4y ra khi va chi khi cic dau dang thiic & (2) va (3) dong thoi xay ra, tic laa=b =c.

Vay Min P = %5 gid tri nay dat dugc khi va chi khia=b=c > 0.

Bai 9: Cho a, b 12 hai s6 duong va x, y, z 1a cdc s6 duong tuy y. Tim gid tri nho nhat ctia biéu thic

B X2 y2 22

(ay +bz)(az+by) +(az+bx)(ax+bz) * (ax+by)(ay+bx)

L &i giai “co van dé”

Dé thdy (ay+bz)” <(a”+b?)(y*+2?) va (az+by)’ <(a® +b?)(2*+y?)

2 2
~ X X
Va >

Y (ay+bz)(az+by) ~ (a®+b?)(y*+2?)

2 X2
>

(ax+bz) ~ (a? +b?) (2% +x?)

Tuong tu ta co

VN<

(az+bx

z z?

(ax+by)(ay+bx) - (a2 +b2)(x2+ y2) '

2 2 2
Dodéle(X+y+22].

\

a +b2 y2+22 22+X2 X2+y
2 2 2
Mat khac chiing minh duogc 2X >+ 2y 5+ 22 22§
y +z° z°+x° XxX°+ty° 2
SuyraMzL.Df{ “=" xay ra khi va chi khi x=y=z
2(a2+b2)
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Vay gia tri nho nhét cia M la Lbz) gia tri nay dat dugc khi va chi khi x=y=z

2(a2 +
Binh luan
Cach giai trén phai chang la ... ding! Ban giai bai toan nay nhu thé nao?
Giai dap
Loi giai da st dung kha nhiéu bat dang thitc nhung ban hoc sinh nay chi xét dau dang thic x4y ra & bat
2 2 2
y .. Z
ZZ + XZ X2+ y2

2 . 3 N A 7z A 2 » 2 2 7 ~, 2 » N .
dang thiic ——— > > ma khong xét dau dang thic xay ra o cic bat dang thic con lai.
y +z

Theo d6 dang thitc M = ﬁ xay ra khi va chi khi x=y=2z va a =b. Nhung theo gia thi€ta, b 1a
a’+
hai s6 duong tuy y, nén v61 azbthi M >—/———.
2(a2 + bz)

L &i gidi dung

2 2 2 2( 2, 2
Ta c6 (ay+bz)(az+by)g(aY+bZ+432+bY) :(a+b)§y+z) s(a+b) (2y +z)

X2 S 2x°
(ay +bz)(az+by) (a+b)2(y2 +Zz).

Suy ra

y2 5 2y2
(az+bx)(ax+bz) ~ (a+b)’(x* +2?)

Tuong tu ta cling c6

4 - 27’
(ax+by)(ay+bx) ~(a+b)*(y*+x?)

2 2 2
DodéMzz(X+y+ZZJ.

(a+b)2 y2+22 22+X2 X2+y
s x? y? z° 3
Mat khéc theo bat dang thic Na-so-bit thi —— +———+—F—-2>—,
y +z° z°+x° X°ty° 2
suyra M > 3 ~. Dang thic xdy ra khi va chi khi x=y=z.
(a+b)
Vay minM = > khi va chikhi x=y=1z.
(a+b)

Bai 10: Tim gi4 tri nho nhat clia biéu thitc P =2x* + 5y + 4xy — 4x— 8/ + €

N
Al

L &i giai “co van dé

Tacé P=(xX*+4y? +1+ dxy— x— &)+ (X’ - &+ J+(y*- 4+ }
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P=(x+2y-Y"+(x-J +(y-2
Do (x+2y-1)°20, (x-9°2 0, (y- 3’2 (nén
P=(x+2y-2)"+(x-1*+(y-2°> C.
Vay gid tri nho nhat cia P bang 0.
Binh luan
Loi giai “qud gon”, ban ¢ y kién gi khong?
Giai dap
Khéang dinh P >0 la ding nhung ... chiang dugc gi, béi vi khong c6 gid tri nao clia x, y dé dau “=" xay
ra.
Sai lam & 101 giai trén xuat phat tir viéc nguoi giai da khong thuc hién budc 2 khi tim gia tri I16n nhat

(hodc nho nhit) clia biéu thiic ta phai tra 10i cau hoi “dau bang xay ra khi nao?”

L &i gidi dung

Coi x 1a bién chinh dé bién déi nhu sau:
P=2x"+5y"+ &y~ &~ &+ 6= 2+ 2(y- J+(y- |- by- )i+ §-

P=(x+y-1)+3y* - dy+4=(x+y- 9+ {yz_ 3’§+gj_g+ ‘

2
o<(eryeaf o y-2) -2

2
Nhan thdy (x+ y—1)220, {y—éj > Onén

2\ 8.8

P=(x+y—1)2+3(y——j +—2=>— v6imoi x,y.
3 3 3

2 _ 1

(x+y-1)"=0 x+y-1=0 x==

Diu déing thitc xy ra khi va chi khi N2 ed 2 -1 3

?{y——j =0 y-5=0 2

3 3

3 y=
A . 8 i o . 1 2
Vay MinP 25 . Gia tri nay dat duoc khi (x, y) = (5 gj

A3 - DANG SAI LAM THU BA
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Bat déng thic f (x)=>a khong x4y ra ding thic dng véi mot gid tri x =X, ndo d6 (x, thod man diéu
kién clia bai todn) da két luan biéu thic f (x) dat gid tri nho nhét béng a hodc biéu thic f (x) khong
dat gi4 tri nhé nhit.

Bai 11: Tim gié tri nhd nhat chia biéu thic P =~/28+ - x° ++/ 5+ &—X°

L &i giai “co van dé”

Diéu kién clia x dé bi€u thiic P c¢6 nghia la

28+X-x*20 [(4+x)(7-x)=0 {_49(5 7
5+4x-x2>0 (1+x)(5-x)= 0 " l-1<x<5

Nhan xét: V61 -1<x<5tacd

5+ 4x—x2 =(1+x)(5-X) = C, suy ra 5+ 4x-x* = 0.

28+ X—x* =(4+Xx)( 7-x) > C, suy ra v28+ 3X-x* > 0,

Do d6, v6i —1<x< 5 thi P=+/28+3x—x2 ++/ 5+ &—-x2 > 0 nén P khong c6 gid tri nho nhat.
Binh luan

Két luan cua 10i giai sai vé mat 1ogic, tuong tu nhu trudng hop

Q =x*+1>0vé6i moi x nhung Q van dat gid tri nho nhat bang 1 khi x = 0.

L &i gidi dung

Diéu kién clia x dé P c6 nghia Ia -1< x< 5. Khi d6 ta c6

P=/23-x+(1+X)(5-x) +(#x)(5x) 2V 23 x2V/ 23 5 & .
Dang thiic x4y ra khi va chi khi x = 5.
Vay minP =3/ 2khi va chi khi x=5.

Bai 12: Tim m d€ phuong trinh  x* +(m+1) x+1= 0 ¢6 téng binh phuong céc nghi¢m dat GTNN.

L &i giai “co van dé”

- . . m=1
Diéu kién dé phuong trinh c6 nghiém la: A20 = (m+1)°-42 0~ (m+ 3J(m-32 0- L’K 3 *)

Khi d6 tong binh phuong cdc nghiém 1a: x? +x2 = (x,+x,)* = 2xx,=(m+1)’ - 2 (Theo dinh Ii Viét).
Ta c6 (m+1)"-22-2 nén téng binh phuong cdc nghiém dat gid tri nho nhat 1a -2 khi va chi khi
m+1=0 m=-1.

Gid tri m = -1 khong thoa mén diéu kién (*) nén khong ton tai gid tri cia m dé t6ng binh phuong céc

nghiém dat gia tri nho nhat.
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Binh luan
Mau chét ctia sai 1Am trong 10i giai nay & chd em hoc sinh chua ndm vitng khai niém gid tri nho nhat
clia mot biéu thic. Ching ta can luu ¥ rdng: Néu bat dang thic f (x)=a khong xdy ra dang thic ing
v6i mot gid tri x = x,nao do (x, thoa man diéu kién cua bai toan) thi khong thé két luan dugc biéu thic
f (x) dat gid tri nh6 nhét bang a hodc biéu thic f (x) khong dat gid tri nhd nhét.

L &i gidi dung

< . . m=1
Diéu kién dé phuong trinh c6 nghiém la: A20 = (m+2)°-42 0= (m+ 3(m- 132 0- {m< 3 #,

Khi d6 téng binh phuong cdc nghiem 12 : X2 +x2 = (x, +Xx,)’ = 2xx, = (m+1)* - 2=[(m+ 1)’ - A]+ 2 2

) m=1
Pang thic xdy ra (m+1)2—420<:[ _ 1 (thoa man (¥).

Vay téng binh phuong cic nghiém dat gid tri nho nhat bang 2 khi va chi khi m = 1 hodc m = -3.

1

Bai 13: Tim gid tri 16n nhat cta biéu thitc A=————.
X —6x+10

L &i giai “co van dé”

Phén thiic ﬁ) c6 tirkhong déi nén A c6 gia tri 16n nhat khi miu nho nhét.
X* —6X

Tacé: x*—6x+10=(x- 3"+ 1> 1
Min (X* -6x+10)=1= x=3
Vay maxA=1- x=3
Binh luan
Loi giai c6 veé kha “tron”, nhung né€u di thi ma lam vay thi “trugt”. Tai sao vay?
Giai dap
Tuy ddp so6 khong sai nhung lap luan lai sai khi khang dinh “A c6 tir s6 khong déi nén A c6 gia tri 16n

nhat khi mau nhé nhat” ma chua dua ra nhan xét tir va mau la cac s6 duong.

Vi du nhu: Xét biéu thitc B = c6 tir khong doi nén c6

5 . Vi lap luan nhu trén “Phén thic —;
x° =10 x~-10

gid tri 16n nhat khi miu nhdé nhéat”, do mau nhd nhat bang -10 khi x = 0, ta s& di dén két luan
maxB = ;—; ~ x=0. Diéu nay khong ding vi ;—; khong phéi I3 gi tri 16n nhat ctia B, chéing han v6i x =

Sthi B= L+ > "1
15~ 10
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Mic sai 1dm trén 13 do ngudi 1am khong nam viing tinh chat clia bat dang thiic, d3 mdy méc dp dung
quy tic so sanh hai phan s6 ¢6 tir va mu 12 cdc so tu nhién sang hai phan s6 ¢6 tir va mau 1a céc bat ki.

L oi giai ddng

R A A z A A 2, 1 z k3 N X N N ~
B6 xung thém nhan xét x° —6x+10= (x— 3)2 + 1> Cnén phan thuc Z—ox+10 c6 tu va mau déu la so
X“—6x+

duong, do d6 A 16n nhat khi va chi khi % nho nhit < x*—6x+10 nho nhat. Lam ti€p nhu trén ra két

9

qua.

Bai 14: Tim x dé biéu thic P = 2; dat gid tri 16n nhat
X" +2x-3

L &i giai “co van dé&”

Diéu kién x#1; x# -3.

Taco P= ;2
(x+1)"-4
Pé biéu thic P dat gia tri 16n nhat thi (x+1)2 -4 dat gia tri nho nhat. Diéu nay xay ra khi (x+1)2 =0
hay x=-1. Khi d6 gid tri 16n nhat ctia P= _%
Binh luan

Nhung c6 thé thay khi x=2 thi P =é, do d6 —% khong phai la gia tri 16n nhat cta P. Vay sai l1am cta

101 giai & dau? Khac phuc sai 1am d6 nhu thé nao?

Giai dap
Sai 1am cta 10i gidi ma ban hoc sinh nay dua ra chinh 13 & budc 1ap luan “dé biéu thic P dat gid tri 16n
nhat thi (x+1)° -4 dat gid tri nho nhat”. Diéu nay chi ding khi tir va mu ctia P cling duong ma tir phai
12 hang s6. & day mau chua biét duong hay am nén khong thé 1ap luan nhu vay duoc.

L &i giai dung

Diéu kién x#1; x# -3.

Dé dang chi ra v6i x<-3 hodac x>1thi P>0, con v6i -3<x<1thi P<O0.

Ta thay khi x=1+a v6i a>0 thi P= nén a cang nho thi P cang 16n va 16n bao nhiéu ciing duoc, do

2

a“ +4a

d6 biéu thic P = 2; khong ¢6 gia tri 16n nhat.
X°+2x—-3
A4 - DANG SAI LAM THU TU
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Nham tudng vai trd clia c4c bién trong bai nhu nhau nén sip thit tu c4c 4n.

.. e aa v s iip 1, X z ..
Bai 15: Tim gié tri nho nhat cua biéu thic A=X+ Y4 2 i X,¥,z>0.

y z X

N
Al

L &i giai “co van dé

Khi hodn vi vong quanh x — y - z - x thi biéu thitc A khong déi nén khong mat tinh tong quat, gia st

x2y2z>0,suyra x-z20 =y(x-2)2z(x-2) =xy-yz+z*=xz. )
Chia ca hai vé cua (1) cho s6 duong xz ta duoc %—¥+§21. (2)
Mit khic tacé 2+2>2 (3).
y X
Cong vé& v6i vé chia hai bat dang thitc cling chiéu (2) va (3) ta duoc X YiZs3
y z X

T dé suyra mnA=3 <« x=y=2z,
Binh luian

Tuy két qua diing, nhung xem ra 10i giai bat 6n. Tai sao vay?

Giai dap
Khi hodn vi vong quanh x — y - z - x thi biéu thic A tr& thanh ~ + 2+ tic 12 biéu thic khong déi.
z Xy

Diéu d6 cho phép ta duoc gia st mot trong ba s6 X; y; z 1 s6 16n nhat (hodc s6 nhd nhét), nhung khong
cho phép gia st x=y=>2z roi sit dung né lam gia thiét bai toan khi di ching minh ma khong xét cac
truong hop con lai.

That vay sau khi chon x 12 s6 16n nhat ( x >y, x > z) thi vai trd clia y va z lai khong binh dang:

giit nguyén x, thay y bdi z va nguoc lai ta duge > +2+Y., biéu thiic nay khong bing biéu thic A.

zZ y X
Khic phuc sai 14m
V6i 16 giai da dua ra, thay cho viéc sip thi tw x>y =z, ta chi can gia st z 1a s6 nho nhat trong ba s6
X; y; z két hop véGi phan con lai ctia 10i giai da trinh bay dé ta duoc 10i giai diang.
Ngoai ra ta con c6 thé gidi bai todn nay theo cac cich sau:

L oi giai ddng

Cich 1: Sir dung bat dang thitc Cosi cho ba s6 duong ta c6

= —+=+=2 33/5 JZ= 3.(Phai ching minh BDT Cosi cho ba s6 khong am)
yzy
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Do&smm(§+1+5j=3kaﬁdﬁkm.5=i=—,mcmx=y=z.
y z X y z X

Cich 2: Gia st z 1a s6 nho nhat trong 3 s X, y, .

Tacé Z+Y+2=( XY +(X+E_Xj_
z X X

+Y52 (do x, y > 0) nén dé chitng minh X+ Y4253 chican ching minh
X

y z X
Y2 Y51 .

zZ X X

Thatvay (1) = xy+2z°—yz=xz(dox,z= 0)

Bién déi dén (x-2z)(y-2)=0 (2).

Do z la s6 nhd nhit trong 3 s6 X, y, z nén (2) luon ding. Tir d6 tim dugc gid tri nhd nhat clia biéu thiic

A=3khix=y=z

Bai 16: Cho x, y, z 1a céc s6 thuc 16n hon -1. Tim gid tri nho nhat ctia biéu thic
1+ % 1+y? 1+ z°
= + + .
1+y+7° 1+z+x* 1+x+y?

N
Al

L &i giai “co van dé

Néu x<0, ta thay x boi (-x) thi hai hang tlr ddu ctia P khong déi con hang tir con lai gidm xuong. Tir d6

khong mat tinh téng quét gia st x=y=2z>0.
Tu (x—l)2 >0, suy ra 3(x2+1)2 2(x2+x+:l) .
Dang thiic x4y ra khi va chi khi x = 1.

2 2
Dods ~¥X o, 1+ 2
1+y+z° 1+x+x° 3

~ , A+y? 2. 1+Z7 2
Tuong ty ta cling c6 ———2—; ———2>—.
1+z+x* 3 1+x+y° 3

Tir d6 suy ra P>2. Ddu “=" xay ra khi va chi khi x=y=z=1.
Binh luan
Theo céc ban 16i giai trén da chudn chua? Loi gidi cia ban nhu thé nao?
Giai dap
Cac bién x, y, ztrong biéu thic P ¢6 dang hodn vi vong quanh ma khong c¢6 vai trd nhu nhau nén chi
dugc xem bién bat ki nao 1a 16n nhat hoac nho nhat ma thoi. Do d6 doan 1ap luan:

Khong mat tinh téng quét gia sit x=y=>z>0.
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Tir (x-1)° 20, suy ra 3(x*+1)2 2(x* +x+1) .

Dang thitc x4y ra khi va chi khi x = 1.

2 2
Dods 71X 5 X 2 g
1+y+z° 1+x+x° 3
L, 1y 2
Tuong tu ta cling c6 >—; (2
g 800 T 723 (2)
2
22
1+x+y° 3

1a khong dung. Khong thé tir (1) suy ra (2) va (3) bang phép tuong tu vi vai trd clia cdc bién x, y, z
trong P khong nhu nhau.
L i giai ddng

L1yt 1z 2(1+x) 21+ y?) 2

1+y+72° 1+z+X%° 1+x+y2_2(1+zz)+(1+y2)+2(1+x2)+(l+zz)+Z(]i-yz)+(3rx2)=M

Taco P=

bit 1+ x> =a; 1+y*=b; 1+z°=c(@,b,c> 0) .

LicdsM=_22 , & ., Z
2c+b 2a+c 2D+a

c a b
+ +

Pbat N = )
’ 2c+b 2a+c D+a

b C a
= + +
2c+b 2a+c D+a

Khidé 2N +H =3.

2a+c Z+a ZX+b
+ +

>3, suyra 2M +2N =6 (4)
2c+b 2a+c D+a

4p dung bat dang thitc Co-sitacé M +N =

Laicé 2H +M:2b+a+ 20+b+ 23+C23, suy ra H +M2§ 5)
2 2c+b 2a+c D+a 4 2

Cong vé theo vé& cac bat dang thiic (4) va (5) ta c6: 9TIVI+(2N+H)21—25. Ma 2N+H =3nén M > 2.

Tir d6 suy ra P>2. Ddu “=" xay ra khi va chi khi x=y=2z=1.

A6 - MOT SO DANG SAI LAM KHAC

Bai 17: Cho a, b, ¢ 1a do dai ba canh ctia mot tam gidc. Ching minh rang
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a“+b“+c4<2(a2bz+b2cz+c%12).

N
A

L &i giai “co van dé

Vi a, b, ¢ 1a do dai ba canh cia mét tam gidc nén
lb-c/<a
=b*-2bc+c’<a’
=b*+c*-a’*<2bc
= (b*+c?- az)2 <(2bc)®
=b'+ct+at+2bc’-Dat-xa<bt?
=a'+b'+c'<2(ab’+bT*+ca)
Binh luan
Loi giai trén da ding chua? Néu chua, giai thé nao thi ding?
Giai dap
Nang lén Iu§ thira bac chin & hai v€ cia BDT ma khong c6 diéu kién hai v€ cing khong am

Loi giai chua ding vi tir b* +c*-a’*< 2bc = (b2 +c2- a2)2 <(2bc)’1a sai, ching han

—2<1=(-2)" < £ (sai). Luu y chi dugc binh phuong hai v& cia BDT khi c hai vé déu khong am.

L oi giai ddng

Vi a, b, ¢ 1a do dai ba canh cia mot tam giac nén
lb-cl<a<b+c

= (b-c)’ <a?<(b+c)’

=b’-2bc+c’<a’<b?+ 2bc+c?

= —2bc<a’-b’-c’< 2bc

:>‘a2 —bz—cz‘ < 2bc

= (@’ —bz—cz)2 <(2bc)?

=a'+b'+c'-2abh’-2xca+ bt < bt

=a'+b'+c'<2(ab’+ca’+bt)

2

X°+y
X-y

Bai 18: Cho hai s6 x; y thod man x >y va xy =1. Tim gi4 tri nho nhat cta biéu thic A=

X
AN

L &i giai “co van dé

_ X2 = 2xy + y*+ 2xy _ (x—y)2+2xy
X-y X=y

2+ 2
Ta co A:X y
X-y
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Do x >y va xy=1 nén

2
(=), 29 _,
X-y X-y X-y

A=

Biét réing néu a > 0 thi a+~> 2 (BDT Cosi)
a

Dodé A=X Yy 2 XY 0, XY
2 X-y 2 2

X-y. 2 )
X-y

= (x-y) +4=4(x-y) = (x-y) - 4(x-y)+ 4= C.

Giai phuong trinh nay dugc nghiém x —y = 2.

Vay A c6 gia tri nho nhat khi

—y=2
Do dé ta c6 hé phuong trinh sau {X y , nghiém cua hé phuong trinh 1a
Xy =

(xy)=(1+v2-1+2) ; (xiy) =( -+ 2= £ 3 (Thod man diéu kién bai ra).

X_y+2:—§+2=3.

Vay gia tri nho nhat cuia A la A=
Binh luan

Nhung v6i x =

Jé;‘/é; y= ﬁ’;‘/_z thi cé x>y, xyz%zzl Vi A= 242< 3.Tai sao lai nhu the?
Giai dap

Chitng minh f >m(hay f <m), khing dinh gi4 tri nho nh4t (hay 16n nh4t) cia f bing m ma khong chi

ra m 12 hang s6

R& rang 101 gidi sai . Vi A2 2+ X;y ma X; Y chua 1a hiing 6. Sai 14m & day Ia sai 1dm & budc 1, dénh

gid f >m nhung m khong 1a hang s6.

L &i gidi dung

_ X2+ y? _ X2 -2xy+y*+ 2xy=(x—y)2+2xy

A
X-y X-Yy X=y
= (x-y) +——22 | (x-y)—=— = 22
X=Yy X=Yy
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2

(4p dung BDT Cosi cho hai s6 duong x —y va ).
X=y
2
X—y=—— - s
Dau “=" xayra - Y Xx—y . Giai hé nay timra x= V6 ;\E y= V6 2\/_2 thoa man dé bai.
xy=1

Bai 19: Tim gid tri nho nhat ctia biéu thic A=|x* -x+3+/x*~x~2.

N
Al

L &i giai “co van dé

2 2
-2 x+( 2] + il - 2. e[ 2] -2
2 2 4 2 2

Ta cé A:‘xz—x+3(+‘x2—x—4:

34

9‘_11 9

=—"+_"=5,

Suyra A=
y 4 4

4

1
=+
]

2
Pang thifc xay ra - (x—lj —0e x-1=0o x=1.
2 2 2

Vay gi4 trj nhé nhat ciia A a 5 khi x= %

Binh luan
Trong 16p ¢6 hai nhém dua ra cac nhan xét khac nhau, nhom thit nhat cho 1a 16i giai cta ban hoc sinh
trén “c6 van dé”, nhom thit hai hoan toan nhét tri v6i 10 giai trén. Con ban, ban sé ding & nhém nao?
Tai sao?
Giai dap
Hiéu sai nhiéu loai BDT nhu |A® +m/> |

EETETN

2
Ta thdy (x—%) —:91 > —% v6i moi x, nhung khong thé suy ra

(2%
X—— | ——
2 4

Luu y tir a=b chi suy ra dugc |a = |b| khi a=b=0.

Budc giai sai lam

(3%
o3 43 T

Chang han néu x=0 thi

L &i gidi dung
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1% 11 9 1Y |11
2) 4 4 2 4

Do d6 A dat gié tri nho nhat 1a 5 khi va chi khi

2 2 2 2
x| 2O (x-H so- (x-H 0 m (x—lj +15 0v6i moi x)
2) " alla 2 4 2 2) 4

Tu d6 tim duoc -1< x< 2

Bai 20: Tim gid tri nhd nhat ciia biéu thiic P =(x*-1)(x*+1).

N
Al

L &i giai “co van dé

Tac x*=0 v6imoi x, suyra X* -1>-1va x*+1>1

Suyra P=(x*-1)(x*+1)2(-1) 1=-1=>P2-1

Dau “=" xay ra khi va chi khi {XZ =l x=0.
X +1=1

Vay P dat gia tri nho nhat 1a -1 khi x = 0.

Binh luan
Sai [am & dau?

Giai dap
Van dung sai cdc tinh chét cia BDT nhu nhan hai BDT cuing chiéu ma khong ¢6 diéu kién hai v€ cling
khong am.
Phan tich sai 1dm: Chd sai clia 1di giai trén 13 di nhan hai vé& clia bat dang thiic cting chiéu trong khi c6
nhitng vé& nhan gi4 tri Am, chang han 5 > 3 va -2 > -3 nhung 5.(-2) < 3.(-3)

L i giai ddng

Loi gidi diing khd don gidn: P=(x*-1)(x*+1)=x*-12-1= P2-1

Dau “=" xay ra khi va chi khi x* =0 « x=0.

Vay gia tri nho nhat ctia P 1a -1, gia tri nay dat duoc khi va chi khi x = 0.

Bai 21: Tim gid tri nho nhat clia biéu thic P =x-2/xy +3y- 2/x+1

N
Al

L &i giai “co van dé

Diéu kiéen x=>0;y=0.
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Tacé P=x-2/xy+3y-2/x+1 -( \/_) +1- 2(\/_ \/_) 2fy+2y
:(\/;—\/; )+2y 2\/_+— = ( -Jy-1 ) %(2\/;—1)2__

Tu d6 danh gid dugc minP :—% e y::ll; x:—j.
Binh luan
Loi giai rat ‘logic”, liéu cac ban c¢6 chap nhan khong?
Giai dap
X4c dinh sai di€u kién clia bi€n nén tap x4c dinh bi m& rong din dén két qua sai.
Phan tich sai 1am, stra chita: Bai todn sai ngay tir diéu kién, di€u kién ding 1a x=0; xy > 0. That vay,
néu x=0 thiy tuy y, khi d6 P =3y + 1 khong dat gia tri nho nhit vi y nho tly y nén P nho tuy y.
Do sai ngay tir di€u kién nén 10i giai trén da bai todn thi€u 1 truong hop.

L &i gidi dung

Diéu kién x> 0; xy > 0.
Xét hai truong hop:

e TH1: x>0;y=0.
Diéu kién x=>0;y=0.

Tacé P=x-2/xy+3y-2/x+1= ( +1- 2(\/_ \/_) o[y + 2y

ol
:(&—ﬁ—1)2+2y 2 y+E _2 :( ~Jy- ) %(2@-1)2__

Tir d6 dénh gid dugc minP=-= o y=1:x=2,
2 272

e TH2: x=0;y tuy y khi d6 P =3y + 1 khong dat gia tri nho nhat vi y nho tuy y nén P nho tuy y.
KL chung: Biéu thitc P khong dat gi4 tri nho nhat.

ty=m s s g
) (1) . Tim gi4 tri I6n nhat va gia tri

Bai 22: Cho (X, y) 1a nghiém cua hé¢ phuong trmh{ ,
X*+y?=-m*+6

nho nhét cta biéu thic F = xy +2(x+y)

L &i giai “co van dé”

X+ty=m X+y=m

Tu heé (I) ta co =
(D {(x+y)z—2xy:—m2+6 {xy:mz—S

Khi dé F=m?-3+2m=(m+1)*-4
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Ta thiy (m+1)" - 42 -4, ddu “=" x4y ra khi va chi khi m=-1nén minF =-4 khi va chi khi m=-1.
Mt khic d& thdy m cang 16n thi F =(m+1)° - 4 cang 16n, do d6 biéu thic F khong dat gid trj 16n nhat.
Binh luan
Bai to4n c6 16 hong khong? Néu ¢6 thi né nam & dau?
Giai dap

X+y=S
Y= ¢6 nghiem Ia $?> 4P, do vay da

Ngudi lam todn da khong d€ y diéu kién dé hé phuong trinh {

khong xé4c dinh diéu kién clia m dé hé c6 nghiém. Tinh huoéng minF = -4 khi va chi khi m=-1 chi Ia
may man nhung ciing khong duoc chap nhan, con két luan biéu thiic F khong dat gid tri 16n nhat la sai
lam.

L &i gidi dung

+y:m

b

< ) . . : X
Trude hét ta tim diéu kién cia m dé hé (I) c6 nghiém (1) < { 2 o
Xy=m -

Diéu kién dé hé (I) c6 nghiém la > 4(m*-3) = -an’+122 0~ - Xms |

-Khidé F =m2—3+2m=(m+j)2—4

Ta thiy (m+1)°" - 42 -4, ddu “=" xay ra khi va chi khi m=-1 (Thoi mdn -2<m< 2) nén minF = -4
khi va chi khi m=-1.

Mat khdc, dat f (m)=n7+2m-3

+ Chi ra mO[~2;-1] thi ham s6 f (m) nghich bién nén maxF = f(-2)=-3 (1)

+ Chi ra mO[-1;2] thi ham s6 f(m) dong bién nén maxF = f(2)=5 (2)

Tu (1) va (2) suy ra maxF = f(2)=5

Két luan chung.

Bai 23: Tim gid tri nho nhat ctia ham s6: f (x) =vx® = x+1++/x*=/3x+ 1 véi xOR

X
A

L &i giai “co van dé

2 2 2 2
Pua ham s6 trén vé dang f(x):\/(x—%j +£§J +\/£X_§j +£_;j

1 \/éJ BL\/?% 1
’ 2

Trong hé truc toa do Oxy, xét cc diém ALE—

2
Khi d6 f(x)=CA+CB. Vi CA+CB= AB,
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Trong d6 AB :\/[ﬁ——ljz +[—1—£3]2 ZM,

2 2 2 2 2
R
Suy ra min f (x) = 5

Binh luan
Bai todn nay giai bang phuong phép dai s6 rat kho khian nhung néu giai bang phuong phédp hinh hoc
nhu thé nay thi “kha don gian” phai khong cac ban? Con ban s€ giai bai toan nay nhu thé nao?
Giai dap
St dung mit phang toa d6 nhung viéc chon diém chua phii hop.
Tru6c hét ta nhé lai mot két qua ding sau: Trong mat phiang cho hai diém A, B va duong thang (d) di
qua diém C. Khi dé:
a) Néu A, B cung phia so véi (d) thi CA + CB dat gid tri nho nhat (GTNN) khi C la giao
diém ctia AB’ véi (d) (trong d6 B’ 1a diém doi xing clia B qua (d)), lic d6 CA + CB = AB’.
b) Néu Néu A, B khac phia so v6i (d) thi CA + CB dat GTNN khi C la giao diém clia AB véi
(d), lic d6 CA + CB = AB.

1\/§] (\/_3

Trong 1061 giai trén da chon A(z > 5 ;] 12 hai diém clung phia so vé6i truc hoanh. Poan AB

6‘ 2 2

khong cat truc Ox, do d6 diau
CA+CB = AB khong xay ra (khong ton tai diém C’ trén Ox sao cho C’A + C’B = AB), nghia la

V({31

& bat dang thiic

CA+CB > AB nén viéc két luan min f (x) = 12 sai 1am.

L &i gidi dung

Xét hé truc toa Oxy, trén d6 chon A(% @J B (%% ——;] va C(x,0).

Ta c6 f(x)=CA+CB'= AB' (trong d6 AB':\/[Q—E}2 { 1 \/_3] =v2) nén f(x)2v2(OxOR).

2 2 2

Ding thiic xay ra khi x=~/3-1. Do d6 GTNN ctia ham s6 da cho 12 /2, gi4 tri ny dat duoc khi va chi
khi x=+/3-1.

Bai 24: Cho a 1a s6 c6 dinh, con x, y 1a nhitng s6 bién thién. Tim gid tri nho nhét ctia biéu thic

P=(x-2y+1)*+(2x+ay+ 5’
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L &i gidi “co van dé&”

Do (x-2y+1)°20, («+ay+5°> (nén P>0.

X-2y+1=0

1) c6 nghiém.
2x+ay+5=0 M) Ehis

Do d6 minP = 0. Gia tri nay dat dugc khi va chi khi hé {

Ta 6 {x—2y+1:0 @{X:Zy—l _ {X:Zy—l
2x+ay+5=0 |2(2y-)+ay+5=0 |[(a+4y=-3 (¥
Heé (I) ¢6 nghiém khi va chi khi phuong trinh (*) c¢6 nghiém. Diéu nay xay ra khi va chi khi
a+4#Ohaya# -4
Vay MinP =0khia# -4
Binh luan
Nhung dau bai c6 cho a# -4 khong?
Giai dap
Khong xét hét cic trudng hop trong mdi bai todn ma di két luan
Phan tich sai lam: Bai todn cén xét hai truong hop, 16i giai trén chi ding trong truong hgp a# —4, ta can
xét thém truong hop a=-4.
L &1 giai ddng

Do (x-2y+1)°20, (%+ay+9°2 (nén P20.

—2y+1=0
a) M in P =0 khi va chi khi he {X y (1) c6 nghiem.
2x+ay+5=0
. [x=2y+1=0 Xx=2y-1 x=2y-1
Taco - o
2x+ay+5=0 |2(2y-D+ay+5=0 |(a+Jy=-3 (¥

Hé (I) c6 nghiém khi va chi khi phuong trinh (*) ¢6 nghiém. Diéu nay xay ra khi va chi khi
a+4#Ohaya# -4

b) V6i a=-4,khi d6 P=(x-2y+1)* +(2x- 4y+ 5.

bat t=x-2y+1.
2
Tacé P=t*+(2t+3)" =52+12+ &= EEHSJ +?932§

9 6 11

Suyra min P== khi r=—— hay x—2y=——.

y 5 5 y Y 5
Vay:

+Néu az-4thi MinP=0
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+ Néu a=-4 thi M inP=§
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