Chuong 2
Pa thitc 46i ximg ba bién

2.1 Cac khaii niém cd ban

Dinh nghia 2.1. M4t don thic p(z,y, 2) cia cdc bién x,y, z duge hiéu la ham sé c6
dang

o(2,y, 2) = aumaty's™,
trong d6 k,l,m € N dugc goi la bic cia cdc bién z,y,2;

36 agtm € R* = R\ {0} dugc goi la h¢ s6 cia don thite, con 36 k + 7+ m dugc goi.la
bac ctia doit thic p(z,y, z).

Dinh nghia 2.2. M6t ham s6 P(x,y,z) cia cdc bién x,y, z dude goi la mét da thic,

néu né cé thé duge biéu dién ¢ dang tong hitu han cdc don thic:

P(z,y,2)= Y aumz*y'z™
k4+l+mgn

Béc l6n nhét cia cde don thic trong da thic duge goi la bic cia da thic.

Dinh nghia 2.3. Da thic P(z,y, z) duge goi la dbi zitng, néu né khéng thay déi vdi

mot hodn vi cia x,y, z. nghia ld

P(r.y,z) = P(y,,z2) = P(z,y,2) = P(z, 2,y).
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Vi dy : Céc da thic dudi day la nhing da thic d6i dbi zing theo cic bién x,y, 2
| Ty +yz + z2x, |

3+ y3 + 23 - 3ayz,

(= + )y + 2)(z + ),

r(yt + 2%) + y(z? + 24) + 2(z* + ¢?).

Dinh nghia 2.4. Da thic f(z,y, 2) duge goi la thudn nhdt bic 'yrn‘,fnéu.“f 3
f(tz,ty,t2) = t™f(z,y,2), t #0.
Dinh nghia 2.5. Cdc da thic
o =x+y+z, 0y = Y+ Yz + 2x, 03 =Y,
duge goi la cdc da thitc déi Ting co sd cia cdc bién x,y, z.
2.2 Téng luy thita va tdng nghich dao

Dinh nghia 2.6. Cdc da thic s, = zF + y* + 2%, (k= 0,1,...), dugc goi la téng lug

thita bac k cia cdc bién z,Y,z.
Dinh ly 2.1 (Céng thitc Newton). Vdi moi k € Z, ta cé hé thic
Sk = 0181 — 028k~ + 03Sk_3. (2.1)

Chitng minh. Thdt vdy, ta c6
018k-1 — 028k—2 + 038k-3 = (T + y + 2)(1"‘_,1 +y* 4+ 2R
~(zy+ zz + yz)(ﬁ:k"z + yk‘z + 26-2) 4 zyz(ah3 +yF 3 4 Y =
= (zF + yF + 2k oyt 4 2Fly 4 2Rt 4 2R 4 yz";‘«+ y*1z)—
~(@Fly + yFlak 1z 4 22kl gk laykol g pyRe? g pgk-2a 4 gR-2y2) 4

+(a*2yz + 2y* 22 + ay2*2) = 2k 4 oF + 2K = ;.
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Dinh Iy 2.2. Méi tong lujj thiwa s, = z* + y¥ + 25 déu c6 thé biéu dién dugc dudi

dang mét da thic bic n theo cdc bién oy, 03,03.
Chti‘h,g minh. Ta ching minh Dinh li 2.2 bing phuang phdp quy nap. Ta cé
s0=3, S =x+y+z=o0,
s§ =m2+y2+z2'= (x+y+z)2—2(my+yz+za:) = o? — 20,.

Nhu vay, Dinh li ding véin = 0,n = 1,n = 2. Gid s Dinh li ding vdin =k—1,n =
k—2,n=k~3 (k2>3). Khi dé, theo cong thitc Newton (2.1), Dinh li ciing ding vdi
n = k. Dinh li dugc ching minh.

Cong thic truy hoi (2.1) cho phép biéu dién cic tong lug thita sy theo cic da thitc dbi
Tiing cd s6 0y,09,03, néu biét trude cong thic biéu dién cia si_1, Sx—o9. Dinh li dudi

déy cho ta cong thic biéu dién truc tiép sy theo 01,02,03.

Dinh ly 2.3 (Cong thic Waring). Téng luj thita s duge biéu dién qua cic da thic

déi Ting co sd theo cong thic:

Sk Z (~1Dk-tm=n(l 4 m 40— 1)!

= lim!n! oo (22)

14+2m+3n=k

Cong thic (2.2) c6 thé dugc chiing minh bdng phuong phdp quy nap vdi su trg gip
ciia cong thic (2.1). Nho cong thic Waring ching ta cé thé tim dugc cdc cong thic
sau

s = 3,

81 —-"'- oy,

8y = df - 202,

83 = of — ‘30102 + 303,

84 = o} — do}0; + 20% + 40,03,

s = a3 — 50303 + 50103 + 50}03 — 50203,

s = 0§ — 60ioy + 9020% — 203 + 60303 — 12010303 + 303,
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sy =g{ — 70,03 + 140100 70102 + 70103 - 21010303 + To103 + 70203,

8 = o? — B80S0, + 200}03 — 160203 + 203 + Bodos — 32030303 + 120303+
+24010-§a3 - 80202‘;',

Sg = 07 — 90102 + 270,02 304:7,:72 + 90103 — 4504 10203 + 540',20303-}-

+180‘;’a§ - -90:}03 - 27alaga§ + 303

810 = 01 - 100}, + 350%03 — 500103 + 250303 ~ 203 + 100]03—
—60050903 + 100030303 + 250703 — 40010203 + 60070203+

+100;03 + 150303

1 l

. TNy 1
Dijnh nghia 2.7. Cdc biéu thic s_; = =t y"

- (k=1,2,. ), dugc goi la tong

pw
e

nghich ddo cia cic bién x,y, 2.

Do cong thite (2.1) ding vdi Yk € Z, nén néu trong cong thic trén thay k bdi 3 — k,
ta dugc
(1] gy 1
$ok = ——81.f — ——S3_k + —S3_k. (2.3)
o3 o3 as .
St dung cong thitc (2.3) ta cé thé tim duge cic biéu thic ciia cdc tong nghich déo theo

cic da thic doi zing co sd. Xét mgt s6 trudng hop sau:

a2 o) 1 oy 4§ 1 . )
S_1=—8 — —81+ —83=—~3~ —0o1 + —"(df - 2(;2) = -,
o3 g3 o3 o3 o3 o3 a3
2
) o) 1 o5 — 20103
$.2= ;;3-1 - ;—80 + ;—-81 = —'2*"';2'-""“,
3 3 S
a3 2
oy o 1 o) — 3010203 + 303
8.3 = ;;8.,.2 — ;—3—8.-] + ;——30 = 03 ,
3 03
4 2 2 2.2
o9 o 1 3 — 4010503 + 40905 + 20¢0
S 4= —8_ 3~ —8§.9+ —8.1 = 92 2 , 203 1793

a3 o3 o3 o}
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2.3 Quy dao caa don thirc

Dinh nghia 2.8. Da thic déi ming vdi s6 cic sé hang téi thiéu, mét trong cic sé
hang cia né la don thic 2%y' 2™ duge goi la qui dao cda don thic %y z™ va duge ki

hi¢u la O(a*yt=™).

R6 ring la dé tim cde qu deo cia don thic 2%y 2™ cin phdi bé sung vao don thitc

do tat cd cdc hodn vi cie x,y,z. Voik #1# m, ta cd:
O(zby'z™) = 2y 2™ 4 abymsl 4 2lyfam ¢ abymak 4 g™k b 4yl sk,
Vi du:
O(2%y%2) = 2Py?2 + 29y2? + 22z + 2¥y2° + 2yB2% + 2935,
O(2%y) = O(2%y2?) = Py + 2y + 232 + 228 + 32 + 422

Néu nhu trong don thic x%y'z™ c6 hai s6 mii ndo dé bing nhau, chdng han k ==vl #m,
thi
O(zkykz™) = akykzm 4 ghymak 4 gmyksk,
Chdng han :
O(2y=®) = 2y2® + zy®z + 2Pyz,
O(zy) = O(zy2®) = zy + =z + yz,
O(z%P) = 233 + 2323 + 1325

Cac truong hgp riéng cia quy dao :
0(2) = O(zy°2°) =z + y + z = 01, O(zy) = O(ay2®) = 2y + z2 + yz = 09,
O(zyz) = zyz = o3, O(xk) = O(a:'%ozo) =z* + yk +2F = s, k € N.

Dinh ly 2.4. Quj dao cia moi don thic biéu dién duge dudi dang da thic theo cic”

don thitc déi ziing co sd.
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Chitng minh. Trudc hét ta c6 O(z*) = si, nén theo Dinh li 2.2, O(:ck). biéu dién
dugc theo cic da thitc déi Ting co sd.

Chuyén sang trudng hap khi quij dao c6 deng O(z*y'). Ta c6 cong thic
O(z*y') = o(zF)o(z!) — O(z*+) \(k #0. (2.4)
Thdt vay, ta c6 |
0(z*)O(d) - O(z*) = (= + 1 + 25) (@t + o' + 2) - (xk;tj oyt g ) =
T g e g g Y U Uy 0 Sy
B I N W SV S W B 0 S ¥ +yl£k = O(z"y).
Néu k =1 thi cong thitc (2.4) dugc thay bdi cong thife sau:
O(a*y) = 31(0(a*))? ~ 0] (2.5)

Tit (2.4) va (2.5). suy ra cdc quj dao O(z*y') biéu dién dugc ¢ dang da thic theo cdc
bién 01,03, 03..
Cudi cing , néu don thitc x¥y'2™ phu thuge vao ci ba bién x,y,z. nghia la k # | #

| m # 0, thi don thitc z¥y'=2™ sé chia hét cho lug thita vdi s6 mi nao dé cia zyz. Vi
vy trong da thie O(xz*y'2™) 6 thé dua luj thita véi s6 mi nao dé cia ryz = o3 10
ngodai ngodc, khi 46 trong ngodc chi la quy dao phu thugc vao sé bién it hon ba. Do
dé, quij dao O(z*y'z™) biéu dién duge dudi déng da thic cua 01,03,03. Dinh li duge
ching minh,
Bt‘ing‘cdch trén, ta c6 thé dé dang nhan dugc cdc co‘ﬁg thite sau:

O(zy) = o7, |

O(z*y) = 0102 ~ 303,

O(z2y?) = o2 — 2003,

O(z%y) = o%a, — 203 —~ 0103,

O(x3y?) = a]ag — 20%03 — 09073,
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0(334:(/) = 0':130'2 - 30’10'3 - 0'?0’3 + 50903,
O(x3y3) = ag + 3a§ — 30102073,
O( 2) =0 /0’2 20’2 20:130’3 + 4010903 — 30’%,
O(z%y) = aforg — 40?03 — o303 + 7010203 + 203 — 302.
St dung cde cong thic biéu dién cia tong nghich ddo theo cc da thic co sé, dé dang

ttm dugc cic quy dao O(a:"yk.). That vay, ta c6

o= ‘17 + '}1: + _175 _ yk 2k +alr€:kzkk-+- zkyk _ O(m’;yk).
zk Yk 2 zhykz of
Suy ra
O(z*y*) = o¥s_x,
O(z%y?) = 0252 = 02 — 20,03,
O(23y3) = 0353 = 0§ — 3010203 + 302,
O(z*y?) = ods_4 = ‘% ~ 4010303 + 40303 + 20%03.

2.4 Cac dinh Ii cd ban ctia da thitc déi xitng ba bién

Dinh ly 2.5. Moi da thic déi zing ba bién z,y,z déu cé thé biéu dién & dang da

thic theo cdc bién 0y =z + y + 2z, 09 = TY + yz + 2z, 03 = TY2.

Chitng minh. Gid st f(z,y,2) la da thic dbi zing va az®ytz™ la mot trong cic sb
hang cia f(z,y,z). Do tinh déi zing, cung vdi sé hang trén ,f(z,y,z) chia quj dao

O(z*y'2™) vdi thita s6 chung la a. Nhu vy ta cé
f(2,y,2) = aO(z*y'2™) + fi(=,y, 2), (2.6)

troﬁg dé fi(z,y, z) la da thic dbi ;iing nao dé vdi it s6 hang hon. Déi véi fi(z,y, 2),
ta lai ¢ cong thic tuong ty nhu cong thic (2.6). Theo mot sé hiu han bude néi trén,
ta c6 thé phan tich da thite f (x,y,2) thanh tong céc quij dao. Theo Dinh li 2.4, méi
quj dao lgi la mot da thitc theo cée da thitc déi zing cd sd, do dé moi da thic déi

5- CBOT B6i Xiing & Ap Dung
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zing cd thé biéu dién duge & dang da thic theo cic da thic déi ziing co sé. Dinh Ui

duge ching minh.

Dinh ly 2.6 (Dinh li duy nhdt). Néu hai da thitc o(t,u,v), ¥(t,u,v) khi thay t =
o1 =T+y+2z u=7zxy+xz+yz, v=1ayz cho ta cing mot da thic déi xing

P(z,y,z), thi ching phdi dong nhdt bing nhau.
Chzf:ng minh. Dé thu(mktién ta dat
t1=t, to=u, tg3=v;, 1=, T2=Y, Tz3=2.
B(t1,t2,t3) = @(t1, ta, t3) — w(t1, ta, t3).
Theo gid thiét ta cé
$(01,09,03) = P(z1,22,23) = P(21,29,23) = 0.
Vor=x1+22+ 23, 02=11T2+ 2123+ Tox3, 03 = T1T2T3.
Chiing ta sé ching minh ¢ ld“ da thitc khong, nghia la dong nhit bing kh,éng. Dat
Q(z1,72,73) = ¢(T1 + To + T3, T1T2 + ToT3 + ToT3, T1T2%2) = ¢(01,02,03).

R6 rang Q(x1, z2,z3) la da thic doi zing. Ta viét lai ¢(t1,1,t3) & dang

$(t1,ta,t3) = olte, t2) + d1(t1, ta)ts + da(tr, t2)t] + o + Gty t2)E5: |
va ki ki hiéu 71,79 ld nhing da thﬁc doi Ting co sd cia cdc bién 1, xy. DE thay ring

ok(21,72,0) = my(@n,22)  (k=1,2), o5(e1,22,0) = T3(e1,22) = 0.
Theo diéu kién cia bai todn ta cé

Q(:;quz, 23) = ¢o(01,02) + $1(01,02)03 + da(o1, 02)03+

+... + dJm(Ol,ag)ag" =0, Vz, z2, 3.

58- CODT i Xing & Ap Dung ~
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Khi dé thi
R(z1,22) 1= Q(z1,22,0) = ¢o(11,72) =0, V1,71

Vi R(xy,29) la da thic doi zing hai bién, nén theo tinh duy nhdt cia Dinh li co bdn

2 bién suy ra ¢o dong nhit bing khong. Nhu viy ta cé
Q(x1, 2, 23) = 03[d1(01,02) + ¢2(01,02)03+

+ooo + Om(01,02)05 ™ = 0], V1,29, 23.

Va vi g3 # 0, nén da thic

Q1(z1,22,23) = $1(01,02) + ¢2(01,02)03 + ... + (01, 02)05 1 = 0.

Lap ludn tuong tu nhy phan trén suy ra ¢, déng nhdt bang khong. Hoan toan tuong
tw ta co o, @3y ..oy Om ld nhing da thitc khong. Vay ¢ la da thic khong. Pinh li duoc
‘chd'ng minh.

Dé biéu dién mot da thiuc déi zing qua cdc da thic doi Ting cd sd, mot cd’ch téungi
qudt, ta cé thé tién hanh theo cdc budc nhu trong ching minh cia Dinh i 2.5. Tuy
nhién. trong truong hop da thic la thudn nhét, ta cé thé ding phuong phdp " hé sé

bat dinh.” Co sd cia phuong phép nay la ménh dé sau day.

Ménh dé 2.1. Cho f,,(x,y,2) la mot da thic déi zing thudn nhét bac m. Khi dé
fm(z,y, ) duge biéu dién qua cic da thic déi zing co so theo cong thic
fm(®y,2) = Y aipoiodol, (4, k €N).

i+2j+3k=m
Meénh dé 2.1 dugc suy ra tit cdc dinh li co-bin vdi chi § ring, o1,09,03 ldn lugt c6
bic la 1, 2, 8 dbi vdi cic bién x,y, z. Dudi day lo mot sé trudng hop riéng cia Ménh
dé nay. » 4

filz,y,2) = a101,

f'Z(a"iyv Z) = 010']2 + ax0y,
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f3(z,y,2) = a103 + az0102 + a3os,
— 2 2 2
fa(z,y,2) = a10] + a20102. + a305 + a40103,
— 5 3 2 2
fs(z,y,2) = a107 + ag0y02 + a3010% + 440703 + a50203,
felz,y, z) = amis + (120"110'2 4+ aga%ag + a4aga50"'1303 + asa§ + a7010203,
trong d6, ai, (¢ = 1,2,...) la cdc hdng s6 duge zdc dinh duy nhdt (theo Dinh Ii 2.6) va
2 4 z a ~ ? P -~ ’ <, . 2 Py Yo ’
dé tim cdc hé sb nay, ta chi viéc cho x,y,z nhdn cdc gid tri cu thé thich hgp nao do.

Xét céc vi du sau.
Vi du 2.1. Biéu dién da thitc sau day theo céc da thic déi xing cd s6
f(x,y,2) = 2%+ % + 23 — dzyz + 2%y + 22y® + 2222 + 2222 + 2922 + 2422
Lo gidi. Ta c6
flz,y,2) = O(zs‘) —40(zyz) + QO(x?y) = (03 — 30109 + 303)—
—403 + 2(o102 — 303) = ai’ — o109 — To3.
Vi du 2.2. Biéu dién da thitc sau day theo céc da thic déi xing co s6
Az, y,2) = (z - y)*(z - 2)°(y — 2)°.
L&i gidi. Do A(z,y,z) la da thic dbi ing thudn nhdt bac 6, nén theo Ménh dé 2.1,
ta co

Az,y,2) = alags + agafaz -+ aga%a% + a4a:23 + a5a:1303 + asag + a7010203.

Nhan zét ring, A(x,y,z) c6 bic cao nhit dbi vdi titng bién la 4, nén ay = ay = 0. DE
tim cdc hé sé con lai, ta cho (z,y,z) lan lugt nhan cdc gié tri (0,1,-1),(0,1,1),
(1,1,-2),(=1,1,1),(1,1,1), ta tim dugc ag = —4,a3 = 1,a5 = —27,a5 = —4,a7 =
18. Vay, ta cd két qud

Az,y,2) = deg - 403 - 40‘?03 - 27a§ + 18010903.
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Bai tap

Biéu dién cdc da thic sau theo cdc da thitc ddi zing co sd

[

cxt oyt 2t — 2222 — 22227 — 2222,
L2092 4 2522 4 22y5 + 2225 4 822 4 245,

2

3. (z+y)y+ zﬂz + ).

4. (2% + ¥ (y* + 22)(2* + ?).
5

et y+2)(z 42y + 2)(x +y + 22).

2.5 Da thitc phan dbi xing
Dinh nghia 2.9. Da thic phdn déi zitng la da thic thay doi ddu khi thay déi vi tri

ctia hai bién bat ki. '

Vi du: Céc da thitc x —y, z° -3, 2y — xy? la cdc da thic phdn déi zing hai

bién, con da thic (x —y)(x — 2)(y — 2) la vi du don gidn vé da thitc phdn déi zing ba

bién.

Sau nay ching ta sé can dén Dinh li Bezout dudi day.

Dinh 1y 2.7 (Dinh li Bezout). Gid st f(t) la da thic bac n > 1. Khi d6 s6 du trong
phép chia cia da thic cho t — a bing f(a). Da thic f(t) chia hét cho t —a khi va chi
khi f(a) = 0. |

Chﬁng mirth. That vdy, thuc hién phép chia da thic f(t) cho t — a, ta dugc
f(&) =g(t)(t —a) +r(t).

Vit—a c6 bic bang 1, nén da thic dur(t) cé bic bdng khong, nghia lar(t) = r = const.
Trong ddng thic trén cho t = a, ta duge r = f(a). T& d6 suy ra f(t) chia hét cho
t —a khi va chi khi f(a) = 0. Dinh li dugc ching minh.

Dinh ly 2.8. Moi da thic phdn déi zing hai bién f(z,y) déu cé dang:

fzy) =@ -yey), (2.7)
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trong dé g(x,y) la da thic dbi zing theo cdc bién z, y.

Chitng minh. Trudc hét nhin zét ring, néu f(z,y) 1a da thic phin déi zing thi

f(z,z) = 0. That vay. theo dinh nghia ta cé

f(I,y) = “‘f(y,-’l»')-

Trong ddng thic trén dgt y = = . ta ¢6 f(z,z) = = f(z,z), suy ra f(z,x) = 0.
Ta ki hiéu Fy(x) = f(z,y) la da thitc chi theo bién « ( coiy la tham s6). Theo nhin
zét trén, ta ¢ Fy(y) = 0. Theo Dinh li Bezout, da thic Fy(x) chia hét cho x —y, do

dé f(x,y) chia hét cho T —y, nghia la c6 dang

fx,y) = (@ —-y)glz,y), (2.8)

trong dé g(x,y) la da thic nao dé. Trong cong thic (2.8) déi ché cia 2,y, ta c6

fly, @) = (y — 2)g(y, x)
Vi theo gid thiét f(x,y) = — f(y, ) va cing vi (x —y) = —(y — ). nén ta cd :

f(z,y) = (z - y)g(y, x). (2.9)

- T (2.8) va (2.9), suy ra g(z,y) la da thic dbi zing theo cdc bién x,y. Dinh li duoc

chitng minh.

Dinh 1y 2.9. Moi da thic phian déi ziing ba bién f(x,y,z) déu cé dang

f(xa Y, z) = (7’ - y)(l - Z)(y - z)g(m,y, Z),
trong dé g(x,vy, 2) la da thic déi zing theo cdc bién z,y, z.
Ching minh Dinh li 2.9 dugc tién hanh tuong tu nhu chiing minh Dinh i 2.8.
Trong da thitc phdn déi zing. cic da thic z —y va T = (z — y)(z — 2)(y — z) déng

vai tro rat quan trong va duoc goi la cdc da thiic phin déi zimg don gidn nhét tuong

ing déi vdi da thic phdn doi xing hai bién va ba bién.
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Dinh nghia 2.10. Binh phuong cia da thic phdn déi zing don gidn nhdt goi la biét

thic . <
Nha vay. trong truong hop hai bién, biét thic cia cdc bién z,y la
Alz,y) = (z - y)*,
con trong truong hop ba bién. thi biét thic cia cic bién z,y,z la
Alz,y,2) = T? = (z - y)*(z — 2)*(y — 2)*.

Dé dang théy ring:
A(x,y) = 0f — doy.

Theo Vi du 2.2, ta cb
Alz,y,z) = l—4o"fc73 + 0’%0’% + 18010903 — 4035 — 2703, (2.10)

trong dé o1,09,03 la cdc da thic déi zing co sd.

2.6 Cong thic Viete va phuong trinh bac ba

~ Mdc du cdch gidi phuong trinh bac ba téng qudt khong duge gidi thiéu & bac phd thong,
nhung cic bai todn lién quan dén phuong trinh bc ba lai thuong gdp trong cdc ki thi
vao Dai hoc va thi hoc sinh gidi. Trong muc nay trinh bay mot sb bai todn lién quan

dén cong thitc Viéte cia phuong trinh bac ba.
Dinh 1y 2.10 (C’o‘rig thitc Viete). Néu xq,xq,23 ld cdc nghiém cia phuong trinh

ax® +br’ +cx+d=0, (a#0),

thi
b
g = 1+ o+ 23 = —CE,
02 = T1Z2+Xix3+ T2x3 = -,
%

03 = 12273 = -
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Chitng minh. Ta cé dong nhdt thic
alz —zm)(z—z)(z—z3) = ard + bl +ex +d e

azd — a(r, + x2 + :zg)a:r2 + a{z1T2 + 2123 + T223)T — aT1T223 =
— .3 2
=az’ + bz +ecxr+d

So sdnh hé sé cdc luj thita cung bic cia x & hai vé ctia ddng thic trén, suy ra diéu

phdi chitng minh.
’ ‘Dinh ly 2.11. Xét phuong trinh b@c‘ba
a®+az? +br4+c=0 o o (2.11)
vdi cdc hé sb la cdc sb thuc va
A = —4aPc + a2b? + 18abe — 4b3 — 27¢? (2.12)

la duge goi biét thic cia pizﬁdng trinh. Khi do:

a) Néu A > 0, thi tat cd cic nghiém x,, T2, x3 la cdc sé thuc va khdc nhau.

b) Néu A < 0, thi mot nghiém cia phuong trinh la thuc, con hai nghiém kia la
phitc lién hgp cing nhau.

c) Néu A =0 va a? — 3b # 0, thi phuong trinh (2.11) c6 ba nghiém thuc, trong dé
¢6 hai nghiém tring nhau (nghiém kép), nghiém cbn‘ lai khdc hai nghiém trén. Néu.

A =0 va a? — 3b = 0 thi phuong trinh cé ba nghiém thuc tring nhau (nghi¢m bdi).

Chitng minh. Gid st 1,3, 23 la cdc nghiém cia phuong trink (2.11) (c6 thé la
cdc s6 phitc, nhung it nhdt c6 mét nghiém la thuc). Khi dé theo cong thic Viéte cho

phuong trinh bic ba, ta cé

!

o1=x1+ T2+ 23 =a, 09 =272+ 123 + 2ox3 = b, 03 = 112273 = —C.
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Xét binh phuong ctda da thic phdn déi zitng don gidn nhdt cia x,, 2, T3.

A=T? = (a:1 — 29)%(x; — x3)?(zg — x3)2.
Theo cong thitc (2.10) va cdc hé thic Viete trén day, ta cé
A = —4a’c + a®b® + 18abc — 4b° — 277,

a) R6 rang la néu tét cd cdc nghiém déu la thuce va khdc nhau, thi T la s6 thuc va
khdc khéng, do dé A = T? > 0. Diéu nguoc lai duge suy ra to dudi day.
b) Gid s;Z z1 la nghiém thuc, con xo,x3 la phitc: zo = a + 183, r3 = a —iF. Khi
dé
T = (z1 — a — if)(z1 — o+ i8)26i = 2if[(z1 — @)* + 57,
Do do
A=T?=—-48%(z; - a)® + 8% < 0.

c¢) T két qué trinh bay trong phan b) ta thdy néu phuong trinh (2.11) c6 hai
nghiém bing nhau thi cdc nghiém cia phuong trinh déu la thuc va A = 0. D€ lam
sdng t3 khi nao cérchi cé hai nghiém bing nhau (nghiém kép), hodc cd ba nghiém bing

nhau (nghiém bgi), ta zét biéu thic
Ay = (21— 22)2 + (22 — 23)% + (23 — 21)% = 2(0? — 303) = 2(a? — 3b).

R6 rang la, néu z1,%2,73 I cdc sé thuc, thi Ay = 0, tic 1a a® = 3b khi va chi khi
phuong trinh (2.11) ¢ ba nghiém thyc bing nhau (nghiém bdi). Viy néu A = 0 va
a? = 3b thi phuong trinh (2.11) c6 nghiém bji, con néu A = 0 va a® # 3b, thi phuong

trinh cé nghiém sé kép. Dinh li duge ching minh.

Vi duy 2.3. Thanh 1ap mét phuong trinh bac ba cé cdc nghiém 1a binh phuong cac
nghiém cfa phuong trinh '

W -+ u-12=0.
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Lt giai. ki hiéu uy,ug, ug la cdic nghiém cia phuong trinh da cho va 11,73, 73 ld cdc

da thitc dbi ming cd sd cia cdc bién uy, uy, uz. Theo Dinh li Viéte ta c6
T =1u +'u2 +uz =2, To=uuo+ usuz+ugu; =1, T3 =ujusuz=12.
Gia s phuong trinh can lap c6 dang
23 — o122 409 — 03 =0
va 1,22, T3 la cac nghiém cia né. Theo diéu kién cia dé bai ;fa c6
o1 %;1;1+:L'2+a:3:u%+1L§+u§=.92=7'f—272=22—'2=4,
02 = T123 + Tax3 + T3z) = uiud + udud + udu? = O(udul)
=78 - 21713 = 1 —2(2)(12) = —47.
03 = T1ToZ3 = u%u%ug = 7'32 =122 = 144.
Vay phuong trinh bac ba can lap sé la
28— 4 — 47z — 144 = 0.
Vidu 2.4 (CHDC Dic, 1970). . Cho xy,x2,x3 la nghiém clia plnf()ug trinh
az® — az? +br+b=0, (ab#D0).
Chiing minh ring

1 1 1
(z1 + 2 +$3)(-—— +—+ —) = —1.
3] T2 z3

Lot gidi. Theo Dinh li Viéte, ta c6

. ; b b
or=z1+zy+x3=1, 09==12122+ ToXT3+ T3T] = o 03 = L1ToTz = ——.
a
Khi do
1 1 1 T1Z9 + Tox3 +. 231 o3
ry T2 I3 T1T2T3 as

Do dé ta cé

1 1 1
(x1+ 22+ 23)(— + — + —)= -1
1 Ty I3
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Vidu 2.5 (/io, 1988). Tim a dé c4c nghiém z1, z2, 3 cla da thic f(z) = 3 —6x%+

/

ax + a thod man déng thic
(z1 —3)2+ (x9 — 3)2 + (23 — 3)? = 0.

Lot gidi. Dat y = x — 3. bai todn trd thanh: tim arde" cdc nghiém y1,y2,ys cia da

thiic
9) = fly+3) = (y+3° —6(y+3) > +aly+3)+a=y®+3y> +(a— 9y +4a — 27
thod man hé thic
Ui+ 3 +ys =0
Theo Dinh li Viete, ta cé
o1 =y1+y2+y3 = —3,02 = Y1y2 + 12us + yav1a — 9,03 = Y1y2y3 = 27 — 4a.
Khi dé
y?+£+w§=o?ﬁhwr+%3:cﬁﬁ—ﬂpsxa~m+3@7—@)=-W—3%
ﬁ+y§+£=ﬁu¢—W—3a=o@a=—&
Vay gid tri can tim cia a ld a = -9.
Vi du 2.6 (Viét nam. 1975). Khong gidi phiong trinh
-z 4+1=0,
hay tinh téng cic luy thita bac tdm ctia céc nghiém .

Loi gidi. Goixy,x2,23 la cdc nghiém cia phuong trinh dé cho. Theo cong thic Viéte,

ta c6

or=rn+zr2+z3=0, 02 =129 + Tox3+ 321 = —1, 03 = 12273 = —1.
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T phddng tanﬁ déd cho suy ra
‘a:,-v =x; — 1, xf =xf(ac, -1 = z‘f —x? = I; ——.1 —xf, (i=1,2,3),
28 =203 = (2~ 1 - 22)(2; ’— 1) = 2:3?'-— 2z + 1 — 23 =227 — 2, + 2.
Nhu vy, ta cé
xf + 25 + 28 =2(:1:f+x§—}-x§)— (x1 + 29 + x3) + 6 = 2(0? —‘202) -0, +6=10.
Nhan zét: Ta c6 thé gidi bai todn nay bing cdch st dung cong thic Waring. Ta c6
.'L'? + 28 + 2§ = 53 = 0% — 80809 + 200702 - 160203 + 205+
+80%03 — 32030903 — 120%0% + 240%0303 — 80303,
Thay o1 = 0,09 = ~1,03 = —1, ta dugc z§ + z§ + xg = 10.
Vi du 2.7. Biét ring ¢, u,v 13 ba nghiém thyc ctia phuong trinh

2} +az? +br+c=0, (2.13)

trong d6 a,b,c 1 cc sb thyc. Tim didu kién cla a,b,c dé t3,u3,v3 nghiém ding
phuong trinh

2’ +d’z? + Pz + 2 =0. (2.14)
Ldi gidi. Ap dung cong thite Viete cho phuong trink (2.13), ta cé
or=t+utv=-—a, oa=tutuwwtvt=>b og=tuv=-c. . - (2.15)

Gid st t3,u3,v3 la cdc nghiém cia phuong trinh (2.14). Theo cong thitc Viéte, ta cé

3+ ud+ v3’ = ——a3, cri — 30103 + 303 = —a?®,
t3ud + udvd + 033 = b3, & { 03 — 3010203 + 302 = bO,
s 2 3
t3uded = -3 o3 = —c.
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Thay cdc gid tri cia 01,02,03 t& (2.15) vdo hé trén v rit gon. ta thu dugc hé thic

c=ab. Véic= ab, phuong trinh (2.13) trd thanh
P +ar’+br+ab=0¢& (x+a)(z® +b) =0.

Vi tc‘lt cd cdc nghiém cia phuong trinh di cho la thyc, nén ta phdi cé b < 0. Vay, diéu

kién can tim cta a,b,c la ¢ = ab va b < 0.
Bai tap
1. Thanh lgp mot phuong trinh bic ba cé cic nghiém ld lgp phuong cdic nghiém cua
phuong trinh:
w—2u4+u—-12=0.
2. Biét rdng x1,x9,73 W& cdc nghiém ctia phuong trinh
2} -2 +241=0,

Thanh lagp phuong trinh bic ba ma cdc nghiém cida né la
a) y1 = T2T3, Y2 = T3T1, Y3 = 1179,
b)yr =x2+ 13, y2=z3+21, Y3=7z1+I2

3. Chitng minh ring néu
a3+pa+q=b3+pb+q=03+z)c+q,
trong dé a,b,c la cdc sb thuc déi mét khéc nhay, thia+ b+ c=0.
4. Chop,q la cdc 6 nguyén. Ching minh ring néu céc nghiém cia phuong trinh
z3 — pr—q=20
la cdc sé nguyén, thi p3 — 27q la s chinh phuong ( bidng binh phuong cia sé nguyén).
5. (Canada, 1982). Gid s mot trong cdc nghiérﬁ cta da thic

P)=23+az’+bzx+ec, abceZ
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bang tich cia hai nghiém kia. Ching minh rang s6 2P(—1) chia hét cho s6 P(1) +
P(-1) — 2[1 + P(0)). '

6. Gid si phuong trinh 23 + —pa? + gz — r = 0 ¢6 ba nghiém thye. Chiing minh ring
ba nghiém nay lap thbdn‘h mét cap s nhan khi va chi khi ¢3 = rp3.

7. Chitng minh rdng, néu phuong trinh
ar®+ bz +cx+d=0, (a#0)

¢6 cdc nghiém phan biét xq, xo, thi

dac — b?

T1T2 2>
- 4a?

8. Biét ring cic nghiém cia phuong trinh
2} +az?+br+c=0

lap thanh mot cip sé cong. Chiing minh rdng ’ .
2a® — 9ab + 27c = 0.

9. Biét ring phuong trinh

2 +pritgz+r=0-

¢6 ba nghiém duong va céc doan thidng ma chiéu dai cia ching bing céc nghiém trén,

la ba canh cia mét tam gidc. Chitng minh ring
p3 — 4pq + 8r > 0.

10. Biét rdng tét cd cdc nghiém cia phuong trinh x3 4+ pr+q =0, (¢ #0), ld cic sé
thuc. Ching minh rdng p < 0. »

11. Cho phuong trinh 3 + azx? — b = 0, trong dé a,b ld‘ cdc 6 thuc, ngodi ra b > 0.
Chitng minh rdng phuong trinh dé cho c6 mét va chi mot nghiém duong.

12. Gidi phuong trinh 3 + p2? + qx +7r=0 trong méi truong hop sau
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a) 2? = 2119

b)xy = x9 + 3.
Gidi cic phuong trinh sau
13. (zx+a +‘b)(:1; +b+c)(z+c+a)a+b+c)—abex =0.
14. 2% + 3az? 4 3(a? - be)z + a3 + % + 3 — 3abc = 0.

15. Cho xy,xy, 23 ld cdc nghiém cida phuong trinh

23+ pr+q=0.

LA =11+ x9e + 2362, B =11 + 296% + 236,

trong do

2 4+e+1=0.

Chitng minh rdng, A% va B2 la cdc nghiém cda phuong trinh
22+ 27¢z = 27p% = 0.
2.7 Heé phuong trinh déi xtmg ba an

Gid s¢ P(z,y, 2), Q(z,y,2), R(z,y,2) la cdc da thic doi ming. Xét hé phuong trinh

P(z,y,z)
{Q(z7 1 b z)

0,
0, (2.16)
R(z,y,z) 0.

A0l

Béng cdch dit
r+y+z=01, 2Yy+yz+2x =02, Yz =03,

trén cd sd cdc dinh li 2.5, 2.6, ta dua hé (2.16) vé dang

p(01,02,03) = 0, . .
q(01,0‘2,0'3) = 0, (2.17)
r(o1,02,03) = 0. «
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Hé phuong trinh (2.17) thuong don gidn hon hé (2.16j va ta c6 thé dé dang tim duoc
nghiém o1, 09, 03. Sau khi tim duoc cdc gid tri cia o1, 09,03, can phdi tim cdc gid tri

ctia cdc dn sé x,y, z. Diéu nay dé dang thuc hién duge nho dinh i sau day.

Dinh ly 2.12. Gid st 01,02,03 ld cde s6 thuc ndo d6. Khi dé phuong trinh bic ba

u® — g1u? 4 oou ~ o3 =0 | (2.18)
vd hé phuong trinh ,
r+yt+z = 01,
zy+yz+zx = o3, (2.19)
TYz = 03

lién hé vdi nhau nhu sau: néu uy,ug,us la cdc nghiém cia phuong trinh (2.18), thi

hé (2.19) c6 cdc nghiém

{3«‘1 =" uy, {902 = uj, {173 = ug,
yr = Uy, Y2 = us, Yys = ug,
21 = us; <2 = Ua. 23 = Uz,
4 = ug, Ts = ug, g = U3z,
Ya = uz, (Y5 = up, {ys = up,
24 = Uy 5 = Up; %6 = Ur.

v& ngoai ra khong con cdc nghiém nao khdc. Nguoc lai, néu x = a,y = b,z = ¢ la

nghiém cia hé (2.19) thi cdc sé a,b,c la nghiém cia phuong trinh (2.18).

Chitng minh. Gid s uy,ug,u3 la cdc nghiém cda phuong trinh (2.18). Khi dé ta

cé déng nhdt thitc:

- 01u2>+ oau — o3 = (u — uy)(u — uz)(u — uz).

Tw d6 ta ¢é cdc hé thuc Viéte:

u1 + ug + U3 = o0y,
Uru2 + ujug + U2u3 = 079,
U U2uU3z = 03.

Suy ra uy,ug, ug la nghiém cia hé (2.19). Ngoai ra con ndm nghiém nia dugc nhin
duge bing cdch hodn vi cdc gi tri cia cdc an s8. Vin dé hé (2.19) khong con nghiém

ndo khdc sé dugc lam sdng té dudi day.
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Gid sit x = a,y = b, z = ¢ la nghiém cia hé (2.19), nghia la

a+b+c = 01,
ab+bc+ca = o9,
abc = 0g3.

Khi dé ta c6

u3—01u2+02u—03=u3—(a+b+c)ué+(ab+bc+ca)u-abc=

= (u— a)(u‘— b)(u — ¢).

Diéu dé chitng t6 ring cdc s6 a,b,c la nghiém cia phuong trinh bic ba (2.18). Dinh

lz dugc ching minh,

Dinh 1y 2.13. Gid st 01,02,03 la cic sé thuc da cho. Dé cdc sé ,y, z zdc dinh bdi

hé phuong trinh (2.19) la cdc sé thuc. diéu kién can va di la
A= -~4o’"13(73 + oi0? + 1800903 — 403 — 2703 > 0. (2.20)
Ngoai ra, dé cic sé x,y,z la khong am thi
0120, 0920, 03>0.

Cl‘ni’n‘q minh. Gid st z,y,z la nghiém cia hé (2.19). Khi dé theo Dinh ’lz 2.12,
x,y,z la cac nghiém cia phuong trinh (2.18). Theo Dinh li 2.11, phuong trinh (2.18)
c6 nghiém thuc khi va chi khi biét thite clia né khong am, nghia la (2.20) dugc thod
mdn. Ngoai ra, néu cdc s6 z,y,z la khong am, thi hién nhién o; >0 (i = 1,2,3).
Nguogc lgi, néuo; >0 (i =1,2,3) va (2.20) dugc thod man, thi phuong trinh (2.18)

khong thé c6 nghiém dm. Thit vy, trong (2.18) thay u = —v ta ¢ phuong trink
v+ ov? + o9v + 09 = 0. (2.21)

Vio; >0 (i = 1,2,3), nén phuong trinh (2.21) khong thé cé nghiém duong, do dé
phuong trinh (2.18) khéng thé cé nghiém am. Tit d6 suy ra z,y,z la cdc 56 khong am.
Dinh li duoc ching minh. -

6A- CDOT B6i Xung & Ap Dyna
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Vi du 2.8. Gidi h¢ phuong trinh

r+y+z
:2:2-l—y2+z2
2% +y% + 2

% o o

Loi gidi. Dit oy =z +y+ 2z, 02 = 2y + 2 +yz, 03 = zyz. S¥ dung cong thic

Waring ta ¢
.’IZ2 +y2 + 22 — 0.? - 20-2, I3 -+ y3 +33 = 0':13 — 30:10'2 +303.

Do dé hé phuong trinh ban dau trd thanh

N

(o} =
2
o1 — 209 =
03 — 30109+ 303, =

0 &

Gidi hé nay ta tim duge o1 = 2,02 = —1,03 = —2. Theo Dinh li 2.12, ta c6 z,y, 2 la

cdc nghiém cia phuong trinh
W -2l —u+2=0e (u?-1)(u-2)=0.

Nghiém cda phuong trinh nay la uy = —1,ug = 1,uz = 2. T dé suy ra nghiém cia

hé da cho la nhing b (z,y,z) :
(-1,1,2), (-1,2,1), (1,-1,2), (1,2,1), (2,-1,1), (2,1,-1).

Vi du 2.9. Giai-hé phuong trinh

rT+y+z = 6,
Yy + yz + z2x = 11,
E-yly-2)(z-2z) = -2

Lai gidi. Dat
c1=z+Yy+2 Oy=zy+zz+yz, 03=7IY2.

Nhdn zét ring

(x—y)(y—2)(z—2)<0, Vz,y,z€R. ,
6B- CODT DGi Xing & Ap Dyng *
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Do do »
(-y)ly-2)(z~2)= -2 (2-y)°y~2)*(z—2)* =4
Theo cong thie (2.10), ta c6

(z — y)2(y — 2)%(z — z)2 = —40}03 + 0202 + 18010903 — 403 — 2702

Hé phuong trinh da cho trd thanh

o] = 6,
o2 = 11,
—40?03 + a%ag‘ + 18010903 — 403 -2702 = 4.

Te dé suy ra

02 — 1203 + 36 = 0.

Phuong trinh nay cé nghiém duy nhdt o3 = 6. Vay ta c6 01 = 6,09 = 11,03 = 6.

Theo Dinh li 2.12, ta ¢6 z,y,z la cdc nghiém cda phuong trinh
u® —6u? +1lu—6 =0 (u—1)(u—2)(u—3) =0.

Nghiém cta phuong trinh nay la vy = 1,us = 2,u3 = 3.

Viy nghiém cia hé da cho la nhing b6 (z,y,z) :

(1,2,3), (1,3,2), (2,3,1), (2,1,3), (3,2,1), (3,1,2).

Vi du 2.10. Giai hé phuong trinh

T+y+z = 2,
z+y)y+2)+y+2)+z)+(z+z)(z+y) = 1,
22y + 2) + v?(z + 2) + 22(z + y) = 6.

Léi giGi. Dat

oy=z+y+z2, o2=zy+rz+yYz, 03=7IY2.
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St dung cong thitc Waring va bién déi vé trdi cia cde phuong trinh thit hai va thi ba
cua hé nhu sau: ‘

(z+y)(y+2)+(y+2)(z+2)+(z+2z)(2+y) = (01— 2)(o1 —2) + (01— z)(01 — ¥)

+(o1 —y)oy — 2) = 30% - 201(x + y + z) + (zy + yz + 22) = 0% + 02.
2%(y +2) + ¥}z +2) + 2Pz +y) =201~ 2) + 4P (01 — ) + 2201 — 2) =
o1(x? + 2 +2%) - 323 + 3 + 2%) = 01(01 — 202) — (63 — 30103 + 303) =
= 0109 — 303.
Viy hé da cho trd thanh
2,

L
—6.

a1
0’%+02
g109 — 30’3

[T

Gidi hé nay ta dugc 0y = 2,09 = —3,03 = 0. Theo Dinh li 2.12, ta 6 z,y,z la cdc
nghiém cua phuong trinh

uwd— 202 —3u=0.

Nghiém cia phuong trinh nay la u; = 0,ugy = —1,u3 = 3. Do dé nghiém cia hé da

cho la cic bp (z,y,2):
(0,-1,3),(0,3,-1),(-1,0,3),(-1,3,0),(3,0,-1),(3,~1,0).

Vi du 2.11. Gidi h¢ phuong trinh

T+ 2y —3z = 9,
2ry — Byz — 3zz = 27,
1 1 1 - 1
z 2 32

Loi gidi. Hé da cho khong phdi la hé déi zing theo x,y,z. Tuy nhién, néu dat

u=z,v=_2y,w= -3z, thi hé doi ziing tuong duong vdi hé trén:

u+v+w = 9,
wr+vw+wu = 27,
1 1 1

-+ ~-+4+—- = 1

U v w
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Dat
or=u+v+w, o02=u-+vw+wy, O03=UVW.

Khi d6 hé trén trd thanh

(2] = 9,
09 = 27,

' 2 = 1
a3

Suy ra 07 = 9,09 = 27, b';; =27. Theo Dinh li 2.12, céc s6 u,v,w la cdc nghiém cia
phuong trinh
3 -9t2 427t -27=0.

Ta c6

-0 427t -27T=0e (t -3 =0.

Vaytacoti =ta =13 =3, nénu=v=w=3. T dé ta tim dugc nghiém cia hé da
cho la nhitng b6 s6 (x,y, z):
3 3 3

3 3
) (5;3a—1),'(§,—173); (3,51—1)’ (3’_1"2')-

3
(3a 5? _l)v (3a _1$ 5)

Vi du 2.12. Gidi hé phuong trinh

a,

TH+y+=z =
zy+yz+zzx = abd,
B+y¥+22 = a?,

trong d6 a, b 1a céc sb thyc cho trude.
Loi gidi. Dat
or=z+Yy+z og=2y+yz+ 2z, 03 = IY=2.

Khi dé hé da cho c¢é dang

o] = a, o = a, g1 = a,
o9 = ab, & o2 = ab, & { o9 = ab,
a? ~30100+303 | a®—3a% + 303 =a® o3 = a?b.
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Suy ra, theo Dinh li 2.12, xz,y, 2 la cde nghiém cia phuong trinh
t3 — at? + abt — a?bt = 0 & (t — a)(t> + ab) = 0. (2.22)

T (2.22), suy ra,

a) Néu ab > 0, thi phuong trinh (2.22) chi c6 mét nghiém thuc t = a, do d6 hé
dé cho khéng c6 nghiém thuc. Trong pham vi s6 phic, thi phuané trinh (2.22) c6 cdc
nghiém t; = a,ty = iVab, t3 = —ivab, trong dé i la don vi do. Khi dd, hé da cho ¢
nghiém (z,y, z) la by sé (a,i\/&_l—;, —i\/c_zl—)) va t8t cd cdc hodn vi cia né.

b) Néu ab < 0, thi phuong trink (2.22) c6 ba nghiém thyct, = a, ty = V—ab, t3 =

- —+v/—ab. Khi dé nghiém cida hé phuong trinh di cho c6 nghiém (z,y,z)la bo sé
(a, V—ab, —v/'—ab) va tat cd cdc hodn vi ctia né.

Bai tap .
2 4zy+y? =1, T+y+z = 2
1Ly +yz+22 = 7, 2.{2?2+y?+22 = 6,
224+zz+22 = 4 12 +434+23 = 8
13
1?6+:t{+z1 = 9, r+y+z = —,
3.9 —+-+- =1 4.1+1+l_§
r vy z T z 3
ry+yz+zx = 27. zv/’ - 1
z+y+z=x_3_;71i-yz+za:, c+y+z=0,
5. TyE= L 73 6.{ 22+ 92+ 22 =23 + 93 + 25,
x3+y3+23=—8— TYz =2.

Vi a,b,c la cdc sé thic cho trude, gidi cdc hé phuong trinh sau ddy

Ftytz=aq, T+y+z=a,
z? +y +z —a2, 8. xy+yz+zx=a2,
x+y + 2% = ad. myz=a3.

1 10. ¢ 2% + 32 + 2% = 3a?,
-. ‘ zyz=a3.

c
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2.8 Phan tich da thic thanh nhan t&

Trong muc nay trinh bay cdc ing dung cia da thic déi zing va phdn déi zing ba bién
vao cdc bai todn vé phan tich thanh nhan ti.

Gid st f(z,y,2) la da thic dbi zing ba bién. DE phan tich f(x,y,z) thanh nhan ti,
trude hét cdn phdi biéu dién né qua cdc da thic d6i zing co sd o1,09,03, dé dugc da
thic p(o1,02,03), sau dé e gdng phan tich da thic cudi cing thanh nhan tid. Céc
phuong phdp co b(in cua phan tich da thitc thanh nhan t da dﬁac trinh bay trong
chuong 1 cho truong hop da thic dbi zing hai bién. Nhu da thdy trong trudng hop
hai bién, khi phan tich mot da thic déi zing thanh nhan ti cé thé gip cdc nhdn ti la
da thic déi zing va khong déi ming. Néu trong cdc nhan ti cha f(z,y,2) ¢ da thic
khong doi zing h(z,y,z), tht do f(z,y,2) la dbi zing sé phdi c6 cdc nhan t& nhin

dugc ti h(z,y,z) bang cdch hodn vi cdc bién x,y, z., nghia la c6 cdc nhdn ti dang:
h(z,y, 2)h(z, z, )h(y, z, 2)h(y, 2, T)h(2, z, Y)h(z, y, 7).

Néu trong cdc nhan ti c6 nhan ti g(z,y, z) la da thic déi miing chi vdi hai bién, thi

du déi vdi x,y, nghia la
9(x,y,2) = 9(y, 2, 2),

thi cdc nhén t& cung dang sé la
9(z,y,2)9(y, z, x)g(2, ,y)-
Néu nhu trong cdc nhan ti cé nhin ti k(z,y,2) déi zing chdn, nghia la
k(z,y,2) = k(y, 2, z) = k(z,2,y),
thi cdc nhdn t¢ cung dang sé la

k(z,y, 2)k(y, z, z).
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Nhu vdy, trong phan tich thanh nhan t cia da thic déi ziing f(x,y,z) ¢6 thé gdp
cdc nhan t¢ deng sau déy:

1) Nhan ti la da thic doi zﬁng p(z,y, 2).

2) Nhin ti cé dang k(z,vy, 2)k(y, 2, ), trong dé k(x,y,2) la déi ziing chén.

3) Nhin t ¢6 dang g(z,y, 2)9(y, z,7)g(z,z,y), trong dé g(z,y,z) doi zing theo
hai bién, thi du x,y. ‘ |

4) Nhén t¢ dang h(x,yi, 2)h(z, z,z)h(y, z, 2)h(y, 2, z)h(z, 2, y)h(z,y, x), trong dé
h{z,y, z) khéng cé tinh ddi zing.
Déi vdi da thic phdn déi zing f(x,y,2), theo Dinh li 2.9, ta c6 phan tich

f(xays Z) = T(Jf,y, z)g(x,y,z),

trong d6 T(z,y, z) la da thic phdn déi ing don gidn nhdt, con g(z,y,z) la da thic
dbi zitng. Ngodi ra, dbi vdi da thitc phdn dbi zing thuan nhét cé két qud sau day.
Ménh dé 2.2. ki hiéu O,,(x,y, z) la da thic phdn dbi zing bac m. Khi do

‘ 93(1: Y,z2)= aT('E y,Z)

94(.’2 Y,z (CL’,y,Z)O'l,

z) =

) =
05(z,y,z) = T(,y, z)(ao? + boy),
06(.1: y,2) = T(z,y, 2)(ao} + bo102 + co3), trong dé a,b,c la cic hdng sb.
Xét mét s6 vi du sau day.
Vi du 2.13. Phan tich da thic sau thanh nhan ti

flz,y,2) =23+ 43 + 23 — 3zyz.
Ldi gigi. Ta c6
f(z,y,2) = (63 — 30109 + 303) — 303 = 03 — 30102 = 01(02 — 303) =

=(z+y+2)|(z+y+2)>2-3@y+yz+z2z)=
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= (z+y+2) (22 +y? + 2%~ 2y — yz — 2z).
Vi du 2.14. Phan tich thanh nhan tit:
f(@,y,2) =202 + 22227 + %22 — 2t — % — 24
Ldi giai. Ta ¢6 :
4 4 4

flzyy.2) = 2:1:2y2 + 27222 +2y222 -z -yt -2 =

20(2y?) — 84 = 2(0% — 20103) — (0} — 40209 + 202 + d0103) =
= ——0"11 + 40?02 — 80103 = 01(4d0109 — o? — 803).\

Nhu vdy, da thic da cho chia hét cho o1 = x+y+ z. Nhung vi da thitc dd cho la ham
chén déi vdi x,y va z, nén né cing chia hét cho —x+y+2, z—-y+z, z+y-—=z

Cing vi da thic da cho cé bic béng bon, nén ta cé:
f@,9,2) =Cla+y+z2)(~z+ty+2)(z—y+z)(z+y—2),

trong dé C la hing sé nao dé. DE zdc dinh C tachoz =y = 2z = 1 v tim dugc

C = 1. Vay ta c6 két qua:
202y + 220222 4+ 222 — i - =y + 2~z +y+2)(z—- y;f-z)(x—f-y—— z).
Vi du 2.15. Phan tich da thic sau thanh nhan ti:
alb+c—a) +bc+a-bl+ecla+b—c)?+(b+c—a)c+a—Db)(a+b—c).
Lot gidi.. Ta bién déi da thitc dé cho nhu sau:
a(o1 - 2a)% + b(oy — 2b)2 + c(o1 — 2¢)2 + (01 — 2a)(01 — 2b)(01 — 2¢) =

=(a+b+c)o? —do1(@® + b2+ ) +4(a® + b3+ ) + 0} — 203 (a + b+ o)+

+401(ab + be + ca) — 8abe = 03 — 401 (0? — 209)+
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+4(03 — 30102 + 3o3) + o3 — 20:1s + 40109 — 803 = 403 = 4abc.
1 1

Viy ta cé két qud
alb+c—a)l+blcta—-b)2+cla+b—c)?+(b+c—a)(c+a—b)(a+b—c)=4dabe.

Vi du 2.16. Phan tich cac da thiic sau thanh nhan ti
a) f(l‘,%Z)=($+y+z)3——:c3—-y3-—z3.
b) g(m,yaz)=($+y+2)5—a:5——y5—z5.

L giai.
a) Ditoy =z +y+z,00 = Ty + yz + 12,03 = TYz, 83 = x5 + Y3 + 23. S¥ dung cong
thic Waring ta ¢6 ‘

f=0%—33=0%— (0} — 30102 + 303) = 3(5102 — 03) =

=3[(z +y+2)(zy + yz + 2x) — 2yz] =
= 3[(z + y)(zy + yz + 2z) + zyz + 2(yz + 2z) — TYZ] =
= 3((w + y)(ay + vz + 28) + 22(z + y)] = (0 + y) oy + yz + 23+ 2%) =
= 3@ + y)l(ay +2) + (2 + 22)] = 3(z + 9)(z + 2)(y + 7).
b) Tuong ty, ta cé
g(z,y,2) = g5 — s5 = o5 — (05 = 5030y + 50102 + 50203 — 50903) =

= (50309 — 50102) — (50303 — 50303) = 5(0% — 03)(0102 — 03) =
=5z +y* + 22 + 2y +yz + 2z)[(x + y + 2)(zy + yz + 2z) — 2Y2] =
=5(x +y)(y+ 2)(z + 2)(2® + ¢y + 22 + zy + yz + 22).

Ching ta thdy viéc biéu dién mot da thic d6i zing theo cic da thic déi Ting co sd

01,02,03 rit thudn tién trong bai todn phdn tich thanh nhan td, nhung dé c6 phdn tich
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triét dé doi khi can thiét phdi cd nhitng bién déi thich hap tiép theo. Viéc phan tich mot
da thitc dbi zing thanh nhan ti doi khi rét dé dang, néu van dung Dinh Ui Bezout. Dé
minh hog, zét phdn b) trong Vi du 2.16, néu tam coi y, z nhu tham sé thi g la da thic
bac 5 theo x. Néu cho z = —y, thi g = 0, chiing 6 g chia hét cho x+y. Vi vai tro cia
z,Yy, 2z nhu nhau, nén da thic chia hét cho (1:+y)(y+z)(z+§:). Do dé da thic thuong
la da thic déi zing bic 2 nén c6 dang a(z? + y? + 2%) + b(zy + yz + z2), trong do’ a,b
la cdc sé nao d6. DE zdc dinh a va b ta c6 thé lam nhu sau. Choz =1,y =1,2=0
vachox = 1,y = 1,z = 1 ta ¢é' cdc ddng thic 2a + b = 15, a + b = 10. Suy ra
a=>5b=35. Viy ta ¢

9(z,y,2) = 5(z + y)(y + 2)(z + 2)(2® + y* + 2% + 2y + yz + 22).
Vi du 2.17. Phan tich da thitc sau thanh nhan tit
flz,y,2) = 2(23 + 4° + 2%) + 7(2%y + zy? + 2%z + 222 + y%2 + y22) + 162y2.

Loi gidi. Trudc hét ta biéu dién f qua cdc da thite d6i zing co sé. Si dung cong thic
quy dao :
O(2%y) = O(z*)0(y) ~ O(z*) = s901 — s3

va cong thic Waring, ta cé
flz,y,2) = 283 + (8201 — 33) + 1603 = 20? + o109 + 03.

Da thitc & vé phdi khong thé phan tich dugc thanh nhéan td. Diéu dé ching té f khong
c6 nhan t déi zing theo z,y,z. Vi f la da thic déi zing bac 3, nén né cé thé phin
tich thanh tich ctia 8 nhéan t¢ biac nhdt. Nhu vdy, mdi nhan ti la doi zing theo hai

bién. Do dé ta tim nhén t & dang
f(z,y,2) = (az + ay + bz)(az + by + az)(bx + ay + az).
Ching ta can phdi tim cdc hé s6 a,b. Néu trong ddng thic trén cho z = 1,

y = 1,2 = 1, ta dugc 64 = (2a + b)3, suy ra 2a + b = 4. Tiép theo, néu cho
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r=y=12=-1, thi
(2a — b)b? = 0.

Néub =0 thia=2 va ta ¢cé
f(z,y,2) = 8(z + y)(y + 2)(z + 2).
Dé théy ring ddng thic nay khong ding vi
8(z + y)(y + 2)(z + x) = 8.0(zy) + 16xyz,
trong khi dé
f(z,y,2) = 2.0(z®) + 7.0{z%y) + 16zyz # 8.0(zy) + 16zyz=. |

Viy b # 0, nén 2a — b = 0. Tit cdc ding thic 2a +b = 4, 2a — b = 0, suy ra
a=1, b=2. Do dé ta cé két qud

f@y,2)=(z+y+22)(z+2y+2)2z +y +2).

Céc vi dy trén day lién quan dén cdc da thic déi ziing. Dudi day sé trinh bay mot so

ing dung cia da thic phdn ddi zing trong phan tich cic da thitc thanh nhan .

Vi du 2.18. Phan tich da thitc sau thanh nhan ti

f(a:,y,z) = (a:—y)3+(y—z)3+(z—a:)3.

Ldi gidi. Ré rang f(x,y,2) la da thitc phdn dbi zitng bic ba. Theo Ménh dé 2.2, ta
c6 f(z,y,2) = aT(z,y,2). PEtima , chox =0,y =1,z = 2, tim dugc a = 3. Vay

ta co két qud:

(@-9)°+ -2’ +(z-2)° =3(z ~y)(y ~ 2)(z ~ 2).
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Vi du 2.19. Phan tich da thic sau thanh nhéan ti
F(@,9,2) = ya(u? = 22) + w2(=2 - 2) + ay(a? — v?).

Loi gidi. Vi f(z,y,z) la da thitc phdn dbi zing va ding cdp bac bon, nén theo Ménh
dé 2.2 ta c6 :f(x,y,2) = aT(z,y,2)o1. DE tim a, ta cho z = O,y=1,2=2, va tim

dugea = —1. Viy ta cé két qud:

y2(y? -2 +az(zf - 2?) ray(® - ) = —(e+y + Z)(ﬂ:‘ —y)(y - 2)(z —z).

Vidu 2.20. Phan tich thanh nhan ti:
f(m’y’z) = m3(y2 - 22) + y3(22 - xZ) + z3(x2 - y2)'

Loi gidi. Ro rang f(z,y,2) la da thic phdn dbi zing thudn nhét bac nam, nén theo
Ménh dé 2.2, ta c6: f(z,y,2) = T(z,y, z)(ao? +bos). Dé tim cdc hdng sé a va b, cho

z=—-1,y=0,2=1. Dé dang tim dugc : a = 0,b = —1. Viy ta c6 két qud:
2Py -2+ 22 ) + 22 (P - ) = —(@ - vy — 2)(z — 2)(2y + yz + ).

Bai tap

Phan tich cdc da thitc( déi Ting) sau day thanh nhan ti:

1. (z+y)(y+2)(z +z) + zy2.

2. 2(a® + % + 3) + a®b + a®c + b%a + b?c + a + ¢ — 3abe.
3. a3(b+c)+b3(c+a)+c3(a+b) +abc(a+b+c).

4. (a+b+c)} —(b+c—a)P —(c+a—-b)3—(a+b-c).
5.2t +yt+t (@ +y+ )t -+ ) - (z+2) — (z+ )t
6. (atb+c)—(-a+b+c)’~(a~b+c)°—(a+b—c)

7. (2 + b + ¢ + ab + ac + be)? — (a + b+ ¢)2(a? + b% + ¢2).
Phan tich céc da thic (phdn déi zitng) sau thanh nhan ti

8. z(y® — 2°) + y(2% — 2?) + 2(2? -~ ¢?).
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9. ab(a — b) + be(b — ¢) + ca(c — a).

10. a?(a+ b)(a +c)(b— ¢) + b2(b + ¢)(b + a)(c — a) + c*(c + a)(c + b)(a — b).

1. (z -y + -2+ (z—z)°.

12. (32 — 22) + ¥ (2% — 2%) + 24(z? — ?)

13. (b—c)(b+c)* + (¢ — a)(c+ a)* + (a — b)(a + b)*.

14. a'(b—c) + b (c— a) + c(a - b).

15. a?(b—c)(c+a—-b)a+b—c)+b*(c—a)(a+b— c)(b+ﬁ—- a)+
+c2(a—b)(b+c—a)(c+a—b).

o

2.9 Tinh chia hét clia cac da thic déi xing

Trong muc nay trink bay mét sé bai todn vé tinh chia hét cta céc da thilc dbi Timg
v phdn déi Ting. DE gidi cdc bai todn vé tink chia hét gitta cic da thitc ta thudng sit
dung Dinh li Bezout va cdc kij ndng phan tich thanh nhan . Sau ddy la mét sé vi

du.

Vi du 2.21. Ching minh ring véi moi s6 nguyén duong n, da thic

f(z,y,2) = (z +y+2)FT — g2l g2ndl _ 2l
chia hét cho da thic

9(z,y,2) = (x+y+2)°%—2%—y% - 25

Lai gidi. Trudc hét ta phan tich g(x,vy, z) thanh nhan ti. Vi khi z = —y,
T = .—z,y‘ = —z thi g = 0, nén theo dinh li Bezout da thic g(z,y,z) chia hét cho
(z+y)(x+ 2)(y + 2). Mt khdc, vi bic cia g bang 3, nén né cé dang

9(z,y,2) = alz +y)(z + 2)(y + 2)
Chox=y=2z=1 ta tim dugc a = 3. Vay ta cé

9z, y,2)=(@+y+2° -2~ -2 =3 +y)(z+2)(y +2).
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Béng cdch tuong tu ta thay f(x,y,z) chia hét cho (z + y)(z + 2)(y + 2) vdi moi n
nguyén duong, tic la f(z,y,z) chia hét cho g(z,y, 2).

Vi du 2.22. Chitng minh ring véi moi sb nguyén duong n > 2, da thfrc
f@y,2)=@+y+2)" +2” + " + 2~ @+ )" - (y+2)" = (2 + )™

chia hét cho da thiic

9@y 2)=@+y+2) +at +yl+ 2 - @+ )t -+ 2) = (2 +2)h
Ldi gidi. Dat

or=z+y+z or=zxYy+yz+zr, o3=71TYZ2, skzmk+yk+zk.
Su dung khdi niém quy dao va cong thitc Waring ta ¢é

9(z,y,2) = 0F + 54 — [284 = 4.0(z3y) + 6.0(z%?)] =

= 0} — 54 — 4.0(z%y) ~ 6.0(z%y?) = 0! — (06 — 40%02 + 202 + 40103)—

~4(0102 — 0103 — 202) — 6(03 - 20103) = 120103 = 12(z + y + z)zy=.
Tiép theochiing ta bién déi f(z,y, z) nhu sau
ﬂ%yﬂ)%CV+y+d4+h”*%y+dwk+w%—%w+zW1+k”-%x+yfﬂ

Ta ¢6 22" — (y + 2)®™ chia hét cho 22 — (y+2)2 = (z +y + 2)(x — y — 2), do d6
2" — (y + 2)?" chia hét cho x + y + z. Tuong ty, y** — (x + 2)** va 22" — (z +y)*"
chia hét cho z + y + z.
Mdt khdc

f(0,y,2) = f(x,0,2) = f(,y,0) = 0.

Do d6 theo Dinh li Bezout, f(z,y,2) chia hét cho zyz. Viy f(z,y,2) chia hét cho

(x +y+ 2)zyz, suy ra f(z,y,z) chia hét cho g(z,y, 2).
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Vi du 2.23. Ching minh rang, néu da thitc déi xitng f(z,y, z) chia hét cho = — y,

thi n6 chia hét cho (z — y)?(z — 2)%(y — 2)°.

Loi gidi. Gid si ring
f(z,y,2) = (z — y)9(z,y, 2).
Vi
flz,y,2) = fly,2,2) = (y — 2)9(v, 7, 2) = —(x — Y)g(y, 2, 2),
nén
9(y,z,2) = ~g(z,y,2),
suy ra g(x,y,z) la da thic phdn déi zing theo hai bién x,y. Vay g(x,y,z) chia hét
cho z — y. Do dé f(z,y,2) chia hét cho (z — y)?. Vi f(z,y,2) la da thic déi xing,
nén vai tro cia z,y, z la nhu nhau, cho nén f(z,y,z2) ciing chia hét cho (x — 2)* va

(y — 2)2. Vay f(z,y,z) chia hét cho (z — y)*(z — 2)*(y — 2)2.

Vi du 2.24. Tim diéu kién cAn va dd, dé da thic 2® + ¢ + 22 + kzyz chia hét cho

r+y+z
Loi gidi. Xét da thitc theo bién x
f(a)= 3 4 (ky2)z + (v° + 23).

Theo Dinh li Bezout, f(x) chia hét cho z + y + z = x — (—y — z) khi va chi khi
f(=y—2)=0. Ta ¢

fly—2)=—(y+2°% —kyz(y+ 2) + 1 + 2°) = (k + 3)yz(y + 2) = 0, ¥y, =.

T d6 suy ra k = —3.

Vay, diéu kién can va di dé o3 + y® + 23 + kzyz chia hét chox+y+zlak=-3.

Vi du 2.25. Cho a,b,c 1a cic s6 nguyén. Chitng minh ring, néu 2 + y + z chia hét

cho 6, thi a® + b% + ¢? ciing chia hét cho 6.
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Lk gidi. Theo két qud cia Vi dy 2.13, ta cd
B+ yP3+ 23 =@+y+2) (@ +y? + 2% - 2y - yz ~ 22) + 3zy2.

Theo gid thiét x + y + z chia hét cho 6, nén trong ba sé x,y,z phdi cd it nhdat mét
s chia hét cho 2. Tit d6 suy ra 3rxyz chia hét cho 6. Viy, theo ddng thic trén, thi
23 + 93 + 23 chia hét cho 6,

Bai tdp

1. Ching minh rdng, néu da thic ddi Ting f(z,y) chic hét cho z? — y?, thi nd ciu'iz
hét cho z3 + 3 ~ (z + y)zy.

- 2. Chitng minh rdng véi moi sé ty nhién p, ¢ thi da thic

chia hét cho (z — y)(z — 2)(y - 2). ‘
3. Chiing minh ring, vdi moi cdc sé ty nhién k,m,n, thi da thic

k,m._n k k

mkymzn + yF ™2™ + zkl.myn - znymzk — ynzmx -z xmyk

chia hét cho (z — y)(z — z)(y - 2).
4. Cho da thic

'f(x,y,z) = T™Y" + Y™ + 22" - Y — 2™ - ™,

Chiing minh rdng, néu f(z,y,z) chia hét cho (z + y)(z + 2)(y + ), thi né chia hét
cho (2% — y*)(z? — 22)(y® - 2%),
5. Chitng minh ring, da thic

al(B® + - a?)P + 04 + a® - D)3 + M a? + 0 - P

chia hét cho a® + b + ¢ — 2?2 ~ 2a%c? — 232

7A- COOT B6i Xing & Ao Dung
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2.10 Chimg minh cac dang thic

Rét nhiéu bai todn vé ching minh ddng thitc c6 thé duge thuc hién dé dang néu vin

dung cdc da thic dé‘i zibng cd 6. Dé minh hoa zét mét s6 vi du sau.
Vi du 2.26. Chitng minh dong nhét thic
(2 +y+2)ay +yz+22) — oz = (@ +4)(y + 2)(z + 2).
Ldi gidi. Khai trién vé phdi, si dung cdc cong thic qui dao, ta cd
@E+y)y+2)(z+z)=22y+ 22z + Yz +ylz + 222 + 22y + 20yz =
= O(zzy) + 203 = (0‘10"2 — 303) + 203 = 0109 — 03 =
= (z+y+ 2)(zy + 2z + yz) — zy2.

Vi du 2.27. Ching minh ring, néu z + y + z = 0, thi

714 +yt + %4 = 2(’:zy + yz + z2z).
Lai giai. Theo cong thic Waring, ta cé

ot + y4 +2t= af - 40%02 + 20% + 401 03.
Vioey=xz+y+2=0, nén
' +yt + 2" =207 = 2zy +yz + 20)".
Vi du 2.28. Chiing minh ring, néu
x+y+z=x2+y2+z2=x3+y3+23=1,

thi |

zy+yz+zzx=0, zyz=0.

78- CDBT D6 Xing & Ap Dyng °
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Ldi gidi. Theo diéu kién ciia dé bai ta c6 o1 = 5o = 53 = 1. Suy ra
oy = 1. a%-202=1. ,a‘?~30102+303=1.

Tw cic ddng thic trén nhanh chong suyraoy =0.03 =0. tc laxy +yz+z0 =0
va ryz = 0. '
Vi du 2.29. Chitng minh ring, néu céc s thyc 7. y. 2. a. b. ¢ thod méan céc hé thic
r+y+z+a+bdb+e
4P+ 22 =a? + b2+ 2
Prr4+2=a3+0 404 3.

thi véi moi s6 ty nhién n:
-,I.” +y" +Zn — a'l +bn +cn.

Lo gidi. ki hiéu oy. 9. o3 la cdc da thic dbi ming co s& theo céc bién, con 1. 7. 73
la cdc da thitc dbi xiing co sd theo cic bz'é‘p a.b.c. S dung cdc cong thite Waring,
theo gid thiét ta co oy = 7.

of — 209 = 7'12 -~ 279.

'a:f —~3ai09 + 303 = Tf - 31179 + 373,

Suy ra

ay =Ti. g9 = Ty. a3 = Tq.

Kha dé véi moi da thic p(t).t9.13) ta co

ga(orl.ag. 0'3) = <P(T1. 9. Tg).

Gid si f(x.y.z) la mot da thic déi ring va theo Dinh li co bin f(r.y.z) =
plo1.02.03).  fla.b.c) = o(r1.70.73). T d6 suy ra f(z.y.2) = f(a.b.c). Trong
truong hgp riéng ta co

Ayt 2 =gt b £
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Vi du 2.30. Chimg minh déng nhét thic

(a+b)7 —a” - b
(a+b)%—ad-b3

=%Ka+w4+a4+ML

L ] .
Ldi gidgs. Ditc=a, y=b, z=-a—-b Khidétacéoy=a+b+(-a—b)=0,

nén theo cong thic Waring ta cé

(a+b)7—a7——b7=-z7-—z7—-y7=x7+y7+z7_37_7a§a3wz2
(a+b)P3—ad-0 -2B-23-33 B3+y3+23 s3 3oy %

Ta bién doi vé phdi ciia ddng thic cdn chitng minh nhu sau:
7 4, 4, 4T a4, .4, My _Tia, 4, ol _T,9 T4
6[(a+b) +a +b]—6[( 2+ +y]-6[x +y +z]634-—6.2¢72—-302.

Tw dé suy ra diéu phdi chitng minh.

Phuong phdp trinh bay trén day thuing duge dp dung khi trong bai todn cé cic hiéu
,a—b,b—-c,'c’—a. Khidénéuditrz =a—by=b—c,z~c—a, thio; = x+y+z =0.
Trong trudng hgp nay cdc cong thitc Waring déi vdi tong lug thia tré nén don gidn

rit nhiéu. DE minh hoa, zét cdc vi du sau day.

Vi du 2.31. Cho a,b,c 1a céc sb thuc d6i mot khéc nhau va khac khéng. Ching

minh ring

(@ =05+ (b—c)® + (c—a)’)? _ 25
a-b7+®b—0c) +(c—a)y 7

(a = b)(b - c)(c—a).

Ldi gidi. Dtz =a—b,y = b— ¢,z = ¢ — a. Ddng thic di cho tré thanh

(x5 +3° +2°)?% _2_§z .
P A

Goioy,09,a3 la cic da thite dbi xing cd sé cia cdc bién x,y, z. Theo cong thic Waring
ta co

o+ y5 +28 =95 = o'? - 5(7?0’2 + 50‘10% + 50'%0'3 ~ 80203,

g +y +2" = 37 = 0] ~To3ay+ 140302 —To103+ 7003 - 210} 0203+ T0103 + 1030,
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T cdch dit trénta c6 oy =z +y+ 2= (a —b) + (be) + (c — a) = 0. Khi dé
z° + y5 +2° = —90903, T + y7 +2 = 70%03.

Do dé

(2®+y° +2%)? 250203 %5
T +y"+27  Todes T ye

Thay z,y, z tudng ing bdng a — b,b — c,c — a ta cé diéu phdi ch‘ﬂng minh.
Vi du 2.32. Ching minh ddng nhét thic
(a—=b)%+ (b—c) + (c—a)® — 9(a - b)%(b— c)%(c - a)?
=2(a-b*a—-c)*+20b-c)*(b-a)® +2(c- a)3(c - b)>.

Loi gidi. Néu ditc =a—-by=b—c,z=c—a, thioy =z +y+2z =0 vd ding

thitc can ching minh trd thanh
28 445 + 28 — 0229222 = —2(z%y® + 2323 + ¢%2%)

hay la

86 - 903 = —2.O($3y3).

St dung cdc cong thic ctia téng lug thita va quij dao vdi chii 3 ring oy = 0, ta c6

s = 302 — 203, O(23y®) = 03 + 302.
Tit d6 suy ra diéu phdi chitng minh.
Vi du 2.33. Chiing minh ring néu a + b + ¢ = 0, thi céc ding thitc sau day ding

A+ +S B+ +A3 a4 b2+ 2 a? + b + 2
a) = = abc. ———,
b)

c)

) 3 ) 2
a’ +b +c _aS+ P+ S a?+ b2+ at b+t a0+
B B 4 3

5. 2
a7+bz+c7 +b3 4+ (a5+b5+'c5)2
7 ' 3 - 5 /
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L&i gids. ki higu 01,092,003 la va s, tuong tng la cdc da thic ddi xing co sé va tong
lugf tha ctia cdc bién a,b,c. Theq cong thic Waring ta c6

at+b+c=01=0,

a?+ 5% + ¢ = 33 = 02 — 209 = ~20,,

a® + %+ 3 =83 =0} ~ 30102 + 303 = 303, |

at + b + ¢t = 94 = 0} — 40?0y + 202 + 40103 = 202, |

S4B = 85 = 0% — 5030y + 50102 + 50203 — 50203 = —50403,

a’ + 6"+ ¢ = 87 = 0] — To}0; + 140302 — 70103 + Totos — 2103003+
+7o‘10§ + 70'%03 = 70%0‘3.

Tw dé ta c6

o) a® + b4+ 8 a""+b2+c2___0(7 _ad+bh 4+
3 2 T 5 -
oy B i s
—-— 3. 2 = . 2 .
5 5 5 .2 2
a®+b+c® a2+ + 2
b} 5 . 2 = (-—0‘20‘3)(—02) = 0'%03 =
_a7+b7+c7_g_§20 R i
- 7 B R 4 3
a’+b"+c" B+ +E s (G2 4+ +P\2
c) Z . 3 = 0503.03 = (0203) =(—-—-——5————)

Vi du 2.34. Cho d, b, c 1a céc sb thuyc khac khong vd dsi mot khac nhau thod man
didu kién a + b + ¢ = 0. Chiing minh ring

(2 ) e o) =

L&i gidi. Dt

Khi d6 vé trdi ciia ddng thitc cdn ching minh cé dang

1 1 1

T y. z
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y+z

Xét phan thic . Ta co

y+z__(b—c c-—a) c b2 —bc+ac—a? c
r \ a b Jla-b" '
2¢?

c c |
—E(—a-—b+c)—a$(—q—b—~c+2c)-——a—l-)—.

_ (b2—a2)—c(b—aj c
- ab ‘a—b

Ap dung vong quanh ta dugc

2 942 2 .
y+tz z+z z+y 27 27 _2_b_=_?_(a3+b3+63).
T Y z ab ' bc  ac abc
Nhung via+b+c=0, nén a’ + b3+ 3 = 3abe (Vi dy 2.18). Do dé

+
Y z+z+z+x+y=
T Y FA

6.

Ddng thitc duge chitng minh.
Vi du 2.35. Céc s thye a,b, ¢, x,y, z thod man cac hé thic
B2+ 2 —a?)(+a® - )@+ b% - c?) £0,

a3+ 4+ = (a+b)(b+c)c+a),

B+ —at)r=(+a- by =(a®4b* - )z

Ching minh riing

B+ + 23 = (@ +y)(y+2)(z +2)

t

Ldi gidi. Dat

A=b+c2-a?, B=c+ad® -0, C=da>+b -2,

Suy ra
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St dung dong nhét thic (Vi du 2.16)
@+y+2)P -2 -’ -2 =3z +y)(y+2)(z +2),
dé dang ching minh duge cdc déng thic sau ddy la tuong duong
3.,.,3. .3 | '
4y + 2% =(x+y)(y+z2)(z+2),
(@+y+2)° =4 +9° +2°) =4z +y)(y + 2)(z + 2), (2:23)
(z+y-2)z+2-y)(y+2—1z) = —dzyz. (2.24)
Nhu vy ddng thic cdn ching minh tuong duong véi
1 1 143 1 1y/1  1ys1 1
(z+5+2) =4G*8)GE3)G+5)
nghia la |
(AB + BC + CA)® = 4(A+ B)(B + C)(C + A).ABC.

Nhung
A+B=23 B+C=22 C+A=2,

‘nén ta cdn phdi ching mink
(AB 4 BC + CA)® = 324%0%c* . ABC. (2.25)
Trude hét ching ta hiy zét AB + BC + CA, sau dé la ABC. Ta c6

AB+BC+CA=AB+C)+BC=5

= (b2 + ¢ — a?)2a% + [a? + (0 ~ P)][a® ~ (b% ~ ¢?)]
= 2ab% + 2a%c? ~ 20% + a® ~ b* ~ ¢! + 2%

= —at — b — ¢? + 2a%0? + 2%? + 26%2

= 40?6 — (a? + b7 — ?)?

=(a-b+¢)(f~a+b+f:)(a+b—;c)(a+b+0){
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Theo (2.24), ta cé
(a+b—c)(a+c~b)(b+c—a) = ~dabe,

do dé
AB + BC + CA = —4abc(a + b + c). - (2.26)

Xét ABC. Dt
op=a+b+c, og=ab+bc+ ca, o3 =abe, s; za"+b"}+c'°.
Khi d6 theo cong thitc Waring, ta cé
a3 + 6%+ ¢ == (a+b)(b+c)(c+a)
& ai’ ~ 30102 + 303 = 0103 — 03

& 03 = 4(0107 ~ 03) (2.27)

ABC = (33 - 2a%)(s3 — 2b®)(s5 ~ 2¢?) =
= §3 — 2s3(a? 4 b2 + %) + 432(a®V? + B?c? + c?a?) — 8a?b?c? =
= —83 +45,0(a®0?) ~ 80} = —(0% ~ 202)® + 4(0} — 203)(0% — 20103) — 802 =
= (02 ~ 202)[403 — 80103 = 0 + 0303 — 403] — 80% =
= ~01(0? — 202)[03 + 803 — 40102) ~ 803,

-Trong biéu thic cubi cing, theo (2.27), thay o} bing 4(0102 — 03) ta c6 két qud
ABC‘= —803(0102 — 03) = ~8abe(a + b)(b + c)(c + a).
Theo céng thitc (2.23) tic day suy m
ABC = —2abc(a + b + ¢)3. (2.28)

T# cdc cong thite (2.28) va (2.26) suy ra (2.25). Ddng thitc duge ching minh.
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Vi du 2.36. Dat

ak IS &
@—ba-0  t-00-a -ac-b

Chitng minh ring

Tk

T0o=11=0, m=1 m=a+b+c, 74=a%+b>+c+ab+bc+ ca.

Ldi gidi. Ta bién d6i 11, nhu sau

_a*(b-c)—bra—c)+cf(a—b)  Fi(a,b,c)
k= (a —b)(a—c)b—c) " T(a,b,c)’

Ta c¢6 T(a,b,c) la da thic phdn dbi zing don gidn nhdt cia cdc bién a,b,c. Xét
Fy(a,b,c). Dé théy ring Fi.(a,b,c) cing li da thic phdin dbi zing, ngodi ra Fi, = 0,
khia = b,a = c va b= c. Do d6 khi k = 0;1 thi F}, = 0, vi c6 bic nhd hon 3. Vay
To=71=0. Vork=2, ta c6 |
Fa(a,b,c) = a%(b—c) —b*(a—c) + c*(a—b) =

=a?(b~c) - b*[(b—c)+ (a—b)] +c2(a—b) =

= (b~ c)(a® = b?) — (a — b)(b* ~ &) =

= (a—b)(a-c)(b—c) = T(a,b,c).
Do dé 7o = 1. D€ tim 7, (k = 3,4,...), ta lam nhu sau. Gid s 01, 02, o3 la cdc da

thic doi zing cd sd cia cdc bién a,b,c. Khi dé ta cé
(x -~ a)(ﬂf —b)(z —¢) = 2% — 012 + o9z — 03.
Tb"ong‘dc‘fng thitc trén lan lugt cho x = a,x = b,c = ¢, ta dugc
a®— 016’ + 00— 03 = 0,
b — o162 + o2b — o3 =0,

'63-—0102-}'0’26—0'3——‘—0, :
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Chia ldn lugt chia cdc ddng thitc trén cho (a — b)(a — c), (b —a)(b — c), (c — a)(c — b),

r8i cong vé vdi vé chc ding thic vita nhin dugc, ta c6
T3 — 0172 + 097 — 0370 = 0.

Ving=m =0, =1, nénttdiysuyrams =01 =a+b+ec.

Dé tinh 14, ta st dung hé thic
z(z — a)(x — b)(z — ¢) = z* — 0123 + 092? — 03z,
Tién hanh tuong tit nhu trén, ta c6
T4 — 0173 + 0912 — 0311 = 0.

Tu dé suy ra
Ta=01m3—03m1 = (a+b+ c)2 — (eb+ ac+bc) =

=a?+b*+c?+ab+ac+ ba.

Tudng tu nhy trén, dé tinh 7. (k = 3,4, ...), ta ¢6 cong thitc truy hés

. Tk = O1Tk~1 — O2Tk2 + 03Tk 3.
Vi du
T = 0174 — 0273 + 03Ty =
= a? + b% + ¢ + a®b + a’c + b%a + b2c + c?a + cb + abe.

Vi du 2.37. Dat

o 1 1 1
Xm = R —b)a—0 B -a)b-0 P lc—a)c=b)

Tinh X0, X1, X2
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L&i gidi. Xét phan thic thit nhdt. Ta bién déi phan thitc nay nhy sau
a-—m-—-l

1 1
abc (@ T = b 1) (a1 - c 1)’

a™(a — b)(a -c)

Néudgtz=a"t, y=b"1, z=c"1, thi
1 xm+l
a—bla-c Cla-pE-2

Do dé ta ¢é
Xm = zyz.rm+1(:c,y, Z),

trong d6 Tmy1(z,y, 2) duge zdc dinh bdi ddng thic trong Vi du 2.36, khi thay a, b, c,
tuong itng bing x,y, 2. S dung cdc két qud trong Vi du 2.36 ta c6

1
X0 = xyzn(x,y»m) =0, 1= 1‘1/27'2(3?»2(/, Z) =zyz = EEC-)
ab+ bc+ ca
T2 = zY273(T, Y, 2) = xy2(c +y + 2) = 22z

Vi du 2.38. Dat
_ @)@+ nb+abta) | nlcta)c+h)

Am = (a=b)(a-r¢c) (b—c)b-a) (c—a)(c=b)

Tinh Ao, A1, Az, A3

Loi gidi. Xét s6 hang thi nhdt. Ta bién ddi sé hang nay nhy seu

m@+bd)la+c) (a+b+c)a™! +abca™ !

(@-b)la~c) (a - b)(a~c)
a™+! m--1
= (a+b+ c)-—-——-———-———-—-(a > TP + abc————————————(a ~Ha =0

Nhu vy ta c6
Am = (a + b+ ¢)Tmy1 + aberpy_y,

trong dé Ty = Tr(a, b, c) duge zdc dinh theo cong thic trong Vi du 2.36. Suy ra

Ao = (a+ b+ c)n +aber—y = (a+ b+ c)n + abexy = abc.;%); = |
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M =(a+b+c)ra+aberg=a+b+e,
A2 = (a+b+c)r3 +abery = (a+ b+ ¢)?,
A3 = (a+b.+c)1'4+abc1'2 = (a2+b2+c2+a_b+bc+ca)+abc.
Vi du 2.39. Chimg minh ddng nhét thitc |

k(z—a)z—~b)

_ klz—b)z—c) (z — )z~ a) _
a* * te (c—a)(c—b)—l’

= a-ba-0  (G-ob-a

(k=0,1,2).

Lo gidi. Trude hét ta bién déi sé hang thi nhdt nhu sau

| k(x—b)(z—c) ,,.1:2--(¢1L+b+c)a:+aa:+bc_'_~
‘@ ta-o " ° RO -

ok Cgk+l k-1
“Ha-0  e=ta-9 T a-bte-9

= [z? - (a+b+c)x](a
Cic sé hang con lai ciing bién déi tuong ty. Nhy véy, ta c6
pr = aberi +. '[_xz' — (a + b+ c)z)m + TTh41, |
trong dé T, dugc zdc dinh theo cong thic tréng Vi du 2.86. Ta cé
T = ot =11=0, m=1, 13=a+vb+c.
Suy ra py, = z*, (k=0,1,2).

Nhén xét. Bai todn trén day cé thé duge gidi theo cdch sau. ki hicu

ez =)z —0)

.(z — c)(z — a) (z —a)(z —b)
@it e k

fz)=a +b (®-c)(b—a) (c—a)c—b) °

Véi k = 0,1,2, thi f(z) la mét da thic c6 bic khong qud 2. Mat khdc, ta lai cé

fla) = §(b) = f(e) =0.
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Nhu viy, a,b,c la ba nghiém khdc nhau cia f(x), nén f(x) phdi dong nhét bing
khéng. Suy ra diéu phdi ching minh. Blng cdch tuong ty, dé thay ring

JEDE=0 i m-dE=a) (@-ak-b
@=Ba=09 " t=ab-a ' =a-b)

=23~ (@ - a)(z - bz o).

Vi du 2.40. Don gin biéu thic

a* b* Pl
@-Ba-d@—a)  -0b-a)z=0b) ' c-ac-bE-0’

Ty =
trong d6 k = 0,1,2,3 va a, b, ¢ 1a cac sb thyc, d6i mot khac nhau.

Lai gidi. Ta bién déi biéu thic da cho nhu sau

~ 1 (z - b)(z —c)
P FEDI Rl M CErI T

(z-c)(z—a) (z —a)(z—-b)
6w T a0 |

Theo két qud ctia Vi dy 2.39, suy ra

zk

z—a)(z - b)(z - o)’

T, = (k=0,1,2),

Ty = (a+b+c)z? —(ab+bc+ca)x+abc
R C R (R 2R

Bai tap

Chitng minh cdc dong nhit thic sau

. (a+b+c)3+(a—b—c)3+(b—a-—c)3+(c~af-b)3=24abc.
a(b+c)2+b(c+a)2+c(a+b)2 ~ 4abe = (a + b)(b+ ¢)(c + a).

1

2

3. zyz(z + y + 2)% — (zy + yz + 22)% = (22 — y2)(¥* — z2)(2% — zy).

4. (ab+ be + ca)? + (a® — be)? + (b2 — ca)? + (c® — ab)? = (a? + b2 + )2
5

(ry+2)P—(—z+y+2° - (z—y+2)° - (x+y—2)% = 80zyz(z? + y? + 22).
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Chitng minh rdng néua+ b+ c =0 thi

6.+ +3+3a+b)(b+c)(c+a)=

7. 2(a* +b* + ) = (a? + b? + 2)%
8. 2(a5 + b° + ¢®) = Babc(a? + b2 + ¢2).
a+b7+c 2 a+b5+c 2 gt 4+ b1+t
9. ( ) - ( )
10a(b+c)2 b (c+ a)? + A(a + b)? + (a? +H+¢%mh+w+an

Véi a + b + ¢ = 2p, ching minh ring

11. a(p—a)®> + b(p = b)? + c(p — ¢)? + 2(p — a)(p — b)(p — ¢) = abc.
12. p(p~a)(p~b) +p(p—b)(p— ) +p(p - ¢)(p ~ a) = (p — a)(p — b)(p — ¢) + abe.
13. Chitng minh ring, néu zy + yz + zz = 0, th

@+ +2) (y+2)2+ 2022 =2y +2)2 + iz + 2)2 + Az + )2

14. Ching minh ring, néu zy + yz + zz = 1, thi
z Y z 4dryz

1—x2+1—y2+1—z2=(1~x%u~y%u-z%'
15. Chitng minh ring, néu
1,11 1
a b ¢ a+b+c

thi vdi moi s6 Ié n, ta c6

Golelyo 1 1
a b ¢/ Tar+br+cr (atb+o)r

Van dung cdc tinh chét cia da thitc phdn déi ming ching minh cic ddng thic sau
a-b b-c c—a (a-b)(b-c)(c—a)

6 T T bre T cFe @v DT octa)
x2y2 y222 32172 .
R P v Sl v e Sl e T Rk A
18. (z-b)(z—¢) (z—c)x—a) (z—a)(xz—-b) _1
(a=b)la—c)  (b-c)b—a) (c—a)(c—b) '
19. xz—-—yffi———— 2 2% ) 2%y 2.2.2

G-9e-2 Y G-Dw-9 ‘T -nG-y ¥V
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b—c '+ c—a +a-—b__ 2 + 2 + 2
(a-b)a—c) (b—c)b—-a) (c~a) a-b b—-c c—a

21, pla=D@-n@=2)  (b-2)b-y)b-2)

20.

@-b)a-o) G- a)b-0)
(c—z)(c—y)c—2) _
+ab le—a)(c = b) = abc - zyz.

Riit gon cdc biéu thic sau |
2y, =2 +yz-2)+ 2@ -y)

T2y -2+ Y -z) + 2z —y)
23, (y"z+z"°"+x—y)( ST )

T y z y—2z 2z~ IT-—Y

vdi diéu kién z+y + z = 0.
24 be + T ac + ab + 2abc

" (a+b)a+c) (b+c)b+a) (e+a)c+bd)  (a+b)(b+c)c+a)

2.11 Chitng minh céc bat dﬁng thac

Trong muc nay trinh bay mét s6 ing dung cia da thic dbi zing ba bién dé ching
minh cdc bt ddng thic. Vdi cic b sé thuc (z,y,z), hay (a,b,c) v.v.. ta ludn luén

hiéu 01,02,03 la cdc da thic dbi Ting co sd cia cic b s6 dé, vi du dbi vdi z,y, 2 :
oy=x+y+2z2 oO=zxy+rz+Yyz, 03=IYZ,
Ménh d& 2.3. Vdi cic s thuc x,y,z c6 cdc bét ding thitc:
a) o> 30, b) o3 >3003. (2.29)
Déu ding thitc Tdy ra khi va chi khiz =y = z.
Chimng minh. Vdi moi 86 thuc ,y, 2 ta ludn cé bét ddng thic
(z-y)?+(@~2)2+ -2 20

Ddu ding thic zdy ro khi va chi khi = y = z. Khai trién vé trdi cia bét ddng
thitc trén va gidn udc ta duge sy — o2 2 0. Thay sy = of — 203, ta c6 bt ding thic

a? — 302 > 0. Tt d6 suy ra bt ddng thitc thit nhét trong (2.29).
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Theo bé( ddng thic thi nhét trong (2.29), ta cé
(:z:+y-};z)2 > 3(zy + 2 + y=z).
Trong bit déng thic trén thay z = ab,y = bc, z‘=‘ca, ta dugc
(ab + bc + ca)? > 3(abc + ab’c + abc?) = 3(@ + b+ c)abe.
Tit d6 suy ra bdt ddng thite thit hai trong (2. 29) déi véi cdc s thuc a, b, c.
Ménh dé 2.4. Véi cic s6 duong z,y,2 ta 6
a) o102 > 903, b) o3 >2703, ¢ o3>2703. .  (2.30)

Chitng minh. Do z,y, z la cdc sé duong, nén a1, 02,03 ciing la cdc s6 duong. Nhan
ting vé cdc bt ddng thic trong (2.29), ta dugc 0202 > 9010203 Sau khi gidn wic hai

vé dai lugng o102, ta duge bt ddng thic o109 > 903, tic la
(z+y+2)(zy+ yz + 2z) 2 Yzy=.

Tiép theo, tir bt ddng thic 02 > 303, suy rao} > 30109, Vi 0102 > 903, nén tu diy
suy ra o} > 2703, tic la

(z+y+2)°> 27zyz.
T cong thic trén day ta cé bit ddng thic quen biét gitta trung binh cong va trung
binh nhan: |
T +
_i—_%___x > Jryz.

Xét bit ddng thitc thit ba trong (2.90). Nhan ting vé cdc bit ddng thic 02 > 30103, 0102 >
903, ta duge 0103 > 270103. Suy ra bt ddng thic o3 > 2702, tic la bit ddng thic

(zy + yz + 22)3 > 272%y%22.

Nhan xét . Céc bét ddng thiic trong (2.80) vén con ding néu ta thay diéu kién z,y, z
la cdc s6 duong boi diéu kién x,y, z la cdc s6 khong am. »

8A- CDOT BSi Xing & Ao Dyng
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Ménh dé 2.5. Vdi cdc s6 duong x,y, z ta c6 cdc bit ding thic
0%02 > 30103 + 20%, a‘log > 20%03 + doq03, 0?03 + ag > 60q10203.  (2.31)
Chitng minh. Tu cdc bit dang thic trong (2.29), ta 6
oloy > 302 = 02 + 202 > 30103 + 202,

Nhut vdy bt ddng thite thit nhdt trong (2.81) duge ching mink va do dé, véi cdc s6

duong z,y, z, ta c6 bit ddng thic
(x+y+2)2zy +yz+22) > 3(z +y + 2)zyz + 2(zy + y2 + 2z)2

Xét bt ding thiic thit hai trong (2.81). Theo (2.29), ta cd o7 > 309, suy ra

0203 > 30903. Mt khdc, theo (2.29), ta c6 a'% > 30403, do dé

alag > 30%03 = 20%03 + 0%03 > 20%03 + 30903.

Ti bat ddng thic vita chitng minh trd lai cic bién (x,y,z) > 0 ta cé bt ddng thic
(z+y+2)(zy +yz +22)2 > 2(x + y + 2)%zyz + 3(zy + yz + 22)2Y2.

Bét ddng thitc con lai trong (2.81) dugc ching minh tuong tu. Do d6 véi cdc sé duong
z,y,z ta 6 bit ding thitc |

(z +y+ 2)%zyz + (zy + yz + 22)% > 6(z + y + 2)(zy + yz + z2)zy2.

Dé thiy ring, cdc bét ddng thic trong (2.31) vén con ding, néu z,y, z & cdc s6 khong

a

am.

Meénh dé 2.6 (Schur). Gid st z,y, z la cdc sb thuc khong am. Khi dé véi moir > 0
thi

fr(@y,z) =2 (z—y)z—2)+y(y—2)(y—2) + 2" (2 —z)(z ~y) 20. (2.32)

88- CDOT BGi Xiing & Ap Dung
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Chitng minh. That vdy, vi fr(z,y,2) la ham doi zing theo z,y,z, nén khong mét
tinh tong qudt ta gid st ring x > y > 2. Khi d6 bét ddng thitc da cho duoc viét lai
nhu sau

fr@y,2)=@-yl'(z-2) -y y-2)]+2(z-2)(y—2) 0.
Dé théy rdng bdt ddng thic nay ding. \
Xét mot vai truong hgp ddc biét cia fr(z,y,2) duge zdc dinh theo cong thic (2.32).
Ta cé |

h@y,z)=z@-y)lz-2)+tyly—2)(y—2)+2(z —2)(z ~y) =

= (2° + 3+ 2%) + 3zyz — (2Py + 2?2+ yPr + P2 + 22 + 2¥y) =

=83+ 303 — O(mzy) = (0':13 - 30’102 + 30’3) + 303—
—(o1092 — 303) = U? — 40109 + 903.
fz,y,2) =2z —y) (@ — 2) + V(- 2)(y — 2) + P(z —2)(2 —y) =
=@ +yl+2)+ (e +y+2)oyz— @Bz + 2+ Pz + Pz + B+ 2Py) =
= 84 + 0103 — O(23y) = (0f — 40202 + 202 + 40103)+
+0103 — (0302 — 202 — 0103) = 0} — 50209 + 402 + 60103.

Nhu vy , ta cé két qud.

Ménh dé 2.7. Véi cic 8 thyc khong am x,y, z gidta cdc da thitc d8i zing cd sd c6
cdc bat ddng thic sau -
|
a? + 903 > 40109, 0‘1‘ + 40% + 60103 > 50?02. (2.33)
Ménh dé 2.8. Vdi cdc s6 thuc khong am x,y, z 6 cic bét ddng thic sau

203 + 903 > 70102, of + 302 > 40%0, (2.34)

ag + 90§ > 401092073, 20‘% + 90§ > To10903. (2:35)
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Chitng minh. Trudc hét gid thiét ring, x,y,z la cdc s6 duong. Theo (2.29) va
(2.33), ta c6 ’

i

20‘;' + 903 = (ai5 + 903) + a:f > 40109 + 30162 = 70109.

Suy ra bét ddng thic thit nhét trong (2.84) duge ching minh. Nhu vay vdi cdc s6
duong z,y, z ta cé bat ddng thic 4
y 2z +y+2)°%+92yz > T(x +y + 2)(2y + yz + 22).

Ta ching minh bét ddng thic thi hai trong (2.84). Theo (2.33), ta ¢6

a‘f + 403 + 6oy03 2> 50%02 o af + 30% > 40%02 + (0'%0’2 - ag —60103) > 40%02,

oloy > 302 = 03 + 202 > 0% + 60103. & crfaé ~ 0% — 60103 > 0.
T bét ding thitc vita chitng minh suy ra, vdi cdc s6 duong z,y, z ta c6
(x+y+2)*+3@y+yz+32)% > 4@+ y+ 2)% oy + yz + 22).

Ta ching minh bét ddng thitc thit nhét trong (. 2.85). Tit bt ddng thitc thit nhdt trong

(2.88), suy ra vdi cdc s6 duong x,vy,z ta c6
(z+y+2)3+9zyz >4z +y + 2)(zy + yz + 22) (%x)
Trong (**) thay z = ab,y = be, 2z = ca, ta dugc
(ab+ be + ca)® + 9(abe)? > 4(ab + be + ca)(abbe + beca + caab) =

= 4(a + b+ c)(ab + bc + ca)abe.

T ddy suy ra, vdi cdc sé duong a,b,c, ta cé

o3+ 90§ > 401049073,
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nghia la bat ddng thic thi nhét trong (2.85) dugc ching minh. Bt ddng thic thit hai
trong (2.85) dugc chiing minh bing cdch tuong ty.

Nhu vay vdi cdc s6 duong x,y,z ta cé cdc bit ding thic
(xy + yz + 22)2 + 9(zy2)? > 4(x + y + 2)(zy + yz + 22)7Y2,
2(zy + yz + 22)° + Nayz)? 2 T(z +y + 2)(zy + yz + 2z)ay2.

Nhan xét. Cdc bdt ddng thic trong (2.34) va (2.34) hién nhién la vén ding, néu

z,y,2 la cdc sb khong am.

Meénh dé 2.9. Vdi cdc sé khong am z,vy,z c6 bit ddng thic

k

0y
Sk 2 -1

(k=0,1,..), (2.36)
-trong dé sy = z* + y* + 2. Déu ddng thitc zdy ra khi va chi khiz =y = 2.
Chitng minh. Theo bit ddng thic (1.26) trong Ménh dé 1.2, vdi cdc s6 duong

T,Y,2,t, ta c6 cdc bdt ddng thic )

k ' k
xk+yk22(x'T—W) , zk+vtk22(z;t) .

Cong ting vé cdc bt ddng thic trén va sit dung chinh cdc bt ddng thic 8y ta dugc

~

k i\ k k
bt 2o (B (B ] 2 (PR

rt+y+=z

Bay gio trong bt ddng thic trén thay t = ta cé
k k
xk+yk+zk+(x+g+2) Z4(at:+g+z) .

T dé suy ra

ﬁ+¢+%2%

c+y+2\k  (z+y+2)F
3 ) - 3k—1 ’

tic la bat ddng thatc (2.36).
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Ménh dé 2.10. Véi cdc ki hiéu va diéu kién nhu trong Ménh dé 2.9, ta c6 bit ding
thic A

S8mSn € 3Sman- (2.37)
Chitng minh. Vi cdc s6 duong x,y,z,m,n ?a c6
@ =y =y 20, (M- - 20, (M- sm)E —a") 20

Tit d6 suy ra

2T gy

Y 2 > gy 2y

24 g™ > 2Ty x;‘ym,

g L gmn | mn _ pmin | mn | mn,
Cong theo timng vé cdc bit ding thite trén ta duoc
(2™ + Y™t 4 2™ > (2™ + y™ 4+ 2™ (2" + Yy + 2.

Tit d6 suy ra diéu phdi ching minh.

Xét mot sé vi du dp dung cdc ménh dé co ban trén day vao ching minh cic bét ding
thitc. N

Chitng minh réng néu a,b,c > 0, thi

@+bta)(GH+y+2)-

3 3
@+t o
abe

L% gidi. Dit o1 = a+b+ ¢, oo = ab+bc+ ca, o3 = abe, s3 = a3 + b3 + 3 va bidn

doi bat ddng thitc da cho tuong duong vdi
0109 — 83 £ 603 & 0103 — (O’i" — 30109 + 303) £ 603 & 40109 < 0‘:13 + 903.

Bét ddng thite cudi cing dé duge ching mink trong Ménh dé 2.7. Vay bét ding thic

dugc ching minh( ddu ddng thic zdy ra khi va chi khia = b= ¢).
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Vi du 2:41. Cho c4c sb duong z,y, z. Chitng minh ring

zyz > (y+z-z)(z+z—y)(z+y—2)
Lt gidi. Dit oy =z +y+ 2, 09 =2y +yz+ 22, 03 = zyz. Khi ;io’ bét ding ihﬂc
dd cho ¢6 dang
o3 > (01 — 2z)(01 — 2y)(01 — 22) = 0% — 2(x + y + 2)0? + 2(zy + yz + z2)0y — 8xy2

& o3 > a‘;’ — 20‘13 + 40109 — 803 & a?—— 40109 + 9&3 > 0.

Bt dc“in.g thitc cudi cing ding theo Ménh dé 2.8. Viy bat ding thic da cho dugc ching
minh (ddu ddng thic zdy ra khi va chi khix = y = 2).
Vi du 2.42. Chiing minh riing véi moi céc s6 khong 4m a, b, ¢ thi

(a+ b+ c)? + 3(abc)®/® > 4(ab + be + ca).

Ldi gidi. Dat oy =a+b+c, 0y = ab+ bc+ ca, o3 = abe. Khi dé bat ding thic da

cho tuong duong vdi

o2 + 302 > 4oy, (2.38)

R6 rang la néu a = b = ¢ = 0, thi (2.38) ding. Xét truong hap khi trong cic sé
khong dém a,b,a cé it nhat mot sé6 duong. Khi dé oy >, o2 > 0, o3 > 0, nén ta cd

03 > 2703 & 0y > 3023, Khi dé (2.38) tuong duong véi:
0'% > 409 — 30'2/3 > 409 — 09 = 303.

Theo (2.29) ta cé diéu phdi chitng minh.

Nhan xét. Bt ddng thitc di cho ciing ding cho moi sé thuc a,b,c. D€ ching minh
diéu nay can phdi zét chi tiét mot sé trudng hop riéng cia cdc 6 a, b, c.

Vidu 2.43 (Anh, 1999). Cho x,y, z 1 c4c s6 khong am thod man diéu kién z4+y+2z =
1. Chitng minh rdng

T(zy + yz + z2) € 2 + 9zy=.
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Loi gidi. Viz+y+ z =1, nén ta cé thé viét lai bit ddng thic da cho & dang
Tz +y+z)(zy + yz + 2z) < 2(x + y + 2)% + 9zyz.

Ddt o1 =z+y+2z 0y =zxy+yz+ 2z, 03 =1xyz. Khi d6 bét ddng thitc cdn ching
minh tuong duong vdi

To102 € 20':1; + 903.
Theo (2.34) ta cé diéu phdi chitng minh.

Vi du 2.44 (Iran, 1996). Cho céc sb duong z,y, z. Chitng minh ring

1 + 1 + 1 ]>?_
(z+9)? W+2)? (z+2)?2 "4

(zy +yz + 23)]

Ldi gidi. Dit oy = x +y + 2, 02 = Ty + yz + x2, 03 = zyz. Khi d6 dé dang ching

té ring bat ddng thic trén tuong duong vdi

v

. [0'11 —20%0, + 0% + 40103]
2 « (0102 — 03)?

9
T
Bét ddng thic trén tuong duong vdi

4oioy — 170202 + 403 + 34016303 — 903 > 0.
Ta viét lgi bit ddng thitc trén day & dang

0102(0? — 40102 + 903) + crg(ai1 - 50'?02 + 403 + 60103) + o3(0102 — 903) > 0.

Theo cdc bét ding thitc trong (2.80) va (2.88) thi mdi s6 hang J vé trdi cda bt ddng

trén la khong am, vi vay bt ddng thic da cho duge ching minh.

Vi du 2.45 (IMO, 1961). Gia st a,b,c 1a cac canh clia mdt tam gidc v6i dién tich
S. Chitng minh ring
a? +b% + % > 4V38.
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Ldi giai. Ddta =y + z, b=z+a§, c=z4+y,z,y,z > 0. Khi dé ta c6.
at+b+ec=2(z+y+z), a=y+z b=z+z, c=z+y, 8= (zr+y+2)zyz.
Do dé bét ddng thic da cho ¢ dang

[(y +2)2 (@ +2)% +(z+ y)2] ? > 48(z +y + 2)zyz.

Ditz+y+z =01, Ty +yz + 2z = 02, TYz = 03. Khi d6 bét ddng thic trén tuong
duong véi: '

* 2 2 2]?
& [0 -2+ (@1 - 1) + (01 - 2)?] 2 4810
. ‘ : ‘ 2
& [30? -2z+y+2)od+2t+y2 + zz] > 480103
& (02 +55)2 > 48 2 4 0% — 209)?
1 2)° > 480103 & (o1 + 0f — 202)° > 480103 &
& (af —-'02)2 > 120103 & (f‘l’ - 20%02 + a% - 120103 > 0.
Ta viét lai bit ddng thic cudi cing & dang
(o1 — 50203 + 402 + 60103) + 302(0? — 302) + 6(02 — 30103) > 0.

Theo cdc cong thic (2.29) va (2.38) trong cdc ménh dé 2.8 va 2.7, ting s6 hang ¢ vé
trdi cia bat ddng thic trén déu khong am nén suy ra diéu phdi ching mink. Déu ddng

thic zdy ra khi va chi khi
o} — 50%ay + 402 + 60103 =0, 02 —303=0, 02— 30103 =0,
ticlaz =y =2 Suyraa=b=c, hay AABC la tam gidc déu.

Vi du 2.46. Cho céc sb duong z,y, z. Chiing minh ring

2 2

9 .
z " Y " z Zz+y+z.
y+z 24z z+y 2
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L& gidi. Dat ¢ +y = 01, vy + yz + 22 = 09, zyz = 3. Khi d6 bit ding thic dd
cho tuong duong duong vdi
222(01 — y)(o1 — 2) + 2y%(01 — z)(01 = 2) + 22% (01 — 2)(0; ‘— y) >
> 01(01 - 2)(o1 — ¥)(o1 - 2)
& 20%32 - 201O(x2y) + 20103 > 01(01 — 0103),
trong dé
so =2 +y? 422, O(xéy) = sy + 222+ yPr+yle + 22 + 2%
tuong ung la tong luj thita va quy dao. St dung cdc cong thitc cia tléng lug tha va
quj dao ta cé bét ddng thic
20%(0? éag) — 201(0109 — 303) + 20103 > 01(0103 — 03)
= 01(20? —To102 + 903) > 0.
Bét ddng thitc cudi ciing ding theo Ménh dé 2.8. Viy bét ddng thic da cho dugc ching
minh. Ddu ddng thic zdy ra khi va chi khiz =y = 2. | «

Vi du 2.47 (IMO,1995/2). Cho céc sb duong a,b, ¢ thod man diéu kién abc = 1.

Chitng minh ring
1 + 1 + 1 > §
~ad(b+c) bcta) Alat+bd) T2

Loi gidi. Data = 1/xz, b= 1/y, c=1/z. Ta c6 zyz = 1/(abc) = 1. Khi dé bét ddng

thitc da cho tuong duong vdi

2:2 y2 22

+ +
y+z z4+zx zT+y

>3
-2
St dung bét ding thic trong Vi du 2.47 va bét ding thic giita trung binh céng va

trung binh nhdan, ta cé

2 2 2 3/
z + Y n z >m+y+z>3,/xyz:§’
y+2z z4+z x4y~ 2 - 2 2

nghia la bit ddng thitc duge ching minh.
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Vi du 2.48. Cho z,y,z la cac sb duong thod méan diéu kién z + y + z = 3a. Ching

minh ring v6i moi sd ty nhién n thi
1I\n 1\n 1\n I\n
(+2) +(v+5) +(z4+2) 23(e+2)"
y z z a
Léi gidi. Dat

sp =zl + 2% +25, o1=2z1+z2+ 3.

Sy

Ta cé , "
' 1 1 1 9 9 1
- ' 424 2)> - = — = ~).
o1 (a:+y+z)+(x+y+z)__(a:+y+z)+x+y+z 3a+3a 3(a+a)
Theo cong thic (2.36) trong Ménh dé 2.9, ta c6

3::?k 2 3n1f1 [3(“+ Zli)]n = 3(‘” %)n

T d6 suy ra diéu phdi ching minh(dbu ddng thic oy ra khi va chi khiz =y = 2).

v

Sn

Vi du 2.49. Cho AABC la tam giac khong ti. Ching minh ring

(Vcos A+ V'cos B + Vcos C)(Veos? A + Vcos2 B + Veos2 C) < g

L&i gidi. Trudc hét ta ching minh bét ding thic khd quen biét.

cosA+cosB+cosC<%.
That vay,
cosA+cosB+cosC<§¢>2cosA+BcosA_B+1—2sin2g—S?’—
2 2 2 2 "2
C C A-B
2V . >
94sm > 4s1n2cos 2 +1>0
— 2 -
@(2sin—§-—cosA2B) +sin2A BZO.
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Dat

z=cosA, y=cosB, z2=cosC, Su=z"+y"+2",

trong dé m la mét s thyc duong. Theo bdt ddng thitc (2.87) va bét ddng thic vita

ching minh ¢ trén, ta cé

) 9
8182 € 33_;+% =351 = 3(cos A+ cos B+ cosC) < 3.% =3
Tu dé suy ra bét ddng thitc da cho dugc ching minh.
Vi du 2.50. Ching minh ring trong AABC ta c6
A B C 1
. 5_ . 5_ . 5_ el
sin 2+sm 2-}-sm 2>81'
Lai gidi. Trudc hét ta ching minh bat ddng thitc :
sin£+sin§+sin—c—>1
2 2 2 )
D00<cosé, cos§—<1, nén
2 2
sin—4+sinB>sinAcosB+sin§ 0 A—-sinA+B
2 g 7Sy 7 “%9 = 7
T d6 suy ra
siné+sin§+sing>sin +cosA+B—
2 2 2 2 2
. . (A+B 7 . T
= 281!1( - +Z) \/ismz-l.
(z)iA-+-B<E nénzr-<A+B+E<§£)
2 2’ 4 2 4 4/

‘Dat !
Ty = sin — y=sin§ z'=sing sk=xk+yk+zk.
2’ 2’7 2’
Ap dung bét ddng thitc (2.87) trong Ménh dé 2.10 va bét ddng thic vita ching minh

d trén ta cé
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. 1
1< 81.81 €359 = 89> 3

1< 3 =8 >1
3 s182 € 3s3 3 g’

1< 385 = s >i
g7 <9283 S 385 = 85 > 5

. Nhu vay bét ddng thitc da cho dugc ching minbh.
Nhan xét. Bdng cich quy nap dé dang ching minh dugc ring, vdi mei sé nguyén

duong n ta c6 bit ding thitc:

‘sin A+51 P—-i—s -C—> L
5 +sin” 5 +sin” 31

Bai tap
Chitng minh réng vdi moi sé thuc a,b,c cé cdc bat ddng thic sau

. a2+ b24+¢c?>ab+ be+ ca.
. (@+b+c)? € 3(a? + b+ c?).

1

2

3. 3(ab+bc+ca)<(at+b+ 0)27

4. a?b? + b%c? + c?a? > abe(a + b+ c).
5

(ab + bc + ca)? > abe(a + b+ c).

Chitng minh réng vdi moi sé thuc duong a,b,c,z,y,z cé chc bét ddng thitc sau

1 1
.(a+b+c)( st3ts -)>9, : :

6

7. (a+b+c)a?+b% + c?) > 9abe.
8. ab(a+b—2c)+bc(b+c—;2a)+ac(a—};c—2b) > 0.
9. ab(a + b) + be(b + ¢) + ca(c + a) > 6abe.

10. (a+b)(b+ c)(c+a) > 8abe.

11. ‘(x'—i- y+2)3 <9(2® + 4% + 23).

12. 2z + 3 +23) > 22(y + 2) + 2z + 1) + 2 (z + v).
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T Y z 3
13. > -
y+z+z+x z+y 2
19, LAV AE S zhyte

Zr2r2 > 3
15. 24+t + 21> zyz(z +y + 2).

Chitng minh rdng, néu a,b,c la dé dai cdc canh, p la nida chu vi va s dién tich cia

' mét tam gidc thi cdc bt ddng thic sau ding

16. 2(ab+ bc+ ca) > a? + b + 2.

17. (@2 +b2+c2)(a+b+c) > 2(ad + 63 +3).

18. 3(ab+bc+ca) < (a+b+c)? < 4(ab+ be + ca).

19. 8(p—a)(p—-b)(p — ¢) < abe.

- 20. (a+b+c) < 5lab(a + b) + be(b + ¢) + ca(c + b)) — 3abe.
‘21. a’(b+c—a)+b*(c+a—b)+c2(a+b—rc) < 3abe.

22. a%b(a — b) + b%c(b—c) + czé(c —a)>0.

23. 3(a + b)(b+ c)(c +a) < 8(a® + b + &3).

24. be(b+ ¢) + ca(c + a) + ab(a + b) > 48(s — a)(s — b)(s — ¢).

25.. Céc s6 khong am z,y, z thod man diéu kién Ty + yz + 2z = 1. Chiing minh ring

1 + 1 1 >_5_.
z+y y+z x4z 2

26.. Cho cdc s6 duong a,b, c thod méan diéu kién abc = 1. Ching minh ring
1 : 1 1
(a+3-1)+(b+5-1)+(e+z-1) <1
27.. Cho ba s6 duong a,b, ¢ thod man hé thic a®/3 + b%/3 + ¢*/3 = 2. Ching minh bdt
ddng thic
3(a+b+c) > 2(a'/3 + b1/3 4 113,
28.. Chitng minh ring vdi cdc s6 duong a,b,c ta cé bat ding thic

1 1 1 4abc
b S5
(a+ +C)(a+b+b+c+c+a)+(a+b)(b+c)(c+.a) ’
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29.. Cho cdc s6 duong x,y, z.. Chitng minh bit ddng thic

1 -1 1 1

< —.
x3+y3+xyz+y3+z3+a:yz+z3+x3+zyz Tyz

. 30. Cho cdc s6 duong x,y,z. Ching minh bit ddng thic

z? +y? + 22 8zyz
zy+yz+z2z (z+y)y+2)(z+z)

31. Cho cdc sé duong x,vy, z, thod man hé thic z + y + z = 3a. Ching minh ring vdi

moi s6 tu nhién n ta cé bit ding thic

1\n I\n iy\n 1\n
B+ ) +(y+5) +(z+2) 23(a+2)"
T v z a
32. Cho tam gidc nhon ABC. Ching minh ring vdi moi sé ty nhién n ta cé bit ding
“ thic
tan” A + tan™ B + tan" C > 3%,
33.( Nhit Bdn, 1997). Cho céc sé duong a,b,c. Ching minh réng

(b+c—a)® (c+a-—-b)? (a+b-c)? 3
(b+c)2+a?  (c+a)2+b2 (a+b)?+c2 ™5

34. Cho cdc sé duong =, y, z. Ching minh bat ddng thitc

x + Y i z < 9
(z+ylz+z)  @+2)y+z) (z+2)(z+y) dz+y+2)

35.(I0M, 1984/1). Chitng minh ring

) , 7
0<2y+yz+ze —2zyz < 77
trong dé z,y, la cdc s6 khong am thod man didu kién x +y + 2z = 1.

2.12 Gia tri 16n nhét va gia tri nhé nhét

Vi du 2.51. Tim gié tri nhd nhét cta bidu thic

z +2z z4+z T+
Y +y + + Y

Flz,y,z) =
(zy) y+z+z+:c r+y z Y z
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- trén mién

D = {(z,y,2) : 2 > 0,y > 0,2 > 0}.

Lai gidi. Trude hét, ta c6

P(w,y,z): y:z+z;x+z:y=
=G+ + (D) +(C+3) 22v242=0

Déu ddng thitc zdy ra khi va chi khiz =y = 2.
Tiép theo, zét biéu thitc

+ g 2
z z+z ‘z+y

: Q(a:,y,z) = yi

Ta bién doi biéu thitc nay nhu sau

Q+3=(y—+{-£+1)+(z—%—a—:+1)+(x+y+l)=

| 1 1 1
_($+y+z)<y+z+x+z+x+y) -

=%[(y+z)+(é+:_z)+(a:+y)](yiz+z_le'ziy)

Theo bét d&ng thitc giita trung binh cpng va trung binh nhdn, ta cé

[(y+z)+_(z+x)+(z+y)](yiz+zix+ziy) >9.

Déu ddng thic zdy ra khi va chikhiy+ 2 =z+z=z+y Sz =y =2 Suyre
ngvddo dé

15
F(2,9,2) = P(z,3,9) + Q@.0,2) 2 6+ 5 = =

Déu didng thic zdy ra khi va chikhiz =y =2, thidy, z =y =z =1.

Vay, ta co

X © 15
min F(z,y,z) = 5
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Vi du 2.52. Cho céc sé duong thay ddi z,y, z. Tim gi4 tri nhé nhét cta biéu thic
Fla,y,2) = 1+ )1+ )1+ )
'Yy 2) = T y P

trong mdi trudng hgp sau
ayrz+y+z=1
b) zy+zz+ 2z =.1.
c) zyz = L.

Loi gidi. Ching ta viét lai biéu thic da cho ¢ dang

(x+Dy+1)(z+1) _
Yz -

F(z,y,2) =

14+ (z+y+2)+ (xy + yz + 22) + zy2
: Tyz '

Ditoy=xz+y+ 2, o2 =zy+yz+ 2z, 03 =2Y2, ta cé

1+01+¢.72
g3 '

F=1+

a) Truong hop o1 =z +y + 2z = 1. Ap dung Ménh dé 2.3, ta ¢

2
F_1+-—+——>1+3+—3——>1+5§+—9—-64
o3 O3 \/— g1
Déu ddng thitc zdy ra khi va chi khi
r+y+z=1, _ 1
{ T=y=2 é:z:——y—-z—-?;.
Viy, trong truong hop nay ta cé
111
F' =
min F(z,y,z2) = (3 3 3) 64.

b) Trudng hgp o3 = zy + yz + 2z = 1. Vin dung Ménh dé 2.8, ta c6

2
F_1+—+——>1+6—‘—/-_-+-—_10+6\/§.
o3 \/023 o2

9A- CBOT DG Ximg & Ap Dyng
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Déu ddng thitc zdy ra khi va chi khi

zy+yz+zx=1, I

{ z=y=2>0 <=>a:—-y—z—-\/§.
Vay, trong truong hgp nay ta cé

min F = F 10 + 6/3.

v v
c¢) Truong hop 03 = zyz = 1. Van dung cdc bit ddng thic trong Ménh dé 2.3, ta c6
F=1+5—?i—9=2+al+azzz+3e/5§+3“ag=6.
3

Déu ddng thitc zdy ra khi va chi khi

zyz =1, —
{x=y=z>0¢x—y—-z—1.

Viy, trong trudong hop nay ta co
min F = F(1,1,1) = 6.

Vi du 2.53. Cho céc s6 duong thay déi z,y,z. Hay tim gid tri nh6 nhét cia biéu

thice .
2 2
T y z
F(x =
(2,3,2) y+z+z+x+m+y

2

trong mdi trudng hgp sau :
a)r+y+z=1
b)zy+yz+ 2z =1.

c) zyz = 1.

Ldi gidi. Vi céc sé duong x,y,z, dp dung bit dﬁng thitc Cauchy-Schwarz, ta cé

(z+y+2)°=

2
VY+ 2+ ——=vVz+z+——=Vz+y) <
(\/"— \/__ \/_+—y )
2 2 2 | “
T /] z ( .
< .
(y+z+z+a:+z+y) y+z+z+x+z+.y>

98- COOT B6i Xing & Ap Dung
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Nhu vy, ta co
r+y+z

>
F(x7 y’ z) = 2

Déu ddng thic zdy ra khi va chi khiz =y = z.

a) Truong hop z +y + 2z = 1. Khi dé, ta cd

min F = F(=, )'=%.

wlr-‘
i =
QO+

b) Truing hop xy + yz + zx = 1. Theo bit ddng thic thit nhdt trong Ménh dé 2.3, ta
(x+y+2)?>3(xy+yz+2z)=3.

Déu ddng thiic zdy ra khi va chi khi z =y = z. Do dé

min F(z,y,2) = (% v T) = ._\C

c) Trudng hop xyz = 1. Theo bét ding thite thit hai trong Ménh dé 2.3, ta co

z+y+z23/ryz =3.

Déu ddng thitc zdy ra khi va chi khi z = y = 2. Viy, ta c6 )

mlnF(:z: Y,2) = F(I 1,1) = 3

Vi du 2.54. Céc sé duong z,y,z thay ddi, nhung luon ludn thod man didu kién
2y + yz + zz = 1. Tim gié tri nhd nhét cia bidu thitc

3 3 3

Yy z
y2+z2+z2+$2+z2+y2'

F(z,y,2) =

Ldi gidi. Theo bit ddng thitc Cauchy-Schwarz, ta cé

3/2 : 3/2
2 2 22 _. z 3 3 Y 2 2
(z°+y° + 2%) —<-—————-—-——y2+z2\/x(y +z)+—————-——-—m y(2% + 22)+
23/2

N

+

Vz(z? + 3,:2))2 <



132 : Chuong 2. Da thitc déi xitng ba bién

3 3

3 ,
z y z 2, .2 2, .2 2, .2
g~(yz_h,:z*'22_*_352'*'352,*_:,),2)(3'3(?/ +27) +y(2° +2%) + 2(= +y)).

Suy ra

3 3

@ ¥ 23 S (z% + y% + 22)?
yi+22 22+x? at+y? T oz(y? 4+ 2%) +y(2? +2?) + 2(a + 7))

Ching ta sé ching to

(2% + % + 22)? STyt
(W +22) +y(P+2?) + 222+ T 2
Néu ki hi¢u 01,02,03 la cdc da thic dbi zing co sd cia cdc bién x,y, z, thi bit ddng

thic trén tuong duong vdi

2 2
oy — 20 o
(1———2—)— > -1 & 20;1 — 80%02 + 80% > afag - 30103
o109 — 30‘3 2 )

& 2(0‘1‘ + 402 + 60103 — 502%03) + o1(0102 — 903) > 0.
Bét ding thitc trén ddy ding trén co sd cdc bat ding thic trong cdc ménh dé 2.3 va
2.7. Nhu vdy, ta cé

3 3 3

T Y z T+y+2
F = — - > .
(2,3,2) y2+z2+z2+x2+z2+y2“ 2

Ddu ddng thitc zdy ra khi va chi khi = y = z. Theo Ménh dé 2.3, ta c6
(z+y+2z) > 3(xy + yz + 2z) = 3.

Do dé ta cé két qud

11 1, V3
mmF"F(\_/‘?%’TE)’ 5

Vi du 2.55. Tim gi4 tri 16n nhét ctia bidu thitc

F(a,b,a).= (@=b)!+ (- +(c—a)*,

trong d6 a, b, ¢ 13 céc sb thyc khong bé hon 1 va khéng 16n hon 2.
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Léi gidi. Datz=a—b, y=b—c, z=c~a. Khi dé
-1<1,y,2<1, x+y+z=6.
ki hiéu 0y, 09,03 ld.ccic da thitc dbi ming cd sd cta cdc bién z,y, z, nghia la
01=x+y+;, oy = Ty + Y2z + 2z, 03 = TY*2.
Theo cbng thitc Waring, ta cd
F=xlyyt42'=0} - 40%&2’4— 20_% +74010’3 =203 = 2(zy +yz + zx)z.
Ta cé
1-z)(1-y)(1-2)201-(z+y+2)+zy+yz+2z—2Y2>0
Sl+tzy+yz+zz—zyz>0. | (2.39)
Déu ddng thic zdy ra, vi dy, vdi T = i,y =-1,z=0. Ta cing cé
(1+a;)(1 +y)(1+ 2) 20@1+a:+y+z+a:y+yz+.za:+xyz’_>_ 0.

S l4+zy+yz+2x+2yz 2 0. , -~ (2.40)
Déu ding thitc zdy ra, vi dy, vdiz=1,y=—1,z=0.
Coéng theo timg vé cdc bét ddng thatc (2.39) va (2.40), ta duge

24+ 2(xy+yz+25) 20 zy+yz+ 22 > 1.

Mat khdc, lai c6
zy+yz+2z) < (x+y+2)2=0.

Suy ra v

0>zy+yz+z2r>—1= (xy+yz+22)2 <L

Viy ta c6

F=2zy+yz+22)’<2=maxF =2,
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khi, thidy, z =1,y =~1,2=0.
Ta c6 két qud
max F = 2
dat tai, vidy,a=1,b=0,c = 0.
Vi du 2.56 (Viét Nam, 2004). Xét céc sb thyc duong z,y, z thod méan didu kign

(x +y + 2)? = 32zyz.

Hay tim gi4 tri nho nhét vA gié tri 16n nhit cta biéu thic

’ g4yt 4 A

Flend) = Gy

Lt gidi. Nhin zét rdng, vdi a la mot sé thuc khdc khong tuy ¥, ta luon c6
P(az,ay,az) = P(z,y,2),

va néu z,y,z thod man diéu kign cda dé bai, thi az, oy, oz cing thod man diéu kign
d6. Vi thé khéng mét tinh téng qudt, c6 thé gid thiét ring z +y + z = 4. Kﬁi dé, két
hop vdi diéu kien cia dé bai, ta c6 zyz = 2. Bai todn trd thanh

 "Tm gid tri nho nhét va gid tri lon nhét cla bifu thic

- khi cdc bién s6 duong z,y, z thay doi, sao cho x +y+ z = 4,zyz = 2.
DitQ=z'+y*+ 2 vaoy =z + y+ 2,00 = Ty + y2 + 22,03 = zyz. Theo cing
thitc Waring, ta c6

Q = o} — 40?0z + 20% + 40103 = 256 — 640, + 202 + 32 = 2(02 — 3203 + 144).
Tw cdc diéu kign cia z,y, z,ta c6

2
02=x(y+z)+yz=:c(4-—x)+;.
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Ap dung bit ding thic (y + 2)? > 4yz, ta c6
(4——:::)22—i—®x3—822-|;16x~8_>_0©(z‘—2)(w2—6x+4) >0. -

Viz e (0,4), nén tix day suy ra 3 - V5 < z < 2.

Bai tap

1. Cﬁo céc s6 du&ng thay doi x,y, z. Tim gid tri nhé nhét cia bie"u vtlrutc

4 y4 24

T
Flz,y,2) = z? 2 * yt+ 24 t AT

trong méi diéu kién sau diy
a) z+y+2+1. b) zy+yztzz=1. ¢) zyz=1.
2. Cdc 56 duong a,b,c thoé man diéu kién ab+ be + ca = 1. Tim gid tri bé nhét cia

biéu thic

3. Cdc s6 thuc x,y, z thod man diéu kién

COf >

gz +yly—1+2(z-1) <

Tim gid tri bé nhdt cia cdc ham sé
o) Sy =ztyte
b) g(z,y,z) =z%+y%+ 22
4. Cdc s6 khéng ém x,y, z thod man diéu kién 2 + y% + 2% < 3. Tim gid tri ién nhdt
ciia ham s6 ,
fz,y,2) =z +y+z+zy+yz+ 20 + zy2.
5. Céc s6 duong z,y,z thod méan diéu kién z + y + z < 1. Tim gid tri nhd nhét cia
 bidu thitc |

18 11
F(z»yvz) =

1 ).
$2+92+22+xy+yz+zx+ 8(zy +yz + 22)
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8. Tim gid tri lon nhdt cda biu thic P = (x — y)(y — z)(z — z)(z + y + 2), trong d6,
z,y,2 & cde 36 thye thuéc doan [0;1]. '
7. Tim gid tri nhé nhdt va gid tri lon nhdt cla biéu thic

T4y  y+z  z+z
14z 14z 14y’

: 1
trong d6 x,y, z la cdc sé thyc thudc doan [5, 1].



