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Bit dang thiic 1a mot chtt dé da dang va hip dan véi nhiéu ban tré. N6i dén bat dang thic
nhiéu ban trong chting ta thudng quan tam téi bat dang thiic dai s6 ma & d6 c6 nhiéu ki thuat dé
khai thac va chting minh nhung ngoai bat dang thiic dai s6 thi chiing ta con c6 ca bat dang thiic
hinh hoc véi nhiing nét dep riéng clia hinh hoc trong d6 .Bai viét sau day sé trinh bay phuong
phdp st dung luong gidc chiing minh bat déng thic hinh hoc. O d6 c6 su két hop bao gdm ca
cac yéu t6 lugng gidc , bat dang thiic c6 dién va cac dinh I co ban trong hinh hoc phang.

Nhan dip sinh nhat 1an thit 8 ctia diendantoanhoc.net . Minh chiic dién dan diendantoan-
hoc.net néi riéng va cac dién dan toan hoc néi chung sé ngay cang phat trién hon nita, gitip ich
nhiéu cho cac em hoc sinh va gido vién trong qua trinh gidng day va hoc tap ngay cang t6t hon.

Do thdi gian va trinh d6 c6 han nén bai viét chac khong tranh khéi thiéu s6t. Moi y kién déng
g6p xin gtii vé dia chi: hoangquan9@gmail.com

Ha Noi, ngay 15 thang 1 nam 2012

Truéc hét chiing ta cling nhic lai mot sb dang thiic va cac bat dang thiic lugng giac thudng
gip trong tam giac. Viéc chiing minh céc dang thtic va bat dang thiic co ban nay ban doc c6 thé
tu chiing minh hoic tham khao thém trong nhiéu tai liéu vé luong giac.

I. Cac dang thitc lugng gidc co ban trong tam giac:

Gi sit A, B,C 12 3 géc clia tam gidc ABC. Khi d6 véi cac diéu kién thoa man, ta co:

. A. . B . C
1) cosA+cosB+cosC =1+4sin—sin —sin —
2) sinA+sinB+sinC:4cosEcos5cos§
3) sin2A+sin2B +sin2C = 4sin Asin BsinC
4) sin? A + sin?B +sin?C = 2 + 2cos Acos Bcos C
A B B C C A
5) tan—tan— +tan—tan— +tan—tan— =1
2 2 2 2 2 2
6) cot AcotB +cotBcotC+cotCcotA=1
7) tanA+tanB+tanC =tan Atan BtanC

II. Cac bat déng thiic lvgng gidc co ban trong tam gidc:

Gia st A, B, C la 3 géc cua tam giac ABC. Khi d6 véi cac diéu kién thoéa man, ta c6:

3
1) cosA+cosB+cosC5§
A _ B . C 3
2) sin— +sin —+sin— < —
2 2 2 \2/_
3v3
3) sinA+sinB+sinCsT
A B C 3V3
4) COS— +C0S— +COS— < ——
2 2 12 2
5) cos AcosBcosC < 3
. A . B . C 1
6) sin —sin —sin — < —
2 2 2 8
3v3
7) sinAsinBsinC < ?\/_
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A B C 3V3
8) COS—COS—COS — < ——
i ZB 2 C8
9) cot5+cot§+cot523\/§
10) tan A+tanB+tanC = 3v/3
2 2 2 A L,B . ,C 3
11) cos“ A+ cos“B + cos“C = sin §+s1n—+sm 521
A B C 9
12) sin? A + sin? B + sin? C < cos? >t cos? R cos? > < 1

Bay gio chiing ta sé xét mot sb bai toan bat dang thiic hinh hoc dua dugc vé dang bat dang
thiic ¢ ban quen thudc nhu trén.

Bai toan 1. Cho AABC c6 a, b, ¢ la do dai tuong ving cdc canh BC,CA, AB. Chiing minh rang:
(D% + %= a®)(c? + a® — V) (a? + b? - ) < a’b?c?
Loi gidi: Ap dung dinh li Cosin, ta c6:
b? +c* — a* = 2bc.cos A

c®+ a®* - b* =2ca.cos B

a’+b®>—c?=2ab.cosC

Do do
(D% + % = a®)(c? + a® — V) (a? + b? — ) < a’b?c?
tuong duong
8a’b*c? cos Acos Bcos C < a?b?c?
tuong duong

1
< cosAcosBcosC < —

Day la bat dang thtic lugng gidc co ban ta dé dang chitng minh.

Bai toan 2. Cho AABC c6 a, b, ¢ la dé dai tuong ving cdc canh BC, CA, AB va R la bdn kinh duong
tron ngoai tiép ctia tam gidc AABC.Chiing minh rdng: a+ b+ c < 3Rv/3
Loi gidi: Ap dung dinh li Sin, ta c6:

a+b+c<3RV3 <o 2R(sinA+sinB+sinC) <3RV3

tuong duong

3v3
sinA+sinB+sinC < %_

(Pay la bat dang thiic co ban trong tam giac nén dé dang chiing minh).

Bai toan 3. Cho AABC c6 a, b, ¢ la do dai tuong ting cdc canh BC, CA, AB va R la bdan kinh duong
tron ngoai tiép ctia tam gidc AABC.Chiing minh rdng: abc < (l’i’\/§)3
Loii giai: Ap dung dinh li Sin, ta co:

3
abc < (R\/g) < 8R3.sin AsinBsinC < 3V3.R?

tuong duong
3v3
sin AsinBsinC < T\/_

(Bat dang thtic co ban trong tam gidc).
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Bai toan 4. Cho AABC c6 a, b, ¢ la do dai tuong ting cdc canh BC, CA, AB va R la bdan kinh duong
tron ngoai tiép ctia tam gidc AABC.Chiing minh rang: Va?b+ Vb2c + V'c2a < 3v/3R

Loi gidi: Ap dung bat dang thiic Holder, ta c6:
3
(\/3 @b+ V' b2c+ cza) <(a+b+c)?
tuong duong
Vatb+Vbc+Vcta<a+b+c

Ta chi can chiing minh
a+b+c<3V3R

That vay:
a+b+c<3V3R < 2R(sinA+sinB+sinC) < 3V3R
tuong duong

3v3
sinA+sinB+sinC < %_

(day la bat dang thtic co ban trong tam giac).

Bai toan 5. Chiing minh rang trong AABC ta luén co:
h2 hlzj hZ (3 )3
a C

) ) <|=
b +c2' c?2+a? a’+b> \8

Loi gidi: Ap dung cong thtic h, = bsin C, dinh li Sin, ta c6:

h? b?sin’C  sin®Bsin’C  sin’Bsin’C 1 . i
= =— : < — —— = —sinBsinC
b2+c2  b2+c?  sin?B+sin?C ~ 2sinBsinC 2
Tuong ty, ta co:
hi < L CsinA h% < L AsinB
—~2 < —sinCsin A, —%— < —sin Asin
cc+a®” 2 a’+b%> " 2

Nhan céc bat dang thiic trén ta co:

e M < L(sinAsinB.sinC)?
g . = —(SIN A.S1IN b. S1n
b>+c? c?+a*> a>+b*> " 8

Ta chi can chiing minh

3v3 3v3

2
(sin A.sin B.sin C)? < (T) o sinA.sinB.sinC < —

(Pay la bat dang thiic co ban trong tam gidc dé dang chiing minh)

Bai toan 6. Chiing minh rang trong moi AABC nhon, ta luén co:
1

I I R R R Y
—a*+bc+c¢ a*-b>+c¢ a‘*+b>-c 2Rr

Loi giai: Ta c6:
_abc R= abc

S—E—pI’@

_M

4 , . N A - b A 2 , ~ 2 N
Ap dung dinh li Cosin va cong thiic R = %. Bat dang thic da cho tro thanh:

a b
+ +
cosA cosB cosC

=>2(a+b+c)
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tuong duong
2RsinA 2RsinB 2RsinC

+ +
COSA cosB cosC

>4R(sinA+sinB+sinC)

tuong duong
tanA + tanB + tanC = 2(sinA + sinB + sinC) (*)

Mat khéc ta da biét hai bat dang thtic co ban:

tanA + tanB + tanC = 3V/3

3v3
sinA+sinB+sinC < T\/_

Nén bat dang thiic (*) dling.Vay ta c6 diéu phai chiing minh.

Bai toan 7. Cho AABC c6 a, b, ¢ la dé dai tuong ving cdc canh BC, CA, AB va R la bdn kinh duong
tron ngoai tiép clia tam gidc AABC.Chiing minh rang: 18R® = (a® + b? + ¢®)R + /3abc

Loi gidi: Trudc hét ta chiing minh
a* +b* + c* <9R*

That vay, Ap dung dinh Ii Sin, ta cé:
2,12, 2 2 ) D . 2 9
a“+b°+c¢°<9R° © sin“A+sin“B +sin CSZ @))]

Mat khac, ta chiing minh

3v3
abc < (RV3)? & sin AsinBsinC < T\/_ 2)

Bat dang thiic (1) va (2) 1 cac bat dang thiic co ban trong tam gidc dé dang chiing minh.
Tit (1) va (2) ta dugc diéu phai chiing minh.

Bai toan 8. Cho AABC ¢ a, b, c la do dai cdc canh va S la dién tich cuia tam gidc AABC .
. . > 9abc
Chitng minh rang: ——— > 4+/3.8
a+b+c

Loi giai: Ta co:

9ab
29C 43S
a+b+c
tuong duong v )
24 4322 S 9R=VBla+b+o)
a+b+c 4R

Ap dung dinh li Sin, ta c6 :a=2R.sin A,b=2R.sin B, c = 2R.sin C Ta c6:
9R>V3(a+b+c)

tuong duong
9R = 2\/§R(sinA +sinB +sin C)
tuong duong

3v2
sinA+sinB+sinC < T\/_
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(Bat dang thtic nay dé dang dudc chiing minh)

Bai toan 9. Cho AABC ¢ a, b, c la do dai cdc canh va S la dién tich cua tam gidc AABC .
Chiing minh rang: 3abc = 4vV'a? + b2 + 2.5

Loi gidi: Ap dung cong thtic

abc
S=—
4R
, ta co:
3abc=4V a? + b% +c2.S
tuong duong
abc
3abc=4V a?+b% +c2.—
4R
tuong duong
3R>V a?+b? +c?
tuong duong

IR’ > a’ + b* + ¢*
Ap dung dinh Ii sin, ta cé:
9R% > a® + b? + ¢ © 9R? = 4R?(sin® A + sin’B + sin’C)

tuong duong
9
sin®A + sin’B + sin’C < Z

(Bat dang thtic co ban trong tam gidc).

Bai toan 10. Cho AABC c6 a, b, c la dé dai cdc canh va S la dién tich ctia tam gidc AABC .
Chiing minh rang: a® + 2bc = 45V/3
Loi gidi: Ap dung dinh li Cosin, ta c6:

a® = b®* + ¢® = 2bc.cosA = 2bc(1—cosA) (1)

Lai co:
S= %bcsinA 2)
T (1) va (2) ta co:
a® +2bc = 4SV3
< 2bc(2 - cos A) = 2v/3bcsin A
& 2-cosA=V3sinA
< V3sinA+cosA<2

3 1
< —sinA+—-cosA<1
2 2
hay
. T
sin (A + —) =1
6
(lu6n dung).
Nhu vay théng qua 10 vi du dién hinh trén, chiing ta da nim r6 dugc phan nao y tudng st
dung lugng giac chitng minh bat dang thitc hinh hoc, dé két thtic bai viét xin mai ban doc thuc
hanh mét s6 vi du sau:
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Bai toan 11. Cho AABC c6 a, b, c la do dai cdc canh va p la nita chu vi ctia tam gidc AABC .
. . S 3
Chiing minh rang: \/a(p—b)(p—c)+/b(p-c)(p—a)++/c(p—a)(p-b) < Ex/abc

Bai toan 12. Cho AABC c6 a, b, c la do dai cdc canh va S la dién tich ctia tam gidc AABC .
Chitng minh rang: a? + b* + ¢ = 4V/3S+ (a— b)? + (b— ¢)* + (c — a)?

Bai toan 13. Cho AABC ¢6 a, b, c la dé dai cdc canh va S la dién tich, R la ban kinh duong tron
ngoai tiép ciia tam gidc AABC .Chiing minh rang:

3v3R=2S

Bai toan 14. Cho AABC c6 a, b, ¢ la do dai cdc canh va R, r lan luot la ban kinh duong tron ngoai
tiép, ndi tiép ciia tam gidc AABC .Chiing minh rang: a(p — a) + b(p — b) + c(p— ¢) < 9Rr

Bai toan 15. Cho AABC c6 a, b, ¢ la do dai cdc canh va R la bdn kinh duong tron ngoai tiép tam
gidc AABC .Chiing minh rang: a® + b* + R? = ¢
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