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Nhu ching ta da biet SOS va SS 1a hai phuong phdp khéd hiéu qué véi cac bat dang thiic 3 bién khong
chita can, nhung mot yéu t6 tién quyét dé dua vé dang chuin clia phuong phap 1 bt dang thitc phdi c6
d4u bang dat tai tam. Vay véi nhitng bai todn khong c¢6 dang thic tai tam thi sao? Bai viét nay xin dugc
dua ra mot s6 vi du quy tir bat ding thifc tai bién vé chiing minh bat ding thifc tai tam, cong viéc tudng
chimg khé khan hon nay lai gidp ta xdc dinh dugc mot dudng 16i quen thudc va rd rang hon dé chiing

minh. C4c vi du sau c6 thé gitip cidc ban nhin nhan rd hon vé k§ thuat nay.

Vi du 1: Cho a, b, ¢ 1a cdc s6 thuc khong am c6 téng bing 3. Chitng minh ring:

2
a*(b+c¢) +b*(c+a)+cE(a+b) < I7

Loi gidi.
Bat déng thiic can chiing minh tuong duong véi:
a*(b+c¢) +b*(c+a) +cE(a+b) < i(a—i— b+c)?
Gia st ¢ = min(a, b, c), ta chiing minh bat dang thic manh hon sau:
(a+b+c)® >4 [a*(b+c)+b°(c+a)+c*(a+b)] + 3abe
s(at+b—c)a—b*+cla—c)(b—c)>0
Bét déng thitc dugc chitng minh.

Vi du 2: Cho a,b,c 1a cic s6 thuc khong 4m thod man ab + bc + ca = 1. Ching minh bit ding

thuc sau:
1 n 1 n 1 >5 (%)
— *
b+c¢ c¢c+a a+b " 2




Loi giai.

Ta co:

1 1 1 \*_ 25
> —
(*)<:>(ab+bc+ca)(b+c+c+a+a+b> 7

Ta chiing minh bat dang thic chat hon:

(b+b+)1+1+12>25 4abe
a ¢+ ca —
b+c c¢c+a a+d — 4 (a+b)b+c)(ct+a)
1 1 4(a+b+ c)(ab+ be+ ca) 9 4abc
& (ab+ be + + + > T 444
it (oot Grort o)t amo e 2 1T GreraeTs
Chd ¥ réng:
(a—i—b—i—c)(ab—i—bc—i—ca)il_i_ abe
(a+b)b+c)cta) (a+b)(b+c)(c+a)
Do d6 ta chi can ching minh:
1 1 1 9
b+ b > 2
(ab + be + ca) ((a+b)2 + (EE + (c+a)2> =
Day la bat dang thic Iran 96 quen thuoc, bat dang thic duge chiing minh.
Vi du 3: Chitng minh bit ding thitc sau v6i moi s6 thuc khong am a, b, c:
alb+c) blc+a) cla+d)
>9
b? + 2 + c? + a? + a?+ b2 —
Loi gidi.
Bét déng thiic manh hon van ding:
a(Qb +c) ble+a) cla+d) Sy 8a2bh?c? )
b2 + 2 2+ a? a? + b2 (a® + %) (b2 + 2)(c? + a?)
Loi gidi 1
) & Z (b+c)(a®+b*)(a® +c*)] > 2(a®+ b))+ P)(* +a”) + 8a’b*c®
sym
<:>Z (b+c¢) +2Zb202+ab02a2(b+c) > 22 (6% + c2) + 12a%b*c?
sym sym sym sym

Gia st ¢ = min(a, b, ¢) Ta c6:

VI —VP=M(a-b)?+N(a—c)(b—rc)

Trong do6:
M = 2@+ +Ha+b—c)e>0
N = (@®++H(a—b)2+(a®+b%)c+ (a+Db)c + 2c¢(a®b + b%c — a®c — b¢)

>0



Bét déng thitc dugc chitng minh.

Loi gidi 2: Pua bat dang thic cin ching minh vé dang:

S,(b—c)? 4+ Sp(c—a)? + S.(a —b)*> >0

be — a? a?(b+ c)?
@@+ T @I ENE T )
B be(2a% + b2 + ¢?) >0
(a2 +b2)(b2 + 2)(? +a?) —

Tuong tu ta ¢6 Sy, S, > 0, bt ding thitc duoc chiing minh.
Vi du 4: Cho a,b, cla cdc s6 thuc khong am. Chitng minh rang:

CET Y (L L P
a INpere Tt "2y )=

Loi giai.
Bat dang thitc hién nhién ding néu ta chiing minh dugc:
a n b n c? Sy 4a2b%c?
iz 24 a2+p2) " (aZ + b2) (b2 + ¢2)(c2 + a?)

(a+b+c) ( (*)
Loi gidi 1

a’ a(b+ c) 4a’b%c?
*) <:>5y2mb2+02 +Sym b2+ c? ~ * (a2 4+ b2)(b2 4 c2)(c? +a?)

Trong vi du 3 ta da chiing minh:

alb+c) blc+a) cla+b) S 94 8a?b?c?
2tz 2ta2 a2+ (@2 + b2) (0% + 2)(c2 + a2)

Cong viéc con lai 1a ching minh:

a? b? c? 4a?b?c?
+ + + 2
242 24a?  a?+b?  (a®?+ %)+ A) (P + a?)
(@ + b0 - -+ P - -2 > 0

Gia stt ¢ = min(a, b, c) bat dang thic cudi hién nhién ding.
Loi gidi 2:
Bat déng thiic c6 thé viét lai dudi dang:

S,(b—c)? 4+ Sp(c —a)? + S.(a —b)*> >0



Trong do6:

g (b+c)? be — a? n a?(b+ c)?
¢ 2(a?+b%)(a®+c?)  (a®+b*)(a®+c2)  2(a® 4 b%) (% + ?)(? +a?)

s, (c+a)? ca — b? n b2(c+ a)?
2024+ A2)(B%2+c2) B2+ A) (B2 +a?)  2(a®+b2)(b% 4 2)(c + a?)

¢ _ (a+b)? ab — c? c*(a + b)?

E+ B A1) (B A)(E 1) AR TR+ A+ )

Gia stt @ > b > ¢, ta chitng minh duoc Sy, Sy + S4, Sy + S, > 0, 4p dung tiéu chudn 2 clia phuong phéap
SOS ta c¢6 diéu phai ching minh.

Vi du 5: Chitng minh bit ding thifc sau véi oi s6 thuc khong am a, b, c:

a?+bc b>+ca A+ab
b2+02 02+CL2 a2+b2

5
> Z
-2

Loi giai.
Ta chiing minh bat dang thic manh hon:
4a2b%c?
(a2 +b2)(b2 + c?)(c? + a?)

a?+bc b +ca cA+ab
b2+02 02+CL2 a2+b2

>0
-2
Loi gidi 1:

Bét déng thiic tuong duong véi:

2) " [(@®+bo)(@®+ ) (@®+ )] = (a® +°)(0* + ) (P +a®) + 8ah>e

sym

& 22 a® + 22 b3 + 2abcz a® + 2abcz a*(b+ec) > 32 at(b* + ) + 12a%b2c?

sym sym sym sym sym

Gia st ¢ = min(a, b, ), ta c6:

VT —VP=M(a—0b)*+N(a—c)b—rc)

Véi
M = 2(a*+b*) + 4ab(a® + %) + a®b? + abc® + (a + b) + (2a26* — a®c? — b2 c?) + 2¢(a®b + ab® — a®c — bc) > 0
N = c|[(3ab+2c¢®)(a+b) + 4abc+ 2¢° + (a®b + ab® — a’*c — b’c)] >0

Bét déng thitc dugc chitng minh.
Loi gidi 2:
Dua bat dang thic vé dang SOS:

S.(b—c)* 4+ Sp(c—a)* + S.(a —b)* >0



Trong do6:

g (b+c)? B 1 n a?(b+ c)?
¢ 2(a?24+b%) (a2 + ) 2002 +c?)  2(a®+ %)%+ 2) (2 + a?)

S, — (c+a)? B 1 n b2 (c + a)?
20024+ )% +a?)  2(c2+a?)  2(a®+ )2+ 2) (2 + a?)

g — (a+ b)? 1 c2(a + b)?

AE+ A+ 2@+ ) AR+ )P+ 2)(E T @)

Gia st @ > b > c ta chitng minh duoc Sy, Sy + Sa, Sy + Se > 0, 4p dung tiéu chudn 2 ta c6 diéu phéi

chiing minh.

Vi du 6: Cho a,b,cla cdc s6 thuc khong &m thod man a + b + ¢ = 1. Chdéng minh ring:

1
(a2+b2)(b2+02)(02+a2) S 3_2
Loi giai.

Bat déng thiic tuong duong véi:

(@ +0*)(0* + A (P +a*) < —=(a+b+c)°

1
32
Ta chiing minh bat dang thic chat hon sau:
(a+b4+¢c)8 > 32(a®+ %) (0% + ) (P + a?) + 473a%b% 2
S(a+b+c)® > 32[a*(d® + )+ b (c® + a?) + c*(a® + V)] + 537a%bc?

Gia st ¢ = min(a, b, c).

Bat déng thiic c6 thé viét lai dudi dang:
M(a—b)?+N(@—c)b—c)>0
Trong do6:

M

N = 4(a-b*+c [(a+b)(79ab+ 7¢*) + 5Tabc + ¢® + 17(a®b + ab® — a’*c — b’c)] >0

Bét déng thitc dugc chitng minh.

Vi du 7: Chitng minh bit ding thitc sau v6i moi s6 thuc khong am a, b, c:

(a+b)(b+c)(c+a) > 2v/(a% + bc) (b2 + ca)(c? + ab)

(a+b)* 4+ 10(a® 4 b3)c + 17(a + b)abe + 3(a + b)c® + 147abc? + 7c* + 21¢c(a’b + ab® — a®

—b%c) >0



Loi gidi .

Bat dang thitc hién nhién ding néu ta chiing minh dugc:
(a+b)2(b+c)*(c+a)® > 4(a* + be) (b + ca)(c? + ab) + 32a°b*c?
Gia st ¢ = min(a, b, ), ta c6:
VT — VP = (a—0b)*b—c)*(c—a)?+8abc?(a — b)? + 4abc(a + b)(a — ¢)(b —c¢) >0
Do d6 ta c6 diéu phéi chiing minh.

Vi du 8: Chitng minh ring v6i moi s6 thuc khong am a, b, c ta c6:

alb+c) blc+a) cla+d)

>9
a?+bc b 4+ca  A+ab —
Loi gidi.
Ta s€ ching minh:
232 2
a(b+c)+b(c+a)+c(a+b) > 94 8ab’c
a?+bc bV +ca A +ab (a® + be)(b? + ca)(c? + ab)
& Z (b+c)(0* + ca)(® +ab)] > 2(a® +be)(b” + ca)(c® + ab) + 8a*b?*c?
sym
& Z (b* 4 ¢?) +3abcz a®(b+c¢) > Zb303+2abcz a® 4+ 12a%b*c?
sym sym sym sym

& [(ac+ be — ab)® + ¢*(4ab + ¢* — 2ac — 2bc)] (a — b)* + abe(a + b)(a —c)(b—¢) >0

Gia stt ¢ = min(a, b, ¢) bat dang thic cudi hién nhién ding, ta ¢6 diéu can ching minh.

Vi du 9: Cho a,b,cla cdc s6 thuc khong am. Chitng minh rang:

a n b n c >4 1 n 1 n 1
b24+c2  c2+a? a?24+b2 " 5\b+c c+a a+d

Loi giai.
Ta chiing minh bat dang thic manh hon:

a n b n c . 4 1 n 1 n 1 n 36a2b*c?
b2+c2 24+a? a?4+0®2 T 5\b+c c+a a+d 5(a? +b2)(b%2 + 2)(2+a?)(a+b+c)

b+c 36a2b2c2
D
b2 +c2 Zb2—i-c2 - 5 +Syzn:lb+c+ 5(a? + b?)(b% 4 ¢?)(c? + a?) (+)

sym



Ta chitng minh dugc:

4 a? n b2 n c? >4 a n b n c
5\02+c2 c24+a?2 a?2402) " 5\b+c cH+a a+
>

1 a? 2 c? 4a2b3c?

5 (b2 + c2? + c? +a? + a? + b2 + (a2 +b2)(b% +2) (2 + a2)>
alb+c) blc+a) cla+b) S 8ab*c?
b2 + 2 2t a2 2+ b2 = (a® +0%) (b2 + ) (2 + a?)

Cong vé& (1) (2) va (3) suy ra (), bat dang thic dugc chiing minh.

Vi du 10: Cho a, b, c 1a cdc s6 thuc khong 4m thoa man a + b + ¢ = 3. Ching minh ring:

a’b+ b%c+ Fa < 4

Loi giai.
Bat déng thiic can chiing minh tuong duong véi:

(a+b+c)

Sl

a’b + b%c+ Fa <
Gia st ¢ = min(a, b, c), ta chiing minh bat dang thic manh hon:
4(a+b+c)® > 27(a®b + b%c + c*a) + 27abe
& (4a+4b+c)(a — b)* + (16b + 4c — 11a)(a — ¢)(b—¢) > 0
Chii ¥ ring ta c6 ding thic sau véi moi s6 thuc a, b, c:
P(a—c)(b—c)(a—b)*—=Pla—b)*(a—c)(b—c)=0

Cho P — _ Hath)

ta duoc:

Ha+Ba-ab-0),
B ab (a—b)"+

4(a +b)(a — b)?
ab

Do d6 bat dang thic c6 thé viét lai du6i dang:

M(a—b)?+N(@a—c)b—c)>0

(a—c)b—c)=0

Trong do6:
— — 2 2 — —
M o= dgtdbte— 4(a+Db)(a—c)(b—c) _ c(4a® + 4b* + 9ab — 4ac — 4bc)
ab ab
—b)? _ 2
N = 16b+4c—1la+ 4(a+b)(a— D) _ (4a + b)(a — 2b)* + 4abe >

ab ab

>0



Bét déng thitc dugc chitng minh.

Vi du 11: Cho a, b, c 1a cdc s6 thuc khong 4m thoa man a + b + ¢ = 3. Ching minh ring:

(ab + b%c + c%a) 4 2(ab® + be? + ca®) < 6V3 (%)

Loi giai.
b 3
(¥) & (a®b + b*c + c*a) + 2(ab® + bc? + ca®) < 2\/5@
Ta chiing minh bat dang thic manh hon:

9(a?b 4 b%c + ?a) + 18(ab® + bc® + ca®) + (54v/3 — 81)abe < 2V3(a + b+ ¢)®
Gia st ¢ = min(a, b, ) ta c6:
VP —-VT =M(a—0b)*+N(a—c)b—rc)

M = 2\/§(a+b)+(14\/5—27)0—2\/5(“”)26;_0)((’_0)

V3c (2a% + 2b? — 2ac — 2bc + (18 — 9v/3)ab) -

= 0
ab -
N = (8\@-9)@—1—(8\/5—19)b+2\/§c+2\/§(a+al;)(a_b)2
V3 (2a+ (24 v3)b) (a+ (1 v3)b)” +2v/3abe -
. — >

Bét dang thitc duoc chuting minh.

Vi du 12: Tim hing s6 k t6t nhit sao cho bét déng thitc sau ding véi moi s6 thuc khong am a, b, c:

E(a+b+c)* > (a®b+ b3c+ Ba) + abe(a + b+ ¢)

Loi giai. o7
Choa=3,b=1,c=0suyrak > 256" Ta chimg minh day chinh 1a gia tri can tim, nghia la:

27
ﬁ(a +b+0)t > (aPb+b3c+ Aa) + abe(a + b+ ¢)

Khong mét tinh tdng quat, gid st ¢ = min(a, b, c). Ta chiing minh bat dang thiic manh hon:
27(a + b+ c)* > 256(a’b + b3c + c3a) + 473abc(a + b+ ¢)
& M(a—0b)?+N(a—c)(b—c)>0



[27(a +b)? 4 68(a+ b)c] (a — ¢)(b—¢)
ab
[27(a +b)% 4 68(a + b)c] (a — b)?

M = 27(c+0b)* —40ac — 40bc 4 189c* —

N = 216ab— 148a? + 108b% — 121ac + 135bc + 27¢% +

ab
Ta cé:
M.ab = c[27(a+b)(a—b)*+ 189abc + 41c(a + b)* — 68c*(a + b)] > 0
N.ab = (27a® + 14ab + 3b%)(a — 3b)* + ¢(68a® + 68b> — 189a%b 4 67ab?) + 27abc?

Néu 68a + 68b> — 189a2b + 67ab? > 0 bat dang thic hién nhién ding.
Néu 68a® + 68b% — 189a2b + 67ab> < 0

N.ab > (27a® + 14ab + 3b%)(a — 3b)* + b(68a® + 680> — 189a”b + 67ab?)
Dung dao ham kiém tra dugc

(27a* 4 14ab + 3b*)(a — 3b)* + b(68a> + 68b® — 189a2b + 67ab*) > 0

s . 27
Bat dang thiic dugc chiing minh, ta ¢ ky;p = 256"
Vi du 13: Tim hing s6 k t6t nhit sao cho bét déng thitc sau ding véi moi s6 thuc khong am a, b, c:

E(a+b+c)* > (a®b + b3c+ Aa) + (a®? + b2 + ?a®) + abe(a + b+ ¢)

Loi giai.
4 . -
Choa=2,b=1,c=0suyrak > o7 Ta s€ ching minh day chinh 1a gid tri cn tim, nghia la:

4

E(a +b+e)t > (a®b+ e+ Ea) + (a2 + b2 + Pa?) + abe(a + b+ ¢)

Khong mét tinh tdng quaét, gid st ¢ = min(a, b, c). Ta chiing minh bat dang thic chat hon sau:
4la+b+c)t > 27(a®b + b3c+ a) + 27(a®b? + b*c? + c*a?) + 5dabe(a + b+ ¢)

& M(a—b*+N(a—c)(b—c)>0

Trong do6:
M = 4(a® 4 B2) + 1362 + 20ab — Te(a + b) — 0+ 407 +20ab 27“0)(“ —o)b=c)
_ o« [(a + b)(4a® + 4b* 4 13ab + Tac) ; 7a%b — c(4a? + 4b? +a7ab + Tac)] -0
- >
N = 45446 — 230 — Tac + 20ab+ 20be 4 A H 20@5 + Tad)(a — b)”
(a + b)(4a + b)(a — 2b) + ac [4bc + a® + 3b* + 3ab + 6(2 —2b)?

= >
ab 20




4

Bit dang thitc duoc chitng minh, ta c6 kyip = 7

Mot 56 bai tdp dp dung:
Bai 1: Cho a, b, ¢ 1a cdc s6 thuc khong am thoa man a + b + ¢ = 2. Ching minh ring:

(a® + be)(b? + ca)(c* +ab) < 1

Bai 2: Chitng minh bit dang thifc sau v6i moi s6 thuc khong 4m a, b, c:

ab+ac+4bc+bc+ba+4ca+ca+cb+4ab >4
b2 + 2 c? +a? a? + b2 -

Bai 3: Cho a, b, ¢ 1a cdc s6 thuc khong am thoa man a + b + ¢ = 2. Ching minh ring:
a?b? + b2 + 2a? + abe < 1

Bai 4: Tim gid tri nhd nhat cha biéu thiic sau véi a, b, ¢ 1a cdc s6 thuc khong am (k > 0):

B a+kb+b+kc+c+ka
T b+ke a+ke b+ke

F

10



