Chuong 1 i
TINH LIEN TUC cUA HAM SO

Bai 1.1. Cho f 1a mot ham lién tuc trén R sao cho f(f(z)) = = v6i moi z € R.

a) Ching minh rang phuong trinh f(z) = 2 luon luén c6 nghiém.

b) Hay tim mot ham thoa man diéu kién trén nhung khong déng nhit bang x trén
R.
Huéng dan:

a) Gia su phuong trinh f(z) = x v6 nghiém trén R, tic 1a f(z) # = véi moi = € R.
Vi ham f lién tuc nén ta suy ra f khong d6i ddu trén R. Khong mat tdng quat, gia st
f(z) > x v6i moi x € R. Khi d6: f(f(x)) > f(z) > x. Diéu ndy mau thuan véi gia
thiét. Vay phuong trinh f(x) = z ludén c6 nghiém.

b) Dé thay ham f(x) = 1 — x thoa man di€u kién f(f(x)) = x va khong dong nhat
bing x.

Bai 1.2. Cho f : [a,b] — [a,b] 12 mot ham lién tuc sao cho f(a) = a, f(b) = b va
f(f(x)) = x v6i moi x € [a,b]. Ching minh rang f(x) = x v6i moi x € [a, b].
Huéng dan:

Tur gia thiét f(f(x)) = = ta d& dang suy ra f 1a don dnh. K&t hop véi tinh lién tuc
ta két luan dugc f 1a mot ham don diéu. Hon nita, do f(a) = a < b = f(b) nén f don
diéu tang trén [a, b].

Néu ton tai x, € [a,b] sao cho f(x,) < x, hay f(z,) > x, thi f(f(z,)) < f(x,) <
x, hay f(f(z,)) > f(x,) > x,. Di€u ndy mau thuén véi gia thiét.

Vay f(z) = x v6i moi z € [a,b].

Bai 1.3. Cho f la mot ham lién tuc trén R thoa man f(f(f(z))) = = véi moi = € R.
a) Chiing minh ring f(z) = z trén R. Hay tim bai todn téng quat hon.
b) Tim mot ham f xdc dinh trén R thoa man f(f(f(x))) = = nhung f(z) khong
déng nhat bang .
Hudng dan:
a) Tu gia thiét suy ra ham f don diéu ngat trén R. Néu f giam ngat trén R thi
f? tang ngat trén R. Do d6 f2 lai gidm ngat trén R. Diéu nay mau thuin véi gia thiét
F(F(F)) = .
Bay gid gia st f tang ngat trén R. Néu ton tai z, € R sao cho f(x,) > z, thi ta
suy 1a f(f(x,)) > f(xo) > @, va f(f(f(2,))) > f(xs) > x,. Diéu nay mau thuan.
Tuong tu ta cling c¢6 dugc diéu mau thuén néu f(z,) < x,. Vay f(z) = x v6i moi
r e R.
Bai toan tong quat: "Cho f lién tuc trén R va thod man f?""!(x) = z v6i moi
x € R. Ching minh rang f(z) = x trén R."
xnéuz ¢ {1,2,3}
2néuzr =1

b) f(z) =

3nfuzx =2
1 néu z = 3.

Bai 1.4. Cho f 1a mot ham lién tuc va don dnh trén (a,b). Ching minh rang f 1a mot
ham don diéu ngat trén (a, b).
Hudng dan:

Gia st f khong phai 1a ham don diéu ngat trén (a, b), khi d6 ton tai z1, x9, x5 thudc
(a,b) sao cho z1 < x9 < 3 va



{ f(z1) < f(z2) hotic { f(z1) > f(z2)
flxs) < f(wa) 7 U fw) > fla2)
Gid si { ;g;; i ;EZ; Pat m — max{f(z1), f(zs)}, M = f(22).
Chon k € [m, M]. Theo dinh 1y gid tri trung gian, ton tai ¢y, ¢ thudc (a, b) sao cho:
T <1 < Tg <y < x3Va f(Cl) = f(CQ) = k.
Diéu nay mau thuan vdi tinh don 4nh cta f.
f(z1) > f(z2)
flxs) > f(z2)

don diéu ngat trén (a, b).
Bai 1.5.Cho ham s6 f : [a,b] — [a,b] thoa man dicu kién

[f(x) = f(y)| < |z —yl| v6i moi x € [a,b], 2 # y.

Ching minh rang phuong trinh f(z) = x luon luén cé duy nhét nghiém trén [a, b].
Huéng dan:

bat p(z) = f(x) — x. D& thiy ¢(x) lién tuc trén [a, b].

Ta c6: p(a) = f(a) —a >0, ¢(b) = f(b) —b < 0 nén ton tai z, € [a,b] sao cho
o(20) = (o) — 1y = 0, tite Iy f(r,) =

Néu ton tai xq, o thudc [a,b], x1 # o ma f(z1) = x1, f(xs) = xo thi ta suy ra:

w1 — 2| = | f(z1) — fx2)| < |21 — 72/, diéu ndy 12 mau thuln.

Vay phuong trinh f(z) = x luon cé duy nhat nghiém trén [a, b].

Tuong tu, néu { ta cling suy ra di€éu mau thuan. Vay f 1a mot ham

Bai 1.6. Cho f 1a mot ham lién tuc trén R thoa man mot trong hai di€u kién sau:

a) f 1a ham don diéu giam trén R.

b) f 1a mot ham bi chan trén R.

Ching minh rang phuong trinh f(z) = x luon luon cé nghiém. Trong modi trudng
hop, hdy xem diéu kién duy nhat nghiém cé dugc dam bao khong ?
Hudng dan:

a) bat p(z) = f(x) — x thi ¢ lién tuc trén R. Vi moi = > 0 ta c6

p(x) = f(z) —x < f(0) — .
V6i moi o < 0, ta cé p(z) = f(x) —x > f(0) — x.
Trdéosuyra lim = —ocova lim = +o0c.

r—+00 r——00
Do do, ton tai z, € R dé p(z,) = 0, tic 12 phuong trinh f(x) = x ¢6 nghiém.
b) Pat p(z) = f(z) — x thi ¢ lién tuc trén R. Theo gia thiét, f bi chan trén R nén
ton tai M > 0 sao cho v6i moi z € R thi —M < f(z) < M.
Chon z; > M, khi d6 ta c6

(1) = f(a1) — a1 < flzr) — M <0.
Chon z9 < —M, khi d6 ta c6
o(z2) = f(xa) — 22 > flag) + M > 0.

Vay ton tai x, € R sao cho p(z,) = 0, tic 1a phuong trinh f(x) = x ¢6 nghiém.
Ban doc tu kiém tra diéu kién duy nhat nghiém.
Bai 1.7. Cho f 1a mot ham lién tuc trén R. Chiing minh rang néu phuong trinh
f(f(x)) = = c6 nghiém thi phuong trinh f(x) = x cling c¢6 nghiém.
Huéng dan:
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Gia st phuong trinh f(z) = x vo nghiém trén R. Do f lién tuc trén R nén ta suy
raVe € R, f(x) <z hoac Vx € R, f(z) > x.

Néu v6i moi x € R, f(x) > = thi f(f(x)) > f(x) > x. Diéu nay mau thuin véi
gia thiét phuong trinh f(f(z)) = x c¢6 nghiém.

Tuong tu, néu v6i moi x € R, f(z) < z thi ta cling c6 di€u mau thudn. Vay phuong
trinh f(z) = x ¢6 nghiém.

Bai 1.8. Cho f 12 mot ham lién tuc trén R thod man
|f(z)| < |z| v6i moi x # 0.

a) Chiing minh rang f(0) = 0.
b) Chiing minh ring néu 0 < a < b thi ton tai K € [0, 1) sao cho

|f(z) < K|z|,Yz € [a,b].

Hudng dan:
a) Ta ¢6: [ f(0)] = lim | f(2)] < lim |z = 0. Vay f(0) = 0.
f(=)
.

b) V6i moi z € [a,b], dat g(x) =
K = sup ‘@| Vi |g| lién tuc trén [a, b] nén tén tai x, € [a, b] dé
z€[a,b] x

Ta thiy ¢ lién tuc trén [a,b]. Dat

< 1.

K = sup
z€la,b]

1)) _ | £tz

Tur d6 dé thay rang |f(z) < K.|z| v6i moi = € [a, b].

Bai 1.9. Cho f 1a mot ham lién tuc trén R va thod man mot trong ba diéu kién dudi
day:

a) f(x)+ f(22) =0, Ve R.

b) f(:%) = f(x), Ve € R

¢) f(z) = f(sinz), Vx € R.

Chiing minh rdng f 12 hAm héang.
Hudng dan:

a) Tir gia thiét suy ra f(x) = —f(2x) v6i moi x € R. Bang qui nap ta dé dang
ching minh duge f(z) = (—1)"f(2£n) v6i moi n € N.

Chd y rang tir gia thiét ta ciing c¢6 f(0) = 0. Vi vay

f(x) = lim (=1)" f(=) véi moi x € R.

n—00 2

Ta c6

(—1"f(5;)
0. Do d6 f(z) = 711320(—1)%(2%) =0 v6i moi = € R.
b) Tacé f(—x) = f(z) véi moi = € R.
Mat khéc, v6i moi x > 0 ta c6
fla) = f(a?) = fat) = - = f(a7), ¥nEN.
Suy ra f(z) = lim f(z27) = f(1) (do f lién tuc trén R).
Vi f(—z) = f&_i,oové’i moi z € R nén f(x) = f(1) véi moi = # 0.

= ‘f(%) . Vi f lién tuc trén R nén lim ’f(;—n)‘ = [f(0)] =

n—oo

PN



Hon nira, do tinh lién tuc ctia ham f, ta ciing c6

. 1 :
F(0) = lim f(~) = lim f(1) = f(1).
Tém lai, f(z) = f(1) v6i moi = € R.
c) V6i méi x € R, dat x; = sinx,z9 = sinxy, -+, T,y = sinx,. Khi d6, hay
ching minh rang (x,), 1a day don diéu va bi chan. Goi @ = — limz,; tt phuong

n—oo

trinh ¢ = sina ta suy ra a = 0.
Ta thdy f(z) = f(z,) v6i moi n € N. Vi vay
f) = lim f(z,) = f(lm 2,) = £(0).

Tu d6, ta két luan duge f(z) = f(0) v6i moi x € R, tidc 1a f 1a ham hang.

f(z)

Bai 1.10. Cho f la mot ham khong am, lién tuc trén [0, +00) va mlgglo = k< 1.
Chiing minh rang ton tai z, € [0, +00) sao cho f(z,) = z,.
Hudng dan:
Pat () = f(x) — 2. Ta c6 (0) = £(0) > 0.
o S @
i lim —— =k < 1 nén ton tai ¢ > 0 sao cho véi moi z > c thi — < 1. Suy

T—00 I
ra f(c) < chay ¢(c) = f(c) —c<0.
Vay tén tai x, € [0, ] C [0, +00) sao cho ¢(z,) = 0, tic 1a f(z,) = z,.

Bai 1.11. Cho f 1a ham lién tuc trén [0,n], f(0) = f(n) (n € N). Ching minh rang
ton tai n cap (ay, B), as, B; € [0, 1], B — a; € N sao cho f(as) = f(5:).
Loi giai:
Ta chiing minh bing qui nap. Rd rang khéng dinh ding vé6i n = 1. Gia sl ring néu
f 1a mot ham lién tuc trén [0, n] sao cho f(0) = f(n),n € N thi ton tai n cap (o, 5;)
thod mén 3; — o; €N, f(ai) = f(5i).
Ta chiing minh khang dinh trén ding v6i n + 1. Gid st f(0) = f(n + 1).
Xétham p(z) = f(z + 1) — f(z), z € [0,n].
Ta c6 p(0) + (1) + -+ ¢(n) = 0.
Do d6 ton tai z, € [0,n] sao cho ¢(z,) = 0 hay f(z,+ 1) = f(x,).
Pat
x), v € |0,7,
sy (10 7 El0n)
flx+1), x € (x,,nl.
Dé thdy rang h lién tuc trén [0,n] va h(0) = h(n). Theo gid thiét qui nap ton tai n
cap (@;, ;) thoa man
(@) = h(F)
B, —a; €N.

néu 5; € [0, x,),
+ 1 néu §; € (z,,n].

bat o; = @; néu o; € [0, z,]; G

RO rang
flaw) = 1(6i)
ﬁi —q; € N

(aivﬁi) # (xo,xo + 1), Vi = 17_71
bat a,, 11 = 20, Buy1 = o + 1. Ta c6 diéu can ching minh.

-3
=7,



Bai 1.12. Cho f : (0, +00) — (0, 4+00) 1a mot ham don diéu tang sao cho g(z) = @)
T
1a mot ham don diéu giam. Chding minh rang f lién tuc trén (0, +00).
Ban doc tu giai.
Bai 1.13. Cho f 1a mot ham lién tuc trén [a, +00) va lim f(z) = c.

r——+00
a) Ching minh rang f bi chan & trén [a, +00).
b) Ching minh rang f lién tuc déu trén [a, +00).
¢) Gia st thém rang ¢ > f(a). Chténg minh rang tén tai z, € [a,+00) sao cho
f(z,) =inf{f(z): x € [a,+0)}.
Huéng dan:
a) Tir gia thiét ta suy ra ton tai b > a sao cho

|f(z) —c| <1khiz>b.

Do d6 |f(z)] < 1+ |c| khi z > b.

Vi f lién tuc trén [a,b] nén f bi chan trén [a,b]. Ta dat M = sup |f(x)|.
z€[a,b]

Khi d6, |f(x)| < max{M, 1+ |¢|} v6i moi = € [a, +00).
b) Vi moi € > 0, ton tai , > a sao cho

|f(z) —c| < /3, Yo > x,.

Vi f lién tuc trén [a,z,] nén f lién tuc déu trén doan nay, do d6 ton tai 6 > 0 sao
cho

@) = fW)] < 5, Yoy € [,

Bay gid 1dy z,y € [a, +00) thod man |z — y| < . Khong mét tinh tdng quét gid si
x <y.
*xy € la, o] |f(x) = fly)l <e/3 <e

*,y >3, |f(2) = F)] < @) — o + [ fy) — ol < 23 =

*x € a, w0y > w0t [f(w) = fW)| < |f(2) = flwo)| + (o) = f(y)] < % <e.

Vay f lién tuc déu trén [a, +00).

¢) Vi f(a) < cnén ton tai b > a sao cho f(x) > f(a) véi moi z > b. Ham f lién
tuc trén [a, b] nén ton tai z, € [a, b] sao cho f(z,) = ér[lfb] f(z).

RG rang f(z,) < f(a) < f(z) v6i moi > b. Vi vay ta cé

f(xo,) = inf f(x).

z€la,+00)

Bai 1.14. Cho f, g : [0,1] — [0,1] la cdc ham lién tuc thoa man f(g(z)) = g(f(x)) véi
moi = € [0, 1].

a) Chiing minh rang ton tai z, € [0, 1] sao cho f(z,) = g(z,).

b) Két luan con ding khong néu thay [0, 1] boi R?
Hudng dan:

a) Gia st phuong trinh f(z) = g(z) vo nghiém. Khong mat tinh tong quat, ta cé
thé gia stt f(z) > g(z) véi moi x € [0, 1]. Khi d6 tén tai z, € [0, 1] sao cho

m = Inf {f(z) = 9(@)} = f(wo) — g(z0) > 0.



Do 6 f(z) > g(x) + m. ¥z € [0,1]. Vay f(g(x))
suy ra f(f(z)) —m = g(f(z)) = g(g9(x)) +m, Yz €|
Vivay f(f(x)) > g(g(z)) + 2m.
Bang céich lap lai qua trinh nay ta suy ra

JUCF@) ) > glgl--g(@)) -+ ) +hom, Vk € N,

v Vv
k 1an k 1an

(9(x)) +m, Yz €0,1]. Ta

> g
0,1]

Suy ra k.m < 1, v6i moi k € N. Diéu nay 1a mau thudn. Vay cé z, € [0,1] sao
cho f(z,) = z,.
b) K&t luan khong con ding néu thay [0, 1] bsi R. Chéng han 1dy f(z) = z,g(z) =

63{7

Bai 1.15. Cho f,¢:[0,1] — [0, 1] 1a cdc ham lién tuc thoda man f(g(z)) = g(f(x)) véi
moi x € [0,1]. Gia st f 1a mot ham don diéu. Chiing minh rang ton tai z, € [0, 1] sao
cho f(z0) = 9(z0) = o
Hudng dan:

Vi g lién tuc nén ton tai a € [0,1] sao cho g(a) = a. Pat 1 = f(a), z3 =
f(z1), -+ ,xn = f(xyp—1) v6i moi n € N. Khi d6 (z,), la mot day don diéu va bi

chan. Vi vay ton tai x, € [0,1] sao cho z, = lim z,,. Do ham f lién tuc nén ta cling
Tr—00

c6 f(z,) = x, (chd y rang x,, = f(x(n-1)).
Mat khdc g(z.) = g(f(2,)) = f(g(x,)) = f(g(lim ,)) = lim f(g(x)).

Tr—00

Dé thay rang g(x,) = x,, v6i moi n. Do d6
9(wo) = lim f(g(xn)) = lim f(zn) = f(2,) = .
Bai 1.16. Cho f la mot ham lién tuc trén R thoa man
f@+h)=2f(z)+ f(x—h) =0 (h—o00) (x)

v6i moi x € R. Chiing minh rang
a) Néu f la ham s6 1é thi f(x) = Az v6i moi z € R.
b) Néu f 1a ham s6 chan thi f 1a ham héang.
¢) Ching minh rang f(z) = Az + B, A, B = const.
Loi giai:
a) Tu gia thiét ta co:
f(z) = 1 lim [f(x—i— h) + f(z — h)}, Vz e R.

2 h—oo
f(a;+y):% lim :f(x+y+h)+f(x+y—h)}

T :f(x+y+h)+f(x—y—h)+f($+y—h)—f(x—y—h)}

fe+y+h)+ flo—y—h)+ fle+y—h)+ fly— (@ —h)]

= f(x) + f(y)-
Tur d6 suy ra f(z) = Az, A = const.
b) Ban doc tu giai.
¢) Huéng dan:



fla) = THIED T ZTED Ly, g

o) = LOHICD) 4y

Vi ¢ 1a ham s6 chin thoa man dié€u kién (*), ~ 1a ham s6 1€ thoa man diéu kién (*),
nén ta suy ra f(z) = Ax + B tlr cau a) va cau b).
Bai 1.17. Cho f, g 1a cic ham lién tuc trén R thoa man
[f(z) —z[ < g(z) — g(f(2)), Yz €R
g(x) >0, Yz € R.
Ching minh rang phuong trinh f(z) = = ¢6 nghiém.
Loi giai:
Chon z; € R va dat z,,41 = f(x,), n > 1.
Ta co
|f($n) - xn| S g(xn) - g($n+1)>vn e N.
= [Tn1 — 2| < g(2n) — g(Tp41), VR EN.
Do d6 (g(z,),) la mot day giam va bi chan dudi. Pat [ = lim g(z,).

n—oo

Vi |l'n+1 - l’n‘ < g(xn) - g(xn+1)7 nén

[Tntp — Tul < g(Tn) — 9(Tn4p), Yn,p € N.
Tur d6 suy ra (x,,), 1a mot day Cauchy. Goi ¢ = lim x,,. Ta dé thay rang f(c) = c.

Bai 1.18. Cho f la mot ham xac dinh bai
1 —znéuzeclnlo,1]
flz) = .
znéuxeQno,1].
a) Khdo st tinh lién tyc cta f tai cdc diém 0,1, 1.
b) Khao sét tinh lién tuc cia f taia € TN [0, 3).
¢) Chiing minh réng f 1a mot song anh tir [0, 1] Ién [0, 1] va tim f~1.
Huéng dan:
a) Ham s6 gian doan tai z, = 0,2, = 1.
) 1 1
Taia, =1 f(e)=f(3) =5

2
Vé6i moi = € [0, 1] ta ¢6
1, .
|x—§] néux € QNJ[0,1]

1
fl@) = f(5)|=
) 2‘ |%_x|né’u$€]lﬂ[0>1]

Tu do, lirr}

T—5

1
2
. o1
Vay f lién tuc tai 3
b) Taia € IN[0, 5)



Vi Q trt mat trong R nén t6n tai day (z,), C Q, c6 thé gia st z,, € [0,1] vi moi
n, sao cho lim z,, = a.

n—oo 1
Néu f lién tuc tai a thi lim f(z,) = f(a) haya=1—a, ticla a = 5
Diéu ndy mau thudn vi a € IN 0, 3). Vay f gidn doan tai a € IN [0, 3).

c¢) Ban doc tu giai.
Bai 1.19. Cho f,g:[0,1] — [0, 4+00) 1a cdc ham lién tuc thoa man

sup f(z) = sup g(z).
z€[0,1] z€[0,1]

Ching minh rang ton tai z, € [0, 1] sao cho

(f(0))* + 3f (o) = (9(x0))* + 3g(,).

Hudng dan:

Xét ham ¢(z) = (f(z))? + 3f(x) — (g(z))* — 3g(x) thi ¢ lién tuc trén [0, 1]. Do
tinh lién tuc clia cdc ham f va g nén ton tai 1, z2 € [0, 1] sao cho

f(x1) = g(x2) = sup f(z)= sup g(z).
€[0,1] z€[0,1]

Khi d6 dé dang kiém tra dugc rang p(z;) > 0 va o(xs) < 0. T day suy ra diéu

can chiimg minh.

Bai 1.20. Choa > 0 va f : R — R la mot ham lién tuc sao cho

f@) = fy)l = alv —y|, Vz,y € R.
Ching minh rang f 1a song dnh.
Huéng dan:
Tir gia thiét suy ra f la don anh. Hon nita, ham f lién tuc trén R nén theo Bai 2.4
ta c6 f la ham don diéu.
Gia su f 1a ham don diéu tang. Khi d6 ta co
f(z) — f(0) > a(x — 0) véi moi = > 0,

hay f(x) — f(0) > ax v6i moi x > 0.
Tuong tu, f(z) — f(0) < azx v6i moi x < 0. Bang cdch qua gidi han, ta dugc
Jim_f(z) = +oo, lim_[(z) = —o0.
Vay f la toan anh, do d6 f la song anh.
Truong hgp ham f don diéu giam, ta cling két luan dugc f la song anh.
Bai 1.21.Cho f : [0,1] — [0, 1] 1a mot ham lién tuc thoa man f(0) = 0. va |f(x) —
a) Chiing minh ring f(z) = z v6i moi x € [0, 1].
b) Két luan trén con ding khong néu thay [0, 1] boi R?
Hudng dan:
a) Tur gia thiét suy ra f don dnh, do d6 f don diéu. Dé thdy rang f(1) > 1 nén f
don diéu tang, va ta suy ra dugc f(1) = 1.
Ta thay

f(@) =1f(x) = f(O)] = x, v6i moi x € [0,1].
1—f(z)=|f(z) = f(1)] > 1 -z, véimoi x € [0,1].
Vi vay f(z) = x v6i moi x € [0, 1].
b) Xét ham f(z) = 2z.



Bai 1.22. Cho f 1a mot ham lién tuc trén [0, 1] sao cho f(0) = f(1).

a) Ching minh rang véi méi n € N, phuong trinh f(z) = f(z + %) luon luon c6
nghiém trong [0,1 — %].

b) Tim tét ca cic s6 thuc d € (0, 1) sao cho phuong trinh f(z) = f(z + d) luon
luon ¢ nghiém trong [0, 1 — dJ.
Hudng dan:

a) bat p(z) = f(z) — f(xz + =) thi ¢ lién tuc trén [0,1 — 2], Ta thay:

n

n—1

p(0) +p() + -+ o("2) = £(0) ~ (1) =0

Néu (%) =0 v6i moi k € {0,1,---n — 1} thi ta ¢6 diéu phai ching minh.

Néu ton tai k € {0,1, - ,n — 1} sao cho ¢(£) # 0, gid st ¢(£) > 0, thi ldc d6
ta luon tim dugc & # k, k' € {0,1,--- ,n — 1} sao cho go(%/) < 0. Do d6, ton tai
z, € [0,1 — 2] sao cho ¢(z,) = 0.

b) Hay ching t6 d = <.

Bai 1.23. Chiing minh rang ton tai day s6 thuc (a,), C [0, 5] sao cho cos a, = a]}. Tim

lim a,,.
Huéng dan:

V6i méi n € N, dat p,(x) = cosz — 2". Ta thdy ¢, lién tuc trén [0, 7] va
©n(0) > 0,0,(5) = —(5)" < 0. Vi vay ton tai a, € (0,%) sao cho ¢, (a,) = 0, tic la

cosa, = a,,.

Vi a, € [0, %] nén cosa, € [0,1]. Do d6 0 <aj < 1.

Suy ra cos1 < a! = cosa, < 1. T d6 ta c6 (cos 1)% <a, <1.

Vay — lima, = 1.
Bai 1.24. Cho f : R — R 1a mot ham lién tuc thod man f(x + 1) = f(z) v6i moi
r € R.

a) Ching minh rang f 1a ham bi chan.

b) Chiing minh rang f luén dat gid tri 16n nhat va nho nhat trén R.

¢) Chiing minh rang phuong trinh f(z) = f(x + 7) luén c6 nghiém trén R.
Hudng dan:

a) Ham f lién tuc trén doan [0, 1] nén bi chan trén doan nay. Do dé, ton tai M > 0
sao cho v6i moi = € [0,1] thi |f(z)] < M.

Xét x € R bat ky. Khi d6 ton tai n € Z dé = + n thuoc [0,1]. Chd ¥ ring tir gid
thiét ta suy ra f(z) = f(x + n) véi moi n € Z. Vi vay

[f (@) = [f(z +n)| < M.
Tém lai, ham f bi chan trén R.
b) Ham f lién tuc trén [0, 1] nén dat gid tri 16n nhat va nho nhat trén doan nay. Vi

f(z) = f(x+1) v6i moi € R nén ta suy ra f dat gid tri I6n nhat va nho nhat trén R.
¢) Ban doc tu giai.

] va hai tap con

Bai 1.25. Liéu c6 ton tai hay khong mot ham lién tuc f : [0,1] — [0, 1
(B) C A?

A, B cua [0,1] sao cho AUB =[0,1,ANB=0va f(A)CB, f
Hudng dan:

Gia st ton tai 2 tap A, B va ham f : [0, 1] — [0, 1] thoda man cdc diéu kién cla bai
toan.
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Ta cé: f(0) >0, f(1) < 1. Vi f lién tuc trén [0, 1] nén suy ra ton tai z, € [0, 1]
sao cho f(z,) = z,.

Néu z, € A thi f(z,) =z, € B. Do d6 x, € AN B, tiic 1a AN B # (), diéu nay
mau thuén véi gia thiét.

Lap luan tuong tu ta cling ¢6 di€éu mau thuan néu z, € B.

Vay khong ton tai ham f va 2 tap A, B thoa man yéu cau bai todn.

Bai 1.26. Cho M > 0 va f 1a mot ham lién tuc thoa man

flx+y)— fx) = f(y)] < M, v6i moi x € R.

. N T a A c g . nx
Chitng minh rang véi moi x € R, luon ton tai giGi han lim /( )

n—o00 n

Hudng dan:
Bang qui nap ta dé dang suy ra

| f(nz) — nf(z)] < M, v6i moin € N.

Khi d6 |mf (nz)—nf(mz)| = ‘m[f(nx)—nf(x)}—n[f(mx)—mf(x)]‘ < (m+n)M.
1 1

Vi vay ‘f(zx) . f(:zfﬁ)( < M(- + ). T ddy suy ra (@)n 1a mot ddy

)

Cauchy. Do d6 né hoi tuy, tic 1a ton tai lim
n—0o0 n

Bai 1.27. Cho f la mot ham lién tuc trén [a,b] va xq, 29, - , 2, € [a,b]. Ching minh
rang ton tai ¢ € [a, b] sao cho
n
Huéng dan:
bit o = flon) + flaa) -4 f(%) Ham f lién tuc trén [a, b] nén ton tai x*, **

thuoc [a, b] sao cho

f(2*) = min f(z), f(z™)= max f(z).
z€[a,b] z€[a,b]
Khong mat tong qudt, gia st z* < x**. Khi d6, ham f lién tuc trén doan [z*, z**]
nén theo dinh ky Bolzano-Cauchy, f nhan moi gid tri trung gian gitta f(z*) va f(z*").
Vi a € [f(z*, f(2*)] nén ton tai ¢ € [x*,2™] C [a,b] sao cho o = f(c).

Bai 1.28 Cho f : [0, +00) — [0, +00) 1a mot ham lién tuc.
a) Chimg minh rang lim f(x) = +oo khi va chi khi

T——+00

hIJP f(f(z)) = +oc.
b) Khéng dinh cau a) con ding khong néu thay [0, +o00) bdi (0, +00)?
Huéng dan:
a) Diéu kién can 1a rd rang. Ta ching minh diéu kién du.

Gia st lim f(z) < 4o00. Khi d6 ton tai s6 N > 0 sao cho v6i moi n, ton tai
r—+00

xn, >nva0 < f(x,) < N.Ham f lién tuc trén [0, N] nén tén tai M > 0 sao cho
f(z) < M vé6i moi x € [0, N].
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Nhu vay, v6i moéi n € N, ton tai x,, > n sao cho f(f(z,)) < M. Diéu nay trdi véi
gia thiét 1ir+n f(f(z)) = +o0.
T—1T00

b) Xét [ : (0, +00) — (0, +00) véi f(z) = i

Ta cé: f(f(x)) =x — +o0 khi £ — +o0. Tuy nhién f(z) — 0 khi 2 — +o0.
Bai 1.29. Cho f : R — [0,400) c6 tinh chat: v6i moi ¢ > 0, tap {x € R : f(z) > ¢}
Ia hitu han.

a) Chimg minh rang v6i méi khoang mé (a,b) C R, ton tai =, € (a,b) sao cho

f(xl(;)) Hﬁoy' chiing minh f lién tuc tai moi x, thod man f(z,) = 0.
Huong dan:
a) Véi moéi n € N, dat A, = {z € R: f(x) > %} Vi A; hitu han nén ton tai
ap, by € (a,b),a; < by, |by —ay| <1va
[a1,b1] N A = 0.
Bang qui nap, ta xay dung dugc diy doan dong 16ng nhau ([an, bn])n c6 tinh chat

1
b, — a,| < — v6i moi n va [a,, b,] N A, = 0.
n

v 1a . . x f o s 1
Theo bo dé Cang to, ton tai z, € () [an,b,]. D€ thdy rang 0 < f(x,) < —
n=0 n
suy ra f(z,) = 0.
b) V6i moi € > 0, tacé tap A. = {z e R: f(x) > }
Vi vay tén tai 6 > 0 sao cho [z, — §,z, + 0] N A. = 0. K
|z — x,| < 9, tic 1a f lién tuc tai x,.

Bai 1.30. Cho f,¢ : [0,1] — R 1a hai ham s6 bi chan va ¢ : R — R 1a ham s6 xic
dinh bdi

la hiu han va z,
hi 6, 0 < f(z) <

Ve € R, p(z) = sup |f —I—mg(t)|.

t€[0,1]
Chidng minh rang ton tai K > 0 sao cho

lo(z) —(y)] < Klx —y|, Y,y € R.

Hudng dan:

Véi moi t € [0, 1], v6i moi z,y € R ta ¢

Lf(t) +xg®)] = [f(t) +yg()] = (z —y)g(t) < K.|r —y| v6i K = s l9(t)| hay
ft)+zg(t) < f(t) +yg(t) + K|z — y|, v6i moi t € [0,1]. T day 14y supremum hai
v€ ta dugc ¢(z) < (y) + K|z —y|.

Ly luan tuong tu, ta ¢6 ¢(y) < p(z) + K|z — y|.
p(x) — (y)| < K|z —y| véi moi 2,y € R.

Bai 1.31. Cho ham s6 f lién tuc trén [0, +00), a1, ag, - ,a, € R va
lirf f(x) = +o0.

Chl’mg minh ring néu b > a = f(a1) + f(az) + -+ - + f(a,) thi ton tai cic s6 thuc
b; > a;,i = 1,n sao cho

b= f(b1) + f(b2) + -+ f(bn).

Huéng dan:
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a) bat p(z) = f(ay +2) + flaz + ) +--- + f(a, + ) — b thi ¢ 1a lién tuc trén
[0,+00). Taco p(0) =a—b< 0. Vi lim f(zr)= +oo nén ton tai x, > 0 sao cho

r—+00
o(x,) > 0.
T d6 ¢(0).p(z,) < 0. Vay ton tai € € (0,z,) sao cho ¢(¢) = 0 hay b =
flai +e)+ flaz +e) + - + flan +¢).
bit b; = a; + ¢, ta ¢6 diéu phai chiing minh.

Bai 1.32. Cho f : R — R lién tuc thoda man f(f(z) = —2? v6i moi x € R. Chiing
minh f(z) <0 v6i moi z € R.
Hudng dan:

Vé6i moi < 0, goi y € R sao cho x = —y%. Khi d6

fl@)=f(=v*) = F(f(f()) =—[fw)]* <0.

Ta s& chiing minh thém rang f(z) < 0 v6i moi « > 0. That vay, tir gia thiét suy ra
f don anh trén (0, +00), do d6 don diéu trén khoang nay.

Gia su ton tai x, € (0,+00) sao cho f(x,) > 0. Goi x1, x5 12 2 s6 thuc thoa man
0<z, <11 < 2X9.

Xét truong hop f 1a don diéu tang trén (0, +00). Khi d6 ta ¢

0 < f(z,) < fla1) < fla).

nén —r? < —x3 hay r; > 7. Diéu nay 1a mau thuin.
Ly luan tuong tu cho trudng hop f don diéu giam ta cling ¢6 di€éu mau thuan.
Tur d6 suy ra f(z) < 0,Vx € R.

Bai 1.33. C6 ton tai hay khong ham f lién tuc trén R thoa man mot trong hai diéu kién
dudi day

a) f(r) € Qkhi vachi khi f(x+1) €.

b) f(z) € v6i moi x € Q va f(x) € Q v6i moi z € .
Hudng dan:

a) Gia st ton tai ham f lién tuc trén R thod man diéu kién f(z) € Q khi va chi khi
flx+1) el

Xét ham g(z) = f(z + 1) — f(x). Khi d6 g(z) € I v6i moi x € R. Két hop véi
tinh lién tuc clia ham g ta suy ra g(z) phai 1a ham hang tic la

flx+1)— f(z) = g(x) = c v6i moi € R.

Vi vay, ¢ phai 1a s6 vo ty va ta cé f(z + 1) = c+ f(z), Yo € R. Tu gia thiét, ta
suy ra ton tai x, sao cho f(x,) € Q. Lic d6 ta ¢6 f(z, + 2) € Q. Tuy nhién, ta lai cé
f(xo+2) =2¢+ f(z,) nén f(x, +2) — f(x,) = 2c. Bicu nay mau thuin vi c € L.

b) Tuong tu cau a), ban doc tu giai.

Bai 1.34. Cho f la mot ham lién tuc trén R va nhan nhiing gia tri trdi ddu. Ching
minh rang ton tai 3 s6 a, b, ¢ lap thanh cdp s6 cong sao cho f(a) + f(b) + f(c) = 0.
Hudng dan:

Theo gia thiét, ton tai = sao cho f(z) > 0. Vi ham f lién tuc nén trong mot
lan can ciua x ta ¢6 f(z) > 0. Khi d6, ta tim dugc mot cap s6 cong a,, by, ¢, ma
flao) + f(bs) + f(co) > 0.

Tuong ty, ta cling tim dugc cdp s6 cong ay, by, ¢ ma f(ay) + f(b1) + f(c1) < 0.

Véi t € [0, 1], xét cdp s6 cong a(t),b(t), c(t) cho boi

a(t) = a,(1 —t) + ayt.
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b(t) = by(1 —t) + byt

c(t) = co(1 —t) + cqt.

Xét ham s6 F(t) = f(a(t)) + f(b(t)) + f(c(t)) thi F lién tuc trén [0, 1]. Dé thay
rang F'(0) > 0 va F(1) < 0. Vi vay, ton tai ¢, € [0, 1] sao cho F(t,) = 0. Nhu vay, ta
c6 célp s6 cong phai tim 1a a(t,), b(t,), c(t,).

Bai 1.35. Cho f la mot ham lién tuc va ton tai 7' > 0 sao cho
lim f(z) =0; f(z)= f(z+1T), Vx € R.
Ching minh rang f(z) = 0 v6i moi = € R.
Loi giai:
Gia st ton tai x, sao cho f(z,) # 0. Khi d6 ton tai A > 0 sao cho

|f(z)] < @ khi |z] > A.

Ta ¢6 z, = x,+nT > A khi n du 16n. Do vay

£l = |+ )] = [(w)] < L2

khi n du 16n. Mau thuan nay chimg t6 f(z) = 0 v6i moi = € R.

Bai 1.36. Cho f va ¢ 1a cdc ham tuan hoan véi cic chu ky tuwong tng 1a 7,7, > 0 va
lim [f(z) — g(x)] = 0.

a) Chimg minh rang Ty = T,

b) Ching minh rang f(z) = g(x) v6i moi x € R.
Giai:

a) Tur gia thiét suy ra f(x+71)—g(x+T1,) — 0 (z — 00). Do d6 f(x)—g(x+T}) —
0, (z — 00).

Vay g(z) — gz +T¢) — 0, (z — o0).

Theo Bai tap 1.35. g(z) = g(z + 1) v6i moi € R.

Suy ra Ty > T,. Tuong tu T, > Ty. Nhu vay Ty = T,.

b) bat h(x) = f(x) — g(x).

Ta c6
lim A(x) =0
h(x+Ty) = h(z), Ve € R

Theo Bai tap 1.35., h(x) = 0 v6i moi = € R. Vay f(z) = g(z) véi moi = € R.

Bai 1.37. Cho f la mot ham xac dinh trén R thoa man
|f(z) = f(y)] < K|z —y|, Vo,y € R(K > 0).

a) Chiing minh rang néu K < 1 thi phuong trinh f(z) = 2 luon ¢6 duy nhat nghiém.

b) Gia st thém rang véi moi x € R, lim f(x+n) = 0, hdy ching minh liril f(x) =
0.

¢) Hay chi ra mot ham lién tuc trén R thod man lim f(z+n) = 0, nhung f(z) /—
0, khi x — +o0.
Loi giai:

a) Lé:y T, € R. Dét Ty = f(xa); Tn+1 = f(‘rn)vn > 1.
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Ta co:
|f(@ns1) = fl@n)] < Klans — a0l
< K| f(xn) = flna] < K?|2n — 2np
< < KMHag — 1.

Do dé v6i moi n,p € N thi
|$n+p _'xn‘f;‘xn+p _'xn+p71}4_"'4“xn+l _'$n‘
S (Kn+p+“'+Kn+1)|$o—{L'1|
<K'K+4+K*+ -+ K|z, — z1]

< K"
- 1-K
Do vay (z,), la day Cauchy trong R nén hoi tu. Goi z, = lim z,,.
Do tinh lién tuc cta f va cdch xay dung (x,), ta c6 f(x,) = z,.
Néu ton tai z/, # x, sao cho f(z) =/,
thi |z, — 2| = | f(,) — f(2))] < K|z, — 2.

Vi K < 1 nén diéu nay vo ly. Vay phuong trinh f(z) = x ¢6 duy nhat nghiém trén

|z, — 21| — 0 (n — 00).

b) V6imdie >0, goiz, =0< 1z < - <£L‘m—1VO’1‘QJ1 Ti_ 1‘<2K =1,m

Vi hm f(z;+mn) =0 neén ton tai N sao cho |f(xz—|—n)|<— Vn> N, Vi=1m
meolx>N goi n 1a s6 nguyén duong sao cho n < z, x—n<1

Khi d6 n > N va ton tai x; sao cho |z — (z; + n)| = |z; — (z —n)| < 2}
£
Do d6 |f(z) — f(z; +n)| < K|z — (x; +n)| < 3

£
Vivay [f(a)] < [Fat )] + 5 <<
Bai 1.38. Cho f, g 1a hai ham s6 lién tuc trén [0, 1] thoa man

Ve e [0,1], 0 < f(z) < g(z).

Cho (z,,), 1a mot day bat ky ctia doan [0,1]. V6i mdi n € N, ta dat y,, = [géi:;}n
Chiing minh rang day (y,), hoi tu va tinh lim y,,.
Huéng dan: o

Xét ham h xac dinh trén [0, 1] béi h(z) = @ & thdy rang h lién tuc trén [0, 1]

va h([0,1]) C (0,1). o)

Mat khéc, h lién tuc nén h([0, 1]) = [m, (0,1). Vi vay

\_/

M] vé6i m, M €

Vo € [0,1], m L < M.

9(xn)
vneN, m" <y, < M".

Vim,M € (0,1) nén lim m" = lim M" =0, tr d6 lim y, = 0.

n—oo n—oo n—oo

\/

Dac biét, v6in € Nta cé m < < M. Diéu nay kéo theo
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Chuong II. DAO HAM CUA HAM SO

Bai 2.1. Khao sat tinh kha vi ctia cic ham s6 sau:

>néuzeQ
a)f(:v):{ OnéuzeR\Q

b B z?néuzeQ
) Ja) = ?néuzcR\Q

¢) f(r) = [x]sin® 7z.
d) f(x) = cos+/|z|.

e
e) f(z) = ﬁ’ﬁ_ﬁ

1, vé6i x con lai.
Giai:
a) Tai m6i z # 0, ham f khong lién tuc nén khong kha vi
- Tai z, = 0 ta c6

‘f (]; ‘_| |<|x| Ve #0

— f(0
Vi hm |z| = 0 nén hr%Lg() = 0do d6 f c6 dao ham tai x, = 0 va f’(0) = 0.
T— X —
b) Dé chiing minh rang f khong lién tuc tai méi « ¢ {0,1} nén f khong cé dao
ham tai cdc diém do.
-Tai z =0, ta cé

1) 10)) _ /)

| < |z|+ 2% Vo #0

x—0 ||
— f(0
Vi lim(|z| + 2?) = 0 nén lim J) = JO0) 0.
z—0 x—0 {[‘—0
Do d6 f c6 dao ham tai x =0 va f'(0) =0
-Taiz =1
I
@)~ 1) _ ) wor e re@rAd
—1 - 3_1
v T , nfur € Q,zel
r—1

r+1,néureQ,r#1
)22+ z+1,néuzxel
Chon day (z,), C Q, =, — 1(n — o) x, # 1,Vn, ta c6

flan) — f(1)

p— — 2 (n — 0)
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Chon day (2),), C I, z, — 1 (n — o0) ta c6

n) — f(1

F) =0y
T, — 1

Vay f khong cé dao ham tai x = 1.

¢) Ham s6 c6 dao ham trén R.

Bai 2.2 Cho

x?sin — + ax, néu x #£ 0

flz) = x 0<a<l)
0,néux=0

a) Ching minh rang f ¢6 dao ham trén R.

b) Chitng minh ring v6i mdi « > 0, ham f’ d6i ddu trén (—a, ).
Tur d6 suy ra rang ham f khong don diéu trén mdi khoang mé chita 0.
Giai:
a) D& dang ching minh dugc f c6 dao ham trén R va
1 .
) = a+2:1:sm; —cos—, néu z # 0

a,néux =0

Ta ¢6 f’(n—lﬂ) = (=1)""! +a, f’(ﬁ) =(—=1)"+a. Via € (0,1) nén f’(%) va
f’(m)

1 1
(n+ 1)’ mr) C (o).
Ta ¢6 f' d6i dau trén (—a, ).
Vi f’ d6i dau trén méi khoang m& chita 0 nén f khong don diéu trén mdi khodng
ma chua 0.

luon trai dau nhau. Chon n du 16n sao cho (

Bai 2.3 (dinh ly Darboux) Cho f 1a mot ham kha vi trén [a, b] va
fa) <0< f(b).

a) Chiing minh ring f dat gid tri nho nhét tai mot diém z, € (a, b).
b) Ching minh rang tén tai z, € (a,b) sao cho f'(z,) = 0.

Giai:
a) dat M = inf f(z)

x€la,b]

Néu f(a) = M thi lim 28 =@

> 0. diéu nay vo 1y vi f'(a) < 0.

— f(b
N@ﬂm:Mmﬂm;ﬂmﬂﬁ—ﬁlgu
z—b xr —
diéu nay vo ly vi f/(b7) > 0.
Do f lién tuc trén [a, b] nén f phai dat gid tri nho nhat tai mot di€ém z,, € [a, b], z, #
a, x, # b. Do d6 ton tai z, € (a,b) sao cho

f(x,) = inf f(x).

z€[a,b]
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b) Suy ra truc tiép tir cau a) va B6 dé Fermat.
Bai 2.4. Cho f 1a mot ham s6 kha vi tai z, € (a,b). Ching minh rang

tim | f(, + %) ~ f(xn)] = ()

n—oo

lim f(zo+ch) — f(x,)

50 h :Cf,(xo)
Ty +ch) — f(x,+ (c—1)h ,
i L) = Sl = 01) _

Ban doc tu giai.

Bai 2.5. Cho f: R — R thoa min

[f(@) = f)| < klz —y|*, Va,y €R (o> 1,k >0)
Chiing minh rang f(x) la ham hang trén R.
Giai:

Véi moéi h # 0 ta c6

h ~ .
A

r+h)— f(x)
h

Vi lim k|h|*~! = 0 nén lim =0, Vz € R.
h—0 h—0
Do d6
f'(z) =0, Vx € R
Vay f(x) = const, Vx € R.
Bai 2.6. Cho f : [0,+00) — R la ham kha vi.

a) Chiing minh ring néu lim f(z) = a, thi lim @) _
T—00 T—00 €T

b) Ching minh rang néu lim f'(z) = +oo thi lim M = 400
T—00 r—oo I

¢) Chi€u ngugc lai trong cau a) c¢6 ding khong ?

Loi giai:
a) Trudc hét ta chiing minh: néu lim ¢'(z) = 0 thi
lim ¢lz) =0, v6i ¢ kha vi trén (0, +00).

r—oo I

Véi méi € > 0, ton tai ¢ > 0 sao cho |¢'(z)| < g, Vo > c.
Do d6 v6i moi z > c thi
p(x) _ pl) —eld) +ole) @& —c)+e()

xXr X s
Vi vay
‘90(1’) |

1- 9+ lp(c)] <

€
< e
T T 2 T

DO ™

) y c € L. .
Chan hang s6 ¢; > ¢ sao cho ‘M‘ < 3 vOi mo1 = > ¢;.
x

. » e & Pa x
Khi d6 v6i moéi x > ¢ ta ¢é M‘ < €.
x
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Vay lim M =0.
Bayglortadatgp( )= f(z) —ax. Tacéd lim ¢'(z) =0
Do d6 lim ﬁ: lim(M—a):O
T—00 €T T—00 €T
Suy ra lim M =

b) Tir gia thiét ta ching minh duge lim f(z) = +o0.

T—00

Két qua duoc suy ra tir qui tic L' Hospital.

c) Xét ham s6 f(z) =z +sinz. Ta cé lim Jl) = 1 nhung lim f’(x) khong ton

. T—00 I I—00
tai.
Bai 2.7. Cho f 1a m¢t ham lién tuc trén [0, 1], kha vi trén (0,1) sao cho f(0) =
0, f(1) =

a) Ching minh ring ton tai cidc diém x, @9, - ,To002, 0 < T] < Ty < -++ <
Togo2 < 1 sao cho

m[f’(l‘l) + (@) + -+ f(w2002)] = 1.
b) Ching minh rang ton tai a,b € (0,1),a # b sao cho
fl(a).f'(b) =1
Loi giai:
a) Theo dinh 1y Lagrange, v6i méi ¢ € {1,2,---,2002}, ton tai
—1
i € (Z ! ) sao cho

2002’ 2002
i i1, 1
Hoo02) ~ Hgge2) = 7' @i)- 5005
DO Vﬁy 2002
~ 1.
5002 Z f(x — £(0)

b) Ban doc tu giai.

Bai 2.8. Cho f, g la cac ham lién tuc trén R sao cho
g'(z) = flg(x)), vz € R.
Chiing minh rang néu lim g(z) = ¢ thi f(c) = 0.
Loi giai: o
Tur gia thiét ta c6 lim ¢'(x) = f(c).
Néu f(c) > 0 thi tmé:)loiai z, > 0 sao cho

q(z) > @ > 0,Vz > x,.
Vi vay
o) = [ g0t +g(0) > B —0) + gl0)

To
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diéu nay mau thuan vi

lim %C)(:c —T,) + g(mo)] = +o0.

Tuong tu néu f(c) < 0 thi cling dan dén mau thuan. Vay f(c) = 0.
Bai 2.9. Cho f 1a mot ham c6 dao ham trén R thoa man
f(z+sinx) < f(z), Ve e R.

a) Ching minh rang phuong trinh f/(x) = 0 ¢6 vo s6 nghiém.
b) Hay chi ra mot ham thoa man diéu kién trén.

Giai:
dat g(z) = f(z) — f(x +sinz).
Ta c6
{ g(zr) >0, Vr € R

g(k2m) =0, Yk € Z.
Vi vay méi diém x = k2w, k € Z 1a cuc tri dia phuong ctia ham ¢. Theo b6 dé Fermat
thi
g (k2m) =0
Ta c6
g (k2m) = f'(k2m) — f'(k27)(1 4 cos k2m) = 0
— f'(k2n) =0, Vk € Z
b) f(x) = cosz.

Bai 2.10. Cho f va g la cic ham c6 dao ham trén R thoa méan
{f(x) <g(z),Vr e R
f(xo) = g(z,).
Ching minh rang f'(x,) = ¢'(z,).
Giai:

it () = g(x) ~ /()
Dé thay h dat cuc tri tai x,, do d6 h'(x,) = 0. Vi vay

f(@0) = g'(wo).
Bai 2.11. Cho f 1a mot ham s6 c6 dao ham trén R \ {0} va ton tai gi6i han lin(l) f'(x).
Ching minh rang f/(0) ton tai.

Hudng dan:
Xét ty so

va dung dinh ly Lagrange.
Bai 2.12. Cho f la mot ham xac dinh trén R thoa méan
f(0) =0, f(x) > |sinz|, Vo € R.

Ching minh rang dao ham ctia ham f tai 0 khong ton tai.
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Giai:
Gia su f'(0) ton tai. Vi moi = € (0, g) ta ¢

Vi vay
— f(0) sin
"ot = i M > i =1
e Ry S
Tuong tu ta ching minh duge f/(07) < —1. Mau thun nay ching to f’(0) khong ton
tai.

Bai 2.13. Cho f(z) = aysinx + agsin2z + - - - + a, sinnx.
Gia su rang f(z) < |sinz| v6i méi x € R. Ching minh ring
la; +2as + -+ - +na,| <1
Giai:
Ta cé
|sinz|

|/ (0)] = lim )—f ) = lim MO < lim
r—0 r—0 ’.CE‘
Mat khdc |f'(0)| = |a1 + 2as + - - - + nay,|
Do d6 |a; + 2as + -+ - + na,| < 1.
Bai 2.14. Cho R — [0, 4+00) 1a mot ham c6 dao ham lién tuc trén R sao cho ton tai
k > 0 thdéa man
Fa) =0, [7/(2)] < kf(z), Vo € R
. 1 1

Hay ching minh rang f(z) =0, Vz € [a - —.,a+ —}

3 2k’ 2k
Tur d6 suy ra f(z) =0 v6i moi = € R.

Giai: )
dat M = sup {f(x) : a—%<x<a—|——}<—|—oo

V6i mbi z € | ! —i—l]
i moi - = —
bizela—grat o

dt‘

* Néu x > a thi

€T x xX M
z)| = ’/f’(t)dt‘ < /\f’(t)ydtg k/f(t)dtng(x—a) <3
’ L M
Tuong tu néu x < a ta ciing ¢6 |f(z)| < -
Vi vay
M 1
@) =f@) < 5 vaefa= g a+ o]
Do do ) \
<M= : [ - — ] < —.
0< sup {f(z) : z € |a TR } < 5
< 1 1
Vay M =0 va f(x) =0 v6i mbi = € [a—%, a+%}.
Bai 2.15. Cho f la ham lién tuc trén [a, +00) thdéa man

f(z) >0, Vo € [a,+00) va inf f'()

ot 7 > ©
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f ()

Ching minh rang v6i méi § > 0tacé lim —————— =10
g g T——400 f((l + 5)1’)
Giai: /
Chon a’ sao cho ¢’ > max {1,a}. dat k = ir>1f é(@)) > 0. Ta co
rza €T

f(x) > kf(x) >0, Vo >d.
Tur d6 suy ra f don diéu tang trén [¢/, +00) va khi z > o’
1+6)x (1+6)z

(1+4) )
40 - 1@ = [ =k [ red = ks,

Do doé
F(1+8)x) > f(x)(1+ kox), Ve >d'.
fl@) bt o

F(A+0)z) = 1+kea ==

e fl@)
Tu d6 ta co xlggom =

Bai 2.16. Cho f 1a mot ham lién tuc trén [0, 1], kha vi trén (0,1), f(1) = 0. Ching
minh rang ton tai ¢ € (0, 1) sao cho

Suy ra 0 <

1 !
fle) + 2002 (c) =0.
Hudng dan:
Xét ham p(z) = 2292 f(z). 4p dung dinh 1y Rolle.

Bai 2.17. Cho o, 8 > 1, f kha vi trén [0,1], £(0) = 0 va f(z) > 0 v6i mdi « € (0, 1),
Chiing minh rang ton tai ¢ € (0,1) sao cho
f'(¢)

NUCIPYIr:
7o)

=0
f1=¢)
Hudng dan:
Xét ham p(x) = (f(2))*.(f(1 —=2)”.
ap dung dinh 1y Rolle.

Bai 2.18. Cho f la mot ham kha vi trén R, f’ giam ngat.
a) Chiing minh rang v6i mdi = € R ta c6

fla+1) = f(z) < f(z) < fx) = f(z—1).

b) Ching minh rang néu lim =/ thi lim f'(x) = 0.

¢) Hay tim mot vi du vé ham ¢ kha vi trén R sao cho lim g(x) = [ nhung ¢'(z)

khong tién vé 0 khi z — +o0. o
Giai:
a) Theo dinh 1y Lagrange, v6i mdi x € R, ton tai ¢;,cy saochox — 1 < ¢ <z <
co<zx+1va
fla+1) = f(z) = f'(c)
f@) = fl@=1) = f(cr).
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Vi f’ gidm ngat nén f'(c2) < f'(z) < f'(c1).
Do d6 f(z + 1) — f(z) < f'(x) < f() = flz—1).
b) Néu 33113)10 f(z)=1thi

lim [f( +1) — f(2)] = lim [f(z) — f(z — )] = 0.

Do d6 lir+n f'(x)=0.
2
sin
¢) Xétham g(x) =4 7“7
0,z = 0.
Dé ching minh ¢ kha vi trén R nhung lir}rq ¢'(x) khong ton tai.

Bai 2.19. Cho f la mot ham xdc dinh trén [0, +00), f(0) = 0. Ham ¢ xdc dinh boi
f(z)
xr
f'(0), néu z = 0.

a) Ching minh rang néu f’ don diéu tang trén [0, +o0c) va f kha vi lién tuc trén
[0,400) thi g lién tuc va don diéu tang trén [0, +00).

,néux >0
g(x) =

b) Chiing minh rang néu f kha vi lién tuc dén cép hai trén [0, +00) thi g kha vi lién
tuc trén [0, +00).

Giai:
a) * g(x) = @) kha vi trén (0, +00) do d6 ¢ lién tuc trén (0, +00).
T
- f@)
* lim 1 = f(0) = g(0).
lim == = f'(0) = 9(0)

Do vay ¢ lién tuc trén [0, 4+00).
Tai méi = € (0, +00),

, f(z)
oy _of@) = f@) T
g (‘CE) - SL’2 - T L :
Theo dinh 1y Lagrange, ton tai ¢ € (0, x) sao cho
Do vay

Vay g la ham don diéu tang trén (0, +00) va do d6 ¢g don diéu tang trén [0, +00).
b) Ban doc tu giai.
Bai 2.20 Cho f la mot ham kha vi trén [0, 1] sao cho
f(0) = f(0) = f'(1) = 0.
.. . N N . ! . f(C)
Chiing minh rang tén tai ¢ € (0,1) sao cho f/(c) = —=.
c
Giai:
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dat
flx)
—~ néuzxe (0,1
o)={ @ @1
0, néu z = 0.

Khi d6 ¢ 1a mot ham lién tuc trén [0, 1], kha vi trén (0, 1] va

P'(1) = f(1) = f(1) =—f(1)

* Néu f = 0 thi két luan clia bai todn 13 hién nhién.

* Xét f £ 0.
Thl: C6 z, € [0,1] sao cho f(z,) > 0. Goi ¢ € [0, 1] sao cho
_ _ fl)
ple) = max p(r) = max ==
Tacéc#0. Néuc=1thi p(1) = f(1) >0 va ¢'(1) = —f(1) < 0. Mat khic
p(x) — (1)
(1) = lim —X—T"——=>0.

Mau thuin nay ching t6 ¢ # 1. Vay ¢ € (0,1). Theo b6 dé Fermat, ta c¢6 ¢'(c) = 0
nén f'(c) = _f(c).
c
Th2: Néu c6 z, € [0, 1] sao cho f(z,) < 0, ta goi ¢ € [0, 1] sao cho
o(0) = inf_p(a).

z€[0,1]
Lap luan tuong ty dua dén f'(c) = M
c

Bai 2.21. Cho n la mot s6 nguyén duong, ax, b, € R, (k=1,2,--- ,n). Ching minh
rang phuong trinh

x + Z(ak sin kx + by, coskz) =0
k=1

c6 nghiém trong (—m, ).
Hudng dan:
Xét ham
.1'2 Qe bk
gp(x):?jt (—Ecoskm%—?sinkx), x € [—m,
Khi d6 ¢(7) = ¢(—m). dp dung dinh 1y Rolle.
Bai 2.22.
a) Cho ¢y, co, -+ , Ca0o3 1a cdc sO thuc thdéa man
C1 — 303 + 5C5 - 7C7 + -+ 200102001 - 200302003 =0.
Ching minh rang phuong trinh
c1cos T + 2%¢5 cos 22 + - - - + 2003%.¢2003 0s 2003z = 0

c6 it nhat 3 nghiém trén (—m, 7).
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b) Cho aq,as,- - ,a, thoa man

a an
a1+52+~~+;:0 (n>1).

Chitng minh ring phuong trinh a; + apx + -+ - - + a, 2" *

= 0 c¢6 nghiém trong (0, 1).

0.

¢) Cho ag,aq, - ,ay, E]Rthoamanzzk+1

Chdng minh rang phuong trinh Z ar cos(2k + 1)z = 0 ¢6 nghiém trong (0, g)
k=0
Huéng dan:
a) Xét ham
o(z) = ¢y sinx + 2¢9 8in 2z + - - - 4+ 20039003 sin 2003z
.. ) T T
Khi d6 ta c6: (0) = ¢(5) = ¢(m) = p(=7) = p(=3).
ap dung dinh ly Rolle.
. . £C2 "
b) Xét ham ¢(x) = a1z + a2 + - +a,—
n
Ta c6 ¢(0) = ¢(1) = 0. dp dung dinh ly Rolle.

¢) Xét ham

Zn: agsin(2k + 1)z
p 2k +1

Bai 2.22. Cho f la mot ham kha vi trén R, ¢,d € R sao cho
c<dva f(c) = f(d), f'(c)>0,f(d) >0
Ching minh rang tén tai, x, € (¢, d) théa man

{f(xo) = f(d)

p(z) =

f'(z,) <0.
Loi giai:
dat p(x) = f(x) = f(d)
Taco ¢(c) = p(d) =0, ¢'(c) >0, ¢'(d) > 0. Ta can chimg minh ton tai z, € (¢, d)
sao cho ¢(z,) =0
Vi ¢'(c) = -, hmgo(x)—<p( ) > 0 nén ton tai 6 > 0 sao cho
T—0 r —cC

e(x) >0, Vx € (¢,c+0) C [c,d].

dat z, = sup {a € [¢,d] : ¢(z) > 0,Vx € (¢,c+ a)}.
Ta dé dang chiing minh ¢(z,) = 0 va z, € (¢,d). Ta c6

O (zo) =¢'(z,)) = 11%1_ w
= lim p(2) <0



25
Bai 2.23. Cho f 1a mot ham c6 dao ham trén [0, 1] va

F(0) <0, (1) <0, f(0)= (1) =0,
a) Ching minh rang phuong trinh f(z) = 0 ¢6 nghiém trong (0, 1).
b) C6 thé khang dinh rang ton tai z1, 2o € (0,1), 21 # x5 va

fl(x1) = f(22)?

Ban doc tu giai.

Bai 2.24. Cho f 1a ham kha vi trén [0, 1], f(0) = 0, f(1) = 1. Ching minh rang véi
moéi Ky, Ky > 0, ton tai x1, x5 € (0, 1), sao cho x; # x5 va

Ky K,
+ — K, + K.
f(an)  f(a2) e
Giai: K
Xét ham = f(a) — ——.
SRR A
Tacé p(0) = ———+— <0, ¢(1)= —2—>0.
166 l0) = e <0 pll) =
Vi ¢(0).¢(1) < 0, nén ton tai ¢ € (0,1) sao cho
K
=0+ = 0.
o0) =0 = f(0) =

ap dunh dinh 1y Lagrange cho ham f trén [0, ¢] ta c6:
dzy € (0,¢) = f(e) = f(0) = f'(z1)e.
1

K, K
Do 46 ————— = f'(x1)c ha =c.
K+ K Ji(ar)e hay J'(21) (K1 + K3)
ap dung dinh ly Lagrange cho ham f trén [c, 1] ta c6:
Jrz € (¢, 1) = f(1) = fle) = f'(@2)(1 — ).

2

Nhu va =1-—c.
Y ) (K + )
Do do
K, + Ky _
o) (K1 + K)o f(22) (KL + K>)
K K
hay : 2 —1.

_|_
f'(xa) — f'(22)
Bai 2.25. Cho f 1a ham lién tuc trén [a, b], kha vi trén (a, ). Biét rang f(a) < f(b) va
f(@) + f'(z) <e, Va € (a,b).

Ching minh rang f'(z) < e, Vz € (a,b).
Giai:
Vi f la ham lién tuc trén [a, b] nén ton tai z, € [a, b] sao cho

f@o) = sup f(x).

z€[a,b]
+ Néu z, € (a,b) thi theo bé dé Fermat f’(z,) = 0. Do d6

f(xo) = f(wo) + f(x,) <&

Vivay f(z) <e, Vo € (a,b).
+ Gia st x, = b.
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* Néu ¢6 1 € (a,b) d€ f(x1) = f(b) = sup f(z) thi f’(z;) =0 va ta cling c6
z€[a,b]
f(@) < fla1) < fa1) + f(a1) <&, Vo€ (a,b).
* Néu f(x) < f(b) v6i moi x € (a,b), thi ta cAn ching minh f(b) < e. Gia su
nguoc lai f(b) > e. Ta tim dugc 0 > 0 sao cho f(z) > e,Vz € [b—4,0].
Theo dinh 1y Lagrange, ton tai ¢ € (b — 6, b) sao cho

LG U

5 >
Do vay f(¢) + f'(c) > 0.
Mau thuan trén ching to f(x) < f(b) < ¢, Va € (a,b).

Bai 2.26. Cho f 1a mot ham kha vi trén [—1, 1], £(0) = 0.
Tim gi6i han cta day (u,,), v6i

< Nt
Huoéng dan: (u,), hoi tu vé §f’(0).

Bai 2.27. Cho f 1a ham kha vi trén [0, +00) va lim f'(z) = 0.

Chiing minh rang v6i méi d > 0 ta c6 lim |f(z+d) — f(x)] =0.
Ban doc tu giai.

Bai 2.28. Cho f 1a mot ham thoa man
f(x) <0< f'(z),Vz <0
f"(x) <0< f'(z),Vz > 0.
Ching minh rang f’(0) khong ton tai.

Hudng dan:
Gia str rang f’(0) ton tai, hdy ching minh rang lic d6 f'(0) = 0. Hay chi ra mau
thuin bang céc gia thiét trén.

Bai 2.29. Cho f 1a ham lién tuc trén (a,b). Gia su rang v6i méi = € (a, b), giéi han
) 1
T[S+ )~ S )] = g(x)
ton tai hitu han.

a) Ching minh rang néu g(z) > 0 v6i méi x € (a,b) thi f 1a ham don diéu tang.

b) Chiing minh rang néu g = 0 thi f 1a ham hang.

¢) Chitng minh rang néu g lién tuc trén (a,b) thi f kha vi lién tuc trén (a,b).
Giai:

a) Trudc hét xét truong hop g(x) > 0 v6i mdi x € (a,b). Gia st f khong phai 1a ham
don diéu tang trén (a,b), ta tim dugc x1, z2 € (a,b) sao cho 1 < xy va f(xy) > f(xa).

dat c = ) + J) va o(x) = f(z) —c.

2
Taco p(z1) = f(x1) —c > 0,0(x2) = f(z2) —c < 0.
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dat T = sup {a € (x1,22) : (x) >0 Vx € (x1,a)}.
Ta tim duogc (b,)n, b, >0, b, — 0 va (T +b,) <O0.
Khi dé
9(@) = lim [ +b,) = F(T—b)]

:mnp@+myw@—mygx

Mau thuan nay ching t6 f don diéu tang trén (a,b).

* Truong hop g(z) > 0 v6i mbi € > 0, xét h(z) = f(x) + ex.

Theo chiing minh trén A 1a ham don diéu tang trén (a,b), do vay f cling 1a ham
don diéu tang trén (a,b) vie > 0 tuy y.

b) Néu g = 0 thi f vira don diéu ting vira don diéu giam do d6 f 1a ham hang.

¢) Goi GG 1a mot nguyén ham cua g. Khi d6

Gz +h) — Gz — h)

i 2h = 9().

Do vay

=G h) (= G)a—h)
h—0 2h

Theo cau b) thi f — G = const.

Suy ra f(z) = G(z) + ¢,Vx € (a,b).

Nhu vay f 1a ham c6 dao ham lién tuc trén (a, b).

=0,Vz € (a,b).

Bai 2.30. Cho f 1a ham kha vi lién tuc dén cap hai trén [0, +00) sao cho
£(0) = lim ()
Ching minh rang phuong trinh f”(z) = 0 c6 nghiém.

Bai 2.31. Gia st f va g 1a cac ham kha vi trén [a, b], trong d6 g(z) # 0 va ¢'(z) # 0
v6i méi x € [a, b]. Chiing minh rang ton tai ¢ € (a,b) sao cho

1 f(a) f(b)‘ _ L 1fle) gl

g(b) —g(a) |9(a) g(b)] — g'(c) [[(c) g'(c).

Huéng dan:

dat p(x) = g(_f:))’ o(x) = ﬁ,x € [a,b].

Hay ap dung dinh 1y Cauchy.
Bai 2.32. Cho f va g la cdc ham x4c dinh trén (a,b) sao cho v6i méi = € (a,b), ton
tai 6, > 0 dé
f(x+h)— f(x —h) =2hg(z),0 < h < J,.
Ching minh rang néu f kha vi thi f”(z) = 0,Vx € (a,b).
Ban doc tu giai.
Bai 2.33. Cho f 1a ham kha vi lién tuc dén cap hai trén [0, +00) thoéa mén
F(0) =0, £/(0) > 02 f"(x) > f(x), ¥ > 0.
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Chiing minh rang f(x) > 0 v6i mbi x > 0.
Giai:
dat () = e*(f'(x) — f(x)). Ta 6
¢'(z) =e"(f"(x) = f(x)) = 0,z = 0.
Do vay ¢ la don diéu tang trén [0, +00). Mat khéc
p(0) = f'(0) — f(0) > 0.

Suy ra ¢(z) > 0,V € [0, +00) nén f'(x) > f(x),Vz € [0, +00).
Lap lai 1ap luan tuong tu v6i ¥ (z) = e *f(x) ta suy ra

f(z) > 0,Vx > 0.

Bai 2.34. Cho f 1a ham kha vi lién tuc dén cap hai trén [0, +00) saocho f >0, f' <0
va f” bi chan trén [0, +00). Chiing minh ring

lim f'(z) =0.
Giai:
Tur gia thiét suy ra ton tai gi6i han [ = lim f(z).

Khong mét tinh téng quat gia st [ = 0 (néu khong ta dat ham
o(x) = f(z) — 1. V6i mdi € > 0, ton tai A > 0 sao cho

|f(z)| < Vo > A,
dat M = sup [f"(x)].
x>0

V6i méi x> A, ton tai 6 € (0,1) sao cho

flx+e)— f(x)— fl(x)e = %f”(x + fe)e?.

Do dé

oy < @+ I+ @)
7)< L

1

1
—M.
+2 €

Vay lim f'(z) = 0.

r—0o0

Bai 2.35. Cho f la ham kha vi lién tuc dén cdp hai trén [a, b] sao cho f(a) = f(b) =
f'(a) = f'(b) = 0. Chiing minh rang ton tai ¢ € (a,b) sao cho f"(c) = f(c).

Huéng dan:
Xét ham ¢(x) = e *(f(x) + f'(z)]. 4p dung dinh ly Rolle.

Bai 2.36. Cho f 1a ham kha vi lién tuc dén cdp hai trén [a,b] va trén doan nay f c6
khong it hon ba khong diém khéc nhau. Ching minh ring tén tai ¢ € (a,b) sao cho

fle) + f"(c) =2f"(c).
Hudng dan:
dat p(x) = e f(x).
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ap dung dinh 1y Rolle ta tim dugc c¢1, ¢y € (a,b) sao cho f'(¢1) = f(c1), f'(c2) =
f(ca), e1 # ca.

Lai dat ¥(z) = e *(f'(z) — f(x)) r6i 4p dung dinh 1y Rolle ta suy ra diéu phai
chiing minh.

Bai 2.37. Cho f la ham kha vi lién tuc dén cap n trén [0,1], z1, 29, - , Xy, Tpyq 12
cdc s6 khac nhau thugc [0, 1]. Ching minh

n+1

S (k)
‘;(xk—ml)(

Tk — 25 1) Tk — The1) - (T — Tr)

1
< — sup |f™)(x
S, )
Giai:dat
n+1
f@r) I1 (& = )
n+1 J=1
2k
o(@) = fa) = 3 —
= (e
j=1
J#k
Ta ¢6 p(11) = @(22) = -+ = p(xnt1) = 0.
Do d6 tén tai ¢ € (0,1) sao cho (™ (c) = 0, tifc 1a
n+1 |
() (e — nlf(zy) -0
UG D e sy e Py Fe Py
Suy ra
n+1
1
> o < s o)
P (g —x1) - (2 — 1) (X — 1) -+ (T — Tpa) n! z€0,1]
Bai 2.38. Cho f la ham kha vi cdp 2 trén R va thdéa man
lim (f(x) — [o]) = 0 f(0) < 0.
Ching minh rang tén tai z, sao cho f”(z,) = 0.
Loi giai:
Tir gia thiét suy ra
lim @) =1; lim ) =—1; lim f(z) = +o0
T—00 €T T——00 €T T—00

R6 rang f’ 1a ham lién tuc trén R.
Thl: Néu f’ khong phai 1a don anh trén R nghia 1a ton tai x1, 29 € R, 27 # x5 va
f'(x1) = f'(x2), thi theo dinh ly Rolle, ton tai z, sao cho f”(z,) = 0.
Th2: Néu f’ 1a don anh khi d6 f’ 1a ham don diéu trén R. Do d6 ton tai giGi han
lim f'(z) va lim f'(z), va
lim f'(z) = lim @) =1; lim f'(z)= lim @ =—1.

Vay f’ la ham don diéu tang trén R va —1 < f'(z) < 1, Vo € R.
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dat p(z) =2 — f(x). Tacod ¢'(z) =1— f'(x) >0, Vo € R, ¢(0) = —f(0) > 0.
Vay o — () /=0 (& — +o0).
Nhu vay trudong hop nay khong thé xay ra.

Bai 2.39. Gia st f 1a ham kha vi lién tuc dén cap 3 trén [0, 4+00), f(z) >0, f'(x) >
0, f"(x) > 0 véi mdi z € [0,+00). Chiing minh rang néu:

).
f/<x>'f'l//(x)

lim =c c<?2
a0 (f"(x))?
thi
1
LS ) 1
zooe (f(2))? 0 2-c
Huéng dan:
1
Xét ham p(x) = .
=
Trude hét ching minh lim ¢'(z) = 0. Do vay
(@)
Pl

Sau d6 ching minh lim f(z) = +oc0.
ap dung qui tac L' Hospital
14
fE) @) )

AL TWRE T (@)
(@)
= lim 1 = 1
S (DN O rETS
("))

Bai 2.40. Cho f 1a ham kha vi dén cap hai trén (a,b). Ching minh rang v6i moi
x € (a,b) ta co
) = )~ 2f(a)
h—0 h2

= f"(x).

fle+h)+ flz—h) —2f(x)
h? '

Tac6 flz+h) = [(x) + [+ 3 (@) + 0y ()
Flo =)= £() = F@h+ L@+ onlh?)
Tur d6 ta c6

lim flx+h)+ f(x—h) —2f(z) _
h—0 h2
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Ban doc tu kiém ching véi x = 0 va

fla) = x2sini, x#0
e,z =0.
b o i JO 1)+ F0 = ) = 2/(0)

h—0 h,2

= 0 nhung f”(0) khong ton tai.

Bai 2.41. Cho f l1a ham xac dinh trén R ¢6 dao ham mdi cap va
1
f®(z) — fD(2)| < —, Vz €R.
n

Chiing minh ring lim f(z) = ce”, ¢ = const.

Huéng dan:
Day ham (£ (z)),, hoi tu déu vé ham g(z) trén R. Dé thay ring ¢'(z) = g(z) véi
moéi = € R tir d6 suy ra g(x) = ce”, ¢ = const.

Bai 2.42. Cho P(x) la mot da thic bac n v6i hé s6 thuc sao cho P(x) ¢6 n nghiém
phan biét x1, xs,- - , x,. Chling minh ring

n P”(xk)
P'(ak)

=0.

Giai:
Theo gia thiet P(z) = a(x — z1)(x — z3) -+ (x — x,), a # 0. Do d6
1 1
)7V.T ¢ {551,]32,' o 7xn}'

P’(x):P(m)( + P
Vi P(z1) = P(x3) = - -+ = P(z,) nén ton tai cac s6 yi, Yo, - ,Yn_1 Sa0 cho

rT—x1 T — T T — T,

T <Y < XTg <Y <+ < Tpo1 < Yp—1 < Ty

P'(y1) = P'(y2) =+ = P'(yn-1) = 0.
Ta lai c6
P”(:c)—P’(:r;)( I S ) Vo ¢ { }
= . r—u T — T — Yot ) Y1, Y2, yYn—171,
va
/ 1 1 1
Ozp(yk>zp(yk).< + +oee ), Vk=1,n—1
Y — X1 Yp — X2 Y — Tp
Vi P(yx) # 0 nén ta c6
1 1 1
+ + =0, Ve=1,n—-1
Y — 11 Y — T2 Y — Tn
Do d6
n P (x n—1 1 1 1
,< ks)zz< + _|_..._|_—)
=1 P’ () 1 kT U1 Tk T Y2 Tk — Yn-1




32

Bai 2.43. Cho P(z) 1a mét da thic bac n > 1 théoa man P(x) = 0 v6i mdi = € R.
Ching minh
P(z) + P'(z) + -4+ P™(2) > 0, Vx € R.

Giai:

Gia st P(z) = apa™ + ap_12" 1+ -+ ag (a, #0).

Vi P(z) > 0 v6i méi « € R nén n chan va a,, > 0.

Xét ham

F(x) = P(z)+ P'(z) +---+ P™(2).

Vi F ciing 1a da thiic bac n v6i hé s6 cta " 1a a,, nén xll_{go F(z) = +o0.

Do d6 ton tai =, € R sao cho F(z,) = ;IélgF(.T)

Theo b6 dé Fermat F'(x,) = F(x,) — P(z,) = 0.
Nhu vay F(z,) = inﬂfg F(z) = P(z,) > 0,
xe

Va F(z) > 0,Vz € R.

Bai 2.44. Cho f la m¢t ham lién tuc trén [a — h, a+ h], kha vi trén (a—h,a+h), h > 0.
Chiing minh rang ton tai # € (0,1) sao cho

fm+hy—ﬂa—m:J(fm+wn+fm—em)
Giai:
dat p(z) = f(a+2) — f(a — x),x € [0,h]. Ta c6 ¢ lién tuc trén [0, h] va kha vi
trén (0, k). Theo dinh ly Lagrange ton tai 6 € (0, 1) sao cho
) =

p(h) = ¢(0) = &' (Oh).h
= [la+h) = fla=h) = |['a+0n)+ [(a—0n)|h

Bai 2.45. Tim tit ca cdc ham f kha vi lién tuc dén cap hai trén R sao cho ton tai
0 (0,1) aé
fx+h)= f(x)+ hf'(x+6h), Vo,h € R.

Giai:

V6i mbi z,h € Rtacéd f(x+h) = f(z)+ f'(x)h + o(h?).

Vi vay W 5 0y )] = 1)

! ! 2
Platom =7 _ot) )

h
Do d6 bang céch 14y giGi han kh1 h—0tacé0f"'(x) =0, Vx € R
Vay f(z) = Az + B.

Suy ra

Bai 2.46. Cho f la ham kha vi lién tuc dén cép hai trén [—2, 2] sao cho

[f(@) <1, Vo € [=2,2], (f(0)* + (£(0))* = 4.
Chiing minh rang ton tai z, € (—2,2) sao cho f(z,) + f"(x,) = 0.
Giai:
dat F(z) = (f(2))* + (f'(x))*.
Ta 6 F'(x) = 2f'"(x)(f () + f"(x)), ( )=

Theo dinh ly Lagrange, ton tai 6§ € (—2,0) sao cho

f(0) = f(=2) = f1(61)2.
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) 1
Do d6 f'(61) = S(IfO)[ +[f(=2))) = 1
Tuong tu ton tai 65 € (0,2) sao cho f'(6;) < 1. Suy ra
F(6,) <2va F(f) <2.
Vi F(0) =4, F(6,) < 2,F(fy) < 2,nén F phai dat gid tri 16n nhat tai =, € (6, 6>)
0

f(wo) # 0 va f(z,) + f"(z,) = 0.

Bai 2.47. Cho f la ham kha vi lién tuc dén cap hai trén [a,b]. Ching minh rang ton
tai ¢ € (a,b) sao cho

fl@)+fb) _ atb  (b—a)
5 =)+

f"(e).

Giai:
N2
Goi A 1a hing s6 sao cho: fla) ;_ f(b) — f(a ; b) + (b 8a)

ey = JO ) patay o

A

Ta c6é F(a) = F(b) =0 do d6 ton tai 6 € (a,b) sao cho F'(6) =0
6

= [re - SN - =0 @)
Lai 4p dung dinh 1y Lagrange cho ham [’ trén [a i 9; 0] ta tim dugc ¢ € (a,b) sao
cho
70) - P = e S50

Thay vao (*) ta ¢6 f"(c) = A.
Nhu vay ton tai ¢ € (a,b) sao cho

f@)+f0) _ ath (b=

JNE) T IV 1"

IV G )
c 2, a+b

Bai 2.48. Ch b,c € R théa man — = —— .

ai 0a,b,c da man ¢ 5<n+2)

Ching minh rang phuong trinh
asin”x 4+ bcos" z + csinx +c=0

c6 nghiém trong (0, %)

Huéng dan:
Xét ham

asin"? cos"2x  csin®x  csin’x

_ —b
P(r) = = 5 nio T3 T3

™

Ching to »(0) = ¢( 2) roi 4p dung dinh 1y Rolle.
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Bai 2.49. Cho phuong trinh 2" = x + n.
a) Chiing minh rang v6i mdi n, phuong trinh c¢é duy nhat nghiém z,, > 0.

b) Chtng minh day (z,), bi chan va tim lim ~%: lim z,.
n—00 gy = N—00
Giai:
Xét ham f,(z) = 2" —x —n. Tacé f/(z) =nz"' — 1.
1
fi(2) 20 =2 > (<)
n
Ta c6 bang bién thién

Dua vao bang bién thién ta thdy phuong trinh f,, () = 0 c¢6 duy nhat nghiém z,, véi
I, 1
n > (=) 1.
v > (0)
b) Vi f,(1) = —n < 0 nén z,, > 1.
Vif,(2)=2"—-2—-—n>0nénz, <2.
Vay (z,), bi chan. Ta c6 zI' = z,, + n nén
2 x,+n

=L = — 1 (n— ).
n n
. ITn
Do d6 — — 1 (n — o).
nn
Tur d6 suy ra lim z,, = 1.

n—oo

Bai 2.50. Cho f :[0,1] — R la ham lién tuc sao cho f(0) = f(1) =0, f kha vi dén
cp hai trén (0,1) va f"(x) + 2f'(z) + f(x) > 0 Vz € (0,1).
Ching minh rang f(z) <0 véi mdi x € [0, 1].
Giai:
Xét ham (x) = . f(x). Khi do
p(0) = (1) =0
o(x) >0, Vo € (0,1).
Néu ton tai x, € (0,1) sao cho ¢(z,) > 0 thi goi ¢ € (0,1) thoa man

oc) = sup p(x) > 0.
z€[0,1]

Ta ¢6 ¢'(c) = 0. Vi ¢’ 1a don diéu tang trén (0, 1) nén
o'(x) >0, Vo € (¢, 1)
{ ¢'(x) <0, Vo € (0,¢).
Do vay 0 = ¢(0) > ¢(c) > 0. Mau thuan nay ching td
p(x) <0, Yz €10,1].
Suy ra f(x) <0, Vx € [0,1].
Bai 2.51. Cho f 1a ham kha vi lién tuc dén cédp hai trén R va f"(x)
x € R. Ching minh rang néu ton tai a,b € R,a < b, f(a) = f(b) =0
f(z) <0, Vx € [a,b].

> f(x) v6i mbi
thi
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Giai:
Gia st ton tai x, € (a,b) sao cho f(z,) > 0. Goi ¢ € (a,b) sao cho

f(e) = sup f(z)>0.

z€[a,b]

Ta c¢6 f'(c) = 0. Khi d6 f"(c) > f(c) > 0.
Goi [a, 8] C [a,b] sao cho ¢ € (o, B) va f"(x) > 0, Vz € [o, (]
Khi d6 f’ 1a ham don diéu tang ngat trén (o, 5). Do f’(¢) = 0 nén

f(z) <0, Vo € (a,c)
f'(x) >0, Vo € (¢, ).

Vivay f(a) > f(¢) = sup f(z).

z€la,b]
Mau thuln nay ching to f(x) <0, Vx € [a, b

Bai 2.52. Cho K la mot hang s6 , f 1a ham kha vi trén [0, +00) sao cho

Chiing minh ring f(z) < e f(0), Va > 0.
Huéng dan:
Xét ham ¢(z) = e " f(x).
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Chuong III. PHEP TINH TICH PHAN

Bai 3.1. Cho f la mot ham lién tuc trén R. Dat

Chdng minh rang néu f 1a ham chéin thi F' 1a ham 1é , néu f 1a ham 1€ thi F' 1a ham
chan.

Giai:
Gia st f 1a ham chan
Bang phép déi bién t = —
ta c6 F(— f f@)dt = [ f(—u)(—du) = — [ f(t)dt = —F(x) v6i mdi x € R.
0 0

Vivay F'la ham l¢ . Truong hop con lai hoan toan tuong tu.

Bai 3.2. Cho f la m¢t ham lién tuc va nhan gid tri duong trén [0, 1].

a) Chiing minh rang
/ f(sinzx)dx .
f(sinz) + f(cosz) 4

b) Tinh cac tich phan

> 2
:f—x~25 J=] t
o 1+ ecos=x o 1+ +/tgx
Giai:
a) Dat

B f(sinx) .
L= / f(sinz) +f(cosx)d ’

Béing phép déi bién z = g —t ta suy ra

[e=]

T
2
(cos x)
dx.
/f (sinz) + f(cosx) .
0

2

Do d6 2]1:J1+11:fda::g.ViVay ==
0

b) Ta cé

1 1 6sin2 T

1 + ecos 2 ecos2 z—sin? z +1 esin2m + eCOS2II7.

Do dé I, = ~

day 1a truong hop riéng cua cau a) véi f(x) =e

22
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Bai 3.3. Cho f 1a mot ham chan lién tuc trén [—a,al,a > 0; ¢ la mot ham lién tuc

nhan gia tri duong trén [—a, a| va
g(—x) = , Vx € [—a,al.
(<o) = . Vo € [ad
a) Chiing minh rang
dx
[ [ som
+ g(z
b) Tinh
3

[ / coS T
— dz.
1—2+ Va2 +

w\:\

¢) Tinh
i dx

I .
oo | (1+22)(1+ e9)

Giai:
a) bat r = —t, ta cé
[ f@de [ f(-t)dt
1+g() a1+g( t)
f(t) f( t)dt f(z da:
/ N 1+g / 1+g '
Vi vay

[+1=2]= /af(x)dx = 2/af(x)dx
—a 0

Ta dé suy ra I = [ f(x)dx
0
b) Ap dung cau a) v6i g(z) = Va2 + 1 — . D& thay
1 1 T
—r)=Vz’+1+x= = , Ve € [—=, =]

—a, a]. Chiing minh rang

Bai 3. 4 Cho f 1a hém lién tuc trén |

a)ff da:—2ff

b) f zf(x?)dr = 0.

Huéng dan:
a) Dat g(z) = f(z?). Dé thay g 1a ham chén trén [—a, al.
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b) Dit h(x) = zf(z?*). Dé thay h 12 ham 1€ trén [—a, al.
Bai 3.5. Cho f 1a ham lién tuc trén [0, 1]. Ching minh rang

jus jus 1 -
a) fo(sin:B j f(cosz)dx = = [ f(sinz)d
0 0 2%

b) [ f(cos®z)dx =n [ f(cos® x)dx.
0 0
(Ban doc tu giai)

Bai 3.6. Cho f 1a mot ham lién tuc nhan gid tri duong va tudn hoan véi chu ky béng 1
tréen R. Chiing minh rang

1
/Lm)ldeL Vn e N*.
0 f(x‘i”ﬁ)

Loi giai: Ta c6

Trong moi tich phan

141

/Lx)ldx, 1<i<n—1,

thuc hién phép doi bién x =t + —, ta c6
n

0 " . fx—i—i
I )1 d"”—/ | iﬁ)l dr
i f(x"‘ﬁ) o flz+ n )
Vi vay
/ f(x) i f(x) %f(95+l) %f<x+n_1)
/—1 dx:/—ldxqt/—gdx%—---%—/Tx)ndﬂ&
0 f(iUJr;) 0 f(ﬂerg) 0 f(ﬂﬁLﬁ) 0

Bing cich dp dung bat dang thitc Cauchy ta nhan duoc

1 1

Lx)lden/dle.

0 f(l'—i-g) 0
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Bai 3.7. Cho f 1a mot ham kha vi lién tuc trén [a,b], f(a) = 0 va
0< f(z) <1, Vo € a,b].
Chiing minh ring

: 1 2 2
D @) 2 5| (F0) = (f(@)].

b) afb(f(x))3dx < (jf(x)dx)Q.

Giai:
a) Ta cé f la ham don diéu tang trén [a,b] va f(z) > f(a) =0, Vz € [a,b]. Do d6

f@) = f(x).f'(x), Vo € [a,b].
Tur day suy ra

b b
[ t@de = [ f@).1@)dn = )P

b) Xét ham so
/ f(t)dt)? / )y3dt, x € [a,b).

=2 [ F(t)dtf (@) — (f(@))* = F)[2 ] Pt~ (F())?].

bat G(z) =2 [ f(t)dt — (f(x))?. Tacé

G'(x) = 2f(x )0— 2f(x).f'(x) = 2f(x)(1 = f'(x)) = 0, Va € [a,b].
Do d6 G(z) > G(a) =0, VY € [a,b].
Tur d6 suy ra F'(z) > 0, Vx € [a,b]. Nhu vay F(b) > F(a) = 0.

Nehia la ( / f(x)dx) > f 2))*da.

Ta c6

Bai 3.8. Cho f € Cjop); 21,22, -+ , @y € [a,b], k1, ko, -+, k, > 0. Chlng minh rang
ton tai z, € [a,b] sao cho

ki [ f(x)de + ks [ f(x)dz + -+ ky | f(z)de =
Giai: Xét ham

— k 7f(t)dt + ks 72f(t)dt TR 7f(t)dt

Ta dé dang kiém tra duoc

krp(w1) + kop(x2) + -+ - + knp(1,) = 0.
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Mat khéc ¢ 1a ham lién tuc trén [a, b] va k; > 0 v6i moi i = 1, n, do d6 ton tai z, € [a, D]

sao cho p(z,) = 0, hay k; zflf(x)dx + ko sz(x)dx +t ky xfnf(a:)dx = 0.

To To

Bai 3.9. Chiing minh rang v6i moi a,b, 0 < a < b thi

a+1 1
a) | [ sin:chx‘ < -,
; a
b .
o[ Smxdm‘ <2
S a
Giai:

a+1
a) Xét tich phan I = [ sinz?dz. Bang phép d6i bién t = 22, ta c6

(a+1)2
sint
I = ——dt.
/ 2/t
a2
3 1 1 1 . .
bat u = ——, du = ——.——=dt va chon v = — cost.Ta c6

2t 2/t

(a+1)?
| = ‘— cost |(a+1)? / cos tdt
2yt a2 At\/t
a2
(a+1)?
< 1 n 1 n ‘ / cos tdt
~2(a+1) 2a 4/t
a2
(a+1)?
< 1 N 1 N / dt 1
~2a+1)  2a N
a2
1 1 . )
b) bat u = —, du = ——dx va chon v = —cosz. Ta ¢6
z x
b b
sinx —cosx|b cos zdx
[ =] < - =
T T a T
b
1 N 1 | cos x|dx
“a b 2



Bai 3.10. Tim tat ca cdc ham f lién tuc trén [0, 1] sao cho

/x F(t)dt = /1 f(t)dt.

Huong dan: Ly dao ham hai vé.
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Bai 3.11. Cho f 1a ham kha vi lién tuc trén [a, b], f(a) = f(b) = 0. Chting minh rang

b

b
0 [2f(w)f @iz =3 [(7(e)d.
a b a
b) Gia st / [f(z))?dz = 1. Hay ching minh

b b
Jr@rde. [los@pds = 5.
Gidi: 1
a) bat u =2z, dv = f(x).f'(x)dx va chon v = §(f(x))2 Ta ¢6

b)
b

/b f (@)Pda. / of@Pde > ( [ af(e).fa)ds)’

AN

/b @) = |

Bai 3.12. Cho f la ham lién tuc trén R. Dat

fi(2) = / FO)E - fulz) = / fo (bt

. 1
Chtng minh rang f,1(x) = ] (x —t)"f(t)dt, n > 1.

C—=z

(Ban doc tu giai).
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Bai 3.13. Cho f 1a ham lién tuc trén [0, 7] sao cho

/f )sinzdx = /f ) cos zdz = 0.

Ching minh rang phuong trinh f(z) = 0 c6 it nhat hai nghiém phan biét trong
(0, 7).
Giai:

Gia st rang f c¢6 khong qua mot nghiém trén (0, 7).

Thl: f vo nghiém trén (0,7). Do tinh lién tuc cha f ta suy ra f khong déi ddu
trén (0, 7). Khong mét tinh téng qudt, gia st f(z) > 0 v6i moi x € (0,7). Khi d6

[ f(z)sinxzdx > 0, mau thun.
Th2: f ¢6 duy nhat nghiém z, € (0, 7). Dé thdy rang ham
g(z) = f(x)sin(z — x,) khong doi dau trén (0, 7). Do d6
/f(x) sin(z — x,)dz > 0.
Mat khac tir gia thiét da cho ta c6

/f(x) sin(x — z,)dx = cos z, / f(z)sinzdx — sinz, / f(z)coszdxr =0
0

Mau thuln trén ching té f c6 it nhat hai nghiém phan biét trén (0, 7).
Bai 3.14. Cho I} = [ag,b], k =1,2,--- ,n 1a n doan r&i nhau ting do6i mot.
a) Gia su P(z) 1a mot da thic bac nhod hon n thdéa mén
by
/P(x)dsz, Vk=1,2,---,n

ag

Ching minh rang P(z) = 0 v6i moi = € R.
b) Chitng minh rang t6n tai mot da thic khac khong bac n thdéa man diéu kién trén.

Huéng dan:
a) Dung dinh 1y gid tri trung binh cua tich phan.
b) Ban doc tu giai.

Bai 3.15. Cho f la ham kha vi trén [—1, 1] sao cho

/Of(x)dx:/lf(x)d:v

Ching minh rang tén tai ¢ € (—1,1) sao cho f'(c) =

Giai:
Theo dinh 1y gid tri trung binh cua tich phan, ton tai z; € [—1,0],
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xg € [0,1] sao cho

_f?f(:p)dx = f(z1), va Oflf(x)dx = f(x2).

* Néu 7 # 0 hoac xo # 0 thi x; # x5. Theo dinh 1y Rolle, ton tai ¢ € (x1,25) C
(—1,1) sao cho f'(c) = 0.
* Néu 1 = z9 = 0, thi

jﬂmm:fmwifﬂmm.

Néu f(z) # f(0), Va € (0,

0,1] thi g(x) = f(z) — f(0) # 0 v6i moi = € (0,1]. Vi
vay g(x) khong doi dédu trén (0,

| va

[ otz = [ gz~ g0 0

Mau thudn nay ching to ton tai z; € (0, 1] sao cho

f(x1> = f(O).

Lai 4p dung dinh 1y Rolle ta ¢6 di€u can ching minh.

Bai 3.16. Cho f 1a ham lién tuc trén [0, 1]. Ching minh réng ton tai ¢ € [0, 1] sao cho

1 2 .
[t = s 1te)

Giai:
Do f 1a ham lién tuc trén [0, 1] nén ton tai z, x5 € [0, 1]

flxy) = Ié%fll] f(z), f(x2) = max f(x).

z€| z€[0,1]
Do do6
2’ f(21) < 2 f(z) < 22 f(2), V2 € [0,1].

Suy ra
1

30 < [ 2@ < 37 (wa)

o

1
— f(z1) < 3/x2f(:17)d$ < f(w).
0
Theo dinh 1y gid tri trung gian ctia ham lién tuc, ton tai ¢ € [0, 1] dé
1
fle) = 3/x2f(x)da:.

0
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Bai 3.17.Cho o > 0, f lién tuc [0, 1], f(0) > 0, va

1

/f(a:)dac <

0

a+1
Ching minh rang phuong trinh f(z) = 2* ¢6 nghiém trong (0, 1).

Loi giai:
Xét ham p(z) = f(x) —z®, x€[0,1]. Tacd p(0) = f(0) > 0. Mat khac

/lgo(x)dx:/lf(x)dx—ail <0

0

1
Vi vay t6n tai z, € [0,1] sao cho [ ¢(x)dz = ¢(z,) < 0.
0

Do tinh lién tuc ctia ¢ va ¢(0).¢(x,) < 0 ta suy ra phuong trinh p(z) = 0 c6
nghiém trong (0, 1).

Bai 3.18. Cho f la ham lién tuc trén [0, n] va /f(x)d;z: =0, (n € N). Ching minh

0
rang ton tai ¢ € [0,n — 1] sao cho

/cf(x)dx = 71f(x)dx.

Giai:
Xét ham
T z+1 z+1
o) = [ swar— [ rwa= |
[roa=[ o]

RG rang ¢ lién tuc trén [0, 7 — 1] va
p(0) + (1) +--- +(n—1) = 0.

Ta dé dang suy ra ton tai ¢ € [0,n — 1] d€ ¢(c) = 0.

Bai 3.19. Cho f la ham lién tuc trén [0, 1] thoa man
1

flxkf(az)dxzo, Vik=1,---,n—1, [2"f(x)dz = 1.
0

0
Ching minh rang tén tai z, € [0, 1] sao cho |f(x,)| > 2"(n + 1).
Loi giai:
Gia st rang |f(x)| < 2"(n+1), Vz €]0,1]
Ta co
1

1 1
/|x— —"dr = ———.

2 2(n + 1)
0



Vi vay
1 1

[@-3rs@ar< [1o-riwa

0 0
1
1
< /\x - §|"2”(n + 1)dz = 1.
0

Mat khac

Mau thuén trén ching t6 rang ton tai z, € [0, 1] sao cho

|f(zo)| 2 2%(n +1).

Bai 3.20. Cho f la ham lién tuc trén [0, 1] thoa man

jﬁ@WﬁzU

Ching minh rang f(z) = 0 v6i moi = € [a, b].

Loi giai:
Gia st ton tai x, € [a,b] sao cho f(z,) # 0. Tacé |f(x,)| > 0.
Do tinh lién tuc cua f, ton tai [a, 3] C [a,b] va e > 0 sao cho

[f@)l = e Vel bl

Khi do:
b B
1o > [ sy ze0-a >0

Mau thuén nay ching t6 f(x) =0, Vz € [a,b].

b
Bai 3.21. Cho f la ham kha tich trén [a,b] va [ f(z)dz > 0.
Chiing minh rang ton tai [, 8] C [a,b] sao cho f(x) >0, Vz € [a,[].
Loi giai:
Gia su rang v6i moi doan [«, 3] C [a,b], ton tai z, € [«, (] sao cho f(x,) < 0.

b
bat I = [ f(x)dz > 0. Xét phan hoach [a, b] boi

To=a<r1<x9<---<xTp,=0b, ri=a+1. .1 =0,n.
n

Ta c6 lim Zf(&)Al’Z =1>0véi fz S Az = [lL’i_l,JZZ‘].

T—00 £
=1
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Do vay, ton tai n, sao cho véi moi n > n, thi
- 1
> f) A > 5 >0
i=1

Chon &; € [x;_1, ;] sao cho f(§;) < 0 ta dan dén diéu mau thuan.

Bai 3.22. Cho f, g la cac hém lién tuc trén [a, b]. Chiing minh rang
b

a) (jf(x) dx) < f )2dx. [(g(x))*d.

a

1 1
b) | 2"V1 —xdx < .
)of T (n+1)vn+2
b b
c) Néu f(x) > 0, Yz € [a,b], thi /f(x)dx./%dx > (b—a)*
x
Giai: ' '
a) Ban doc tu giai
b)

/m”ﬂdm = jﬁ.mczx

<( / ) / (1= ),

1

1
1
/x”dx /x"Jrlalq:)2
0
1
+

IA

0

IN

1 3
\/ <n+1 n 2)
1 1

- \/n—l—l \/n+1.\/n+2: (n+1)vn+2

A

Bai 3.23. Cho f lién tuc trén [0,1], 0 < f(z) <1 v6i moi x € [0,1]. Ching minh rang

/1 f(@ydr < ( / f<a:2>da:)2

Loi giai: Xét
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T

Fa) = )20 2 [ F)dr e

=2f@mx—/fWMﬂ

Theo dinh 1y gia tri trung binh cta tich phan, ton tai £ € [0, 1] :

() = 2f(2*) [z — 2 (€)]
=2z f(z*)[1 = f(§)] 20, Yz €[0,1].

Vay ¢ la don diéu tang trén [0, 1]. Do vay ¢(1) > ¢(0) = 0.
1 1

Ta suy ra/f(t)dtz (/f(tQ)dt>2.

1
Bai 3.24. Cho f la ham lién tuc khong am trén [0, 1]. Chdng minh rang \/1 +(f f(:r;)dx)2 <
0

14+ (f(2)? <1+ f(z), Yx €[0,1].

deazg 1+/1f(x)da:.

* Bat dang thic con lai twong duong véi
1 1

v ([ ViFG@pa) - ( [ )

0 0
1

=1 [(VIFT@F + /@) de

0
1

=12 [ (VIFT@P + 1) ds

0

o — _

(VI+ @) - f(2))de

/ dx
0/ VI+ (@) + f(z)

Bit dang thic cudi luon ludn thod man theo Bai 3.23.

Bai 3.25. Cho f 1a mot ham lién tuc trén [0,5], va 0 < a < b, f nghich bién trén [0, b].
Ching minh rang
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.....

b/af(:p)d:p > a/af(x)dx+a/bf(x)dx

(b—a ff dx>aff

Theo dinh ly gia tri trung b1nh cta tich phan, ton tai &1, & :

b—a/f a(b — a) f(&1)

0<EH <a<<EH<bva

Vi f(&) > f(§2) nén

(b—a)/af(x)dxza/bf(x)dx

Bai 3.26. Cho a,b,c € R, a < b < ¢. Chling minh ring

c

] st <t [ s [ s,

b

vGi f lién tuc trén [a, b].

Loi giai
Gia su
( 1 c b
d — d
— [t > 2 [ fo

Kh1 do ta co

C_a/f da:+—/f )dx > ia/bf(g;)dx
<x>dx+£/f d:v>—/f
b
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— b/ f(z)dz > (b_caicb_ . /b f(o)de

B — / f(x)dz > <c_bb>_(f_ : / fonis
| / f(;dpg_a / e
- / e > L= / s

c—bb—a [ o
Suy ra/f(:v)d:c> b_ac_b/f(x)dx, vo ly.
b

b

Bai 3.27. Cho f 1a ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh rang

b
/ s wlae < P52 [(r@yar
Loi giai
V6i moi z € [a,b], ta c6 f(z ff'
Do d6 | (x).f'(x)] < [ |7(0)|dt.| /()]
Suy ra ’

/|f |dx</ /|f (1)dt) | () .

Ta c6: (f!f’ )|dt)" = | f'(x)]. Do vay
/ ([ 17017 wias = 5 [ 170
1 ; , 9
~5( [ @

(b a). / ().

<

DN | —

Ta c6 bat déng thic can ching minh.
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Bai 3.28. Cho f 1a ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh ring

- / F(a)ld < / (@)l

Giai: Ta cé

@ =15 - @l = | [ Fo

S/W@WS/W@W

Do dé6
b

/blf(x)\daré (b—a)/\f’(x)yd:c.

a

Bai 3.29. Cho f 1a ham kha vi lién tuc trén [a,b]. Ching minh rang
b b a)? b
—a
[ (@) = r@)*as < B [ (w2

a a

. X

Do d6

VAN
=
|
2
[}
@\e‘
i
S
=
IS8
5

Bai 3.30.Cho f 1a ham kha vi lién tuc trén [0, 1], f(0) = 0. Ching minh rang
1

sup |£(2)] < / (f'(x))d.

0<zx1l
0
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b
Bai 3.31. Cho f lién tuc trén [a, b] va [ f(z)g(x)dz = 0 v6i moi ham ¢ kha vi lién tuc
trén [a, b] thoa man g(a) = g(b) = 0.

Chiing minh rang f(z) = 0 v6i moi x € [a, b].
Loi giai:

Gia st rang ton tai z, € [a,b] sao cho f(z,) > 0.

Khi d6 ton tai [«, 5] C [a,b] va € > 0 sao cho f(z) >e >0, Va € [a, §]. Dat

0 néu x € [a,q]
g(il?) = ("L‘ - 06)2(1,’ - ﬁ)2a LS (Oé,ﬁ)
0,z € [8,b].
Khi d6 g kha vi lién tuc trén [a, b] va
B

/bf(x)g(x)dx > 6/($ —a)?*(z — B)*dz > 0.

«

(qui udc [a,a] = {a} néu a = a, [3,b] = {b} néu B =b.)

Bai 3.32. Cho f, g la cdc ham lién tuc don diéu cung loai trén [a,b]. Ching minh rang

/bf(:v)g(a~|—b—:v)d93§ ﬁ/bf(x)dx./bg(x)dxﬁ /bf(m)g(x)dx.

Huéng dan:
Theo dinh 1y gid tri trung binh cua tich phan, ton tai x, € [a, b|:

/bg(x)dx - /bg(a—l—b—x)dw — gla+b—x,).

Str dung
(f(z) = f(x,)) <g(a +b—2)—gla+b— :co)) <0, Vz € [a, b] dé suy ra phan dau
clia bat dang thic.

Bai 3.33. Cho f 1a ham kha vi lién tuc dén cap hai trén [0,2]. Ching minh rang

[ @ e = 570 - 250+ 52"



52

=3(—= /(1) +f(2) = f(1))".
Do d6

[ =3[ + 1) - £)

0

2

+ (= W)+ £2) = f0)]

>

(F(0) —2f(1) + £(2))".

DN o

Bai 3.34. Cho f:[0,1] = R, ¢:[0,1] — [0,1] 1a cdc ham lién tuc, f don di¢u giam.
1

bit a = [ g(x)dx
0

Chiing minh ring ff(x)g(x)dx < ff(a:)da:
0 0

\\\\\

x x 90(95)
bat p(r) = Ofg(t)dt va F(x) = {f(t)g(t)dt— Of f(t)dt
Luc do
Fl'(z) = f(x)g(x) — flp(x).¢'(2)
= f(z).9(z) — f(e(x)).9(z)
= [f(@) = f(e@)]gl@), voe0,1]
Ta c6

Do d6 g(¢(x)) > g(x), Vx € [0,1].
Tu d6 suy ra F'(x)
Vi vay F(1) < F(0) =0 hay

<
/'\

Bai 3.35. Cho f, g la cac ham lién tuc trén [a, b], f don diéu tang va 0 < g(z) < 1 v6i
moi = € [a, b]. Dat h(z fg

a) Hay so sanh
a+h(z

ff (it va G(r) = 1)

b) Chiing minh véi [ = f g(x)dz, ta c6

a

a+l

/ dx>/f



Huong dan: Tuong ty Bai tap 3.34.

Bai 3.36. Cho a,b € R;b > 0 f 1a ham lién tuc trén [0, +o0],

z € [0,+00) va

f(2) Sa—l—b/f(t)dt, Vo > 0.

Chiing minh ring f(z) < ae®®, Vx > 0. Loi giai:

+ Thl: b= 0. Ta dé dang suy ra két qua.
+Th2: b>0. Xét h(z) =e ([ f(t)dt+ ¢). Tac
0

R (z) =e(f(z) —a— b/f(t)dt) <0, Vo > 0.

Do d6 h 1a ham giam trén [0, +00) va h(z) < h(0), Vz € [0, +00).

Suy ra: ebz</f(t)dt+ ) —, Vo >0, hay

a+b/f(t)dt§aebx Vx> 0.

Vi vay f(z) < ae®, Vx> 0.

Bai 3.37. Cho f 1a mot ham lién tuc trén [a,b] va

| /b f(@)da| = /b | (@)|de.

Chiing minh riang f khong doi ddu trén [a, b]. Loi giai:

Tir gia thiét suy ra

/bf(x)d%‘Z/blf(x)ldx hay /bf(x)dxz—/blf(x)ldl‘-

b b
Thl: Gia st [ f(z)dz = [|f(z)|dz. Khi d6

b

/ (17(0)] — f(a))de =0

a

bat p(x) = |f(z)| — f(z). Ta c6 ¢ lién tuc trén [a,b], p(z) > 0, Vo € [a,b], va

fbgo(x)dx = 0.

a

Do vay: ¢(z) =0, Va € [a,b] hay |f(x)| = f(z), Vz € [a, b].
Vayf(x) >0, Vx € [a,b].

53

f(z) > 0 v6i moi
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b b
Th2: Gia st [ f(x)dz = — [|f(z)|dz. Hoan toan tuong tu ta suy ra

f(z) <0, VY € [a,b].
Bai 3.38. Cho f la mot ham lién tuc don diéu tang trén [a, b]. Dat

- [ e
Chiing minh ring

*) Flaz+ (1 —a)y) < aF(z)+ (1 —a)F(y), Yx,y € [a,b],a € (0,1).
Loi giai:
Khong mét tinh téng quat, gia stt z < y. Khi d6
r<ar+(l—-a)y<uy.

(*) duogc viét lai nhu sau

ax+(f1_a)yf< dt < aff dt+(1—a)fyf(t)dt.
az+(1—a)
= (x%) « / f()dt< (1—a) / f(t)
a ozac—i— (1-a)

Két qua trén c6 duoc bang céach thay f f (t)dt boi

az+(l1—a)

L/f )dt + (/ f )dt + (/ f(t)

az+(1—a)y
Theo dinh 1y gid tri trung binh cta tich phan, ton tai &, &> sao cho
<G <art(l-a)y<&<y

VT (xx) = a.f(&).(1 — a)(y — x)
VP(xx) = a(l —a)f(&)(y — ).

Vi f(&) < f(&) nén (**) luon thoa man.

Bai 3.39. Cho f la ham kha vi lién tuc trén [ 1] sao cho
f0) = f(1) =0, /|f Nz =1

, Vo € [0,1].

:/ dt|</|f )|t

0

DN | —

Ching minh rang | f(z)| <
Hudng dan: St dung
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ol =| [ rwa| < [ |7}

Bai 3.40. Cho f kha vi lién tuc trén [a, b], va f(a) = f(b) =0, |f'(z)| < M, Vz € [a,b].

Chidng minh rang
b
) / f(z)dz| <

Bai 3.41. Cho f la ham kha tich trén [a, b] sao cho f(z) > 0, Vx € [a, b].

(Ban doc tu giai)

b
Ching minh rang [ f(z)dz > 0.

(Ban doc tu giai).

Bai 3.42. Cho a € [0, 1]. Tim tat ca cdc ham khong am, lién tuc trén [0, 1] sao cho

/f dw—l/xf() ,/a:f<> o

Huéng dan: St dung bat dang thic Cauchy-Schwartz:
1 1 1
a= [af(z)de < \/f fo(x)dx.\/f f(x)dx = a, va diéu kién dé dau \=" xdy ra
0 0

0
dé két luan khong c¢6 haim f nao thod man.

Bai 3.43. Cho f la mot ham lién tuc trén R thoa man

/f mﬂ/) Vo,y e R,z #y.

y—x

Chiing minh rang f(x) = Az + B, v6i A, B = const.
Huodng dan: Ching minh
z+h

fla) = % / F(#)dt, Vo, h € R, h 0.
r—h

Tur d6 suy ra f c6 dao ham lién tuc trén R.
Béng cdch ldy dao ham hai v€ biéu thic 2h f(x xfh f(t)
theo h ta nhan duogc di€u cén chdng minh.

Bai 3.44. Tim tat ca cac ham lién tuc trén [0, 1| thod man

1 1 1

Jt@ras = [(r@ya = [ (@)

0 0 0



56

Huéng dan: Sir dung / [f(:c) — (f(x))?| dx = 0.
0

Bai 3.45. Tim cic gi6i han lim wu,, trong do:

L dx
a) un:f1+$n.
0

1
b) u, = [ z"arctg(nz)dz.
0

1
o) u, = [2"In(1 + 2?)dx.
0

4

d) u, =n [tg"zdz.

o

1

e) Uy = fnarctg(n:v)d:v.
0

1
f) u, = nfx"\/l — zdzx.
0
1
g) u, = [ a"tgzdz.
-
h) u, = n [ 2"tgzdz.
0
(Ban doc tu giai)

Bai 3.46. Cho f la ham lién tuc trén [0, +o0). Dat

/f

a) Ching minh ring néu hr+n f(z)=1thi hr}rl F(z)=1.
b) Chiing minh rang néu lirf f(z) = 400 thi lirJqu F(z) = +o0.

c) Hay tim mot vi du dé chi ra chiéu ngugc lai & cau a) khong con ding.
Loi giai:

a) Ta cé:
- -
0= =2 [ e —1] =12 [ () - vy
T T
0 0
J1f(8) — L]t
g — ()
T
Ham s6 G(x f | f(t) — I]dt 1a ham don diéu tang, khong am trén (0, +00).

Néu G(z) bi chan trén boi M, ta c6

’f(x)—l‘ﬁ%, Va > 0.



T d6 suy ra lir+n F(x)=1.
Néu G(z) khong bi chan trén [0, 4+00) khi d6 lim G(z) = +o0.

T——+00
Theo qui tac L' Hospital
G(x)
li = lim G'(z) = i — 1| =0.
LTy LR G = )
Do vay lilf flz) =1
b) Hudng dan: dp dung qui tac L'Hospital:
[ f(t)de
lim F(z)= lim 2 = i = +o0.
A FE) =y T = e S = e

(D€ ¥ ring lirf [ ft)dt = +00.)
T—1T00 0

c) Xét f(x) =sinz.

Bai 3.47. Cho f(z) 1a ham lién tuc trén [0, +oo) va lim f(x) =1.

T—+00
Ching minh riang v6i moi a > 0, ta c6 lirf [ f(nz)dx = al.
T—>1T00 0
Loi giai:
Dung phép déi bién t = nz ta ¢

na na

/af(nx)d:z:: %/f(t)dtza%/f(t)dt.

Theo Bai tap 3.46. thi

Do vay lim [ f(nz)dx = al.
Tr—0Q 0

Bai 3.48. Cho f 1a ham lién tuc trén [0, +00), liI_il_l =1#0,va f(0)+ f(1)+---

f(n) # 0 v6i moi n. Chling minh rang
[ f(z)dx

. 0
lim

wmiﬂ®+fﬂwk~+fmﬂ:L

Loi giai: Ta c6
[ fa)r
I | o )
Theo Bai tap 3.46, thi lim %f fx)de =1.
T=ee g

Mat khac vi lim f(n) =, nén

i LO 4 FQ) 4+ ()

T—00 n

| LT fa)de
= lim 0

n

=1.

57
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| ff(x)dx
Vay I | o )

Bai 3.49. Cho f l1a ham lién tuc trén R tuan hoan véGi chu ky T, ¢ 1a mot ham lién tuc
trén [0, 7]. Ching minh rang

= 1.

T
lim [ f(nx)g(z)dx = 0.

T—00

0

Ban doc tu giai.

Bai 3.50. Cho f va g 1a cdc ham lién tuc tudn hoan véi chu ky bang 1 trén R. Chiing

minh rang
lim fnm dx—/f dx/ x)dx

Bai 3.51. a) Cho f 1a ham lién tuc trén [0, 1]. Ching minh rang

1

lim n/x”f(x)dx — (1),
0
b) Gia su f/(1) ton tai va f(1) = 0. Hay chimg minh

1

lim ng/xnf(a:)da: = —f(1).

T—00

Loi giai:
a) Trudc hét ta ching minh Q}Lrgonflx”(f(x) — f(1))dz = 0.
Véi moi € > 0, ton tai 6 € (0,1) se?o cho
|fz)— f(1)| <e, Vo e (1-0,1).

bat M = sup |f(x)|. Taco
z€[0,1]
1 -5 1
)n/x”(f(x) d:v} <n/2Mx"dm+n/x edx
0
n

0 1-6

< (2M(1—6)""" +e).

n+1

Do d6 lim nfla:"(f(x) - f(l))dac‘ <eg, Ve >0.
0

1
Tir d6 suy ra lim nf:c f(x) — f(1))dx = 0.

T—00
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n

Do d6 lim [nflx"f(x)dx - f(1)| =0.
0

r—00

n+1

+
1
Suy ra lim n [ 2" f(z)dx = f(1).
r—00 0
b) Ban doc tu giai.

Bai 3.52. Cho f la ham kha vi lién tuc trén [—a, a],a > 0. Tim gi6i han

1—
lim Mf(x)dac.
T—00 T

Ban doc tu giai.

Bai 3.53. Cho f : [0,+00) — [0, 4+00) 1a ham lién tuc thod man

lim f(:c)/(f(t))Zdt = 1.

T——400
0

Ching minh lim f(z)(3z)3 = 1.

T——+00

Ban doc tu giai.



