PP Diém roi http://mathisthinking.tk/

Chon Diém roi

Bén chat diém roi 1a chon nhitng hé s6 phit hop cho qué trinh sir dung bat dang thic duoc thuan
loi va déu bang c6 thé xay ra. Dé roi thanh cong thi chiing ta can biét 1 s6 diéu:
e Thong thuong ddu bang xdy ra véi nhitng bién co vai trd nhu nhau s& bang nhau. Bién c6 vai trd
nhu nhau thi khi d6i chd vi tri ctia bién bai toan khong thay d6i. VD: Choa+b+2¢ =4 .Tim
Min M =a® +b* +3c¢* thi a,b 1a cac bién c6 vai trd nhu nhau.
e Do déu bang ciia BDT Co-si xay ra tai cac bién bang nhau nén ta thuong sir dung pp tach: Tach

| J4 a a a ,
athAnhmsoé: a=—+—+....+—, tach a”" =a.a...a

m m m
e H¢ s0 phu thudc vao cac yéu to sau :
+Dau bang cia BDT

+Muc dich cia BDT (ha bac, khir bién, tao gia thiét,...)

+Ti 1& hé sb trong biéu thirc can tim cyc tri va gia thiét
e Déu bang thudng xay ra tring v6i ddu bang & cac BDT trong gia thiét (néu co)
e Ta chi can chon hé sb

Bai toan chon lgc:

Cho a,b,c>0va 2lab+2bc +8ca <12. Tim min M=l+z+é

a b c

Tu duy: Rt don gian Ia tir gia thiét ma CS ta c6 a”b"c” <2 .Ro6i CS M sao cho ciing tao ra
dwoc & miu ¢"b"c’ Nhung néi la vy con lam thi sao ?

Bai gidi:
Pé M dé nhin ta dit arzl,bzl,c=l gia thiét s& thanh 2x+8y+21z <12xyz va
X y z
M=x+2y+3z
Gid thiroi z="=2 sé c6
m n
1
X y X 2m y 8n 2m+8n+21
12xy222x+8y+212=2m(—j+8n(—j+2122(2m+8n+21) (—j (—j z!
m n m n
= x21+8ny21+2m22m+8n > r)
.
i . X y X m y 2n R m+2n+3
Pén lwgt M roi M =x+2y+3z=m|— |+2n| = [+3z2(m+2n+3)|| — | |—| z
m n m n

Bai todn s& thanh céng khi m:2n:3=(21+8n):(21+2m): (2m+8n). Ta s& viét thanh
m 2n 3 {2m2 +8mn=24n+63 _  2m*>-63

- = _) 3”— .
21487 21+2m 2m+8n 161> +4mn = 6m + 63 8(3—m)

=6m+63. Gio thi dirng c6 dam diu

2 2 2
Thé vao thing thir 2 sé c6 16 2m 03| gy, 2m =03
8(3—-m) 8(3—-m)

vao giai ma liy FX sé cho ngay m =% —>n =1—5. Tir day ta ciing tim ra dugc
5 2
x=3y=—,z=—
Y 3

Important Note: Haizz! Poc xong [0i gidi trén ciing thdy dau ca dau, nhung dimg lo, muc dich
cuoi cung cua bai viet cting chi la dé cac ban lam dwoc cdc bai dé hon hoac bang o trén thi tdac
gia da mung lam roi !
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LTinh chit ha bic
e Ha bac don bién CS m bién x” va m-n hing soa

m—n n

(" +x" 4.t 2" )+ (o + o) 2 mia" " x

e Habéc dabién CS a bién x” va b bién )" s& tao ra don thuc tich xy c6 ti 16 bac 1a ‘;—’”)
n

ax" +bx" =x"+x" +..+x"+y" +y"+..y" >(a +b)“+«”/x“’"yb"

Nhan xét:

-Ha bdc cho phép ta mé ta f(a,b,c...)tir g(a,b,c...)trong do bdc cua g lom hon f

-DPiém roi givp ta chon m,n, a
Chu y:

-Hai dang néu trén chi mang tinh tiéu biéu con trong qud trinh lam bdi xin nhé cho nguyén tic:
Mbi 56 déu cé thé tach thanh m s6 nhuw nhau va CS ciing hé s6 a (da thite bdc khéng) ->khi dé bdc sau
CS sé thay doi.

VD1.Cho a,b,c>0, a+b+c=3TimMin M =d’ +64b” +¢*

Do a,c ¢6 vai trd nhu nhau nén ta gia sir ddu bang xay ratai a=c=m, b=n=2m+n =3 (*).Khi d6

@ +m’+m’ >3m’(a) [=>d¢ dung duoc giai thiét thi hé s ciia a,b,c bang nhau tirc
a +m’ +m’ >3m’(c) |3m* = 64.3n> (**)
64b° +64n’ +64n’ > 64.3n° (b) | T (¥) va (**) rat thé ta c6 m=24/17 va n=3/17

VD2.Cho a,b,c>0, 2a+4b+3c* =13TimMin M =a” +b* +¢’

Gia sir ddu bang xdyratai a=m, b=n, c= p = 2m+4n+3p*> =13 (*).Ta CS nhu sau

a’+m’+2>2m(a)

2
B 4n’+22n(b)  |=> dé ding duoc gidi thiét thi —2zﬁ - %T” - % (%)
c+p+p =3p*(b)
2
Xt Iy (*) va (**) bang tinh chat ddy ti s6 bang nhau c6 27m :4—; = 3% :% =>m=1,n=2p=1

VD3.Cho a,b>0, a>+b° =5.TimMin M =a’ +b°

Gia sir ddu bang xay ra tai a =m, b=n= m*+n’ = 5(*).Ta CS nhu sau
3 3m2

3 > _m_+ (aZ)

a+a +m’>3m’(a’ a = , 2 5

{ @) 2 =>d¢ dung dugc GT thi 3m” _6n

= 7
6 6 6 6 6 6> 5 5 6 5 2 5
b”+b"+b"+b"+b" +m” 261 (b) b(’Z—n; +6Z %)

**)

Tir (*) va (¥*) ta 6 thé rat thé dé co m® = %, n = %

VD4. Cho a,b>0, a’h’ =2011TimMin M =a’ +b’

Ta khoan quan tim dén dau bang ma hiy dem CS m 56 a’ va n s6 b’ nhu sau:

7 7 7 1.5 1.5 15 Tm1.5
a  a a b b "p"

2 qa e Im 2
—+—+.+—+—+—+...+— 2 (m+n)"y——— =>d¢ dung dugc gidi thi€t thi — =— nén ta
m m m n n n m'n S5n
7 5

chon m=10 va n=21. Dau bang xay ra khi - va a’h* =2011(ludn co a vab do !)

VDS5. Cho a2+b2+cz+£ab=4TimMax M =ab+bc+ca
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Gidng nhu VD1 déu bang xay ra tai a=b. Ta CS nhu sau:

@’ +b >2(ab) |=>Tadalam xong qud trinh m td cdc bién |x(a’®+b°)22x(ab)
nhung the 1a chua du vi céc bién con
mang theo minh hé s6. Lan luot nhan cac R 5
b* +mc* >2m(bc)| BDT voix,y,z,t ta s¢ c6 hé thic z(b” +mc”) 2 2mz(bc)

ab = (ab) tab > t(ab)

a’ +mc* >2m(ac) y(a® +me?) 2 2my(ac)

Gio thi s& can ¢o

x+y x+z m(y+z) t
11 1 16/25

2x+t=2my =2mz (Look at M)

=1 (nhin vio GT) __ [y =z
t=16/25

X4y _2my . (x=9/50

o b a0

16
2x+—=2m = 41
25 y m=50/

C6 m roi thi ddu bang con chila kho khi a=b=c /i—?, a’+b* +c +£ab = 4 Théi ty giai tiép nhé.

1L Tinh khir kiéu tich

Xét phan s6

SEN

e Khi ndi phan sd: ta phan tich B thanh nhén tir va tach A 1am céc thira s6 sao cho sau CS

. A i A+A+.. A A,..
¢6 duoc diéu minh muon — 4, > i
B, .B,... B,.B,...
e Khi md rong: phan tich B thanh nhan tir ri cong ca phan s6 voi cac nhan tir ciia B sao

+ B, +Bz...2?\7/z

cho CS ¢6 duoc diéu minh muon

1Dy e

Nhdn xét:
-Viéc nhin nhan B,,B,... kha dé dang
-DPiém roi givip ta chon hé sé cho cdc bién dem CS sau cho phit hop
3 3 3 2 2 2
VD1.Cho x,y,z>0 thod man x+ y+z=3CMR: X Y L7z zi—w.
y3+8 z3+8 x*+8 9 27

Vai tro X,y,z nhu nhau nén déu,bﬁng khi chung bang nhau va bang 1.
Ta phan tich bai toan dé tim bién CS nhé :

x° x°

Y48 (y+2)(y’ -2y +4)

X 1 2 X y+2 )/2—2y+4 X

=—, (y+2)=3, (y“ -2y +4)=3 nén ta s& lam nhu sau + + >

y +8 9 Vig 27 27 3

10(x+y+2— (X +y +7)-18 _ 12—(X+y’ +7)
27 27

nén ta s€ chon thém 2 biéu thire (y+2), (y2 —2y +4) dé thuc hién.

Nhung

Lam tuong ty co6 VT>

(Enoy!)

4 3 2
VD2.CMR 4+ 2 5004 bv6i abie>0
bc ca a
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Nhin vai tro a,b,c khong hé nhu nhau nhung hay cir thir cho a=b=c ta dugc dau bang.
Neéu duogc the thi cung thu licu xem

4
a
——+b+b+c=4a
c
b’ at bp o
—+c+a=3b = ——+—+— >2a+b Bainay xody that !
ca b’c ca a
2
c
—+a2=2c
a

2 2 2
vD3.oMR —4 0 16¢ S L aea_byvsi abie>0
b+c c+a a+b 9

Nhin di: a,b ¢6 vai trd nhu nhau nén ta s& dat a=b=mc thi dau bang xay ra tai

? ? 16¢> 1 2m’ 2

(me)” , (me)” 16 S 1 6ac—me—mey s 2"+ 8 2230 m
mc+c c+mc mc+mc 9 m+l m 9
Nhét vao Fx570ES sé& cho ra m=2.Va khi d6 ta s€ lam nhu sau:

2

a +i(b+c)2ia
b+c 9 3
2 2 2 2
b Aareyxdps 0 16 L e apy
c+a 9 3 b+c c+a a+b 9
2
16¢ +(a+b)=8¢

VD4.Cho x,y>0 x+y=4 Tim Min M = 2x+3y+§+&
Xy
6
—+mx =>2+6m R - 5
Ta CS nhu sau X => Dﬁu béng Xéy ra tai B = \/: 4+ — = 4(*)
ny* =10 m \n

1
—0+ny > 210y
y

Va phan con lai cia M 1a (2—m)x+(3—n)y dé giai quyét duoc can 2—m =3—n hay n=m+1(**)

Tu (*) va (**) ta co \/E +3 ’ﬁl =4 nhét va may tinh di s€ cho m=3/2 -> n=5/2
m \m+

VD5.Cho a > 2Tim Min M :aJrL2
a

C()déubéngléla=2réithicﬁthémélémM=§a+%+g+gzi.2+3i/12=2
4 a8 8 4 8 4

VD6. Tim Min M = (1+x)(1+2)(1 +—=)
X

N

Ta s& CS 1+x bing cach tdch I thanh a sé vi x thanh b sé. Khi d6 sé tao ra “%/x” . Va thing nay chi

b
c6 thé khir khi CS (1+2) bing cach tdch I ra a sé va 2 ra b sb tic tao ra a+,b/y—b Néu 1am nhu vay
X X X

2
déu bing xdy ra tai lz%zlzyzxz - M ={(1+x)(1+2)} — (104 x+2)> Thé nay thi x chi c6
a X X

xb
thé bang 3 va ys& 14 9. Loi giai chuén nhu sau

2
X X x y oy oy 3 3 3, x ¥ 3’
M=0A+=+=-+)1+—+—+)l+—F=+—F7=+—F) 2442 4 =256
s o n T ey iy
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xyz

VD7.Cho x,y,z>0 Tim Min M =
(14+3x)(x+8y)(y+92)(z+6)

Ta s& CS mdi thira s6 cua tich nhu sau

(1+3x) tdch I thanh a sé 3x thanh b sb s& tao ra bién “Yx" va déubéngtailz%
a
Dé khir duoc x (bacl) ¢ tir thi (x+8y) tdch x thanh a sé va 8y thanh b sé s& tao ra bién “¥/x*)y’ . Dau
béngtaifzg—y
a
Lap luan tuong tu co
4
1 _3x|x_ 8y »y_92 Ezézﬁzizl:iziz(Lj SR S S R
a bla bla bla b b 3x 9z 8 6 3x 3.9.8.6 2 b

Loi giai hoan chinh nhu sau
3x 9z

(1+Z+...+3—6x)(x+8%+...+8Zy)(y+z+...+9—6Z)(z+1+...+1)274xyz

X —x+3

NI

VDS8.Tim Min M =

Ta cd V1-x* =+/1—xA/l+x+x* nén can tim m,n sao cho

m+n
ml—x)+n(l+x+x)=x>—x+3=n"+(n—m)x+m+n=>n=m-n=

=>m=2,n=1.

2 2
X —x+3:2(1—x)+(1+x+x )22\/5

\/l—x3 \/l—x3

Bai toan dugc giai nhu sau M =

VD9.Cho x—i—\/g—i—élxy =§ CMR M =x+y+z21

Tas€dicm BPT sau x+ y+z > %(er\/E +3[xyz) .Dé CS ta can tich x lam 3 s6, y lam 2 s6 nhu sau

x+y+z=£+(£+ZJ+(£+£+2J2@+2,/i(\/5)+33 i(nyz).Ta s& co6 dugc hé sau
b d c e a bd ce

a

4
1 [ T 3 “73 11
—=2 —=3i/:= (look VP) 3 E+—:1
a bd ce 4 el —Cyva e
1 1 1 1 1 , y bd '8 1 1 1
—+—+—=—+—=1 (cach tach) —+t—=—
a b ¢ d e i_(lf b ¢ 4

ce 4
2 3

Rut thé lung tung ta s& ¢6 G/ | c(lj —1.Nho FxST0ES cho c=16 rdi thé 1a b=10 =4, d = 4

1/4-1/c 4 3 3

Loi giai sau khi c6 dau bang x +%\/x.4y +%§/x.4y. 16z < %(x +y+2)

IIL.Tinh khir kiéu tong
Ta thudng tich tir 4” thanh m bién A rdi dung diém roi chon hé s6 phii hop cho céc bién

VD1.Cho x €[0;2]Tim Max M =x’(2—x)’
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bé khnr dugce hét x ta phan tich M ra cac thira sO x bac 1 va chon hé s6 cho chiing nhu sau

3 502-x)\"
2-0Q-02-02-02-9_| m" " n 3 53{m=3

X
m n n n n n m+n m n n=>5

M:

§.|><
3 | =

VD2. Cho x €[0;1] Tim Max M =13/x* —x* +9vJx* + x*

2 2 2 2
Ta lam nhu sau E\/mxz(l—xz)+2\/nx2(1+x2 SE.mx +§1 al )+2.nx +(21+x )
m n m n
Dé d4u bang xay ra va khir hét bién x thi
m’x’ =1-x’

m>+1=n"-1 Lai nho Fx cho ta

130-m*) 9(n* +1) 130-m*)  9(m* +3)
= & o 2 = = 1 3
m i 13(1—m ):9(11 +1) " \/m2+2 mzzjnzE
22 m n
nx =l+x
1V.Bai todn kho

1.Dung céc phép thir don gidn tim diu bing

VD1:Cho a,b,c>0, a+2b+3c>20CMR M:a+b+c+£+zib+125(a=2,b=3,c=4)
a c

VD2:Cho a,b,c>0, ab>12, bc 28 CMR M=a+b+c+2(—1—+i+i)+i2£(a=3,b=4,c=2)
ab bc ca abc 12
3 3 3
VD3:CMR L4 20, 3¢
bec  ca ab

VD4:Cho (a* +a+2)(b+1)*(c’ +3c) =64Tim Max M =a’b*c’ (a=b=c=1)

>22a—12b—24cV6i a,b,c >0 (a=2b=4c)

VD5:Cho a = max {a,b,c} Tim Min M =%+z N2 433014 @=p=c)

C a

2.Gia thiét lra

VD1:Cho 0 < x <2 Tim Min x"” +L

2011
X

D3 1a Iira thi ¢t Jam binh thudng ma tach x**° ra 2011 sb con % ra 1995 s6
X

az4,b=2, c=1995

a+b+c=2011 Tim Max M = abc

VD2:Cho {

Bai toan nay thi khong don gian. Néu nhin vao bai toan ta s& thay ca 3 bién khac biét nhau rat nhiéu.
Tuy nhién hay xem dén 1995 duong nhu dac biét hon ca 4 va 2. Ta c6 thé du rang dau bang tai a=b=8
va c=1995. Khi do

8M =[8(2011~a~5)](1995 ~b)(1995~a) < {8-2011+1987(a +b)

3

} <15960°

V.Vai cam nhin nho

*1.Cho x €[0;1] CMR ~£> =2t +3 +/£> +4t+6 <2 ++/11
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Dau bang khi t=1 nhung néu ta CS s€ co

2_
JE—2u+3 4P +di+6=+2.|" 2’*3’1 JIL |46 _ﬁ(f 2+3 f Lrdes
11 2 2 11
(£ \/7 Zm_ﬁ t+\/§+\/ﬁ
2 1 2 2

..=>Qua bai toan nay t6i mubn noéi rang khong phai bat cir khi nao c6 déu bang ciing c6 thé lam
duogc. Bai toan trén binh phuong 1én rdi xét hi€u s€ c6 dép an !

*2.Cho x,y>0 va x+y =1 Tim Min § =31+ 2x> +2,/40+9)"

Ta s& ding B.C.S nhu sau S = /(> +5°)(1+2x%) ++/(c* +d*)(40+9y%) = a+~/2bx + 2/10¢ + 3dy

A +b*=9; *+d* =4 |a=1
’ ’ b=2/3

Viéc chon a,b,c,d théa man — = 2%; 4—? = 9% =
a b d c=2410
X+y= 1 d=2

..=> Nhu vay khi ¢4 nim duoc nguyén Iy hoat dong ciia pp nay ta c6 thé dung né véi moi loai BDT
chir khong riéng gi CS. Sau day s€ 1a mot vai vi du

PP phén phéi lgi
33 373 33
Cho a,b,c>0 CMR >b a2 + > b2 + >a 02 <a+b+c
ab+3b bc+3c ca+3a
3 33
Khong thé lay atb_3b - nén ta nghi dén viéc tim m,n & ma +nb — 3b a2 20
ab+3b ab+3b

Ciing ¢6 nghia 13 (ma +nb)(ab+3b*)—(5b° —a’) =a’ + ma’b+ (3m+n)ab® +(3n—5)b> >0
f(x)=ax’ +bx’ +cx+d
f(x)=0

Chia cho b’ va dat x = % = f(x)=x"+mx’ +Bm+n)x+(3n—5)>0 .Diu bang lai xay ra tai x =1nén

thi f(x)>0 Vx < 3ax,’ +2bx, +c =0

Kién thirc bé tro: Cho {

o {f(l)=1+m+(3m+n)+(3n—5)=0 {mz—l
ta co hé &
3+2m+(Bm+n)=0 n=2
5b° —
ab + 3b2 a
Chii ¥: Pdy la mot ki thudt kha manh trong chieng minh cdc bai todn phén thire ¢6 bac vica phdi.Kién
thirc b6 sung chinh la dao ham bdc nhat cia cac ham da thire tuy nhién khéng can hiéu gi vé né ban
chi can nhé la véi ham da thire bdc 4 ta sé di xét 4ax’ +3ax’ +2bx + ¢ =0.Cdc bdc nhé hon thi coi
nhuw hé s6 bdc lom bang 0.
DSau khi doc xong bdi todn trén ching ta sé cé cdi nhin tong qudat hon kha nhiéu cho cdc bai béo
“Hanh trinh di dén bai todn tong qudt” (THTT sé 371 thang 8/2008) va “Mot phuong phdp chitng
minh bat dang thirc”(THTT s6 403 thang 1/1011)

Trd lai bai toan ta c6 (—a +2b)—

>0 f(x)=x —x—x+1=(x=1)(x +1)>0(x—Zj

Bai tdp cho pp diém roi
a,b,c>0

1. Cho 47 Tim Min M =3a’ +4b* +5¢°
a+b+c=—

2. Cho atb+c=2011. Tim Max M = a*b*c"”
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2

20+1+d+—
3. Cho 0<b<a<4, a+b<7,2<c<3<dTimMin M =—€ _d

a’+b°
4. Cho a,b,c>0 va a’b+b’c+c’a=1.TimMin M =2(a’ +b*)+c’
2 2 2
5. CMR Véi ab,c>0 thi %+b—+4i > a+3b
c a

6. Cho a,b,c,d>0 va c+d=4, 4a” +b*> =2 . Tim Max M=2ac+bd+cd
3 3 2

a + b +-£ > a+—

b(c+a) c(a+b) b+c 2

8. TimMax M = (x+z)(y+1) biét x* + y* +2z° +2¢* =1

9. Tim Min M:x+£+ 4(14.12}

7. CMR Véi a,b,c>0 thi

2x b
10. Tim Max M =2x++1-4x—x"
11. Biét x,y>0,z>60,x+y+2z=100. Tim Max M = xyz
12. Cho x,y,z>20va x+ y+z=1 Tim Min M:m
Xyz
13. Tim cuc tri M =x(99+~/101—x7)

14.Cho x,y,z>0va 3x> +4y° +5z° =xyz TimMin M =3x+2y+z

a,b>0 b
15. Cho { Tim Min M =32%+19992
1>a+— b a
b
16. Cho 3x* +2y* +z° <1.Tim Tim Min M " w 4
¢ ca ab

Bai tap rén luyén ki nang sw dung Co-si
LT3:Cho 0<x<3, 0<y<4.Tim max M =(3—x)(4-y)2x+3y)
LT4:Cho ba s6 duong a, b, ¢ thoa a* + b>+ ¢ = 1. Ching minh:

a__ b L 23\/5
b2+c2 c2+a2 az+b2 2

2010 2011
J’_

LT5:Cho x €[0;1]Tim Min M =
a l-a

\/E+a+b
a+b \/a_b

LT7: Cho a,b,c>0 va a* >b* +¢* Tim Min M = b

LT6: Tim Min M =

2009 +2010v1—x* +2011

NI
) 32 L.
LT11: Min M =2a+—————— Vv6ia>b>0
(a-b)(2b+3)
a’ b’ ¢’ a+b+c
+ + >
b(c+2a) c(a+2b) a(b+2c) 3

LT16: Cho x,y,z>0 va xy+yz+zx=3 Tim Min M = L + 4
xyz. (x+y)(y+z)(z+x)

LT17: Tim Max M = x*(1-x’) v&i 0<x<1 rdi tim lién hé cho LT4

LT10: Tim Min M =

LT15: CMR Véi a,b,c>0 thi
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