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1 1 1 1
TomlaltaluoncoS_1+2—|—3+ +72+71(m0dp)
Theo dinh 1i Wolstenholme ta c6

1 1 1 1

I+-+5+- +7+7:0 (mod p) = S=0 (mod p)
2 3 -2 1

=S :p [

Vi du 5.14. Cho cdc 56 nguyén khong am i;j;n thod man : i+ j < n.
Chatng minh rdng:

L& giai.
Khong mat tinh

Tm( (){
=3 (7)

Xét biéu thiic

quat gia st 4

)=(
)0

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



138 5.3. Cac bai toan
n
_(n n n— 1
- < > "2 <n p) (1+a2)"

(oo fiest)

:< >(1+a:) 2+ z)""

Vay F(z) = <T;> (1+2)"(2+2)"" va A; 1a he s6 clia 27 trong khai

trién ctia F(z).

Dé thay 1a he s6 clia cac don thitc clia x ¢6 bac bé hon j trong khai
trién (2 + z)"~" déu chia hét cho 2"~/

Do d6 2"~"77|A;. Day la dpem. [ |

Vi du 5.15 (Australia MO). Tim gid tri k tu nhién nhé nhdt sao cho

50
V"Zm‘M(nianN A
Loi giai.
Trude hét ta chiing minh :_1 <2m> ez
Ta co:

() (-2 () ) S
) e () ()

Gia stt cho truéc so6 m € N. Vivéin =m, s6 —— =

m+n+1l\n+m

P phai 1a s6 ty nhién nén gia tri phai tim k& € N phai chia hét
m
cho 2m + 1, vi thé k > 2m + 1.

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

I Tai liéu tham khao

[1]
[2]
[3]
[4]
[5]

http://diendantoanhoc.net/forum/
http://www.artofproblemsolving.com/
http://www.math.net.vn
http://forum.mathscope.org/
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170 6.5. Bai tap

BAI 2. Chitng minh réng v6i moi s6 tu nhién n > 1 ching ta co:

- n\ > 2n —1

>(r) ()

r=1

BA1 3. (IMO 1989) Cho n,k la cic s6 nguyén duong va S 1a tap hop
gom n diém trén mit phang théa méan:
(1) Khong c6 ba diém nao thuoc tap S thang hang.
(2) Vé6i mdi diem P thuoc tap S thi c6 it nhat k£ diém thuoc S
cach déu véi diém P.
Chttng minh rang: k < % +2n

BAr 4. (IMC 2002) Trong mot cudc thi toan hoc ¢6 200 sinh vién tham
du. Ho duge dé nghi giai 6 bai toan va mdi bai toan duge giai
dang béi it nhat 120 sinh vién . Chitng minh rang luon c6 hai
sinh vién ma v6i mdi bai toan thi it nhat mot trong hai thi sinh
nay giai dung bai toan do.

. . s k!

BA1 5. Chttng minh rang: Z Eilleal il

thoéa man ky + ko + ... + k, = k.

BAI 6. Cho m;n la nhitng s6 nguyén khong am . Chitng minh ring :
E(m'n):i(—l)k OV A
’ P k)J\m—k—n

Véi m > 2n

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

= n”, trong d6 bo (k1, k2, ...y kn)
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. . k
Gia st k = 2m + 1, the thi v6i n = m, s6 duong —— notm
n+m-+1\ 2n

14 s6 ty nhién va v6i n > m né bang
2m+1 2n _ (1 n—m 2n
n+m+1\n+m) n+m+1 n+m
[ 2n (2n)!
\n+m (n+m+ D!(n—m—1)!

(i)~ )
= — S/
n-—+m n+m+1

Vay gia tri k nhé nhat biang 2m + 1. [ |

Vi du 5.16 (T8/419-THTT). Tum tdt cd cdc cap s6 nguyén duong n, k

théa man diéu kién
3n
( n ) ! A

Loi giai.
Ta co6:
<3n> =3"nk
n
aln) ~ 0"
(3n—2)!(3n —1).3n -
m2(n—1)l2n—1)1 °
- (3n—2)! 2377 Iphtl
(n—1)!2n—-1)! 3n-1
Vi

(Bn-2)! <3n—2

n—1 _k+1 : _
e )ez;»z.:a 30— 1 (5.4)

n—1

Lai ¢6 (3,3n —1) =1 va (n,3n — 1) = 1 nén tit (5.4) suy ra

2 :3n—1=3n—-1<2=n<1

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



140 5.3. CAac bai toan

3n 3
Do d6 n = 1. Ta dugc ( > =3"nf o <1> =3.1%

n
Déng thitc nay théa man véi moi s6 k nguyén duong.
Vay cép s6 (n, k) can tim 1a (1,%) v6i k 1a s6 nguyén duong bat ki. W
Nhan zét. Cé thé giai bai toan nay bang cach khac nhu sau:
Véi n = 1, ta c6 két qua nhu trén; véi n > 2, bang quy nap ta ching

N 3 .
minh rang ( n) / 3" nén bai toan khéng thoéa méan.
n

Vi du 5.17 (IMO 1974). Chiing minh rang véi moi s6 nguyén duong

n thi .
2 1 .

S (onia)2 45

k=0 T AN
Lai giai (1).
Ta co6: . .
LSS

2k +1

k=0 k=0
Mat khac vi 16 chia 5 du 1 nén ta c6:

271 + ]. 23(n7k)
2k

, 1 2!
3(77’_7“) —= —
2 =5 = 5w (mod 5)

n . 2n+1 3k —
Suy ra 2 .;<2k+1).2 = Son41 (mod 5)

n
. 2n+ 1Y\ .
VOl S2n+1 = E < o >27'

k=0

n
2n+ 1Y
Do vay, gio ta sé di tinh Soy, 41 = Z < n2;<:i_ >2Z
k=0

2n+1 .

Xét ham sinh f(z) = (1 + 2v/2)"H = ZO <2nl—|— 1> 2¢ theo dinh 1i
1=

RUF thi:

Sonit = 5(H0) + (1) = 5 (14 VB + (1= VB

N
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Déyriing 0 = (1—1)" = i (—1)’ (:) =1- i(1)“<:>.

i=1

—
<

T
Vay ching ta co Z (-1)"
i=1

) =1, tiic 1a z duge dém 1 lan &
vé phai.
Vay nguyén 1i bu trit duge ching minh. |

Nhan zét.

Qua mot sd bai toan va vi du & trén cac ban c6 thé thay, phuong phap
dém bing hai cach dugc dién td bing ngon ngit hoan toan dé hiéu.
Bang cach dé ching ta c6 thé ap dung giai dude nhanh gon mot s6 bai
toan ma cac phuong phap khac to ra kém httu hiéu va phic tap hon.

Bén canh wu diém trén thi phuong phap dém bing hai cach ciing c6
nhiéu nhuge diém va tuong déi yéu déi véi cac bai toan phiic tap (nhu
téng dan dau, tong chita phan thiic). Van dé quan trong trong viéc sit
dung phuong phap nay do 1a ta phai phan tich duge dé bai dudi dang
mot bai toan dém! Diéu nay can t6i sy quan sat va kha ning nhay
bén ctia mdi ngudsi. Tuy nhién con mot sd cach nhan biét dau hiéu va
chuyén ddi he théng cho phuong phap nay, song do thoi gian gap rit
nén tac gid chua c6 diéu kién gidi thieu dén ban doc trong chuyén dé
nay.

Hen g#p lai cdc ban vao mot dip khéc!

Sau cling, mdi ciac ban ciing luyén tap véi mot sd bai toan sau:

6.5 Bai tap

BAI 1. Chitng minh réng v6i moi s6 tif nhién n > k£ > 1 ching ta cé:

) e

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




168 6.4. Ung dung dém hai cach gidi cac bai toan roi rac

T do6 ching ta co:

h (1;:) T k(k—1) _

Vi du 6.17 (Nguyén li bl tri). Cho Ay, As, ..., Ay, la cdc tdap bdt ki
Khi do ching ta co:

n

U

i=1

n

=D A= > AN A+

i=1 1<i<j<n

+ DY A NN A+ A

1<i1<...<ip<n

Loi giai.
Xét mot phan tit z bat ky.

n
e Néu z khong thudc U A; thi z khong dudge dém lan nao & vé trai,
i=1
cling khong duge dém lan ndo & vé phai.

n
e Néu z thudc U A; thi z dude dém mot 1lan & vé trai. Ta ching
i=1
minh z ciing dude dém mot lan & vé phai. Nhu thé, mot phan
t x bat ky dugc dém nhu nhau & ca hai vé, do d6 hai vé bang
nhau.

n

That vay, vi = thuodc U A; nén z thudc vao mot so tap con A;.
=1

Gia sit z thuoc r tap con. Khi dé z sé duge dém r lan & tong thi

2 £ . r X a2 - . ~ ~
nhat ¢ vé phai, <2) lan & tong tht hai,... Nhu vay, x sé dugc

dém Y (~1)i! <:) 1an & vé phai.
=1

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

5.3. Céac bai toan 141

Day 1a mot con s6 quen thuoc, 14+v/2 vd 1—+/2 1a 2 nghiem ciia phuong
trinh 2% — 22 — 1 = 0 nén Sa,,1 13 cong thic tong quat cia mot day
s6 cho béi cong thitc truy hoi :

Upt2 = 2Upg1 + Up

Va ug = 1;u; = 1 nén u, khong chia hét cho 5. [
L giai (2).
n
. 2n+ 1\ 3
= 2
Gol Sn kz_o <2l<: + 1>

Vi 2% = 8 = 10 — 2 chia cho 5 du —2, nén 2% chia cho 5 ¢6 s6 du bing
s6 du ctia (—2)" khi chia cho 5. Do d6, ta chi can chiing minh S,, /5

n

. 2n+1
voi Sp =) (-2)° (% + 1)
k=0

2n+1
Pat R, = > (—1) 2%
st n k_o( ) < U >
Theo khai trién nhi thitc Newton ta c6:

n

) 2n+ 1Y ,. )

(1+iv2)> 1 = Z < i )(1\/5)’€ =R, +iV28S,
k=0

Lay module 2 vé suy ra 32""! = R2 4 252

Vi 3271 = 3.9" chia cho 5 s& ¢6 s6 du 1a £3 nén néu S,,:5 thi R? chia
cho 5 sé du +£3.
Nhung R? la binh phuong ciia mot s6 nguyén nén chia cho 5 chi c6 thé

du 0;1;4. Mau thuin nay ching té6 S,, / 5. Vay ta c6 dpem. |

Vi du 5.18. Cho p la mot s6 nguyén té va cdic so tw nhién m,n,p théa
m

man 2 <n <m va (p,q) = 1. Chiing minh rang (qp > AN
n

Lai giai (1).

Viét s6 tu nhien n duéi dang n = kp® v6i (k,p) = 1;k, o € N*.

Néu o > n thi n = kp® > kp™ > p”. Diéu nay vo Iy vi vay a < n — 1.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



142 5.3. CAac bai toan

@Y (" Z e (P
n kq~ k kqgo—1

ap™ ! ) ™ -
Do (k,p) =1 va la s6 nguyén duong suy ra ph e
kpo—1 n
Ma o <n—1nénpm @:pmntl
Tit d6 ta c6 diéu phai ching minh. [ |
Lai giai (2).
Ta co:

<qpm> _ " (g™ = 1)(gp™ —n+1)

n o (5.5)

Goi a va b thit ty 1a s6 mii cao nhét cia p trong phan tich tiéu chuan
m

ctia tt vd mau trong (5.5) thi <qp > Tt
n

Nhan thay a > m.

b

m n V?J ¥ HJ véi k € N*, p* <n < pht!
p p p

1 1 1 n
<n 7+7+...+—k <—2Z5%Zn
p P P p—1

Néena—b>m—n+1. Do doé ta c6 dpcm. |

m
Nhan zét. Ta c6 két qud manh hon <qp > DpmTnt,
n

Vi du 5.19. Cho p la 56 nguyén té va n la s6 nguyén thod méan n > p.
Chatng minh rdang :

n—+p 2_ n+2p\  [(n+p). o
D 2p 2p P AN

Chuyén dé Dang Thic TS Hop
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Do hai cdch dém c6 cling s6 luong nhut nhau nén ching ta cé: T,n! =
n—2

n""“nl. Vay T, = n" 2. Dinh 1i dugc ching minh. [ |

6.4 Ung dung dém hai cach giadi cac bai toan roi
rac

Vi du 6.16 (H(’Sng Kong 1994). Trong mot truong hoc cé b gido vién

va ¢ hoc sinh théa man cic diéu kién sau:

(1) Moi gigo vién day ding k hoc sinh;

(2) Ci hai hoc sinh bat ki thy hoc chung ding h gido vién.

Chitng minh rdng:

k(k—1) AN

Loi giai.

Néu gidao vien T, day hai hoc sinh S;, Sj(i # j)thl ta coi T,;S;,S; 1a
mot bo ba c6 dang {T};S;, S;} va tdng tat ci cac bo ba {T};S;, S;} 1a
S.

e Dém theo cach 1 Véi médi gido vien T, Thay gido (hoic co
k
gidao) day k hoc sinh nén c6 <2> bo {T};5;,S;}. Vi truong hoc

6 b gido vien nén tong s6 bo {7755, 5} 1a S = b(g)

e Dém theo cach 2 Dya vao diéu kién ct hai hoc sinh S;, S;(i #
j)hoc chung dung h gido vién. Do d6 chung ta cing c6 h bo
{T}; S;, Sj}. Vitruong hoc c6 ¢ hoc sinh nén ching ta c6 (;) cach
chon S;, S}, (i # j) nén ching ta ciing c6 tong sd bo {T;;S;, S;}

c
la S=h
v5=0y)

Vay theo ca hai cdch dém trén ching ta co:

i) -1(6)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




166 6.3. Ung dung phuong phép dém giai cac bai toan do thi

Goi A1, As, ..., A, 13 n ngudi trong budi hop dé. Khi d6 méi cap (4;, Aj)
diing dé chi ngusi A4; bat tay nguvi A;.

Goi z; 1a s6 lan bat tay ctia ngudi A; va y la tong s6 lan bit tay xay
ra.

n
Mot mit ching ta c6 s6 lan bét tay clia cac cap (A4;, 4;) 1a Zl‘l vi
i=1
mdi ngudi A; c6 z; cach chon bat tay véi ngudi A,
Mt khéc, s6 lan bat tay xdy ra gitta hai cap (A;, A;) va (A;, A;) 1a 2y.
n
Do d6 theo nguyeén li dém bang hai cach ching ta co: Z@ =2y
i=1

Tu dé ta c6 diéu phai chiing minh. [ |
Vi du 6.15. (Dinh li Cayley) C6 n" 2 cay dugc tao ra bdi n dinh phan
biét. A
Lo giai.

Cong thic Cayley dugc coi 13 mot trong nhitng cong thic dep nhat
ctia toan hoc 1i thuyét dd thi. Dé chitng minh cong thiic nay ngudvi ta
c6 nhiéu cach giai khac nhau, ¢ day ching toi xin trinh bay cach giai
bang ki thuat dém bang hai cach cho cong thitc nay.

Goi Ty, 1a s6 cay dudc tao ra tit n dinh.

e Dém theo cach 1
Ta chon mot dinh trong s6 n dinh lam gbc va chon mot trong
(n—1)! ctia n — 1 canh dé tao thanh mot day canh c6 huéng. Khi
d6 téng s6 day canh dugce tao theo cach nay 1a: T,n(n—1)! = T,nl.

e Dém theo cach 2

Dé dém s6 day cach c6 huéng ta c6 thé xay dung cay bing cach
b6 sung timg canh mot vao n dinh da cho. Gia sit ching ta da bo
sung n — k canh thi ta thu dugc mot rimg ¢6 k cay, c6 n(k — 1)
céch chon canh ké tiép dé bo sung ma dinh dau ctia né la mot
trong n dinh, dinh cudi ctia né 1a mot trong s6 k — 1 gbc clia cac
cay khong chita dinh dau. Dém theo cach nay chiing ta c6 tong
s6 cach chon la:

H n(k—1)=n""1(n—1) =n"2n!
k=2

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Loi giai.
Trudc tién ta co:

o) -5)- (5
- -0)- )

SR
(- (3)()

' 2 ) .
Ma <n> + <n + p) -2 (n —l—p) 1a hé s6 ciia 2 trong khai trién:
p p p

(I+2)"+ 1 +2)" % =21 + )" = (1 + 2)" (1 + )P — 1)

(1t (z @xz)z

2
Dé théy trong khai trién < (p) xl> thi hé s6 ciia 27 1a
i
P\ [ p
X ()
i=1 J

Do d6 he s6 ciia zP trong khai trién (1 4 )" (14 2)P — 1)* chia hét
cho p?, ta c¢6 dpem. [ |

p

=1

Vi du 5.20 (Nghé& An 2011-2012). Cho so6 nguyén t6 p > 3 wva tap
hop M = {1,2,...,p}. Vi méi s6 nguyén k théa man 1 < k < p ta dat

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



144 5.3. CAac bai toan

cEy={ACM:|Al =k} vax,= Z (min A + max A).
A€E)
Chatng minh rdang:

-1

Zxk <Z> =0 (mod p?)

k=1

S

L& giai.

Gidsu A = {ml;mg; ,mk} € Ey.

Suyra A" ={p+1—mq;..;p+1—my} € Ex. Ta c6 nhan xét sau:
Néu m; = min A thi p+1 —m; = max A’ vi m;, = max A
thip+1—my = min A’

Suy ra:

2z = Y  (mit+p+ltaptptl—ay)= Y 2p+1)= (i)Q(pH)
A€Ey A€Ey
hay zp, = (Z) (p+1).

p—1

2
Do d6 ta can chitng minh (p + 1) <z> =0 (mod p?) hay
k

=1

5 (,{Z)Q =0 (mod p) (56)

k=1

That vay,ta co:

p—1 2
- 1!
Do d6 (5.6) tuong duong voéi: E ((p ) ') =0 (mod p)

— kl(p — k)
—-1)!
bat o, = k:('](?p - 12:)'
= Ka=0p-)p-2)..p—k+1)=(-D"1k-1)! (mod p)
= kap = (—1)*"1 (mod p)
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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vao tap nay mot phan tit 4o 1& 2; v6i qui wée néu trong 4 s6 dude
chon tit A; trong dé6 c6 phan tit x; thi dong nghia vdi trong 2 cap
ban dau c6 1 phan tit lap lai 2 1an trong 3 phan tit con lai.

N . 3
Sau khi chon ra 4 phan ti& néu ko ¢6 x; thi ta c6 <2> = 3 cach

tao ching thanh 2 cép.
Néu ¢6 x; thi ¢6 3 cach gan gia tri cho z; (1a mot trong 3 gia tri
con lai) v6i mdi gié tri x; chi cho ding 1 cach phan ciap. Tom lai

n
ki+1
G trudng hgp nay sé ¢6 3 ( ZI )
i=1

e Budc 3: Xét bicu thiic vé phai (Dém theo cach 2)

n
k; .
Tu n tap nay ta tao dugce Z (;) cap phan t& thudc cting tap.
i=1

Do d6 vé phéi 1a s6 cach chon ra 2 cip nhu vay.

Tt day ta c6 diéu phai chitng minh. [

6.3 Ung dung phuong phap dém giai cac bai toan
do thi

Vi du 6.14. Trong mot budi hop c¢é n nguoi tham gia va cé mot s6 cdi
bat tay (maoi cai bat tay tao thanh tw hai nguoi, hai nguoi da bat roi thy
khong bat tay lai). Chiing minh rdng néu s6 ngudoi tham gia bat tay la
mot 56 1€ thy s6 cdi bdt tay dudc tao ra la mot s6 chdn.

Bai todn trén tuong duong vdi bai todn sau

Cho do thi G = (V, E). Khi dé

20E| =) deg(v).
veV
Trong dé V la so dinh va E la so canh ciia do thi. A
Loi giai.
O day ching ta giai bai todn tren theo phuong phap dém bing hai
cach.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



164 6.2. Ung dung ching minh déng thic t6 hop

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Goi a,, la s6 tap con cta tap (1;2;...;n) ma khong chita 2 s6
nguyén lién tiép.
Xét an+1
Néu phan t1t cudi cling 1a n + 1 thi phan tit lién truée né khong
thé 1a n, nén c6 a,_q tap con.
Néu phan tit cudi cting khong phai 1a n + 1 thi ¢6 a, tap con.
= Gptl1 = Ap + Ap—1
Dé thay ag = 1;a; = 2 nén

5435 <1+\/5>”+5—3J5 <1—\/5>"
2

Ap —

10 2 10

Nhu vay:

| %3] ‘ n n
Z i :5+3\/5 1++5 +5—3\/5 1-+5
o \n—i+1 10 2 10 2

Vi du 6.13. Cho ki;ks;...;ky, la cdc s6 nguyén duong lén hon 1. Ching
minh rang:

Z.O6-5-E)

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Goi Ay, Ag, ..., A, 1a cac tap gom ki, ks, ..., k, phan tu.

Loi giai.

e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Neéu 2 cidp nay khong cung thudc 1 tap thi cé Z <2l> <2j>
1<i<j<n
cach chon.
Néu 2 ciip nay cung thuodc 1 tap A4; nao do6 cé k; phan tit, ta chen

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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- 1!
Datbk:(pk ) = kb, = (p—1)! = -1 (mod p)

Suy ra: a; = (—1)*.bx (mod p)
Ta c6: VE € {1;2;..;p— 1}, € {1;2;..;p— 1} : jk =1 (mod p).
Do dé:

p—1 p—1 - )(2p —1)p

Z Esz kj) EZbkk EZ E— (mod p)
k=1 k=1 j=1

Mat khac p > 3 nén
p—1:2va(p—1)2p—-1)=2p*+1-3p=21+1=0 (mod 3)

hay (p—1)(2p — 1) : 6. Suy ra

p—1 p—1

Za% = Zbi =0 (mod p)

k=1 k=1
Thc (5.6) ding. Ta ¢6 dpem. [ |
Vi du 5.21. Cho m,n la cic s6 nguyén duong, biét m 1é. Ching minh
rang:

1 & <3m> k

— ) Bn-1)fez

n3 =0 3k A
Loi giai.

m
3 .
Ta sé ching minh S = kZ:O <37Z> (3n — 1)F i n3™.

2 2
Xét f(x) = (x + V/3n — 12)*™. Goi € = cos ?ﬂ + ¢sin % thi ta co:

S = %(f(l) + f(e) + f(£%))

Mat khac ta co:

(1+V3n— 1.9 = (14+3n—1+3V3n— L&' +3¢/(3n — 1)2.e2)™
=3"(n+ V3n — 1. + J/(3n — 1)2.%)3™
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=(n+V3n—1le+ /(3n—1)2.e2)>3m
+ (n+ V3n— 1.2+ {/(3n — 1)2.2)>™
+(n+V3n -1+ (3n

(n+V3n—1le+ J/(Bn—12e)" = a,

Dit ¢ (n+ V3n— 1.2+ {/(3n —1)2.e)>™ = b,

(n+V3n—1+Bn-127>" = ¢,
Chay1+e+4e2=0;=1vhay + by, + ¢, 12 s6 nguyen véi moi n

Ta c6: a1 + by + ¢1 = 3n; a3 + bz + c3:3n; as + bs + c5:3n.

Gia st agijy1 + boj+1 + C2it1 - : 3n v6i moi i < k ta co:

a2k+1 + bokt1 + Copp1 = (a2p—1 + bak—1 + cop—1) (a2 + ba + c2)
— (agk—3 + bag—3 + car—3)(azbz + caba + azca)
+ agbaca(agk—5 + bag—5 + c2r—5)

chia hét cho 3n theo gia thiét quy nap.

Nén theo nguyén li qui nap thi asg4+1 + bok41 + Cok+1 . 3n v6i moi k
nguyén duong, tic 14 S chia hét cho n3™.

1 & (3m 5
Hang<3k)(3n—1) S/ |

Vi du 5.22 (Mongolia TST 2011). Cho p la s6 nguyén t6. Chiing minh

T D) e

k=0 A

Loi giai.
Xét ham sinh:

) = ii(—l)’f(i) ("5

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Goi z,, 1 s6 cach chia théa man bai toan véi n hoc sinh.
Xét Tpt1
Gia stt nhém duge chia cudi cing c¢6 k ngudi, khi dé c6 k cach
chia nhom nay ( thuc ra la k cach chon nhém truéng), va g,+1—x
cach chia n — k ngudi truéce, nén c6 k.g,4+1— cach chia.

Quy udc go =1, ta c6: g1 =1
n
= g1 = Y kgni1-k

= gn+1 = 39n — gn—1
Két hop vé6i go = 1,91 = 1 ta dudc:

- 1 1+\/5 2n+1 1_\/5 2n+1
=5 2 T2

Nhu vay ta c¢6 diéu phai chiing minh. [

Vi du 6.12. Tinh tong:

L& gidi.
e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Ta dém s6 tap con c¢6 ¢ phan ti clia tap hop (1;2;3;...;n) ma
khong chita hai s6 nguyén lién tiép.
Goi A 1a ho tat ca cac tap con c6 tinh chat néu trén va B 1a tat
ca cac tap con cua tap hgp 1;2;..;n — (r —1).
Xét anh xa f: A — B nhu sau:
fia;a0; .. a0, = bbb, v6i by =a; —i+1,i=1;71

X 1z —1+1
Dé thay f 1a 1 song &nh nén |A| = |B| = <n Z,+ )
i

n+l
n—z+ 1 . .
= Z < ) la 80 céc tap con cta 1;2;..;n

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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+ Néu tat cd cac gia dinh déu c6 con dudc nhan qua thi co

(n) 2" cach phat qua.

n

n

) n
Vay tong cong cod 2% cach phat qua.
ly tong cong kz_o < k) phét q

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Mai gia dinh thi c6 3 cach (ca 2 con déu khong c6 qua, ca 2 con
déu c6 qua, hodc 1 dita c6 qua 1 dida khong c6 qua).

Nhu vay c6 tat cad 3" cach phat qua.
Tit day ta c6 diéu phai chiing minh. [ |

Vi du 6.11.
Chatng minh rang:

" k-1 VAT S STV A
2(a5) -5 (%)

k=1

L&i giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Mot 16p hoc ¢6 n hoc sinh di da ngoai. Co gido chia thanh mot
s6 nhém va trong mdi nhém chon ra mot nhém truéng dé tien
quén li.
Hoi c6 tat ca bao nhiéu cach chia?

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Xét s6 nhom 1a k. Mo hinh héa bai toan nhu sau:
Ta cho truéng nhém cam mot cai cot, gitta 2 nhom c6 1 céi cot
nén co tat ca 2k — 1 cai cot trong n + k — 1 vi tri.
k—1
Do dé6 véi k nhém thi co (n;; 1 ) cach chia.
(n +k-1

n
Nhu vay c6 tat ca Z ok 1

) cach chia.
k=1

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Ta co:

p=0 k=0
_ g—m(g)ﬂ_k; (7 F)e
) g(_”k ()

1
= =—1-—z—a%—..
1— =2 X X

Suy ra 2(1)’“(2’) (pzk> = _1 (mod p) 8

Vi du 5.23. Cho p la s6 nguyén to6 lé. Chitng minh ring

SO0

A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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p—1
Ta can ching minh E (Z) (<p + ) — 1) . p? thi ta chi can chiing

k
k=1
k . .
minh(p_]:>_1:pv(5i1§k§p—1vi<z>;p'
That vay :
Ptk —1—(p+k)!_1_(p+1)(p+2)...(p+k;)_k!
k T plk! = o

Viip+1)(p+2)..(p+ k) =Ek! (mod p)
= (p+1)(p+2)...(p + k) — k! chia hét cho p va k!.

. k .
Ma (p,k!)=1= (p+1)(p+2)..(p+ k) —k': klp= <p_;; )—lzp

SO

2 .
Ma ta lai c6 < p) — 2 p? (dinh 1y Wolstenholme, xem bai 5.1)
p

Do d6, ta c6 T : p. [ |
5.4 Bai tap

. . N 2
BA1 1. Cho p la s6 nguyén to va p > 5. Ching minh rang ( p> =
p
(mod p*)

BA1 2. (Putnam 1997) Cho p 1a s6 nguyén t6 va a, b 1a s6 duong thoa
mén ¢ > b > 0. Chitng minh

()= ()

BAT 3. Cho p la s6 nguyéen t6. Chiing minh rang

Wk—=0p—1: (p;) = (—1* (mod p)

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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e Budc 2: Xét bicu thiic vé trai (Dém theo cach 1)
Sau d6 chon ra 3 ban cho ba vi tri nhat, nhi, ba,..., bét thé thi
téng can tinh chinh l1a s6 cach chon dé.

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)

Chon luén hang nhat, nhi,...bét ngay tit n ban va bo sung thém

mot sd ban trong n — 3 ban con lai dé thi vong chung két.

Néu chon kiéu nay nay thi c6 n(n — 1)(n — 2)2"3 giai phap vi 1
s6 ban chon theo cach kia chinh 1a 1 tap con trong n — 3 ¢o con
lai.

Tit d6 6 két qua can tim 1a n(n — 1)(n — 2)273
Tu day ta c6 diéu phai ching minh. [ |

Vi du 6.10.
Chatng minh rdang:

k n
ok —3n
> (3)
Loi giai.

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc.
C6 n gia dinh trong 1 cong ty, moi gia dinh ¢6 2 ngudi con. Nhan
ngay trung thu, cong ty t6 chitc phat qua cho cac chau c6 két qua
hoc tap cao, nhung trong cung 1 gia dinh khong ¢6 2 chau nao
cung duge nhan qua. Hoéi ¢6 bao nhiéu cidch phat qua?

e Budc 2: Xét biéu thitc vé trai (Dém theo cach 1)

+ Néu khong c6 gia dinh nao c6 con duge nhan qua thi co

2% cach phat qua.

+ Néu c¢6 1 gia dinh ¢6 con duge nhan qua thi c6 (T) 2% cach

phat qua.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Thay ghép n hoc sinh nam va n hoc sinh nt thanh n doi. (viec
lam nay coi nhu thyc hién tit dau va khong anh huéng gi dén
cach chia vé clia thay)

- Chon ra k doi va chia cho méi doi 1 vé - ¢6 2k <Z> cach chon

(vi m&i doi ¢6 1 vé nén k doi sé c6 2 két cuc khac nhau), nhu
vay con lai n — k vé vi n — k doi con lai. Thay tiép tuc chon ra

VL ; kJ doi va chia cho méi doéi 2 vé - ¢co (fnij> cach.
2

. —k
—Bﬁygi@thaycbnlaiS:n—k—Z{nQ Jvé.

S =0 néun —k la sé chdn (khi d6 n vé da dugc chia hét)
S =1néun —k lasd 1é (khi d6 chiéc vé con lai danh cho thay)

- D& thay rang k c6 thé nhan cac gia tri tit 0 dén n

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Néu n vé dude chia ngau nhién cho 2n hoc sinh va cd minh thi

N 2n +1 N
xay ra truong hop.
n

n
Do dé, theo cach chia d6 ciia thay ta c6 tat ca: Z ok (n> (nnkk>
== \k/\[%5"]
cac cach chia n vé cho 2n 4+ 1 ngudi.
Tu day ta c6 diéu phai ching minh. [ |

Vi du 6.9. Tinh

Zn:(k — (k- 1)k<Z>

k=3
Lo gidi.
e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.

Gia stt ¢c6 n ban tham gia thi hoi khée Phit Déng vong so tuyén
can chon ra mot s6 ban vao vong chung két.

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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BAI 4. Cho p 1a s6 nguyén t6 va goi bat ki k,a e N: 0 < a < p* — 1.
Chitng minh rang

(") = modn)

a

BA1 5. Chiing minh réng néun =2" —1thiVk =0,n: (Z) 13 s6 1é.

BA1 6. Tim sb du ctia <20£9) khi chia cho 2011.

BA1 7. Cho k 1a s6 ty nhién chn va p 13 s6 nguyén t6 1é. Ching minh

p—1 k
rang néu k khong chia hét cho p — 1 thi Z <p> D phtl
i
i=1

P . k .
BA1 8. Tim tat ca s6 nguyén n > 1 sao cho Vk € N*\ {1} : ( n) k™
n

BA1 9. Chiing minh ring:

2000 2000 2000 .
2.1( 5 >+3.2< 3 >+..+2000.1999(1999> : 3998000

BAT 10. Chitng minh rang v6i moi s6 ti nhien n > k :

[ ) (1)

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC
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Tpr1 > mazx {x1, T2, ..., Tk}
Hoéi ¢6 bao nhiéu cach chon?

e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Ung v6i mbi Tp41 =1+ 1,(1 <i<mn),tacoicac chon z1, i cach
chon x9, ...; ¢ cach chon xy.
Do dé, sb cac cach chon la: S = 1F 4 2F 4+ .+ pF

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Ta sé& chon ra k+ 1 s6 tit n+ 1 s6, s6 16n nhat, ta chon lam z, 1,
cac sb con lai, ta sép thit tir 14 xong.
Goi i(0 < i < k) la s6 cac phan tit bang nhau trong nhém
1,2, ..., Th-
. A P N AL z n + ]‘ 2z
Chon k£ — 741 s0 khac nhau tit n+ 1 so, ta co <l<: s 1) céch.

Xép thit tu k —i s6 khac nhau vao k ché trong (cac chd trong con
lai, hién nhién danh cho i s6 bing nhau), ta c6 A’,z_l cach.
Vay s6 cach chon la:

k—1
. k—i n+1
S_Z,Z_;A’f <k:—z'+1>

Tit day ta c6 diéu phai ching minh. [ |
Vi du 6.8.

Ldi giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Thay Thé, GVCN lép 10A gom n hoc sinh nam va n hoc sinh
nit. T6i nay, & Rap chiéu phim qubc gia, chiéu mot bo phim rat
hay, thay dinh t& chiic cho ca 1ép di xem... Cudi cting thay Thé
chi mua dugc n vé. Thay suy nghi:
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e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Cho 8n vién bi nay vao 4n hop, mdéi hop ¢6 2 vién:
Dau tién chon ra ding k hop sao cho mdi hop c6 ding 1 vién bi
dugc 1ay ra.

2 4
— S0 céach chon 2n — 2k hop trong 4n hop la "
2n — 2k

— Trong mdi hop trong 2n — 2k hop trén ta chon ra dung 1 bi,
trong 2 vién bi ¢6 trong hop, nén s6 cach chon 13
22n—2k — 4n—k

— Chon 2k vién bi con lai trong 2n+2k hop con lai sao cho moi
2n + 2k>

hop sé c6 diang 2 bi duge chon sé 1a k£ hép nén co ( i

cach chon.

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Ta sé dém s6 cach chon 2n vién bi tit 8n vién bi nay khi dé c6

(8n> cach.
2n

Tt d6 suy ra sd cach chon 2n trong 8n vién bi theo cach dém thit
. 4n 2n + 2k
2s61a Y 4nk
Seakz_o <2n+2k>< k )

Tit day ta c6 diéu phai chiing minh. [ |
Vi du 6.7. Chitng minh rang:

ke
1* 4ok 4 +nkzzlAk—i n+1
ol \k—it+1

vk =1,2,3, ... A
Ldi giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc:
Tu tap cac s6 nguyén duong A = {1,2,....,n + 1}, ta chon ra bo
sap thi tu (z1, 79, ...,7511) thda man dieu kien:
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Chuong

KV thuat dém bang hai
cach chitng minh
dang thic t6 hop
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6.2  Ung dung chiing minh dng thic t&
hop 153

6.3  Ung dung phuong phap dém giai cac
bai todn db thi 165

6.4  Ung dung d&m hai cich gidi cac bai
toan rgi rac 167

6.5 Baitap 169

Hoang Minh Quan (batigoal)
Nguyén Hién Trang (tranghieu95)

Tém tiat noi dung

K¥ thuat dém biang hai cach 1a mot phuong phap pho bién va da
c6 nhiéu tac gia viét vé n6. Tuy nhién dé ban doc hiéu tai sao lai giai
duge nhu thé, hodc cach xay dung cac budc gidi cho bai toan st dung
ki thuat nay nhu thé ndo thi nhiéu bai viét lai chua dé cap dén. Trong
khuon khé bai viét nhoé nay téac gid hy vong cung cap duge phan nao §
tudng cia phuong phap nay t6i ban doc.

151



152 6.1. Nguyen li dém bang hai cach

6.1 Nguyén li dém bang hai cach

“Cung mot sé luong thi két qud dém dwoc theo hai cdich la
nhu nhau”.

Nguyeén 1i tuéng chitng nhu rat don gian nay nhung lai 1a khéi nguon
ctia nhiéu ¥ tudng dé giai cac bai toan td hop hay va khé. Bai viét sau
day sé phan tich mot s6 ¥ tudng cho viéc st dung nguyeén i nay.

Dé chiing minh mot déng thitc t6 hop c6 dang A = B. Ching ta c6
thé thyuc hién cac bude du doan sau day dé st dung phuong phap dém
bang hai cach:

6.1.1 Cac budc thuyc hién
e Buéc 1: Phat biéu lai bai toan vé dém mot su kien quen thuoc.
e Budc 2: Dém theo vé trai ctia déng thic.

e Budc 3: Dém theo vé phai ctia déng thiic.

6.1.2 Ghi nhé can thiét

e Néu vé trai (hodac vé phai) 1a tong cac bicu thitc thi ¢ caAch dém
vé trai (hodc vé phai) do6 ta chia thanh cac truong hgp rieng dé
dém dung quy tac cong.

e Néu vé trai (hosic vé phai) la tich cac biéu thitc thi & cach dém
vé trai (hodc vé phéi) d6 ta chia thanh cac cong doan ciing hoan
thanh dé dém dung quy tic nhan.

Trong bai viét nay, chiing t6i minh hoa ki thuat dém bang hai cach
thong qua cac bai toan noi tiéng va da phan la cac bai toan, cac dinh
Iy ¢6 tén nham minh hoa cho ¥ tudng ctia bai viét.

Sau day 1a mot s6 tng dung clia phuong phap dém bing hai cach.
Chiing t6i phan tich va trinh bay chi tiét hai vi du mé dau, cac vi du
sau y tudng phan tich tuong ty.
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Vi du 6.5. Vdi n nguyén duong cho trudc. Chitng minh rang:
"L 2k (2n — 2k "
2y k)7
k=0 " A

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc:
Mot doan thang c6 do dai n dudc to6 bing 4 mau, D, X, V,T.

Loi giai.

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Ta sé chon ra mot tap cach t6 mau D va X saocho D+ X =k

k )
NP - 1s 1 k B 2k
thi so cach chon sé 1a ZEO (k:) (k: 7 z) = < k:>
khi d6 s cach chon ra cac doan mau V, T sé la

i<n—k> (n—k) B (2n—2k>
= j k—j n—=k
e Budc 3: Xét biéu thiic vé phii (Dém theo cach 2)

R6 rang ta c6 4" cach nhu thé.

5 5 2 2 2n —2
Do d6 v6i méi k co dinh thi ta duge s6 cach to sé 1a < :) < n kk)
n J—

N2k (2n — 2k
Cho k chay tut 0 dén n ta dugc so cach t6 mau la Z
i=0

k n—=k
Tit day ta c6 diéu phai ching minh. [ |
Vi du 6.6.
= 4n_k< 4n ><2n+2k> _ (8n>; e N
= 2n + 2k k 2n A
Loi giai.
e Budc 1: Phat biéu lai thanh bai toan dém quen thudc: Xét 8n
vién bi.
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Vi du 6.4. Chitng minh rang vdi n > m thi
2 (1) ()= ()
£>0 m m A

e Budc 1: Phat biéu lai bai toan dém quen thuoc:
Gia sit rang tit n hoc sinh ctia 16p hoc, gido vién chti nhiém can
chon ra mot doi van ngheé s6 lugng ngudi tiy ¥, trong dé c6 m
hoc sinh cam micro. Khi d6 gido vién chii nhiém c6 hai phuong
an thuc hién.

Ldi giai.

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Trude hét gido vien chon ra k nguoi tit n ngusi. Khi dé co <Z>

cach chon , sau d6 tit k ngudi nay sé chon lay m ngudi cam micro.
Cho k chay tit 0 dén n chung ta co6

> (1) ()

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Chon ngay m hoc sinh cam Micro tit n hoc sinh ctia 16p, sau dé6
chon bd sung thém mot nhém tity ¥ tit n—m ngudi con lai. Trong
n —m ngudi nay doéi véi mdi ngudi cé thé duge chon hoic khong
dugc chon nén c6 2™ cach chon.

n
Vay ca thay cé ( >2n_m
m

k
Do dé6 chung ta c6 Z (Z) <m> = <:L> n—m |

k>0

Nhan zét. V6i ¥ tudng tuong tu vi du trén, ban doc ¢6 thé chiing minh

déng thl/IC sau:
" <n "‘ m — 1 > <n>
-0 m 1

Chtng minh rang véi n,m € N thi
m
T T
r=0
Chuyén dé Dang Thic TS Hop
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6.2 Ung dung chitng minh ding thic td hop

Vi du 6.1. (Chiing minh ding thitc Pascal)
Véi moi s6 nguyén duong n > k > 1 ching ta cé

-G+ .

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc:
Trai he toan hoc ¢6 n hoc sinh tham du ban t6 chic can chon ra
k hoc sinh lam bai thi mon t& hop . Nhu vay ban t6 chic ¢ hai
cach dém sé cach chon.

L&i giai.

e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Néu chon k hoc sinh bat ki trong n hoc sinh thi ban t& chitc ¢6

(Z) cach chon.

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Quan sat vé phai ta thay vé phai la “téng” ciia hai biéu thiic to
hop nén diéu dé goi cho ching ta nhé t6i xét cac kha ning dé
dung quy tic cong.
Gié st Long 1a mot trong n hoc sinh dé.

— Phuong dn 1:
Néu Long dugc chon tham du thi mén t6 hop thi can chon
k — 1 ngudi trong s6 n — 1 ngudi con lai. Khi d6 ban t6 chitc
(n—1\ .
co <k _ 1) cach chon.
— Phuong dan 2:
Néu Long khong dugce chon thi mon 6 hop thi can chon ra
cho du k ngudi trong s6 n — 1 ngudi con lai. Khi d6 ban td

chtc co <n ; 1) cach chon.
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Nhu vay theo nguyén li dém bang hai cach ching ta c6 dang thic duge
chiing minh. |

Vi du 6.2. Chitng minh rang:
MY (M) () =2
0 1) 7 \n) A

e Budc 1: Phat biéu bai toan dudi lai dudi dang toan dém quen
thuoc: Tim s6 cach chon mot sb sb tit n sé cho trude.

L&i giai.

e Budc 2: Xét bicu thiic vé trai (Dém theo cach 1)
. ) n
+ Neéu chon 0 vién c6 (()) cich

+ Néu chon 1 vién c6 (?) cach

Z . , n z
+ Neéu chon n vién c6 < cach
n

, n n n n
Vay tong cong co + + + ..+ céch.
0 1 2 n

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
M&di 86 sé ¢6 2 trang thai (duge chon va khong duge chon), ma
c6 n s6 nhu vay nén c6 2" cach chon.

Nhu vay ta c¢6 diéu can chiing minh. [ |

Vi du 6.3. (Chiing minh ding thitc Vandermonde.)

OO )R () = (1) rmem

A
Loi giai.
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e Budc 1: Phat bicu lai thanh bai toan dém quen thudc. Cong ty
X gom n nhan vién nam va m nhan vién nit can chon ra k ngudi
dé lap thanh doi tinh nguyen.

e Budc 2: Xét biéu thiic vé phai (Dém theo cach 1)

Chon ngau nhién k ngusi trong cong ty gom n + m ngudi thi c6

<m l—: n) cach chon.

e Budc 3: Xét bicu thiic vé trai (Dém theo cach 2)
Quan sat vé trai ta thiy vé trai cac s6 hang thanh phan 13 “tich”
ciia hai biéu thic t6 hgp nen diéu d6 ggi cho ching ta nhé téi
xét cac kha nang dé dung quy tic nhan.
n m
Chon ra ¢ nhan vién nam va k—¢ nhan vién ni thi co < > <k‘ )
i —1
cach. Vi s6 nguoi duge chon 1a tuy ¥ trong gidi han cho phép k
ngudi nén cho i chay tit 0 dén k, ta c6 téng tat ca cac cach chon
nhu vay la:

o) ()= ()G =+ () ()

Vay déng thiic duge chitng minh. |

Nhan zét. Dang thitc Vandermonde dugc viét thu gon nhu sau:
Zk: n m _fm+n
e \i)\k—i) \ k
=0

Khi do:

a. V6i m = n thi ching ta c6 dang thitc quen thudc

50) ()
SO

kit+ko+...+kr=k

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



