Dién dan toan hoc VMF Chuén bi cho ki thi TSPH - 2013

CHUYEN PE: ELIP

A - TOM TAT LY THUYET
1. Pinh nghia:
Cho hai diém cb dinh Fy, F; véi F1 F> = 2c va mot do dai khong ddi 2a(a > ¢). Elip 1a tip hop nhiing
diém M sao cho:
M+ M =2a
Ta goi: Fy, F»: Tiéu di€ém, FF, =2c: Tiéucu, FM,F,M: Bén kinh qua tiéu.

A
B
M
Ay 0] Ay
F P >
B
2. Phuong trinh chinh tic cia Elip
Trong mit phang toa dd Oxy véi Fi(—c;0), F>(c;0):
2
M(x;y) € (E) < $+ﬁ =1 (D).

Trong do: b> = a® — ¢?

(1) dudc goi la phuong trinh chinh tic cia (E)

3. Hinh dang va tinh chét caa Elip

Elip c6 phuong trinh (1) nhan cac truc toa do 1a truc d6i xing va gbc toa do lam tim db6i xing.
+ Tiéu di€ém: Tiéu di€m trdi F (—c;0), tiéu di€ém phéi F; (c;0)

+ Céc dinh: A| (—a;0),A; (a;0),B1 (0;—b) , B> (0;D)

+ Tryc 16n: A1A; = 2a, nam trén truc Ox; Truc nhé: BBy = 2b, nam trén truc Oy

+ Hinh chit nhit co s§: La hinh chit nhét tao bdi cac dudng thang x = +a, y = +b

Tir d6 ta thiy hinh chit nhat co s6 c6 chiéu dai 13 2a va chiéu rong 12 2b

~ . c
+Tam sai:|je=— < 1
a

+ Bén kinh qua tiéu ctia diém M (xp7,yy) € (E) la:

cxXpm axm
MF=a+exy=a+—, MF,=a—exy=a——
a c

+ Dudng chuén cta Elip:
Puong thang A; : x+ 9_0 dudgc goi 1a dudng chuin cla elip, ing véi tiéu diém Fi (—c;0)

e
Puong thang Ay : x — 9 — 0 duge goi la dudng chuén cua elip, ting véi tiéu di€ém F(c;0)

e
Tinh chét ctia dudng chuén:

MF, MF,

J0EA)  diay) ¢S TMEE)
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B - GIAI TOAN

I- VIET PHUONG TRINH CHINH TAC CUA ELIP

Cac budc thuc hién:
2 2
Budc 1: Gia st phuong trinh chinh tic cta elip la: x_z + 2}—2 =1(a>b>0) (E)
a
Budc 2: St dung céc dit kién bai toan thiét 1ap cic phuong trinh dé tim a, b
2_ 2

Chii y cac kién thic lién quan dén a, b, chang han: toa do tiéu diém, toa do dinh, tam sai, b> = a® —c>...

Vi du 1.1: Trong mit phing toa dd Oxy, cho diém M(—+/3;1), dudng elip (E) di qua diém M va
khoang céch giita hai dudng chuin cta (E) 1a 6. Lap phuong trinh chinh tic cia (E).

Nhan xét: Day 1a bai tip co ban véi cic yéu t6 da dugc cho kha rd rang, d€ 1am dudc bai todn
chi yéu cau thudc cac khac khdi niém va ki ning bién ddi giai hé phuong trinh co ban.

Loi giai:
. x>y
Gid st phuong trinh chinh tac cta (E) la: — + 2= l1(a>b>0)
a
= Hai dudng chuan cta (E) c6 phuong trinh 1a: Ay : x+ - 0;A7: x— 2_0
e e
. , . - N e . .a 2a*
Do dé khoang cach gitia hai duong chuan la: 2— = —
e c
2a® 9a? — a*

=" =6cd"=9?=9(a>—b*) &b = 5
C
31
Mit khdc: M(—+/3;1) € (E) = St (2)

Thé (1) vao (2) va rit gon ta dugc: a* —12a* +36 =0« (a* —6) =0 & a® =6 = b> =2.
2 2

Dip s6: (E):%—i—;zl.

(1)

Vidu 1.2: Thi thi lan 1 - THPT Bim Son - Thanh Héa
Trong mit phing toa dd Oxy, 1ap phuong trinh chinh tic ctia elip (E) biét n6 c6 mot dinh va hai tiéu
diém tao thanh mot tam gidc déu va chu vi ciia hinh chit nhat co s& ctia (E) 1a 12(2 4 /3).

A| 0] A2

v

Fi P

B,
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Nhan dinh:
Dt kién: chu vi hinh cht nhat co sd va tam giac déu sé thiét lap dugc hai phuong trinh tima va b
+ Chu vi cta hinh ch@ nhat c6 s6 la: 2(2a + 2b)
+ Cac dinh 1a A;(—1;0),A,(1;0),B1(0; —b), B2(0;b) va céc tiéu di€ém 1a F; (—c;0), F>(c;0)
— AB1F1F2 va ABF1 F» déu — kBB, =k
+a’>—c?=b?
Loi giai:
2 2

Goi phuong trinh chinh tic cta elip (E) 1a: x_2 + Z—z =1(a>b>0)

Khi d6 chu vi ciia hinh chit nhat co s6 1a 2(3a + 25)

= 2(2a+2b) =1224+V3) a+b=32+V3) (1)

Do céc dinh Aj(—a;0), A2 (a;0) va Fi(—c;0), F>(c;0) cing ndm trén Ox nén theo gid thiét Fy, F> cing
véi dinh B, (0;b) trén Oy tao thanh mot tam gidc déu <BoF> = FiF, = BoFy (%)

Ta thdy: Fy, F> dbi xting nhau qua Oy nén AB,F; F> ludn 12 tam gidc cin tai B,

Do d6: () < BoFs = Fi P> < V2 + b2 =2¢ < b? = 3¢?

Lai c6: a®> — 2 = b* = 3a> =4b*  (2)

Tir (1) va (2) suyra:a=6vab =33

2 2

A X y
bép so0: | (E) : 6 ﬁzl

Vi du 1.3:(B-2012) Trong mit phang toa do Oxy, cho hinh thoi ABCD c6 AC = 2BD va dudng
tron tiép xiic véi cdc canh ctia hinh thoi c6 phuong trinh x? +y?> = 4. Viét phuong trinh chinh tic
ctia elip (E) di qua cdc dinh A, B,C, D ctia hinh thoi. Biét diém A nam trén truc Ox

Nhan dinh:

- C4c dic diém cta hinh thoi:

Pudng tron ndi tiép c6 phuong trinh: x> 4 y? = 4. (Tam O (0;0), ban kinh R = 2)

TAm dudng tron noi tiép 1a tAm cla hinh thoi — Gbc toa do O (0;0) 1a tAm ctlia hinh thoi.
A€ Ox — C € Ox,BDLAC — B,D € Oy

-A,B,C,D € (E) nén A,B,C, D la cac dinh cua (E)!

- Nhu véy ta da xdc dinh dudc mbi lién hé gitta dinh ctia elip v6i hinh thoi, véi hai diéu kién AC = 2BD
va dudng tron noi tiép hinh thoi c¢6 ban kinh R = 2 ta sé thiét 1ap dudc hai phuong trinh d€ xac dinh

toa do cac dinh cua elip.

»
!

v

Loi giai:
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Gia st phuong trinh cua elip (E) la: x_2 + zi l(a>b>0)

Ta c6: Pudng tron (C): x*> +y*> =4 la duong tron ndi tiép hinh thoi ABCD, ¢6 tim O(0;0), ban kinh
R=2

Vi tdm ctia (C) 1a tAm cta hinh thoi nén AC va BD vudng gbéc véi nhau tai trung di€ém O cta moi
dudng

MaA € Ox=CecOxvaB,Dec Oy

Lai c6: A,B,C,D € (E) = A,B,C,D la b6n dinh cta (E)

Néu d6i chd A va C cho nhau hodc B va D cho nhau thi Elip khong thay ddi nén ta c6 thé gia st A, B
14n lugt ndm & nia truc ducng ctia Ox va Oy, khi d6 toa do clia chiing 1a A(a;0), B(0;b)

= 0OA=a,0B=>b.ViAC =2BD nén OA =20B = a=2b

Ké OH vuong goc v6i ABtaiH= OH =R=2

1 1 1 1
Vi tam giac ABO vudng tai O =

1 4
— & - s e ad=20= =5
0H2 oaxtorTi a2t 2 a’

Vay phuong trinh (E) la: 2— + yg =1

II - TIM PIEM THUQC ELIP

Cac budc thuc hién:

Budc 1: Xac dinh cac "tir khéa" lién quan dén di€ém can tim, cd gdng chuyén chiing thanh cong thic
tuong Ung.

Budc 2: Tt gi thiét, thiét 1ap phuong trinh tim toa d6 ctia diém. Chi ¥ rang di€ém can tim ludn thudc
(E) nén toa do ctia nd ludn théa man phuong trinh (E), day 1a mot phuong trinh.

2 2
Vi du 2.1: Trong mit phang toa dd Oxy cho elip (E) : % + yT = 1. Tim trén (E) nhiing di€ém t/m:

1. C6 ban kinh qua tiéu diém nay bang 3 1in ban kinh qua tiéu diém kia?

2. Nhin hai tiéu diém duédi goc vudng.

Loi giai:
2 2

(E)3%-i-yT:1:>a:3,b:1:>c:\/a2—b2:2\/§

1. Tir khéa can quan tim "ban kinh qua tiéu"
Goi M(x,,y,) la di€ém phai tim. Khi d6 ban kinh qua tiéu ctia M la:
MF, = a+ex, :a—i—%, MF, =a—ex, :a—%
Tir gia thiét suy ra: ¢ ¢
MF, = 3MF,
MF, = 3MF,
Khai trién rit gon ta dudc:
(%) & 16MF.MF, — 3 (MF, + MF,)* =0 < 16 (a+ex,) (a—ex,) —3(2a)> =0
a

MF, —3MF, =0

& (MF, —3MF,) (MF, —3MF) =0 (1
e —3mp —o © MF 2) (ME, =0 (1

& X2 < _d LN igﬁ

XY= = = — Xo = R —

) ° 4er  4c?2 32 8
23 V46

Lai c6: ME(E):>y%:1—%:3—2<:>yO::I:T.

Elip (Cau VIb.1) 4 Gv: Lé Minh An
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—_— ;

8 ° 8

8 ° 8

Pi /’\: :
ap so g g

() () ) ()

Nhan xét:

v r e A=0 s
— Trong giai toan, ta thudng chi quen véi chieu bien doi AB =0 = [ nhung trong nhiéu

truong hop bién ddi theo chiéu ngudc lai sé gidp viéc giai bai todn ngan gon hon rét nhiéu, ma bai
toan trén la mot vi du.

— O bai toan nay, viéc bién ddi rit gon ciing 12 mot cong viéc kha vét va néu khong cé nhitng nhan
xét tinh té, cAn chu ¥ ring MF; + MF> = 2a

— Khi két luan can chi y 14y di nghiém, nhiéu ban thudng nham 14n chi iy hai nghiém M, Mj.

2. Tir khéa "goc vuong"

V6i goc FI/ME = 90° thi ta c¢6 cac "cong thuc" tuong duong:

1. MF? + MF} = FiF}; 2. MO = % — OFy. 3.MF,.MF, =0

Vi tung "cong thuc" ta s€ dudc cac huéng lam khac nhau tuong ting, dudi day toi trinh bay hai cach
c6 thé néi 1a kha ngan gon. y
'x()

Goi M(x,;y,) 1a diém can tim. M € (E) nén 5

Cach 1:
Chi y ring MF;, MF, 1a ban kinh qua tiéu, nén ta cé:

+yi=1 (1)

_ 16 —a*)a®> 63
FIMP, =90° & MF? + MF} = FiF} & (a+ex,)> + (a—ex,)’ =32 & x* = {6—-a")a” - )@ _ <
c
1
Tir (1) suy ra: y2 = 3
Cach 2:
Diém M nhin F|, F> du6i mot goc vudng nén AMF, F> vudng tai M.
- gl i F,F.
Ma dé thay O la trung diém cua Fi F> nén OM = % ex2+y2=8 (2)
Tu (1) va (2) ta c6 hé phuong trinh:

2 63 3v14
Yo 2 X2 =— Xog=+"—"—
(I Yo= 1 o & 4
92 2 I V2
Xy, =8 y0:§ yO:iT

Nhan xét: O cich 2 c6 thé giai thich theo cich khac nhu sau:

Do M nhin Fy,F, dudi mdt goc vudng nén M nim trén dudng tron (C) nhan FiF> 1am dudng kinh.
FiF-

Titc 1a (C) ¢6 tim O ban kinh 172 =22

= M la giao diém ctia (E) va (C) : x*> +y*> = 8. Do d6 toa d6 M 1a nghiém hé (I).

Elip (Cau VIb.1) 5 Gv: Lé Minh An
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4 4

4 4

Dap sb: | M, (34ﬂ’?> M, <3\/ﬁ \/§> ;M3< 3\/ﬁ\/§> ;M4< 3V14 \/§>

Vidu 2.2: Thi thit Chuyén Vinh Phiic - Lan 2
2 2
Trong mit phang véi hé toa do Oxy cho elip (E) : % + % =1 va cac diém A(—3;0), I(—1;0). Tim

toa do cac diém B, C € (E) sao cho I 12 tAm dudng tron ngoai tiép tam gidc ABC.

Loi giai:

c

Goi (C) 1a phuong trinh dudng tron ngoai tiép tam gidc ABC, (C) ¢6 tim I(—1;0) ban kinh IA = 2.
Phuong trinh (C) : x> +y? +2x—3 =0.

X +y*4+2x-3=0 x=-3
Do B,C € (E) nén toa do cua B,C la nghiém hé: ¢ 2 2 = 3

9ty =1 ¥=75
— V6ix = —3 = y = 0= B tuc la trung v6i A hoac C trung véi A (khong thoa man)

4
—Véix:—gjy:ig.

. 3 46 3 46 3 4V6 3 46
Pinsd: 1B | —=: ——= .7 - B | - - .-
ap so 1( 575 >,C1< 5’ 5 ) 2( 55 >,C2< 55
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III - BAI TAP TONG HOP LIEN QUAN DEN ELIP

2 2
Vi du 3.1: Trong mit phang toa do Oxy, cho elip (E) : % + % = 1 ¢6 cdc tiéu diém Fy, F>. Duong

thang d di qua F> va song song v6i dudng phan gidc ctia géc phan tu thi nhét cit (E) tai A, B. Tinh
dién tich tam giac ABFj.

Loi giai:

Do gia thiét da cho di dé viét dudc ngay phuong trinh dudng thang d chita A, B ( di qua mot diém

da biét va song song véi duong thang cho trudc) nén ta dinh hudng tinh dién tich theo cong thic:
1

SABF1 = EAB.d(Fl;d).

2 2
(E) : %erz —l=d? =8, =d=c=/a2— b =2= F(-2;0),F(2;0)

DPudng phan gidc A clia goc phan tu thii nhit ¢6 phuong trinh la: y = x
Tacod// AvaF, € dnén phuong trinh d la: y = x — 2.

o Y=x2 8 2\, . )
Khi d6 toa dd cua BvaClanghiémhé: ¢ 2 2 =A(0;-2),B 33 hodc B(0;—2), A 33 )
AN |
8 + 4
8v2
:>AB:T\/_, d(Fi,d) =22
2 16
Dap s0: | Sapr, = 3 [0
Vidu 3.2: Thi thit Hocmai - Thay Lé B4 Tran Phuong - Pé 02
2 2
Trong mit phang toa do Oxy cho dudng thiang d : 2x+y+3 =0 vaelip (E) : % + yT = 1. Viét

phuong trinh dudng thiang A vudng géc véi duong thang d cét (E) tai hai diém A, B sao cho dién
tich tam gidc AOB bing 1.

Loi gidi:

Elip (Cau VIb.1) 7 Gv: Lé Minh An
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Vi A_Ld nén phuong trinh d c6 dang: x —2y+m = 0. Khi do, A, B 1a nghiém hé:

x—2y+m=0 x=2y—m
=

2
x__}_yzzl 8y —dmy+m> —4=0 (%)

4
D€ d cit (E) tai hai diém phan biét A, B thi hé phdi c6 hai nghiém phan biét
& (%) ¢6 hai nghiém phan biet & A’ =32 —4m? >0 < m € (—2\/2;2\@) (1)
Goi A(2y; —m;yy),B(2y2 —m;y,), trong d6 yy,y, 1a nghiém (x)
5
= AB” =5(y2=31)* =5 (01 +32)* —4yiy2] = 78 —mr?)

OH 1 >
Pudng cao OH = d(,A) = % =82,5= <§0H.AB) = 1—6m2(8 —m)=lem=4cm==42
Pdp s6:|Aj: x—2y+2=0, Ay:x—2y—2=0.|q
Vidu3.3: Thi thi 1an 2 - THPT Han Thuyén - Bic Ninh
2 2
Trong mit phang toa dd Oxy cho elip (E) : )16—6 + % = 1 va diém I(1;2). Viét phuong trinh duong
thang (d) di qua 1, sao cho d cét (E) tai A va B thda man I 1a trung di€m ctia doan AB.

Loi giai:
A
A
\
B
Goi @ = (a,b) 1 vécto chi phuong ctia d.
=1+at
Ta c¢6 d di qua I(1;2) nén phuong trinh d ¢6 dang: * Ta teR
y=2-+bt

Gia st (d) cit (E) tai A(1+aty;2+bty), B(1 +aty; 2+ btr)
Vil latrung di€ém cta ABnén 2x; = x4 +ya < t1+5, =0 (1)
Mit khac: A, B € (E) nén t,1, 1a nghiém cia phuong trinh:

Elip (Cau VIb.1) 8 Gv: Lé Minh An
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(14at)®>  (2+bt)? a? b\, a 2b 71
—1 242 oY il PR
6 9 “lweto) 26T 9) "1m
a a®
Theo dinh li Viettaco: 1]+t = —2 ( ) (_6 ) (2)
2b
Tu (1) va (2) suy ra % + 5= 0. Chon a = 32,b = —9 ta dudc ¥ = (32;—9) 1a mot VICP ctia d

= 7 = (9;32) 1a mot VTPT ciia d.
Vay phuong trinh d 1a:|9x+32y —73 = 0| 5

BAI TAP DPE NGHI

Bai 1.1: Trong mit phang toa do Oxy, cho di€ém A(0;5). Lap phuong trinh chinh tic cta elip (E)
biét (E) di qua A va c6 hinh chit nhat co s& noi tiép dudng tron (C) : x> +y> = 41.
2
(% X y
b (E) —=+:==1.
Ap st (B): 35+ 7 ,
Bai 1.2: Trong mit phing véi hé truc toa dd Oxy, cho dutng thing d : x — /5 = 0. Lap phuong trinh
chinh tic cta elip (E), biét mot canh hinh chit nhat co s cla (E) ndm trén d va hinh chit nhat d6 c6
do dai duong chéo bang 6.
) 2 3
bép so: (E) : §+Z =1.
Bai 1.3: Trong mit phang toa do Oxy, cho diém M(—+/3;1) dudng elip (E) tdi qua di€ém M va c6
khoang cach giita hai dudng chuan 1a 6. Lap phuong trinh chinh tic cla (E).
2
.z AT
b (E): —4+—==1.
ap so: (E) G + 3

Tuong tu véi M (—\/5 ; 2) khoang cich gilta hai duong chuan 1a 10. Dép sb: (E) :

Bai 1.4 Thi thi Hocmai - Thay Lé Ba Tran Phuong - beé 04
Trong mit phang toa do Oxy, mdt elip (E) di qua di€ém M(—2;—3) va c¢6 phuong trinh mot dudng

chudn 1 x + 8 = 0. Viét phuong trinh chinh tic ctia (E).
) 2 3 P

bap so: (E —4+=—==1 E —+—=—=1

dpsoi(Br): e+ =1 (B2): it g, =
Bai 1.5: A-2012
Trong mit phang toa d6 Oxy, cho dudng tron (C) : x* +y? = 8. Viét phuong trinh chinh tic ciia elip
(E), biét (E) c6 do dai truc 16n bang 8 va (E) cit (C) tai 4 diém tao thanh mot hinh vuong.
Bai 2.1: Trong mit phang vé6i hé truc toa dd Oxy, cho elip (E) c¢6 dd dai truc 16n 1a 6 va qua diém

|><
W o

y
+i=1.
6

3v2 Y N .
M i; V2 | .Piém N nim trén (E) cach O mot doan c6 dd dai bang /5. Tim toa d6 N?

Dap so: (i 1M> (—M ii_)

5 5 5
Bai 2.2: Thi thit Dién dan Truonghocso - Lan 1
2 2
Trong mit phang toa do Oxy cho elip (E) : 1% + ;—5 = 1. Tim toa do diém K nam trén elip sao cho

K nhin cdc tiéu diém dudi mot goc 120°.

Bai 2.3: Thi thit Hocmai - Thay Lé Ba Tran Phuong - Dé 01
2
Trong mit phang toa dd Oxy, cho elip (E) : )16—6 + % = 1 va dudng thang d : 3x +4y — 12 = 0. Chiing

minh ring dudng thing d cat (E) tai hai diém phan biét A, B. Tim diém C thuoc (E) sao cho AABC
c6 dién tich bang 6.

Elip (Cau VIb.1) 9 Gv: Lé Minh An
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) 3 3
Papsd: Cy (2vV2;—— ), G| —2v2; —)
P ( V2 ) ’ < V2
2 2
Bai 2.4: Trong mit phang toa dd Oxy, cho diém M di dong trén elip (E) : % + % = 1. Goi H,K la
hinh chiéu ctia M 1én cic truc toa do. X4c dinh toa do ctia M dién tich OHMK dat gi4 tri 16n nhét.

bap sd: (37\/5,:&\/5) ;( 3\/_ :I:\/_)
2 2

Bai 2.5: A-2011

Trong mit phang toa do Oxy, cho elip (E) : % + yT = 1. Tim toa do cdc diém A,B € (E), c6 hoanh
dd duong sao cho tam gidc OAB can tai O va c6 dién tich 16n nhat.

Bai 3.1: Thi thit Dién dan K2pi - Lan 5 .

Trong mit phang toa do Oxy cho elip c6 phuong trinh (E) : % + )j: =1 vadiém I(1;—1). Mot dudng

thang A qua I cit (E) tai hai di€ém phan biét A, B. Tim toa do cic diém A, B sao cho d6 16n ciia tich
IA.IB dat gia tri nhd nhét.

22
Bai 3.2: Trong mit phiang Oxy, cho elip (E) : % + yz = 1. Viét phuong trinh dudng thang d cit (E)
tai hai diém phan biét c6 toa do 1a cac s6 nguyén.
2
Bai 3.3: Trong mit phang Oxy cho elip (E) : % + % =1 va diém M(1;1). Lap phuong trinh dudng

thang A di qua M sao cho A cit (E) tai hai diém phan biét A, B sao cho MA = MB.
Dipsd: A: 4x+9y—13=0
Bai 3.4: ) )
Trong mit phang Oxy cho elip (E) : % + )j: — 1 va duong thang d : y = x+m. d cit (E) tai hai diém
P,Q. Goi P', Q' 1an ludt 1 diém dbi xing ctia P,Q qua O. Tim m &€ PQP'(Q’ 1a hinh thoi.
Bai 3.5: B-2010 , o
Trong mit phang toa do Oxy cho A(2,sqrt3) va elip (E) : % - yE = 1. Goi F;,F> 1a cac tiéu diém
ctia (E) (Fy c6 hoanh do am), M 1a giao diém c6 tung do duong ctia dudng thang AF; vé6i (E), N 1a
diém d6i xing ctia F> qua M. Viét phuong trinh dudng tron ngoai tiép tam gidc ANF;.
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