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NHI THUC NEWTON VA CONG THUC TO HOP

CAU CHUYEN VE NHI THUC NEWTON

bé ghi nhéG cong lao clia Isaas Newton (1642
— 1727) trong viéc tim ra cong thic khai trién
nhi thic sau, duoc goi la nhi thitc Newton.
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Trén bia md cua Newton tai tu vién

Vecmintro ngudi ta con khac hoa hinh
Newton cung véi ca nhi thitc Newton.

Vay phai chang ca loai nguoi da khong hé
biét gi vé cong thiic khai trién nhi thic truée
khi ¢6 phat minh cia nha béc hoc vi dai nay ?
Theo cdc van ban con luu gilt duge tir rit lau
truéc Newton, ngay tit 200 nam truéc Cong
nguyén cdc nha todn hoc An D0 da rit quen
biét v6i mot bang ram gidc 56" hoc. Trong
trudc tac cua nha todn hoc Trung Quéc Chu
Sinh viét tir nam 1303 ngudi ta tim thdy bang
sO sau.

NGUYEN CONG SU
(Truong Pai hoc KT thudt Mdt md)

1 331
1 46 41
1 510 10 5 1
1 6 1520 15 6 1
1 7 21 35 35 21 71
1 8 28 56 70 56 28 8 1
R0 rang do6 la cac hé s6 cua cong thic khai
trién nhj thitc Newton tir cdp 0 dén cdp 8, du
nha todn hoc nay da khong néi gi cho cic hé
s6 tiép theo ciing cong thuc tong quit cha
ching, nhung theo cung cich lap bang cla
ong c6 thé dé dang tim ra dugc quy luat cho
phép viét ti€p duoc cac hang méi.
Vao ntra ddu thé ki XV trong tdc phdm Chia
khod s6 hoc viét bang tiéng Arap cha nha todn
hoc, thién van hoc Xamacan c6 tén la Giém
Xit—Giaxédin Casi nguoi ta lai gap tam gidc
s6 hoc ma tac gia da goi tén r6 hon la cac he
s6 nhi thic cing véi nhitng chi din vé céch
thanh lap céc hang k€ ti€p nhau ctia bang ting
véi cic cdp lién ti€p cha nhi thitc. Véi 161 chi
dan (khong chimg minh) dé Casi da cho ta
kha ning khai trién nhi thitc & mot cap bat ki.




Co thé coi d6 1a su phat biéu bang van dau
tien trong lich sir cta dinh 1i vé nhi thirc
Newton.

O chau Au, tam gidc s6 hoc duoc tim thdy
dau tién trong cong trinh cla nha todn hoc
nguoi Duc Stiffel M. cong b vao nam 1544.
Trong cong trinh nay ciing din ra cc hé so
cua nhi thitc cho dén cap 17.

Gén mot tram nam sau, hoan toan doc lap véi
nhau nhad todn hoc ngudi Anh Boritgon
(1624), nha todn hoc Phap Fermat (1636) roi
nha todn hoc, triét hoc Phap Pascal (1654) da
dua ra cong thic hoan hao vé hé s6 cua nhi
thitc Newton. Dac biét trong cong trinh mang
1én Ludn vdn vé tam gidc s6 hoc cong bs vao
nam 1665, Pascal da trinh bay kha chi tiét vé
tinh chat cua cac hé s6 trong ram gidc s6 hoc
va wr d6 rtam gidce s6 hoc duge st dung mot
cach rong rdi va tén ram gidc Pascal ra doi
thay cho tam gidc so hoc.

RO rang vé mat lich sir ma n6i thi tam gidc s6

hoc da dugce cdc nha todn hoc A dong xét dén
trudc Pascal rat nhiéu.

Vay vai tro Newton ¢ dau trong tién trinh
hinh thanh cong thitc Newton ?

Nam 1676 trong bic thu thit nhat giri Oden
Hiard — Chu tich Vién Han lam Hoang gia
Anh, Newton did dua ra cong thic (1) ma
khong dan giai cach chimg minh. Sau do6 it

lau trong bic thu thi hai giri dén vién Han
lam, Newton da trinh bay rd rang bang céch
ndo ong di dén cong thic do. Thi ra bang
céch nay Newton da tim ra cong thiic Newton
tr nam 1665 'khi ma 6ng chi méi 22 tudi.
Nhung du vay thi viéc dua trinh cong thic cua
minh Newton ciing khong néi duge diéu gi
m&i cho cic nha todn hoc duong thoi.

Vay tai sao cong thitc khong méi do lai mang
tén Newton ?

Vin dé 1a & chd y tudng cua Newton khong
dimg lai & viéc ap dung cong thic nay cho
truong hgp cic s6 mil 1a s6 nguyén duong ma
cho s6 mii bat ki : s6 duong, sé dm, sé nguyén
va phdn sd.

Chinh y tuéng méi dé ¢6 mot y nghia 16n lao
déi vé6i viéc phat trién cha toan hoc. Cac nha
toan hoc duong thoi thdy ngay duge tim quan
trong cua cong thirc va cong thirc duge ap
dung rong rai trong nhiéu cong trinh nghién
cliu toan hoc, dac biét trong dai s6 va giai
tich.

Nhan day, ciing cdn phai néi thém ring cong
thic nhi thitc Newton khong phai la su dong
gop 16n nhit cua Newton cho toan hoc.
Newton da déng goép rat nhiéu cho viéc mdo
dau nhimg hudng toan hoc cao cép, dé la Cdc
phép tinh dot véi cdc dai lugng vé cing bé.
Va do vay Newton dugc coi 1a nguoi sédng lap
ra nganh Gidi tich todn hoc.

NHI THUC NEWTON VOI CAC BAI TOAN BAT PANG THUC

Céc ban than mén ! Khi hoc chuong trinh Dai
s0 16p 8 cdc ban gip mot s6 hing dang thiic
sau day :

(@a+b) =a* +2ab+b*

(a+b) =d® +3a% +3ab? + b

NGO VAN THAI (Thdi Binh)

Céc hing dang thitc nay thudng dugc dp dung
dé giai cdc bai todn bién ddi dong nhat va
ciing dugc 4p dung dé giai cdc bai toan bat
dang thuc:

Trong bai viét nay t6i muén néu vai nét vé nhi
thitc Newton vdi cac bai todn bat dang thic.




1. Nhi thuic Newton

Cic hing dang thic trén chi 1a trudng hop
rieng cua hing dang thic téng quat sau day :
(a+b)'= Cld"+C L a" b+ C2a" b + ...

A C e Ol (1)

trong d6 n 1a s8 nguyén duong.
Hing dang thic ndy dugc goi la cong thite nhi
thitc Newton, trong d6 Ct (k e N,k <n) la

cdc hé s6 cua nhi thic. CXbiang s6 t6 hop

hap k ci An tir. e 1a CF = "
chap k cua n phan tu, tic la C, = IS
(k! =1.2.3...k ; quy u6c 0! =1).

Pang thitc (1) duge chimg minh dé dang bang
phuong phdp quy nap todn hoc, trong qui
trinh ching minh phai luu y mot s6 tinh chat
ctaté hop :

k k k| ke k+1
Cn = CZ 4 Cn+ Cn+ = Cn:l :
Viéc ching minh chi ti€t xin danh lai cho ban
doc.
Tu nhi thitc Newton ta c6 thé rit ra mot s
cong thitc thd vi chang han :
eKhia=h=1thi
2" =4l C] )
e Khia=-b=1thi
0_ I 1= - ;
0=Cl—Cl+ ..+ (1" CL.
o (a—h)" =Cla"-Cla"'b+..
H=D"TC e (-1l

2. Tir nhi thitc Newton rtit ra bai toan
bat ddng thuc

Ban mu6n c6 mot bai toan vé bat dang thuc ?
Ban chi cdn ldy bat ki mot hing dang thic nao
do, réi b6t (hoac thém) mot s6 hang duong
nao dé & mot vé thi s& dugc mot bai toan vé
bat dang thic. Nhung dé dugc mot bai todn vé
bat dang thuc dung va hay con phai doi hoi
vao kha nang say mé tim toi cia ban. Sau day

12 mot s6 thi du vé cac bai todn bat dang thic
quen thudc dugc rit ra tir nhi thiic Newton.

* Thi du 1. Tir cong thiec (1) cho a = 1 duge

n(n-1)
2

(14b)" = 14+nb+ B b B (3)

Néu b 1a mot s6 khong am thi (n + 1) s6 hang
O vé phai cia (3) déu la nhitng s6 khong am,
do d6 c6 thé bo di bat ki mot s6 cac s6 hang
nao d6 & vé€ phai ta duge v€ trdi khéng nho
hon vé phai, ching han :

(A+b) 21 +nb

a +‘b)" > 1+nb+£n—;—l—)£1—.b2

(A+bY 2 1+nb" " +b", ...

% Thi du 2. Tir (3), néu b =% (n> 1) thi

1y 1 1 1
(l+—J = C%+C) (—)+C,21 (—5)+...+CZ(——).

n n n n"
Dé y rang

ct L n! LN L e
i kim=-wmt Kl m-ket ) k!

% Thi du 3. Viét nhi thiic Newton theo hai
cach sau :

(a+b)'= Cg a" +C}, ab+..
A C e e b

(a+b)"= COp" +C o™ la+...
A Cpa" Ol G

Cong theo timg v€ cha hai déng thic trén ta
co

2a+b)'= CO(d" +b")+CL (@' b+b"a)+...

+C' @b +bd" )+ Ch(a" +B").




Dé thdy khia >0, >0,i <nthi

(@ b —b)20
nén d"+b"2d" +d' b
Do dé via 20, b 20 thi

2a+bY' <CUa" +b")+CL(a" +b")+ ...

+CZ"l (@ +b")+Cp(a" +b")

h n
& 2a+b)'<2" (a"+b") hay (‘”b) i

2 2

3. Ap dung nhi thic Newton dé chimg
minh cac bai toan bat ding thuc

OBai toan 1. Vai —1<Xx <1, n la s6 nguyén
diong, chimg minh rang

"> 0=+ (1 +x)".

Chimg minh. Ta thdy
2 = (1= x+1+x)" = (1=x)+(1+x)".
Khai trién nhi thitc Newton & vé phdi ta c6
2" = QO =x) +C A=) 1+ x)+ .
C”(l +x)",

Vi [x1<1 nén (1 = x), (1 + x) déu khong am,
do doé
lZ 0 /
2">2C-x)" +Cr(1+x)"

=(-x)"+0+x)". 0

©Bai toan 2. Cho x> x, 20 ; y, >y, >0,
neN. Chitng minh rang

. / - -
)+ +3)" 2 (g +3) +(xn+y)".

Chimg minh. Vi x; 2 x, 20 nén x{" 2x3' ;
me N.Viy 2>y, >0 nén y,"Zyé‘ ; ke N
k

Dodé (" —xJ )y

m_k m_k m_k m_k
hay NV Ty 2 Xy, X))

Ladym=n-k;n=k20 tadugc

nk k . n-k_k n—k k | n—k_k
X Y Xy Ty 2 Tyt Xy )
K, on—k k &k
= Co(x] "y +x30y5)
Kk, n—k n—k _k
> C,(x"~ y2+x2 ) 4)

Tir bat dang thic (4) cho k ldn luot bang 0, 1,
2, ..., n duoc (n + 1) bét dang thirc sau.

Cf,)(xln +x3) = Cg(x{’ +x3)

1, 1 1, n-l -1
C,(x"~ y1+x§ ¥y) 2 Co(x "y, 237 W)

C o 4 x0y5 ™) 2 C s oy

CrOy +y3) = Colys + ).

Cong theo timg v€ cua 14t ca cdc bat déng
thic trén roi st dung cong thic nhi thic
Newton ta dugc

(X)) +(x+ )" 2 (g +y,)" +(xy +y)".

Dang thic xay ra khi va chi khi x; = x, hoac
n=x.0

Bai toan trén tuy khong kho, né c6 thé dugc
chimg minh bang nhiéu cdch khic nhau,
nhung c¢é diéu toi chua dugc bi€t c6 quyén
sach nao viét vé n6. Néu ta dé y, tir bai toan 2
s& rit ra dugc mot s6 bai toan thu vi, ching
han cho x; =y, 20, x, =y, 20 ta cé ngay
bai toan & thi du 3.

@Bai toan 3. Chimg minh rdng néu x;, 20,

V20 (k=1,2,..,m)thi

m . m m "
Z(xk +y)' z2m ’"H"’k +m]—[yk
k=l k=1 k=1

Chitng minh. Vi x, 20, y, 20,
déng thirc Cauchy ta c6

ix Iyl >mmh—[x" j
k=1

theo bat




Nhan hai v& cha bdt ding thicc d6 véi C/, r6i
cho j lan luot chay ur 0, 1, 2, ..., n ta duge
(n + 1) bat ding thiic cung chiéu, sau d6 cong
theo timg vé& cla tit ca cdc bat ding thic dé
lai, 4p dung cong thic nhi thic Newton ta
duge bai toan can chimg minh. O

QBai toan 4. Cho a,, ay, by, by la cdc s&
khong am. Chimg minh rang

n 1t i n 0] . n
’\’/a, +h' +8ay +by 2 ’\’/(al+a2) +(h +by)".

Chimg minh. Néu hai trong bon s6 a,, a,, by,
b, bing 0 ta dugc mot ding thic. Ap dung
bt ding thic Cauchy ta ching minh duge v6i
| <k < nthi

”lﬁ[(al’: +b]t') 2 ﬁak +1£]bk'
k-1 k=1

k=1

Nhu vay ¢6

O e O e

Nhan hai v& clia bat dng thic d6 véi CF, réi
cho k 14n luogt chay tir 0, 1, 2, ..., n ta dugc
(n + 1) bit dang thirc cung chiéu, sau d6 cong
theo timg vé& clia tat ca cdc bdt dang thic dé
lai va 4p dung nhi thic Newton ta dugc bai
todn phai ching minh. O

Bai todn 4 chinh la trudng hop riéng cua bat
dang thitc Minkowski.

MOT THUAT TOAN KHAI TRIEN NHANH TAM THUC NEWTON

Tir trude téi nay, ta da quen biét véi tam gidc
Pascal 1a bang cic hé s6 cho khai trién nhj
thitc Newton, cung véi ciac ki hiéu Cﬁ hoac
n . . ~ v .

[k}h Bay gio, ta s& thu mo rong cac thuat
todn do cho truong hop khai trién biéu thiic
(a+b+c¢)", va goi la tam thite Newton, trong dé6
a, b va ¢ 1a nhimg bién s6 thuc, n 1a s6 nguyén
duong.
Dé dé hiéu, ta xét truong hop khai trién
(a+b+(')2 dua vao tam gidc Pascal cho nhij
thitc Newton nhu sau :
(a+b+c)’ = (a+(b+0))

= La*.(b+c)’ + 2a' (b+0)'
+ l.ao.(b+c)2
La*(1) + 2.a" (Lb+1.c)
+ 1.a’.(Lh*2bc+ 1.6,

PHAM DANG LONG
(PHKHTN, BIHQG Ila N¢i)

Hay chi y t&i cac hé s6 bén ngoai va bén trong
ddu ngoac! Cac ban thady cé gi dac biét
khong?
Ta xét thém truong hop khai trién (a+b+c)’
iing véiso miin=3:
(a+b+c)’ = (a+(b+0))’

= La’.(b+c)°
+ 3.az(b+(')l
+3.a' (b+c)’
+ l.ao.(b+(')3
1.4° (1)
+3.a°.(1.b+1.0)
+3.a' (L6 + 2bc + 1.6%)
+1.8°0.6° + 3% + 367 + 1.5
a® + 3a°b + 3a’c + 3ab® + 6abc

+3ac + b+ 3b% + 3bc% + &

i




Ta ¢6 thé rit ra thuat todn tim khai trién cia e Dat ddu cong bén trai cac dong.

N o
(@+b+c)” nhu sau : Budc 3. Tim khai trién (a + b + ¢)°

Buoce 1. Viét bang cdc hé s6 va bi€n bén trong s . 3 ..

(, 8 ' & Nhan bi¢u thic trong ngoac (6 budc 1) voi
ngodc : , N -
8ot cac nhan tir ngoai ngoac (¢ budc 2)
o Cic hé s6 cuadong thii(i=0,1,2,3)cua

s s . e Cong cac biéu thiic & cac dong lai duge két
bang la dong thit / cua tam gidc s6 Pascal. ong g4 i

’ qua.
e Cic bién ctadong thiti (1 = 0, 1, 2, 3) cua

, . I . 777 Mot cach téng quat véi sO tu nhién n tly ¥
bang tuong ing v6i cac hé so trén 12 day céc

, : N A
bién cta khai trién (b+c¢)". (a+b+c)y =@+ b+0)
- A A c~ PR P n
e Dat dau cong gilra cdc don thic trén. _ Zcr,’,a,,_,,.(b +ey
Bude 2. Viét cac nhan tu bén ngoai ngodc : p=0
e Cic h¢ s0 ¢ dong thii (/ =0, 1, 2, 3) la day n p
hé¢ s6 cta dong thir n = 3 cua tam gidc Pascal = ZC;];“” 7, ZC‘,’,b” e
=0 ¢=0

nghia 12 dong cudi ciing cta bang s6 ¢ budc 1.

i

e Cac bién ¢ d(\)ng thei(i=0,1,2,3)1a dﬁy » Z Cgct[/)an—l’bp—q(_q
bién a3"‘i :a"' i . 0<¢g<psn

Va nhu vay ta c6

Thuat toan dé khai trién tam thirc Newton (a + b + ¢)" nhu sau :

Bucc 1. Viét tam giac Pascal dén dong thi n, dé c6 dugc cdc hé s6 cha nhi thic Newton
b+ ).

Buce 2. O ddu cdc dong, ta viét cdc don thic 12 khai trién nhi thite Newton (a + 1)", tic 1a cia
dod" A

Bude 3. Nhan lan lugt cac don thic ¢ ddu dong méi cot véi cac don thiic con lai trén méi dong
do, roi cong cac két qua lai, ta thu duge két qua.

la" 1
C}, a"_vl 16 1c
Cla" ? 15’ 2bc 12
a3 1’ 3b%c 33 1
14° 15" ‘CLb"-lc ............................... CZ"bc"'l 1"

10




Thi du. Vi n = 4, thuc hién thuat todn néu trén ta co

14

44° 1
6a” 16*

4" 1’ 3b%c
1 1w e

Két qua cudi cung la :
(a+b+c) =
4
a
+4a’b + da’c
+6a°b* + 12d°bc + 64%?
+dab’ + 12ab’c + 12abc” + 4ac®

+ b+ ab’c + 6b% 7 + ab + .

1
1c
2bc 12
3bc? 1
6b°c* 4abc? 1

RO rang la thuat todn ndy rat don gian va dé
dang 4p dung rong rdi, dé khai trién mot ram
thite Newton véi bac n tu nhién tay y.

NHI THUC NEWTON VOI CAC HAM SO SIN VA COSIN

Trong rat nhiéu cdc cong thic lugng giac da
bi€l, ta luu y dén hai cong thic
cos(A+ B)= cosA.cosB—sinA.sinB n

sin{A+ B)= sinA.cosB +cosA.sinB (1
T doé tacod

cos2x = cos” x —sin® x (2)

$in2x = 2sinx.cosx 2H
Phan tich lién ti€p nhu thé, c6 thé dan dén
cos3.v= cos(2x + x)

= cos’ x —3sin’ x.cosx 3)
sin3x = sin(2x + x)

= 3cos’ x.sinx —sin® x 39
cosdx = cos(3x + x)

= cos® x —6cos® x.sin® x +sin* x 4)

NGUYEN CONG SU(Ha Ngi)

sindx = sin(3x + x)

4

= 4cos’ x.sinx —4cos.x.sin> x

cos5x = cos(4x + x)

cos® x—10cos” x.sin® x+5cos x.sin® x 5

sindx = sin(4x + x)

3 x4sin® x (5"

= 5cos* x.sinx-10cos? x.sin
Céc cong thic trén va cdc bién déi tuong
duong cua ching thuong dugce st dung trong
viéc giai cac bai tap lugng giac, dac biét 1a
trong cac bai thi tuyén sinh vao céc trudng dai
hoc, cao dang va trung hoc chuyén nghiép.
Pé 1am giam nhe viéc nhd céc cong thic trén
ta c6 thé luu y t6i tinh quy luat dugc it ra
trén co s& viét lai cac cong thitc d6 dudi dang
bang sau :

11




sin2x = 2sinx cosx

Iy _ .2
cos2x = cosz.\' —sin“x
in3x — 2. o T3
sin3x = 3cosx.siny — sinx

— .2

cos3x = cos>x — 3cosx.sin’x
sindx = 4cos x.sinx — 4cosx.sin’x
vved v - 4 2 .2 . 4
cosdx = €os ¥ — 6cos x.sin“x + sin x
= i — 4 . 2. .3 -5
sind.x = 5cos x.sinxy — 10cos”“x.sin"x + sin”x
e — 5 3.2 . 4
cosSx = cos x — 10cos”x.sin“x + Scos.x.sin x

Né€u trong méi 0 bi chan boi hai dudng ké
ngang & trén ta tién hanh liét ké cac hé s6 cla
cac hang tir (khong ké dén ddu) theo trat tu
ctia chiéu mii tén ¢6 trong bang, ta dugc

1 2 1

1 5 10 10 5 1
C6 thé thdy ngay ring day chinh I3 tam gidc
$0 hoc (hay tam gidc Pascal) trong cong thiic
khai trién Newton quen thudc clia

(cosx + sinx)” véim =2, 3,4, 5.

Ngoai ra biéu thirc trong v€ phai cha sinmx,
cosmx 13 hai nlra cia khai trién Newton ma
tng véi sinmx l1a cdc hang to dimg & vi tri
chan, con ting véi cosmx 1a cic hang tr & vi tri
I¢, chi khdc 1a ddu cua cic hang tr dé duoge
gén theo trat ty luan phién tir + dén —.
Thidu: Véim=5tacd
(cosx + sim)5 = cos”x + 5cos’x.siny

+ 10cos’x.sin’x +10cos?x.sin>x

+ Scosx.sin*x + sin’x

thi theo quy ludt trén tng véi sinSx sé 1a

12

SCos4xsmx, 10cos’x sm3x, sin"x va tng vdi
cos5x s€ la cossx, lOcos3x.sin2x, Scosx.sin’x.
Theo quy luat luan phién ctia dau ta duge
sinSx = Scos*x.sinx — 10cos2y sin’x + sin’x
cos5x = cos"x — 10cos’x sin’x + Scosx sin*x.
C6 thé ching minh bing quy nap todn hoc
cho mot quy luat téng quét sau :

Quy tdc. Néu viét biéu thic khai trién Newton
cho (cosx + sinx)” thi cdc hang tlr dimg & vi
tri 1é dugc viét véi ddu theo trat tu luan phién
+, —, +, —, ... s& cho ta biéu thitc ctia cosmx
con cac hang tr dimg & vi tri chan cing véi
quy luat ddu luan phién nhu trén sé cho ta
biéu thitc cta sinmx.

Ta hay tha ap dung quy tac trén dé tinh cos6x
va sinbx.

Trudce hét ta ¢

(cosx + sim)6 = cos®x + 6c0s”x.sinx

+ 15cos*x.sinx + 20cos’x sin’x

+ 15cos?x sin*x + 6cosx sin’x + sin’x
O day dimg O vi tri 1é s€ 1a

. 2 . 4 .
coséx, 15cos*x sm2x, 15cos“x sin x, sin®x




va & vi tri chan la
5. . 3.3 .5
6¢cos v sinx, 20cos™x sin”x, 6¢osx sin™x
Nhu vay khi gan dau ta dugc
4. .2
cos6x = cos®x — 15¢cos x.sinx
. 4 .
+ 15cos?x.sin*x — sm6x
. 5. . 3. .3,
$inbx = 6cos x.siny — 20cos x.sin"x
+ 6COSX.Sin X,
V6i m 1a mot s6 nguyén duong bat ki ta ¢6

m(m —D m

cosmx = cos™ N = cos 2

-2 .
xsin-.x

m(m—=1)(m—2)(m—-13)
" 1234 ¢

— . 2
s" 4 xsin®x — ...

4

=1 vsin® x

. m
sinmx = ~-cos
mm-1)(m—-2) 3
123, >
m(m-1)(m-2)(m-3)(m—4)
1.2.3.4.5
Nhu vay dé ciing 1a mot \ing dung thi vi cua
cong thurc khai trién Newton trong luong gidc.

xsin® x

cos™ xsin’ x —...

‘Cic ban hiéu biét vé s6 phic c6 thé dung

cong thic Moivre :

(cosx + isinx)" = cos(nx) + i sin (nx) va khai
trién nhi thic Newton dé thdy ngay két qua
trén.

VE CACH BIEU DIEN COS/1X THEO COSX

Trén tap chi THTT so 249 (3/1998) cé bai
Nhi thite Newton vdi cde ham s’ sin va cosin
cua tic gia Nguyén Cong Si, trong dé trinh
bay cach tim cong thitc tong quat biéu dién
cosnx va sinnx theo cosx, sinx nho tam giac s6
trong bang Pascal.
Bai bdo nay gép thém mot y vé cich xdc dinh
céc hé s0 cha su biéu dién cosny theo cosx.
Mot vai cong thic biéu dién ddu tién cia
cosnx theo cosxy la
cosOx = | = cosx
cosxy = Jcosx
cos2x = 2cos’x — 1
3
c0s3x = 4cos"x — 3cosx
cosdx = 8cos’x — 8cos®x + 1
5
cos5x = 16cos°x — 20c0s>x + Scosx
4
cos6x = 32cos’x — 48cos*x + 18cos’x ~ 1

7 5 3
cosTx = 64cos ' x — 112cos™x + 56¢c0s”x — 7cosx.

TRUONG CONG THANH (11a Noi)

Néu chi xét céc hé s6 cha cac biéu thic trén ta
dugc bang hé s6 dang tam gidc dudi day (bo
cac cot ung véi hé s6 0), trong dé n la s6
hang, & 1a s6 cot, giao giita hang n va cot & la
h¢ s6 a, , clia cosx v6i s6 mii m = n — 2k.
Cong thifc tong quat 1a

cosnx = z a, ; cos" 2K y

n
O<ks—
2

_ N 2 n=4 .
=d, COS X +d, |€OS" "X +a, ;08 X+ ..

" k 0 1 2 3
0 1
1 1
2 2 -1
3 4 ~3
4 8 -8 1
5 16 =20 5
6 32 -48 18 ~1
7 64 -112 56 -7




Tir bang hé s6 mot cach tu nhién xuit hién
cau hoi :
nao ?
Céc hé 56 a,, , trong bang c6 méi lién hé gi ?
Co6 thé viét n6i ti€p bang trén mot cach nhanh
chéng khong ? '
C6 thé viét ngay cong thic cosnx theo cosx
vGi moi so n khong ?

Pé tra 101 ta xét 1an luot nhu sau.

1) Cong thize xudt phdt

Tir 2cosny = 2cos((n — 1)x + x)

= 2cos{n — 1)x.cosx — 2sin(n — 1)x.sinx

va —2sin(n — 1)x.siny = cosny — cos(n — 2)x
vdimoin 2 2taco

cosnx = 2cos(n — 1)x.cosx — cos(n —2)x (1)

2) Mdi lién hé gitia cdc hé s6 a,,

Vicos" Hv=cos” "y cosx
=cos" "2 72k Dy nen tir (1) ¢6
an,k=2an—l,k—an—2,k—l (2)
voi 1<Sk<Z n22
2
va  a,¢=2a,_) ¢vOoik=0,n22 (2)
aye 1= D véin=2k22 (2")

Chang han : a5y =2a,0=2x8=16;
dgy=(-D'=-1:

ds ) =2 x 18~ (=20) = 56.

Heé thic (2') va (2") ¢6 thé coi 1a trudng hop

Ug7= 2a6,—

rieng cua (2) néu dat a, ; = 0 v6i kK < 0 hodc
n < 2k.

Nho cong thic (2) ban ¢6 thé viét tiép bang
ht¢soa, .

3) Chii y : Tong cdc hé s6 cha mét hang tuy y
bang 1, nghiala:

14

C4u tric cta bang s6 trén nhu thé

> a, =1 (3)

n
<k<=
0 2

Thuc vay, (3) ding v6in =1, 2, 3. Gia st (3)
diing v6i moi 56 khong 16n hon n thi

Z a,; =2 Z 1k — Z A2 k-1
n n—}| n-2
<k <— <k <— <K | Someemme
0,.L~2 0<k< 5 O<k-1g 5
=2x1-1=1.

Vay (3) ding véi n.
4) Cong thitc tong qudt cua a,, ;
C6 thé viét :

cosbx = —2—.25.C2 .cos® x - 2.23.C'5 cos’ x

6 1 ~2 2 6 —1 ~3
+ Z.Z .Cj .cos x—§.2 .C3.

cosTx = ;.26.C(7) .cos’ x —%.24.C('5 cos’ x

+ —;—.22.C§.cos3 )«'—%.20.Ci.cosx.

Ta s& ching minh béng quy nap rang :

1-2k C 4)

k
Dé thay (4) dung véi n =1, 2, 3. Gia st (4)
ding véi moi s6 khong 16n hon # thi

an,kzzan—l.k_an*z.k—l

1
= (- l) _—l—kzn -2 Cn 1-k
.y on=2 _,
._(__l)/\ lnl—l_k 2‘1 ~1-2k Cn | '
‘ n-1-2k
= (-1) n—l—k((” NCY i +(1=2)Chl )
- (—l) k 2'1 1-2k Cn .

Vay 4) dung véin. O

Nho cong thic tdng qudt clia a,  ta 6 thé
viét dugc ngay cong thirc biéu dién cosnx theo
cosx v6i mbi n, chang han coséx, cos7x nhu &
trén.




5) Moi lién hé giita s6 a, , voi hé s6 trong
khai trién nhi thitc Newton
Ta ciing ¢6 thé viét :
cosbx = cos(’x(l.C2+l.C(2,+l.Cg+1.Cg)
—cos* x(1.C2+2.C¢+3.C%)
+ cos? x(1.Ch+3.C0)
- cosox(l.Cg)

cosTx= cos’ x(1.CH+1.C5+1.C5+1.C5)

—cos® x(1.C3+1.C3+3.C5)
+ cos’ x(1 .C‘7‘+3.C§,)

- cosx(l.C;)

L.ap bang cdc hé s6 cua cac cong thic trén (bo
cdc dau cong) rdi quay bdng d6 ta duoc bang
dudi day, trong dé thira s6 bén trai cha méi
tich lap thanh tam giac s6 Pascal.

0
1.cY

1.C2 1.C2

1.c; 2.C 1.c

6 6 6 6
1.C8 3.C8 3.C8 1.c8

Néu cdc ban biét phép tinh ma tran thi c6 thé
Viét :

(0001 |[-1
0011 | cos®x
0121 ||-cos*x

(1331 __cos6x i

coséx = [CYCZCe CE]

(0001 [[-cosx |
0011 | cos’x

0121 ||-cos’x|
1331 | cos’ x

So sdnh bang s6 trén véi cong thic (4), rit ra

cosTx = [CIC3C3C5)

N . . n
cong thitc sau v4i 0 <k < 5 :

0 ~2k | I 2k+2 | 2 2k+4
CiC +C G +C LG+

n —1-2k ~k
—__’-1___._2'2” ‘Cn—k
hay Z CZHC?:(IH”
n
OSt5—2——k
n .
=B gtk )

Ban doc c6 thé chimg minh dugc cong thirc
(5) hay khong ?

Tuong tu nhu trén, cic ban hay lap bang hé s6
va tim dang téng qudt clia hé s6 trong cong
thirc bi€u dién sinnx theo sinx.

MOT SO BAI TOAN TiNH TONG CHUA CONG THUC TO HOP

¢ Bai toan 1. Dé thi tuyén sinh Pai hoc nam
2003, mon Todn khoi B (cau V) ¢6 bai todn :
Cho n la s6 nguyén duong. Tinh téng

22 -1 23—1C2+ +2”*‘—1

A
2 30" n+1 Co-

n

_ A0 1
A=C + C,+

TRAN MANH HUNG
(CDSP TP. Ho Chi Minh)

Bai nay da dugc giai nhu sau (theo ddp an cua
Bo GD & DT). Trudc hét khai trién

n 0 1 2.2 n _n
(1+0)" = C +C x+Cx" +...+C, x".

Sau d¢ ldy tich phan hai v€ trén [1 ; 2] duogc
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1 12 0 | X 2 \,n+l 2
1+ 7 -
n+l(l+\) | C, x+C, 2+ ~+C, e
1
22 “'l 2’1+| “l
w() | n
+C | —— |+...+C
- C, ”( 3 J+ +(‘,,[ ]
3n+fl _2n+l
T on+l 0

Cach giai nay ciling twong tu cach giai cau
IVa, dé 86 trong quyén B¢ dé thi tuyén sinh
vao cde truong Pai hoc, Cao ddng va Trung
hoc chuyén nghiép truée day.

Sau ddy xin néu moét cach giai khdc cho bai
todin  trén, su  dung cOng  thic

n+l P’ Al
(/\ jc n:l

duong, k 12 s6 nguyén khong am, k < n).

(trong d6é n la s6 nguyén

1 0 2 (n+l)C,l
—+—l((n+1)c,,+(2 -1 5 4
e (n+l)C")
n+1

n+

1((2 DNl + @22 -nc +...

n+l

L+ (2IH'1 "‘])Cn+1j

| +., +2n+l Cll+l

N+ <1+

I 22
’1+][2(‘,‘,+,+2 C

1 n+l
(CIH | + CIH | +e +Cn+l )J

| 3n+l _2n+l

- -,—_;T((2+1)"+I~]—-(2”+l—l)) =

Cach giai ndy ¢6 mot s6 uu diém sau :

1) Pay la cach tinh truc tiép chi dung kién
thic co ban cla gidi tich t6 hgp, khong phai
dung dén céc kién thitc vé tich phan.

2) Viéc nhan va chia téng A véi n + 1 do mot
I& tu nhién la s6 hang thi £k + 1 trong A ¢6

16

méu s6 12 (k + 1), bi€u thic C c6 mau s6 1
k!(n — k)!, rong d6

kl=12..kva(n-k!=((n+1)-K&+D)

nén khi nhan s6 hang thit £ + 1 trong téng A

v6i n + 1 s& xufit hién biéu thic C1

bay la
suy nghi thudong gap trong qua trinh tim 151
giai bai todn.

3) Pé thi hién nay c¢6 muc tiéu 1a phan loai
hoc sinh, phdt huy tinh sdng tao, khong rap
khuon, khong theo 161 mon trong khi giai
toan. Cich giai trén phan nao dip tng duogc
muc tiéu d6. Hon nita tir cich giai trén cling
c6 thé giai céc bai toan khdc téng quat hon,
chang han

Bai 1. Tinh téng

(a-1)C%+ ‘lc‘ a “c2+ +5’-”-+1—“—1 n
noo2 Th 3 n+l
Bai 2. Tinh
2,2 3,3
(a-b)C%+2 2” c+2 3” C2+..
+ n+l bn+l .
n+l ne

@Bai toan 2. Pé thi tuyén sinh Dai hoc
2005, mon Toan khoi A, cau IV phan 2 ¢6 bai
todn vé t6 hop sau :

Tim s6 nguyén duong n sao cho

C7n+l 2. 2C”m—l"-3 22 C2n+l 4. 23 Cgn+l+'“

+ 2n+ 122 3" = 2005.

Trong dap an cia B GD&DT va 1oi gidi trén
THTT s6 337 (7.2005) da gidi dua vao viéc
1dy dao ham cia da thitc dang (x +1)".

Dugi day trinh bay thém mot céch giai chi
diing kién thic cta giai tich t6 hop.

Ta c6 (i+1)CHY = (k+DC:, trong d6 i, k 1a
cac sO nguyén khong am.

T dé




| 2 2 ~3 34
C2n+l_2'2C2n+l+3'2 'Czn+l_4"2 C2n+l+"'
+ (2n+1)227 il

2n+1
= 2n+1)CY, —@n+1).2Ch, +2n+1DC3,
- 2n+H2°C3 + .+ 2n+ 122 COE
= 2n+1)CY, -2Ch +22CE -2°C3,
+.. 4220

= 2n+D(1-2%" =2n+1.

Theo gia thiét ta ¢6
2n+1=2005=n=1002.0

Qua hai bai todn trén ta thay dé gidi bai todn
tinh téng chta cong thic t6 hgp, ngoai céch
sit dung céng thic dao ham hoac cong thic
tich phan, ta con c6 thé st dung céc hé thiic
vé cong thirc t6 hgp dé bién d6i cdc s6 hang
clia téng réi rit gon ching ciing din dén két
qua. :

Y NGHIA HINH HOC CUA SO Ck VA UNG DUNG

Khong it cdc bai todn dai so, khi giai bing
phuong phéap hinh hoc, 16i gidi da tréd nén gon
va dep hon. Bai viét nay gidi thiéu y nghia

- hinh hoc cta s6 CYva mot s6 bai toan ap

dung, hi vong qua dé gitp cac ban thém mot
cong cu khi gidi mot s6 bai todn vé t6 hop.

1. Y NGHIA HINH HOC CUA SO C%,

Trong mat phang toa do Oxy, cho diém
A(k:n) (h.1). Ta goi duong di ngdn nhdt tix
diem 0(0;0) dén diém A(k;n) 12 dudng di
thoéa man quy tac : Chi di theo hudng duong
clia cdc truc toa do6 va chi dugc phép déi
hudng di (d6i tr huéng duong cha truc toa do
nay sang huéng duong cua truc toa do kia) tai
céc diém c¢6 toa do nguyén.

y

HHinh |

PO THANH HAN
(Truong THPT chuyén Bac Liéu)

Ménh dé. So" duomg di ngdn nhdt tir diém
0(0:0) dén diém A(k;n)la Ck,, .
Chitng minh. Mbi dudng di ngan nhat wr di€ém
0(0;0) dén diém A(k;n) déu gém k + n doan
thang, trong d6 k doan ngang va n doan doc
(h.1) (m6i doan dai 1 don vi). Cac duong d6 chi
khéc nhau bdi thir tu k€ ti€p cua cdc doan ngang
va doan doc. Vi vay : S6 cac dudng di ngan nhét
tir diém O(0;0) dén diém A(k;n) bang s6 cach
chon k doan ngang tir k + n doan doc ngang, titc
fa bang C},, (dpcm). O

Chii y. Ta c6 thé xét n doan doc thay cho &
doan ngang va khi d6 s6 duong di ngan nhat
tr diém O(0;0) dén di€ém A(k;n) s& la Cf,,,,

nhu vay ta di chimg minh duge C{,, =CJ, .
Hé qua 1. S¢" dwong di ngdan nhdt tir diém

J(p;q) dén diém A(k;n)la

=

k—p
C (k=p)+(n—q)

- Tlk=p)(n—q)
voi0<p<k,0<g<n;p,q k,nelN,

Hé qua 2. S6" duong di ngdn nhdt tix diém
0(0;0) dén diém A(k;n) di qua diém J(p.q)

5 p k-p
bang C),., Ci pyin-gp-
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1. MOT SO BAI TOAN AP DUNG

% Thi du 1. Ching minh rang néu k, n e N,
I <k<nthi Ck=C1+Ct | (Quy tic Pascal).
Loi gigi. S5 duong di ngan nhat tr diém
0(0:0) dén diém A(k;n—k) 1a Cyy oy = Ch
(h.2). Ta chia cac duong di d6 thanh hai l6p
khong giao nhau nhu sau.

e L6p thit nhit gém cic duong di tr diém O
dén diém A phéi qua diém A(ksn—k—-1), s6

dudng di cha 16p nay 1a Ci,, 41y =Ch_y.
y
A
n—k A A
n—k-1 A
) 1k x

Hinh 2
e Lop thit hai gébm cdc duong di tir diém O
dén diém A phai qua diém A,(k—1;n—k), s6
dudmg di cba 16p nay 13 C{i'|)vnty = Chl.-
Theo quy tic cong, ta suy ra
C, =C, 71 +Cy .y (dpem). O

% Thi du 2. Chitng minh rdng

N ot oY onl S o
voi 1 £k <n.
Loi gidi. S6 duong di ngin nhat tr diém
0(0:0) dén diém A(k;n—k) 1aCy, sy = Ch.
Ta chia cac duong di d6 thanh (n — k£ + 1) I6p

khong giao nhau : Lép thti (i=0,1,2,..,n—k)
gém céc duong di tir diém O dén diém A phai

cat duong thing x = % tai diém G—t) (h. 3).

18

N

Hinh 3

S6 dudng di cla I6p nay bang s duong di tir
diém (1;)) dén diém (k;n—k) va bang

k-1 _ k-l
C(k—1)+(n—k—i) - Cn—i—l :
n—k
Theo quy tic cong suy ra C\ =ZC§,:,'-_,
i=0

(dpcm).0
Y% Thi du 3. Chimg minh rdng
() +(c) +.+(c) =cs,.

n
Loi gidi. S6 dudng di ngin nhat tr diém
0(0;0) dén diém B(n;n) 1a C°,, =C%, .
Ta chia cac dudng di d6 thanh (n + 1) 10p
khong giao nhau : 16p thi i (i =0, 1,2, ..., n)
gbém céc dudng di tir diém O dén diém B phai
qua diém A (i;n—i) (h. 4).

y
n Ao B
A
n—i .
A,
0 i n X
Hinh 4

S6 duong di cua 16p nay la
i i [ n—i ‘
i+(n——i)CFn—li)+[n—(n~i)] = C’n ‘Cn = (C;I)
Theo quy tic cOng, ta suy ra

C;, = Zn:(C’n )2 (dpem). O
T

2




% Thi du 4. Cho cdc 5o nguvén duong m, n,
p.qviip<m, g < n Trén mdt phdng toa
do ldv bon diém A0;0), B(p:0), C(m;q),
D(m;n). Xét cdc dwuong di f ngdn nhdt tir A
dén D va cdc dieong di g ngdn nhat nr B dén
C. Goi S la s6 cdp duong di (f ; g) mafva g
khong <6 diém chung. Chimg minh rdng

s=cC,,,,C! -ct..Ch

m+n->m+y—p m+¢ - ~m+n—p -

(Bm thi chon Dai tuyén Viét Nam 2003)

Loi giai. S6 cap dudng di (f; g) thy y 12
M C” C(/ _ C” C([ ( 1 )

m+n = grm--p AN g — P

Goi U la s6 cap duong di (f ", ¢) v6i f' 14
dudng di ngan nhat tir A dén C, g' 1a dudng di
ngan nhat tr B dén D (h. 5).

y
n D
q C
. K
J
olA Bp i mox
Hinh 5

S6 cap dudng di (f'; ¢ ) tuy y 1a

Vif'va g'luén c6 it nhdt mot diém chung
K(i;j) véip<i<mva0<j<qg(i,jeN)
nén s6 dudng dif' phai qua K la
; _
Cj-H C(q —J)+(m— 1)’

s6 dudng di g’ phai qua K 1a

J n—j
Cj+(i—p) C(n —J)+(m—i).
Vay
J §-j ] n—j
U= Cj+l C(q —j)+(m=i)" Cj+(i—l7) C j)+(m i) 3

Vi K ciing 1a diém chung cdc cap dudng di
(f; g) ma fva g c6 diém chung, nén néu goi T’
12 s6 cap dudong di (f; g) ma f va g ¢6 diém
chung K thi tuong tu ta c6

.C{.? “4)

—J n—j J
r= Cj+f‘C(H—j)+(m—-i)'C (g— 1}+(m—1)

JHi-p)

T (2), 3)va@d)tacoT=U.

VayS=M-U
= C’ri1+n C‘r’;H—q -p C(rln+q C’,:H_,, -p (dpcm). )

Dé két thic bai bdo, mdi cdc ban thir sir dung
phuong phap trén vdi hai bai tap nho sau :
Chiing minh rdng

me~0 | ~m-l m
1) C C +C Ck+l+ +C A+m n+k+1

n-|

U= CZ+m CZ&—m - = C;/nﬂ/ CZH n-p (2) 2) COCk +Cann 1 *.. +C{\1C9n = Cfn+n
PHUONG PHAP QUY PAO

Bai nay gidi thiéu mdt trong nhing phu’o’ng
phdp ¢6 hiéu qua dé gidi cac bai todn té ho‘p
do la phuong phdp quy dao. Noi dung cua
phuong phdp quy dao trong cdc bai todn td
hop la chi ra cdch giai thich hinh hoc dé dua
bai todn vé viéc tinh s6 dudong di (hay s6 quy
dao) c6 mot tinh chat xac dinh nao dé.

PHAN DBUC THANH (PH Vinh, Nghé An)

Uu diém cta phuong phip quy dao la tinh
truc quan trong cach chiing minh.

"Bai todn con €ch" (tic bai todn s6 6 trong ki
thi Toan Quéc t€ 14n thit 21) c6 thé giai bang
phuong phap quy dao (xem Todn hoc va tuéi
tré thang 2/ 1980).
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1. M6t s6 bai toan dién hinh giai bang
phuong phap quy dao

Phuong phdp quy dao dua trén viéc tinh so

dudng di thco mot mang ludi ké 6 vuong kich

thuéc m x n dat trong géc phan tu thir nhat

cua hé truc toa do Oxy.

S6 dudong di ngin nhdt theo mang ludi (tic 1a

chi dugc di cung chiéu v6i Ox hoac Oy)

tr diém O ; 0) dén diém D(m ; n) bang

croo=C

man = Cmen
@ Bai toan 1. Chimg minh rdng
Cl, = (COF +(C)?* +...+(C.
Lot gidi. Ta hdy xét mot mang luéi ke 6 vuong
_ kich thudc n x n. S6 dudng di ngén nhat (theo
mang luéi) tir diém O(0 ; 0) dén diém D(n ; n)
bing C3,. Chi y raing méi duong di ay di qua
mot va chi mot diém A, (k; n—k) nao d6 nam
trén dudng chéo BC (h.6). S6 dudng di tir diém
O dén diém A, bang |
Chonky =Ci-

S6 dudng di tir diém A, dén diém D bang
C}ypyex =Ch. Do d6 s6 dudng di tir diém O
dén diém D di qua A, bang CI‘ (‘" (Cf‘;)z.

Tu d6 dé dang suy ra hé thic phai ching
minh. O

Cic ban hdy ching minh hé thitc tong quat
hon ;

cl.ck e i skl =k

m n+m
y
D(n;
B n) (n s n)
n—k Ay
o k Cn;0) x
Hinh 6
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@Bai toan 2. Chimg minh rdng
cr.cdrcmlcl,+ +C

“n—|

n-m:* A+m 'Cn+l\+l
Loi gidi. Ta hjy xét tat ca cic dudng di ngan nhét
tir diém O(0 ; 0) dén diém D(n — m + k +1 ; m).

o A N £k m
S6 cac duong dé bang C, ., ;.

Goi B, (i =0,1, ...,
khdc cit dudong thing A c6 phuong trinh

m) 12 16p nhitng dudng gap

. 1
x=k+—l- tai diem R| k+= ; 1| (h.7).
2 2
y
A
m D
R Y
0 k k+1 n-m+k+l x
Hinh 7

Ta nhan thdy rang méi dudng gdp khiic thudc
16p B; gom 3 phan :

Phan 1 : Pudng gap khiic néi di€ém O(0 ; 0)
vGi diém P(k ; §).

Phan 2 : Pudng ndm ngang néi diém P(k ; i)
v6i diém Q(k + 1 ; 0).

Phan 3 : Dudng gép khic ndi diém Qk + 1 : 1)
véidiémD(n—m+k+1;m).

Ta thdy ring tong s0 cdc dudng gip khiic
thuoc 16p B, 1a

‘ CI CI’H—I

n-t '
Tir d6 suy ra hé thiic phal chimg minh. O

OBai toan 3. Cé m + n nguoi sdp hang mua
vé xem kich trong dé c¢6 n nguoi mang tién
loai 50000 dong va m ngudi mang tién loai
100000 dong vdi n > m. Méi vé gid 50000
dong. Trude lic bdn, nguoi bdn vé khong co
tién. Hoi ¢é bao nhiéu cdch sdp xép m + n
nguoi mua vé dé khong cé nguoi nao phdi cho
trd tién thia-?




Loi gigi. Gia su cdc ngudi mua vé da duge sip
hang theo mot cach nao d6. Ta dat

1 néungudi mua véthitic6 50000d6ng
;= X
" |- 1 néungudimua véthitic6100000d6ng

Khi dy §; = ¢y + ... + ¢, bang hiéu s¢ gilta s0
lugng nguoi ¢6 tién 50000 dong va s6 lugng
ngudi ¢6 tién 100000 déng khi ¢6 k nguoi
sap hang.

Trén mang ludi ké 6 vuong trong hé truc toa
do Oxy ta v& cic di€m Ay(k; S,) k=1, 2, ...,
m+ n) va xét duong gidp khic néi diém
O(0; 0) v6i diém A, , (m + n; n —m) ma di
qua cdc diém A, ..., A,, , , — ;- Ta goi dudong
gap khic nhu vay la mot quy dao, tuong dng
v6i cdch sip hang cla ngudi mua vé. Téng s6

n
n+m’

cdc quy dao biang C
a) Chd y rang cdc quy dao tuong ing véi cich
sap hang clia ngudi mua vé dé khong ai phai
cho trd tién thira s& khong cat duong thang
y=-1

Thuc viay néu doi véi k nao diy S, _ | = 0,
S;=-1 thi diéu dé c6 nghia Ia trong k = 1
ngudi sdp hang diu tién s6 lugng ngudi cb
ti€n 50000 dong va s6 lugng ngudi c6 tién
100000 dong la nhu nhau, ngudi tht k ¢
100000 dong nén phai chd tra tién thira.

b) Ta sé chimg minh rdng s6 quy dao cét
dudng y = ~1 bang C™*! _ Véi méi quy dao O
cat dudng thing y = —1 hay c6 mét diém
chung vdi né ta thiét 1ap tuong img gifta Q véi
mot quy dao Q' theo cach sau : Dén giao di€ém
déu tién v6i dudng thang y = —1 ta cho Q' = Q,
phén con lai ctia Q' 1 anh d6i xing clia Q d6i
véi dudmg thang y = —1. Toan bo quy dao Q'
két thic ¢ diém A’ (m +n;m—n - 2)
12 d4nh cta diém A,, , , d6i véi dudng thing
y=-1. Sy tuong ng da thiét 1ap 12 mot — mot
(hay la song dnh), do d6 s6 quy dao cit dudong
thang y = —1 bang s6 dudng gip khic néi

diém O véi diém A', ., .
khiic nay ¢6 r doan huéng xudng dudi va s
doan huéng Ién trén thi

Néu & duong gdp

=r=n+1.

r+s=m+n
r—-s=n+2-m

Vay s6 quy dao cat dudng thing y = —1 bang
Cll+l

m+n*
c) Tir két qua & b) suy ra rang s6 quy dao
twong Ung vdi cach sap hang cla ngudi mua
vé dé khong c6 ngudi nio phai chd tra tién
thira bang

Cn+l _h+ 1—m m
T Mmtn T n+]_ m+n*
Lién quan chat ché dén bai todn 3 la bai toan
vé bo phi€u ma nha toan hoc Bertrand di xét
nam 1887.

@ Bai toan 4. (Bai toan vé bo phiéu).

Cn

m-+hn

a

Trong mét ldn bdu ci, ung cu vién A dicoc a
phiéu bau, ung cu viéen B dugc b phiéu bdu
(a> b). Cu tri bo phiéu lién tiép. Hoi ¢6 bao
nhiéu cdch bo phiéu dé img cir vién A luon
luén dan ddu vé so phiéu bau cho minh ?
Loi gidi. Ta dat

+1 néu phiéu thit i bau cho A

—1 néu phiéu thi / bau cho B

e =

Dét Sl\' =€ + ...+ €.
Ta xét quy dao v6i céc di€ém O(0; 0), (1 ; S)),
k538, ....(a+b;S,, ).
OdayS,,,=a-b.
R rang méi cdch bo phiéu tuong ing véi mot
quy dao xdc dinh. Méi quy dao gébm a + b
doan thang trong d6 c6 a doan huéng lén trén.
Téng s6 cdc quy dao bang C%,,. Ung cir vien
A ludn dan dau néu quy dao tuong iing di qua
diém (1 ; 1) va khong cit truc hoanh. S6 quy
dao nhu vay bang
n+l-m

Cm
n+1

m+hn

trongdén=a-1,m=b.
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Do d6 s6 cach bo phiéu phai tim 1a

e =22, O
©Bai toan 5. Cang cdu hdi nhu bai todn 3
nhung vdi gid thiét la trudc khi bdn vé ¢ nguoi
bdn vé ¢6 ¢ tién loai S0000 dong.

Trong trudng hop nay bai todn dua vé viéc
tinh s6 quy dao tir diém O(0 ; 0) dén diém
A, 5 (m+ n; n — m) khong cit dudng
thdng y = —(¢ + 1). R rang s6 quy dao cit
dudong thing dé bing s6 quy dao tir diém
B(O; -2(c + 1)) dén diém A, | (n+m;n—m)
tirc 12 béng

c+n+l _ ~m—c-1
Cm+n _Cm+n .

S6 quy dao cin tim cua bai todn la

Cm . Cm——c—l . D

“m+n “m+n
2. Mot sé tinh chat cua quy dao
Gia sir x, y 1a cdc s6 nguyén va x > 0.
Ta goi mét quy dao tix goc toa do dén diém
D(x ; y) la dudng gap khic néi cdc diém
0@ 0), (138, s (k3 S, oo DX 3 S,
trong d6
S.=y.
+1
Si=Si-1=¢6= {
-1
v6ii=1,2,..,x
Goi N[x ; y] 12 s6 t4t ca cic quy dao néi diém
00 ; 0) vé6i diém D(x ; y). Ta cé
Meénh dé 1
Nlix, yl
xy
~ JC,2 néu x vay cang chdn (hodc I€)
0 trong truong hop con lai.
Chirng minh. Gia s quy dao gém p doan
hudng lén trén va g doan hudng xudng dudi.
Khidytacox=p+q,y=p-gq.
Suy ra
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_x+y  x-y
=2 1T
Vi p, ¢ nguyén nén x va y phai cung chin
hoac ciing 1é. Do quy dao hoan toan dugc xéc
dinh néu chi ra dugc nhilng doan nao hudng
Ién trén nén s6 quy dao tir diém O(0 ; 0) dén
Xy
diém D(x; y)bang C,2 . O
Dé dang chimg minh dugc
Ménh dé 2. Gid sit A va B la hai diém c6 toa
do nguyén ndm trong géc phdn tu thit nhdt, A’
la diém doi ximg ciia A doi vdi truc hoanh.
Khi dé s6 quy dao tix A dén B cdt hay tiép xiic
Vdi truc hoanh bdng s6 quy dao tix A’ dén B.
Ménh dé 3. Gid sit x>0, y > 0. Khi d6 s6 quy
dao tix diém O(0 ; 0) dén diém B(x ; y) khong
cé dinh trén truc hoanh (trix diém Q) bdng

y
Z N[x,y]).
e [x.y]

Chitng minh. Chu y rang tit ca cic quy dao
n6i diém O(0 ; 0) vé6i diém B(x ; y) va khong
cit truc hoanh phai di qua diém A(1 ; 1).
S8 quy dao di tir diém A dén diém B bang
N[x—1,y - 1]. S8 quy dao di tir diém A dén
diém B va cét truc hoanh bing s6 quy dao
di tir diém A'(1 ; —1) dén diém B tic 1a bing
N[x -1,y + 1]. Do d6 s6 quy dao c4n tim bang

Nix-1,y-11- Nlx-1,y +1] = %N[x, yl. O

Sau day ta thiét 1ap mot s6 tinh chét cua quy
dao néi diém O(0 ; 0) v6i diém T(2n ; 0) trén
truc hoanh.

Ta dat

1

By, = m ’Znn :

Ménh dé 4. Trong C5, quy dao ndi diém
0(0;0) véi diém T c6

a) biing B,, _ 5 quy dao ndm trén truyc hoanh
va khong cé diém chung voi truc hoanh (tri
cdc diem OvaT).




b) Puing B,, quy dao khong ¢6 dinh ndm dudi
truc hoanh.
Chitng minh. a) Chu y rang tdt ca cic quy
dao néi diém O vé6i diém T ndm trén truc
hoanh v khong ¢6 cdc diém chung khéc
vGi truc hoanh nhat thiét phai di qua diém
T,(2n -1 1). Theo ménh dé 3 s6 quy dao ndi
diém O véi diém T va khong cét truc hoanh
bing

l I
-27_7 2n-1

1
— ~11
2n_lN(Zn L1)

I n-1
= ;C?.n—Q = BZn—Z'

b) Ta xét quy dao noi diém O vé6i T va khong
¢6 dinh nim duéi truc hoanh. Trong hé toa do
méi X,0,Y, v6i O,(-1; -1), diém T c¢6 toa do
2n + 13 1), diem O ¢6 toa do (1 ; 1). SO quy
dao ndi diém O véi diém T va khong ¢6 dinh
nam dudi truc hoanh bang s6 quy dao néi
diém O, v6i diém T va nam trén truc O0,X,. S6
quy dao nay bang

#N[2n+l,l] ! 5

2n+1 2n+1 2+l
1
= ;‘I—ﬁ 2n = BZn' a

Ménh dé 5. Goi By, 5, la s6"quy dao ndi diém
O vdi diem T(2n ; 0) c6 2k canh ndm trén truc
hoanh va 2n - 2k canh con lai nam dudi truc
hoanh (k =0, 1, ..., n).
Khi dé

By 5, = By, khong phu thuoc vao k.
Chitng minh. Bang quy nap theo n.
Hon nita ching minh duoc ring

n
Byon= D Boi 2B ;-
=l
D6i v6i cac quy dao khong ¢ dinh nam dudi
truc hoanh di duoc xét trong ménh dé 4 (diém
b) theo ménh dé 5 ta c6

BZn, n = BZn'
Do tinh d6i xing ta ¢6
BO, = BZn'

Tong s6 cac quy dao néi diém O v6i diém T
bang (n + 1) B,,, tir d6 suy ra ngay rang

BZI\" n = an (k = 0. l, N n).
Nhu vay ta nhan dugce hé thirc

n
B,, = ZB2i—ZB2;1—2i' )

i=1

MOT SO DANG TOAN SU DUNG
CONG THUC TO HQP VA NHI THUC NEWTON

Cic dang todn sir dung cong thic t6 hop,
chinh hgp, hoan vi va nhi thitc Newton kha
phong phd, thuong xudt hién trong cac ki thi
t6t nghiép trung hoc phé thong va tuyén sinh
vao Pai hoc va Cao dang. Sau day 1a mot s6
kién thitc co ban va dang todn thudong gap.

NGUYEN ANH DUNG (Ha Noi)

I. TOM TAT Li THUYET

Trong bai viét nay ta quy udc n, k la cac s6
nguyén duong véi 1 <k <n.

Cho mot tap hop T gébm n phan tir.
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e M6bi cdch sap thi tuy » phan t coa T tao

thanh mot hoan vi. S6 hodn vi ciia n phén tr 1a

P, =n!.

e M6i cach sdp k phdn tr thit tu cha T tao

thanh mot chinh hop chap & cta n phan tr. S6
n!

(n—k)

chinh hgp nhu thé 13 A% =

e Méi cach sdp k phan tir khéng phan biét thit
tu cta T tao thanh mot 6 hop chép & cia n
phén tir. S6 t6 hop nhu thé 1a
ck_An__
"TR K= k),
e Cong thuc khai trién nhi thitc Newton :
n
(a+b) = ZCﬁa"'kbk :
k=0

e Quy udc ring Py=0! =1

WA =V,
¢ Cic cong thic thuong dung :

Y G 0
Gt G =Gl 2)
Ayl +Cie v Cl=2" 3)

n
i+ Cl+ CnH o1 @
Ch+C)+.t CZ[%}‘ _ -l )
n n n

Str dung (2), ta chitng minh dugc hai cong thic
k k+l | k42 k+2
Cn + 2Cn* + Cn+ = ’1112

k k] k+2 | k3 k43
Ck 4305 13k 2 4 k3 o kel

I1. MOT SO DANG TOAN THUONG GAP
1. Bai toan tinh téng
% Thi du 1. Riit gon biéu thic

S, =C0—Cl +C2-C 4+ (=) CE

vork<n, n>1.
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Loi gidi.
e V4i k<n, ap dung cong thic (2) va luu

yCl=C? =1,taco

_ 0 0" |
Sk - Cn _(Cn—l +Cn~l n—1

)+(C}1_, +C2 )

n—1

—(Cﬁ,l +C,3,_l) + o+ (C"'"" +Cﬁ_l).

Vay S, =(-1)C,.
o Véi k=n thi
0 L2 (3

S, =C,-C,+C, —-C, +..+(-1)"C,

~(1-1"=0.0
Luu y. Nhiéu ban da méac sai 1dm khi viét
S, =Cl-cCl+C2-C +..+(-1Ch

=(1-1)"=0()
Phai xét hai truong hop doi vé6i k nhu trong 101
giai trén.
% Thi du 2. Tinh tdng

S=C,, +C +C5, +..+C
Loi gidi. Ap dung cong thic (1), ta cé
Ch, =, G, =Cl 2, Cl =
Dodé S=Ci" ' +Cim 2w+ Cmth
Ta dugc

25=Cl, +C3 +C5, +...+ Cart = 2%
(theo cong thic (5)). Vay §=2"2.0
% Thi du 3. Tinh tong

0 ! 2

S=C, —2C, +3C, —...+(-1)"(n+ DC;,.
Loi giai. (Su dung phép tinh dao ham). Xét
da thic P(x) =x(1+x)", tacéd

P(x) =-C3x + Ci,x2 +Cﬁx3 +... +C::x”+' , nén
. 0 1 2.2
P'(x)=C, +2C,x+3C,x" +..+(n+1).Cox";

P'(-1)=C?-2C! +3C2 - . +(=1)"(n+1)C} =S.




Mat khac P(x) = x(1+ x)"

= P =1 +0)"+ax(1+x)"
Suyra S=P'(-1)=0.0

Lueu y. C6 thé tinh céc tong

§ =C+2a.C, +3a*.Cl +..+ (n+1)d"C),
$,=CY +3d%.C%, +54" C5, +..+Q2n+1)a*"C3]
§;=2aCh, +4d* C3, +6a° .C5 p+..42n.a* '3

khi xét da thic P(x)=x(1+x)" va chimg to

rang S, =Pa).

Xét da thiec Q(x)=x(1+x)*" va chimg o
rang

25, =Q'(a)+Q'(-a) .
% Thi du 4. Tinh téng

28 =0(a)-Q'(-a).

1 5 1
EC' + 3C,, ot 1c"
Loi giai. (St dung phép tinh tich phan). Xét

da thic P(x) =(1+x)", tacod

0
§=C, +

e | 2.2 non
P(x)=C, +C,x+C,x" +...+C,x" . Suyra

C"+'c‘+lcz+ L cnas

jP(x)dx 7Cnt3 —7Cn

0

n+l _]

|
Do dé S = j(l +x)'dx =
0

n+l

Lieu ¥ C6 thé tinh tong

2 2 33
S=(b-a)+2 2" cl 42 3" C2+...

N
n

bn+| _an+l
n+1
khi xét da thic P(x)=(1+x)" va chimg to

b
ring S = JP(x)ch.

a

Ta thudng gap bai toan véi mot trong hai can
cua tich phan la 0 hoac 1, hoac 1.
Trong mot s6 trudong hop, ta phai xét da thic
P(x)=x*(1+x)" véi k=12, ..
2. Chimg minh hé thirc vé cong thic

td hop
% Thi du 5. Chimg minh rang

() +(C) +(c2) +-+(cr) =

Loi gidi. Ta c6(x+1)"(1+x)" = (x +1)*". V&

trai (x+1)"(1+x)" chinh 12
((‘Ov"+(" L +C")(CO+C1A+ A4Cx ")

Dé thay hé s6 cha x" trong v€ trdi la

(CO) (c) (Cz) +,..+(cg)z.

Hé s6 ciia x" trong vé& phai (x+1)*" 1aC),

Do dé

2 2 2 2
0 1 2 / /
(<5) +(c) +(ch) ror(a) =0, O
Luu y. Xét dang thic
x+D"A+x0)" =+,
Tuong tu trén si dung cong thic khai trién
nhi thitc Newton dé viét ca hai v& thanh da
thic d6i v6i x, dong nhat hé s6 cua cic s6
hang ciing bac trong hai vé, ban c6 thé viét ra
duoc nhiéu hé thic vé 16 hop.
3. Phuong trinh chita cong thirc t6 hop
Phuong trinh chita cong thic t6 hop 1a phuong
trinh ¢6 4n s6 nam trong cong thic t& hop,
chinh hop, hoén vi.

% Thi du 6. Gidi phuong trinh
A3 4205 S30¥ 3 =37 1 B 4159,

Lot gigi. Diéu kién : x > 3,x € N. Phuong trinh
da cho c6 dang
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!l 204D 3D
(x—3)! 2 =D! 21(x—3)!
307+ 614159

e (=D =2)+ x(x +1) —%(.\- ~1)(x-2)

=3y £ 879
X 2 ) _
<:>(,\—12)(2.\ +11.\+147)_0.

Phuong trinh nay ¢6 nghiémx =12. 0

L y. Khi giai phuong trinh chira cong thic
16 hop ta 1am nhu sau: Dat diéu kién cho 4n
$0; su dung cdc cong thic vé hodn vi, chinh
hop, 10 hgp dé bién déi, rit gon va giai
phuong trinh ; déi chi€u nghiém tim dugc véi
diéu kién ctia bai toan dé két luan.

% Thi du 7. (Bai todn ldp phuong trinh chita
cong thite 10 hop). Hay tim ba so” hang lién

tiép lap thanh mot cdap s6 cong trong ddy sé

sau C%, Chs. C‘%;(‘?
Loi gidi. Ba 53 Ch;, Ch;', Ch3” theo thir tu
d6 lap thanh mot ¢dp s6 cong khi va chi khi
2Cn+l . C/H”
23 =

< 4Ch = Chy + O + O3t + O
<40 = 5
4.23! 25!
o = .
(n+D122-n)! (n+2)1(23-n)!

Suyra (n+2)23-n)=150 @n=8, n=13.

Ta dum hai cip s6 cong la C73,C13,CI2(§ va

CR.Cch.ch.0

Liar y. MOt s6 tinh hudng thuong gap khi lap
phuong trinh t6 hop la:

e Ba s6 a, b, ¢ lap thanh mot cdp s6 cong
(hoac cap s6 nhan) khi va chi khi 2b=a+c¢
(hoac b =ac ).

e Cho tap hop A ¢dé n phan t, s6 tap con cla
A gom x phan t bang & 1an s6 tap con cua A
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goém y phan tlr, tuong Umg véi phuong trinh
C, =kC).

4, Tinh hé s6 cua da thuc

* Thi du 8. Tinh 56 hang khong chita x, khi

n
khai trién P(x) = [%/; +—2—] biét rang n thod

Jx
~ R . 6 7 8
man hé thie C, +3C, +3C, + C 2C,,+2
Loi gidi. Ap dung cong thic (2), ta ¢6
6 7 8 9
C) +3C) +3Cs +C)

=Cp+C) +2(C)+C)+Ch +C,

Cn+l + 2C1Hl + Cn+l - Cn+" + Cn+7 Cn+?
Nhu vay, gia thi€t tuong duong véi
=20, o ”;3 =2on=15.
7}
Khi d6 P(x) = (3/? + —,_J
VX

i ) (3/__)‘5"_* 5} i o 30-5k
k=0 V k=0
S6 hang khong chia x tuong ing véi

30-5k o ie

S8 hang phai tim 1a C%.2° =320320. 0

Luu y. Dé tinh hé s6 cha s6 hang +* (ala
mot s6 hitu ti cho trude) trong khai trién nhi
thic Newton ctia P(x) = (f(x))",

sau:

ta lam nhu

n
Viét P(x) = Zakx*"(k) ; s0 hang chia x“
k=0
tuong ung véi g(k) = a ; gidi phuong trinh ta
tim dugc k. Néu ke N, k <n, hé s6 phai tim
la a,; n€u k¢ N hoack > n, thi trong khai
trién khong ¢6 s6 hang chia %, hé s6 phai
tim bang 0.




% Thi du 9. Hdy tim hé s6 ¢é gid tri lon nhdt
cua da thuc
13
P =(2x+1)" =aqp +ax'? + . +a,.
Loi gidi. Ta ¢6

P(,\)— 2,\+1 H "

ZC

n=0

A e Al3en
de a, = 13'2

= a,, =C}L 2% (n=1,2,..,13)
Xét bit phuong trinh (v6i an s6 n):
a < a4, <> Crll3'l.2l4 "< C;13-2l3—n

n-1 =
o 2.13! < 13!
(n-=DI4-m! " ni(13-n)!

<l<:> <1_3igN

=
14 —n
Do do bat dang thic a, <a,

ol S ding véi
ne{l1,2,3,4} vadau dang thic khong xay ra.
Ta duoc

Gy <ay<ay<ay<a, va a, >as>..>ap;.
Viy hé s6 ¢6 gid tri I6n nhit 1a

a, =C}.2° =366080. O

Luu y. D€ tim hé s6 c6 gid tri 16n nhat khi
khai trién (ax +b)" thanh mot da thic, ta lam
nhu sau :
Tinh hé sé cua s6 hang téng quat ; gidi bat
phuong trinh @, , <a, v6i dn 6 1 ; hé s6 ¢6
gia tri 16n nhat phai tim tuong ung véi s6 tu
nhién n 16n nhét thoa man bat phuong trinh
trén.

BAI TAP
Bai 1. Tinh cdc téng
S=12Cl +2°C2 +...+n*Cl;

no

1 0 1 2 1 4 1 2

Bai 2. Tim hé s6 cé gia tri I6n nhdt trong khai

2 14
trién da thic P(x) = (2 :J .

Bai 3. Giai bat phuong trinh
l.A -Al< 6 =.C3 +10.
2 X

Bai 4. Tim s6 hang khong chda x trong khai

trién ctia
1
P(x) = (1 + x° +-3-) .
X

SUY NGHI KHONG CU VE MOT DANG TOAN KHONG MOI

Sir dung phuong phdp tich phan hoac dao ham
doi vdi cdc bai todn vé nhi thitc Newton
khong con xa la d6i véi gido vién va hoc sinh.
Trong cdc dé tuyén sinh vao cdc trudng Dai
hoc va Cao dang, dang bai tap nay ciing thudng
xuat hién. Tuy nhién, trong sdch gido khoa
mdi hién nay phan Nhi thdc Newton nim &

HA VAN THANG
(Truomg THPT Yén Diing 561, Bdc Giung)

i6p 11 (truée phan Dao ham va Tich phan). Vi
vay, ¢6 ¥ kién cho ring khong thé giang cho
hoc sinh I6p 11 céac bai tap thudc dang nay.
Trong bai viét nay, tdc gid xin trinh bay cich
giai cdc bai toan thudc dang trén bang cach sur
dung cdc cong thitc vé t6 hop thuén tuy.
Chiing ta bat ddu vdi cdc thi du sau day.
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* Thidu L. Tinh tong

S—1C, +2C2 +3C) +..+(n-1C" ' 4+ nC"
(ne N*) .
Loi gidi
Cdch 1. Sit dung cong thic Ct=C"* voi
k=0,1, .., n, taviét lai téng da cho nhu sau:
S =nCp +(n-1)Ch +(n-2)C2 +..+1C" .
Nhu vay, ta ¢6
S =1C, +2C2 +3C) +..+ (n=1)C" ! 4 nC"
S =nCy +(n=1)CL +(n ~2)C2 +..+1CH
Cong theo vé hai dang thic trén ta duoc
28 = nCY +nC! +nC2+...+nC"' 4+ nC"
=285 =n2",
Vays -n2"'. 0
Cdach 2. Tacd
Bo dé 1. Vi moi nkeN' va n>k>1 thi
kCh = nCt1

That vay, véi nkeN" :n>k>1 thi

: ! k.n(n-1)
k k — n -
G =k (n=kNk! (n=k)k.(k=D!
(n—-1)

=nCh Y (dpem).

P STy
Apdung B8 dé 1tacé
S=1C,+2C2+3C 4. +nC"

0 - _
=n(C,H +CL L +C2 T l) =n2"".

n-1l

Vays=n2"1.0
% Thi du 2. T'inh téng
I 1 |

o 1 1o 1 *
S lC,,+2C,,+3Cn+...+—~—n+lCn (neN").

Loi gidi. Trong B6 dé | thay k bdi k +1 va n
bdin+1tacéd

28

B6 dé 2. Vi cdc s6 tw nhién n va k thod mdn
nzkthi

1% | P

k+1 " p+1 U

Vi vay, dp dung B6 dé 2 ta c6

1 2 n+l
S= Cn-e—l +Cn+l +"'+Cn+l —

n+l

nil(z"*‘—]). 0

Nhdn xér. Céc 101 giai trén ¢6 wu diém 1a ngin
gon, dé trinh bay va ¢6 hudng giai "tu nhién".
Quan trong hon ca 1a gido vién co thé hudng
dan hoc sinh giai ngay ca khi chua hoc dao
ham va tich phan.

% Thi du 3. Tinh tong

$=1.2.C; +2.3.C) +3.4.C} +...+(n-1)n.C"
véi neN van>2.

Loigiagi. VéineN,n>2vak=2,3,..,n,ap
dung Bo dé 1 hai lan ta c¢6
(k=1)kCt =k =1)nCk) = n(k - 1)t

k-2
=n(n-1)C, 5.

Bo dé 3. Vi cdc s6 tw nhienn>k>2,n>2
thi
(k =1)kCy = (n—=1)nCL 3.

Ap dung B8 dé 3 ta duoc
S=1.2.C2 +23.C) +34.Cp +...+(n-1)nC"

=(n- ])rI(C,(,{2 +C L+ CE, 1+ +C,','f22)

=(n-1)n2"2.0
* Thi du 4. Tinh tong

S=1C! +2°C2 +...+n’C" v6i neN,;n>2.
Loi gigi. Xét s6 hang t6ng quat cla t6ng S 12
KCk v6ik=2,3,..,ntacé

k*Ch = (k=1)kCK +kC* =n(n-1)C* 2 40t
(theo B6 dé¢ 3 va B8 dé 1). Taco




Bé dé 4. Vi cde sé tw nhiénn2k22,n>2
thi
2k k-2 k-1
k=C, =n(n-1C, 5+nC,
12
va l'C}, = an_ .

Ap dung B6 dé (4) ta dwgc

2 22
S=1°CL +22C2 +...+n’C!

=n(n- 1)(c‘,§ L+C S+ +CZ”,‘§)

n

+n(C0 [ +C L+ ++Cj’,})

ca(n—-12" 2 +n2"!
S+ 2" 2 0

* Thi du 5. Chutng minh rdang

I I ooy 2271
§C2n +ZC2/1 +"'+_27C2Z = Im+1’

’, *
vl ne N .
Loi gidi. Theo B6 dé 2 ta c6

1w T ka

k41" el
voi k = 1, 2, ..., -n. Ap dung vao bai todn ta
dugc

1
2

, i ] -
C‘z(, + ZCS” +... +EC%7' l
1

:2/1+1

2 4 2n
(C2n-+l + C2n+l ot C2n+l )

! 0 2 ~4 20
- 2n+1 (((’2u+l +C2n+l +(/2,,+| +...+(,2”+|)—])

-5 -1):

Ta ¢4 diéu phéi chimg minh. O

Nhdn xét. Bai todn trén ndm trong dé thi
tuyén sinh Dai hoc, Cao ding nam 2007.
Trong ddp 4n trinh bay theo cdch giai tich
phan kha phirc tap. Loi gidi trén day ngan gon
hon va ti€p can tu nhién hon.
Tur cac B8 dé di dugc chimg minh trong cdc
15 gidi & phin trén, ta c6 thé giai duge cdc bai
tap sau day. Xin danh cho ban doc.

BAI TAP
Tinh céc t6ng sau day

1. § =1C! =2C% +3C) —...+(=1)"nC!
vai neN*,n>l.

2.5, =1C" +2C! +3C2 +..

n-1
" +nC, .

3.8, =1C2 +2C) +3C) +...+(n - 1)C,,
véi ne N, n>2.
4. 8, =1C* -2C3 +3C! -+ (-1)"(n-1C,

2.0 *
vGineN ,n>2.

L 1o 1.3 -1
5. 5525C17—§C,l+zcn—°...+ P C:;
véi neN".

Lo 1Lag 1.0 1
6. S =§C,1 +§C” +ZC” +...+n+2CZ
véi ne N,

22 I 23 24 2’H-l

2 3
7. S7 = —2—Cn +?Cn +_£1—Cn ++;1—+—]C::

véi ne N,
1 1

8. 8 =
& M2n 1) 31(2n-3)]

]

+ v6i neN".
5!(2/1 —5)!

*“+Qn—0m
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SUY NGHI VE MOT LOAI TOAN QUEN THUOC

Tiép theo bai bao Suy nghi khong cii vé mot
dang todn khong moi da duge dang trén Tap
chi Todn hoc va Tubi tré s6 378 (thdng
12/2008) cha tdc gia Ha Van Thiang (GV
THPT Yén Diing 1, Bac Giang), téi nhan thiy
hau hét cédc bai todn vé tinh téng hay ching
minh céc biéu thic lién quan dén cong thiic t8
hop ma truée day phai st dung dén cong cu
tich phan hoac dao ham dé giai thi ta chi ding
cdc cong thirc bién déi thudn ty cling c6 thé
giai duge cdc dang todn trén. Phan nay ¢ thé
dp dung dé giang day cho hoc sinh khéi 11
thco chuong trinh hién hanh.

I. MOT SO KIEN THUC CAN NHO

2n
L) =+ =305
k=0
2n ] :
g0 =1-x" =Y 4, (-5
k-0
, 2n+l1
f) = (L4 = Zcznm :
2n+]
&) =(1-x"" = ch( 1) x
Suy ra
fix)+g(x) 2 2% ,
By (x )_l_z_l Zc,,”
=0
]1,)( )__/7(‘——);22(_\2 ZC7’I+] 2k
k=0
S () — g (x) 2k-1 2k
I’l(‘)*_l_‘z‘l— ZCZn A
k-0
X
Pz(\)—fZ( )222(0 chft:: 2k
k=0
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DUONG PUC HAO
(Truong THPT Huong Khé, Ha Tinh)

fy=p,(1y=2""= Zcz,, ZC%,‘:};

k=0
h()=p1)=2""=3"C3\ ~Zc3,‘, 't

k=0

2n+1

Z C2n+1

22n+l

LD=

h2(1) - 22" ZC"HH
¢ =0

T f,(1) va f,(1) co
2"=3"C, *)
k=0

I N ’y * N .
Bode.Vdi nkeN van=2k21,tacé

1) kCk = nCt-

nl’

ct = kol
2) m Cnil

(Chitng minh cac B8 dé trong bai bao néu trén).

I1. BAI TAP AP DUNG
% Thi du 1. Tinh tong

0 1 1 1 n
5 = 12C" 230 e

Loi gidi. Ap dung B3 dé 2 hai lan dé bién déi
s6 hang tong quét cha S| nhu sau :

1 (1 lc‘
k+Dk+2) " k+2\k+1

i
Q
£




Tir do6 va hé thic (*) c6

) = l 2 n+2
5‘ —m(c”‘” +Cn+7 +.. +Cn+2)
1

_ v (2
- (,1_,,1)(,7_0_2)(2 Cn+2 Cn+2)

B 2/1-4—2 —-n _3
T+ D(n+2)

% Thi du 2. Tinh téng

$,=1.2.3.C +2.3.4C +..+(n=2)(n-nC" .
Loi gidi. Ap dung B8 dé 1 ba lan dé bién déi
s hang 6ng quat cua S, nhu sau:

(k= 2)(k = DKCY = (k = 2)(k = 1)nCt !

= n(k=2)k - I)C” | =nlk=2)(n— ])C” 2

=n(n—1)(k =2)CF2 = n(n-1)(n-2)C* 3.
Tu dé va hé thic (*) ta ¢céd

S =n(n-1)(n- 2)(C(, 4+C! L+ C :‘g)
=n(n-1)n-2)2"".0
% Thi dy 3. T'inh ro"ng
QO 1
=77 %C" 2.3. 4C"

+ ! c’
(n+D(n+2)n+3) "

Loi gidi. Ap dung B6 dé 2 ba 14n dé bién déi
s6 hang t0ng quat ciia S5 ta dugc

1 . 1 "
h+1)(k+2)k+3) " (k+2)(k+3) k+1

! P L S NP

Tt k+3) Al T T ka3 kg2

I B I IR R
+1k+3n+2 ™27 pal n+2 k+3 "2

_ 1 |
n+l n+2 n+3 "3

Tir d6 va hé thic (*) c6

3= n+3

n+l' n+2 n+3 n+3

Pt ( 3 +Cl o+ +C”+3)

2n+3 Cn +3 Cn+3 C
(n+DHn+2)(n+3)

n+3

2" —n-14

20+ ) (n+2)(n+3)’

% Thi du 4. Tinh tong

1 2n

1 4
_C2n oot m 2n:

S4 - C2n + 5

3C7n +

Loi gidi. Ap dung B6 dé 2 dé bién déi s hang
téng quét ctia S, nhu sau :

2k+1
2n+1

1 o ]
2k+1C2"’2n+1

Tu d6 va hé thic (*) co

! 3 20+
S4= In+1 (C2n+l +C2,,+| +C5,41 +"'+C2;:l)
Pz(l) 2n+l
T 2n+1 2n+1°

% Thi du 5. Tinh tong

1 2n

1 4
‘Czn + + 2n—+§C2" .

1 0
SS = _C2n 6

P
2Cn G
Lot gidi. Ap dung B6 dé 2 dé bién déi s6 hang
téng quét cua S5 nhu sau:
2k+1 1 o
2k +22k+1" 2"
2k +1 2k+1 1

2n+1 —

1 %
2k+2 T

_2k+1 ]
T 2%k +22n+1
o 2k+2-1
T 2n+D)R2k+2)

2k+1
2n+1 2k 2nvl

2k+1
2n+1

1 ok 1 L okl
2n+1 2 2 172k 2 2t

1 ok ]
2n+1 2" 2n+ D(2n+2)

2k+2
2n+2

i
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Tird6 va cdc cong thie p, (1), p(1) 6

n l 2h+l l -
Ve = LR+ . o
Ss /ZO[ZnﬂCznn (2_n+l)(2n+2)'C2"+2j

72/1 2211+l _l
- n+l 2n+1)(2n+2)

n 22/1+l +1
= Rn+DR2n+2)

% Thi du 6. Chimg minh rdang

~2
]

2n
Loi gidi. Van dung B6 dé 1 ta c6
2kC3k = 2nC2k 1
Tur d6 va cong thirc p,(1) ¢6
S5 = 2n(C, 1 +C3y ) +Cy + 4 GOt
=2op 2 a2 0
* Thi du 7. Tinh t6ng

2?2, 2t 2
., 2 1 3 5 2n-1
57 ;—?Czu +'—Z-C2n +—6—C2n +...+EC2”

Loi gidi. St dung B6 dé 2 ta c6

Tir do va cong thic h,(x) co

S I [ <o A2
S7 = m[kzlczmz

|

B 3(32'1 _ 1)

‘2(2n+1)'[j
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Sg =203, +4C5, +6CS,, +..+2nC3" =n. 22" 1

% Thi du 8. Chiing minh rdng

§y=1.22C3,+2.24C3,+3.2°CS, +.4+n2C3"

=n(3" 1),

Loi gidi. Sir dung B6 dé 1 ta bién déi s6 hang
t6ng quét nhu sau:
k22 CIE =22k kR < 2% o 261

Tu do6 va cong thitc p,(x) ¢

Sg = 2”(C112n-—1 2'+C3, 20 OO 22""')

Zn (1 + 2)2"*] _(l _ 2)2"““]
2

a3 . 0

II1. BAI TAP VAN DUNG

Bai 1. Cho 0 < a < b,neN". Ching minh
ring

b — a3
3

b —d
2

b-a
1

0 1 2
Cn + Cn + Cn

b4 _a4 3 bn+l _an+1
G +..+

__n
4 TS B

+

_ (1 +b)l1+| _(l+a)ll+l
B n+l

Bai 2. Choa >0, n e N . Hay tinh téng

+5.6.a*C3

n+l

1.2CL,, +3.4.4°C?

n+l

+7.8.a°Ch., +..+(2n+1)(2n +2)a*"C7]

n+l




PHUONG PHAP GIAI BAI TOAN VE TAO SO

Trong cédc ki thi tuyén sinh Dai hoc, Cao
dang va t6t nghiép phd thong ta thudong gap
cdc bai toan vé tinh s6 cdc s6 tao thanh tir
mot s6 chit s6 cho truéc va thoa man mot
diéu kién nao do.

Trong bai nay ta quy udc :

¢ Khi néi cho tap hgp gom n chit s6, thi d6 la
cdc chir s6 doi mot khac nhau thudc tap hop
{0, 1,...,9} v6i n<10.

e Mot s6 ¢6 m chit $6 thi d6 1a s6 tu nhién ¢6
chir s6 dau khac 0.

Khi gidi cdc bai toan loai nay ta thuong diing
cdc ménh dé sau, trong dé ba ménh dé dau vé
thuc chat [a su phat biéu theo cach khdc cla
dinh nghia cong thic chinh hop va t6 hop.
Ménh dé. Gid sit ta viét cdc chit sO theo hang
ngang va m, n la cdc sé nguyén duong voi
m < nthi

1) S0 cdch viét m chit s6 trong n chit s6 khdc
nhau vao m vi tri dinh truée bang A} .

2) 86 cdch viét m chit s6 khdac nhau vao m vi

tri trong n vi tri dinh trude bang A} (dn —m .

vi tri con lai chua xét sy thay dot chit s6).
3) S0 cdch viét m chit 6 giong nhau vao m vi
n-m __

tri trong n vi tri dinh trude bang C,™" = C;'.

4) Cho tdp hop gom n chit sd, trong dé ¢é chit
500, 56" cdc s6 ¢6 m chik s6 tao thanh tir

m- |
n-l -

ching bang (n-1)A
Thyc vay c6 n — 1 cach chon chir $0 dau trai
khic ‘0, sau dé6 dp dung Ménh dé 2 ta dugc
Ménh dé 4.

Sau day 1a moét s6 dang toan thudng gap.

NGUYEN ANH DUNG (Ha Noi)

-

DANG 1. S6 tao thanh chura cac chit s6
dinh trudc

OBai toan 1. Cho tdp hop gom n chit 56,
trong dé cé chit s6° 0, tir chiing cé thé viét
dioc bao nhiéu s6 ¢ m chit s6 khdc nhau sao
cho trong dé ¢6 k chit s6 dinh trudc (thuéc n
chitsé'trén)voik <m <n?

Cdch giai. S6 tao thanh gébm m vi tri c6 dang
a,a,...a,, . Goi tap hop & chit s6 dinh trudc la
X. Ta xét hai bai toan nhé theo cac kha nang
cua gia thiét vé tap hogp X va chit s6 0 nhu
sau :

1) Gid thiét trong X chita chit s6°0

Ta ¢c6 m — 1 cach chon vi tri cho chit s6 0 ; s6

cach viét k£ — 1 chit s6 khac 0 thuoc X vao k — 1

k-1
m-1

vi tri trong m — 1 vi tri con lai bang A

theo Ménh dé€ 2 ; s6 cich viét m — k trong s6

n —k chit s6 khong thudéc X vao m —k vi tri

con lai bing A™ 7 theo Ménh dé 1.

Theo quy tic nhan, ta dugc s6 céc s tao

thanh trong trudng hop thit nhat bang
S=(m-1.AL A™E

2) Gid thiét trong X khong chita chit s6°0.

Ta tinh theo cdc budc :

Buoc 1. Tinh s6 céac s6 tao thanh chita chir s6 0.

Lan lugt ¢6 m — 1 cach chon vi tri cho chir s6

0 ; s8 cach viét k chir s6 thudc X vao & vi tri

trong m ~ 1 vi tri con lai béng Afn_, theo

Ménh dé 2 ; s6 cach viét m —k —1 trong s6

n —k — 1 chir s6 khiac 0 ma khong thudc X vao

m —k —1 vi tri con lai bing A"

Ménh dé 1.

theo
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Theo quy tic nhan, ta duge s6 cic s6 do bang :

])Am -1 meWI

Sy=(m- Apk-l

Buge 2. Tinh s6 cdc 6 tao thanh khong chita
chit 6 0.

S6 cach viét k chit s6 thudéc X vao k vi tri
theo Ménh dé 2 ; s6
cach viét m — k trong s6 n — k — 1 chir s6 khic
0 ma khong thudc X vao m — k vi tri con lat
bang A” !, theo Ménh dé 1.

trong m vi tri bang Af‘;z

Theo quy tic nhan, ta dugc s6 cac s6 d6 bang

Buoc 3. Theo quy téc cong, ta duqc 0 cac so
tao thanh trong trudng hop thit hai béng :

DANG 2. S6 tao thanh khong chira hai
chit s6 dinh trudc canh nhau

@Bai toan 2. Cho tdp hop gom n chit s6. Tix
chiing viét dugc bao nhiéu s6 ¢6 m (m < n)

chit s6 khdc nhau ma trong dé c¢6 hai chit s6

dinh trudc nao dé khéong dimg canh nhau ?

Cdch gidi. SO tao thanh c6 dang aa,...q,, va
hai chit s6 dinh truéce 1a x, y (thudc n chir s
da cho). Ta xét ba bai todn nho theo cic kha
nang cua gia thiét vé chir s6 x, y va chit s6 0
nhu sau.

1) Gid thiét n chit s¢’da cho chita chit s6' 0 va
hai chit s6 dinh trudc x, y khdc 0.

Buge 1. Tinh $6 cdc so tao thanh chua xét dén
hai chit 6 dinh truée : Cé6 n — 1 cach chon vi
tri cho chit s6 0 va 4ap dung Ménh dé 2 duge
$6 cdc s6 d6 bang S, =(n - 1AM

Bude 2. Tinh s0 cac sO co hai chir s6 x, y canh

nhau theo thit tu ,\'_v va y,\'.

o V&i aja, =xy. Khi d6 mbi s6 a5...q,

ing
—2cuan -2 chit
v. Theo Ménh dé 1, s6 cic s6 dé

m--2

béng SZ =7 n-2 -

véi mot chinh hop chap m
s0 khéc x,
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e V6i a khac 0, x, y ma s6 d6 chifa xy . Lan luot
ta ¢6 : n — 3 céch chon chir s6 cho a, khac 0, x,
y ; m — 2 cdch chon vi tri cho xy ; s6 cach chon
m -3 trong n—3 chit s6 con lai khic a;, x, y
cho m — 3 vi tri con lai la AZ'__33 theo Ménh dé
1. Theo quy tc nhan, s cac s6 d6 bing

Sy=(n-3).(m=2) A3,
Tu hai truong hop trén, ta dugc sd cic s6 co
chia xy bang S, + S;.
o Tuong tu ¢6 S, + S5 86 v6i aa, = yx hoac
a, khéc 0, x, y ma s6 d6 chira yx .
Budce 3. Vay s6 céc s6 tao thanh trong truong
hop thit nhit bang
2) Gid thiét n chit s6’ dd cho chita chit 560 va
mot trong hai chit sé dinh trudc bang 0.
Ban doc tu giai theo cdc budc sau :
Buoc 1. Tinh s6 céc s6 tao thanh chua xét dén
hai chi¥ s6 x, y dinh truéc bang

=(n-1). A"}

Budc 2. Tinh s6 cac s6 c6 x, y canh nhau dang
x0 va Ox bang
DA™ 2. Sy =(2m-2) AN,
S6 cédc s6 tao thanh trong trudng hop thi hai
3) Gid thiét n chit s6'da cho khong c6 chit s6°0.
Ban doc tu giai, dugc

S=A]-2(m-1). AZ’ 5.0

Sz = (”7

DANG 3. S6 tao thanh chira chirsé lap lai
Trudc hét ta xét mot bai todn cu thé :

@Bai toan 3. C6 bao nhiéu s6 e nhién ¢6 6
chit s6" sao cho trong dé ¢6 mét chit s6 xudt
hién ba ldn, mét chit s6"khdc xudt hién hai ldan
va mot chi s6 khdc voi hai chit so'trén ?

Loi gidgi. e Néu ké ca truong hop chit s6 0
ding ddu, ta xét 1an lugt nhu sau.




C6 10 cach chon chit s6 (tir O dén 9) xuat hién
3 lan va ¢6 Cg cach chon 3 trong 6 vi tri cho
chit 6 d6. Sau d6 c6 9 cdch chon chir s6
(khdc véi chit s6 trén) xudt hién 2 1an va cé
C% cdch chon 2 trong 3 vi tri con lai cho chit
$6 dé. Ticp theo ¢6 8 cach chon chit s6 cho vi
tri con lai cudi cing. Ta dugc s6 cic s6 d6
bang § = 10.C§.9.C3 8 =720.C3.C3.

e Vivaitro cua 10 chr $6 0, 1, ..., 9 nhu nhau

nén s6 cdc sO ¢6 chir s6 dau trdi 1a 0 bang

lS, do d6 s6 cac s6 ¢6 chid s6 dau trai khac 0
10
thoa min bai todn bang %S =648.C2.C3. 0

@ Bai toan 4. Cho tdp hop gom n chit s6. Tix

ching viét duge bao nhiéu so" c6 m chit s6
(n2m 2 3) sao cho trong dé c¢6 mét chit s6

xudt hién k lan, mot chix so khdc xudt hién g
lan va mot chit so khdc voi hai chit s6'trén voi
k+g+1=m?

Cdch gidi. Ta xét hai bai todn nho duéi day

1) Gid thiét n chit 56 da cho ¢6 chit s6°0

Budc 1. Néu ké ca trudng hop chit s6 0 dimg
dau, ta thay :

C6 n ciach chon chir s6 xudt hién & 14n va c6
ot

~, cach chon & trong m vi tri cho chit s6 dé.

Sau d6 c6 n — 1 cach chon chit s6 xudt hién ¢

[an (khdc v6i chit s¢ trén) va c6 C! , cdch
chon g trong m — k vi tri con lai cho chir s6 do.
Theo quy tac nhan, ta tinh duoc 6 céc s6 dé
bang S = n.Ck (n—1).C%_, (n-2), trong dé

Cl  =qg+1.

m-k
Budc 2. Vi vai trd cua n chit s6 nhu nhau nén
s0 cac s6 c6 chir s6 dimg dau khac 0 thdéa méan

bai todn bang " ‘n')'S :

2) Gid thiét n chit s6 dd cho khong ¢6 chit s6°0.
Ban doc tu giai duoc

S= n.Cfn .’(n -Nn.C! _,.(n-2).0
Ta c6 thé md rong bai todn téng quat cho ¢
chit s6 trong d6 mdi chit s6 xuat hién 1an luot
ki, ky, ..., k, 1an.

BAI TAP

Bai 1. C6 bao nhiéu s6 tu nhién nhé hon
35400 va cé 5 chit s6 khac nhau ?
Bai 2. Cho cac chit s6 0, 1, 2, 3,4, 5, 6. Tir
chiing viét dugce bao nhiéu s6 ¢6 5 chit s6 khéac
nhau sao cho s6 tao thanh 12 mot s6 chan ?
Bai 3. Chocicchits6 0, 1, 2,3,4,5,6,7. T
ching vi€t dugc bao nhiéu s6 c6 8 chir so
khédc nhau sao cho trong dé c6 chit s6 1 ding
lién bén trdi chit s6 2 ?

MOT SO LOAI TOAN TO HOP THUONG GAP
TRONG Ki THI TUYEN SINH DAI HOC

Bai viét Phuong phdp gidi cdc bai todn vé tao
s¢ & trén da dé cap t6i cdc bai todn tinh s6 cdc
sO tu nhién tao thanh, thdéa man mot diéu kién
nao do. Trong bai nay chiing toi xin gidi thiéu

NGUYEN ANH DUNG (Ha Ngi)

mot s6 loai todn vé tim s6 cdch chon mot tap
hop méi tir cdc tap hgp da cho, hoidc tim sd
cach phan chia ciac phan tir cia mot tap hop
thanh céic tap hop con.
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LOAI 1. Chon mot nhém phan tur tir
cac tap hop

% Thi du 1. T6 mot ¢6 10 ngueoi, 16 hai ¢6 9
nguoi. Cé bao nhiéu cdch chon mét nhom
¢om 8 nguoi sao cho méi 16 trén ¢4 it nhat la
2 ngudi? '
Lo gidi. Gia sir ta chon  ngudi cha t6 mot va
8 — k ngudi cla té hai.Vi méi té c6 it nhat 2
ngudinén2 <k <6. ‘
e S6 cach chon k trong s6 10 ngudi clia t6 mot
la Cj,. Ung v6i mot cach chon trén, ta c6 s6
cich chon 8 — k ngudi trong 9 ngudi cla t6
hai 1a C5*.
cach chon nhém 8 nguoi nhu trén Ia
<k 8k

LSA = C|0.C9 .

Theo quy tic nhan, ta dugc s6

e Cho k lan lugt bing 2, 3, .., 6 va dp dung
quy tac cong, ta dugc s6 cach chon nhom 8
ngudi thoa man bai todn la

= C2CS + CyC3 +...+ C5oC3 = 74088 . OO

& Bai toan tong quat 1. Cho tdp hop A cd n
phdn i, tap hop B ¢6 m phan . Tinh s6 cdch
chon p phan te ti hai tdap hop trén (p < m + n)
va théa man mot diéu kién nao do.

Cdch gidi chung

1) Tinh truc tiép. Gia st ta chon k phan tir cia
tap hop A va p — k phén tir ctia B (truong hop
gia thiét cho nhiéu tap hop hon, ta lam tuong
tu). S6 céch chon 1a §, = CX.C2™% | Cho k thay
doi phi hgp véi gia thiét cua bai todn va lay
t18ng cha 14t ca cdc s6 hang S, tuong ing, ta
duge két qua cdn tim.

2) Tinh gidn tiép. S6 cach chon k phan tir tir
A, B mot cach bt ki la C*, . Két qué phai
tim 12 hiéu ciia C*,, v6i tdng céc s6 hang S,
tuong tng véi mbi gia tri k khong thoéa man
gia thiét cua bai todn.
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* Thi du 2. Nguoi ta sit dung ba loai sdch
gém: 8 cudn sdch vé Todn, 6 cudn sdch vé Li
va 5 cudn sach vé Héa. Méi loai déu gom cdc
cuoén sdch doi. mot khdc loai nhau. C6 bao
nhiéu cdch chon 7 cudn sdch trong sé sdch
trén dé lam gidi thudng sao cho méi loai ¢6 it
nhdt moét cuén?

Loi gidi. St dung cach tinh gidn tiép. S6 cach
chon 7 trong s6 19 cudn sdch mot céch bat ki
a Cly.

Cic cach chon khong du ca ba loai séch la:

e S6 cach chon 7 trong s6 11 cudn sach Li va
Hoéa la C], (khong c6 sach Toén).

e S6 cich chon 7 trong s6 13 cudn sach Hoa
va Toan 1a C]; (khong cé sdch Li).

e S6 cich chon 7 trong s6 14 cudn sich Toan
vaLila C/, (khong c6 sich Hoa).

e S6 cach chon 7 trong s6 8 cudn sach Toén la
C3 (khong c6 sach Li va Héa).

Vi mdi cach chon chi ¢6 sich Toan, tic la
khéng c6 sach Li va Hoéa thudc ca hai phép
chon: khong c6 sach Li va khong cé sdch
Héa, nén s6 cach chon phai tim 1a

Cly—Cl, -CJ;-Cl, +Cj =44918.0

Luu y. Khi tinh theo phuong phap gidn ti€p,
mdi s6 hang tmg véi truong hop khong thoa
man bai toadn duoc dit sau ddu trir. S6 hang
déng thoi thudc hai trudng hop khong thoa
man bai toan duoc dat sau ddu cong (ban doc
tu suy luan cho s6 hang dong thoi thudc ba
truong hop khong thoa mén bai toan..).

LOAI 2. Sap xép thit tu cac phan tur tir
mot ho cac tap hop

% Thi du 3. C6 5 vién bi xanh giong nhau, 4
vién bi trdng giong nhau va 3 vién bi do déi
mot khdc nhau. Cé bao nhiéu cdch xép s6 bi
trén vao 12 6 theo mot hang ngang sao cho
moi 6 cé mot vién bi?




Loi gidi. Néu tat ca 12 vién bi déu khic nhau
thi s6 hodn vi ching tao thanh la P, =12!.
Nhung cac hodn vi clia 5 bi xanh va céc hoidn
vi clia 4 bi tring cho ciing mot céch sap xép
doi véi 12 vién bi nén s6 cdch sidp x&p phai
tim la

P, 12

P,.P, 5141

=166320. 0

©Bai toan tong quat 2. C6 tdt cd n vdt,
trong dé cé m vdt giong nhau trong hop A; k
vdt giong nhau trong hop B (m + k < n). Cdc
vdr con lai doi mot khdc nhau thi so cdch sdp
xép chung thanh mgt hang ngang la +'k'

* Thi du 4. C6 bao nhiéu cdch sdp xép cho 5
hoc sinh nam va 3 hoc sinh nit ngdi quanh
mot ban tron sao cho khong ¢6 hai hoc sinh
nit nao canh nhau? (néu c¢é hai cdach xép ma
cdch xép nay khi quay quanh tdm vong tron
dugc cdch xép kia thi ta coi chi la mot cdch
xXép).

Loi gidi. Gia st di xép ché cho 5 hoc sinh
nam. Vi 3 hoc sinh nit khong ngoi canh nhau
nén ho dugce chon 3 trong 5 vi tri xen k& giita
cac hoc sinh nam, s6 cach chon la Ag. Vi hai
cdch x€p vi tri cho 8 ngudi véi cing mét tha
tu quanh ban tron duge coi Ia mot nén ta cé
thé chon trudc vi tri cho mot hoc sinh nam
nao doé, s6 hodn vi cua 4 hoc sinh nam con lai
vao cdc vi tri 1a 4!,

Theo quy tic nhan, s6 kha nang phai tim la
41A% = 1440 (cach). O

Luu v. Khi x€p n d6i tugng theo mot vong
tron, do hai cach xép c6 thé giéng nhu nhau
bdi mot phép quay duge coi 1a mot, nén ta cé
thé dinh truéc mot vi tri cho mot doi tuong
bét ki trong ching. Sau d6 tinh s6 cich xép vi
tri cho n — 1 d6i tuong con lai.

LOAI 3. Phan chia tap hop cac phan tix
thanh céc tap hop con

* Thi du 5. C6 bao nhiéu cdch chia 100 d6
vdt giéng nhau cho 4 nguoi sao cho moi nguoi
duoc it nhdt mét do vat?

Loi giai. Gia st 100 d6 vat dugc x€p thanh
mot hang ngang, gilta ching ¢é 99 khoang
tréng. Dat mot cach bat ki 3 vach vao 3 trong
s6 99 khoang trong do6, ta dugc moét céch chia
100 d6 vat ra thanh 4 phan dé 1an lugt gén cho
4 ngudi. Khi d6 méi ngudi duge it nhat mot
do vat va tdng s6 do vat cia 4 ngudi bang
100, thda man yéu cdu cua bai todn.

Vay s6 cach chia la ng =156849 (cich). O

Luu y. Bing cach giai tuong tu nhu trén, ta
c6 thé chitng minh rang, phuong trinh

X +Xp .. tx,=m (H
cé tinh chat :
e V6i 1<n<m;m,neN thi s6 nghiém cla
phuong trinh (1) trong tap hop cdc s6 nguyén
duong 1a C* !

m-1-

e V6i n>l;mneN thi s§ nghiém cua
phuong trinh (1) trong tap hop cic s6 tu nhién
acy,

m+n-1"

Hudng ddn gidi. Trong phuong trinh (1) dat
yi=x;+1 v6i i =1, 2, .., n ta chuyén vé
phuong trinh y +y, +..+y, = m + n Vo
y; 2 1, r6i dp dung két qua néu trén.

* Thi du 6. C6 bao nhiéu cdch chia 8 do vat
doi mot khdc nhau cho ba nguoi sao cho co
mot nguoi duge 2 do vdt va hai nguoi con lai,
méi nguoi duoc 3 do vdt?

Loi gidi. Gia sir c6 banguoi la A, B, C.

e V6i cach chon ngudi A dugc hai do vat, tacd :
S6 cach chon 2 trong 8 d6 vat cho ngudi A
duge 2 d6 vat la Cg; sau d6, sO cach chon 3
trong 6 d6 vat con lai cho nguoi B duge 3 doé
vat1a C2; 3 dé vat con lai danh cho nguoi C.
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Chd y rdng d6i thi ty ngudi B va ngudi C

khong cho cach chon méi.

e Lan lugt cho ngudi B, ngudi C duoc hai do

vat thi theo quy tic nhan, s6 cach chia phai

tim 13 3.C3C; = 1680 (cach). O

Lia . Khi gidi bai to4n trén, nhiéu ban cho

dép s6 sai la C3C3 hodc 3!C3C; .

Trudng hop tht nhat, ban da coi vai tro cua

ngudi duoc 2 d6 vat va ngudi duoce 3 d6 vat nhu

nhau(!). Truong hop thir hai, ban da coi vai tro

cua hai nguoi cuing duge 3 do vat khac nhau(!).
BAI TAP (tric nghiém)

Hay khoanh tron vao cdc cau trd loi ding voi

cdc bai tdp sau:

Bai 1. Phuong trinh x + y + z = 100 ¢6 bao

nhiéu nghiém trong tap hgp céc s6 tu nhién?

A. Cy = 4851 B. C3,, = 5050

C. iy, =5151 D. Ciy3 =5253.
Bai 2. Pem chia hét 10 d6 vat doi mot khac
nhau cho hai ngudi, sao cho méi nguoi duge it
nhat 1 do vat. Hoi s6 ciach chia?

2 10

c. 2" D.2'9-2.
Bai 3. C6 5 cudn sach Toén gidng nhau, 7 cuén
sdch Li gidng nhau va 8 cudn sach Hoa giéng
nhau. Pem lam gidi thuong cho 10 hoc sinh,

méi ngudi duoc 2 cudn sach khac loai. Tinh s6
céch nhén giai thudng cua 10 hoc sinh trén.

A. 1310 B. 2520

C. 417 D. 2085.
Bai 4. C6 5 cudn sach gido khoa giéng nhau
va 3 cudn sach tham khao doi mot khac nhau.
Pem lam giai thuong cho 7 hoc sinh, méi
nguoi duge 1 cudn siach. Tinh s6 cach nhan
giai thudng ctia clia cac hoc sinh trén.

A. 336 B. 274

C. 246 D. 546.
Bai 5. C6 bao nhiéu cich chia 6 ngudi ra
thanh 3 nhom, méi nhém 2 ngudi, trong céc
trudng hop sau:
a) Phan biét thit tu cac nhém la: nhém 1,
nhém 2, nhém 3.

A. CC: =90 B. 31C5C; = 540
22
C. c%c':4 =15 D. 3.CiC; =270.
b) Khong biét thit tu cua cdc nhém.
A. CiC; =90 B. 3IC2C2 =540
2~2
C. C‘f“ =15 D. 3.CiC} =270.

Bai 6. C6 bao nhiéu cdach chia 6 d6 vat doi
mot khac nhau cho 3 ngudi sao cho méi ngudi
duoc it nhat mot do vat?
A. 360
C. 540

B. 495
D. 600.

MOT BAI TOAN VE PHAN HOACH MOT TAP HOP

Tru6c hét ta hdy bat diu bang bai todn don
gidn cua sich gido khoa Gidi tich 12 (sich
chinh li hgp nhdt nam 2000).

©Bai toan 1. (Bai tap 17 phan b, trang 169 —
Giai tich 12),
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TRAN TUYET THANH

(Hoc vién Phong khéng Khéng qudn Son Tady, Ha Ngi)

C6 bao nhiéu cdch phdn phdi 5 dé vdt khdc
nhau cho 3 nguoi, sao cho moi nguoi nhdn
dugc it nhdt mot do vat ?

Loi giai cha bai todn nay da duoc trinh bay
trong cudn sach Bai tdp Giai tich 12 theo y




twong xét cac kha nang phan tich s6 ty nhién
5 thanh t6ng ca ba s6 nguyén duong :
S=1+1+43=1+2+2=1+3+1
=2+1+4+2=2+4+2+1=3+1+1.

Ung v6i méi khi nang trén tim s6 cach chia
tuong ing va theo nguyén Ii cong ta duge s6
cach chia theo yéu cau bai todn 1a 150.
Phdn tich loi gidi. Loi giai theo y tudng trén
thuc hién sé khd phic tap khi s6 d6 vat cho
trude la khd 16n va s6 nguoi duge chia ciing
kha 16n. Bai viét ndy xin dugc trinh bay
phuong phdp gidi bai toan tong quét clia bai
todn 1.
QBai toan 2. Co bao nhiéu cdch phan phdi n
do vdt khdc nhau cho k nguoi sao cho moi
nguoi nhan dioc it nhdt mot do vat (n, k € N¥)?
Dé gidi quyét Bai todn 2 ching ta cidn mot
s0 kién thic bé sung vé su phan hoach mot
tap hop.
1. Cdc khdi niém
Cic tap hop khdc rong Ay, A,, ..., A, duge goi
1a mot phdn hoach cia tap hgp A néu :

A=A/ U A L.LUA,

A NA =DV, jell,2, .. k), i% ).

Mbi tap con A, (i = 1, 2, ..., k) dugc goi 1a mot

thanh phdn cha phan hoach.

Ki hiéu Al la s6 cac phan tir cua tap hop A

(luc luong cua tap A) va S(n, k) la so tat ca cac

phan hoach cua tap A gom n phan wr thanh &

tap khdc réng véi cdc sd n, k nguyén duong va

k<.

D¢ thdy S(n, 1) = S(n, n) = 1.

2. Cong thirc truy hoi cua S(n, k)

Ching minh rang S(n, k) thda man hé thiic sau :
S+ 1,k)=kS(n, k) +Sn, k—-1) (1)

vGi  k<n. ‘

Loi giai. Gia st A latap hop v6i lAl=n + 1,

A={a ay .., a, a,,}.GoiPlatap tit ca

cac phan hoach cua tap A thanh & tap khac
rong thi ta ¢6

Pl=S(n+1,k) (2)
e P, la tap tat ca céc phan hoach cta tap A
thanh k thanh phan khac réng sao cho {a
12 mot thanh phan cia phan hoach dé.

n+l }

e P, 1a tap tdt ca cic phan hoach clia tap A
thanh & thanh phan khac réng sao cho {a,,,}
khong l1a mot thanh phan cta cac phan hoach
wni 4 JEEAVE
dé. Khi do
ANP =0.

e Tinh IP|| :
Vi {a,,,} 12 mot thanh phan cua méi phan
hoach trong P, nén méi phan hoach trong P,
tuong tng véi diing mot phan hoach cua tap
ANla,, }={a,, a,, ..., a,} thanh k — 1 thanh
phan khéc rong, do d6

Pl =S(n,k-1) (3)
e Tinh IP,| :
Xét mot phan hoach nao dé ca P,, chang han
1 € A Khi
déAMa,,,} # D do {a,,,} khong la mot

a = A, A, .A) V6i a

thanh phan trong phéan hoach cua P,. Vi vay
a; = {AMa,. 1}, Ay ... Ay} tao thanh mot
phan hoach gém k thanh phan khic rbng
cuatap A\ {a,,,}. Xét tuong tu khi a,,, € A;
(i=2,3,..,k).
Nguoc lai néu = {B,, B,, ... B;} 1a mét phéan
hoach cta tap A \ {a,,,} thanh k thanh phén
khac réng thi :

B =B Vla, ), By..... By}

B =1{B,,B,Vla,,,},....B)

n+l

B. ={B,,B,,.... B, Ula,,}

la cac phan hoach cua tap A thanh k thanh
phan trong P, va do vay ta c6
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IP,| = k.S(n, k) (4)
T (2), (3), (4) va theo nguyén li cong
IPI=1P | +IP,l taco

S(n+1, k) = k.S(n, k) + S(n, k-1).

Cong thic duge ching minh. O
Tro lai bai todn 2, ta thay phép chia theo yéu
ciu bai toan-1a mot phép chon qua hai budc :
Budc 1. S6 cach chia n d6 vat khic nhau
thanh & phén sao cho méi phén c6 it nhat mot
dé vat, chinh 1a s tdt ca cac phan hoach cua
tap A gém n phan tir thanh & tap khéc réng,
theo dinh nghia & trén s6 céch chia cla budc
nay 1a S(n, k).
Buge 2. Vi méi thanh phan dem phan phdi
cho ngudi khéc nhau thi coi la khdc nhau nén
tmg v6i mbi cch chia & budc thit nhat ta dem
hoén vi cdc phan cho nhau thi dugc k! céch
phan phai dé vat cho k nguoi.
Theo nguyén li nhan suy ra s6 cich chia cla
bai todn 2 1a k!S(n, k).
3. Tinh gid tri S(n, k)
Tu S(n, 1) = S(n, n) = 1 va tir cdng thiic truy
héi cua S(n, k) ta thdy S(n, k) ¢6 nhimg tinh
chét giong nhu d6i véi cong thite t6 hop C
nén ta ciing xay dung duoc tam gidc s6 dé tim
gid tri cha S(n, k) (1 <k < n) tuong tu nhu tam
gidc s6 Pascal doi véi Cf‘,. Trong bang dudi
day dong tha n 1a day so

S(n, D, S(n, 2), ..., ..., S(n, n—=1), $(n, n)
1 .
1 1
1 3 1
1 7 6 1
1 15 25 10 1
1 31 90 65 15 1

Nhin vao bang gid tri cua S(n, k) ta thdy
5(5,3) = 25, vi vay s6 cach chia cua bai
toan 1 la

318(5, 3) = 6.25 = 150 (cach).
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Cudi ciing dé giai quyét tron ven van dé da
dat ra, ta tim cong thic t6ng quit cia S(n, k)
tinh theo n va k.

4. Cong thirc fong qudt cua S(n, k)

Chimg minh ring
LS 1y i
S(n, by =75 2%(~1> Cj.J (5)
: Jj= .

vdi cac sO nguyén duong n, k vak < n.

Loi gidgi. Chimg minh quy nap theo .
eVéin=1thi k=1vacoS(1, = (-1"1=1
ding theo dinh nghia.

e Gia str cong thic (5) duge ching minh ding
cho n vd moi s6 nguyén duong k < n. Ta
cdn ching minh cong thic (5) ciing diing cho
n+ 1 vi moi s6 nguyén duong k <n + 1.

Ta ching minh véi k < n thi

k . .
S(n + l,k)z.l.:_'Z(_])k“j Ci.jnﬂ 6)
gy

That vay 4p dung b6 dé va voi k< ntacd
S(n+1, k) = k.S(n, k) + S(n, k-1)

b k) s
=kﬁ;(—1) ICL it +
j:

I &, ety o
Ty DTG
j=1
L S i i
= ka(~1> ClJ
| &

k-1 o
+ kY (D j"}

j=1
TE= o
= H{kZ}(-l) 7 (cl-cf)
pn




>~

l[/\z( l)l\ jCj l/n+( l)k ACI\ kn+l]
(doC}

[Z( ])A /( C )-n+l+(__1)kk Cf kn+l]

=C,+Cl)

>~|.._.

>~|._.

(dokCJ ) = jC)

k

S

1
k!

Vay (6) dugc chimg minh.
Véik =n+ 1tacon can chimg minh :
1=S(n+1,n+1)

l n+l

(ﬂ+])' Z( 1)’”’1 an+] -/”H (7)

Tir (6), (7) theo nguyén li quy nap todn hoc véi

cac sO nguyén duong k, nma k < nco
L& ko
S(nky=5 2 (-1 ' ClJ"
=
Cic cong thic tinh s6 phan hoach cta mot tap

hop S(n, k) s& con gidp ich cho cdc ban giai
nhiéu bai todn t6 hop khic.

VE VIEC CHUNG MINH CONG THUC
SO CAC PHAN HOACH CUA MOT TAP HOP

Trong bai viét Mot bai todn vé phdnrhoach

mot tdp hop cla tac gia Trdn Tuyét Thanh O

trén ¢4 néu cong thuc caa S(n, k) 1a so tit ca
cdc phan hoach cla tap hop A gom n phéan
tir thanh £ tap khéac réng véi k, n nguyén va
n >k > 0. Khi néu cong thic con hé thuc (7)
chua duge ching minh (v6i n2> 1 bat ki)
nhu sau :

1 n+l1

n+l- n+1
(I1+1)‘Z( I)H ICrHl a =1

Duéi day la chimg minh cua t6i cho cong thic
trén.

Trudce hét, ta phan tich da thic

LA VAN THINH
(K49, AIT, DHKHTN, DHQG Ha Noi)

X”

(x=Dx=2)..(x—(n+1))

P) =

2 . P q o N

thanh tong cdc da thiic c6 dang ——, vdi g, la
X—i

hing s6,i=1,2,...,n+ 1. Tic la:

q @ Ayl
+ +... .
x=1 x-=-2 x—(n+1)

P(x) =

Quy dong v& phai va dong nhéit céc hé s6 ¢
hai vé ta dugc

=g (x=2)..(x—n=1+..

+ aj(x—l)...(x—j+1)(x~j-—l)... (x=n-H+...
+ @, (x=1..(x—n) *)
+ an+l = ] (**)

= a1+a2+...
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Chox=J,j= 1,2,..,n+1trong (*) ta dugc
J i G = DG =2 D= G+ 1))
= a,(j(j=1).. D+ D= j)n= ). DD
= (=" L (D + D= )

(——1)”"'1 j.C',’;H.j”H _ (__])n+l~j.jn+l

(n+1)!
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e A

Tir d6 va tr (**) co

1 n+l i ) | n+!
IR A A ol LA -
(n+1)! Z;( DA Y A Z;aj =1
j: j:

Vay cong thic (7) duoc ching minh.
Nhu vay cong thuc

IS, e o
S(n, k) = 252 (=1 O
) " j=l

dugc ching minh tron ven. O




