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LJi noi dau

The infinite! No other question has ever moved so profoundly the spirit of man.

David Hilbert

Bat déng thic 13 mot phan quan trong trong toén hoc so cip, né thudng xuyén
c6 mit trong toan Olympiad va dic biét, luén 14 mot chii dé s6i noi trén cac dién
dan toan hoc trong va ngoai nudc. Cling véi su phat trién qua manh mé ciia bat
déng thtic, hang loat phuong phéap (day stic manh) méi da ra doi, gitp ta giai
quyét nhanh gon 16p 16p bat dang thitc khé, nhung ddi khi nghi lai, téi van thay
& nhiing 151 gidi d6 lai mang tinh ki thudt qua nhiéu (trude day, toi cling da cé
mét thdi gian chim d&m trong phuong phép p, ¢, 7, S.0.S, G.L.A, va don bién,
gi4i bat dang thitc dia trén stic manh va tinh toén :D), diéu dé lam mat di ban
sic riéng clia timg bai todn, va nhidu lic 1 ci vé dep ciia bat dang thitc. Chinh
vi d6, trong tuyén tap nay, toi xin ghi lai nhimg bat ding thic kha thd vi cling
nhing 161 gidi mang tinh chat c6 dién. Nhitng bai toan dua ra phan 16n dén ti
cac dé thi, cac cubn sach vé bat dang thiic (va mot s6 1a do tac gia tu sang tac),
tuy nhién, do tinh chit c4 nhan clia tuyén tap, toi chi giéi thiéu nhing 161 giai
do tac gia doc 1ap nghi ra (du rang c6 rat nhiéu 16i gidi khac hay hon dep hon
cho mdi bai toén).

Do sau mot thai gian tit b bat déng thitc (dé tap trung cho mot s6 van dé quan

trong khac), nén bai viét khé tranh khéi thiéu s6t, mong cdc ban thong cam. Toi
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rat mudn nghe bat ki gép ¥ nao clia cdc ban dé gitp hoan thién hon tuyén tép
nay trong lan recreated t6i.

Cubi ciing, t6i xin danh ting tuyén tap nay cho ban Pham Nguyén Nguyét Lan,
16p 11A1 trusng THPT chuyén Lé Quy Don thanh phé Da Nang. Chiic ban nam

mdi vui vé, dat dudce nhiéu thanh cong trong cudc séng.
Lé Hiu Phuéc
11A1 THPT Chuyén Lé Quy Dén - Tp. Da Ning

Tat ca rdi sé doi thay, chi tinh yéu va niém tin 13 mai mai.



Bai toan 1.

Cho a, b, ¢ > 0. Chitng minh rang:

\/a+b+\/a+c+\/b—|—cz3 2(a+b+c)
c b a ab + bc + ca

LGOI GIAL

z(a—i— b)(b+c)(c+a)> (a+b+c)(ab+ bc+ ca)

CHUNG MINH

B6 dé trén ding do né tuong duong véi didu sau:
a(b—c)* +b(c—a)*+ c(a—b)*>0

v

Theo bo dé trén:

\/2(a+ b+ c)(ab+ bc + ca)

RHS =3
ab + be + ca

g 94/(a+b)(b+c)(c+a)
-2

ab + be + ca

Ta can chitng minh:

1 1 !
2(ab + be + ca) (C\/(c+a)(c+b) - b\/(b+a)(b+0> ! a\/(a+c)(a+b)> -

Theo bat dang thitc Cauchy Schwarz:

Hioe :gcm—i_b)ggc (c—l—i)(c—i—b) - (; 4(c+a+b ))

Lai c6, theo bat ddng thitc AM-GM:
2
Z va+b > 9
cyc 4( )

ct+a)(c+b

Vay ta c6 d.p.c.m. 0



Bai toan 2.

Cho a, b, ¢ > 0. Chitng minh rang:

\/a+b+\/a+c+\/b+cz\/6(ab+bc—|—ca)
c b a abc

LOT GIATL.

Bat d&ng thitc tuong duong:
2
b b b b
(\/a (a+0b) +\/ac(ab+c) +\/c (c+ )) > 6(ab + be + ca)
c a

a’b’c  a’c*b  Ab3a

a+b+a+c+c+b

Xét:

P =

Theo bat ding thic Holder:
LHS@g).P > (ab+ be + ca)® > 3abc(a + b+ c)(ab + be + ca)

Ta can chitng minh:

abc(a+b+c) > 2P

Tuy nhién diéu nay ding do:

2P = abc 2b <abe) b:abc(a—i-b—i-c)

a+b

cyc cyc

Vay ta c6 dpcem.

Bai toan 3.
Cho a, b, ¢ > 0. Chitng minh rdng:

a+b a+c c+b 24(a® 4+ b* + 2)
+ + +2>
c b a (a+b+c)?




LGOI GIAL

Ta sé dua bat diang thic da cho vé dang chinh téc S.0.S:

LHS—S:a+b+a+C+C+b—6
c b a
_a(b®+ ) +b(a® 4 ) + c(a® + b?) — 6abe
B abe
_alb—c)* 4+ bla—c)*+c(a—b)?
B abc
2 12, 2
RHS _8—8 3@+ +c)
(a4 b+ c)?
_ 82(@2 + 0% + ) — 2(ab + bc + ca)
B (a+b+c)?
(b—c)*+ (a—c)®+ (a—b)?
=38
(a+b+c)?

Vay bt dang thic da cho tuong duong:

P:=S4(b—c)*+ Spla—c)* +Sc(a—b)?>0

trong do:
b 2
SAZM—S
be
b 2
SB:(a+ +¢) _3
ac
b 2
SC_(a+ +¢) 9
ab

Khong mét tong quét gia st a > b > ¢. Khi dé:
(a+b+c)* > (2b+c)* > 8be

(a+b+c)? > (a+2c)* > 8ac



1 1 4
b 2( )>4b . ~ 16
(a+b+c) e a(b+c) 1o

Vay:

SA7 SB, SB +SC Z 0
Ta co:

P> Sp(a—c)*+ Sc(a—1b)*> (Sg+ Sc)(a—b)?* >0

Vay ta thu dugce dpem. O

Bai toan 4.
Cho a, b, ¢ la cdc so thuc khong am. Chiing minh rang:

a(b+c) b(a+c) c(b+a)
b2+bc+c2  a?+ac+c2 b2+ba+a® T

LGOI GIAL

Theo bat ding thitc Cauchy Schwarz:

a2

LHSg =)
® e a(b® +be+ )
b+ c

- (a+b+c)?
—al®+be+ ) ba*+ac+ ) (b +ba+ a?)
+ +
b+c a+c b+a

Ta can chtmg minh:

(a+b+c)? -9
a(b? + be + ¢?) N b(a® + ac + ¢?) N c(b* + ba + a*) ~
b+c a+c b+a

tuong duong:

b2 + be + 2)
bie?say U
(a+b+c)? > C%; o
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Theo bat ding thic Cauchy Schwarz va Schur:

RH 1 1 1
S@ = 4(ab + bc + ca) — 2abc (a—i—b + a)

<4 — 2abc—F————
< 4(ab + bc + ca) abc2(a+b+0)

< 4(ab 4+ be + ca) — [4(ab + bc + ca) — (a + b+ ¢)?]
= LHS

Vay ta c6 d.p.c.m.

Bai toan 5.

Cho a, b, ¢ la cdc s6 thuc khéng am. Ching minh rang:
3 a - 4(a+b+c)(a® +b* + 2) 5)
e U2 +bc+c2 T (a® 4+ b? + 2 + ab + be + ca)?

LGOI GIAL

Theo bat ding thitc AM-GM:

4(a+b+c)(a®+b*+ )
HSp <
RiSg < 4(ab + be + ca)(a® + b + ¢2)
(a+b+c)
(ab + be + ca)

Theo bat déng thitc Cauchy Schwarz:

Cl2

LHS - Z ab? + abc + ac?

cyc

(a+b+c)?
~ (a4 b+ c)(ab+ be+ ca)
(a+b+c)
(ab+ be + ca)

Vay ta c6 d.p.c.m.



Bai toan 6.

Cho a, b, c la cdc s6 thuc khong am. Chimg minh rang:

a(b+ c)? b(a+ c)? c(b+ a)? - 4(ab + be + ca) (6)
b2+bc+c2 a?+ac+c? bBP+ba+a? T a+b+c
LOI GIAL
Bo6 dé 2
1 9
> 7
§a2+ab+b2_(a+b+c)2 (7)
[ v
Theo bd dé trén va bat ding thic Schur:
(b+ c)?
1
= b D ——
¢ C%; b2 + be + 2
9abc
~ (a+b+c)?
2(ab + bc + ca) — a* — b* —
- a+b+c
Lai c6:
2(ab + be + ca) — a® — b* — 2
H — b =
RHSqy) — (a+b+c) P
Vay ta c6 d.p.c.m. O

Bai toan 7.

Cho a, b, c la cic s6 thuc khong am. Chimg minh rang:
5 a?(b+c) - 2(a® + b* + *)
b2+bc+c2~ a+b+tc

cyc

(8)

Do chitng minh bé dé trén mang ning tinh toan (ding phuong phap p, ¢, r va két hgp véi
bat déng thic Schur), cic ban cé thé tu chting minh hodc doc trong céc tai liéu vé bat déng

thiic khéc.
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L1 GIAL
Ta co:
a
LHS = Z
e q?(b? + be + )
b+c
> (a® + b* + ¢?)?
a?(b> + be+ ) b*(a® +ac+ ) A(b* + ba + a?)
+ +
b+c a+c b+ a
Ta sé chiing minh:
a+b+c

a?(b* +be+ ) b*Ha*+ac+c?) AW+ ba+ a?) -
+ +
b+c a+c b+a
tuong duong;:

a?(b* + be + ¢?) N b?(a® + ac + ¢?) N *(b* + ba + a?)

2,72 2 > 9
(a*+b°+c*)(a+b+c) > T s T

Tiép tuc bién ddi, ta dua bat ddng thic vé dang:

a b c
+ +
b+c a+c a-+b

a3+b3+c3+2abc< )2@2(b+c)+b2(a—|—c)—|—c2(a+b)

Bing bat dang thiic Nesbitt va Schur ta dé dang chimg minh bat dang thic trén.

Vay ta thu dugce d.p.c.m. 0

Bai toan 8.

Cho a, b, c la cic $6 thuc khong am. Ching minh rang:
;WZaQ—l—ZﬂjLCQ (9)
LOT GIAL

Bing bién ddi ta dua bat ddng thic can ching minh vé dang:

abcla® + b° + ¢® — abe(a® + b* + *)]
(a% + be) (b2 + ac)(c® + ab)

>0



Ta d& dang chiing minh bat ding thic trén tit d6 thu duge d.p.c.m.

Bai toan 9.
Cho a, b, ¢ la cdc s6 thuc khéng am. Chitng minh rang:

o — b b — B JE R
@r0? Tt T exap

a—b b—c c—a =0
- -
a+b b+c cHa
LO1 GIAL
Ta cé:
a®—b  (a—b)(a*+ab+b?)
(a+b)3 (a+b)3
~ (a— b)[3(a + b)* + (a — b)?
N 4(a + b)3

_1 3a_b+ a—>b 3
4 \"a+0 a+b

Twong tu cho cac phéan thitc con lai.

_b b— — 2
bat x = ¢ TES C, ;=2 Lai ¢6 dang thic sau:
a+b b+ c c+a
ryz+x+y+z=0
Tu do:

200’ +y° + 2%+ 3(x +y + 2)] = 2(a° + ¢ + 2° — 3ay2)

=@+y+2)z—y*+y—2)°"+(z-2)

Bat ding thitc can chiing minh tuong duong:

2Bz +y+2)+ 2%+ P + 27

— ()2 2 _2)2>0
P (r—y) " +y—2)7"+(E—2)>

Dicéu nay duong nhién ding. Vay ta c6 dic¢u phai chimg minh.
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Bai toan 10.
Cho 8 s6 thuc duong a,b,c va dinh nghia x, y, z nhu sau:

1 1 1
r=a+ -, y:=b+—,z:=c+ —
b c a

Chitng minh rang:

xy+yz+zex >2(x+y+2)

LOI GIAL
1 1
batr=—y=—,2=-.
m n P

Tt dieu kién dé bai ta suy ra:

Yz > T +y+z2+2

S 1>mn+np+pm+2mnp

m n D
<1> + +
1+m 14n 1+p

Ta can chitng minh:

m+n+p > 2(mn+ np+ pm)

Theo bat déng thitc Cauchy Schwarz:

m n p (m+n+p)°
+ + >
I+m 1+4+n 1+p = m+n+p+m?+n?+p?
2
s (m+n+p)

T mA4n+p+m?+n? 4 p?

S m+n+p>2(mn+np+pm)

Véy ta cé diéu phai chting minh.

Bai toan 11.

Cho a,b, c € [—1;1] thod man ab + bc + ca = 1. Chitng minh rang:

I—a)(1-02) (1-0)1-c) (1-e)(1—a?) ~ 2
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LOT GIAL

- Nhan xét 1: ab, bc, ca > 0.
Chiatng minh: Ta luoén cé 2 trudng hop sau doéi véi 3 sb6 ab, be, ca: hodc ca
3 s6 khong am hoiic c¢6 2 s6 khong duong va mot s6 duong. RO rang khi
truong hop 2 xdy ra thi ab + be + ca < 1 (do a,b,c € [—1;1]). Vay chi ¢

truong hop 1 xay ra.

- Nhan xét 2: (1 —a?)(1 —b?) < (1 —ab)>
Chitng minh: Bat dang thitc trén tuong duong: (a — b)? > 0 (hién nhién

ding!).

Theo Nhan xét 2 ta cé:

5 a’ + b = a® + b’ _y a® + b’
cyc (1 - a’2)(1 - b2) N cyc (1 - a’b)2 B cyc CQ(CL + b>2
Theo bat dang thitc Cauchy Schwarz:
3 a® + b? 5 1
e C2la+b)2 — o222
>
- ; 2ab
9
>
~ 2(ab + bc + ca)
_9
2
Vay ta c6 d.p.c.m. 0

Bai toan 12.

%
=1

Cho cdc $6 a;, b;, i = I,n thod man a;, b; € [1001;2002] Vi va > a; = > b;.
i=1

Ching minh rang:
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LGOI GIAL

Ta c¢6 danh gia sau:

21a? —(1062 +4b2) = b2 [ o<b) +21(bi>2—4]

= (=5) (5, 1) (5, 2)

>0 (do a;, b; € [1001;2002))

Cho i chay tit 1 dén n sau d6 cong cac bat ding thic lai ta cé:
n n 3 n 17 n n 3

21 a2>100 2 443 e~V 2>y %
i=1 i=1 bs i=1 10 i=1 i=1 bs

1= =
Vay ta c6 d.p.c.m.

Bai toan 13.

Cho a,b,c > 0 va hang so thuc k > logs ), 2. Chiing minh rang:

1+1+1>5.2’€—1
ab+bvk 04k Ftadb T (a+b+ o)
LOT GIAL
B6 dé 3

2 1 1 3
ah+yb 2k oyt T ()

CHUNG MINH

Theo bat dang thitc AM-GM:

2 ok + o :c’“+y’“> 2 $k+yk+ 1
ok +yk o 2xkyk 2ekyk T ak 4y 2xkyk x%y%
>34 —
(zy)z
3.2k
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v

Khong mét téng quat, gia st a > b > c¢. Ta c6 nhan xét:

(a+c/2)F > a" +

(b+c/2)F > bF + cF

That vay:

Vé6i ¢ = 0, bat dang thic trén hién nhién ding.

V6i ¢ # 0, bat ding thitc trén tuong duong: (t + 1/2)% —t* —1 > 0 trong d6
t=ajc>1.Xét ham f(t) = (t +1/2)* —t* — 1 trén [1; +o0).

() = k[(t+1/2)1 —t*1] > 0.

Vay f(t) dong bién trén [1;+00).

= f(t) > f(1) = (3/2)F —2 > (3/2)"8322 — 2 = 0 Nhan xét dugc chimg minh

xong. Vay ta co:

1 1 1 1
> > + -
ek 08 T (a+c/2)F  (b+c/2)k  ak 4+ b
L 32 2 L]
“(a+b+o)k (a+c/2)k+ (b+c/2)F  aF+ bk

(10)

Ta can chitng minh:

5.2k-1 - k=1 n 1 S 2
(a+b+c)k  (a+b+c)k  ab+bF ~ (a+c/2)F+ (b+c/2)F

V Prg) >
Theo bat ding thic Holder:
25 (a +¢c/2)" + (b +¢/2)*] > (a + b+ ¢)*

Hién nhién:
(a+c¢/2)" 4+ (b+c/2)" > (a+b)

Vay ta c6 d.p.c.m. 0
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Bai toan 14.
Cho a, b, ¢ la cdc s6 thue khéng am. Chitng minh rang:

(ab+ac)*  (bc+ba)*  (ca+ cb)?
b + 2 2 +a? a® + b2

> 2(ab + be + ca)

LOT GIATL.

Bat déng thitc can chiing minh tuong duong:

Z<M+(b+c)2> > 2(ab+bc+ca) + Y (b+c)’

2 2
cyc b +c cyc

2
(b+c) > 4(a+b+c)?

2 2 2
S2ACHY ) g 2

cyc

ey ey G0 (Toro)

cyc cyc cyc

Diéu nay ding theo bat dang thitc Cauchy Schwarz. Ta ¢ diéu phai chimg minh.
O

Bai toan 15.

Chitng minh rang vdi moi 6 s6 thuc duong a, b, ¢, x, y, = ta ludn co:

(a+b+co)(z+y+2)

Wl DN

ax+by+cz+\/(a2+b2+cz)(x2+y2+22) >

LOT GIATL.

Bién d6i bat déng thic da cho vé dang sau:

VOla +02 + ) (a2 4y + 22) — (a bt o)(wty +2)

> (a+b+c)(r+y+2)—3(ax + by + c2)

Theo bat ding thitc Cauchy Schwarz:

\/9(a2+b2+02)(x2+y2+22)—(a+b+c)(x+y+2)20



0> (a+b+c)(r+y+2z) —3(ar+ by + cz)
bat dadng thicc hién nhién ding, ta chi xét trong trudng hop:
(a+b+c)(z+y+2z)—3ar+by+cz) >0
Binh phuong 2 vé va ap dung bt dang thitc Aczel:
(LHS)* > [3((12 + b0+ —(a+b+ 0)2} [3(262 +yP+ 22— (z+y+ 2)2}

=Y (a—0?> (x—y)?

>[(a=b)(z —y)+ (- )y —2) + (¢ —a)(z — 2))*
=[(@a+b+c)(z+y+2)—3(ar + by + cz)]?

= (RHS)?

Vay bat dang thiic dé bai duge chimg minh hoan toan.

Bai toan 16.

Cho tam gidc ABC. Chiing minh rang:

S a? > 4v3S+ Y (a—b)* + 16Rr (ZCOS2§—ZCOS§COS§>

cyc cyc cyc cyc

LOT GIAL
batp—a=z, p—b=y, p—c=2z (z,y,2 > 0).
Khi do ta c6 cac hé thic sau:

a=y+z, b=z4x, c=x+yp=x+y+=z

C%AZWW—MC%BZWW—MC%OZWM—@
2 be ’ 2 ac ’ 2 ab

Rr = C:prc’ S =\/pp—a)(p—b)(p — )
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Bién d6i tuong duong dua bat ddng thitc can ching minh vé dang:

Z\/xy(x+z)(y+z) > (:Ey+yz+za:)+\/3xyz(x+y+z) (11)

cyc

Khong mat tdng quat ta chudn héa x + y + z = 1. Bat ding thiec tuong

duong:
lz \V(y)? + xyz] > (xy +yz+zx + \/3a:yz)2
& SV l(xy)? + 2y2l[(y2)? +ay2] > ayz+ Bryz(ey +yz + o)

cyc

= {Z \/[(939)2 + zyz][(y2)? + 37?/2]} > {xyz + V3xyz(zy +yz + za:)]z

cyc

=

23" [(22)? + wyzly/[(zy)? + 2yz][(y2)? + 2y7]

cyc

> ayz[ryz + 2xyz(xy + yz + 22) + (vy +yz + 20)? + 2¢/3xyz(vy + yz + 27)]

Theo bat dang thitc Cauchy Schwarz:

2 " [(22)* + :Byz]\/[(:ny)2 + zyz)[(y2)? + 2yz] > 2 [(22) + 2y2] (v 2z + 2y2)

cyc cyc

= 2oyz[ryz(oy + yz + zx) + dayz + (2y)? + (y2)* + (22)?]
Theo bat dang thitc AM-GM ta c6:

2uyzlzyz(zy + yz + 2x) + 2ryz + (vy + yz + 22)°]
> ayz[2zyz(vy + yz + zx) + xyz + (vy +yz + 20)? + 24/Bxyz(vy + yz + 27)]

Vay ta c6 d.p.c.m. 0

Bai toan 17.

Cho a, b, ¢ la cic $6 thuc théa man a + b+ ¢ = 1. Chitng minh rang:

b+c L c+a L a+b <3
202+ (b+c¢)?2 202+ (c+a)®> 22+ (a+0)? —

LGOI GIAL
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Bat déng thic da cho tuong duong:

>

cyc

(b+c)a+b+c)

4(b+c)* +4a(b+c)

2a% + (b+ ¢)?

>

cyc

5(b+ ¢)* + 4a(b + ¢) + 2a®

2a2 + (b+ ¢)?

cyc

Z 2a? + (b + ¢)? -
2(a+ b+ c)* + 3(b+ c)?

<15

cyc

2(a+b+c)?

Z 2a? + (b + ¢)?

Z2(a+b+c)2 <6+Z<3 3(b+c)? )

202+ (b+c)2 = 4 \" 22+ (b+c)?

cyc
1 6a>

- <6 - - @@

Z2a?+(b+c)2— +22a2+(b—|—c)2

cyc cyc

Theo bat déng thitc Cauchy Schwarz:

a?

cyc

Lai c6:

Suy ra:

2 2a2 + (b+¢)?

CL4

B %2 2a* + (ab + ac)?

y (a? + 2 + 22

= 2[at 4+ b* + c* + a?b? + b2 + 2a® + abe(a + b+ ¢))
(a® 4+ b* + ¢*)?

2(a® + 0% + c2)?

1

>

T2

262+ (b4 (5 +1) 2 (at b+ o)
20 + (c—i—a)z](; +1)>(a+b+c)?

2% + (a+b)2](; 1) > (a+4b+0)?

2(a+b+c)?
> 53 2 =
2a? + (b+c)

cyc
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T nhitng diéu trén ta c6 diéu phai chimg minh. O

Bai toan 18.
Cho a, b, c la cic $6 thuc duong théa man a + b+ c = 1. Ching minh rang:

1 n 1 + 1 <27
ab+c+1/c bec+a+1/a ca+b+1/b~ 31

LGOI GIAL

Ta cb:

a

LHS = e —
S Zabc—i—cﬂ—i—l

cyc

_Z . a’be + a®
N abc+a? +1

cyc

a a’
—1—(abeS — & L
<a Czabc+a2—|—1+zabc—l—a2+1>

cyc cyc

Bét dang thitc tuong duong:
a? a’
— < ab
31 — “ Cza2b0+a3+a +E:azbcha?’—i—oz

cyc cyc

Theo bat dang thitc Cauchy Schwarz:

(a+b+c)? (a* +b* + *)?
abc ZC’yC a + ZCyC a3 + ZCyC a abc chc a + chc a3 + chc a
_abe+ (a® + 0?4+ )?
~abe+ (@B 403+ )+ 1

RHS > abc

Ta sé chiing minh:

31(abc + <Z a2> ) > 4(abc+ > a® +1)

cyc cyc

Ddng bic héa bat dang thiic trén va bién d6i tuong duong ta quy vé chiing minh:

23> a* 438 a’b* > 2labe) a+20) ab(a® +b?)

cyc cyc cyc cyc
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Ta lai co:

20> a* 4 20abcd " a > 20> ab(a® + b*)

cyc cyc cyc

(bat dang thitc Schur bac 2)

3) a*+38) a’h® >4labc a

cyc cyc cyc

Cong hai bat dang thic trén vé theo vé ta c6 diéu phai chimg minh. 0

Bai toan 19.

Cho a, b, ¢ la cdc s6 thue khéng am. Chitng minh rang:

(a + b+ c)(Va? + 2bc + Vb2 + 2ca + V¢ + 2ab) > 3v/3(ab + be + ca)

LO1 GIAL
Theo bat dang thitc AM-GM ta c6:

2
+ 2bc
va? + 2bc = AT
va? + 2be

a® + 2be

> Y
vaz 4+ b%+ 2
Tuong tu ta co:
b + 2
V¥ 2ca > _ Vi tlea
va?+ b2+ c?

2
«/c2+2ab2ﬂ

Vay:
Lhs > \atbto’
SRV
Ta sé chitng minh:
(a+b+c)?

W Z 3\/§(ab + bC + ca)



22

& a® + 0%+ +2(ab+ be + ca) > 3\3/((12—1—62 + c2)(ab + bc + ca)?

Diéu nay ding theo bat ding thitc AM-GM.

Ta c6 diéu phai chimg minh. O

Bai toan 20.

Cho z, y, z > 0. Chitng minh ring:
6479?22 (22 +2 + 22 (222 P 22+ 22007 < (why+2) (@2 +2) 2 (Y2 4-22) P (22 a?)?

LOT GIATL

Ta co:
9a® + 1) (* + 2°) (22 + 27) > 8(a” + 17 + 2)(2%y* + y*2° + 2°2?)

Twu do suy ra:

RHS > g;l(x +y+ 2) (2 +y? + 22 (%P + yP + 2%2?)?
Ta sé chiing minh:
S;l(x—i—y+z)4(9c2+y2—|—22)2(m2y2—|—y222+z212)2 > 64a2y222 (22 124 22)3 (a2y Py 4 22a?)

o (22 + 222 + 222 (@ + y + 2)t > 810222 (2 + o + 22)
Theo bat dang thitc AM-GM:

27(2* + 4 + 22)(wy + yz + 22)” < (x + y + 2)°

27(2%y® + y?2* + 222 [wyz(x + y + 2))° < (wy + yz + 22)°

(vy +yz + z2)* < 3(2%y® + y*2* + 220%)
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Tu d6 ta cé:

222,92 2, 2 (x +y+2)°(zy +yz + 22)°
ryE Y+ s 27(zvy + yz + 22)2.27(2%y? + y22% + 2202)(x + y + 2)?
(z +y+2)'(vy + yz + 22)*
81.9(x%y? + y222 + 2%a2)
- (22y? +y?22 + 222?) (v + y + 2)*
- 81

Vay ta c6 d.p.c.m. 0

Bai toan 21.
Cho a,b,c € R vd thod man a + b+ ¢ = 1. Chiing minh ring:

a L b L c <g
1+a2 14+ 142710

LOI GIATL

Ta xét cac truong hgp sau:

- Trudng hgp 1: Néu a,b,c > 0, xét ham f(z) = Lz trén (0; 1], tinh

1+
\ A 17 I(IQ - 3) = . A \
dao ham bac 2 cho ta f"(z) = m < 0 v6i moi z € (0;1]. Vay f(x)la
x
ham 16m trén (0;1]. Do d6 theo bat dang thiic Jensen ta co:
a+b+c 9
LHS <3f|——5—| ==
=3/ ( 3 ) 10

- Trudng hgp 2: Néu a,b, ¢ ¢6 ding 2 sb khéng duong: khong mét tong

quét ta cho a > 0. Hién nhién ta cé:

a 1 9
LHS < — < - <« —
“14+a?2 2 10

- Trudng hop 3: Néu a,b, ¢ ¢6 ding 1 sb khéng duong, khong mét tong
quét ta cho a < 0. Bat déng thic can ching minh tuong duong:
6 (1—a)’
- <y 12
57 2 1+ a? (12)

cyc
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Theo bat déng thitc Cauchy Schwarz:

(1-a)?  (1+a)
14+a? 240242
(1-a)’  (1+a)
1+a®> 24 (1—a)

2a — 1 a

RHS >

> 2

= <1+2+(1—a)2 2—|—(1—a)2>

Ta can chitng minh:

a—1 +2>0
24+ (1—a)* 57

Diéu nay ding do né tuong duong véi:

20 +a+1>0

T 3 truong hop trén ta c¢6 d.p.c.m. O

Bai toan 22.
Cho a,b € R,a > b va théa man ab = 1. Tim gid tri nhé nhat cia:

a* + b*

P =
a—>b

LGOI GIAL

Ta chi ¥ dén ding thic sau:

a' + b = (a = )" + dab(a — b)* + 2a%V’
(a—b)* +4(a—b)*+2
a—2b ’
Dt @ — b=z >0, xét ham f(z) = 2 + 4z + > trén (0 400).
3zt + 42% — 2 !
x? ’

Vay P =

Tinh dao ham ta dugc: f'(x) =
V10 — 2

fllx) =0z = —5 lic qua gid tri nay, f/(z) doi dau tit — sang + nén
v10 -2

min f(z) trén (0;+00) la f( 3

).



P v10 — 2 v10 — 2
Vay gia tri nho nhat can tim la f(4/ T) dat dugc khi z =/ ———.

3

Bai toan 23.
Cho a, b, ¢ la cdc $6 thuc doi mot phan biét. Ching minh rdng:

L SR
(=032 (b-¢? (c—a)

27
> 20
-2

[(a—b)*+(b—c)*+ (c—a)? [

LOI GIATL

Bé dé 4. Vdi moi z, y > 0 ta luon cd:

1,1 8
2y (rty)?

CHUNG MINH

Thét véy, theo bat dang thitc AM-GM:

112
2 y? T oxy
S 8
~ (e +y)?
v

Khong mat tong quét gia st a > b > ¢. Khi d6 theo bo dé trén ta cé:

(N S
(=0 (b—c)?~ (a—¢)

Lai c¢6 do bat dang thitc Cauchy Schwarz:

2
(a—b)?+(b—c)*> (a 26)
Vay nén:
2
LHS > 9 .3(a c)
(a—c)? 2
27

2

25
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Bat déng thitc dé bai duoe chimg minh hoan toan.

Bai toan 24.
Cho a, b, ¢ la cdc s6 thuc duong. Ching minh rang:

2a+b 2b+c 20—|—a>3
2a4+c¢ 2b+a  2c+0b

LO1 GIAL
Nhén hai vé bat dang thitc can chimg minh cho 2(a + b+ ¢) ta dugc:
2(a+b+c)(2a +b)

>6 b
czy; 2a + ¢ - (a—|— +C)
b? + ab + ac
&= _— > b
Z %+ ¢ Za+o+c

cyc

Theo bat dang thitc Cauchy Schwarz:

b +ab+ac (b* + ab + ac)?
%; 2a + ¢ _§(2a+c)(b2+ab+ac)
(a® + b + ¢ + 2ab + 2bc + 2ca)?
T ey (2a+c)(b% + ab + ac)
(a+b+c)?
~ 4(a+b+c)(ab+ be + ca) — abe

Lai ¢6 theo bat ding thitc Schur béc 1:
(a+b+c)* > 4(a+b+c)(ab+ be+ ca) — Yabe

T do suy ra:

b? b
Z +a +a62a—|—b—|—c
e 2a+c

Vay ta c6 dieu phai chiing minh.

Bai toan 25.

Cho a, b, ¢ la 8 canh ciia mot tam gidc nhon. Chiing minh rang:

(a+b+c)a®+ b+ ) (a® + b+ ) > 4(a® +0° + °)
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LOI GIAL
Do a, b, ¢ 1a 3 canh ctia mdt tam gidc nhon nén a?, b2, ¢® 1a 3 canh clia mot tam
giac.

Theo bat déng thitc Cauchy Schwarz:
(a+b+c)(a®+ b +c%) > (a® + b + )
Vay nén:
(a+b+c)a®+ b+ (a®+ b+ ) > (a® + b+ )P
Ta can chtmg minh:

(a2+b2+02)324(a6+b6—|—cﬁ)

s @+ -AC+a )P+ —ad*) >0

Diéu nay ding do a?, b%, ¢® 1a 3 canh ciia mot tam giac.

Ta c6 diéu phai chimg minh. O

Bai toan 26.
Cho a, b, ¢ la cic $6 thuc duong. Ching minh rang:

b _)\2
+oo >34 (@)

a
b a ab + be + ca

b
LOI GIAL
Ta sé chiing minh mot bat dang thic chit hon sau:

a b

: +E+2 >34 max{(a — ¢)?, (b — ¢)?, (a — b)*}

ab + be + ca

A

21§ do dé ta chiing minh bat déng thitc nay thay cho bat ding thitc ban dau 1 dé ta ¢6 thé

gia sit vi xét truong hop thuan lgi hon khi ma bat déng thitc dé bai ¢6 3 bién a, b, ¢ ma vai

tro gitta ching khong thuc su r6 rang.
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- Trudng hgp 1: Néu a > b > ¢. Bat ding thiic tuong duong:

(a—0)* (b—c)(a—c) (a — c)?
> 1
ab * ac “ab+bec+ca (13)
Theo bat ding thitc Cauchy Schwarz:
(a—=0)?  (b—c)
LHSmm >
- ab + ac + be
(a0
~ab+bc+ ca
= RHS
- Trudng hgp 2: Néu a < b < ¢. Bat déng thitc tuong duong;:
(b—c)* (b—a)(c—a) (a — c)?
> 14
be + ab ~ ab+ bc+ ca (14)
Theo bat dang thitc Cauchy Schwarz:
(b—c)?  (b—a)
LHSmp >
- be * ab + ac
(a —c)?
~ ab+ bc+ ca
= RHS
Véy ta cé diéu phai chiing minh. O

Bai toan 27.
Cho a, b, ¢ > 0 va dit M = max{(a® — 1®)?, (> — ¢*)?, (* — a®)?}. Ching minh
rang:

M <a® + 85+ — 3a?*? < 2M

LOI GIAL
Khong mét tong quat gid st a > b > ¢. Bat ddng thic can ching minh tuong

duong:



(a®>—c*)? < a®+0° + 8 —3a?h*? < 2(a® — 3)?
S0 < W +2d33 -3a?2 2 < (a®—P)?
S0 < (0 —ac)?(V*+2ac) < (a®—cP)?
Ta co:
(b* — ac)® < a*(a — c)?
T do:

(b — ac)*(b* + 2ac) < a*(a — ¢)*(a® + 2bc)

5 (2a* + 2ac)?
4

= (a — ¢)*(a® + ac)?

<(a—0

< (a —c)*(a® + ac + *)?

— <a3 . 03)2

Véy ta cé diéu phai chitng minh.

Bai toan 28.

Cho a, b, ¢, d la cdc s6 thuc duong théa man:
1,11 1,
a b ¢ d

Chitng minh rang:

3153 b3 3 3 a3 a3 3
P T oo

LOT GIATL.

Theo bat ding thitc AM-GM:

J@+ﬁ3_2¢a+ba+ba?—w+hz
C a+b

a+b+a—|—b+a2—ab—|—b2
4 4 a+b

29
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Hoan toan tuong tu ta co:

13 3
303 + ¢ <bie_ 2bc
2 b+c

s+ d3 2cd
< b—

2 Sa+ c+d

d? + a? 2da
3 < b—

2 Sa+ d+a

Vay:

2ab 2bc 2cd 2da
LAS < 2atbtetd) = o = 0~ i dta

Ta sé chiing minh:

2<ab+bc+cd+da
“a+b b4+c c+d d+a

Theo bat ding thic AM-HM:

1 1 1 1
H p—
RES = T b 1je T 1jex1jd T+ 1/a
16
= 2 Jat 1/b+ /et 1/d)
=2

Vay ta c6 dieu phai chitng minh.

to be continued ...

Chtic mung nam mdi
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