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PII HLY VIETE VA CAC UT G DUI G

1.1 HAC LAI VA MO ROI G MOT SO VAI DE VE DA THUC:
1.1. T héc lai vé da thic:
Ham s6 P(x): R = R duoc goi 1a mot da thirc néu P(x) = const hoic P(x) co dang:
P(x) = ag + a;x + azx® + - + ap_1x" 7' + ax™
Khi 0, ay, a;, ..., a,, goi 1a cac hé sb cua da thirc. an duoc goi 1a hé so cao nhat a, duoc goi 13 hé sd tu do.
[ éua,=1th da thirc P(x) goi 1a da thirc chuan tic hay da thirc ménic. a éu a,, # 0 thi da thic P(x) goi 1a da
thirc bac n va ta ki hiéu: deg P(x) = n. Hién nhién, néu P(x) = 0 thi deg P(x) = 0.

Dé cho gon, d6i khi ngudi ta con viét:
P(x)—Zax —be” ¢

Cach viét dang sau goi 1a cach viét nguoc, voi (bo, bl, n) = (an, Ap—q, o) Ag)-

1.2. Pa thirc trén céc tap so:
Cho P(x) = ap + ayx 4+ ax? + -+ a,_1x™ 1 4 a,x™. Khi do, Vi = 1,n
a éu a; € M thi tanéi P(x) € M[x]
Céc truong hop riéng:
a éu a; € R thi tandi P(x) € R[x]
4 éu a; € Q thitandi P(x) € Q[x]
a éu a; € Z thi tandi P(x) € Z[x]
Rét o rang, R[x] o Q[x] o Z[x].

1.3. Céac phép tinh trén da thtrc:

Cho 2 da thuce sau:

P(x) = ag+ a;x + ax? + -+ a1 x™ 1 + apx™

Q(x) = by + byx + byx? + -+ by x" 1 + b,x™
Trong d6, a,b, # 0. Ta dinh nghia mot s6 phép toan co ban trén da thirc nhu sau:
a. Cac phép tinh co ban:

C6 3 phép tinh co ban thuong dung déi véi 2 da thire 1a phép cong, ki higu 1a P(x) + Q(x); phép trir ki higu 1a
P(x) — Q(x) va phép hop, ki hiéula P o Q(x) = P(Q(x))

VD1.3a.1: Ching minh rang;
a. deg(P(x) + Q(x)) < max{m; n}
b. deg(P(x). Q(x)) =m+n
c. deg(P ° Q(x)) =mn
Loi gigi: R rang ta chi can xét cac hé sb cao nhét a,, va b,, cua 2 da thic.
a.a éum > n thi da thtrec S(x) = P(x) + Q(x) c6 dang:
S(X) = amx™ + o1 x™ 1+ o+ (ay + bp)X™ + (ap_q + bp_)x™ 1+ -+ (aq + by)x + (ag + by)
Vi a,, # 0 nén theo dinh nghia, deg S(x) = m = max{m; n}
Tuong tu véi m < n, ta ciing ¢c6 deg S(x) = n = max{m; n}
acum =mn,taco: S(x) = (an + bp)x™ + (@p_q + bp_)x™ " + -+ (ar + by)x + (ag + by)
Do S(x) ¢6 hé sb cao nhat 1a ¢, = a,, + b, nén deg S(x) < n = max{m; n}, dang thirc xay ra khi a,, + b,, = 0.
Tu cac truong hop vira xét, ta co deg(P (x) + Q(x)) < max{m; n} (dpcm).
Véi truong hop S’ (x) = P(x) — Q(x), ta dat Q' (x) = —Q(x) thi S’ (x) = P(x) + Q(x) va theo diéu vira ndi
trén, ta cling co deg(P(x) — Q(x)) < max{m; n} (dpcm).
b. S6 hang cao nhét cia P(x). Q(x) 13 ay,b,x™™, ma a,,b,, # 0 nén deg(P (). Q(x)) =m + n (dpcm).
c. Taco: PoQ(x) = P(Q(x)) = amQ™(x) + ap—1Q™ 1 (x) + -+ + a;Q(x) + a,, ma theo cau b thi:
deg(P(x) o Q(x)) = deg Q™ (x) = deg(Q(x).Q(x) ... Q(x)) = ndeg Q(x) = nm (dpcm).

2



b. Phép chia da thtrc:
Cho 2 da thic f(x) va g(x) € R[x] sao cho deg f(x) = deg g(x).
Khi dé, ton tai duy nhét hai da thiae P(x) va R(x) € R[x] sao cho deg R(x) < deg g(x) va:

f(x) = g(x).P(x) + R(x)

P(x) goi la thuong va R(x) goi la du trong phép chia da thire f(x) cho da thic g(x)
Chu ¥ rang néu deg f(x) < deg g(x) thi P(x) = 0 va R(x) = f(x).
aéu R(x) = 0 thi ta n6i rang f(x) chia hét cho g(x) hay g(x) chia hét f(x) va ki hiéu: f(x) : g(x) hay
g()|f (x).

VD1.3b.1: Tim du trong phép chia f(x) = x2°°7 + x + 1 cho g(x) = x? — 1.
Loi giai:
bat: f(x) = g(x).Q(x) + R(x). Vi degg(x) = 2nén deg R(x) < 2, do d6 R(x) la da thirc bac nhat.
Laidat: R(x) =ax+bvéia,b € R. Lanlugtchox =1vax = —1,vdichay g(1) = g(—1) =0, ta co:
{f(1)=g(1)-Q(X)+a+b {a+b=3 {azl
o
f(—l)‘= g(=1).Q(x)—a+b —a+b=1 b=2
Vay da thtrc du trong phép chia can tim 1a R(x) = x + 2

1.4. 4 ghiém cia da thirc va mot s6 van dé lién quan:

a. Dinh nghia:
Cho da thirc f(x) € R[x]. Gia tri x, € R ctia x ma tai do f(x,) = 0 dugc goi 1a nghiém cua da thire f(x).

b. Dinh 1y Bézout:
Cho da thirc f(x) € R[x]. Khi d6 x, 1a mdt nghiém cua f (x) khi va chi khi f(x) i (x — x,)
Churng minh.
Xét da thie f(x) € R[x] va g(x) = x — x,. Theo dinh nghia phép chia da thirc, ton tai duy nhét 2 da thuc Q (x)
va R(x) sao cho:

fx) =g(x).Q(x) + R(x) = (x — x0).Q(x) + R(x)
VidegR(x) < degg(x) =1 nén R(x) = const. bat R(x) = c, ta co:

fx) =(x=%0).Q(x) + ¢ = fxo) =c= f(x) = (x — x0)- Q(x) + f(x0)
Theo dinh nghia vé nghiém cua da thirc, x, la nghiém cua f (x) khi va chi khi f(x,) = 0, tic la:
f(x) = (x — x0).Q(x)
D¢ cling chinh 1a dpem.

Hé qua 1: da thirc bic n khong 1a da thirc hing thi c6 khong qua n nghiém.

Churng minh.

Gia sir da thuc f(x) € R[x] c6 deg f(x) = n va c6 tr n + 1 nghiém trd 1én, 1a: x4, X5, ..., Xp4+1. Theo dinh 1y
Bézout, ta c: f(x) = (x — x1) (x — x3) ... (x — xp41). g(x), suy ra deg f(x) = n + 1 > n, mau thuan.

Tu day ta c6 dpem.

Hé qua 2: da thirc bac n c¢6 nhiéu hon hodc bang n + 1 nghiém la da thirc 0.

VD1.4b.1: (Cong thirc ndi suy Largrange)
Cho f(x) € R[x] c6 deg f(x) = nvan + 1 sb thuc x4, x,, ..., Xp41. Ching minh rang:

_ (x = x5) (x — x3) ... (X — Xp41) (¢ — x1)(x — x3) ... (X — Xpy1)
10 =100 G o =m0 G =) T O T —i G = 3) - Gra )
n+1 n+1

(xn+1 - xl)(xn+1 xz) (xn+1 Xi — Xj

+ f(xn+1) O =)= xa) (3 xn) z f(x;) 1_[ )
];el

Loi gidi:



Xét da thuec:

n+1 n+1
90 =f@ - ) e | [-=L
i=1 j=1"" J

j#i

Ta thay deg g(x) < n. Cho x lan luot nhan cac gia tri x1, Xy, ..., Xp41, ta thdy Vi = 1,n + 1 thi:
gx) =f(x) — fx) =0
Suy ra xq, X3, ..., Xp41 1@ n + 1 nghiém cta g(x). Theo hé qua 2 cta dinh 1y Bézout suy ra g(x) = 0. Tt do:
n+1 n+1

fe=) fe| [
i=1 j=1""1

J#i

Do 1a dpem.

Chu y rang tir cong thirc ndi suy Largrange dugc ching minh trong vi du néu trén, ta c6 2 hé qua quan trong:

a éu da thuc bac n x4c dinh tai n + 1 gid tri cta bién thi né xac dinh hoan toan.

a éu 2 da thirc c6 bac khong 16n hon n va nhan gia tri bang nhau tai n + 1 diém gié tri cta bién thi ching dong
nhét v6i nhau.

O phan sau, khi chimg minh dinh 1y Viéte va mot s6 dinh 1y quan trong khac, ta s& str dung cac hé qua nay.

1.5. Pa thirc véi hé sé nguyén, sy bat kha qui va tiéu chuan bat kha qui Einstein:

1.5.1. Pa thic véi cac hé sb nguyén:
O phan dau, ta da dinh nghia da thirc P(x) € Z[x] 14 da thirc c6 cac hé s6 nguyén (hay da thirc nguyén) néu va
chi néu: P(x) = apx™ + ap_1x™ 1 4 -+ a;x + a, dong thoi a; € Z,Vi = 1,n

1.5.2. Sy bat kha qui ctia da thirc va tiéu chuén bat kha qui Einstein:

a. Dinh nghia:
Pa thirc P(x) € Z[x] goi 1 bat kha qui trén Z[x] néu va chi néu P(x) khong phan tich dugc thanh tich cua 2 da
thirc cling thudce Z[x].

b. Dinh 1y vé sy bat kha qui ctia da thirc:
Cho da thirc P(x) € Z[x] va P(x) = apx™ + ap_1x™" 1 + -+ 4+ a;x + a,. Khi d6, néu ton tai s6 nguyén té p

thoa man diéu kién Vk = 0, n:

ptan

P | ag ag-1, -, ao

p* 1 ag
Pdng thoi P(x) phan tich dugc thanh tich cta 2 da thic ciing thude Z[x] thi it nhat mot trong 2 da thire trén c6
bac khong nho hon k + 1.
Churng minh.
Gia st P(x) = Q(x)K(x) voi:

Q(x) = bypx™ + by x™ 1 + -+ byx + by
K(x) = X ™ 4 Cpopp1 xV ™+ o x + ¢

la cac da thirc thude Z[x].
Ta c6 a,, = by Cpm 12 s6 chia hét cho p nhung khong chia hét cho p? nén trong 2 sd b, va c;,_p,, ¢ ding mot
s6 chia hét cho p. Gia st by, i p con ¢,,_,, thi khong.
Goi iy 1a s6 nhé nhat ma b;, khong chia hét cho p v6i 0 < iy < m



Via;, = cpombiy, + cnoms1biy—1 + -+ ma a;, khong chia hét cho p nén iy > k + 1.
Mam = iy nén m = k + 1. B6 chinh la dpcm.
c. Tiéu chuan bat kha qui Einstein:

Trong dinh 1y trén, cho k = n — 1 thi ta c6 dinh ly sau:
Cho da thirc P(x) € Z[x] va P(x) = apx™ + ap_1x™" 1 + -+ 4+ a;x + a,. Khi d6, néu ton tai s6 nguyén té p
thod man:

a,, khong chia hét cho p

A1, 0p—2, -, Ao chia hét cho p

a, khong chia hét cho p?

thi da thie P(x) bit kha qui trén Z[x]

Dinh 1y nay duoc goi 1a tiéu chuan bat kha qui Einstein. 4 6 rat hiru dung trong viéc giai cac bai toan S6 Hoc
trén da thtrc.

1.6. Phuong trinh dai s6 va cac dinh nghia lién quan:
Cho da thirc P(x) € R[x] VaP(x) =ay+a;x +ax? + - +a,_x" 1+ anx"
Khi d6, ménh de chira bién: “P(x) = 0” duoc goi 1a mot phuong trinh dai s6 bac n (hay phuong trinh bac n). x
goi 13 an, cac hé sb ay, ay, ..., a, duoc goi 1a cic hé s6 ctia phuong trinh. Cac gia tri x4, X5, ..., X}, cua x lam cho
ménh dé ding duoc goi 1a nghlem ctia phuong trinh. Tap hop cac gia tri 4y goi la tap nghlem cua phuong trinh.
Cong viéc di tim tap nghiém ciia mot phwong trinh duoc goi 1a giai phuong trinh y.

2. DA HLY VIETE:
2.1. Céc da thire ddi xtmg so cip va vai trd cua chiing:
Da thirc n bién f(xy, x,, ..., x,,) duge goi la da thirc ddi ximg giita n bién ay néu véi moi hodn vi (v4, ¥z, .., Yn)
ctia bd s6 (X1, X5, .., Xp), ta déu co: £ (1, Xz, e, X)) = F (V1 Var eoer Vo).
Céc da thirc d6i xtmg 1a mot bd phan rat quan trong ciia tp hop cac da thirc nhiéu bién. Khi xét dén cac da thirc

dbi xtmg ndy, ta thudng nodi dén nhirng da thire ddi xtng so cip. D6 1a cac da thic ¢6 dang:
n

Ex(x) =x1+x2+---+xn=2xi

i=1
E2(x) = x1Xp + X1X3 + -+ XX, + XoX3 + XoX4 + o+ XXy + o0+ Xy Xy = E X;iX;
1<i<jsn
k
k _ _ E | |
ETL (X) = Z Xi, Xi, ...Xik = xi].
1Si1<i2<"'<ik5n 1Si1<i2<“'<ik5n j=1

ElN(x) = x1Xp . Xpy = Hxi
i=1

EX(x) goi 1a ham da thirc di xtng bac k tuong Gng ctia n bién va 1a mot tong gdm CX cac s6 hang bac k. Mdi
sO hang 1a tich cia k bién tir n bién {xy, x5, ..., x,,} va duoc goi 1a tich chap k ciia n bién phan tir. Trong mot sd
tai liéu, biéu thirc EX (x) con dugc goi 1a cac da thuc Vidte.

Mot s6 da thirc d6i xtng so cap thuong gip la:

E;(x) = x1 + X2, E3 (%) = x1%,
E3(x) = x1 + x5 + X3, E2(X) = 1% + X323 + x3%1, E3 (%) = x1%,%3
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Vai tro cia cac da thirc d6i xtng so cp néi trén trong Pai S6 13 hét sirc quan trong. Ching ta s& thay rd diéu 4y
qua dinh ly sau day:

Pinh 1y co ban ciia Pai $6: Moi da thire dbi ximg déu c6 thé biéu dién dugc qua cac da thirc dbi xtng so cap.
Dinh 1y nay d6i véi truong hop da thirc n bién f (x4, x5, ..., x,,) ban thin toi chua tim ra cach chimg minh. Toi
chi ¢ thé dua ra cach chimg minh d6i v6i truong hop n = 3 va tir d6, hé qua 1a trong truong hop n = 2 dinh 1y
cling van ding.

Chitng minh (déi véi trieong hop n = 3):

Trong truong hop n = 3, dinh 1y duoc phat biéu nhu sau:

Moi da thirc d6i tmg f (x, v, z) déu viét dugc dudi dang da thire d6i xtmg 3 bién Viéte, tic 1a ¢ dang:
fx,y,2) =H(p,q,7)

Véip=x+y+z,q=xy+yz+zxvar =xyz

That vay, nhan xét rﬁng véi mdi bd sé mil (i, J. k) ¢d dinh thi cac hé sd tuong tng voi x™y"zP véi moi hoan vi
(m,n,p) cua (i,j, k) déu phai bang nhau. (Vi gia st nguoc lai, tirc 1a cac hé sd tuong tng véi x™y"zP khac
nhau thi da thirc khong con ddi xtng giita x, y, z) Do d9, ta chi can chimg minh dinh 1y cho trudng hop:
flx,y,2z) =xtylzk + xiykz) + xJy*zt + xTyizk + x*yiz) + xkyizt
Vé6ii = j = 0vak = n, taxét biéu thuc:
Sp=x"+y*+2z"
Khi @6, vn € N*,n = 2 ta co:
. Sn+1 = PSn — qSp-1 +1S5n—2 . i
Vay bang nguyén 1y quy nap toan hoc, ta suy ra vdi moi da thirc c6 dang S,, = x™ + y™ + z™ d€u co thé duoc
biéu dién qua cac da thire d6i xtng 3 bién Viéte. Tir d0, ta suy ra da thirc c6 dang:
, Ton(x,y,2) = ()™ + (y2)" + (2)"
Thclaung véibo sd miii = 0,j = k = n, cac da thirc ay cling c6 thé duoc bic¢u dien ¢ dang:
Ton =K@ q',1")
Véip' =xy+yz+zx,q" = (xy)(yz) + (yz)(zx) + (zx)(xy) = xyz(x + y + 2)
var' = (xy)(yz)(zx) = (xyz)*.
Xét truong hgpi = 0,j = m > n = k, ta c6 da thtc:
Tnn(,y,z) =x"(y™+z™) +y*(™ + x™) + 2" (x™ + y™)
a hung da thuc trén c6 thé duoc viét dudi dang:
Tm,n(xr Y,2) = TpSm_nt™ "T2p
Vay Ty, n(x, ¥, 2) ¢6 thé duoc biéu dién thong qua p, q, 7.
Cudi cling, xét truong hop i, j, k khic nhau d6i mot. Khong mat tinh tong quét, ta co thé gia st 0 < i < j < k.
Trong truong hop 4y, ta co:
o, y,2) = x'ylz* + xlykz) + xIykzl + X yizk + xKylz) + x*yizt = vi(Sp_ i Ty — r¥ T Tyyajoi)
Vay dinh 1y dugc chung minh.

a hur vay, co thé coi cac da thirc d6i xtng so cip néu trén 1a “chiéc ciu ndi” dan chiing ta tir chd cac da thire dbi
xtng no6i chung kho nghién ctru vé trudng hop cac da thie ddi xtimg so cap co ban, thuan nhat va d& nghién ciru
hon nhiéu. Chung ta s& hiéu rd hon vé vai tro cta cac da thirc ddi xtng nay qua dinh 1y Viéte duoc trinh bay &
phan sau, ciing 14 d¢ tai chinh ctia bai bao céo nay.



Déi voi trudng hop 3 bién sb a, b, ¢, nguoi ta thuong ditp =a +b + ¢, ¢ = ab + bc + ca var = abc. Tir d6
ma hinh thanh mét phuong phap ching minh cac bat dang thirc Pai S6 mang tén “p, ¢, r”. Chiing ta s& tim hiéu
ki hon vé phuong phap “p, g, r” & phan sau.

Trong phuong phap nay, khi a, b, ¢ = 0, ta cht ¥ dén mot sé co so sau:
e p3—4pq+ 3r = 0 (twong duong vé&i a® + b3 + ¢ + 3abc = ab(a + b) + bc(b + ¢) + ca(c + a))
e p*—5p?q+4q* + 6pr = 0 (twong duong voi
a’(a—b)(a—c)+b*2(b—-c)(b—a)+c?(c—a)(c—b) =0)
o p3>27r,q% = 27r? (lan luot twong duong véi a + b + ¢ = 33abc va ab + bc + ca > 33/ (abc)?)
e pq = 9r (twong duong v4i (a + b + c)(ab + bc + ca) = 9abc)

VD2.1a.1: (Bulgari MO 1998)
Cho a, b, c = 0 thod abc = 1. Chiing minh réng:
1 1 1 1 1 1

+ + < + +
1+4a+b 14+b+c 14+c+a 24+a 2+b 2+c

Loi giai:
baitp=a+b+c,q=ab+bc+cavar =abc =1.Taco:
1 1 1
p+1—a+p+1—b+p+1—c
_(A+a+b)A+b+c)+(A+b+c)A+c+a)+(1+c+a)(1+a+b)
- p+1-a)p+1-b)(p+1-c)

VT =

_p*+4p+3+q
CpP+2p+pgtq
1 1 1 4p+q+12
VP = + + =
2+a 2+b 2+4+c 4p+2q+9
Bét dang thtc can chimg minh twong duong véi:
p2+4p+3+q<4p+q+12
p>+2p+pq+q” 4p+2q+9
q-3 pq —2p —3
< <
Adp+2q+9  p?+2p+pq+q
©(@-3)@*+2p+pq+q <(pq—2p—3)(4p +2q+9)
© (3q —5)p?+ (p—1)q? + 6pg = 24p + 3q + 27
Mit khac do r = 1 va theo bét ddng thirc Cauchy ta co:

{ a+b+c>3Vabc

ab + bc + ca = 33/ (abc)?
{ a+b+c=3
ab+ bc+ca=3

Hay p,q = 3, do do:
VT = 4p? +2q*> + 6pq = 12p + 6(q — 1)p + 6p + 2q®> = 24p + 3q + (q®> + 6q) = VP
Vay ta c6 dpem, va dang thirc chi xayrakhia = b = ¢ = 1.

Bay gio chiing ta hiy dén véi dinh 1y Viéte.



2.2. Binh ly Viete:

a. Boi nét vé Frangois Viéte:

Francois Viéte, con dudc nhiu ngudi bi€t d&€n vdi tén ti€ng La tinh 12 Vieta, 6ng sinh nim 1540 tai
Fontenay-le-Comte, Phap. Thud nhé dng hoc § mot trudng dong va sau d6 ti€p tuc hoc luit & trudng Pai hoc
Poitiers ngay tai qué nha. Ong sém ndi bat 1én bdi su khon ngoan, sic sio trong nhitng 14n tham van vé ludt
phép cho nhitng ngudi 16i lac,sau d6 khong lau dong trd thanh c6 van hoang gia cho Vua Henry III va Henry
IV clia Phdap.Vao nhitng lic rinh rdi,0ng nghién ctfu todn hoc va tu xuit bin nhitng k€t qud ma 6ng git hdi
dudc.Ong dudec ménh danh 13 cha dé cia nganh s& hoc hién dai va 1a nha todn hoc 16i lac nhA't clia thé€ ki 16.

Nhitng ciu chuyén sau sé phan nio mo td mot chit tinh cdch clia 6ng.Trong thdi gian 1am viéc cho vua
Henry II1,6ng da tim ra chia khéa miat ma cia ngudi TAy Ban Nha dai 500 ki ty va doc dudgc thu tir bi mat
cda quin doi ké thi.Vua Philipp II cia TAy Ban Nha van tin chic ring mit ma cta minh 12 b4t khd xAm
pham khong ai c6 thé gidi ma dugc nén khi nghe tin d6 ,0ng ta dd phan nan v6i Pic gido hoang ring ngudi
Phap di sif dung ma thuit dé chdng lai dng ta va diéu d6 trdi vdi nhitng bai hoc tot dep clia Chia.

Kh3 ning cu xit khéo 1éo clia Viete dugc minh hoa trong cAu chuyén vé Francoise de Rohan, ngudi em
ho ctia Henry III1.Ba da htra hon véi cong tude J.de Nermours va ¢6 mét con trai véi dng nhung sau d6,6ng
nay lai cu§i mot ngudi phu nit khic 1a Anne d’Este. Francoise mudn 6ng ta cong bd 13 chdng hop phdp cia
minh con difa con cing Anne chi 12 con hoang.Viete da tim ra gidi phdp:Nghi vién tuyén bd Francoise 1a vo
hdp phdp clia Nemours va trao cho ba ta nhitng quyén 1gi cia mot cong tudc va ddng thdi cudc hon nhin cia
Anne va Nemours bi huy bd d€ ddm bio Anne va con co ta sé khong bi tdn hai nao vé danh du hay quyén
1gi.

Kh3 ning todn hoc clia Viete bit diu 16 dién trong sy viéc sau vao miia hé nim 1594.Nha todn hoc
ngudi Bf A. van Roomen dua ra thich thifc cho tit ci nhitng nha todn hoc duong thsi vé 13i gidi cho mot
phuong trinh bac 45.Pai st Hd Lan ding cho vua Henry IV cu6n sdch clia van Roomen véi 15i binh luin
ring dudng nhu nuéc Phiap khong c6 mdt nha todn hoc ndo quan trong.Nha vua cho goi Viete va ngay sau
d6 6ng da 1ap tc tim ra 151 gidi cho bai todn ,vao ngay hdm sau,06ng tim ra hon 22 cdch gidi nira.

Pdp lai Van Roomen,Viete thach thitc 6ng gidi bai todn Apollonius tim ra cdch xdy dung 1 dudng tron
ti€p xtc véi 3 tam gidc cho trudc.Khi Adrianus Romanus tim ra 151 gidi sit dung 2 hyperbolas,Vieté khong
hai 1ong 1im vdi 18i gidi d6 vi né xa la véi hinh hoc ma theo 6ng chi cAn diing hinh hoc phing ,chi v6i nhitng
dudng tron va dudng thing. Sau d6, dng di dua ra 13i gidi tdng quét cho bai todn ti€p tuyé&n v6i mdt phuong
phdp thuin chdt hinh hoc va xudt bdn mot cudn sdch nhd véi tya dé Apollonius Gallus nim 1600 & Paris.
Adrianus cAm thay ra't hai 1ong va hitng thi nén ngay sau d6 6ng 1én dudng dén Phdp dé gip Viete va c6
mot tinh ban mat thi€t véi Viete.

LAYy l1am ngac nhién vi sao mot luit su ban ron nhu Viete lai ¢ thé danh nhiéu thsi gian d&€n thé cho
todn hoc.Theo mdt nha sit hoc duong thdi,vao nim 1620,sy suy tu danh cho todn hoc clia Viete sdu sic dén
ndi sudt 3 ngay lién 6ng ngdi trén ban lam viéc, khong in, khong ngd, ngoai trir ngd dau vao khuy tay va
thi€p di, cling khong nghi ngdi mot chit nao. Viete mat ndm 1603, chi 2 thing sau khi vua cho 6ng nghi huu.

b. Pinh ly Viéte:
Cho da thic f(x) € R[x] xdc dinh nhu saw: f(x) = aq + a;x + a,x? +ot Ap_1x" T + a,x™ (a, # 0) va
bd so thuc {xq, x5, ..., x,} (khong nhat thiét phai hoan toan phan biét lan nhau, trong truong hop da thic cod

nhiéu nghiém bang nhau). Khi d6, x4, X, ..., x,, 1a n nghiém cta f(x) khi va chi khi ching thoa man hé diéu
kién sau:



f n

1 ap-1
En(x) =x1+x,++x,= ) x;=—
n aTl
=1
2 _ _ _ ap-2
Ef(x) = x1X5 + x1x3 + -+ X100 + XX3 + XX + o+ XXy F o F Xp_ Xy = XiXj = —
1<i<jsn n
(DK k
k K Ak
Ef(x) = Xiy Xy o Xy = xi, | = (-1) o
1i;<ip<-<ix<n 1i;<ip<-<ig<n \ j=1 n
n n ao
EN(x) = x1Xp . Xy = x;=(-1)"—
\ i an

Churng minh:
a. Pinh 1y thuan:
Gia sir x4, X5, ..., X, 1a cic nghiém cua f (x). Theo dinh 1y Bézout thi:
f(x) =ay+ax+ax®>+-+a,_ 1x”"1 +a,x" =a,(x —x)(x —x3) ... (x —xp,)

a
:kz xk Z( DFEX (x)xk

1
Tir ddng nhat thirc trén ta co:

EF(x) = (- 1)"— Vk=1,n
Tl
Do chinh 1a dpem.
b. Pinh ly déo:
Gia str bd s6 {x}, x3, ..., x5, } 1a thoa hé diéu kién (1). Ta chimg minh rang chung 1a n nghiém cua f(x).
That vay, goi x4, X5, ..., X, 1la n nghiém cua f (x). Theo dinh 1y thudn vira chirng minh, ta co:
Ef(x) = Ef(x"),Vk = 1,n
Xét 2 da thuc:

n

) = (=2 (= 2) (v = 20) = ) B0

k=1
900 = (x =X —x3) . (v = 20) = ) EEG

4 hung do EX(x) = E¥(x"),Vk = 1,n nén f(x) = g(x) va vi thé tap nghiém cua ching 14 giéng nhau.
Tur day ta cling c6 dpem.

VD2.2b.1: Cho da thitc f(x) € R[x] va f(x) = x™ + a,_1x" 1 + -+ + a,x% + a;x + a, c6 n nghiém khong

am. Chtng minh rang:
a n
(—1) >ap?!
n

Loi giai:
Theo dinh 1y Viéte ta co:
ERl = X3 X + X1X3 0 Xy + o0+ X105 X = (1) gy
El' = ;x5 ..., = (—=1)"a,
Ap dung bét dang thirc Cauchy ta co:



(D" a;  xpx3 . Xp + X1X3 e Xy o XXy e Xy n-1
= > (X1Xg . Xp) 1

n n
n-—1
= (-D"'a; =2 n((-D"ap)
a\" _
= (7) > ay L

Do chinh 1a dpem.

VD2.2b.2: Cho phuong trinh: ax* — ax® 4+ bx? — cx + d = 0 (x). Biét rang phuong trinh (*¥) c6 4 nghiém
trong khoang (0, %) vaa,b,c,d > 0. Chirng minh rﬁng:
21la + 164c = 80b + 320d
Loi giai:
Goi x4, X, X3, X4 12 4 nghiém cta phuong trinh (*). Theo dinh ly Viéte ta co:
( X1+xZ+X3+X4=1

x1x2 + x1x3 + x1x4 + x2x3 + x2x3 + x3x4 = -
a

c
x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4 = -
a

\ X1X2X3X4 = a
Vi a > 0 nén bit dang thtrc can chimg minh twong duong véi:

c b d
21+ 164—>80—+320—
a a a

S 21 + 164(x1xx3 + X1 X5X4 + X1 X3X4 + XpX3X4)
> 80(x1x5 + X1x3 + x1X4 + Xox3 + X3x3 + X3x4) + 32001 X5X3%4)
© 81(1 —2x,)(1 — 2x5,)(1 — 2x3)(1 — 2x4) < (1 4 2x7) (1 + 2x,) (1 + 2x3)(1 + 2x,)
Do gia thiét xy, x,, X3, X4 € (0;%) nén (1 — 2x,), (1 — 2x,), (1 — 2x3), (1 — 2x,) > 0.

Ap dung bat dang thirc Cauchy ta cé:

3 3
(1 — 22)(1 — 22,)(1 — 223) < (1 —2x;+1 —32x2 +1- 2x3> _ (1 +32x4>
=0 < 27(1 — 2x) (1 — 2x,) (1 — 2x3) < (1 + 2x,)3 (1)
Ly luan tuong ty ta co:
0 < 27(1 — 22,)(1 — 2x3)(1 = 2%,) < (1 + 2%,)3 (2)
0 < 27(1 — 2x3) (1 — 2x,)(1 — 2%,) < (1 + 2x,)3 (3)
0<27(1—2x,)(1—2x)(1 —2x;,) < (1 + 2x3)3 (4)
a han theo vé cac bat dang thic (1), (2), (3) va (4) rdi rat gon, ta co:
81(1 — 2x1)(1 —2x5)(1 — 2x3)(1 — 2x,) < (1 + 2x7) (1 + 2x5) (1 + 2x3)(1 + 2x,)
Va @6 chinh 1a dpcm.
Ping thirc xay ra khi va chi khi:
1 b
a

X1=x2=x3=X4=Zc>

VD2.2b.3: Ton tai hay khong mot tap hop M gém hiru han céac s thuc duong sao cho tmg véi mdin € Z+ déu
ton tai da thirc f(x) € M[x] sao cho deg f(x) = n va f(x) c6 dung n nghiém déu thudc M.
Loi gidi:
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Gia sur ton tai tdp hop M = {ay, a,, ...,a,} trong 46 a = a; < a, < - < a,, = b thoa man yéu ciu bai toan.
Khi d6, theo gia thiét thi ton tai da thirc:
P(x) = bpx™ + by_1x™ 1+ -+ b, + by € M[x]
sao cho P(x) ¢6 n nghiém x;x,, ..., X, € M. Theo dinh 1y Viéte ta co:
ixiz — (_ bn—1>2 ) bn—Z < (_ bn—l)2 +2 |bn—2|
£, by by by b
a hung do b,,_,, b,_1, b, € M C [a; b] nén:

n 2
2 2 b b *
nac < xi <|=)] +2—-,Vn€N
. a a
i=1
biéu nay khong thé xay ra khi ta tang gia tri cia n dén v6 cung.
Vi vay ma khong ton tai mot tap hop M nao thoa diéu kién cuia bai toan dua ra ca.

VD2.2b.4: Tim tit ca cac da thie P(x) ¢ dang nhu sau:

n
P(x) =x"+ Z(—l)kC,’{a’,ﬁx”‘k
k=1

. . n! . s \
va nhan cac so thuc ay, a,, ..., a, 1am nghiém. O day, C¥ = m la s0 t6 hop chap k cia n phan tu.
'(n—k)!

Loi gidi:
Xét da thirc P(x) thoa diéu kién nhu vay. Theo dinh Iy Viéte thi:

Ckaf = EF(a) = Z a;,a;, ..a;,,Vk =1,n

1<iq <ip<--<ipsn
(téng nay gdm CJ s6 hang).
Xét sb a; thoa diéu kién |a,| = max{|a,|, |ayl, ... |a,|}
Khi do:
Kok =Bi@= > ayllag] - |a] < cila b vi =Tn
1Si1<i2<"'<iksn
_ rkyq |k T
o > lallag] - ag| = CHla, vk =Tn
1Si1<i2<"'<ik5n

Suy ra |a;| = |a;] ... |a,|. Mat khac, ciing theo dinh 1y Viéte: |a; + a, + -+ + a,| = nla,|
Vithé a;,ay, ..., a, cing diu. Vdy a; = a, = - = a,, = a va ta ¢6 da thirc P(x) can tim la:

P(x) = (x —a)" = Z(—l)"C,’fx”"‘
k=0

Céc vi du trén cho ta thiy ing dung ciia dinh 1y Viéte ddi véi truong hop tong quat ctia da thirc bac n va truong
hop riéng ddi véi n = 4. Song, 2 trudng hop riéng rat thuong gip cta dinh 1y Viéte la:
D6i v6i phuong trinh bac 2: ax? + bx + ¢ = 0. x4, x, 14 2 nghiém ctia phuong trinh khi va chi khi:
—b c
X1+ Xy =X =
D6i v6i phuong trinh bac 3: ax® + bx? + cx + d = 0. x4, X, X3 1a 3 nghiém cua phuong trinh khi va chi khi:
X1+ x, +x3 = 7b;x1x2 + XpXx3 + X3X1 = §;x1x2x3 = 7d

Ta s& xét mot s6 bai toan vi du cho viéc tng dung dinh 1y Viéte dbi voi phuong trinh bac 2 va bac 3 ¢ phan sau.

11



3.CAC U4 G DUa G CUA ba H LY VIETE:
3.1. binh ly Viéte véi phuong trinh bac 2:
a. Lién hé gitra cadc nghi¢m ctia mdt phuong trinh bac 2:
Cho phuong trinh bac 2: ax? + bx + ¢ = 0. Khi d6, dwa vao dinh 1y co ban ctua Dai Sd, ta théy moi biéu thirc
dbi xtmg gitra x; va x, déu co thé duoc biéu dién theo 2 dai luong:
S=x;+x, =7FP=X19C2 =§
Do d6, ta c6 thé tinh theo tham s (hoac cac h¢ sb cu thé) cho trudc cac nghiém cua phuong trinh bac 2 ma
khong can phai tinh cu thé cac nghiém 4y ra. Diéu nay khong chi hitu ich khi bai toan cho phuong trinh chira
tham s& ma con rét co y nghia khi cac nghi€ém cta phuong trinh tim ra dugc qua phuc tap.
Ta hay xét mat s6 bai toan:

VD3.1a.1: Cho phuong trinh bac 2: x? + ax + b = 0 ¢ cic nghiém x;, x,. Tinh theo a va b cac biéu thuc sau:
a. x? + x2

b. [x; — x,|

c.xd +x3

Loi giai:

Theo dinh 1y Viéte, ta co: x; + x, = —a va x;x, = b. Vi thé:

a.x2+x% = (x; +x)%— 2x,x, = a® — 2b

b. (x; —x)2 =x? +x2 —2x,x, =a? —2b—2b=a?—4b > |a— b| = \/(x; — x,)% =Va? — 4b

. X + x5 = (g +x2)(xf + x5 + x5) = (01 + x) (%1 + x,)* — x1%,) = (—a)(a® = b) = ab — a®

VD3.1a.2: Cho phuong trinh x2 + mx + n = 0 ¢6 3m? = 16n. Ching minh rang trong 2 nghiém cua phuong
trinh, c6 mdt nghi¢ém béng 3 lan nghiém con lai.

Loi giai:
Goi x4, x, 13 2 nghiém ctia phwong trinh di cho. Theo dinh 1y Viéte va gia thiét, ta c6:
X1 +x, =—m
X1X; =N
3m? = 16n

Suy ra: 3(x; + %)% — 16x,x, = 0 © 3x2 — 10x;x, + 3x52 = 0 © (3x; — x,)(x; — 3x,) = 0
Tuc la x; = 3x, hoac x, = 3x;.
Do chinh 1a dpem.

VD3.1a.3: Cho phuong trinh bac 2: ax? + bx + ¢ = 0. Chiing minh rang diéu kién can va du dé phwong trinh
da cho c6 1 nghiém bang k 1an nghiém kia 1a: kb? = (k + 1)%ac (*).
Loi giai:
Phuong trinh di cho ¢6 nghiém khi va chi khi A = b? — 4ac > 0.
Goi x1, x, 1 2 nghiém ciia phuong trinh di cho. Khi d6, nghiém nay bang k 1an nghiém kia khi va chi khi:

x;,—kx,=0Vkx;—x,=0

S (x1 — kxy)(kxy —x3) =0

e xx,(k2+1)—k(x2+x3)=0
& (k2 + Dxyx, — (g + x3)% — 2x1x)k =0
& (k2 + 2k + Dxyx, = k(xg + x,)?

12



2
o (k+1)2= kb—z (dinh 1§ Viete)
a a
& kb? = (k + 1)?%ac
Bay gio, gia sir ta dd c6 hé thic (*), do cac bién ddi ké trén 1a bién doi twong dwong 2 chiéu nén ta chi can
chtng minh ring phwong trinh da cho ciing c6 nghiém. That vay:
a éu ac < 0 thi phuong trinh da cho at ¢6 nghiém.
a éu ac > 0, tir hé thie (*) va bat dang thire Cauchy, ta co:
_(k+1)? 4k

- acz?ac=4ac=>khiA=b2—4aCZO

Vay tir hé thire (%) ta suy ra dugc phuong trinh da cho c6 nghiém.

b2
Pén day, ta két thiic chirg minh.

VD3.1a.4: Cho biét rang phuong trinh x> — (m + 2)x + (2m — 1) = 0 ¢6 cac nghiém 1a x;, x,. Lap mot hé
thirc gitra x4 va x, doc 1ap véi m.
Loi giai:
Taco: A=(m+2)>—42m—-1)=m?+4m+4—8m+4 = (m— 2)? + 4 > 0 nén phuong trinh da cho
luén c6 nghi¢ém Vm € R.
Theo dinh ly Vigte ta co:

{xl +x, =m+2

XX, =2m—1

Suyra: 2m = 2x; + 2x, — 4 = xyx, + 1, tac la: 2x; + 2x, — xyx, = 5.
Vay hé thuce gitta x4, x, doc lap véi m 1a 2x; + 2x, — x1x, = 5.

VD3.1a.5: Cho phuong trinh x? + ax + 1 = 0 ¢6 2 nghiém 13 x;, x, va phuong trinh x> + bx + 1 =0 c6 2
nghiém 13 x5, x,. Chimg minh rang: (x; — x3) (x; — x3) (%1 — x,)(x, — x,) = b? — a?.
Loi giai:
Theo dinh ly Victe, ta co:
(g = 2x3) (2 = x3) (g — x4) (= x4) = (x5 — (1 + X2)x3 + x1%5) (xF — (1 + X2)X4 + x1X5)
= (x3 + ax; + 1)(xZ + bx, + 1) (dinhly Viéte)
=2 +bx;+1+(a—b)x3)(x2+bxys+1—(a+b)x,)
= —x3x4(a — b)(a + b) (vi x5, x4 12 cAc nghiém cta PT x? + bx + 1 = 0)
= b? — a? (vi theo dinh ly Viéte thi x3x, = 1)

Vay (x; — x3) (x; — x3) (%1 — x4) (x2 — x4) = b? — a® (dpcm).

VD3.1a.6: Cho phuong trinh 3x? + 4(m — 1)x + m? — 4m + 1 = 0. Tim m dé phuong trinh ¢ cic nghiém
phan biét x4, x, thoa diéu kién:

1 1 1

x—1+x—2=5(x1 + x,)
Loi giai:
Phuong trinh ¢6 2 nghiém phan biét khi va chi khi: A} > 0

©4(m—-1)>2?-3(m?>-4m+1) =0

em>+4m+1=0

Trong diéu kién éy, theo dinh 1y Viéte, ta co:

1+1_1( 1)
X1 xz_Zx1 *2

13



Gy + )( ! 1) 0
= —_ ) =
X1 T Xz X1X, 2

(:)x1+x2=0Vx1x2=2
—4
©—(m-1)=0Vv3m —4m+1)=2

em=1vm=2+V5vm=2-+5
Vi tht ca céac gia tri trén cua m déu thoa Al =>0nénm € {1;2 +\/§;2—\/§}

VD3.1a.7: Cho phuong trinh:

1 1 1
-+ +——=0 (1)
X x—a x-—b

Véia, b > 0. Chirng minh rang (1) c¢6 2 nghiém phan biét x; > x, Vé% <x < Z?a; —% <x, < —g.
Loi giai:
PKXD cta phuong trinh 1a: x # 0; a; b. Trong diéu kién 4y, (1) twong duong véi:
3x2—=2(a—=b)x —ab =0 (1)
Vi (1) ¢6 A, C trai ddu nén né it co 2 nghiém phan biét ciing trai dau, mat khac: x = 0;x = a;x = b déu
khong 13 nghiém cua (1) nén tit ca cic nghiém cua (1) déu 1a nghiém cua (1).
Goi x; > 0 > x, 1a 2 nghiém phén biét ctia (1)

Ta co6:
1 1 1
S = >0>a—-x,>0
Xy xX1+b a-—x
1
= > — (vi >0
a—x; Xq (le1+b )
=X >a—x
>a
: J—
X >3
Mat khac: b > 0 nén:
1 <1 1 1+ 1 <2 <> ) <2a
— = =— — > — = —
x1+b x; a-—-x; x4 x1+b x; 1 . 3
Vay ta co:
a< <2a
2SS
Ly luén tuong tu ta cling co:
—2b< <—b
3 S S73

Va d6 chinh la dpcm.

VD3.1a.8: Cho phuong trinh bac 2: (m — 1)x? + 2mx + m+ 1 = 0. Tim m dé phuong trinh ¢6 2 nghiém
x4, X, thoa diéu kién: x2x, + x,x2 = 2m
Loi giai:
Phuong trinh di cho c6 nghiém khi va chikhi: A’ >0 & m?2 —(m—1)(m+1) =0 & 1 > 0 (dung Ym € R)
Theo dinh ly Viete, ta co:
xXix, + x1x5 =2m
& x1%,(x1 + x5) =2m

14



—(m+1) -2m
m—1 m-1
e2m(m-1)2%-2m(m+1) =0
e2m(m?-2m+1-m—-1)=0
em?(m-3)=0
& m = 0 hodcm = 3 (déu thoa diéu kién A" > 0)

Vay m = 0 vam = 3 la cac gia tri cia m thod man yéu cau de bai.

=2m

VD3.1a.9:
a. Cho phuong trinh x2 — ax + 1 = 0. Tinh gi4 tri ctia biéu thirc: § = x7 + xJ

713 7|5
b.Lap mot da thurc bac 7 nhan a = \/; + \/; lam nghiém.

Loi giai:
a. Ki hiéu S,, = x{* + x7. Theo dinh 1y Viéte, ta co:
{xl +x,=a
X1x, =1
Tu do:
Sy =x2+x%=(x; +x)? —2x,x, =a? -2
Se=xf+x3 =% +x2)2—2x%x5=(a*—-2)>-2=a*—4a*+2
Sy=x3+x3 = (x; + %)% = 3x,%,(x; + x3) = a® —3a
Vay:

S, =x] + x5 =3 +x)xf +x3) —x3x3(x; + x) = (a* — 4a? +2)(a® - 3a) —a
=a’ —7a° + 14a® — 7a

713 75
b.Patx; = \/; vax, = \/; .Theo dinh ly Viéte,taco: x; + x, = avax;x, =1

= nén x;, X, la nghiém cta phuong trinh bichaix? —ax+1 =10
Theo cau a, ta co:
S, =x] +x] =a’ —7a®+ 14a® — 7a
Suy ra:
a7—7a5+14a3—7a=5+5=ﬁ
5 3 15
Hay: 15a7 — 105a® + 210a® — 105 — 34 = 0
Vay da thie can tim 1a: f(x) = 15x7 — 105x° + 210x3 — 105x — 34

b. Lién h¢ gitra nghiém cua cac phuong trinh bac 2:

VD3.1b.1: Cho a, b, ¢ d6i mot khac nhau va ¢ # 0. Biét rang 2 phuong trinh sau ¢6 it nhat mot nghiém chung;
x> +ax+bc=0
x2+bx+ca=0

Chimng minh rang cic nghiém con lai ctia ching 1a nghiém cta phuong trinh x2 + cx + ab = 0.

Loi gidi:

Goi x la nghiém chung cta 2 phuong trinh da cho. Ta co:

xg + axy+ bc =x5 +bxy+cae (a—b)xyg=(a—b)c e xy=c(via—b # 0)
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Goi x; 1a nghiém con lai cua phuong trinh x + ax + bc = 0 va x, 1a nghiém con lai ctia phuong trinh
x2 + bx + ca = 0. Theo dinh 1y Viéte, ta co:
XoX1 = €xq1 = bc X, =b X1 +x,=b+c
{xoxz =cx, =ca = {xz =c”~ { X1X, = bc
Mit khéc, cling theo dinh 1y Viéte, vi b va c 1a 2 nghiém cua phuong trinh x? + ax + bc = 0nén b + ¢ = —a.
Vay: x; + x, = b + ¢ = —a va x;x, = bc nén theo dinh ly Viéte dao thi chiing la 2 nghiém cua phuong trinh:
x*+cx+ab=0
Do chinh 1a dpem.

VD3.1b.2: Biét rang phuong trinh x% + bc + ¢ = 0 (1) ¢6 2 nghiém dwong. Chimg minh rang phwong trinh
cx? + (b —2ac)x +1—ab = 0 (2) véi a = 0 ciing ¢ 2 nghiém déu duong.
Loi giai:
A =0 b?> —4c >0
Vi phuong trinh (1) c¢6 2 nghiém duong nén: {—b >0= { b<0
c>0 c>0
Xét phuong trinh (2), ta co:
A, = (b — 2ac)? — 4c(1 — ab) = b? — 4abc + 4a%c? — 4c + 4abc = b? —4c + 4a?c? > b?> —4c >0
Suy ra phuong trinh (2) ciing c6 nghiém. Ta s& ching minh cac nghiém 4y déu dwong.
That vay, theo dinh 1y Viete thi:

—b + 2ac b a=0
— = 2a—=>0®)Vi{-b>0
¢ ¢ c>0
1—ab 1>0
>0(xx)vi{ ¢>0
—ab =0

Vi thé, 2 nghiém ciia phurong trinh (2) déu duong. D6 chinh 1a dpem.

VD3.1b.3: Cho phuong trinh x% + px + 1 = 0 (1) ¢6 2 nghiém 14 a va b, dong thoi phwong trinh
x% + qx + 2 = 0 (2) c¢6 2 nghiém 13 a va c. Chimg minh rang: (b — a)(b — ¢) = pq — 6.

Loi giai:

Piéu kién c6 nghiém cta 2 phuong trinh lan lugt 1a p? > 4 va g% > 16.

Duéi diéu kién 4y, theo dinh 1y Viéte ta cé:

(b—a)(b—c)=pq—6
eb?—(a+c)b+ac=(@+b)(a+c)—6
©b?—2—1+ca=b*>+ab+bc+ca—6

& 5 —2 =2+ 1 (dinhly Viéte)
a hung dang thirc sau cling dung nén ta c6 dpem.

VD3.1b.4: Cho cac phuong trinh:
x2+ax+1=0(1)
x2+bx+1=0(2)
x> +cx+1=0(3)
Biét rang tich ciia 1 nghiém cuia (1) v6i 1 nghiém cia (2) 1 1 nghiém cia (3). Tinh: S = a? + b? + c? + abc.
Loi gidi:
Theo dinh 1y Viéte, cic cdp nghiém cta ca 3 phuong trinh noi trén déu gdom 2 nghiém 14 nghich dao cua nhau.
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1 1 1 \
Goi S, = {xl,—};Sz = {xz,—} vaSs; = {xlxz,—} lan lwot la tip nghiém caa cac PT (1), (2), (3)
X1 X2 X1X2
Lai theo dinh ly Viéte, ta co:
1 1
+—S=a?-2x3+—==b*-2vaxixi+——=c%-2
Suy ra:
1 1 1 x?  x? X, Xp\2
a?—-2)(b*-2)=(xt+=5]|(x%+= =x2x2+—+—1+—2=cz—2+<—1+—2) -2 (*
( )( ) 1 x% 2 xg 142 x%x% xg x% X, X1 ( )
Mat khéc, cling theo dinh 1y Viéte:

1 1 1 X1 Xy X, Xy
<x1+—><x2+—>=x1x2+ +—+—=ab+c=—+— (%)
X1 X2 X1X2 Xz Xq X2 X

Thay (**) vao (), ta co:
(a2 =2)(b?—=2)=c? -4+ (ab + ¢)?
= a’b? —2(a®>+b*) +4=c?—4+ a’b?+ 2abc + c?
= 2a% + 2b% + 2¢? + 2abc = 8
s>a?+b?+c?+abc=4
Vay S = a? + b? + ¢2 + abc = 4.

VD3.1b.5: Gia sit 2 phuong trinh x* + ax + b = 0 c6 2 nghiém 1a x;, x, va phuong trinh x? + cx +d = 0 ¢6
2 nghiém x3, x,. Chirng minh rang:
2(x; + x3)(xg + x4) (x5 + x3) (x5 + x4) = 2(b — d)? + 2(a + ¢)(bc — ad)
Loi giai:
Piéu kién c6 nghiém cta 2 phuong trinh trén 1an luot 1a: a? > 4b va c? > 4d.
Trong diéu kién 4y, ap dung dinh 1y Viéte, ta co:
201 + x3) (g + x4) (2 + x3) (02 + x4) = 20xF + (23 + x)xq + x302) (x5 + (3 + X)X, + X3%,)
=22 —cx;+d)(x2 —cx, +d) =2(ax; + b+ cx; —d)(ax, + b + cx, — d)
2@+ )y +b—d)((a+)x,+b—d) =2((a+ ) xx, + (@+ )b — d)(x; + x3) + (b — d)?)
=2(b—-d)?*+2b(a+c)>—2ala+c)(b—d)=2(b—d)?*+2(a+c)(ab+ bc—ab +ad)
=2(b—-ad)*+2(a+c)(bc —ad)
Do chinh 1a dpcm.

c. Cac bat déng thirc va bai toan cuec tri:
VD3.1c.1: Cho phuong trinh x? — 2(m + 4)x + m? — 8 = 0 ¢6 2 nghiém x4, x,. Ching minh rang:
xZ+x2 =2+ x,
Ping thirc xay ra khi nao?
Loi giai:
Phuong trinh d4 cho ¢6 2 nghiém khi va chikhid’' > 0 & (m?+8m+16) —m?*+8 >0 © m > —3.
Trong diéu kién 4y, theo dinh Iy Viéte ta co:
x? +x2 — (x, + x3)
= (1 +x2)% — (%1 + %) — 2x1%,
=4(m+4)>—-2(m+4) +2(m?-8)
= 2m? + 30m + 72
=2(m+ 3)? 4+ 18(m + 3) = 0 (vi m > —3 theo diéu kién c6 nghiém ctia phuong trinh)
Vay x? + x3 = x; + x, (dpem). Dang thirc xay ra khi va chi khi m = —3.
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VD4.1¢.2: Cho phuong trinh x2 — (2m + 1)x + m? + m — 2 = 0. Tim m dé phuong trinh ¢6 2 nghiém x,, x,
dong thoi A = x, (x, + 5) dat gia tri nho nhat.

Loi giai:
Tacod: 4 = 2m + 1)? — 4(m? + m — 2) = 9 > 0 nén phuong trinh di cho ludn c6 2 nghiém phan biét 1a:
2m+1+3 2m+1-3 _
X1 :T =m+2;x, =T = m — 1, hoac nguoc lai

Xét truong hop 1: x; = m + 2 va x, = m — 1, theo dinh 1y Viéte ta co:
x,(x; +5) =x%,+5x; =m?+m—-2+5(m+2)=m?+6m+8=(m+3)?2?-1>-1
Ding thirc xay ra khi va chi khi m = —3 (thoa 4 > 0)
Xét truong hop 2: x; = m — 1 va x, = m + 2, cling theo dinh ly Viete ta co:
x,(x, +5) =x%, +5x;, =m?+m—-2+5(m—-1)=m?+6m—-7=(m+3)2-16 > —16
Dang thirc xay ra khi va chi khi m = —3 (thoa 4 > 0)
Tu két luan cua 2 truong hop trén ta c6 min A = —16, dat dugc khi va chi khi m = —3.

VD3.1¢.3: Cho phuong trinh x> — 5mx — 4m = 0. Tim m dé phuong trinh ¢6 2 nghiém phan biét x;, x, dong
thoi biéu thire sau dat gia tri nho nhéat:

3 m? x?+5mx; —14m + 1
~ x% +5mx, —14m +1 m2
Loi giai:
Phuong trinh da cho c6 2 nghiém phan biét khi va chi khi:
16
A>0(:>25m2+16m>0(:>m(25m+16)>O(:>m>0hoécm<—£

Vi x4, x5 1a 2 nghiém cta phuong trinh da cho nén:
x2 —5mx; —14m+ 1 =x%? —5mx, — 14m + 1 = x? + 5mx, — 14m+=x3 + 5mx; — 14m + 1
Tu do, theo dinh ly Viéte, ta co:

1
x? +5mx, —14m + 1 =E(x12 + x% + 5m(x; + x,) — 28m + 2)
1
=5 (g + %)% + 5m(x; + x3) — 2x,x, — 28m + 2)

1
= E(ZSm2 + 25m? + 8m — 28m + 2)
=25m?—-10m+1=G5m-1)2>0

Suy ra:
m? X3 +5mx; —14m + 1
xZ +5mx, —14m+1"~ ' m?

Ap dung bat dang thirc Cauchy, ta co:

3 m? x4+ 5mx; —14m+1 m?2 x5 +5mx; — 14m + 1

-~ x2+5mx, —14m+1 m?2 T |x2+5mx, —14m+ 1" m?2
Suyra A > 2.
Piang thirc xay ra khi va chi khi:

m? x5+ 5mx; — 14m + 1 .
xf+5mx2—14m+1: m? em

= (x? + 5mx, — 14m + 1)(x2 + 5mx; — 14m + 1)
o m*=(Gm-1)*
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m=5m—-—1hoaicm=-5m+1

1 1
om= —Z(khéng thoa 4 > 0) hoacm = g(thoéd > 0)

Vaym = % 1a gi4 tri thoa yéu cau dé bai.
VD3.1c.4: Cho phuong trinh x2 — 2(m — 3)x + m — 13 = 0. Tim m dé phuong trinh ¢6 2 nghiém x;,x, va
biéu thirc sau dat gia tri 10n nhat: A = x;x, — (x? + x2).
Phuong trinh da cho ¢6 2 nghi¢m x4, x, khi va chi khi:
N>0e(m-3)2-m+13=>0 m?—7m+ 22> 0 (dangVm € R)
Theo dinh 1y Viete ta co:
A=xx, — (x2 +x%) =3x,;0, — (%, + x3)2 =3(m —13) —4(m — 3)2 = —4m? + 27m — 75
27\* 471 _ 471
—-(n-%) -Te =76

” 27 ’
Pang thuc xay ra khi va chi khim = 5 (thoad = 0)

1
Vay max A = — ST dat duoc khi va chi khim = )

VD3.1¢.5: Cho phuong trinh (m?+m+ Dx — (m?+2m + 2)x —1=0. Tim m d& phuong trinh c6 2

nghiém x;, x, sao cho S = x; + x, dat gi4 tri 16n nhit, nho nhat.

Loi giai:

Phuong trinh di cho ¢6: 4 = (m? + 2m + 2)? + 4(m? + m + 1) > 0,Vm € R nén n6 ludn c6 nghiém.

Theo dinh ly Viéte, ta co:

m?+2m+ 2

m2+m+1
esSm?+Sm+S=m?*+2m+2 S —-1m*+(S-2)m+S5S—-2=0(»)

Tap gia tri ctia S 1a tap hop cac gia tri cua biéu thirc d6 1am cho phuong trinh (*) c6 nghiém, tirc la:

S:x1+x2:

3
A(*)20@(5—2)2—4(5—2)(5—1)20@(5—2)(5—2—4S+4)20<:>§SSS2

. . 15 3 L
Rorangkhim =0thiS = 2vakhim = thiS = 3 (céc gia tri trén thoa 4 > 0)
A 3 ; | 1%
Viaymax S = 2va min$ = E,datduqc lan luottaim = 2vam = >

d. Cac bai toan so hoc:

VD3. 1d. 1: Cho phuong trinh bac hai x? — 3x — 5= 0 c6 cac nghiém x4, x,. Ki hiéu nhu sau:

. 1
Sp=xt+x3,vn € N*van > 2.Ching minhrang S,, = 3S,,_; + =S,

2
Loi giai:
Theo dinh 1y Viéte, ta co:
-1
So=xY+x3=2;8=x;+x, =3;S, = x% +x2 = (%, + x)% — 2x,x, = 32 —2.(7> =10

Suy ra:

19



1
Sz == 351 + ESO
Vay dpcm dung tai n = 2.
Gia st tai dpecm dung tai n = k dung tai n = k, tuc la:

1
Sk = 3Sk-1+ Esk—z

Theo dinh ly Vi ¢te, ta ciing co:
1

38 = (1 +x) (6 +x5) = o+ of T+ (T xS = Spq + TSk_l

Suy ra:

1
Sk+1 = 38k + Esk—l

Tuc 1a dpem cling ding véin = k + 1. Vay theo nguyén 1y qui nap toan hoc thi vn € N*van > 2:

1
Sp = 35p-1 + ESn—Z

VD3.1d.2: Cho phuong trinh x2 — 6x + 1 = 0 c6 cac nghiém x4, x,. Ki hiéu: S, = x" + x¥,¥n € N*. Chiing
minh rang S,, 12 mot s nguyén Vn € N . Tinh S,,,, theo S, va S,,_;, Vn € N*. Tim s6 du phép chia S3;0g cho 5
Loi giai:

Theo dinh 1y Viéte, ta ¢6: Sy = x¥ + x9 = 2;S; = x; + x, = 6 nén S, va S; 1a cac s6 nguyén.

Mait khac, cling theo dinh 1y Viete, ta co: x;x, = 1, suy ra:

1
Sn=XIl+—n ,Vn € N*
X1

Gia str Sj, 14 s6 nguyén Vk = 1,n, ta co:

1 1 1
.S, = (xy + x)S, = (1 + 1) (X7 + x7) = (xl + —) <x;1 + —n> =
x1 xl x1 x1

Suy ra: 6S, = Sy4q + Sp_1,Vn € N*. Ma 6S,, va S,_; 1a cac sb nguyén (theo gia thiét qui nap) nén S,,,, ciing
1a s6 nguyén.
Vay theo nguyén 1y quy nap, ta c6 S,, 1a s6 nguyén Vn € N*. Mit khéc, trong qué trinh qui nap, ta ciing da
chung minh dugc: 6S,, = S,41 + Sp_q, tac la: S, 41 = 6S,, — Sp_1.
Cong thtrc trén chinh 1a cach tinh S,,,; theo S,, va §,,_4.
Bay gid ta tim s6 du ctia S340g khi chia cho 5. Ta cé:
Sn+1 = 68y — Sp_1 = S — Sp1(mod 5)
Suy ra: ‘?n+1 =Sy —Sh-1 = (Sn—l - Sn—z) —Sp-1 = _Sn—z(mOd 5)
Trong dong du thirc trén, thay n + 1 bdi n — 2 thita co: S,,_, = —S,_s(mod 5)
Tu d6: S;q = S,—s (mod 5)
Laithayn + 1 boin thi S,, = S,_¢ (mod 5). Ma 3108 : 6 nén S3,95 = Sy = 2 (mod 5).
Do d6, s6 du trong phép chia can tim 1a 2.

VD3.1d.3: Tim sb hang tong quat ctia diy sé Fibonacci duoc xac dinh nhu sau:
Fl = FZ = 1;Fn+1 = Fn+Fn_1,Vn € N*

Loi gidi:

Goi a, b 1a cac sb thoa diéu kién: a + b = 1; ab = —1.

Theo dinh 1y Viéte, a; b 1a 2 nghiém cuia phuong trinh bac 2: x2 —x — 1 = 0 (x)
Ta co:
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Fnt1 = (a+b)E, —abF, 1 = Fpyq _’bFn’ = a(F, — bFy_1)
bat u,, = F,,,, — bF, thi ta thay u,, = au,_, hay (u,,) la mot cap so6 nhan c6 cong boi g = a.
Mat khac: uy = F, —bF; =1—b =anéntacébu, =a",vn € N*.
Tacla F, 1, = a™ + bE,, tir do:
Fri1 = (Fop1 — bE) + b(F, — bF,_q) + b*(Fy_y — bFy_) + -+ b""'(F, — bF;) + b"F,
n

n+1l __ bn+1

a—>b

a
= Fpyy =b"+ab™ 1 +a?h" 2+ -+ a"2b2+ab™  +a" = z akpnk =

k=0
Béy gio ta thay cac gié tri ctia a va b vao, vi a, b 12 nghiém ciia phuong trinh (*) nén khong mét tinh tong quat,
ta c6 thé coi:

_1+\/§.b_1—\/§

a

2 2
Vay
(1+\/§)n_<1—\/§>" <1+\/§>n_<1—\/§>n
2 2 2 7 *
E, = 1+\/§_1_\/§ = \/§ ,VneN
2 7

Cong thirc néi trén chinh 1a s hang tong can tim cua ddy s6 Fibonacci.

4 6i thém vé Fibonacci: Fibonacci tén that 1a Leonardo da Pisa (1170 — 1250), ciing duoc biét dén véi cac
tén goi khac nhu Leonardo Pisano, Leonardo Bonacci, Leonardo Fibonacci, 1a nha Toan hoc ngudi Italia, dugc
coi 1 nha toan hoc thong minh nhat thoi trung dai cia thé gidi.

Dy sb Fibonacci xuat hién 1an dau trong cudn sach “Liber Abaci” ctia Fibonacci tir bai toan sau dy:
Mot cap tho moi thang sinh mot lan, cho mét cap tho con g5m mot duc va mot cai. Cap tho moi sinh ra sau 2
thang lai bat dau sinh cdp méi. Gid thiét thé khéng chét va luén sinh san dwge (~ ), héi sau mot ndm sé ¢é bao
nhiéu thé néu nhw lic dau ta cé 1 cp the.

Tir gia thiét suy ra rang sau mot thang s& c6 2 cap tho, sau 2 thang, cip thi nhét tiép tuc sinh va ta c6 3 cap
tho. Thang tiép theo, cipt hu 2 ciing sinh, va cip dau van sinh nén ta lai ¢6 5 cap tho. a hu vay, néu ki hiéu E, 1a
sO tho & thang n ké tir dau nam thi ta thdy (E,) 1ap thanh day s6 Fibonacci noi trén:

Fi=F,=1F,,=F,+F,_ 1, Vn €N~

Diy Fibonacci ¢ vai tro rat quan trong trong khong chi trong Toan hoc ma trong tat ca cac nganh khoa hoc
khac. Trong rat nhiéu bai toan kho, ddy Fibonacci xuat hién lam cho ngudi giai khong khoi kinh ngac bat ngo.
Trong tu nhién, ngudi ta cling quan sat va thong ké thiy dugc da sb cic gin, canh, 1a cdy moc theo quy luét cua
day Fibonacci di¢u ki nay.

Chu ¥ rang tir cach giai bai toan tim s6 hang tong quat ciia diy Fibonaci, ta c6 thé tim dugc sd hang tong quat
ctia diy s6 cho boi cong thirc truy hoi sau:

Uy =a,u; = b;upy = auy, + fu,_q,Vn € N*
Diy s xac dinh nhu thé duoc goi 13 diy hdi quy tuyén tinh bac 2. 4 6 gan lién véi tén tudi nha toan hoc nguoi
Phép Francois Edouard Anatole Lucas (1842-1891) nén con duoc goi la day Lucas.
Trong truong hop phuong trinh bac hai x? — ax — 8 = 0 khong c6 nghiém thuc, ta van c6 thé giai bai toan
trong truong s phic.
Bay gio, ta s& ung dung tu tudng trén vao mot bai toan téng quat hon:
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VD3.1d.4: Cho a, b, c 1a cac sb thyuc thod diéu kién a # 0 va b? — 4ac > 0
a. Bai toan thuin: Cho phuong trinh bac 2: f(x) = ax? + bx + ¢ = 0 (x) c6 2 nghiém thuc x;,x,. Dit
Sp = x + x3. Khi d6: aS,.41 + bS,, + ¢S, = 0,Vn € N*.
b. Bai toan dao: Cho 2 s thuc phan biét x;, x,. Ki hiéu S, = xI* + x%. Khi d6, néu:
aSp4+1 + bS, + ¢cSp_1 = 0,Vn € N* thi x4, x, 1a 2 nghiém phan biét ciia phuong trinhf (x) = 0.
Loi giai:
a. Bai toan thuan: x;, x, 1a 2 nghiém cua phwong trinh (%) = aS,;; + bS,, + ¢S,_; = 0,vn € N*.
That vay, vi x4, x, 1a 2 nghiém cta phuong trinh (*) nén theo dinh ly Viéte ta co:
b c
Spar = X1+ x5 = (g + ) (6 + x5) — x0T+ xp ) = _aSn IR
SuyraaS,, ;1 + bS,, + cS,_1 = 0,vn € N* (dpcm).
b. Bai toan dao: aS, ., + bS,, + c¢S,_1 = 0,Vn € N* = x, x, la 2 nghiém cta phuong trinh (*)
Hé thtic truy hdi d3 cho twong duong véi:
xYax? + bxy + ¢) + x3 Y(ax3 + bx, + ¢) = 0,¥Yn € N*
Hay: x¥f(x;) + x5 f(x,) = 0,vk € N (1)
Do x; va x, 14 2 s6 thuc phan biét nén ching khong thé dong thoi bang 0.
Vi thé, (1) chi xay ra khi f(x;) = f(x;) = 0.
Tuc la x4, x, 1a 2 nghiém cua phuong trinh f(x) = 0. D6 chinh 1a dpecm.

Ung dung bai toan trén, ta ¢ thé giai mot so bai toan SO Hoc sau:

VD3.1d.5: Tim [(4 + 15)7] v6i [x] 1a phan nguyén cta sb thuc x, chi s nguyén 16n nhat khong vuot qué x.
Loi giai:
bat x; =4+ V15 vax, =4 —+/15 thi ta c6 x; + x, = 8 va x;x, = 1. Theo dinh 1y Victe dao thi x;,x, 1a 2
nghiém ctia phuong trinh béac hai: X2 —8X + 1 = 0.
bat S, = x' + x}. Theo VD3.1d.4 thi: S,,,; = 8S,, — S,,_1, tir d6 ta tinh duoc:
S, =8;S, = 62;S; = 488; S, = 3842; S = 30248; S, = 238142; S, = 1874888
Ma: 0 < x = (4 —V15) < 1nén 1874887 < 1874888 — x] < 1874888 hay:
7
1874887 < (4 +V15) < 1874888

Vay: [(4 + VI5)'| = 1874887

VD3.1d.6: Chig minh rang trong biéu dién thap phéan cia s6 (7 + 4\/§)n c6 it nhat n chir s6 9 sau ddu phay.
Loi giai:

2
Ditx; =7 +4V3 vax, =7 —4V3, tacod x; + x, = 14 va x;x, = 72 — (4V3)" = 1 nén theo dinh Iy Viéte
déo thi x4, x, 1a 2 nghiém ctia phuong trinh X? — 14X + 1 = 0.
Pit S, = x* + x¥ thi v6i cach ching minh twong ty nhu VD3.1d.2, ta ¢6 S, ludn 14 s6 nguyén duong Vn € N*.
Mat khac:

0<x,=7—-4/3 = ! <1<1
2= T 714y3 11 10
a én:
0<(7-43)" < !
10
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1
10m

1
iSn—W<(7+4\/§)n<Sn

Ma S, 12 s6 nguyén duong Vn € N* nén sau day phay ciia s6 (7 + 4\/§)n ludn c6 it nhat 1a n chir s6 9.

(7+4V3) < S, < (7+4V3)" +

Do chinh 1a dpem.

VD3.1d.7: Cho phuong trinh x? — 4x + 1 = 0 ¢6 cc nghiém x5, x,. Ching minh rang x2™ 4+ x2" ¢6 thé duoc
phan tich thanh tong binh phuong cua 3 sé nguyén lién tiép vn € N*.
Loi giai:
Giai phuong trinh di cho, ta thdy né c6 2 nghiém phan biétla x; = 2 + V3 vax, = 2 — /3.
Theo dinh 1y vé khai trién nhj thtrc 4 ewton thi 3 a,,, b, € Z* sao cho:
Xy = (2+\/§)n =a, + b,V3
Xy = (2—\/§)n=an—bn\/§
n
= a = 3b% = (an + byV3)(an — byV3) = (2= V3)(2 +V3)) =1
Mit khac, theo dinh 1y Viéte, ta co: x['x) = (xyx,)" =1 =a2 —3b2 = a% =3b%2 + 1
2 2
Vay: x3" + x2" = (an + byV3) " + (@, — byV3)" = 2a2 + 6b2 = 2(3b% + 1) + 6b% = 12b2 + 2
= (4b% — 4b,, + 1) + 4b2 + (4b2% + 4b, + 1) = (2b, — 1)? + (2b,)? + 2b, + 1), Vn € N*
Va do chinh la dpecm.

VD3.1d.8: (VMO 2002)
Tim cac gi4 tri nguyén duwong ctia m dé phuong trinh sau c6 nghiém nguyén duong:
x+yt+u+tv= n\/m
Loi giai:
Phuong trinh di cho c6 thé dua vé dang twong duong sau:
x+y+u+v=n/xyuw
e (x+y+u+v)?=nxyuww
ex*+2y+u+v)x+ (y+u+v)?=n2xyurv (1)
Gia str n 1a s6 nguyén duong sao cho phuong trinh (1) c6 nghiém nguyén duong (x; y; u; v).
Goi (xg; Vo; Zo; to) 1a nghiém nguyén duong ctia phuong trinh (1) sao cho xo + Yo + 2z + to ¢ gia tri nho
nhat. V4, khong mat tinh tong quét, gia sir xo = Vo = 2z = to. Khi do, tir hé thiic (1), ta dé thay:
(Vo + Uy + v9)? i xg
Mat khac, x, 1a nghiém nguyén duong cua phuong trinh bac hai:
x% + (2(yo + ug + vp) — n*yougve)x + (Vo + Ug + v5)* = 0
Theo dinh 1y Viéte, va tir nhan xét rang (y, + Uy + v)? i X, ta thdy phuong trinh trén con c¢6 mot nghiém
nguyén duong nira la:
_ (o tup +1,)?
= e

X1

(Vo + up + v,)?
Xo

Piéu nay chimg to ring < 5 Vo; Zo; t0> ciing la mot nghiém caa PT (1)

Mit khac, do xy = yo = 2o = to va Xo + Vo + Zo + to ¢ gia tri nho nhit trong cac nghiém cia PT (1) nén:
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X1 =Xg =Yg =2y =ty
Theo dinh ly vé dAu cta tam thuc bac hai, ta co:
0 < f(o) = ¥§ — n*ygugvo + 2(yo + U + Vo)yo + (Vo + Ug + 5)?
< ¥§ — nPysuevy + 6y5 + 9y; = 16y5 — n*yiugv,
Suy ra: n?yguyvy < 16y¢ = n? < nugvy <16 >n <4
Man € Zt nénn € {1;2;3; 4}

Tai n = 1, phuong trinh (1) c6 nghiém nguyén duongx =y =u=v =4
Tai n = 2, phuong trinh (1) ¢6 nghiém nguyén duongx =y =u =v = 2
Tai n = 3, phuong trinh (1) c6 nghiém nguyén duongx =y = L,u=v = 2
Tai n = 4, phuong trinh (1) c6 nghiém nguyén duongx =y =u=v =1

Vay cac gia tri can tim cian la n € {1;2; 3; 4}.

e. Giai va bién luan mot sb hé phuong trinh:
Mot da thicc f(xq; Xp; ...; X,) duge goi 1a ddi xung gilta cac bién xq, X, ..., X, néu nhu véi moi hoan vi
(xl-l; X5 o’ xin) ctia bo 86 (x1; xp; ... Xp,), ta déu co:
f(xil; Xiy; ...;xin) = f(x1; X9} o3 Xp)
Heé phuong trinh gdm céc phuong trinh dbi xtmg giita cac an duoc goi 1a hé phuong trinh d6i xtng loai 1.
Sau dy, ta s& tim hiéu tmg dung cta dinh 1y Viéte trong viéc giai cac hé phuong trinh loai nay.

VD3.1e.1: Giai hé phuong trinh:
{xz +xy+y?=4

x+xy+y=2
Loi giai:
biat S = x + y va P = xy, hé phuong trinh trd thanh:
S?2—pP=4 —-P=5-2 {P=2—S S=0. . (S=2
{S+P=2 {52+52—45+4=4 5(5—2)=0‘:’{p=2h03"{p:o

Do diéu kién S? > 4P nén ta chi chon két qua § = 2; P = 0.
Khi do, theo dinh ly Viéte dao, x; y 1a 2 nghiém ctia phuong trinh bac hai:
X?-2X=0
x=0, _ (x=2
Suy ra {y —9 hodc {y ~0
Vay hé phuong trinh da cho c6 2 nghiém la (0; 2) va (2; 0).

D6i v6i cac hé phuong trinh gdm cac phuong trinh khong dbi xtmg, hodc chi mot phuong trinh 14 dbi xtng,
bang phép doi bién s6 hodc mot s6 bién doi Dai S6 khéo 1éo, ta van c6 thé dwa ching vé dang hé d6i xtng.

VD3.1e.2: Giai hé phuong trinh:

{\/x+y+\/x—y=4
x% +y? =128
Loi gidi:

— 2
Pitu = Jx +yviv=Jx —y. Khido: {iizzzz.Suyra:
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1

x ==W? +v?)
2
1

y=3 (u? — v?)
H¢ da cho c6 dang:
{ ut+v=4
u* + v* =256 (%)
DPit S = u + v = 4 va P = uv thi diéu kién dé hé c6 nghiém 1a S? > 4P, thc 1a P < 4.
Bién d6i phuong trinh (*) cta hé, ta co:
256 = u* + v* = (u? + v?)? — 2u?v? = ((u + v)? — 2uv)? — 2(uv)?
& (2P — 16)? — 2P? = 256
& 4P% — 64P + 256 — 2P?2 — 256 =0
& P(P-32)=0
Theo diéu kién xéac dinh suy ra P = 0.
Tu dinh 1y Viete dao thi x, y 1a 2 nghi¢ém cua phuong trinh bac hai:
t?—4t=0<t=0hoact =4
Suy ra (x;y) € {(0;4); (4;0)}
Thir lai ta thdy cdc nghiém nodi trén déu thoa hé phuong trinh.
Vay hé c6 2 nghiém (x; y) 1a (0; 4) va (4; 0).

VD3.1e.3: (Olympic 30/4 nam 2007)

Giai hé phuong trinh:
8x
x2+y%+ Y —16
x+y
Jx+y=xt—y
Loi giai:

DPit S = x + y va P = xy. Theo dinh ly Viéte dao, x,y 1a 2 nghiém ctia phuong trinh bac hai: t> — St + P = 0
Piéu kién dé hé c6 nghia 1a S > 0 va diéu kién dé hé c6 nghiém 1a phuong trinh 4y c6 nghiém, tic 1a S? > 4P
Mit khac, vi x2 + y? = §2 — 2P nén tir phuong trinh dau cua hé ta co:

, 8P
§? = 2P +—=16

= S§3—-2SP +8P — 165 =
>S5 -4)(S+4)—-2P(5—4)=0
= (S —4)(S*+45-2P) =0

Thay ngugc tré lai x% + y? = §% — 2P thi:

S—Dx2+y2+45) =0
ahung vi x2 + y? > 0,Vx,y € Rva4S > 0 do S > 0 theo diéu kién c6 nghia ctia hé nén x? + y% + 45 > 0
Vaytaco S =4,suyrax+y =4
Suy ra \/m = 2vay = 4 — x. Thay vao phuong trinh sau cta h¢ ta dugc:

x’—@4-x)=2©x*+x—-6=0<x=—-3hoicx =2

Suyra (x;¥) € {(=3;7);(2; 2)}
Thir lai ta thiy cdc nghiém trén déu thoa hé.
Vay hé phuong trinh da cho c6 cac nghiém (x; y) 1a (=3;7) va (2;2)
Phép thé Viéte cling dugc dung dé bién luan hodc dinh tham sb dé hé phuong trinh thod mdt diéu kién nao do.
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VD3.1e.4: (Thi hoc sinh giéi THCS TPHCM nam 1999 —2000)
Tim m dé hé sau c6 nghi¢m:
xy(x+4)(y+4)=m
{x2+y2+4(x+y) =m+1
Loi giai:
Bién d6i hé phuong trinh da cho, ta cé:
xy(x +4)(y+4) =m (X2 +4x)(y*> +4y) =m
{x2+y2+4(x+y) =m+1 {(x2+4x)+(y2+4y) =m+1
Piat X = x% + 4x vaY = y? + 4y thi hé da cho c6 dang:
{ XY =m

X+Y=m+1

Theo dinh ly Viéte dao thi X; Y 1a 2 nghiém ctia phuong trinh bac hai:
t?—(m+Dt+m=0 ()

Phuong trinh trén c6 tong caché sé:a + b+ ¢ =1 — (m + 1) + m = 0 nén c6 2 nghiém:

ty=Lt,=m
Suy ra:

X=1 < (X=m
{Y=m hode {Y=1

Do X = x%2 + 4x = (x + 2)2 — 4 > —4 nén hé da cho c6 nghiém khi va chi khi phuong trinh (*) c¢6 2 nghiém
déu khong nho hon —4. Piéu nay xay ra khi va chi khi m > —4
Vay tap hop cac gia tri cia m dé hé c6 nghiém la [—4; +o0)

VD3.1e.5: Cho céc sd thuc x,y, z # 0 thoa hé diéu kién:
XxX+y+z=xyz
{ xt=yz
Chung minh rang: x? > 3
Loi giai:
Bién d6i h¢ diéu kién da cho, ta co:
x+y+z=xyz (y+z=yzx—x=x3—x
{ X2=yz O { yz = x3
Theo dinh ly Viete ddo, y; z 1a 2 nghiém cua phuong trinh bac hai:
t?—(x3—x0)t+x2=0
Pé ton tai cac s6 x; y; z thoa didu kién cta dé bai thi phuong trinh trén phai c6 nghiém.
Diéu nay c6 nghia la:
A>0e (x3—x)>—4x2>0
e X3 +x)(x3-3x)=0
& x?(x?+3)(x2-3)=>0
©x2>23Wix2+3>x220)
Vay x? > 3 (dpcm).

2 2 2
VD3.1e.6: Cho céc s thuc x, y, z thoa hé didu kién: {x +yt+z2 =2
xy+yz+zx =1

. 4 4
Ching minh rang: — 3 <x,yz< 3

Loi gidi:
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Do vai trd x, y, z binh dang nén ta chi can chimg minh diéu ma gia thiét yéu cau ddi véi 1 bién nao d6 trong sb
chung 1 du. Chang han, ta s& chimg minh cho x.
That vay, ta c6:
{xz +y?+22=2 @{(y+2)2—2yz= 2—x?
xy+yz+zx =1 yz+x(y+z)=1
batS =y +zva P = yz, hé tré thanh:
§2—-2Pp=2-x% (1)
{P +Sx=1 (2)
Tu (2) taco P = 1 — Sx, thay vao (1) thi:
§2—-2(1—-S5x)=2—x?
&S24+ 2xS+x2-4=0
e B+x)2-4=0
©S=—x+2hoacS=—-x—-2
e déuS=—x4+2thiP=1—-x(—x+2)=x?>-2x+1.
Theo dinh ly Viéte, y, z 1a 2 nghiém ctia phuong trinh bac hai:
t?+(x—2)t+x>—-2x+1=0
Vi ¢6 ton tai cac s y, z nén phuong trinh néi trén c6 nghiém, do do:
A=(x—-2)2%-4(x-1)?%=>0
©x(Bx—-4)<0
0<x< i
9 7 B - 3
e deuS=—x—-2thiP=1—-x(—x—-2)=x*+2x+1
Theo dinh ly Viete, y, z 1a 2 nghiém cua phuong trinh bac hai:
t?+(x+2)t+x>+2x+1=0
Vi ¢6 ton tai cac sO y, z nén phuong trinh néi trén ¢ nghiém, do dé:
A=(x+2)2—-4(x+1)?%?>0
©x(Bx+4)<0
4
< 3 <x<0

Hop ctia 2 két qua trén, ta co:

37 73
Tuong tu ta cling co:
37773 37 3

Vay ta da co dpem.

3.2. Pinh 1y Viéte di v6i phuong trinh bac 3:
Ung dung cta dinh 1y Viéte di v6i phuong trinh bac 3 twong ty nhu ung dung cia dinh 1y nay d6i voi phuong
trinh bac 2. Ta hiy xét mot sd bai toan:
a. Lién h¢ gitra cdc nghiém x4, X, x3 cila mQt phuong trinh bac 3:
VD3.2a.1: Goi x4, x,, x5 1a 3 nghiém ctia phuong trinh: x3 — x + 1 = 0. Tinh: § = x1* + x31 4+ x31
Loi giai:
Theo dinh 1y Viéte, ta co:
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X1 +x,+x3=0
{xlxz + xx3 + x3%x; = —1
X1Xyx3 = —1
Talaico:x} —x;, +1=0xP =x;—1(i =1,2,3)
S>xP=x} —xt=—x?+x,—1(@{=1.2,3)

>x8=22-3x+2({=123)
= x! =2x} —5x% +5x;, -2 (i =1,2,3)

3 3
S=le-11 = 22x?—52x?+52xi—6
' ' i=1 i=1

Ta co:

w

3
=1 =1
Mat khac:
X34+ x5+ x5 = (0 + x5 +x3)% =30, + x + x3) (1%, + X%3 + X3x7) + 3x,x,%3 = —3
{ X2+ x2 + x5 = (x; + x5 +x3)% — 2(x1%5 + Xpx3 + X32x7) = 2
Suyra: S =2.(—3)—-52—-6=-22

VD3.2a.2: Cho h¢ phuong trinh:
x+y+z=3
x3+y3+23=15
x*+y*+2z*=35
Biét rang hé phuong trinh trén c6 mot nghiém thoa diéu kién x? + y2 + z2 < 10. Khong giai h¢, hay tinh gia tri
ctia biéu thirc: § = x° + y°> + z°
Loi giai:
Datp = xy + yz + zx va q = xyz. Theo dinh ly Viéte ddo, x, y, z 1a nghiém cuia da thic:
fw) =u®-3u®+pu—q
Ta co:
x3—3x2+px—q=0
y? =3y’ +py—q=0
z3—3z24+pz—q=0
a han theo vé cac dang thirc trén lan luot véi x¥, y¥*, z¥ 16i cong chung lai theo vé, ta co:
(xk+3 + yk+3 + Zk+3) _ 3(xk+2 + yk+2 + Zk+2) + p(xk+1 + yk+1 + Zk+1) _ q(xk + yk + Zk) =0
batS, = x™+ y™" + z" (n € N) thi ta co:
Sk+3 = 3Sk42 = PSk41 — Sk (%)
Mitkhac, vix+y+z=3nén (x +y+2)2 =x2 +y? + 2z + 2(xy + yz + zx) = S, + 2p, suy ra:
S, =9-2p
Trong dang thirc (x), cho k = 1, ta co:
p=1
p=-1
ahungnéup = —1thiS, = 9 — 2.(=1) = 11 > 10, trai véi gia thiét. Viyp = 1, suyraq = —1
Cubi cung, trong (%), cho k = 2, ta c6: Ss = 35, — pS; + qS, = 3.35 — 1.15— 1.7 = 83
Vay x° +y° +z° = 63

54=353—p52+q51=>35=45—p(9—2p)+3(3p—4)=>p2=1=>{

VD3.2a.3: Cho 2 da thirc P(x) = x3 + ax? 4+ bx + ¢ va Q(x) = x? + x + 2008. Biét rang phuong trinh
P(x) = 0 ¢6 3 nghiém phan biét con phuong trinh P[Q(x)] = 0 v6 nghiém. Chimg minh rang;
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1
P(2007) > —

64
Loi giai:
Goi x4, x5, x3 12 3 nghiém phan biét cua P(x). Theo dinh 1y Vieéte thi:
X1 +x, +x3=—a
X1Xp + XpX3 + X3x1 = Db
X1XX3 = —C
Do do:

P(x) = x3 — (x; + x5 + x3)x% + (1% + X323 + X3%1)x — x1%,%3 = (x — x7) (x — x,) (x — x3)
Taco: P[Q(x)] = (x? + x + 2008 — x;) (x% + x + 2008 — x,) (x%2 + x + 2008 — x3)
Vi phuong trinh P[Q(x)] = 0 v6 nghiém nén cac phuong trinh:
x2+x+2008—x; =0; x> +x+ 2008 —x, = 0;x2 + x + 2008 —x3 = 0
déu vo nghiém. Do do:

r2008 > !
X >

1 1
12008 — x, > 7 = (2008 — x,)(2008 — x,)(2008 — x3) > ol

1
2008 — x; > -

1
Tucla P(2008) > 7 (dpcm)

b. Céc bai toan lugng giac:
VD3.2b.1: Cho phuong trinh x3 + px? + qx + r = 0. Biét rang phuong trinh ndy c6 cic nghiém thuc, dong
thoi cac nghiém 4y 1a cosin 3 goc ciia mot tam giac. Tinh gia tri ctia biéu thic:
A=p*=2(q+7)
Loi giai:
Gia str cac nghiém cta phuong trinh 1a cosin 3 goc cua tam giac ABC.
Theo dinh ly Viéte, ta co:

cosA +cosB+cosC = —p (1D
cosAcosB + cosBcosC + cosCcosA =q (2)
cosAcosBcosC = —r (3)

Tu (1) va (2) ta co:
cos? A+ cos? B + cos? C = (cosA + cos B + cos C)? — 2(cos A cos B + cos B cos C + cos C cos A)
Suy ra: cos? A + cos? B + cos? C = p? — 2q
Tt (3) ta co:
—2r = cosA[cos(B + C) — cos(B —C)] = —cos? A — cos? B — cos?C + 1
Tir 2 diéu vira suy ra, ta co:
—2r = —(p*—2q) +1
Hay:
p?—2(q+r)=1
Viy A = 1.

VD3.2b.2: Tinh gié tri ctia biéu thirc: A = tan® 10° + tan® 50° + tan® 70°
Loi giai:
Céch 1:
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Theo cong thuc goc nhén ta co:
3tanx — tan3 x

tan3x =
1 —3tan?x
Suy ra:
can? 3 tan® x + 9tan?x — 6 tan* x
an® 3x =
Otan*x + 1 — 6tan?x
Hay:

tan® x — (6 + 9 tan? 3x) tan* x + (9 + 6 tan? 3x) tan® x — tan? 3x = 0 (1)
Dit y = tan? x, phuong trinh (1) duoc viét dudi dang:
y3 — (6 +9tan?3x)y? + (9 + 6tan? 3x)y —tan?3x = 0 (2)
Quay vé véi bai toan, trong phwong trinh (2), 1an lugt thay x = 10°, x = 50° va x = 70° thi theo dinh 1y Viéte
ddo suyray,; = tan?10°;y, = tan? 50° va y; = tan? 70° 1a 3 nghiém phan biét cia phuong trinh bac ba:

3 2 1
y> —9y +11y—§=0

Theo gia thiét, ta can tinh gid tri ciia biéu thirc A = y3 + y35 + y3
Tu dinh 1y Viete cho phuong trinh bac ba, ta co:
yit+y2+y3=9
Y1Y2 +¥2y3 +y3y1 = 11

1

ViY2Ys3 = 3

Vi thé:
A =1tan®10° + tan®50° + tan® 70° = y3 + y3 + y3
= 1+ 2+ ¥3) (1 +y2 + ¥3)* = 30ny2 + ¥2y3 + ¥331)) + 3y1Y2y3 = 433
Vay A = tan® 10° + tan® 50° + tan® 70° = 433

Cach 2: ta s& tiép can bai toan & mot hudng khac
Doi cac gia tri lwong giac trén thanh radian, ta can phai tinh gia tri cta biéu thuc:

A=t 7T+t 57T+t m
7 ‘ = tan? 18 an? 18 an? 18
a han x¢ét rang:
T T _1
tan? (3 18) tan 5= 3
. 2(3 57T> . 5n_1
an ‘Ta) = an? =3
) (3771) ) 77T_t 27r_1
an 18—an6—an6—3
Suy ra—: 2. 7™ 11 3 nghi huong trinh tan? 3x = ~
uyra18 18’18 a 3 nghiém cua phuong trin an? 3x 3
X

3tanx — tan® 1

( 1-3tan’x > "3
tan®x — 6tan*x + 9tan®x 1
9tan*x — 6tan?x +1 3
1

© 3tan®x — 27tan*x + 33tan’x — 1 =0
. . s , OT I N
Dén day ta dit cac an phu: y; = tan? 18’ ;y, = tan? 8 ;Y3 = 18’ bai toadn quay vé giong nhu cach 1.
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VD3.2b.3: Tinh gia tri ciia biéu thuc:

M-S 27r+3 47‘[+3 61
= cos7 cos7 cos7

Loi gidi:
Moi thtr bat ngudn tir nhan xét sau:
2m 4m 6T
= la cadc nghiém cia phuong trinh 3x + 4x = k2n
= 4x = -3x + k2n
= cos4x = cos 3x
= 2cos?2x —1=4cos3x —3cosx
= 2(2cos?x —1)>—1=4cos®x —3cosx
= 2(4cos*x —4cos?x+1)—1=4cos®x —3cosx
= (cosx — 1)(8cos®x + 4cos?x —4cosx —1) =0
2n 4m 6m
Nhung7; Ay khong phai la nghiém cua phuong trinhcosx —1 =0
2m 4m 61
Suy ra = la cac nghiém cta phuong trinh: 8 cos® x + 4 cos?x —4cosx —1 =10

~ 27T 471. 67T b} Y 14 A 9 3\
batt; = 2 cos - t, = 2 cos - t; = 2 cos - thi ¢y, t,, t3 1a cAc nghiém cta phuong trinh:

t3+t>2—-2t—-1=0
Theo dinh ly Viéte, ta co:

t1t2 + t2t3 + t3t1 = 2

{ tl + tz + t3 = _1
t1t2t3 = 1

Dé tinh gia tri ctia bi€u thirc dé bai yéu cau:

3 2w 3 4T 3 6m
M = \/cos7+ \/cos7+ \/cos7= i/t_1+ 3{/1:_2—|— i/E
Ta xét thém biéu thirc N = Y/1t, + 3/t t; + 3/tsty, khi do:

M3 =ty +t, + t3 + 3(VE + Vi + 3ta) (Vi e, + Ytats + taty) — 33/t1655
N3 = tyt, + tyts + taty + 3(3/taty + 2t + taty) (i/tltzt3(3\/t—1 + 3/t + i/t_g)) - 33/tft§t§

Tuac la:

{M3 =3MN — 4
N3 =3MN -5
Suy ra:
(MN)3 = (3MN — 4)(3MN —5) = 9(MN)? — 27MN + 20
=>(MN-=3)3+7=0
= MN=3-37
Suyra: M3 =3MN — 4 =5—337

Vay:
3 2w 3 4 3 6w 3
\/2cos7+\/2cos7+\/2cos7= /5—3%/7
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U PO 6m _ *|5—337
—COS7 COS7 COS7— )

D6 chinh 1a gia tri can tinh ciia M.

c. Ung dung cua phép thé Viéte trong chimg minh cac bat dang thuc, phuong phéap “p, q, 7
Trude hét ta nhic lai dinh ly sau:
Pinh Iy co ban cia Pai S6 (d6i véi truong hop 3 bién sd): Moi da thire dbi xtng f(x,y,z) déu c6 thé duoc
biéu dién dudi dang da thic H(p, q,7) trongd6p = x +y + 2,9 = xy + yz + zx,7 = xyz.
Ap dung dinh Iy trén, dé chirng minh mét bat ding thie d6i xtmg gitta 3 bién sd, ta thuong tim cach dua ching
tur dang khai trién f(x,y,z) thanh dang chinh tac p,q,r1la H(p,q,7). (Tét nhién, diéu nay tuy luon lam duoc
nhung khong phai luc ndo ciing dé dang). Sau do, ta s& tim cach phén tich ching & dang p, g, 7 d6 thanh cac bat
dang thirc dung ma ta c¢6 thé chimg minh duoc.
Dé dua cac bat dang thic ¢ dang khai trién theo x, y, z thanh dang chinh tic theo p, q,7, ta thudng ding mot s6
hang dang thic sau:
x2+y?+z2=(x+y+2)?—-2(xy+yz+zx) =p*—2q
)2+ (y2)? + (2x)? = (xy + yz + zx)? — 2xyz(x + y + z) = q* — 2pr
x+yV+2)z+x)=&+y+2)(xy+yz+2zx) —xyz=pq—71
x3+y3+z28=(x+y+2°2-3(x+y)(y+2)(z+x)=p%—3pqg+3r
x*+yt+zt = (2 +y2 4+ 22)? — 2(x%y? + y?z% + z2x%) = (p% — 2q)* — 2(q* — 2pr)
Sau khi dd dua duoc bat dang thirc can ching minh vé dang chinh tic theo p, q, 7, cong viéc con lai cta ching
ta 1a chirmg minh mot bat ding thirc méi voi cac dai luong p, g, 7. Uu thé ciia phuong phap nay 1a ching ta s&
khong can phai thong qua nhiing wéc luong trung gian ma thay vao do6 sé sir dung nhitng danh gia truc tiép va
nho do6 s€ thu dugc nhirng udc lugng rat chiat ma déi khi cac bat déng thirc co s& khac nhu AM-GM, Holder
Bunyakovsky, Tchebychev... khong thé thuc hién duoc.
Tiép theo chung ta s& dén véi mot s6 bat ding thirc co s¢ thudng duoc sir dung trong phuong phap p, q,7:

Bit dang thirc Schur: Cho a, b, c > 0 va t 1a mét s6 thuc bat ki. Khi d6:
ata—b)a—c)+b*(b—c)(b—a)+ct(c—a)(c—hb) =0

Churng minh.
Khong mét tinh tong quat, gia sir a > b > c. Pua bat dang thirc can chimg minh vé dang:

(a—b)(a'(a—c)—bt(b—c)+ct(a—b)(a—c)=0
Tacéta—c=(a—b)+(b—c)=b—c>0vaat > bt > 0nén:

at(a—c) =bt(b—c)
Hay: at(a — ¢) — b'(b — ¢) = 0. Vay:
(a—b)(at(a=c)—bi(b—c))=0

Mit khac, clingvia = b = cnénct(a—b)(a—c) =0
Suy ra:

(a—b)(at(a—c)—b*(b—c)+ct(a—b)(a—c)=0
Tur day ta c6 duoc dpem.

Cac hé qua ciia bat ding thirc Schur:
Lan lugt cho t = 1 va t = 2, ta c6 cac bat dang thirc sau:
a(a—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) =0
a’(a—b)la—c)+b? (b—-c)(b—a)+c?(c—a)(c—b)=0
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Viét cac bat dang thirc trén duéi dang p, g, 7, ta c6:
p3 —4pq+9r =0
p* — 5p2q + 4q* + 6pr = 0
Hai bat dang thirc trén 1a mot phan trong sb cac co so hét stc quan trong ctia phuong phap p, g, 7. Ta con mot sb
bét ddng thirc co so khac ciing rit quan trong nhu sau:

p? > 3q p%q + 3pr = 4q* p* + 3q% = 4p?q

p3>27r pq? + 2q% = 4p?q 2p3 +9r? > 7pqr

q? = 3pr pq? = 2p*r + 3qr p3q + q3 = 6pqr
2p3 +9r > 7pq q3 + 912 = 4pqr

Céc ban hay tu chimg minh lai cac bat ding thirc co s& trén xem nhu bai tap dbi véi minh
Sau ddy 1a mot s6 bai toan di duogc sip xép voi do kho ting dan nham gitup cac ban 1am quen voi phuong phap:
VD3.2¢.1: (Iran TST 1996)
Cho x,y,z = 0 va khong co qua mot sd trong chung bang 0. Chimg minh rang:

1 1 1 9
(x+y)2+(y+z)2+(z+x)2> =7

(xy + yz + zx) (
Loi gidi:
Can phai néi thém rang Iran TST 1996 1a mot bat dang thirc rat khé vi tinh chit ché ciia nd. Céc ban c6 thé thir
ty tim cach ching minh bat dang thirc néi trén bang phuong phap danh gia théng qua cac bat dang thirc ¢b dién,
nhung xin béo trude rang két qua s& khéng may kha quan! 4 goai cach giai bang phuong phap p, g, sip duoc
trinh bay dudi day, bai toan con c6 mot 10i giai bang phuwong phap phan tach binh phuong SOS, ciing duoc coi
1a mot vi du kinh dién cho phuong phap SOS, nhung né khong phai 1a pham vi nghién ctru ciia ching ta.
Bay gio ta dén véi 101 giai bang phuong phap p, g, r cta bai toan:

Ditp =x +y +2,q = xy + yz + zx,r = xyz, bat dang thirc can ching minh c6 thé bién ddi thanh:
1 1 9

>

(xy+yz+zx)<(x+y)2 * (y + 2)? * (z+x)2> 4

<(p2 +q)* — 4p(pg — r)) 9

S q >—

(pq —1)? 4
& 4p*q — 17p%q? + 4q® — 34pqr —9r?2 = 0
Pén day tic 1a ta di di duoc nira ching duong ciia phuong phap. Can phai luu ¥ v6i cac ban rang phuong phap
“p,q,r” rt dé gay ra nham 1an trong khi bién ddi, vi thé ta phai hét strc than trong khi sir dung no.
Viéc con lai ctia chiing ta 13 bién d6i bat déng thirc da cho thanh tong cua cac sb hang khong am dya vao cic co
so ctia phwong phéap “p, g, 7. Luu ¥ v6i ban doc rang ki ning bién d6i p, g, r cta ching ta chi c¢6 thé duoc nang
cao nho kinh nghiém trong viéc giai quyét nhiéu bai toan chtr khong thé tu nhién ma co dugc.
Quay lai v6i bai toan Iran TST 1996, ta viét bat ddng thirc thu dugc sau cing dudi dang sau:
4p*q — 17p?q® + 4q® — 34pqr — 9r? > 0

© pq(p® — 4pq + 9r) + q(p* — 5p°q + 4q° + 6pr) + (g —9r) =2 0

Theo céc co s& ciia phuong phap “p, g, 7" thi bat dang thirc sau cing 1a dung. Vi thé ma ta c6 dpem.

VD3.2¢.2: Cho 3 s6 thuc duong x, y, z thoa diéu kién x + y + z = 1. Ching minh rang;
1=x)D24+1-y2)?+(1-22)2<1+x0)A+y)(1+2)
Loi giai:
Pitp = x+y +2z,q = xy + yz + zx,7 = xyz, bit ding thirc can chirg minh co thé bién d6i thanh:
(1—x2)?24+1-y>)?+(1-2z2)*<A+x)A+y)(1+2)
©3-22-29)+(1—-2¢9)>-2(q>-2r)<1+p+q+r
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a hung vi gia thiét p = 1 nén bt dang thirc can chirng minh duoc bién doi thanh:
3-2(1-29)+(1—-29)*—-2(q>—-2r)<2+q+r
Hay:
2q2—q+3r<0
Vipg=9rvap =1néntacdq = 9r, tic 1a —q + 9r < 0. Vi thé, ching minh s& hoan tat néu ta co:

1
22 —q + 39< 0
a hung diéu nay tuong duong véi:

, 2 1 1
2q —§qs0<=2q<q—§>g0®0£q£§

Song bat dang thic sau ciing nay hién nién ding vi p? > 3¢
Va ta da c6 dpem.

VD3.2¢.3: Cho x,y,z > 0 thoa diéu kién xyz = 1. Ching minh rang;
1 1 1 2

R A D D Y

Loi giai:
Véiphépthép = x + ¥ + z,q = xy + yz + zx,r = xyz, bt dang thirc duoc dua vé dang:
2p2+q*+2pq+p—-3+2(p+q+2)=(p+q+2)>
Hay:
p?>2q+3
a hung diéu nay hién nhién dung, vi ta co:
p? > 3q (co s& phwong phap “p, q,7”
Con theo bat dang thirc Cauchy thi:
xy + yz + zx = 33/ (xyz)?
=>q=>3=>3qg=>2q+3
Vay p? > 2q + 3 va ta da c¢6 dpcm.

VD3.2¢.3: Cho x,y,z = 0 va thoa man diéu kién x? + y? + z% = 1. Chimg minh rang:
% <A-xy)1—-yz)(1—-2zx)<1
Loi giai:
Bét dang thirc (1 — xy)(1 — yz)(1 — zx) < 1 13 hién nhién. Ta s& chimg minh:
(1~ 2)(1 - y2)(1 ~22) 2 o
baitp=x+y+2z,q =xy+ yz+ zx var = xyz, bat dang thic can chirng minh dugc dua vé dang:

8 8
—_ — 2>_ — — > —
1l—q+pr—r _27<:>1 q+r(p r)_27

Theo bat dang thirc Schur, ta co:
p3 —4pr+9r >0 © 9r > p(4q — 2p?)
Mit khic, vi x2 + y2 4+ z2 = 1 nén p? — 2q = 1 hay 4q — p? = 2q — 1, tir do:

1
O 2p2q—-1) ©rz5p2q-1)
Theo bat dang thirc co s& ctia phuong phap “p, g, 77, ta co:

pq=>9r op—r==p

Ol ©
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4 han theo vé 2 bat déng thire vira thu duoc, ta co:

8
rp =1 zg7p*(2q -1
Mit khac, vi p? = 2q + 1 nén bét dang thirc trén c6 dang:
8 8
rp -1 257 Q24-DQ2q+Derlp-r 2@ -1
Vay, dé c6 didu phai chig minh, ta chi can danh gia duoc:

1 +8(42 1)>8
17351\ =27

Bién ddi trong duong bat dang thic ndy vé dang nhan tir, ta dugc:
(1-9q)(49—-32q) =0

Song diéu nay hién nhién ding vi: 1 = x2 + y> +z2 > xy + yz + zx = q.

Vay ta c6 dpcm.

VD3.2¢.4: Cho x,y,z > 0 thoa diéu kién x + y + z = 1. Chtrng minh ring:

1 N 1 N 1 <27
l-xy 1—-yz 1-—2zx 8

Loi giai:
Pitp=x+y+z=1,q=xy+yz+zx var = xyz. St dung cac hang dang thirc sau:
1-—xy)A—yz2)(1—2zx)=1—q+pr—r1r?
A-xy)Q—-yz2)+ (A1 —-yz2) A —2zx)+ (1 —2zx)(1 —xy) =3 —2q + pr
Ta bién doi dugc bat dang thic can chimg minh vé dang:
3—2q +pr < 27

1—q+pr+r?~ 8

Hay:
3—11g+19r —27r? >0
Theo bat dang thirc Cauchy ta co:
(x+y+2)3=227xyz=>p3 =2 27r = p3r > 27r? = -27r? > —r
Map = 1nénr = 27r3 va dé c6 dpem, ta chi can danh gia duoc:
3—-11q+19r—-r=0<3—-11qg+18r =0
Viét bat dang thirc trén vé dang theo x, y, z thi ta c6:
3—-11(xy+yz+2zx)+18xyz =0

, , , 1
Khong mat tinh tong quat, gia sir z = min{x, y, z} thé thiz < 3

Ap dung bt dang thic Cauchy ta co:
x + y\?
xy(18z —11) — 11z(x + y) = <T> (18z—11) —11z(x + y)
Vix +y + z = 1 nén ta chi can chimg minh ring;
1-z

(T)Z (182—1)—11z(1—-2) > 0

a hung diéu nay tuong duong véi:
(3z-1)2Qz+1) >0
Bét dang néi trén 1a hién nhién dung. Vi thé ma ta c6 dpem.

VD3.2¢.5: Cho x,y,z = 0. Chirng minh réng:
(8x2 +y2)(8y? +zx)(8z  + xy) < (x + y + 2)°
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Loi giai:
Pitp=x+y+2q=xy+yz+zx vir = xyz. Do bit ding thirc can chimg minh 1a dong bac nén khong
giam tinh tong quét, ta co thé gia sit p = x + y + z = 1. Khi d6, bat dang thirc dugc dwa vé dang:

513(xyz)? + 64(x3y3 + y323 + 23x3) + 8xyz(x3 + y3 + 2z3) <1
Ta str dung cac hing dang thirc sau:

a®+ b3+ c3 =p(p?—-3q) +3r
a3b® + b3c3 + c3a® = q3 — 3¢%r + 3r?

Va bt dang thtc can chimg minh di dugc dua vé dang:

513(xyz)? + 64(x3y3 + y323 + 23x3) + 8xyz(x3 + y3 + 2z3) <1

& 51313+ 64(q® — 3¢*r +3r2) + 8r(p3 —3pq +3r) < 1
© 72912+ 64q(q? —3r) +8r(1—-3¢) <1
© 64q(q> —3r)+8r(1—-3q) < (1 —27r)(1 + 277)
Theo céc bat dang thirc co s¢ ciia phuong phép “p, g, 7 thi ta ¢6: pg = 9r, ma p = 1 nén:
q=9r=>1-3q<1-27r=>8r(1-3q) <8r(1—-27q)
Dé giai quyét bai toan, ta chi can ching minh:
64q(q®> —3r) < (1 —27r)(1 + 19r)
Bay gio¢ ta sé chung minh:
1—27r > 16(q% — 3r)
Hay:
1+ 21r = 164>

That vay, theo bat dang thirc Schur ta ¢6: p> —4pq +9r > Onéntaip = 1 tasd co: 1 + 9r > 4q
Suy ra:

7
1+21r >217r +4q = 1+§(4q—1)

Xét 2 truong hop sau:

.1 1 | 7 |
Néu g > 1 hodcq < 3 ta s€ ching minh 1 + 3 (4q — 1) = 16q2. Biéu nay tuong duong voi:

(3q — 1)(4q — 1) < 0 (dhGng trong truong hop dang xét)

1 1 . 1 ;
Neu§ <q=< 7 thi theo bat dang thirc Cauchy ta co: 1 =>q= 3\/ﬁ
Suyral—27r > 16(q* — 3r)
Vay trong moi truong hop ta ludn ¢6 1 — 27r > 16(q* — 3r)
Phén con lai ta s& ching minh: 16(1 + 19r) > 64q, hay 19r + 1 > 644, nhung diéu nay hién nhién dang theo
bat dang thic Schur, két hop véip = 1.

Vi thé, ta da c6 dpem.

. 111
Dang thuc xay ra khi x, y, z ti 1€ véi (—

11
==)h (,—,—)h"h’ | cita chung.
3’3 3) ay (0 52 oac cac hoan vi cua chung

VD3.1¢.6: Cho a, b, c > 0. Chirng minh réng:
1 1 1 9

+ + >
a’?+ab+b? b> +bc+c? c?+ca+a? " (a+b+c)?

Loi giai:

Pitp=a+b+c,q=ab+bc+cavar = abc. Tachi ¥ dén hing dang thirc sau:
a’+ab+b?*=(a+b)’—ab=(1-c)>—ab=1-c—q

Vay bét dang thic can chimg minh c6 thé dugc dua vé dang sau:
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Y-a--b-9)>=A-a-gU-b-)l-c-q)
cyc
Khai trién va thu gon bat dang thirc trén, chl ¥ rang vi cc bién kha cong kénh nén ta c6 thé dit m = 1 — q dé
qua trinh tinh toan dugc don gian hon. Sau khi da khai trién va thu gon rdi thay lai cac bién nhu cii thi ta can
ching minh bat dang thirc sau:
93+ 6q*—3q+9r+1=0
Hay:
q3q+1)?+9r—-1-49g=0
a hung hién nhién ta da c6 q(3q + 1)? > 0 va theo bat dang thirc Schur ddi voi p = 1 thi ta co:
p>—4pq+9r=0=>1+9r > 4q
Vay bét ding thirc hoan toan dugc chimg minh.

VD3.1¢.7: Cho x, ¥,z = 0 vi x + y + z = 1. Chimg minh rang;
xy + vz +zx = 1203 + y3 + z23) (x%y? + y?z% + z%x?)
Loi giai:
baitp=x+y+z,q=xy+yz+zxvar = xyz.
V6i gia thiét p = 1, bt dang thic can ching minh duoc dua vé dang:
q=>12(1—3q + 3r)(q% — 2r)

=

A

. 1 5 .
Néu g = 7 thi do 0 < r < = nén ta chi can chirng minh rang:

9
q> 12q2(1—3q—%)

Hay:
1> 4q9(3—-8q)
Xét ham sb: £(q) = 12q — 32q? ¢6 dao ham f'(q) = 12 — 64q < 0 trén mién dang xét cta q nén f(q) giam
trén mién ndy va ta co:
1
f@=f(3)=1
fa1) — f(q2)

(déi v6i cac ban khong biét vé dao ham, ta c6 thé xét dau biéu thuc; —————== < 0 véi g, < qy < Z)
qd1 — 42

Néu0 < q < %, bat dang thirc can chimg minh tuong duong véi:
q =12q%(1 —3q) + 12r(3q® + 6q — 2) — 72r?
a hung bat dang thtc ndi trén ding vi theo bat ding thirc Cauchy thi:
12q(1-3q) = 43q(1 —3q) < (3 + (1 —3¢))* =1

a én suy ra:

12¢%(1-3q) < ¢
Mit khac: 3q% + 6q — 2 < 0 vdi q thudc mién dang xét. Vi thé:

q =12q*(1 —3q) = 12¢%*(1 —3q) + 12r(3¢g® + 6 — 2) = 12¢%*(1 — 3q) + 12r(3q* + 6q — 2) — 72r?
Vay trong moi truong hop, bat dang thuc:
q>12(1—3q +3r)(q%? — 2r)

1a bat dang thirc dung. Va ta da c6 dpem.
Diéu thh vi cta bai toan trén 1a drfmg thirc xay ra tai cac diém x, ¥,z c6 gia tri Iéch nhau. Céc ban hay tu kiém tra
di€u nay.
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VD3.1¢.8: Cho x,y,z > 0. Tim hing s6 k nho nhat dé bat dang thirc sau ddy ludn ding:

x+y+2z\*xy+yz+zx ¥>(x+y)(y+z)(z+x)
(=) =) =7
Loi giai:
Cho x = y = 1 va z — 0 thi ta thdy gia tri cta k bi chin trong mién:
>k :31n3—41n2
—7%" 2In2-1n3

Ta s& chimg minh bét dang thirc diing tai k = k, vira tim duoc.
That vay, dit p = x +y + z,q = xy + yz + zx va r = xyz. Vi bat dang thirc dong bac nén khong giam tinh
tong quat, ta c6 thé gia str p = 1. Khi d6, bt dang thirc can chimg minh dugc dua vé dang:

3—ko
8q 2
F=T‘+Tk0—qZO
3 2
Xét 2 truong hop:
déul>4q >0 thi:
3-’(0 kO_l
8qg 2 3—ko 8 ko—1 3—kq 8 1\ 2
FZT,(O—q=q2 3+k0—q2 =>q 2 T’%_(Z) =0=>F=>=0
32 32 32

1 1 C
Néu§ >q=> 7 thi theo bat dang thirc Schur ta c6 p® — 4pq + 97 = 0,map = 1 nén:

4q -1
>
"=
Tur do:
3—ko 3—ko 5
4g—-1 8q 2 8q 2 q+1
F 2 9 3+k0 _q: 3+k0 - 9
32 32
bat
3—kg :
8q 2 q+1
f(Q)= 3+ky 9
3 2
Tinh dao ham ta co:
, 4(3—-k,) 5
fl@=%T ms 9
q 2 .3 2

1 1 , 11 (1 (1 5
Vig >q= 1 nén f (q) < 0,suyra f(q) la ham giam trén [Z,g] Maf (5) <0<f (Z) nén ton tai duy

. 11 , L
nhat q, € [Z,g] sao cho f (qy) = 0.Theo b6 d¢ Fermat ta co:

Fa@ = minff (3).7(3)]

a hung ta co:

aénf(q)=0.

8q 2
3+k0 -

3 2

Vay trong tat ca cac truong hop, ta déu co: F = r +
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Do do, gia tri nho nhat can tim cua k 1a:

P _31n3—4ln2 182
T 9Im2—-In3 7

d. Cac bat dang thic nhiéu hon 3 bién sé:

Phuong phép “p, g, 7 khong chi cho phép ta chimg minh duoc cac bat dang thirc 3 bién ma con hd tro viée tim
duogc cac hang s tot, lam cho bat dang thirc tré' nén manh nhat. 4 hung, c6 thé ban nghi rang “p, q, 7 chi thuc
su hiru dung d6i v6i trudng hop bat dang thire gdm c6 3 bién s6? Su that khong phai thé, bang dinh 1y Viéte, két
hop véi mot sb cong cu co ban cua Giai Tich, ching ta c6 thé chimg minh cic bat dang thirc véi s6 luong bién
nhiéu hon. Phan nay xin gidi thidu véi cac ban mot bat dang thirc 4 bién, dugc chimg minh bang cach dua vé 3
bién nho tmg dung ciia 2 dinh 1y quan trong 1a dinh 1y Viéte ciia Pai S6 va dinh 1y Rolle ciia Giai Tich.

a hung trude hét, ta hiy 1am quen voi mot sd khéi niém co sé cua Giai Tich.

DPao ham cua da thire:
n

Cho da thitc P(x) = apx™ + ap_1x" 1+ -+ a;x + ag = Z agx®
k=0
Ta dinh nghia gi6i han cta ti s gitra sd gia cua gia tri P(x) v6i sb gia cta x khi s6 gia ay dan dén 0, 1a dao ham
cua da thic P(x), nghia la:
P(x + Ax) — P(x)
Ax

P = jm

Ta chirng minh dugc da thirc dao ham cua P(x) la:

n
P'(x) =nax" '+ (n—1Da,_1x" 2+ +2a,x+a, = z ka,x*1
k=1
Cic tinh chit ciia da thirc dao ham:
a éu Vx € [a; b], ta co P'(x) > 0 thi P(x) tang trén [a; b]
a guoc lai, néu Vx € [a; b], ta cd P'(x) < 0 thi P(x) giam trén [a; b]
a éu Vx € [a; b], ta co P'(x) = 0 thi P(x) 1a ham héng trén [a; b]
Churng minh.
Ta chi chimg minh trudng hop P’ (x) > 0, cac trudng hop con lai ¢6 thé suy ra tuong tu.
That vay, trong truong hop nay, P(x) la ham tang trén [a; b] khi va chi khi:
P(x + Ax) — P(x)
Ax

> 0,Vx € [a; b]
Tt la:
P(x + Ax) — P(x) -

0
Ax

P = jim,

Va ta da c6 dpem.

B6 dé Fermat:
Cho da thirc P(x). 4 éu da thtrc nay dat cuc tr tai diém x, € (a; b) thitaco P'(x,) = 0
Chitng minh.
Khong mat tinh tong quat, gia st x, 1a diém cuc tiéu. Pé ching minh b6 dé Fermat, ta xét dao ham bén
trai va dao ham bén phai ctia P(x) tai diém x,:
P(x) — P(xO),P’(xO_) = lim P(x) — P(x,)
) X — X

P'(x3) = lim
0 x-Xg X — Xo
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a hung do P(x) dat cuc tiéu tai diém x, nén véi x di gan x, thi P(x) — P(x,) = 0. Vi vy gié tri duéi
ddu lim & dang thire thir nhit luén khong am, con & dang thire thi hai ludn khong dwong. Vi thé dao
ham bén phai tai diém x, khong am, con dao ham bén trai tai diém x, ludn khong duwong. Vi P(x) co
dao ham trén [a; b] nén hai dao ham nay bang nhau va vi thé bat budc chiing phai cing bang 0.

B6 dé Fermat duoc ching minh.

Ap dung két qua nay, ta s& ching minh dugc dinh 1y Rolle:

Dinh ly Rolle:

Cho da thtrc P(x) c6 dao ham trén (a; b). Khi d6, néu P(a) = P(b) thi ton tai x, € (a; b) sao cho:
P'(x,)=0

Churng minh:

Gia sir da thie P(x) dat gia tri 16n nhat M va gia tri nhd nhit m trén doan [a,b]. Co thé xay ra hai
truong hop
a) M = m.Khid6 P(x) la da thic hang trén [a, b] va Vx € [a; b], ta c6 P'(x) = 0.
b) M > m. Do P(a) = P(b) nén mét trong hai gia tri M va m phai dat duoc tai mot diém
xo € (a; b). 4 hung khi d6 P(x) dat cuc tri tai x, va theo bo dé Fermat ta c6 P'(x,) = 0.
a hu vay dinh ly da dugc chirng minh.

Mot trong nhirng hé qua quan trong cua dinh 1y Rolle 1a, khi ta cho P(a) = P(b) = 0 thi:
Gitra 2 nghiém x; va x, cta da thirc P(x), c6 1 nghiém cua da thirc dao ham P’ (x)

Bay gio ta s& mg dung hé qua nay, két hop véi dinh 1y Viéte dé ching minh bét dang thirc ndi tiéng sau:

VD3.1d.1: Cho a, b, c,d > 0. Ching minh ring:

i/abc+bcd+cda+dab<\/ab+ac+ad+bc+bd+cd
4 - 6
Loi giai:
batp=—-(a+b+c+d),q=ab+ac+ad+ bc+ bd + cd,r = abc + bcd + cda + dab va s = abcd.
Theo dinh ly Viéte ddo, a, b, ¢, d 1a 4 nghiém thuc khong &m cua phuong trinh:

P(x)=x*—px3+qx>?—rx+s=0
Theo hé qua cta dinh 1y Rolle, gitta 2 nghiém cua P(x) phai c6 mot nghiém cua P’(x). 4 hung vi P'(x) 1a da
thirc bac ba khong ddng nhat véi 0 nén P’ (x) ¢ dung 3 nghiém thyc dwong.
Ki hiéu 3 nghiém ay 1a u, v, w. Ta cé:

P'(x) = 4x3 —3px? + 2qx — r
Theo dinh 1y Viéte, d6i véi P’ (x), ta co:
j u+v+w= BZTP

uv + vw + wu =

N

L T
qu—4

a hung ciing theo dinh 1y Viéte ddi véi da thie P(x) thi:
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at+b+c+d=p
ab+ac+ad+bc+bd+cd=q
abc + bcd + cda + dab =r
abcd + s
n ta co:

>
>

3
( u+v+w=Z(a+b+c+d)

1
<uv+vw+wu=§(ab+ac+ad+bc+bd+cd)

\
V6i 3 s6 thue duong u, v, w, theo bat dang thirc Cauchy ta co:

uv + vw + wu
3 > 3/ (uvw)?

1
uww = (abc + bcd + cda + dab)

Suy ra:

3\/ab0+bcd+cda+dab<\/ab+ac+ad+bc+bd+cd
4 - 6

Va d6 chinh la dpcm.

Xin luu ¥ v6i cac ban ring bat dang thirc trong VD3.1d.4 rat chat. Phuong phap thudng duoc dung dé ching
minh n6 12 phuong phap don bién, véi sy hd tro ctia dinh 1y SMV (Stronger Mixing Variables). 4 hung voi dinh
ly Viéte, ta da sir dung céc kién thirc trong sach gido khoa phd thong dé lam dugc mot didu ma phai s dung
nhitng céng cu rat manh méi c6 thé giai quyét duoc. That 1a ki digu!

e. Cac bat dang thirc khac lién quan dén phuong trinh bac ba:
VD3.2e.1: Cho da thic P(x) = x3 + ax? + bx + ¢ ¢6 3 nghiém khong 4m phan biét. Chimg minh rang:

a b 5
3 / 3> Ve
Loi gidi:

Goi x4, X5, x3 1a 3 nghiém khong am phan biét ctia P(x). Theo dinh ly Viéte thi:
X1 +x;+x3=—a
{xlxz +Xx,X%3 +Xx3%1 = b
X1XX3 = —C
Mit khéc, vi x4, x,, X3 1 cic s6 khong 4m phan biét nén theo bt dang thic Bunyakovsky va bat ding thirc
Cauchy, trong cac truong hop khong xay ra ddu bang vi cac bién 1éch nhau, ta thu dugc day bat dang thirc sau:

X1+ X3 + x3 > \/xlxz + xy,x3 + x3%4

3 3 > 3/x1%,%5

Thay cac da thirc Viéte vao, ta co:

Do chinh 1a dpem.
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VD3.2e.2: Cho phuong trinh x* + px? + gx + p = 0. Biét rang q # 1 va phuong trinh da cho c6 3 nghiém 1a
tan 3 goc clia mot tam giac nhon. Chimg minh rang: p < —3vV3vaq = 9.
Loi gidi:
Gia st phuong trinh da cho c6 3 nghiém latan A, tan B ,tan C véi A4, B, C 1a 3 goc cia tam giac nhon ABC.
Theo dinh ly Victe, ta co:
tanA +tanB +tanC = —p
tanAtanB + tanBtan(C +tan(CtanA4 = q
tanAtanBtanC = —p
Vi tam gidc ABC nhonnén tan4,tanB,tanC > 0, vivayp < 0vaq > 0.
Ap dung bét dang thirc Cauchy ta co:
tanAtanBtanC =tanA + tan B + tan C > 3VtanAtan B tan C
= —-p = 33’\/—_p
= p3 < 27p
Vip < 0 nén tir bat dang thiic trén ta suy ra p < —3+/3.
Mit khac, ciing theo bat dang thiic Cauchy:
q =tanAtanB +tanBtanC +tanCtan A > 33{/(tanAtanB tan C)?2

=>qg=>3p2=3V27=24q9=>9

Vay ta c6 dpcm.

VD3.2¢e.3: (VMO 2002)
Biét rang da thic P(x) = x3 + ax? + bx + ¢ ¢6 3 nghiém thyc. Chtng minh rang:
3
12ab + 27c¢ < 6a® + 10(a? — 2b)2
Loi giai:
Biét dang thirc can chimg minh tuong duong véi:
3
—6a(a? — 2b) < —27c¢ + 10(a? — 2b)2
Goi x4, x5, x3 12 3 nghiém thyc cua da thirc P(x). Theo dinh 1y Viéte, ta co:

xl + xz + x3 = —a
X1Xo + Xy X3 + X3Xq1 = b
x1x2x3 = —C

Suy ra: a? — 2b = x? + x2 + x%. Bat dang thirc can chimg minh trg thanh:

6(x1 + x5 + x3) (% + x2 + x5) < 27x1x,%3 + 10(x? + x% + x%)%
aéux?+x%+x% =0thix; =x, = x3 = 0 va bat dang thirc 12 hién nhién ding,
aéux?+xZ+x%>0.
Khong mat tinh tong quat, gia sir x7 < xZ < xZ, mat khac vi bat dang thirc 1a dong bac nén ta con c6 thé gia sir
x? 4+ x5 + x5 = 9. Khi d6: x2 > 3 va 2x,x, < x? + x2 < 6.
Do d6, bat déng thic can ching minh lai dugc bién doi vé dang:
2(x1 + x5 + x3) — x1X5%x3 < 10
a hung theo bat dang thirc Bunyakovsky, ta co:
[2(x1 + x5 + 2x3) — x12%3]% = [2(x1 + 2x2) + x3(2 — x10)]% < [4 + (2 — x12) % ][ (%1 + %)% + %3]
= [2(x; + x5 + x3) — X12%,%3]% < [8 — 4xyx, + (272%2)%](9 + 2x1%5)
= [2(x1 + x5 + X3) — x120,%3]% < 2(x1%3)3 + (x1%5)? — 20x,x, + 72
= [2(x; + x5 + x3) — X12%%3]% < (x5 + 2)?(2x,x, — 7) + 100 < 100

Vay ta co dpcm.
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3.3. Dinh ly Viete véi phuong trinh bac cao:
a. Mot vai dang thirc va bat dang thirc vé cac da thuc dbi xtmg:
VD3.3a.1: Cho 2 b6 s6 {x,,} va {a,} giam va khong 4m thoa man hé diéu kién:
{E,%(x) > El(a),Vk=1,n—1
Ez(x) = Ez(a)
Ching minh rang:
Ef(x) < Ez(a)
Loi giai:
Ta co:
[Ez(0)]? — 2Eq(x?) = EZ(x)
Vay bét dang thirc can ching minh twong dwong voi:
[Ex(0)]? — 2E3(x?) < [Ex(a)]? — 2Eq(a?)
a hung vi:
Ez(x) = Ex(a)
a én ta chi ta chi can ching minh:
En(x?) = Eq(a?)
Ta co:
(ap —x)? =2 0= x2 > a2+ 2a,(x, — ag),Vag, x, €R

Tu do6 suy ra:
n—1

En(x?) 2 Eg(a®) + 2 ) (ax — ays1) [Ex(x) — Ex(a)]
k=0
a hung theo gia thiét thi {a,} 1a ddy giam va E}(x) = E}(a),Vk = 1,n — 1 nén ta co:

2> (@ — @ DIBE) — Bi@)] 2 0
k=0

Vay:
n—-1
EAG?) 2 EA@®) +2 ) (@ — i) [EE() — ER(@)] 2 E3(a?)
k=0
Va do chinh la dpecm.

VD3.3a.2: (Bat dang Karamata)
Cho 2 b sb giam va khong 4m thoa méan hé diéu kién:
{E,%(x) > Ela),Vk=1,n—1
Ez(x) = Ex(a)
Chting minh rang véi moi da thirc P(x) thoa diéu kién: P”'(x) > 0,Vx € R, ta luén c6:
Ex[P(x)] = Ez[P(a)]
Loi gidi:
Vi P"(x) = 0 nén theo dinh 1y Largrange ta co:
P(xy) = P(ay) + P'(ap)(x — ay),Vay, x; €R

Léan lugt cho k = 1,2, ..., n r0i cong cac bét déng thirc dang nhu trén lai véi nhau, ta co:
n—-1

EAIPGO] = BAIP(@)] + ) P'(@) (o — @)

k=0
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T la:
n-—1
Ex[P(x)] = Ex[P(a)] + Z [P'(ar) — P'(ai+)][Ex(x) — Ex(a)]
k=0

a hung vi P”(x) = 0,Vx € R nén P’(x) 12 ham ting trén R. Mit khéc, vi {a,,} 1 ddy giam nén:
P'(ar) > P'(ax41),Vk = 1,n
Suy ra:

n—-1
D 1P @0 = P/ (@D — ER (@] = 0
k=0
Tir do:
n-1
Ex[P(x)] = Ez[P(a)] + Z[P’(ak) — P'(ax+DI[Ex (x) — Ex(a)] = Ex[P(a)]
k=0
Vatada cé dpem.
VD3.3a.3: Vi mbi day sb thyuc {t,}, ta ki hiéu:
1
A =£(t1 +t,++t,)

1
B =;(tf+t22+---+t,21)

Gia thiét r::ing t; € [p,ql, Vi = 1,n. Chirng minh ré’mg:
A? 4
£ _tea_
B~ (p+q
Loi giai:
Tur gia thiét ta co:

n
(ti-p) - SOVi=Tn= ) (t—p)(t — ) <O
k=1
Suy ra:

n n

zti—(p+q)ztk+npq >0

k=1 k=1

V6i cac ki hiéu cua bai toan thi bat dang thirc trén duoc dua vé dang:
B—(p+qA+npqg=0

Vay:

B _-pa pta__ (1_m)z+(p+q)2<(p+q)2
2=z Tz T TP T g apq  — 4pq
a ghich dao 2 vé ctia bat dang thuc trén, ta thu duoc:
. .
B~ (+q)?
Va d6 chinh la dpcm.

VD3.3a.4: Cho x4, x5, ..., x, > 0. Chung minh r’fmg:

E_T]iz E_rzlzzn_li_lan_ﬁl
ci= ez N [ox
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Loi giai:
Ta ching minh ddy bat dang thirc trén bang quy nap.
Véin = 1, dé thay bat ding thire ding.
Gia str bat dang thirc diing tai n — 1, ta s& ching minh no ciing ding cho n.
That vay, khong mat tinh tong quat, gida st 0 < x; < x, < -+ < Xj,.
Xét da thiuc P(x) = x™ — E}x™ 1 + E2x"2 — ... 4+ (=1)"E.
Theo dinh 1y Viéte dao, rd rang da thirc P(x) c¢6 n nghiém 1a x4, x,, ..., X, nén theo dinh 1y Rolle, da thirc:
P(x)=nx""1-—(-1DEx"2+ ..+ (—1)" N1
co n — 1 nghiém y;, y,, ..., ¥, xen k& voi cac nghiém cua P(x):
0<x <Y1 <X <Yy <3< < Xpq < Yne1 < Xp
Theo dinh ly Viete, ta lai co:

( n—1 1
y1+y2+"'+yn:TEn

n—2
1V1Y2 ¥ Y1Y3 + ot V1Y +YaYs + VaYa ok YoYn + ot YoV = ——Ep
e .
L Y1Yz - Yn =~ En
Theo gia thiét quy nap ta co:
n—-1__ n—ZE2 n-1| ER1
nCpq © (nCiy " T nCod
Suy ra:
Erll Ex n-1 Ztl_l
1 = /ﬁ =z =1
n n n

a hung theo bét ding thirc Cauchy thi:

1 1 1 i -
= (x5 . Xp) (x_ +—+ -4+ x_> > n'\/ (X% o X))

Vi thé:

Vay ta co:

E_"}lz E_%Z...Zn_li—lan_g
|G it

Va theo nguyén 1y quy nap toan hoc, ta da c6 dugc dpcm.
Chu y: ddy chinh 14 bai toan tong quat cho bai toan VD3.1d.4.

VD3.3a.5: Cho 2 b6 s6 duong x = (x4, Xy, ..., X,) V2 y = (1, V2, ..., ). Chitng minh hing dang thirc:
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Ei(x+y) E;(x)  Ei(y)

2
oy " 56 5oyt G EmEe) (xijz_lyf I i;“)
Loi giai:

i=1
Ta su dung bién doi sau:

INGE

i

1]
=

2
(xl > y- ) = (uERG) + yiER )
j=1 i=1

n

2 (ELD)) + i EX) + 2x i ELOEL )]

- (B:)) Z x? + (E3CO)’ Z e - 2E%<x)E,%(y)Z X
= () ((E@) - B) + (B30) (EA) - B2 ) - ZE;(x)E%(y)i i

= 2(EA)* (BA0)” = 2(BA(0) EZ0) - 2(EA() R (BEA®)” - 2BAEL ) ) xiv
Vay:

Voi:

(El(x+y)1El(x)E1(y)>z(xlzy] )’1le> :%

{A (E200) (B0’ = (BA0) B30 - (BA0)) EA) (A’ - EAOERD) ) xoy

B = EX(x + y)EL(x)EL(y)
Ta lai co:

Ez(x+y)—z(x‘+y‘) Z G+ 1) = z e (Zn: Zn: yjﬂ
j=i+1 j=itl

j=i+1
- n n
X; Z Xty z Xj +Xx; Z yi +yi z
i=1 j=i+1 j=i+1 j=i+1 j=i+1
n—-1 n—-1 n—-1
x; z NE z v |+ [ Dy +z
i=1 j=i+1 i=1 j=i+1 i=1 j=i+1 j= l+1
n—-1 n-1
=Eﬁ(x)+E%(y)+z X Z yi |+ Vi Z Xj
i=1 j=i+1 i=1 j=i+1
Ma dpem tuong duong voi:

Ef(x+y) Ei(x) Ei(y) 1

El(x+y) EL(x) Ei(y) (ZEl(x n y)El(x)El(y)) Z (xi JZ Yi =i Z xi)
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Qui d6ng mau thirc cac phan thirc & vé trai, ta dwa hang dang thirc vé dang mot phan thirc ¢ tir thic 1a:
Eji(x + ¥)Ex () Ez (v) — ER () Eq (x + Y)En () — EZ () En(x + y) En(x)
2 2
= Ex(0) + Ex(y) — (Ex (1) EZ(0) — (Ex (%)) EZ(¥) — Ex () Ez (WER (x) — En(0)ER (MEZ ()

[n—1 n n—-1 n
= EAOEX0ER () + BAEIER) + EXEL0) | D [ Yy |+ ) (e D
=1\ j=it1 i=1 j=i+1
2 2
— (Ea()) EZ () — (Ea(0)) " EZ(¥) — En(O)Ex(MEZ (%) — Ex()Ex(WEZ ()
n-1 n n-1 n 1
2
=B+ B0 + ) (% )y |+ ) [w D x|~ (BR00) B2 00 - BXOBAMDEZ (o)
i=1 j=i+1 i=1 j=i+1 /|
n-1 n n-1 n 1
2 2
=B +EM[D (x ) v |+ (% ) 5|~ EO)E® - (B@) B
i=1 j=i+1 i=1 j=i+1
Vay dé chimg minh hang dang thtrc, ta chi cin chimg minh:
n n-1 n n-1
Ex(x)Ex(y) — Z Xiyi = Z X Z + Vi Z
i=1 i=1 j=i+1 i=1 j=i+1

a hung ta co:

n

Z xXiyi +

i=1 i

S
| Il
n R

...
1l
-
-.
1l
-
+
[N

Il
MI
R R
M I
= =
| ™M
=
gl
&
~  — ~—_
|
NgE
=
<

Vata da cé dpem.

Tir két qua caa VD3.3a.4, ta co:

Erzl(x +_’y) Erzl(x) Erzl(y) _ n n n
EX(x+y) Ei(x) EX(y) ( 2EL(x + y)El(x)El(y)>z xi;Yj - yi;xi >0

%w+w>ﬁm EZ(y)

= =
o B +3) - Bi®) " ER(Y)
Do chinh 1a ndi dung cua bat dang thuc Markuc — Lopes.

b. Pa thtrc bac cao va dinh 1y Viéte:
VD3.3b.1: Cho da thitc P(x) = apx™ + a1 X" 1+ -+ a;x + ap véin = 2 va a,a, # 0. Biét ring P(x) ¢
n nghiém 1a cac sb thuc duong. Chimg minh rang:

a,_1a
Tl11>n2

anQo
Loi giai:
Goi x4, X5, ..., X, 1a n nghiém duong ctia P(x). Theo dinh ly Viéte, ta co:
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A
( X1+ x,+ - +x, = "1>0

n

RS
{X1Xg i Xpq + X1 X3 e Xppeq + o+ XXz Xy = (1) 1a— >0
n

a
X1X9 w0 Xy = ()" 2>0
\ n

Theo bat dang thirc Cauchy ta c6:

{ X1+ X+ Xy 2N XXy Xy
X1X; .

n
-1
W Xpeq F X1 X3 X g F o F XX e Xp_q = N (XX e X))

a han theo vé 2 bat dang thirc trén thi:
(X1 + X2 + -+ xn)(xlxz e Xp—1 + X1X3 o Xpn—1 + -+ XpX3 ...xn_l) = nlexZ e Xn

. (1 F x5+ 4+ x) (X1 X e Xpoq + X1 X3 e Xp_q + = F X X3 e Xpp_q1) o 2

X1Xp ... X
ap-1a1

anQo
Vay ta c6 dpcm.

VD3.1b.2: Biét rang da thirc P(x) = x2°90 + q,x1%%° + a,x19%8 + - + @1999X + Az000 c6 2000 nghiém phan
biét ddng thdi a;995 = 1995 Va a199; = 1997. Ching minh rang a,q9¢ > 2231.

Loi gidi:

Do da thirc P(x) c6 2000 nghiém phan biét nén theo dinh 1y Rolle thi:

Pa thirc P’ (x) ¢6 1999 nghiém phan biét, da thirc P"'(x) c6 1998 nghiém phan biét va da thirc P""'(x) c6 1997
nghiém phén biét.

a hung P""(0) = 3.2.a1997 = 3.2.1997 # 0 nén da thirc sau:

1
Q(X) — x1997.P”’ (}) — 6a1997x1997 + 24a1996x1996 + 60(11995X1995 4+ -+ bl

cling c6 1997 nghiém phan biét. Gia st cac nghiém do6 1a x4, x5, ..., X1997 Theo dinh ly Vigte ta co:
1997

2 : o = 2401996
;= —
6a1997

i=1

2 : oxs = 60a1995
iXj = —
6a,997

Va:

1<i<jsn
Ap dung bét dang thic Bunyakovsky ta co:
1997 2
i=1 1<i<jsn
24a 2 60a
- (_ 1996) > _2. 1995
6a1997 6a,997

1
= |a1996] = 5V 5199501997 > 2231

Va d6 chinh la dpcm.

VD3.1b.3: Goi m, n, p 12 3 nghiém ctia phuong trinh bac ba ax® + bx? + cx — a = 0. Chirmg minh rang:
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SR R SRR
m*+nt+pi>z—+———
m n p
Loi giai:
Theo dinh ly Viéte ta co mnp = 1
Chon a = 45°, = —30% y = 165° thia + § + y = 180° thi:
V2 V3 2+3

cosa=7,cos,8=7,cosy=—c05150=— >

Vay sau khi nhan 2 vé cho mnp = 1 thi bat ding thirc can chtrng minh trong dwong vdi:
m? +n? + p? > 2mncosa + 2np cos B + 2pmcosy
© (mcosf +ncosa—p)?+ (msinf —nsina)? >0
a hung bat dang thtc sau cung hién nhién dung nén ta c6 dpem.

Chu ¥: bat dang thirc m? + n? + p% > 2mncos a + 2np cos f + 2pmcosy véi a + B +y = 180° duoc goi la
bét ddng thirc Erdos. Trong tam giac, bat dang thirc nay c6 rat nhiéu ing dung.

3.4. Ung dung ciia dinh 1y Viéte trong mot bai toan Hinh Hoc cua thé ki:
Két thuc bai thuyét trinh, xin dua cac ban budc dén mot canh cira din vao mot chan troi khac rong 16n hon.
Chung ta déu di biét, dinh 1y Viéte 1a mot trong nhitng dinh Iy mang tinh nén tang cho sy phat trién ctia Pai SO,
nhung c6 18 it nguoi nghi rang dinh 1y ndy con xuat hién trong mot s6 phan nganh quan trong khac ciia Toan
Hoc. 4 hu d3 néi ¢ trén, chiing ta s& bat gap bong dang cua dinh 1y Viéte trong Giai Tich, cing v6i su hd trg caa
dinh 1y Rolle, dinh 1y Largrange... dé chimg minh cac ménh dé quan trong. Bay gid, chiing ta s& dén vé6i dinh 1y
nay trong mét bai toan Hinh Hoc cua thé ki, d6 1a dinh 1y Morley.

VD3.4.1: (Binh ly Morley)

Cho tam giac ABC bat ki. Cac duong chia ba goc ABC va goc ACB ké voi BC cit nhau tai D. Cac duong chia
ba goc ABC va goc ACB ké voi BC cit nhau tai D. Cac dudng chia ba goc ABC va goc ACB ké v6i BC cét nhau
tai D. Chimg minh ring tam giac DEF déu.

Loi giai:

A

Khong mat tinh tong cEfuét, gia st ban kinh dudng tron ngoai tiép cia tam giac ABC bang 9 (dvdd). Thé thi
AB = 2sin3c,BC = 2sin3a,CA = 2sin 3b. Bay gio xét tam giac ABE, 4p dung dinh 1y sin, ta c6:
AE AB ABsinb 2sin b sin 3¢
sinABE sin AEB sin(180° —a — b) sin(60° —¢)
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Mat khac, xét phuong trinh:
sin3x =sin3a (1)

Ta co:
km
(1)@3x=3a+kn<=x=a+?
Lan lugt cho k = 0,1,2, ta dugc cac gia tri cua x la:
T T
=aq, = -|——’ — - —
X1 =a,X, =a 3 X3=a 3

Bay gio, dat t = sin x va xem (1) nhu 12 mot phuong trinh dai s6 theo t thi:
3t — 4t3 = sin3a
Bién ddi vé dang chinh tac cua phuong trinh bac 3, ta dugc:
4t3 — 3t +sin3a =0
Do t; =sina,t, = sin(a + 60?),t; = sin(a — 60°?) 1a cac nghiém cta phuong trinh nén noi trén theo dinh 1y
Victe ta co:
sin 3a
4
= 4sinasin(60° + a) sin(60° — a) = sin 3a
Ap dung cong thirc vira thu dugc, ta co:
sin 3¢ = 4 sin ¢ sin(60° + ¢) sin(60° — ¢)

tityts =

Tu do6 suy ra:
_ 2sinbsin3c  2sinb.4sinc sin(60° + ¢) sin(60° — ¢)
~ sin(60° —¢) sin(60° — ¢)
Ly luén tuong tu ta c6: AD = 8sin ¢ sin b sin(60° + b)
Ap dung dinh 1y cosin cho tam giidc ADE, ta c6:
DE? = AD? + AE? — 2AD. AE.cos DAE

= 64 sin? b sin® ¢ sin?(60° + b) + 64 sin? b sin? ¢ sin?(60° + ¢)

— 2.64 sin? b sin? ¢ sin(60° + b) sin(60° + ¢) cos a

= 64 sin? b sin? c[sin?(60° + b) + sin?(60° + ¢) — 2 sin(60° + b) sin(60° + c) cos a]
Mit khéc, chu y rang (60° + b) + (60° + ¢) + a = 180° nén (60° + b), (60° + ¢),a 1a s6 do 3 goc clia mot
tam giac. Trong ho cac tam giac c¢6 sb do 3 goc 1a (60° + b), (60° + ¢), a (ho ndy gom cac tam giac dong dang
v6i nhau nén ta chi can xét dic trung 1 tam giac bét ki trong ho), xét dic trung tam giac c6 sd do 3 goc 1a
(60° + b), (60° + ¢), a va c6 ban kinh duong tron ngoai tiép bang 1, theo dinh 1y cos thi:

4 sin? a = 4 sin?(60° + b) + 4 sin?(60° + ¢) — 2.2 sin(60° + b) .2 sin(60° + ¢) cos a
= sin? a = sin?(60° + b) + sin?(60° + ¢) — 2sin(60° + b) sin(60° + ¢) cos a
Do tinh chét néi trén dic trung cho bo tam giac ndy nén ta cé:
DE? = 64 sin? b sin? c[sin?(60° + b) + sin?(60° + ¢) — 2 sin(60° + b) sin(60° + ¢) cos a]
= DE? = 64 sin? asin? b sin? ¢
= DE = 8sinasinbsinc

Ly luan tuong tu ta cling c6: EF = 8sinasinbsinc va FD = 8sinasinbsinc, suyra DE = EF = FD, tuc la

= 8sin b sin ¢ sin(60° + ¢)

tam gidc DEF déu (dpcm).

THE FA D
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