PINH LY MUIRHEAD VA UNG DUNG

Trong bai viét nay t6i xin gisi thiéu vé dinh Iy Muirhead va tmg dung cta no trong
cac bai toan chiing minh bat dang thuc.

Truéc hét ta phét biéu dinh Iy Muirhead dang tong quét cho n sé:

Chonso a,a,,...a, duong . Ky higu > a/.a5*...a." la tong ddi ximg cua cic

sym
biéu thic dang a.a%...a% .
Ta n6i by s6 (a,a,,...a,) troi hon bd s6 (B.,pB,...3,) va ky hiéu:
(a,ayyeyy) = (B Bores B) néu:

o, to,+..ta, =6+, +..+ 5,

20,220,220 f2p,>..20 20

o to,+..ta, 2B+ L, +..+ B, VI<Sm<n

Khi do: Dataz..ar > aliay..al
sym sym
Déng thic xay ra khi va chi khi ¢, = 8 Vi=1,n hoic a,=a, =...=a,.

Céch ching minh dinh Iy Muirhead cho n s6 twong doi phic tap. Va hon nita
trong thuc té ta ciing vkh(‘Jng may Kkhi can stir dung dén truong hop tong quat nay.
Do do trong khudn kho bai bao nay toi xin di sau vao truong hop thong dung nhat
cua dinh ly. T6i s€ chimg minh va dua ra cac tng dung caa dinh ly trong truong
hop n=3. )
Dinh ly Muirhead cho 3 so:
Cho céc so thuc a,,a,,a,,b,,b,,b, thoa man:

a=2a,>2a,>0; b >b,2b, >0

a=b;a+a >b+hb,

a+a,+a,=b +b,+b,
Cho x, y, z la cac s6 thyc duong. Khi do: D x™.y®.z% > x*.y».z".

sym sym

Pang thuc xay ra khi va chi khi a, =b, Vi =1,2,3 hoic x=y=z2.
Clgti’ng‘minh: ,
Bo _de: Cho cac so duong 4&,a,,b,b, thoa min a +a,=b+b, va
max(a;;a,) > max(b;b,). Khi d6 voi cac sé6 x, y duong ta co:
XAy® 4 Xyt > X0y X%y
CM: Khong mat tong quat ta gia st a, > a,,a, >b,,b, >b, . D& dang co:

X2y 4 X% Y% — Xy —xP Y
a a. a—a a —a. -a b, —a. b, —a. -a
:Xz_yz(xl 2+y1 Z_Xbl z'yz 2 x%2 Z.ybl 2)



= XY -y ) (X2 —y* ™) (doa +a, = +b)

=— 1 — (x> —y*)(x* —y*) >0.
X%,y

Ap dung: Ta xét 2 trudong hop:

a)b>a,:

& 28 +8,-b;a >b = a >max(a +a, -b;h) = max(a;a,) > max(a +a, -b;h)
Va a +a,—b >b, >b, = max(a, +a, —b;a,) > max(b,;b,)

Ap dung bé dé hai lan ta duoc:

DoxEyrz® = (xhy® +x2.y*).z% (> laki hi¢u tong hoan vi)

sym cyc cyc
2 Z(Xa1+a2_b1'ybl _|_ ya1+a2_bllxb1)lza3 — szl.(yal+a2_b1le3 + Zal+a2_bl.yb3)
cyc cyc
>0 (y2.2% +22y%) =D Xy
cyc sym
b) b <a,:

3, >b +b,+b,=a,+a,+a,>2b +a,+a,=hb >a,+a,-b
max(a,;a,) > max(b;a, +a, —

:>a22b12a2+a3—b1:>{ (8;i8,) (b8, +3,-b)
max(a,;a, +a, —b) > max(b,;b,)

Ap dung bo dé hai lan ta duoc:

D oxryz® = XA (Y +z%y®)

sym cyc
2 Zxal.(yaz+a3_bl.zt)]. + ZaZ+aS_bl.ybl) — Z yk).l.(xaz+a3_bl.za1 + ZaZ+a3_bl.Xal
cyc cyc
> YR (22 + 2 X)) =D Xy
cyc sym

binh ly dugc ching minh.

Bay gio toi s& dua ra cac vi du minh hoa dé céc ban thay dwoc (ing dung cua dinh
ly trong cac bai toan cu thé.

Vidu 1:

a b L C 2§
o ‘ b+c c+a a+b 2
CM: Bat dang thtric can ching minh tuong duong véi:

CMR: Va,b,c>0,a>1 va abc =1 ta co:

+

a-1
Za“ (a+b)(a+c)> g(a +b)(b+c)(c+a)(abc) 3
i a+5 a+2 a-1 a+2 a+2 a+2

<2 @ +ab+a“c+abc)23D>ahbicd +2a’hic?)

cyc sym



a5 a2 a-l ats a2 a-l a2 a2 a2

@(Za“*z —>a3b3c? ]+2[Za“”b—2a sphs3cs JJ{Za“bc—Za SN jzo
sym sym sym sym sym sym

a+b a+2 a-1 a+2 a+2 a+?2
L] L] )1(a1111)>_( 1 1 )

3 3 3 3 3 3
Bat dang thuc cuoi cung dung theo Muirhead.
bang thuc xay ra khi va chi khi a=b=c=1.

Do a>1 nén (¢+2,0,0) (a+110)>(

,c=1 thi ta sé thu
Z

Nhan xét: Bai toan trén néu ta chon o =2 va dit a=

1,
X

< |~

dugc bai toan IMO 1995.

Vi du 2:
Cho a,b,c>0va abc=2.CMR: a® +b°+c®>ab+c+bJc+a+cva+b
CM: Bat dang thirc can chang minh tuong dwong véi:

2
(a3 +b® +c3)2 z[a aTbC\/bJrc +b,/a7m\/c+a+c‘/a7m\/a+bj

Theo BDT Cauchy-Schwarz dé chimg minh bai todn rd rang ta chi can ching
minh khang dinh sau:

(a®+b°+¢°) 23(a2-a7m-(b+c)+b2-aTm-(c+a)+c2-a7m-(a+b)j

2> a°+2) a®h’=3) a’h’c
cyc sym sym

< (Z a®— Za3bzcj + 2(2 a’p® - Za3bzcj >0
sym sym sym sym

Bat dang thirc cudi cing dung theo Muirhead.
Ping thirc xay ra khi va chikhi a=b=c=32.

Vi du 3: (USAMO 1997)
CMR: Va,b,c >0 tacé:

1 1 1
3 3 + 3 3 + 3 3 <
o _ @ +b’+abc b +c’+abc c’+a’+abc abc
CM: Bat dang thtc can chung minh tuong duong véi:
2> (a’+b®+abc)(a’® +c® +abc)abe < 2(a* +b* +abc)(b® + ¢ +abc)(c® +a° +abc)

cyc

< ) (a'be+4a’h’c? +3a‘bc +a’h’c’) < ) (a'bc +2a°h® + 2a°h?c? +3a’b’c +a’b’c?)

sym sym
< Y ahic? <) a%h’
sym sym

Bat dang thirc cuoi cling ding theo Muirhead.
bang thurc xay ra khi va chi khi a=b=c.



Vi du 4:

3 3 3
Cho a,b,c>0.CMR: — a — b o+ c 223(ab+bc+ca)
b*—-bc+c® c"—ca+a” a°—ab+b a+b+c
CM: Vi a+b+c> S(ab+EC+Ca) nén dé chimg minh bai toan ta s& ching minh
a+b+c
khang dinh sau:
a’ b 2
+ + >a+b+c
b>—bc+c® c¢’-ca+a’® a’-ab+b?
©2M>a+b+c
S bP+c®

& Y al(b+c)@ +b’)(@° +c’) = (a+b+c)@ +b*)(b* +c’)(c +a°)

cyc

<Y (ab+a’c)(a® +a’h’ +b’c’ +c’a’) > (a+b+c) (z a’h’ + 2a3b3c3j

cyc sym

oY ah+) a®h + > a’b’c+ > a'b’c® > ) ah’+ > a’h’+ > a’h’c+ ) a'hc’

sym sym sym sym sym sym sym sym
9 TIh3
= Z a’b > Z a’b
sym sym

Bat dang thirc cuoi cling ding theo Muirhead.
bang thuc xay ra khi va chi khi a=b=c.

Qua céc vi du trén co thé thay rang dé sir dung hiéu qua dinh ly Muirhead trong
ching minh thi ching ta phai tim cach dua bai toan bat dang thac vé dang ddi
xung, dong bac. Ngoai ra cac ban ciing c6 thé nhan thiy rang cac bai toan giai
bang dinh Iy Muirhead thuong khdng khé vé duong 16i ma chi doi hoi k§y nang
bién doi toan hoc chinh xac.

Bén canh d6 ciing c6 ban c6 thé nhan xét rang dinh Iy Muirhead chi hiéu qua ddi
véi 16p bai todn ma dau dang thac xay ra khi tat ca cac bién bang nhau. Diéu nay
thuc ra cling c6 mot ngoai 6. Ta hdy xét truong hop cac bién X, y, z ¢6 thé bang 0
va tat nhién diéu kién di kém phai 1a a,,a,,a,,b,,b,,b, > 0. Khi d6 dang thuc trong
dinh Iy Muirhead sé& xay ra khi va chi khi a, =b. Vi=1,2,3 hoic x=y =z hoic
trong 3 s X, y, z ¢6 2 s6 bang nhau, s con lai bang 0. Vi du sau minh hoa cho
truong hop nay:

Vidu 5: Cho x,y,z>0 thoaman xy+yz+zx=1. CMR:
1 N 1 N 1 2§
X+y Yy+z zZ+x 2

CM: Bat dang thirc can chang minh tuong dwong véi:




(Xy +yz+2x) - ( 1t 1y
X+y y+zZ Z+X 4

& 4(XY + Yz + 2X) -(Z(x+ Y)(X+ z)] > 25(x+ Y)? (Y +2)*(z + x)*

cyc

< 4-(2 ny[Z X2 +3) ny2 > 25(2 X7y + 2xyzj2

cyc cyc cyc sym

Rat gon BDT nay ta dugc BDT tuong duong sau day:
43 Xy +> x'yz+14> x°y?z+38x7y’z" = D x'y? +3) X’y

sym sym sym sym sym

= {ZXSy—Zx4y2J+3[Zx5y —Zx3y3j+[2x4yz +14> x°y?z +38x2y222j >0

sym sym sym sym sym sym

Bat dang thuc cudi ciing dang theo Muirhead.

Xy+yz+zx=1

i_yi_o x=y=1z=0
Péng thic xay ra khi va chi khi : :Z_’X:O oly=z=1x=0

y=nx= z=x=1y=0

z=X;y=0

Thong qua bai viét nay toi hy vong rang mdi ban déu da rut ra dugc nhitg nhan
xét va kinh nghiém cho riéng minh. Bé két thic xin gui téi cac ban mot so bai tap
tuong tu sau dé cac ban rén luyén thém:

Bai 1:
Cho a,b,c >0 thoa man abc =1. CMR:
l1+a 1+b 1+c

a+b+c> +
1+b 1+c 1+a

Bai 2: (Iran 1996)
Cho x,y,z>0.CMR:

(Xy + yz + 2x) ! + 1 + ! >g
y+y (x+y) (y+2)* (z+x)?*) 4

Bai 3:

Cho a,b,c la d6 dai 3 canh tam giac. CMR:
a’+b*+c? - abc
ab+bc+ca (a+b-c)(b+c—-a)(c+a—h)




