Tuyen tap cac bai toan BDT tit Mathlinks.ro

Bai Toan 1. Véi 3 s6 duong a, b, c;hdy chitng minh rang :

a? v 4(a — b)?
s g he———
b c a a+b+c

Loi Giai (1).

Déng 1é néu ap dung C-S thi phai ra thé nay :

(la = bl +[b—c| + |c —a])?
a+b+c

VT >

Va khi nay v6i khong mat tinh tong quat ta gia sit |a — b| = min{|a — b|;|b — c|;|c — a|} thi
ngay lap tic ta co:
la —b| +1b—c|+ |c—a|l >2|la—b|

T day, ta cling c6 dpem.

V5 —1 V5 —1

Diéng thic xay ra khi ¢ = b= c hay a = 5 GC= "5 b. n
Loi Giai (2).
Ta c6 1 déng thitc sau :
2 2 2 1 _2)2 232 _2\2
a_+b_+c__<a+b+c): (ac b)+(bc a)+(ab c?)
b c a a+b+c be ab ac
Do dé ta chi can chitng minh:
_p2)2 22 _2)\2
(ac — %) +(bc a”) +(ab c®) > d(a— b)?
bc ab ac
Nhung @ >0 va:
(ac — b*)? N (be — a*)? - (Jac — b*| + |bc — a?|)? - (a—b)*(a+b+c)?
be ab - bla+ c) - b(a + c)
Bang AM-GM,ta c6 :
(a+b+ c)? (a—0b)*(a+b+c)? )
b < -t >4(a—b
(ate) s 4 — b(a + ¢) z4a=?)
T day,ta c6 dpem. =

Bai Toan 2. Cho a,b,c,d,e 1a cac s6 thuc khong am va a + b+ ¢+ d + e = 5. Chiing
minh rang:
abc + bed + cde + dea + eab < 5




Loi Giai.
Gia st e = min{a, b, c,d, e}. Ap dung BDT Cauchy ta c6

abc + bed + cde + dea + eab = e(a+ ¢)(b+ d) + be(a + ¢ — e)
<a+b+c—|—d)2 <b—|—c—|—a—|—d—e>2
<el————] +
2 3
5 — 2 -9 3
(5 (5-2)
4 27

Ta can chitng minh

e(b—e)? N (5 —2¢)?
4 27
Bat dang thic nay tuong duong véi (e — 1)%(e + 8) > 0. -

<1

Bai Toan 3. Cho a,b,c,d > 0 théa mana + b + ¢ + d = 4. Chitng minh réang:

1 i 1 o 1 i 1 <1
114a® 11486 114 114d> — 3

Loi Giai (Apartim De).
P 1 6 (x2 — H)
Xét ha 0 - - hal Sl W
ét ham s f(x) T 17 2y

Do d6néux € (—,/%; ,/1—31) thi f”(z) < 0,suy ra f(z) 1a ham 1om trong doan (—,/%; ,/%).

Khong méat tinh tong quét,gia st a < b < ¢ < d.

Néu ca 4 s6 a,b, ¢, d déu thuoc khodng (O; \/g> thi BDT can chitng minh sé ding theo BDT
Jensen.

Do d6,xét c6 it nhat 2 trong s6 4 bién a, b, ¢, d 16n hon \/g,gié st d6 1a ¢ va d.

D@ thiy rang ham s6 f(z) ¢ trén 1a ham nghich bién trén khoéng xac dinh 1a (0; +00), nén:

c6 dao ham cap 2 1a f'(x) =

fla)+ f0) + () + f(d) < fla=1)+ f(b—=1) + f(c=3) + f(d = 3)

<4f(a+b+z+d_8>

—af(-1) =3

Loi Giai (Popa Alexandru).
Viét BDT lai dudi dang tuong duong sau :

a+1
1-— >0
Z( a)11+a2—

cyc

Dé ¥ ring néu a > b > ¢ > d thi
a+1 < b+1 < c+1 < d+1
11+a?2 — 114062~ 11+~ 11+ d?

Do d6 BDT trén chi 1a hé qua cia BDT Chebyshev. m




Bai Toan 4. Ky hiéu thong thuong R, r,p trong tam gidc. Chiing minh rang

p? > 2R%* + 8Rr + 3r?

Loi Giai (Virgil Nicula).

Ta sé stt dung cac cong thitc lien qua dén cic géc tam giac sau :
(1) :a® +b*+ 2 =2(p* —r* — 4Rr).

(2) : 45 = (b* + ¢* — a®) tan A.

(3) : sin2A4 + sin2B + sin 2C = 25

(4) :cos A+cosB+cosC =1+ .

Do doé :
A cos? A
9 _ 9 B _4 CoS
Za Z b +& a stmA ZsinQA
2
(ZcosA) (1+%) 2
R

=+ + >4 (R+r)
=2 (p* —r? —4Rr) > 4(R+r)*
— p® > 2R* + 8Rr + 3r?

Bai Toan 5. Cho 0 < a < b va n s6 thuc z1; zs; ...z, thuoc doan [a; b].Chitng minh :

1 1 1 n%(a + b)?
(Ti+z2t+.tz) | -+ —+..+— ] < ot by
Ty X2 W 4ab
Loi Giai (Popa Alexandru).
1 1 1
bat P = (x1 + 22+ ... + 2,) <—+——|—...+—>.Ta co :
X1 T e
1 1 1
P = (z1+x9+ ...+, (—+—+...+—>
I %) Tn

1 Tn c c
() (St
c c T T

P t
Ham s6 f(t) = ; + — dat cuc dai trén doan [a;b] tai a hay b.
c

Ta sé chon ¢ sao cho f(a) = f(b);c = vab. Tit d6 f(t) \/7 \/7

o n a+b2)
3]




Bai Toan 6. Cho a,b,c > 0.Chting minh réng :(35)
(a2 —bc) Vb+c+ (b2 —ca) ve+a+ (02 —ab) va+b>0

Loi Giai.

Bai Toan 7. Cho z,y, z 1a cac s6 thyc théa man 3z + 2y + 2 = 1. Tim GTLN clia

11
Sl 14y 147

Loi Giai.

Bai Toan 8. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.



Bai Toan 9. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

[ Bai Toan 10. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

Bai Toan 11. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.



Bai Toan 12. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

[ Bai Toan 13. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

Bai Toan 14. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.



Bai Toan 15. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

[ Bai Toan 16. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

Bai Toan 17. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.



Bai Toan 18. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

[ Bai Toan 19. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.

Bai Toan 20. DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Loi Giai.



