Chuyén dé 12

Bat Pang Thic & Gia Tri Lén Nhat -

Gia Tri Nhé Nhét

§1. Bat Dang Thic

A. Kién Thitc Can Nhé

1. Tinh chit co ban ctia bat ding thiic.
ea>bvab>c=a>c
ea>b=>a+c>b+c.

e Néuc>0thia>b= ac> bc.
e Néuc<0thia>b= ac< be
2. Bat ding thiic Cauchy.

, . b PN
o Déi v6i hai s6: 2 + > Vab,Va,b > 0. Dau bang xay ra khi va chi khi a = b.

b b\ 2
Dang khc: a+b>2Vab; o +b* > 2ab; \/@sa;; ab§<a;r).

) Ca+b
o D&i véi ba s6: L2 ¢

) ) ) b
Dang khac: a+b+ ¢ > 3V abc; ad+ v+ 3> 3abc; Vabe < %; abe < (

B. Phuong Phap Co Ban

e PP1: Stt dung phép bién déi tuong duong.
e PP2: Stt dung bat déng thiic Cauchy.
e PP3: Phuong phap ham sb.

Luu §. K§ thuat chon diém roi: Du doan ddu bing xay ra roi suy ngugc két qua.

C. Bai Tap

12.1. Cho a,b,c € R. Chiing minh bat dang thic 2a% + b? + ¢ > 2a (b + ¢).

12.2. Cho a,b, ¢ € R. Chiing minh bat dang thic a?b? + b?c? + c?a® > abe (a + b+ c).
12.3. Cho a,b > 0. Chitng minh bat déng thitc a® + 0> > a?b + ab?.

a+b a b
< + .
l1+a+b " 1+a 1+
b c
+ + >
a+b b+c cHa

12.4. Cho a,b > 0. Chitng minh bat dang thiic

12.5. Cho a,b,c > 0. Chiing minh bat ding thitc

o b
12.6. Cho a,b,¢,d > 0. Chiing minh bat déng thitc 1 < —2 ¢

> Vabe,Va, b, ¢ > 0. Dau bing xay ra khi va chi khi a = b = c.

3

d

o bob
12.7. Cho a,b,¢ > 0. Chiing minh bat ding thite 21— 4+ 2+ € 4 ¢ Z Ly
C a
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L s 1 1
12.8. Cho a,b,c > 0. Chitng minh bat dang thic — + - + — >
a
., . Z 2 . 1 1
12.9. Cho a,b,c,d > 0. Chitng minh bat dang thic — + -+ -+ = >
a c
12.10.
12.11.
12.12.
12.13.

12.14.

12.15.
12.16.

12.17.

12.18.

12.19.

12.20.

12.21.
12.22,
12.23.

12.24.

12.25.
12.26.
12.27.
12.28.

12.29.

12.30.

12.31.

1 9
b ¢ a+b+c
1 1 16

b d~ a+b+c+d

o b a\*
Cho a,b,c,d > 0. Ching minh bat dang thiic <a—+——|—c+) > abed.

4
P . % 2 . [¢ b C 3
Cho a,b,c > 0. Chitng minh bat dang thic + + > .
b+c c+a a+b 2
L s b b
Cho a,b,c > 0. Chitng minh bat dang thic + ¢ + ca < atot ‘
a+b b+c cHa 2
) C gl s 2V 2\/y 2\/z 1 1 1
Cho z,y, z > 0. Chiitng minh bat dang thic 142 + St 22 + S < 2 + y72 + ol
Cho a,b,c > 0 v a + b+ ¢ = 1. Chiing minh bat dang thic (a + b) (b + ¢) (¢ + a) abc < %
Cho a,b,c > 0 va abc = 1. Chut inh bat dang thi + ! + ! >3
oa,b,c va abe = 1. ng minh bat dang Ca3(b+c) Fleta) Fain 2
Cho a,b,c > 0 v& abc = 1. Chitng minh bat déng thic a + b + ¢ >1
s Oy Ve = L. =
& : V83 +1  V8a3+1 V8 +1
I 12\ /15\"  [20\"
(B-05) Chiing minh bat dang thic (5> + (4> + <3> > 3" 44" 4+ 5%,
Cho z,y,z > 0 thda man = + y + z = 0. Chitng minh bat déng thic /3 + 4% + /3 + 4¥ + /3 + 4% > 6.
, 97 9y 9% 3% +3Y 4 3
- = —x - -z __ < :
Cho z,y, z théa man 37 +37Y +37% = 1. Chitng minh 3z+3y+z+3y+3z+m+3z+3m+y2 1 .
3 b3 c3 1

Cho a,b,c > 0. Chitng minh bat dang thiic T 4 + -
a+b b+c cH+a " 2
2

Cho z,y > 0. Chitng minh bat ding thic (1 + ) (1 + %) (1 +

P a a b b c c
h . Chitng minh bit ding th N / ,
Cho a,b,c > 0. Chiing minh bat dang t 1ch+c+ b+c+c+a+\/;+a+b+ a+b>3
P b b b
Choa,b,c>O.Chfrngminhbatdéngthfrc\/aJr +\/ +C+\/C+“z2 IR LY ,
¢ a b a+b b+c a+c

a n b n c > 3\/§
b24¢c2  c24+a?  a?+02 2

Cho a,b,c > 0 théa man a? + b? + ¢ = 1. Chitng minh bat déng thiic

—z? 4

T
<1-— —V 0; 1].
o x+2(1+$),x€[,]

Chting minh bat dang thtic f+

(CD-09) Cho a,b théa man 0 < a < b < 1. Chting minh bat dang thiic a®?Inb —b%*Ina > Ina — Inb.

2

1 1 1
(A-03) Cho z,y,z > 0 théa man = + y + 2z < 1. Chttng minh \/9&2—&-?—&-,/3/2—1—?4—1/,224—; > V/82.
1 1 1

1 1 1
(A-05) Cho z,y,z > 0 théa man - + " + o= 4. Chttng minh

b a
Lz 1 1
(D-07) Cho a > b > 0. Chitng minh bét ding thic <2“ + 2) < (2b + ) .

<
2$+y+z+2y+z+x+22+x+y -

1+ 23+ 43 1+ 43+ 23 1+ 23123
Vit +y+\/ Y VISt > 3V3.
Ty yz 2
a b c
+ +
2a4+5(Mb+c¢) 2b+5(c+a) 2c+5(a+bd)

(D-05) Cho z,y, z > 0 théa man zyz = 1. Chitng minh

L s 1
Cho a,b,c > 0. Chitng minh bat dang thic > 1
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L s 1 1 1 2
12.32. Cho a,b,c > 0. Chitng minh bat dang thic + + > 7

ala+b)  bb+e) cleta) " 2a+tbte)?

12.33. (A-09) Cho z,y,z > 0 va z (x + y + z) = 3yz. Chitng minh bat dang thic

+y)’+@+2)’+3@+y) (z+2)(y+2) <5y +2)°

2 2
12.34. Cho ,y,z > 0. Chiing minh bt ding thic (x ) + (y 2 ) + (Z + 7 ) > 12.
Y N xyz z NEATE x S TYZ

12.35. Cho a,b,c,d > 0. Chtt inh bat ddng thitc 4/ +1/ + 4/ +14/
08566> 16 T bat datis Tt b+c+d c+d+a d+a+b a+b+c

)22 1+x—|—y+z
Yryz

12.36. Cho z,y,z > 0. Chitng minh bat ding thiic ( ) (1 + g (1 +

SR\

§2. Gia Tri Lén Nhat - Gia Tri Nhé Nhét

A. Phuong Phap Co Ban

PP1: St dung bat ding thrc.
e Néu A(z) = f(x).g(z) ma f(z) + g(x) = const thi A(z) dat gia tri l16n nhat khi f(z) = g(x).
o Néu A(z) = f(z) + g(x) ma f(x).g(x) = const thi A(x) dat gia tri nhé nhat khi f(x) = g(z).
PP2: St dung phuong phap ham s6.

B. Bai Tap
. . b Vab

12.37. Cho a,b > 0. Tim gia tri nh6 nhat cta biéu thic S = ot + v
Vab  a+b

a® b3 e

QP -5 (1-of

12.38. Cho a,b,c > 0 thda man a+b+c = 1. Tim gia tri nhé nhét ciia biéu thitc P =

2 . 1
12.39. Cho a,b,c > 0 va a® + b? + c® = 1. Tim gia tri nhd nhét ctia biéu thitc T =a + b+ c+ e
abc

P 1 1 1
12.40. Cho a,b,¢ > 0 théa man a + b+ ¢ < % Tim gié tri nhé nhat cﬁaS\/a2+l)2+\/b2++\/02+.
a

2 2
1

12.41. (B-07) Cho z,y,z > 0. Tim gia tri nhd nhat ctia biéu thitc P = ( ) (g + ) (; + )
ry

P L. 1-—
12.42. (D-08) Cho z,y > 0. Tim gia tri 16n nhat va gia tri nho nhat ciia biéu thic P = M
1+2)(1+y)
2 (x2 + 63:y)

12.43. (B-08) Cho x,y thod man 22 + y? = 1. Tim gia tri 16n nhét, gia tri nhé nhat ctia P = .
1+ 22y + 22

1 1
12.44. (A-06) Cho z,y # 0 théa man (z + y) 2y = 2% + y? — xy. Tim gia tri nhé nhat cla biéu thitc A = =+t
P

12.45. (B-06) Cho hai s6 z,y thay ddi. Tim gia tri nho nhat ctia A = \/(x 1)+ 2+ \/(:I: +1)° + 2+ |y +2|.
12.46. (A-07) Cho z,y, z > 0 théa man zyz = 1. Tim gia tri nhé nhat ctia biéu thitc

z? (y + 2) v (2 +2) 2% (z +y)

= + +
YV + 22z 2z 20T xr+2y/y

12.47. (B-03) Tim gi4 tri 16n nhat va gia tri nhé nhat ctia ham s6 y = x + V4 — 22.

12.48. (D-03) Tim gia tri 16n nhat va gia tri nhé nhat cia ham s6 y = \/7?71 trén doan [—1;2].

12.49. (D-2010) Tim gié tri nhd nhat ciia ham s6 y = v/ —22 + 4z + 21 + v/—22 + 3z + 10.
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12.50. (B-2010) Cho a,b,c > 0 thda mén a + b+ ¢ = 1. Tim gié tri nhé nhat cta biéu thitc
M =3 (a®V® + b*c® + *a®) + 3 (ab+ be + ca) + 2v/ a2 + b2 + ¢2

. P . 1
12.51. (Cb-2010) Cho z,y > 0 thay doi thod méan 3z +y < 1. Tim gia tri nhé nhat cta bieu thic A = — + —.
T Ty

12.52. (D-09) Cho ,y > 0 théa man x +y = 1. Tim gia tri 16n nhat v& gia tri nhé nhat clia biéu thiic

S = (43:2 + Sy) (4y2 + 395) + 25zy
12.53. (B-09) Cho z,y thda (z + y)* +4xy > 2. Tim gié tri nhé nhit ctia A = 3 (x4 +yt a2+ y2) -2 (Jc2 +y°)+1.
12.54. (CD-08) Cho z,y thod man z? +y* = 2. Tim gié tri 16n nhat va gia tri nhé nhéat cta P =2 (2® + y*) — 3zy.

P?y+z) Yyt P2ty
+ + .
Yz 2T Ty

12.55. Cho z,y,z > 0 théa man o +y + z = 1. Tim gi4 tri nhé nhat clia P =

1 1 1 . .
12.56. Cho z,y,z > 1 thod man — 4+ — 4+ — > 2. Tim gia tri 16n nhat cta bieu thitc A = (z —1) (y — 1) (z — 1).
Ty =z

12.57. Cho z,y, 2z 13 cac s6 thyc thod man cac dieu kietn z +y+2 > 0,z +1 >0,y +1> 0,2+ 1 > 0. Tim gi4 tri

16n nhat ctia bidu thie P = —— 4 — 4 4 %
z+1 y+1 z+1

12.58. (B-2011) Cho a,b la cac so thyc duong théa mén 2 (a + b?) + ab = (a +b) (ab + 2). Tim gia tri nho nhat
N 3 b3 2 bQ
ctia bidu thite P:4(Z3+a3> —9 (ZQ+(12>
x
+4 =
2043y y+z z+zw

12.59. (A-2011) Cho x,y,z € [1;4] vix > y,x > 2. Tim gia tri nhé nhat ctia biéu thic P =

12.60. (D-2012) Cho cac s6 thic z,y théa man (z —4)* + (y — 4)> 4 2zy < 32. Tim gi4 tri nhé nhat ciia bidu thitc
A=+ +3(@y—1)(z+y—2)

12.61. (B-2012) Cho cac s6 thiyc x,y, 2 thda man cac didu kien x +y + 2z = 0 va 22 + y? + 22 = 1. Tim gia tri 16n
nhét ciia biéu thic P = z° + ¢® + 2°.

12.62. (A-2012) Cho cac sb thuc x,y, z thda man diéu kién = + y + z = 0. Tim gia tri nho nhét ciia biéu thic

P =3lz=yl 4 glv==l 4 3l===l _\ /622 1 642 + 622
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