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N

Mo dau

Trong toan hoc viéc sir dung cac kién thiic todn cao cap dé gidi quyét cac bai
todn & phd thong 1a diéu rat quan trong. N6 khong chi gitp ngudi 1am todn
c6 nhiéu phuong phdp lua chon 10i gidi, mé rong tdm hiéu biét todn hoc ma
con phat huy duoc su thong minh va siic sang tao, tam bao quat bai toan, mo
rong bai toan dudi nhi€u hudéng khac nhau.

Str dung céc kién thic vé chubi so dé giai quyét cdc bai toan vé diy s6
la mot van dé nhu vay. Nhu chiing ta da biét cac van dé lién quan dén day
s6 1a mot phan quan trong cua dai s6 va giai tich toan hoc. Khi ti€p can van
dé nay cdc em hoc sinh giodi, sinh vién va kh4 nhiéu thdy c6 gido phé thong
thuong rat phai d6i mat véi rat nhiéu bai todn khé lién quan dén chuyén dé
nay.

Trong cac ky thi hoc sinh gioi quoc gia, thi Olimpic todn qudc té, thi
Olimpic todn sinh vién gifta cdc truong dai hoc, cao dang, cdc bai todn lién
quan dén day so cling hay duoc dé cap va thuong loai rat kho, doi hoi nguoi
hoc, ngudi 1am todn phai ¢c6 mot tAm hi€u biét rong va rat sau sic cac kién
thiic vé day s6 va chudi s6 méi dua ra cdc phuong phdp giai toan hay va hoan
thién dugc bai toan.

Dé phuc vu cho viéc boi dudng hoc sinh gidi va viéc trao doi kinh nghiém
v6i cdc thay co gido boi dudng hoc sinh gidi quan tAm va tim hiéu thém vé
phan nay, dugc su huéng dan ctia thay Pam Van Nhi tac gia da hoc tap thém
va viét dé tai " Chudi luy thita hinh thitc va ham sinh'".

Dé tai giai quyét cac van dé trong tam :
Chuong I : Kién thitc chudn bi .T4c gia nhic lai cdc kién thiic co ban nhat
\
1.1 Khéi niém vanh va dong ciu
1.1.1 Vanh.
1.1.2 Uéc cuia khong. Mién nguyeén.
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1.1.3 Dong cau.

1.1.4 Truong.
1.2 Vanh da thic va nghiém.
Chuong II : Vanh cic chubi luy thira hinh thic. Tac gia gidi thiéu cdc kién
thic.

2.1 Vanh cic chubi luy thira hinh thic.

2.2 Day hiéu cua mot day .

2.3 Ham sinh thuong va day Fibonacci, day Catalan.

2.4 Ham sinh mii va day so Stirling.

2.5 Ham sinh cua day cac da thiic Bernoulli.

2.6 Ham sinh Dirichlet va ham Zeta-Riemann.

2.7 Tich vo han.

2.8 Bong nhat thiic Newton.

2.9 Day truy hoi v6i ham sinh.

Luan van nay dugc hoan thanh dudi su huéng dan va chi bao tan tinh cua
PGS.TS Bam Van Nhi - Dai hoc Su Pham Ha Noi. Thiay da danh nhiéu thoi
gian hudng dan va giai dap cdc thac mic cla tdc gia trong sudt qua trinh 1lam
luan van. T4c gia xin bay to 10ong biét on sau sic dén Thay.

Tac gia xin gui t6i cac thiy (co) khoa Toan, phong Dao tao Truong Dai
Hoc Khoa Hoc - Dai Hoc Thdi Nguyén, cung cic thiay c6 tham gia giang
day khéa Cao hoc 2009-2011 16i cam on sau sic vé cong lao day do trong
thoi gian qua. Déng thoi xin gui 10i cam on tap thé 16p Cao hoc Toan K3B
Truong Dai Hoc Khoa Hoc da dong vién gilp do tac gia trong qua trinh hoc
tap va lam luan van nay.

Tac gia xin cam on t6i SO Noi Vu, S& Gido duc va dao tao Bac Ninh, Ban
gidm hiéu va t6 Toan truong THPT Luong Tai 2 da tao diéu kién gitip do dé
tdc gia hoan thanh khoéa hoc nay.

Tac gia

Hoang Van Quy
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Chuong 1

Kién thirc chuan bi

1.1 Khai niém vanh va dong cau

1.1.1 Vanh

Pinh nghia . Ta goi 1a vanh mot tap hop X cung v6i hai phép todn hai ngoi
da cho trong X ky hiéu theo thit tu bang cic dau + va . (nguoi ta thuong ky
hiéu nhu vdy) va goi la phép cong va phép nhan sao cho cac di€u kién sau
thoa man:

1) X cung v6i phép cong 1a mot nhom aben.

2) X cung v6i phép nhan la mdt nira nhém.

3) Phép nhan phan phoi véi phép cong: Véi cac phan tatuy y x,y, 2z € X ta
co:

x(y+2) =xy+ a2
(y + 2)z = yz + 22

Phan tir trung 1ap ctia phép cong thi ky hiéu 1a O va goi la phan tir khong.
Phan tir d6i xtng (doi v6i phép cong ) clia mot phan tir x thi ky hiéu 1a -x
va goi la doi cua x . Néu phép nhan la giao hoan thi ta bao vanh X la giao
hodn. N&u phép nhan c6 phan tir trung lap thi phan tir d6 goi 1a phdn tit don
vi cua x va thuong ki hiéu la e hay 1 .

1.1.2 Uéc cua khong. Mién nguyén

Pinh nghial : Ta goi 1a udc ciia 0 moi phan tlt a # 0 sao cho ¢6 b # 0 thoa
man quan hé ab=0.
Pinh nghia2 : Ta goi mién nguyén mot vanh c6 nhi€u hon mot phan ti, giao

4
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hoan, c6 don vi, khong cé ude cua 0.

1.1.3 Dong cau

Pinh nghia. Mot dong cau (vanh) 1a mot anh xa tir mot vanh X dén mot
vanh Y sao cho:

fla+b)=f(a)+ [ (b)
f(ab) = f (a) f(b)

vG6i moi a,b € X. Néu X =Y thi dong cau f goi la mot tu dong cau cua X.
Ta ciing dinh nghia don céu, toan ciu, dang ciu tuong tu nhu da dinh nghia
trong nhom.

1.1.4 Truong

Pinh nghia: Ta goi 1a fruong mot mién nguyén X trong dé moi phan tir khac
khong déu c6 mot nghich dao trong vi nhém nhan X. Vay mot vanh X giao
hodn, c¢6 don vi, c6 nhiéu hon mot phan tir [a mot truong néu va chi néu
X — {0} 1a mot nhém d6i véi phép nhan cua X.

1.2 Vanh da thirc va nghiém

Két qua chinh
Cho vanh giao hodn R va mot bién x trén R. V6i cac n € N, xét tap hop:
n
Rlx] = {ag + a1z + asx® + - + a,z" | a; € R} = {Zaixl | a; € R}.
i=0

Mbi phan tir f(x) € R[x] dugc goi 1a mot da thitc cha bién = véi cac hé so
a; thuoc vanh R. Hé s6 a,, dugc goi 1a hé s6 cao nhdt, con hé s6 ay duoc goi
la hé 56 tw do cta f(x). Khi a,, # 0 thi n dugc goi la bdc cua f(x) va dugc
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ky hiéu deg f ( ). Riéng da thu’c 0 duoc quy dinh c6 bac 1a —oo hoac —1.
Néu f(z) = Zalx g(x) = be € R[x] thi
i=0

f(z) = g(x) khi vachi khi m =n,a; =b; v6imoi 0 < i < n

F@) +ge) = > (o + ), fla)g(e) = S sby)e’

=0 =0 4=0

Pinh Iy 1.2.1. Ta ¢6 R[x| la mot vanh giao hodn. Hon nita, néu R la mot
mién nguyén thi R[x] ciing la mot mién nguyén.

Pinh ly 1.2.2. Gida sut k la mot truong. Voi cdc da thiic f(x), g(x) € k[x] va
g(x) # 0 ¢6 hai da thitc duy nhdt q(x), r(x) sao cho f(z) = q(z)g(z)+r(z )
vdi degr(z) < degg(x).

Vi du 1.2.3. Cho hai sé tw nhién n va p voi n > p > 1. Tim diéu kién cdan
va di dé x" — a™ chia hét cho 2P — aP véi a € R,a # 0.

Bai giai: Biéu dién n = ¢qp + r trong Z v6i 0 < r < p. Khi d6 c6 biéu dién
" — " = (2P — ) (" + P 4+ a(q—l)pxn—qp) +a®(z" —a).
Vay, diéu kién cin va du dé€ 2" — " chia hét cho 2? — a? lan i p. O
Pinh Iy 1.2.4. Gid sut k la mot truong. Khi dé vanh k(x] la mot vanh chinh
va né la vanh nhdn tir hoa.

Gia st o € R va da thic f(z) = > a;2° € R[x]. Biéu thic f(a) =
i=0

Y a;a' € R duge goi 1a gid tri cla f(x) tai a. Néu f(a) = 0 thi o duge
i=0

goi 1a mot nghiém cua f(z) trong R. Gia st s6 nguyén m > 1 va « € k.
f(a) = 0 dugc goi 1a mot nghiém boi cdp m cua f(x) trong k néu f(x) chia
hét cho (x — )™ va f(x) khong chia hét cho (z — o)™,

Pinh 1y 1.2.5. Da thiic f(x) € k[z] bdc n > 1. Khi dé ta cé cdc két qud sau:
(i) Néu o € k la nghiém cua f(x) thi f(x) = (x —a)g(z) vdi g(x) € k[x].

(ii) f(z) c6 khong qud n nghiém phdn biét trong k.
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Doi khi dé tim moi lién hé gifta cdc nghiém hay mot tinh chat nao do cua
nghiém da thic ta thuong st dung két qua sau day:

Pinh ly 1.2.6. [Viét] Gid su x4, ..., x, la n nghiém cua da thitc bdc n sau
day: f(x) = 2™ — §12" 1 + 69z 2 — -+ - + (=1)"5,,. Khi d6 ¢6 cdc hé thiic

)
h=x1+x2+ -+,

52 =TT+ X123+ + Ty 1Ty

kén = X1%9...T,.

Pinh 1y 1.2.7. Gid su f(x1,29,...,2,) € k[z1,29,...,2,] la mét da thiic
doi xitng khdc 0. Khi doé ton tai mét va chi mot da thiic s(x1, xo, ..., T,) €
klxi,xo,. .., x| sao cho f(x1,x,...,2,) = 8(1,02,...,0n).

Mot so vi du
Vi du 1.2.8. Gid sit f(z) = 2* — 52% + 92% — 102 + 28. Tinh f(1 +V/3).

Bai gidi: Vi 1 4+ v/3 12 nghiém clia g(z) = 2° — 322 + 32 —4 = 0 va
f(z) = (z — 2)g(x) + 20 nén f(1++v/3) = 20. O

Vidu 1.2.9. [VMO 1990] Gid sit f(z) = apa" +a12" 1+ -+a,_1x+a, €
R[] véi ag # 0 va théa man f(z) f(22%) = f(223 + x) vdi moi gid tri thuc
x. Chitng minh rang f(x) khong thé ¢é nghiém thuc.

Bai giai: So sanh hé s6 chia 23" va ¥ ¢ hai v€, nén tir f(z) f(22?) = f(22° +
r)tasuyraal = agvaa? = a,. Viag # 0nén ag = 1; cdn a,, = 0 hodc a,, =
1. Néu a, = 0 thi f(z) = 2"g(x) v6i g(0) # 0. Vay 2"g(x)2"2* g(222) =
x"(22% + 1)"g(223 + ) hay g(x)2"2% g(22%) = (22% + 1)"g(22% + z). Vi
g(0) # 0 nén ta nhan dugc g(0) = 0 : mau thuan. Vay a, = 1. Gia st
f(x) = 0 ¢6 nghiém thuc 2. Khi d6 29 # 0 vi a,, # 0. Vi f(223 + 20) =
f(x0) f(223) = 0 nén z1 = 23 + z¢ cling l1a nghiém thyc cta f(x). Vi ham
y = 223 + x 1a don diéu tang nén day (z,,1 = 220 + x,),>0 va 79 # 0 1a
mot ddy vo han va moéi s6 hang déu 1a nghiém cla f(x) hay f(x) c6 nhiéu
vO han nghiém: mau thuan theo Pinh 1y 1.2.5. Vay f(z) khong c6 nghiém
thuc. O
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Vi du 1.2.10. [IMO 1991] Gid sut s6 hitu ty a € (0;1) thoa man phuong
. 2
trinh cos 3ma + 2 cos 2ma = 0. Chitng minh rdang a = 3
Bai giai: Dat x = cosma. Khi d6 423 +422 — 32 —2 = 0 hay (22 +1)(22 +
) —1 2 . —1
r—2)=0.Néucosma=x=—thia = =. Neuxz # 5 thi 222 +2—2 =

2 3
. R -1+ V17
0, va nhu vay z 1a s6 vo ty. Do |z| < 1 nén cosma =z = +T

ap + b/ 17

. Bing

quy nap, c6 thé chi ra cos 2"ra = vGi $6 nguyén 1€ a,,, b,. Vi

4
nt1 + b1 V17 n + b V/17
Gnt1 T Ont1 = cos 2" ra = 2cos? 2"ra — 1 = 2[—a i 2 —1
4 4
241702 —8
nén a,.; = On T 5 & > a,. Do d6 day (a,) 1a mot day tang nghiém

ngat va nhu vay tap cac gia tri cia cos2"7wa véin = 0,1,2,... 1a tap vo
han (*) vi /17 la s6 vo ty. Nhung do a la s6 hitu ty nén tip cac gia tri
ctia cosmma v6i m = 0,1, 2, ... phai 1a hitu han: mau thuan véi (*). Do dé
2
3
Vi du 1.2.11. Gid thiét da thiic f(x) bdc n c6 tdt cd cdc nghiém déu thuc.
Khi do tdt cd cdc nghiém cua af(x) + f'(x) ciing la nhiing so thuc.

Bai giai: Gia stt f(x) c6 cdc nghiém thuc xq, o, ...,z V6i boi tuong ting
71,79, ...,T) VA ta sdp X€p 11 < o9 < - -+ < ;. Ham s6
"(x 1 1 1
glz) = L) bt
flx) z—21 x—ux9 T — Tp
12 ham lién tuc trong cac khoang (—oo; x1), (1;22), . . ., (Tg_1; Tk), (Tk; 00).

Dua vao su bién thién ctia cdc ham , phuong trinh g(z) = —a ¢6 thém

T —x
k nghiém méi nita khac x4, zo, . . ., zy, khi a#0.Vay f(z)[g(z)+a] =0c6
tatca (ry — 1)+ -+ (rpy — 1) + k = deg f(x) nghiém thuc. Vay tit ca cac
nghiém cua af(x)+ f'(x) déu thuc. Khi a = 0 thi g(z) = 0 c6 k£ — 1 nghiém
thuc méi nita. Vay f(z)[g(x)+0] = 0codtatca (ri—1)+- -+ (rp—1)+k—1 =
deg f'(x). Tom lai tat ca cac nghiém cta af(x)+ f'(x) 1a nhitng s6 thuc. O

S6 hoa boi Trung tim Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Vidu 1.2.12. Gid thiét tdt cd cdc nghiém cua da thic f(x) va da thitc g(x) =
apx” + a1t 4 - - + a, déu la nhitng so thuc. Khi dé tdt cd cdc nghiém
ciia F(z) = aof(z) + a1 f'(x) + - + a, f"(x) ciing déu la nhitng s6 thuc.
Bai giai: Biéu dién g(z) = ao( + M) (z + A2) ... (z+ \,) VOi céc \; thuc.
Ky hieu Fy(x) = aof (2), Fi(x) = Fo(x) + M Fy(x) = aglf () + A f/(2),
Fy(x) = Fi(x )+)\2F1( ) = aolf(x)+(M+A) f'(z)]+ Ao f" (x)],V.V... cudi
cling Fy(x) = F1(2) + AFy_y (2) = aof(2) +ar f'(2) + - + an f1)(2).
Theo Vi du 1.2.11 suy ra tat ca cdc nghiém cua Fy, Fy, ..., I, déu thuc. O
Vi du 1.2.13. Cho f = cosu + C} cos(u + o)z + - - - + C" cos(u + na)z"
Gidi phuong trinh f(x) =

Bai gidi: Pat g = sinu+ C} sin(u + a)z + - - - + C! sin(u + na)z"™. Khi d6

+19 = z—l—Clth:—l—--~—|—C”zt”x"——z1—|—t.7c"
f g n n

—1q = z—l—Clzfx—l—'--—l—C”ztx"——zl—l—fx”
f g n n

zZ = cosu-+isinu
t = cosa+usino.
Do d6 2f = z(1 + tz)" + Z(1 + tx)". Phuong trinh f(z) = 0 tuong
_ 14tz 2
duong V6i 2(1 + tz)" +Z(1 +Ta)" = O hay (7)) = —= = —2%
gv z(q_La:)Jrz(Jr:z:) %y (12 = _z
14 tx\n 141
Nhu’2vay (1;;:§> = 6052(2u + W)k—g isin(2u + m) va dugc 1:}; =
cos( AT (T T ik — 0,1, — 1. Tir d6
n n
duoc z. O

Vidu 1.2.14. Gid sit ay, .. .,a,,b € R\ {0} va o, ..., a, la nhiing s6 thuc
2

phdn biét. Khi dé f(z) = b+ Z -~
k=1L — Qf

chi c6 nghiém thuc.

n 2 n 2 . _id
: - :1 —

— # 0 khid £ 0. Vay f(c+

ak

Phan ao Im(f(c+ id)) = dZ ‘(a— )2 +

id) # 0 khi d # 0. Khong han che cothé coiag < g < -+ < ap_y < Q.
Hién nhién f(z) = 0 ¢c6 n — 1 nghiém thuc v, théa man

ap <71 < Q<Y< < O] < Ypo1 < Qp
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va thém ding mot nghiém ~ théa man hoac v € (—oo, ;) hoic v €
(v, +00). Tr d6 suy ra ham f(x) chi c¢6 cac nghiém thuc. O

Vidu 1.2.15. Cho da thitc P(z) = 1+ 2% + 2% + 2™ + ... + 2" + 2199
VOi Ny, ..., ng la cdc sO tu nhién cho trudc thoa man 9 < ny < ... < ng <
1992. Chitng minh rdng nghiém cua da thitc P(x) (néu cé ) khong thé lon
hon %5

Vi du 1.2.16. Cho da thicc P(z) = 2* — 92* + 242 — 97 .
Chitng minh rang véi moi s6 nguyén duong n luén ton tai mot s6 nguyén
duong a,, sao cho P (a,) chia hét cho 3".
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Chuong 2

Vanh cac chuoi lity thira hinh thic

Nhu mot su tiép tuc ctia vanh da thic ta nghién citu vanh cédc chudi luy thira
hinh thiic moét bién trén truong £ = Q, R, C.

2.1 Vanh cac chuéi liiy thira hinh thic

Muc nay tap trung nghién cttu vanh cdc chudi luy thira hinh thic mot bién
trén mot truong. Ky hiéu

kl[z]] = {ao + a1z + aga® +--- | a; €k} = {Zaia}i | a; € k}.
i=0

(0. ¢] i N
MBbi phan tr f € k[[z]], f = > a2’ v6i 2° = 1, dugc goi 1a mét chudi luy
i=0
thita hinh thitc clia bién x v6i cdc hé tir thuoc k. D€ bién k|[[x]] thanh mot vanh
00 ) 00 _
giao hodn c6 don vi ta can cac phép todn sau. Cho f = > a;z',g = > bix' €

i=0 i=0
k|[[x]] ta dinh nghia f = g khi va chi khi a; = b; chomoi i =0,1,... va

f+g = Z(ai + b))’ fg = Z(Z a;_jb;)x".
i=0 i=0 j=0

Ménh de 2.1.1. Vdi cdc phép todn trén, k[[x]] ldp thanh mét vanh giao hodn
c6 don vi.

Chitng minh: Viéc kiém tra c4c tién dé cuia vanh la thoa man. O

Trong vanh nay ta khong quan tam tGi tinh hoi tu va tinh gid tri ctia chudi;
chi quan tam téi tinh hitu ti va cong thic dong cta chudi. Ngudi ta can cong

11
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thiic déng ctia chudi dé nghién citu tong hay cac hé so cua biéu dién chubi.

Pao ham hinh thiic cua phan tr [ = Z a;rt 1 ff = Z ia;x"1. V6i mot
=0 1=1

ham f(x) batky xac dinh tai x = 0, ta bleu dién n6 qua chudi liy thira hinh

thic f(z) = i '( ):I:”

n=0 n:

binh 1y 2.1.2. Chuéi liiy thita hinh thicc f = Y a;x" la wéc cia don vi khi
i=0
va chi khi ay # 0.

Chirng minh: Chudi lu§ thira hinh thic f(x) = i}aixi la don vi cua k[[z]]
khi va chi khi ton tai chudi luy thira hinh thic g(z) = i}bixi sao cho
f(z)g(z) = 1. Diéu nay tuong duong vé6i hé apby = 1, i a;—;b; = 0 cho
moi i = 1,2,.... Coi céc b; 1a &n va h¢ giai dugc khi va jc;(i khiay #0. O
Chudi g(z) dugc goi 1a nghich ddo cua f(x) va doi khi viét g(x) = ﬁ

Nguoi ta thuong quan tam dén tinh hitu ti ctia chubdi va cac hé t. Chudi

f(x) dugc goi 1a chudi hitu 1 néu c6 p(x), q(x) € k[z] dé f(z) = p(x) hay
x

f(x)q(z) = p(z) trong k[[x]]. Néu ¢(0) = 1, bdc cta f(x) la deg f(x) :=
deg p(x) — deg g(x). Néu ton tai ham (dai s6 hoac siéu viét) F'(z) sao cho
f(x) = F(x) thi F(x) dugc goi 1a cong thiic déng cta chubi f(x). Khai trién
thanh chudi luy thira hinh thic mot s6 ham don gian sau day:

1 2 3 n
. _ .TU2 .CC3 "
e == —1—1'—1-54—?4‘ —|—m+
2 2 2t x"
In(1 S N B 1yl 4
n(l+ x) r—tg -t +(—1) —+
. 1173 $5 1 x2n71
siny = x—y_i_g_..._{_(_l) m+
J)Q $.4 nxQn
cosTr = 1_54_5_4_(_1) (2n)'_|_
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, B 3 1.32° 1.3.5...(2n — 1)z?*!
MOSIE = T s T T 246 2n).2n+ 1)
wrccosp — T (x—|— 3 +1.3x5+.”+1.3.5...(271—1)1:2”“_'_”.)
2 23 ' 245 2.4.6...(2n).(2n + 1)
I !

arctanr = x—§+g—---+(—1) o 1T

7T_2 — 1_|_i_|_i_|_..._|_i_|_...

6 22 32 n?

Chu y 2.1.3. Diéu kién cho x dé cé biéu dién nhu trén khong xét ¢ day.

Pinh 1y 2.1.4. [Euler] Vi moi 56 thuc x ta ¢6 € = cosx + isin z.

i, (@) (P ()

Chitng minh: Tir e = 1 + + -+ ta suy
1! 2! 3! n!

ra dong nhét thiic

) IZ 5134 x2n

v (1T (—=1)" ..

e T S G

x3 .175 372“_1
(r—— + 2 — ... (=1L .
Tile gt TV e Ty

Do dé e = cosx + isin . O

Hé qua 2.1.5. Vi moi s6 thuc x,y ta luén cé cdc hé thiic sau ddy:

. . . . n .
() ee = i ty) g (e”) = "™ voi moi n € 7.

(1) e—. — lT7Y) g el = g7 =
ety e
eix + e—ix . eix o e—ix
(1) cosr = ———,sinxr = ———
2 21
Ching minh: Suy ra tir Dinh 1y 2.1.4. O
B6 dé 2.1.6. Ta c¢é
_ 5 1 1 1
(& —|—§+§+"'+m+"'
1 1 (—1)”_1
— Al — ey Y,
" (1=3+53 MTT
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2 a3 x"
Chitng minh: Vie” —1+1'+2'+3'+ + +---nénkhich0le
PR 1
coe +2'+3'+ +n'+
.IB .TC5 x2n—1
Viarctan:z::x—§+€—---+(:1)”_12n_1+-~-nénkhichole
1 1 (—1)"~
S —=A4(] — =4+ = — o~ ), ]
c6 m = 4( 3tz to 17t )
Pinh 1y 2.1.7. So'e la s6 vo ti.
1 1 1 v
Chiing minh: Tu chubi e” coe—2+2'+3|+ +—'+---.G1asu
n!
1 1
e la so hitu ti, e-—Kh1d’——2+ + o+ =+ + -
q q 2! ¢ (¢+1)
Vay p(q — 1)! (2+1+ +1)' ! + ! + .- <
a — 1) — —
Y 2! T 1T @ D+ 2)
1 1 1 . . C .
+ - = —. Di1éu nay khong thé duoc vi vé trai la so6 nguyén,
g+1 (¢+1) q ¥ HIone ' s
con v€ phai 12 mot phan s6 thuc su nho hon 1. Vay e 1a s6 vo ti. O

Ngudi ta da chiing minh s6 7 ciing 1a s6 vo ty. Két qua dugc phat biéu qua
dinh 1y sau, <khong chiing minh & day>

Pinh 1y 2.1.8. So 7 la so'vo ti.

2n+1 h 2n+1
. nt 1)(2n) va chi ra nz:O @nt 1)(2n)

Vi du 2.1.9. Tmhz < T vOi moi

s nguyén duong m.

00 22n(n|)2 2n+-2

Bai giai: Tu dong nhit thic (arcsin z)? voi |z] < 1
i : faresine )= 2 o 20+ 1)ln + 1) i
, . arcsin 22n+2 ()220 +2
va lay dao ham hai v€ ta nhan duvoc 40— =
> ' ' V1— 22 n;() (2n + 1)!
00 2 2n+2 2 00 2n+1
> (22) 2n.V(’jix:itacc’)héthfrcZ S = . O
n:0(2n+1)(n) 2 n:o(2n+1)(n)

1 — 2
Vidu2.L10. Cho /() = {5

va chia hét cho 2s! véi moi s = 1,2, .. ..

. Chitng minh rang f®)(0) la s6' nguyén
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< 2z 227 — 2z
Bai giai: Biéu dié =1—-——— =1+ ——7 khi < 1.
ai giai 1eu~1en f(z) T 712 + 3 Khi ||
Viét thanh chudi cho f(z), tacéd f(z) =

1+ (222 —22)(1+2® +2°+- ) = 1 -22+22% —22* +22° — 227 4-22° —

—2s!'néus=3n—2
Khidé f#)(0) = ¢ 2s! néus=3n—1 Vay f¥(0)las6 nguyén va chia
0 néus = 3n.
hét cho 2s!. O

Vidu 2.1.11. Cho f(z) = 1+ a1x + asx® + azax® + - - - théa man tdt cd cdc

/

(
f(@)

vitot qud 2. Chitng minh rang |a,| < n + 1 vdi moi n.

hé s6 cdc lity thita ciia © trong khai trién co gid tri tuyét doi khong

Bai giai: Biéu dién ];((j)) = Z bpa™ véi |b,| < 2 cho moi n. Vi f'(z) =
) 2

nén ta nhan dugc hé thic dudi day:
f(z)

ar+2a0x+3a32° +- - - = (L+aw+agr’ +azx’ 4+ - ) (bg+ bz +box*+- - ).

Gia stt |a,,| < n+ 1 khong thé thda man v6i moi n. Khi d6 ¢6 s6 tu nhién &
nho nhat dé |CL]§‘ > k+1. Do boi kay, = byap_1+biap_o+---+bp_sa;+bp_1
va |kay| > k(k + 1) nén

‘boak_l + blak_g + - +bk_2a1 + bk_1| < 2(|ak_1\ + \ak_Q\ +- 1+ ‘al‘ + 1)

vanhu the k(k + 1) < |kag| < 2(k+ (k—1)+---+2+1) =k(k+1):
mau thuan. Nhu vay |a,| < n + 1 v6i moi n. O

Vi du 2.1.12. Chitng minh rdng 2%(22)2% - (2" < 4 vdi moi s6 nguyén

duong n.
B: Vi 2 (2 .. (2% — 257 nen chi cin ching minh 3
ai giai: Vi 22(22)2% ... (27)7" = 251" nén chi c4n chiing min ;%<
SR b S il 2nen 30 2 <9 m
Vi) — = — =3 ——=2nén ) — <2

P A v o A v A i1 2k
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Vidu 2.1.13. Tim lim b_ , trong dé day so nguyén (a,) va (b,) thoa man:

n—+o0o O
a_1=0b_1=1a90=1,bp=1 vavoi n>1:
an = 2a,-1+ (2n — 1)%a,_2,b, = 2b,_1 + (2n — 1)?b,_»

n

Bai giai: Bang quy nap theo n ta nhan dugc cdc cong thic b, = [[ (2k+1)

k=0
n-l an  ap-1 . (—=D)" .
vaa, = (2n+ l)a,_1 + (—1)" 2k +1). Vay — = + vOl
20+ Dayy + (-1 [Tk +1). Vay 3 = 74 5o
. ap 11 (=1)"

5 énn > 0. Nhuvady — =1— -+ -+ - Ch
mo1 sO nguyén n vay b, 3 + 5 + + 1 uyén
qua gi6i han ta dugc lim — = arctanl = — O

n—-4oo n 4
Vi du 2.1.14. Cho hai ddy so nguyén (a,,) va (b,) théa man:

aoz—l,bozl
a,=2n—1,b,=—n’n>1.

Xay dung hai day cdc s6 nguyén (A,,) va (By,) nhu sau:

Ao :O,BO = 1,,/41 = 1,Bl =
An1 = anp1 Ay + by An 1, Buyt = a1 By + 0, By, 2> 1.

(i) Tinh A,, B,, theo n.

Ap
(ii) Chitng minh B €eQ\Z.

n

(ii1) Tim nh_)nglo A_

(iv) Chitng minh Z

wIH
—
[N}
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Bai giai: Bing quy nap theo n ta nhan dugc céc cong thic B, = n! va

no1
An = (20 2)n!
Hj 1
(ii)TaC()B_Z:,;EEQ\Z
B 1 B L,
(iii) IA—n | nennl—{iloA_n_x;rjh —ln(l—i—x)_
27
k=1
) n 1 A, 1
(111) Do —=—= 5 ]
k—lk n 1
1 —
22
3 _
32
5 — .
_ —
2n—3—(n )
2n — 1

2.2 Day hiéu cua mét day
Pinh nghia 2.2.1. Cho day s6 {a,} = {a, }nen. Day {Da, }pen V6i Da,, =
Upi1 — Gp,m = 0, dugc goi 1a day hiéu cua day {a,}.
Vi day hiéu ciing 1a mot ddy s6 nén ta c6 thé 1ap diy hiéu clia né va ky hiéu
qua {D%a,,}. Hién nhién

D%a, = Day, 1 — Day,, = apyo — 20,401 + ay.
Téng quiat D*a, = D*a, 1 — D*a, va D*(D"a,) = D" "a,.
Vi du 2.2.2. Vi 56" nguyén duong r, ddy (a,), trong dé a,, = ("), thda man
hé thitc Da,, = a,11 — a, = (Tﬁl).

Bé dé 2.2.3. Vi hai day s6'{a,} va {b,} ta cé6 D(ra,+sb,) = rDa,+sDb,
va D*(ra, + sb,) = rDF¥a, + sD"*b,, véi moi s6'r, s va s6 tw nhién k,n.

Ching minh: Vi D(ra,+sb,) = rDa,+sDb, = r(a,1—a,)+5(bni1—by)
nén c6 ngay két qua D(ra, + sb,) = rDa, + sDb,. Téng quit D*(ra,, +
sb,) = rD*a,, + sD*b,, dugc chitng minh dé dang bing qui nap theo k. [
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B6 dé 2.2.4. Cho day 56 {a,}. Néu D" a, = 0 véi moin > 0 thir + 1 56
hang ay, Day, . .., D"ag xdc dinh hoan toan tdt cd cdac D¥a, véi moi k, n.
Ddc biét, néu ddy so {b,} thda man Dby = D’ag va D""'b, = 0 véi moi
n>0,0<y <, thia, = b, voi moi n.

Chitng minh: Hién nhién. O
Pinh 1y 2.2.5. Cho day s6 {a,}. Néu cé da thitc p(x) bdc r thoa man a,, =
p(n) véi moi n > 0 thi D" ta,, = 0véi moi n > 0. Nguoc lai, néu D" a, =
0 voi moin > 0 thi

anp = " ap + " DCLO+"'+ " DSCL0+"'—|— " Dra().
0 1 5 r

Chirng minh: Gia st da thic p(x) bac r thdoa méan a,, = p(n) véi moin > 0.
Ta chi ra D""'a, = 0 bing phuong phip qui nap theo r. Khi r = 0 ¢6
a, = p(n) = a. Vay D'a, = a — a = 0. Gia st két luan ding cho r — 1 va
p(x) =cx"+---+c¢y. Via, = p(n) véimoin > 0 nén Da,, = ap11—a, =
p(n+1)—p(n). bat q(z) = p(r + 1) — p(z) théa man Da,, = q(n). Vi q(x)
la da thic bac » — 1 nén D"(Da,) = 0 theo gia thi€t qui nap. Vay ta nhan
duoc D"a, = 0.

Gia thiét day {a,} thdba man D""la, = 0 v6i moi n > 0. Dinh nghia day
méi {b,} xdc dinh boi:

b, = " ap+ D " apg+ -+ D’ " ap+ -+ D" " ap,n = 0.
0 1 s r

Theo B6 dé 2.2.3 ta c6 ngay

Db, = D" Vag+ D" Vag+---+ D" )ay
0 1 r
= (" )Dag+ (") D%+ -+ D " ) Drag
0 1 r—1

vi D""lag = 0. Lap lai, véi D?, ..., D’ va ta nhan duoc

Db, = (") Diag+ ("Dt lag 4+ [ " ) D
0 1 r—7j

va dén D'b,, = D"ay (Tfr) = D"ap. Do d6 D™ 'b, = D" lag = 0 v6i moi
n > 0va Dby = DVay v6i moi 0 < j < r. Vay theo B6 dé 2.2.4 c6 a,, = b,
v6i moi n = 0. O
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Vi du 2.2.6. Cho day (a,,) vdi ag = 3 va apy1 = a, +4n+ 1 vdi moi n > 0.
Chiing minh rdng véi moi s6'tw nhién duong m déu cé n dé a,—3n—1 = 2m?.
Bai giai: Vi Da, = a,,1 — a, = 4n + 1, D*a, = Da, 1 — Da, = 4(n +
1) +1—4n —1 = 4 va D3a, = 0 nén theo Dinh ly 2.2.5 ta c6 ngay
= 3(() + Dao(}) +D2ao( )+0= 3+n+2n(n— 1) = 2n*> — n+ 3 hay
an —3n —1=2(n—1)? véi moi n > 0. Vay v6i mdi m ¢6 a,, 1 — 3(m +
1) —1=2m> O
Vi du 2.2.7. Cho day (a,) vdi ay = 3,a1 = 2 va a2 = 3apsy1 — 2a, —
6n2 + 14n — 5 véi moi n > 0. Xdc dinh a,, theo n.
Bai giai: Vi a,.2 — 24,41 = Gpi1 — 2a, — 6n° + 14n — 5 nén khi dat
by = Gny1 — 2a, ta s&€ ¢6 b, = b, — 6n> + 14n — 5 va day (b,) véi
bo = —4,by11 =b, —6n%+14n — 5 véimoin > 0. Vi Db, = b, — b, =
—6n? + 14n — 5, D?b, = Db,1 — Db, = —6(n+1)2 +14(n+ 1) — 5 +
6n? — 14n +5 = —12n + 8 va D3b,, = —12, D*b,, = 0 nén theo Dinh ly
2.2.5 ta ¢6 ngay b, = —4() + Dao(}}) + D2a0( ) + D?ao () hay

b, = —4—5n+8<g) —12(7;) — 903 4+ 1002 — 13n — 4.

Vay ag = 3, ani1 = 2a, — 2n3 + 10n? 13n — 4 v6i moi n > 0. V6i diy
kiéu nay, ta xét a,, = u.2" + an* + bn> + cn? + dn + e. Tix day dé dang suy
ra a,. []

Vi du 2.2.8. Cho day (an) voi ag = 5,a1 = 1 va a,1 = a, + 6a,_1 —
6n2 + 26n — 25 véi moi n > 1. Ching minh rdng véi moi tu nhién n déu cé
a, = 2.3" + n*(mod 27).

Bai giai: V6i diy kiéu nay, trudc tién xét da thitc dic trung 22 — 2 — 6 =
(x —3)(x + 2). Tiép theo a,, = u3™ + v(—2)" + +an?® + bn? + cn + d va xét
r5 =ay=u+v+d

l=a1=3u—2v+a+b+c+d

34 =ay=9u+4v+ 8a + 4b + 2c + d
39=a3=2Tu—8v+27a +9b+ 3c+d

226 = a4 = 81lu + 16v + 64a + 16b + 4c + d

| 415 = a5 = 243u — 32v + 125a + 25b + 5¢ + d.
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Giai hé¢ duoc u = 2,v =3,b=1vaa = c=d = 0. Nhu vay cé cong thic
ap =2.3"+3.(=2)" + n® va a, = 2.3" + n*(mod 2") v6imoin > 0. O

Chia y 2.2.9. Néu co da thiic g(x) thoa man a,, = g(n) thi a,41 — a, =
gn+1) — g(n) la mot da thiic cia n voi bdc nho di 1.

2.3 Ham sinh thuong va day Fibonacci, day Catalan

Mot trong nhiing nguon goc dan dén khai niém ham sinh chinh 1a Dinh ly
n
khai trién nhi thic Newton (1 + )" = > (})z* va khai trién thanh chudi

lﬁythfracﬁahélmphélnthl’rc1 =1+a+a2?+---+a2"+ .. Payla

—

mot Ky thuat giai tich v6i nhiéu ting dung trong t6 hop va nghién cttu day so.

Ham sinh dugc phan ra lam hai loai: Ham sinh thudng va Ham sinh mii. Ta

bat dau vdi khdi niém ham sinh thudng dudi day:

Pinh nghia 2.3.1. Cho day s6 {a,}, hoac téng quét hon 1a diy ham {a, =

an(z)}. Chudi luy thira hinh thic f(z) = a,x" dugc goi la ham sinh
n=0

thuong cta day {a,}.

Két qua chinh

Dinh Iy sau day da duoc chitng minh trong Giai tich.

Dinh 1y 2.3.2. Cho 56 thuc duong o.. Néu chudi luy thita hinh thicc > a;z°
i=0

hoi tu 161 h(x) thi cho moi x € (—a, ) ham h(x) ¢ W (z) =Y iaz""! va
i=1

h ooal,xiJrl
t)dt = .
frow -5

Dinh ly 2.3.3. Day s6 {a,} duoc goi la ddy xac dinh ki€u tuyén tinh néu day
codang : ag = Qp,...,05 1 = Qs_1 Vd Upys = V1Opts—1+ V20pys—2+ -+
Vs@n, = 0. Khi dé ham sinh thuong f(x) cua day {a,} la mot ham hiiu

bo - b bt ]
P I < s, khi va chi khi {a,} la day xdc dinh kiéu

_,1 +Nnr A+ +75x87
tuyén tinh.
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Ching minh: Gia thiét ag = ag,...,05 1 = Qg1 VA Qpis = VApis_1 +
Yolpis—2+ -+ + Vs, n > 0. Pat f(x) = ag+ a1z + asx® +azz® +--- . Skt
dung Upys = V1pts—1 + Y20n4s—2 + -+ Ysap,n > 0, ta co (711' + ’72$2 +
ctysx®) f(x) = p(x)+ f(x), trong d6 p() 1a da thic v6i bac deg p(z) < s.
Dit q(x) = yr + 792® + -+ + vs2%. Ta ¢6 (¢(z) — 1)f(x) = p(z). Vay

f(z) = Ll hay ham sinh thuong f(x) cta day la mot ham hitu ti.

. +01x+---+ TJ}T p\x .
Nguoc 1a1, cho = 0 = , < S. Vi =

p(x) nén khi so sanh hé s6 cua cac x" ta c6 hai hé

p

—ag = bo
< apyr —a; = by
| @0Ys—1+ a1Ys—2 + - — a5 = by VA
4
aO'}/s"l’alstfl"i_"’_as:O
) a1ys + ag¥s—1+ - — asy1 =0
aoYs + a3Vs—1 + -+ — Qg2 = 0
-
Giai hé dau c6 nghiém ay = «q,...,as_1 = «s_1. T hé sau ta suy ra
Upis = VAnts—1 + V20nts—2 + -+ + Ysapn,n > 0. Do d6 {a,} 1a day xac
dinh kiéu tuyén tinh. O
binh Iy 2.3.4. Néu u(z) = —2° + ya*t + - + 45 = 0 ¢6 cdc nghiém
T1,...,T¢ VOi cdc boi tuong ting 1, . . .,y Khi dé ton tai cdc da thiic py(n),
pa(n), ..., pe(n) thea man a, = pi(n)rf + p2(n)ry + -+ + p(n)ry va

0<degpi(n) <y, —1lviii=1,2,...,t.

Mot vai vi du

Vidu2.3.5. Ddy so'ag = 5,a; = 13,a3 = 35va a,3 = 6a, s—11a, 1+6a,
véin > 0. Ching minh rang a,, = 2" (mod 3"*1) va a,, = 3" (mod 2"1).

Bai giai: Da thic p(z) = 2° — 62° + 112 — 6 = (z — 1)(z — 2)(z — 3). Vay
a, = a2" + b3" + c. Tix diéu kién ban dau suy ra a,, = 2""! + 37+L, O
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Vi du 2.3.6. Xét day 56 ag = 11, a; = 6, a5 = 18, a3 = 104, ay = 346 va
Gpis = 60,14 — 130,43 + 14a,.0 — 12a,1 + 8a,,n = 0.
Tim so6 nguyén duong l6n nhdt m dé asy 1 chia hét cho 2™.

Bai giai: Da thic p(z) = 2° — 627 + 1323 — 142% + 122 — 8 dugc viét
thanh p(z) = (x — 2)*(z — i)(x +4). Vay a, = p1(n)2" + ai™ + b(—i)".
Tir diéu kién ban dau suy ra a, = (n? + n + 1)2" + 5" + 5(—4)". Vay
aso11 = (20112 + 2011 + 1)2201, 8§ m cdn tim bing 2011. =

Str dung khdi niém ham sinh va chudi Iu§y thira hinh thic dé xét mot s6
day so dac biét.

Vi du 2.3.7. Xét day s6 Fibonacci ag = 0,a1 = 1,a,.1 = ap + ap_1,n > 1.
x

Cong thitc dong cho ham sinh thuong cua day la f(x) = TRt Tim
—r—=
> a 1
n th 1 h') L —_ .
a eonvaclranzzjolwrl T

Bai giai: Dat f(z) = ap+air+ar®+azzd+---  Khidé (1—z—2?) f(z) =
x . 14++v5 . 1—+5
——— Véia= vab=
1 —x—a?
1 1 1

\/3(1—a:1:_1—b:13)

x hay ta c6 f(z) = , biéu dién

f(z) qua chudi liy thira f(z) =

. Vay co6

f(x):L((l%—ax—i—a%z—k---)—(1—|—bx+62x2—|—---)).

V5

., e e a’—b" | o
So sanh hé s6 cua 2™ & hai v€ ¢6 a,, = 7 va cong thitc dong f(x) =
T 1 x ap, 1
—— . V6i ¢ = - ta nhan dugc = —. O
1 —x— a2 4 ' ' nz_:o |
a” —b"
Tir két qua a,, = ta suy ra cac dong nhat thic sau day:

V5
Vi du 2.3.8. Xét day s6 Fibonacci ay = 0,a1 = 1, ap,11 = a, + ap_1,n > 1.
Khi do ta co
a” —b"

(i) [Phuong trinh Biner] a,, = 7 , L, =a" + 0" [S6 Lucas]. Do do

. an+1
lim

n—oo a,n
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2] 23]

.o 1 2 n n—m—
(i) an = o= 2. (2k+1)5k = > ( ';3 1)'
2" 120

k=0
(iil) agni1 = a2 + a2, a3, =ad +ad,, —ad_,.
@iv) a" = aa, + a,_1,b" = ba,, + a,_1.
(V) az, + (—=1)"ay, @ ag,.
(vi) Néu p > 5 la s6 nguyén to' thi a, : pvaas+1 =212 a3+1 =
3:3,a5=5:5.

. n__ pn
Bai giai: (i),(ii),(iii),(iv) va (v) déu duogc suy ra tir cong thic a,, = a—.

Vb
23]

. y . 1 '
Véi p > 5 1a s6 nguyeén t6 thi tir (ii) ¢6 a, = T ; Z (2k+1)5 ‘p.Véi O
Vidu 2.3.9. Xét day Catalan ay = 1, a,,.1 = apa, +a16,_1+ -+ a,_1a1 +
1 —+1—4x

anag,n = 0. Cong thitc dong cho ham sinh cua day la f(z) = 5
x

Tim cong thirc tinh a,, theo n.
Bai giai: Dat f(x) = ag + a1x + asx® + azz® + -+ - . Khi d6

f(@)f(x) = af+ (apar + arap)x + (apas + ajar + asap)r® + - -
_ fle) -1

X

Vay z[f(z)]* — f(x) + 1 = 0. Giai phuong trinh nay va do f(0) = 0 nén
1—+1—-4x 1 1

2
= aj] + asx + azx +a4x3+---

- = — — —(1-42)7.
/(@) 2x 2x 2:5'( 7)
1—+v1—-4 e x
Cong thic dong cho ham sinh f(x) 1a f(z) = 5  Biéu dién
x
« 1 22 1.3
ham nay qua chubi luy thira f(z) = > —[2z + Eaz + 5 233 4
x !
1.3.5...(2n — 3 1 2
(2n )2”:1:90 + .- ] So sanh hé s6 duoc a,, = " vé1 moi
n! n+1\n
sO nguyén n > 1. O
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) 1
Vi du 2.3.10. Day s6 (a,,) duoc xdc dinh nhu sau: a1 = 1 va a,, = —+
n!

n Cilly + n Ci22)| + e+ DL i n > 1. Xdc dinh cong thitc dong cua
FM(0 —1
f(x) va chi ra a, = ( ), trong dé F(x) = voi moi n.
n! et —

Bai giai: Dat ¢y = 1. Xétham sinh f(z) = > a,2". Khidé f(z)(e"—1) =
n=0
11 1
(a0t arwtasn®+- - tapa’ - ) (rtgpa’te ) = fz) -1
Vay f(z) = ——

F™(0 —1
( ), trong d6 F(x) =

5 Dua vao Cong thuc khai trién Taylor—Maclaurln ta c6

a, = vé1 moi n. O

et —
2.4 Ham sinh mi va day so Stirling

Két qua chinh
Nhu mot su ti€p tuc, khai niém ham sinh mi s€ duoc dinh nghia dudi day.

Dinh nghia 2.4.1. Cho diy s6 {a,, }. Chudi luy thira hinh thitc biéu dién trong

0.9]

dang f(z) = > a—?az” dugc goi la ham sinh mii cua day {a,}.
n=0 T
Vi du 2.4.2. Vi day s6' (")) ham sinh thiong f(z) = Y ()a" duoc viét
n=0
0 I 0 n
thanh f(z) = X_: (= n)'n' " = nX:o Fw la ham sinh mii cua day (Al).

(m la s6 ¢6 dinh cho trudc )

Pinh nghia 2.4.3. Cho mot tap hitu han S khac rébng. Mot phdn hoach cia
S thanh k phan, v6i 1 < k& < n, 1a mot ho cac tap con Sy, ..., S, thda man
ba diéu kién sau day :
( &

Us:, =S

i=1

S; # () v6i moi i
| SiNS;=0v6imoii,j,i#j.

7\

S6 hoa boi Trung tim Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



25

Pinh nghia 2.4.4. Cho tap hitu han S khac réng. S6 cac phan hoach cua tap
S thanh £ phan duogc ky hiéu 1a S(n, k) va duge goi la so' Stirling (loai 2).

DPinh 1y 2.4.5. Vi hai s6 nguyén duong n, k thoa man 1 < k < n ta luén cé

k'S(n, k) = Zk:(—n’“‘ (]j) i

Ching minh: Xét tap S = {aj,as,...,a,} va R = {1,2,...,k}. Theo
Bai tap 1.2.22, s6 cdc toan anh tir S 1én R bang k!S(n, k). Mat khéc, biéu

. x , aq a9 Qp, .
dién anh xa S = R qua ta cO nga
v I <f(a1) flas) ... f(an>> 8y

{f(ar), f(az),..., flan)} = {1,2,...,k}. Viét ddy s6 f(a1)... f(a,) nhu
mot chinh hop lap chap n cua k s6. Nhu vay, tuong ting mdi dnh xa f
v6i ding mot chinh hop 1ap chap n cua k£ s6. SO chinh hop lap nay ding
bang £". Ky hiéu A la tap tat ca cac dnh xa tir S vao R va cho moi i ky
hiéu A; 1a tap con clia A goém tat ca cac anh xa tr S vao R\ {i}. Ta c6

Al = k", |A;l = (K —1)" va () A;, = (k — s)". Tap tat ca cic toan dnh tir
j=1

k
S 1én R ding bang A\ |J A;. Theo Dinh 1y 2.4.5, ta nhan duoc
i=1

klS(n, k) = |A|— |UA|_k” ()(k 1)"

Vay K1S(n, k) = (=1 (5) (s — i) = SS(= 14 (. m

i=0 1=0

Hé qua 2.4.6. Vi hai s6 nguyén duong n, k thoa man 1 < k < n ta luén cé
k' = zk: (k)z'S(n,z)
im0 \'
Chiing minh: Pat a; = k!S(n, k) va b; = i". Theo Dinh ly 2.4.5, ta ¢6

k k
ar = S (=D (")b. Pat ¢ = (—1)*ay. Khi d6 ¢, = > (=1)'(¥)b;. Ky
=0 1=0
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hiéu dang thitc nay nhu sau ¢ = (1 — b)* va hiéu 1a sau khi khai trién thay b’
boi b;. V6i ky hiéu hiéu hinh thiic, ding v6i moi gid tri clia z, c6 thé viét dong
nhat thic nhu sau: (¢ + )" = (=b+ 1+ 2)*. Cho z = —1 ta c6 (—1)*b* =

(c— 1) hay by = (1 — ¢)F = Zk,:(—l)l(lf)cZ Vay k" = i (f)z'S(n,z) O

i=0 im
; < S(n,k)x"
Pinh ly 2.4.7. Ham sinh mii cia ddy so Stirling la f(x) = > (n—')x co
n=0 n:
. T _ 1 k
cong thitc dong bang %.
, . . . S ]- 1 k k—i k
Chitng minh: Theo Dinh 1y 2.4.5, f(z) = > _'(E S (=D (BYim)an
n=0 T "R-i=0
. i k—i(k (2z)" d k—i (kY iz k
Do d6 k!f(x) = ;)(—1) °) z—:o = ;)(—1) i(De™ = (e" —1)
(" — 1)

hay f(x) = I

Mot vai vi du

Vidu 2.4.8. Ky hiéu D(n) la sé cdc hodn vi cia n phdn tit khéng cé phan tie
cd'dinh, chdng han: S6 cdc phép hodn vi T € S,, sao cho w(k) # k véi moi k.

- 11 1 —1)"
Dé dang chira D(n) = n!(a—ﬁ+i—~ ° '—|—( n!) ). Ham sinh mii cia ddy
© D
(D(n)) la f(z)=>_ @x” Xdc dinh cong thitc dong cua f(x) va chiing
n=0 T
minh D(n) = nD(n—1)+ (=1)",D(n) = (n—1)(D(n — 1) + D(n — 2)).
o o X D) o2 1 1] (=D"\ .
Bai giai: Do boi f(x) —nZ::OT(E —Tlgo(ﬁ—ﬁ—i—i—“ + E:
s X (=1 k)( o k) _— 1
nén jf(x :< — Tt ) =e " = :
/() kz_:o k! kz_:o l—z e*(l—ux)
D D(n—1 —1)"
Tu f(x)(1—x) = e " suyra Ti?)— (T(Ln_ 1)!) = ( n!) vanhuvay D(n) =

D(n)=nD(n—1)+ (=1)"

D(n—1)=(n—-1)D(n —2)+ (=1)"!
ra D(n) + D(n —1) =nD(n—1)+ (n —1)D(n — 2) hay D(n) = (n —
1)(D(n—1)+ D(n — 2)). 0

nD(n — 1)+ (—=1)". Tu suy
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Vi du 2.4.9. Ky hiéu D(n) la so cdc hodn vi ciia n phan tir khong cé phan

m
i ¢o dinh. Chitng minh rdng Z (Z’:)D(n) = m! voi moi s6 nguyén m > n.

S ens . > (n) 1 1
ai giai l;) flz) = %0 . (1=2) nén f(z)e -
Vay < > — W) ) ( > 'x”> > ™. So sanh hé s6 cta =™ & hai v€ ta
n=0 n! n=0 T n=0
dugc > (") D(n) = ml. O
n=0

Vi du 2.4.10. Day so Bell (B,,) duogc xdc dinh nhu sau: B, = Y S(n, k)
_1
voi n > 1va By = 1. Xdc dinh cong thitc dong cua f(x) = > — = "
n=0 n!

n

< > B, ,
Bai giai: D& dang chira B,; = Y (})B;. bat f(z) = Y —a". Vay

k=0 n=0 n!
f(x)e* = i ! Bon = ni;o(n + 1)(nB_n:11)'x” = f'(z). Tu day suy ra
f];((;:)) dx = [e”dx hay In(f(z)) = e¢* + C. Vi f(0) = By = 1 nén
C = —1 vanhu thé In(f(z)) = e — 1. Do d6 f(x) = e 1, O

2.5 Ham sinh cua day cac da thicc Bernoulli

Pinh nghia 2.5.1. Cdc da thiic Bernoulli { B,,(x)} 1a nhitng da thic théa man
ba diéu kién sau day:

) Bo(z)=1

(i) Bl (z) =nB,_1(z)véin >1

(iii) fB )dz =0 véin > 1.

Pinh nghia 2.5.2. S6 Bernoulli thit n 1a B,(0) va dugc ky hiéu qua B,, v6i
n=012...

B6 dé 2.5.3. Dao ham cdp s ciia B,(x) la B,(LS)(x) =nn—-1)...(n—s+
1)B,_s(x) va By, (x) la da thiic bdc n.
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Chirng minh: B,gf)(x) =nn—1)...(n— s+ 1)B,_s(x) dugc suy ra tir
dicu kién (ii). Vi Bén)(:zz) = n!By(z) = n! nén deg B,,(z) = n. O

n

Pinh Iy 2.5.4. Ta ¢ ngay cdc hé thitc sau ddy: B, (x) = ) (Z) By va
5=0

By=1,% ("B, =0,B, € Q.
5=0

n Bés)(o)xs o
Chitng minh: Taluoncé B, (z) = >, ————.TheoB6d¢2.5.3, B,,(z) =

s=0 S'
n nlB,_,(0)z® 2 S
S i (0)x = > (")Bsa™*. Chon > 1, tir diéu kién [ B, (z)dz =0
= sl(n—2s)! 50 0

1 n n
ta suy ra he thic [ (Y (") Bsa" *)dx = 0 hay b S ("B, =0.Vi
0 ° n+1 5=0 i

0
By=1,> (":1)35 = 0 nén B, € Q v6i moi n (bang quy nap). ]
s=0

S6 hoa boi Trung tim Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



29

Tu két qua nay, dé dang nhan duogc mot s6 dong nhat thitc va da thic sau:

B, =
2B, + B,

3By + 3B, + By

4Bs + 6By +4B1 + By =

5B4+ 10Bs + 10By + 5By + By =

685 + 158, +20B3 + 158y + 6B, + By =

S O O O O

zn: <"j:1>Bs ~ 0.

s=0

Bo(fﬁ) =1

1
Bi(z) = T-35

1

By(z) = a:z—eré

3 1
Bs(z) = x3—§x2—l—§x

2 ].

Ching minh: Ta Iu6n cé hé thic duéi day:

B,(z+1)= z % = Z <S)Bs(1)x"5.

s=0 ) s=0

1
Hién nhién By(1) = By(0) = 1. Cho n > 2, tir diéu kién | B,,(z)dz = 0
0

1 1

khim > 1suyra0 = [nB,_1(x)dx = [ B)(x)dx = B,(1) — B,(0). Do
0 0

vay, khi xét b(x) = B,(z + 1) — B,(x), tit Dinh 1y 2.5.4 ta c6

n

o) =3 (2) 130 = B0 = () (B160) - Br@) ",

s=0
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Vi Bi(1) — B1(0) = 1 nén AB,(z) = B,(x + 1) — B,(z) = nz"™ 1. O

n—1 1 S
Vi du 2.5.6. Vi s6 nguyén duongn,s cé »_ k* = (Szl) Bynst—k,
k=0 s+ 1=
n—1 1 n—1
Bai giai: Theo He qui 2.5.5¢6 Y k* = > (Bss1(k+1)— By (k)).
k=0 s+ 1=
n—1 1 1 S
Nhu va ks = B,i1(n) — Bsi1(0)) = St Btk
y DK = g (Bealn) = Bua(0)) = 5 3 (1) B
theo Dinh 1y 2.5.4. O
Vidu 2.5.7. Tinh tong T = Y k* theo n.
k=0
n 1
Bai giai: Theo vi du trén c6 Y k* = 5(35(71 + 1) — Bs) va nhu vay nhan
k=0
n5 TL4 TL3 n
duvgc ' = — 4+ — + — — —. O
S T
0o ... 0

(

. ey |
Hé qua 2.58. Ta ¢6 B, = n' det
| (

Ching minh: T By =1, > (”jl) B; = 0, ta c6 hé phuong trinh tuyén tinh

i=0
VvGi cdc an (By, By, ..., By) :
((0)Bo=1
(6)Bo + (1) B1=0
y (0)Bo+ (1) B1+ (3) B2 =0
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Hé nay c6 nghiém (By, By, ..., B,). Tinh B, qua dinh thiic ta dugc

. Y

B, det

(Wm0 o
) ) G o 0 0
)

S/~ . —~
N—— ° N—"

@ () o ()0
e ey L ey
( : Do v

ol oo 0 o

[

ol

(@)

-+
S/ . /S~~~
_~—— — — —

ofo st

S/ . —~

_ 4= 3 -

i , . \ >N >

N—"
/N

Xét ddy s6 Bernoulli {B,,} v6i By =1, (""")B; = 0,n > 1. Ham sinh
1=0

00 Bn n
mii cla day céc s6 Bernoulli {B,} 1a B(x) = > :'U
n=0 TV

Pinh 1y 2.5.9. Céng thitc dong cua ham sinh mi B(x) cua ddy cdc sé
Bernoulli la

et —1
n+1
Chirng minh: Vi Z (”+1)Bs =0nén B, ;1 = i (”il)Bs voin=1,2,....
s=0 s=0
Thé’nJrlquanduchn:i()B véin = 2,3,. VlBoz(g)Bo
s=0
va Bi = ())Bo+ (})Bi —1nén B(z) = -z + > (> (Z)Bs)% =
n=0 s=0 :
xn—s . A B T
_x+7;)820( )((n_s)!):—a:JrB(x)e.VayB(x)—ex_l O
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Hé qua 2.5.10. Chon # 1vanlé c6 B, = 0.

00 Bn n
Chimg minh: Vi1 + S °%" = B(z) - Bizx = ——— + ~ nén 1 +
n=2 n! e —1 2
< B,z" 41 41 ) ,
> = gg;fli Vi % a ham chdn nén B, = 0 khi n # 1 va
n 12 s6 1&. O
o0 Bn xrz
Pinh Iy 2.5.11. [Euler] Ta c6 > (2) o _ 2"
= n! e —1

Chimg minh: Vi B,(z) = Y ()Bz"* theo Dinh 1y 2.5.4 nén ta nhan
s=0
duoc biéu dién

~ ~ Z (n) le,n—s
Bn n -0’ n
Z% n('x) ° T Z n! -

o

V)

Theo Dinh 1y 2.5.9 ta c6 = .
o= n! e — 1 e —1

Hé qua 2.5.12. Ta luon cé

n—1
@ Y (1) Bs(z) = na" ! véi moi n = 2.
s=0

n

(i) Bn(z +y) = Z::O (2) Bs(2)y".

. . X B, 1
Chirng minh: (i) Theo Dinh 1y 2.5.11, ta ¢6 bi€u dién > ﬂ

= n!
ze"? < B, (x) 0 z° =

e* = (Y =—=22")( > =). So sdnh h¢ s6 clia z" & hai V€, ta dugc
e —1 = ! =0 s!

Bn(z+1) = i (") Bs(z) hay By, (z+1) = Bn(x)—l—nz;:; (") Bs(z). Vi B, (z+

n—1

1) — B,(z) = na""! theo H¢ qua 2.5.5 nén . () B,(z) = na" !, n > 2.
s=0

2" =
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ze(ty)z zev* . .
(i1) Twr = ] eY* ta suy ra su bang nhau giita hai chudi
62 _ eZ _
Bn(.’L' + y) n - BT('I) r S yszs
<l Z:ZOT!Z)(ZOS!)
n= r= S=
x B x~ B "
va nhu vay > (o + y)z” = 3 (2)y 2*T". So sanh hé tur cta 2" c6
n=0 n! 7,5=0 slr!
n
By(x+y) =3 (7)Bs(x)y" . 0
5=0
00 Bn 1 m=1 o n,n k .
Vi du 2.5.13. 3 Mz” = — > > " Bu(a + ) vdi moi 5o
=0 n: m p—on=0 MN-: m
nguyén m = 1.n '
1 1 z 22 | ... (m—1)z
Bai gidi: Vi __rere e Te nén theo Pinh 1y 2.5.11,
er —1 ems —1
. N >~ B maxz 1 maxz
(a c6 bidu dign 30 DolmE) o 2T L meetm
=0 n! ec—1 me*—1
i B,(mz) 1 e™mz(1 4 e + - 4 em=b?)
z e
o n! m ems — 1
k
m—1 mz(z+—)
B i mze m
T om emr — 1
k=0
m—1 oo
1 m"z" k
= > o Balz 4+ )
k=0 n=0 '
>~ B 1 m=1 = n,mn k
Vay Zowz”:%kzozomnf Bn(a:—kE)V(’iiinm}l O
n= . =0 n= .

Vi du 2.5.14. Vi hai s6 nguyén m,n > 1 hdy tim tdt cd cdc da thiic f(x)

o 1 m=1 k
vai hé tit cao nhdt bang 1 théa man m™" f(mz) = — > f(z + —).
m r—o m

v oe o0 & By(ma) 1 mel o mtet k )
Bai giai: Tu nz—:O — A= Py nz—:() o Bn(w—ka) theo Vidu 2.5.13
1 m=1 k . )
ta suy ram~"B,(mz) = — > B,(x + —). Vay B,(z) thdéa man dau bai.
m r—o m
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Tinh duy nhat: Gié st ¢6 hai da thic phan biét p(z) = 2" + az" ' + -+ va
q(x) = x”—i—bx"*1+- -+ thoa man dau bai. Khi d6 hiéu §(z) = p(z) —q(x) =

cx® 4+ .- véi ¢ # 0 vi d < n cling théa min ddu bai. Vi m~"y(mx) =
1 m=1 k

— > oz + )néntacéc=md_”chayc:0:Voly,dom>1Vé
m r—o

d<n. O

Vi du 2.5.15. Néu co 1—1+E—x thi cdac u,, € Q véi moi n.
et

Bai giai: Gia st ‘ 1= =1+ Z —x . Khi d6, qua quy dong va gian udc

e”r — nln

, nhan dugce dong nhét thic 1 = (1 + i e ) x”) (1+ Z ﬁx") So
n=1 n=1 1¢:

. . . e, Uy U
sanh hé so cua " o hai V€, co
- . n'1'+(n—1)'2'+ +1'n'+( 1)
+1

v6i moi n > 1. Bi€u dién dang t6 hgp qua viéc nhan hai vé€ véi (n

0

=
)

| 1 1
(nT )uw<7ﬁ"—2F >un_1+---+<n+ )ul+1:0,n>1,
n

hay viét theo kiéu hinh thic (v + 1)"™ — u"™! = 0 v6i chd §: Sau khi khai
trién xong phai viét «* thanh u;. Tt déng nhat thic niy ta c6 hé phuong
trinh tuyén tinh v6 han dudi day:

(2uy +1=0

Sus +3u; +1=20

4us + 6ug +4u1 +1=0

Sug + 10us + 10us + d5u; +1 =20

6us + 15ug + 20us + 15us +6u; +1 =10

- N

L

Nhu vay u,, = B,, € Q v6i moi n. O

2.6 Ham sinh Dirichlet va ham Zeta-Riemann

Pinh nghia 2.6.1. V6i ham s6 hoc f : N — C, va s > 1, chudi luy thira hinh
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thitc F'(s) = Z ( ) duoc goi 1a chudi Dirichlet tuong iing f. Cho day s6

n=1
o0

{a,}. Chudi g(s) = > o con dugc goi la ham sinh Dirichlet.
nS

n=1

Ta cong nhan hai dinh 1y sau vé tinh duy nhét, tinh nhan cta chudi Dirichlet:

Pinh 1y 2.6.2. Cho hai chuéi Dirichlet F'(s) = > (n) va G(s) = 9(n)

n=1 ns n=1 n’
tuong ting cac ham so hoc f,g: N — C. Néu c¢6 56§ € R sao cho F(s) =
G(s) voi moi s = 6 thi f(n) = g(n) cho moi n.

Pinh 1y 2.6.3. Cho ba chudi Dirichlet Fi(s) = '( )

so hoc fi * N — C,i = 1,2,3. Néu f3(n) = Z f1(w) fo(v) voi moi
n € N thi F5(s) = Fi(s)Fy(s).

Pinh 1y 2.6.4. Cho s0's > 1 va hai day so {an}, {bn}. Xét hai ham sinh

o0 by
Dirichlet g(s) = Y T a h(s) = Z —. Gid thiét hai chudi Z m va
n=1 1" n=11°
> = 5 hoi tu trong khodng (sg, 00). Khi dé g(s)h(s) ciing la mot ham sinh
n=1 1°
Dirichlet sinh ra bdi day {c,} vdi ¢, = Y a,b, trong khodng (s, 00).

uv=n

Chitng minh: Theo phép nhan céc chubi ta c6

Vay g(s)h(s) 1a mot ham sinh Dirichlet sinh ra bdi day {c,} véi ¢, =

> ayb,. O
Pinh 1y 2.6.5. Néu f la mot ham nhdn thi ) f(n) =112 f(p )) trong
n=1 1 i=0 D"

(0]
dé tich ldy theo tdt cd cdc s6 nguyén t6'p. Chuoi ) —

n=1 T
sinh Dirichlet ciia ham s6 hoc f.
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Chitng minh: Khai trién tich & v€ phai ctia hé thic trén ta c6

- [0
i=0 j=1 i=1
Ajir
_ ph f(pjz)' 'f(pjr)
o Z SA 3/\jr
.] .]2 e jr
= Z p1 p2 ...p2), Vi f 1a ham s6 nhan,
_ Ajir
Z P
trong d6 p; 1a sO6 nguyén t6 thit £. Nhu vay hé thic trén la ding. O
. 7 S k= f(p) -
Cha y 2.6.6. Ta si dung tich hitu han T, = ] (> T ). Sau dé cho
=1 j=1 p;

k — o0.

Pinh nghia 2.6.7. Cho s6 s > 1 va day s6 {a,}. Chubi luy thira hinh thic

> 1
C(s) = >  — duogc goi la ham zeta Riemann.
nS

n=1

Dinh ly 2.6.8. Vi s > 1 ta co

< d
RSO
n=1 N
1
(i) ((s) = ];1_]9;8.
(111) @_; -
S°1.1
Chiing minh: (i) Theo Dinh Iy 2.6.4, (%(s) = 3 “"; - dgj)
n=1 n=1
(ii) Theo Dinh 1y 2.6.5 véi f(n) = 1 ¢6 ¢(s) = [[ (> L) ol _
jlepj jzll—pj

(iii) Ky hiéu G(s) 1a ham sinh Dirichlet cia ham s6 hoc p. Khi d6

) la
9 =3 H0TI M) TTa g =

n=1 j=1 =0
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Nhu vay — = Z ) O

2

C()

Pinh 1y 2.6.9. Ta ¢6 ((2) = R

Chimg minh: Cong thic khai trién Fourier clia ham f(x) trén [—, 7] :

( 1 T
== [ f(z)cosnzdx
o ™ —T
Qg . T
:E Zancosnx+bn51nnx),< lff( ) sinnz dx
=1 T
n>1.
\
Véiham s6 chin f(x) = 2% ¢6 2° % Z n COSNT, a, = — [ % cosnx dx
— T 0
2 oo (_
chomoinZO.VayxZ:% 42( )cosm: . Cho z = 7 ta cé
) n=1
T
2) = —. [
2)="%
2.7 Tich vo han
Pinh nghia 2.7.1. Véi day s6 (a,) ta dat tich aja, . .. H Tich
) ne1
nay duoc goi la mot tich vé han. Ky hiéu A, = [] a,. Néu ton tai hrf A,
n=1 n—-+0o0

A thi A dugc goi 1a gid tri cua tich vo han [] a, va viet A = H Ay,

o0
Van deé dat ra: Khi nao ton tai gia tri cta tich vé han [] a, d6i v6i mot day
n=1

s6 cho trude (ay,).
Ta c6 két qua sau day cua G.M. Fichtenholz vé tinh hoi tu ctia mot tich qua
hoi tu ciia mot téng tuong ng:

Pinh ly 2.7.2. [ Fichtenholz] Cho ddy cdc so duong (a,,) va dday cdc so am
(b,). Khi dé
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(i) Tich vo han [](1 + a,) hoi tu khi va chi khi tong vé han > a,, hoi tu.
i=1 i=1

(i) Tich vo han T](1 + by,) hoi tu khi va chi khi tong vo han >_ b, hoi tu.
i=1 i=1

Chiing minh: (i) Hién nhién, néu tich vo han [](1 + a,,) hoac tong vo han

i=1
00 In(1 n pe s
> a,hoituthi lim a, =0.Khidé lim M = 1. Do boi tich vo
i—1 n—-4oo n—-4oo an

han P = J](1 + a,,) hoi tu khi va chi khi tong vo han In P = Y In(1 + a,,)
‘ ~

=1 1
%)

hoi tu. Vay viéc hoi tu hay phan ky cua > In(1 + a,) va > a, 1a tuong
i=1 i=1

duong. Tir day suy ra tich vo han [](1 + a,) hoi tu khi va chi khi téng vo
i=1

han > a, hoi tu. O
i=1
Vi du 2.7.3. Gid su day (a,) duoc xdc dinh nhu sau: ay = 1 va a,y3 =
(n+1)°—1 . L o < p3—1
a, voi moi n > 1. Tim lim a,, va tich vo han [] ( )
(n + 1)3 +1 n——+o00 il nd+1
, ko3 —1
Bﬁg%f@nﬁ@u%:Il( )me&n+1:(n+m—1m
n=2 n3 + 1
2(k* + k+1)
2 1 = 1)? — 1 1 né = . Do dé
n® +n+ (n+ 1) —(n+ 1)+ 1 nén q S 1) o dé
_ 2 . © 3 —1 2
ngglm a, = g va tich vo han nl;[Q (7’1}’3——}—1> = g ]
/2 n
Vidu2.7.4. Dat I, = f sin" xdx.Khidé I,,.1 = —— n_1voimoin = 1.
0 n
Tw do suy ra
(/2 (2n—1)(2n—3)...31x

1l sin® z dx =
) 2n(2n — 2)...4.2 2
@ {0, m2n ~2)

2n(2n —2)...4.2
f Sin2"+1xdxz n( n ) .
L 0 (2n+1)(2n —1)...3.1
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2n)! 12 1 T (2n)!! 721
(1) [ } < =< [—] —.
2Cn -1 2n+1 2 (2n — 1)1 2n
LT : 2n)! 12 1
(ii1) [Wallis] 2 nl—lgloo [(Zn - 1)!!} 2n+1°
/2
Bai giai: (i) Hién nhién [, = [ sin"2( — cosx). Tu day suy ra [,,4; =
! .
nl, 1 —nl,,1 vata nhan duoc [,,.1 = n 1In 1 v61 moi n > 1. Tur cong
(/2 2n —1)(2n —3)...3.1
fsin2”de:(n J@n—3).. il
. N 0 2n(2n—2)...42 2
thic truy hoi nay suy ra § .
T i 2n(2n —2)...4.2
[ sin rdx = :
& 2n+1)(2n—1)...3.1
/2 /2 m/2
(i) T [ sin®zdx < [ sin® zdx < f sin?"~! z dx suy ra hai bat ding
0 0
2n)!! 2n — 1)!! 2n — )
thic (2n) < (2n —1) T < (2n ) va nhan dugc cac bat dang thic
(2n + 1! )l 2 (2n-—-1)N
[ (2n)!! r 1 Tl [ (2n)!! r 1
2n—1M 2n+1 2 (2n — DI 2n
2n)!l 12 1
(iiii) T (ii) suy ra giGi han g ~ lim_ [ (27(1 7)1) ”} T O
. 00 1
Vi du 2.7.5. Chiing minh réng tich vo h (1= 5y ) hoi van
i du ng minh rang tich vé han nl;ll S Oi tu va tim

gid tri cua no.

hoi tu theo Dinh Iy 2.7.2.

T : 2n)!l 712 1 2244 2n 2n
T — = lim [ } = —.——.=... . theo

2 notoo L2n -1 2n4+1 1335 2n—12n—|—1

46 2
Vidu2.7.4tasuyraz:<— —) (— —) (n ) .. Do vay
4 ; 55 2n—12n—1
T (0. 9]

seioinan T = 1 (1- ) e

¢6 gi6i han - n]:[1 n 1)

Vi du 2.7.6. Gid sut dday s6 (xy) duoc xdc dinh boi xg = 1 va xp1 = (1 —
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1 .
m) xy voi moi k > 0. Chitng minh rang day (xy) hoi tu va xdc dinh
gioi han cua no.
x 1 00 1
Bai gidi: Do béi - 4 5 hoi tu nen tich vo han [] (1 _ W) hoi tu theo
) ) . 1 n+1 1 . _ .
Dlnh ly 2.7.2. Vi Tyl = <1 — m)ﬂfk = kl;ll (1 — m) nen day SO
00 1
it o= 1 (1- ).
o wi = (1 7
2 1335 2n—1 2n+1 2
" — = ———— ... : ... theo Vi du 2.74 t - =
T 2244 20 on o A ot
(1 3) <3 5) (Zn —land 1) Do vay ta nhan dugc ngay giéi han
\22) \aa) T ) e an GOt ngay giol e
Zo1(1- —) hay i _Z
T nnl ( anz) ST T -
Vi du 2.7.7. Ddnh s6 cdc so nguyén to theo thir tu tdng dan p; = 2,py =
] 2 noo 1 5
3,p3=>5,....Khidétacé ] i :%.Tb‘fdo’suyran <3
=11 _ — =11 _ —
P p;
e *2 e ~ o 1 7T2 . - 9 .. 2
Bai giai: Tac6 ] T = ((2) = 5 theo Dinh 1y 2.6.9. Do boi 7= < 10
=1 1— =
p; 2
n 1 oo ] 5)
nén [] <11 =<2 O
i=1 1 1 =1 1 1 6 3
2 2
p; D;

Vi du 2.7.8. Day so thuc (x,,) duoc xdc dinh boi xo = 4 va véi moi n > 2
n*4+2n% —2n —1 Tn
1

CO Tpi1 = - XTp. Tim gioi han cua day (ﬁ) khi n — +o0.

(n+1)2(n%—-1)

Tn+1

r,vatacdO ——— =
" (n+1)?

Bai giai: Dé dang suy ra x,,.; =
n
n?—1x x
n s X e A A - . n e X A A
PR v6i moi sO nguyén duong n. Dat z, = 3 v6i moi sO nguyén
duong n. Khi d6 (1 ! ) ﬁ (1 ! ) ﬁ (1 ! ). Do bdi
n.Khidé zp1 = (1 — =)z = — — )29 = — —). Do boi

g k+1 ]{;2 k oty nz 2 oty n2

n
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k 1 1k+1 1
Zpi1 = Z(l — ﬁ) = 5% b khi k& — +o00. Vay gidi han cta day
&

1
) bang khi n — +o0. O
Vi du 2.7.9. [VMO 2011] Dady s6" thuc (x,,) xdc dinh boi x1 = 1 va z,, =
o2n n—1
W Z x; vOi moi n > 2. Bdt y,, = Ty41 — T, VO mOI s6 nguyén duong
n— =1

n. Chitng minh rdang day so (y,) ¢ gidi han hitu han khi n — +oc.
(n+1)(n*+1)

Bai giai: Dé dang suy ra x,, .1 = 2 Ty VA Yy = Tyl — Ty =
n
n?+n+1lx, Tp ez o A
— vGi méi s6 nguyén duong n. Dit z, = —~ Vv6i m6i s6 nguyeén
n
el Tyl 1 K 1 k 1
du?o’ng mn. Khi dO R+l = k‘——|—1 <1+ k;2) nH (1+ )Zl = nH1(1+ﬁ)
A B o . 1 o
Do boi 205 =% theo Dinh 1y 2.6.9 nén n];[l(lJrﬁ) theo Dinh 1y 2.7.2 hay
n?+n+1

(z,) c6 gi6i han hitu han z khi n — 4o00. Viy, = 2z, vOi moi s6

2
nguyén duong n nén day (y,,) cling c¢6 gidi han hitu han z khi n — +o0o. O

2.8 Pong nhat thirc Newton

St dung chudi Iu§ thira hinh thic dé chiing minh mot s6 dong nhat thiic lién
quan dén da thic doi xung co ban. Gia st x1, ..., x, la n tham so. Ky hiéu

p

h=z1+z2+ -+,

0o = T1Xy + T1T3 + +++ + Tp_1Tp,

5n:$11‘2...$n
Ny=at+ab+---+2t t=1,2....Ny=n

pr=pn(x1, ... x,) = > aftwg - al,

Pinh 1y 2.8.1. [Newton] Ta c¢6 cdc dong nhdt thitc sau ddy:
Ny — Ny10y 4+ (=) 'Ny Sy + (1), = 0,1 < t < m,
Nt - Nt—151 + -+ (_1)n71Nt—n+15n—1 + (_1)nNt—n5n = O7t > n.

S6 hoa boi Trung tim Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



42

Ching minh: Vé6i f(z) = (z — x1)(z — x2) ... (v — x,,) ta nhan duge

fllz) 1 111
flz)  =—m +a:—xn_x[1_ﬂ+ +1_&]'
x x
flz) Xai+ab+---+x S f(x f(x) = N
Va = h = —.
ay f(l') tz%) xt—!—l ? ZCH_l ay(s n—l rn t:% t
N A z N A 7 1 n— n—1
Tix day ¢6 dugc dong nhét thic n—(n—1)— - +(n —2)?—- c+(—1) 1x”—1
o 0 on ) o ) )
= [1——1+—2—---+(—1)”—n][n+—1+---+—i+---]. So sanh hé so
T x x x x
clia — 0 hai v€ ta c6 cdc dong nhét thic Newton. O
x
He qua 2. 8 2. Gid sit hai hé cdc so thuc aq,...,a, va by, ..., b, thoa man
Z aj = Z b voi moi s = 1,2,...,n. Khi do ¢6 phép hodn vi 7 thugc
k=1
nhom doi xiing Sy, dé aj, = by Vi k =1,2,....n

Chitng minh: Sir dung Dinh 1y 2.8.1, qua quy nap theo s nhan dugc cac

dong nhat thl’l’c ds(ag, . .. an) = 05(b1,...,b,) V6imoi s = 1,2,...,n. Tu

day suy ra H (x —ay) = H (x — by). Vay c6 phép hoan vi 7 thuoc nhém
k=1

dmxu’ngS deak—b()véikzl,Q,...,n. O

Dinh Iy 2.8.3. Ddr u; = (—1)"16; véi 1 < i < n. Khi dé c6 dong nhdt thiic

o t()\1+)\2++)\n—1) /\1 )\2 A
Ne=2. Dol et

trong dé tong ldy theo tdt cd cdc hé (A1, \1, ..., \,) cdc s6 nguyén khong
dm thoa man A\ + 2 s + -+ - +n\, =

Ching minh: Vé6i f(z) = (¢ — x1)(z — 22) ... (v — x,,) ta nhan dugc

x - x +x —I—x - ¢
f(z) Z $t+1 - Z AN (1).

t=0 t=0

Dé dang thay f(z) = 2" — uia™ ! — upx™? — -+ - — u,,. Biéu dién f(z) =
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" — g(x). Ta cé J@) =1- M Viét thanh chubi lily thira hinh thic
T x"
f'(z) fll@) 1 f'(@) &, 9(@)
: = )
f(z) x gl) = x
1 — t=0
xn
f/(x) = 01 09 1 Ont
- 2oz —1)n Iy (),
Tu (1), (2) ta suy ra
~. N, f(x) 2wy ug Ut
D= e 2 (st )
t=0 t=0
2 up us Uprt,m (n—1)uy Up—1
D S RSCRR YL RS T
—~ ) o x x
i Z t'ui\l ui\zn ]( (n - 1)U1 un—l)
pu— n —_ J— . J— .
— PYIEVIID Wi x a1

& d6 téng 14y theo tt ca cac s6 nguyén khong am thod man \; + 2y + - - - +

nA\p,=hvai+X+---+ X\, =t. Vay

o N oy et
;ZCH_l B ;[Z)\ll/\g'
(n— = Du

T

& d6 téng 14y theo tat ca cdc hé (A, Ay, ...

+ )ty - un

Up—1

).

, An) cdc sO nguyén khong am.

xn—l

So sanh h¢ s6 cla g, & hai vé ta ¢6 he s6 clia u) us? - - - u diing bing
M+ + M) M+ A = Din-1)
Al Aol oA (A1 — DIl oA
(M+--+ A =D
Aol (s — DI
VOi A1 + 2X9 + -+ + n\, = t. Bién ddi cic s6 hang ta c6 hé s6 cua
uy'uy? - - - u bing
M4+ X =DIA 2044 nX,] A+ -+ A, — 1)
Aldal oA B Al Aol oA
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t(>\1+>\2++An_1) A1 Ao

Tém lai N; = > u uy? - - u, trong d6 téng
Aol A
14y theo tdt ca cac hé (A, \1,...,\,) cdc s6 nguyén khong am thoa man
AMF2X+ - +n\, =t ]
Ménh dé 2.8.4. Ta luon co 5hpn n=0.Twdo suy ra
... 0
v 0
d, = det Coee va
Pn—1 Pn—2 v 1
Pn Pn-1 PR 4|
e 0
v 0
p, = det Coe
n 1 (Sn 2 v 1
.0
Chu’ng minh: Dat 6 = 1 va d, =0 cho h > n. Ta vi€t ham sinh 6(¢) =
n 1
Z St = T1(1+ tx) v p(t) = Soput' = 11

. Ta cO ngay
i=1 h=0 im L —te;
(5(t)p(—t) 1 Trong khai trién cta §(¢)p(—t) céc hé s6 cta ¢/, > 1,
bing 0. Vay Z( D) "6ppn_n = 0. T > (—=1)"8,p,_n = 0 trong bé dé trén

=0 h=0
ta chon = 1, 2,...,n ta co hé phuong trinh tuyén tinh
1.]91 + (—(51)1 =0

Lpy + (=01)p1 + 2.1 =0

1.p,_1 + (—51)]%—1 + -+ (_1)71—1.1 =0
1pn + (=0)pn—1+ -+ (=1)" 16,1p1 = (—=1)"16,.
Heé nay c6 nghiém (1, —d1,da, ..., (—=1)""14,,_1). Qua viéc tinh 1 ta c6

P 1 0 ... 0 0 1 0 ... 0
D2 P1 1 ... 0 0 P1 1 ... 0
det e e = det e e
Pn—-1 Pn-—2 U | 0 Pn—2 e 1
P Pn—i e D1 (=)0, ppo1 e M
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D2 D1 1 ... 0
Vay 9, = det T 1
Pn—-1 DPn-2 v 1
Pn Pn-1 . D1
01 1 0 0
do 01 1 0
pn = det e
Op—1 Op_2 v 1
On  On_1 e 01
dugc ching minh hoan toan tuong tu. O

Xét truong hop thuong hay duoc st dung la n = 3. Khi d6 ¢ 61, 09, 3 :

r51:x1+x2+x3:]\71

09 = T1T9 + Toxs + T3x]

! 03 = 117273
Ny=al+al+a24,t=1,2,...

_ 11 .02 .13
pr= >, rlrswy.
i1+io+iz=k

\

3 3 3
) x5 + 18 — 3110973
Vidu 2.8.5. Ta co 1 2 3 = :U% + x% + a:% — X1T9 — ToX3 —
T+ X9 + T3

3.

Bai giai: Theo Dinh 1y 2.8.1 ta ¢6 N3 — Nody + N1y — 363 = 0. Vay
N3 — 365
Ny
Vi du 2.8.6. Néu x1, x9, x3 théa man hé thiic x3 + x3 + 13 + x12903 = 0 thi

o] + x5 + x5 + (2 + 23 + 23) (129 + 2073 + 2371) = 0.

Bai giai: Theo Dinh 1y 2.8.1 ta ¢c6 Ny — N30; + Nody — N1d3 = 0. Vay
Ny + Nody = Ni(N3 + d3) = 0 va nhan duge dong nhat thiic trén. O

= Ny — 5 va nhan dugc dong nhat thic trén. O

Vi du 2.8.7. Cdc s6 &1, x9, x3 thoa man x1 + 1o + x3 = 0. Khi dé hdy tinh

(i)T:(

To — XT3 T3 — I 1 — T2 I i) T3
+ + ) ( + + .
I X2 xs3 To — T3 T3 —T1 X1 — T2
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(ii) Chitng minh 28 + 2§ + 2§ = 3222323 — 2(z122 + Tox3 + 2371)°.
63 — 46165 + 963
03
(ii) D& thay x;, %o, x5 12 3 nghiém clia 2> + dz — 63 = 0. Do d6 ta c6
N3 = 353,N4 = (53N1 — (SQNQ = —52N2. Nhu thé Ng = —N4(52 + N3(53 =
303 + 03Ny = 363 — 205, Vi Ny = —205. O]

Bai giai: (i) Phan tich va gian udc duoc T = =9.

Vi du 2.8.8. Pt dg = po = 1. Khi do 50}?3 — (Slpg + 52])1 — 53]90 =0.Twdo
P1 1 0 (51 1 0

suyradz=det | po p1 1 | vaps=det| 09 61 1
P3 D2 p1 03 02 01

Bai giai: Dat §, = 0khi k& > 3. Viétham sinh §(¢) = Y 6;tF =
k=0 1=1

1 )
. Ta ¢c6 negay o(t)p(—t) = 1. Khai trién
i gay o(t)p(—t)

00 L 3
va p(t) = kzopkt = Hl
= 1=

6(t)p(—t), cdc hé so cha t/,j > 1, déu bang 0. Vay i(—l)kékpgk = 0.
Tir quan hé nay suy ra hé phuong trinh tuyén tinh: =

1pr —01.1=0

L.pg —d1.p1 +92.1 =0

1.p3 — 01.p2 + d2.p1 = 3.

Hé nay c6 nghiém (1, —d1, d2). Qua viéc tinh hé s6 clia 1 ta suy ra quan hé

p 1 0 0O 1 O o0 1 0
det P2 D1 1 = det 0 P1 1 = 53. P3 = det (52 (51 1

P3 P2 P 03 p2 D1 03 02 01
duoc chitng minh hoan toan tuong tu. O

Vidu2.8.9.Véix,y,z > 0vaxy +yz+ zx = 1 ta ¢é cdc bdt ddng thiic

T=a2(1-y)(1—-2°)+y(l-2°)(1—2°) +2(1-2”)(1 -y < %ﬁ

P=z2-y)2-2)+y2—-2")(2-2") +2(2-2)2-y") > 2V3.
Bai giai: Bién d6i dugc T = 403 = 4wyz. Vil = zy+yz+z2x > 33/ (vyz)?

4/3 2

nén 7' < T.TacbncéP: 201 + 763 = 201. Vi (x +y + 2)

>
3(x +yz + zx) = 3nén P > 21/3. 0
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Vi du 2.8.10. Chitng minh rdang néu a,b, c la ba s thuc phdn biét thi cé

aA(0? — ) + b3 (c? — a?) + A3(a® — b?)

21242
a’(b—c)+b*(c—a)+ c(a—0) S Ay

Bai giai: Dé thdy ca tr va mau déu chia hét cho (a — b)(b — ¢)(c — a). Vay
VT = ab+ bc + ca < a® + b> 4 ¢? vi a, b, c phan biét. O

Vi du 2.8.11. Chitng minh rang néu a,b, c la ba so thuc phdn biét thi

a*(a+Db)(a+c) b*b+c)(b+a) N c*(c+a)(c+0b)
(@ —0b)(a—c) (b—c)(b—a) (¢ —a)(c—0b)

Bai giai: Sau khi quy dong, ca tr va mau déu chia hét cho (a—b)(b—c)(c—a).
Vay VT = (a+ b+ c¢)® > 3(ab + bc + ca) vi a, b, ¢ phan biét. O

> 3(ab + bc + ca).

Vi du 2.8.12. Chitng minh rdang néu a, b, c,d € R théa man ab + ac + ad +
bc + bd + cd = 0 thi

a’+ b+ &+ d* — 3(bed + cda + dab + abc) = (a+ b+ ¢+ d)°>.

(6y=a+b+c+d

do = ab + ac + ad + bec + bd + cd

Bai giai: Dat < 53 = abc + abd + acd + bed Theo Dinh
04 = abed

(Ni=d' +b +d+dt=1,2,...,Ny=4.

1y 2.8.1 c6 N3 — Nody + Nidy — 303 = 0. Vay N3 — 303 = Nody — Nidy =
07 — 36102. Vi do =0 nén a® + b° + ¢ + &* — 3(bed + cda + dab + abe) =
(a+b+c+d)>°. O

Vi du 2.8.13. Da thirc T = 2(x" + 4" + 27) — Teyz(a* + y* + 2*) ¢6 nhdn
twlax+y+ z.

Baigiai: Dat A = 2 +y+ 2, B = 2y + yz + z2,C = zyz. Dat a, =
2" + y" + 2". Khi d6 z,y, z 12 ba nghiém ctia t* — At?> + Bt — C = 0Ova
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apt3 = Aapio — Bayyq + Cay, v6i s6 nguyén n > 0 va ag = 3. Chd y

ayg — 3
a; —
as = A2 — 2B

a3 = Aay — Bay + Cag = A — 3AB + 3C = Ak; + 3C
ay = Aas— Bay+ Ca; = Aky + 2B

as = Aks —5HBC

ag = Akg— B>+ 3C?

a; = Ak; +7B%*C.

Vay T = 2a7; — 7Cay = A(2k; — TkyC) cOnhan tht A =z + y + 2. O

2.9 Day truy hoi v6i ham sinh

] ¥ - 27 = 47 =31
Vi du 2.9.1. Day so (a,,) xdc dinh boi: ay a; as
Gpi3 = 4a,19 + 3a,11 — 18a,

vdi moi n > 0. Chitng minh rang asy1o = 1(mod 2011).
Bai giai: Dat f(2) = ap + a1z + ax® + azx® + - -+ . Khi d6 ¢6 quan hé
f(z)(4x + 32% — 182°) = f(x) — 9% + 4o — 2

9z% — 4z + 2 1 1
h - - . Tir da
W) = B3 —dar1 142 (G sap rAyswm

flz) =3 ((=2)" + (n+1)3")2" va ¢6 a, = (—2)" + (n 4 1)3" v6i moi
n=0
n > 0. Nhu vay asp19 = 1(mod 2011). O

Vi du 2.9.2. Dady (a,,) xdc dinh qua ay = 1 va a, = 1.2.a,_1 + 2.3.a,,_o +
o+ (n — 1).n.ay voi moi s6 nguyén n > 2. Chiing minh dong nhdt thiic

n
Upig — dapio — apyy =2 ) ap khin > 2.
k=1

Bai giai: Xét f(r) = a1 + asa® + -+ + a2 + - - - . Khi d6 ta c6 hé thiic

f)122+232°+ - +nn+1)2"+---) = f(z) — 2.
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1 2
=l+ax+a>+a°+ - tasuyrala:2+23:3+---:x—.
11—z (z—1)2

(::;%Qﬁ)if Vay f(z) = o +

T f(z)(2®—322+5x—1) = 21 —323+32% —2 tanhan ra

Tur

Lay dao ham hai v&€ ¢6 1.2.0 +2.3.2% + --- =

—272
r3 — 322 + 51 — 1 o
va so sanh hé so cua ", n > 4 ¢ hai v€, nhan duoc a,,. 3 = da,10—3a,11+a,

v6i moi s6 nguyén n > 2. Biéu dién cdc m6i quan hé trong bang hé thiic sau
(

—ap = —1

—ag + 5a1 = 3

—ag + day — 3a; = —3

—ay +5a3 —3as +a; =1

—as + day — 3ag+as =0

day: ¢ —ag + bas — 3as +a3 =0 Cong vé€ v6i v€ duoc —a,, .3 +

—ap + 9ap_1 — 3ay—2 + a3 =10
—Qp+y1 + Sa, — 3ap—1 + a2 =0

—Qpy2 + 5an+1 - San + ap—1 = 0

n n
4anyo + ani1 +2 ) ap = 0. Nhw vay a,3 —4ap10 — Gy =2 ) ap. O
k=1 h=1

B6 dé 2.9.3. Gid sit day (ay,) 6 ham sinh thuong f(x) = > a,z" thda man

n=0
f(a?®) dugc xdc dinh véi s = 0,1, ...,k va « la can nguyén thity bdc k cua
o 1 2y 4., k=1
ddnvi.Khidéco’zank:f()Jrf(oé)*l]; + f(a )
n=0
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Bai giai: V6i ham sinh thuong f(x) = ag + a1z + - -+ + apax” + -+ ¢6

g
=

[
NE

(ank + Qg1+ o+ a(n—i—l)k;—l)

S
I
o

—
e

[
WK

(ank + apppror + -+ - + G(n+1)k—104k71)

n=0
fla?) = Z (@t + ks 10? + -+ + apynyp_1®* D)
n=0

i
e

Boivil+at+a*+---+a** Y =0véis=1,2,..., k—1,nénkhicong k

d6ng nhat thiic trén ta nhan duge f(1)+f(a?)+ -+ f(a* ) =k > ap. O
n=0

Vi du 2.9.4. Vi 56 nguyén diong n, hdy tinh tong a,, = > (—1)%(;,). Xet

k=0

tinh tudn hoan ciia day (a,) va chi ra a, : 3M/1,

Bai gidi: Xét ham sinh thudng f(z) cla day (b, = (—1)*(7)). Khi do ta c6
1 V3

he thic f(z) = > (—=1)*(})2* = (1 — 2)". Nhu vay, véi a = —5 iy o6
k=0

=2 () = 0 () = 50+ )+ s10%)

Vv 3 By
Gapra-wy (-19) +Gi%)

hay a, = = . Tém lai

tong a, = coS — = { Dé dang
3 6 0 khi n =6k + 3
3FFL(—1)F*L khi n =6k +4
|3 2(=1)"! khi n = 6k + 5,

suy ra (a,) khong tuin hoan va a,, : 3"/2-1, O
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n
5n

Vi du 2.9.5. Vi moi s6 nguyén duong n, hdy tinh tong a, = > (—1)k(5k)-
k=0

Bai gidi: Xét ham sinh thuong f(x) cha diy (b, = (—1)F (5:%) Ta c6 hg thiic
flz) =S (=1*(Ma"* = (1 — ). Nhu vay, v6i a = cos g +1sin % cé
k=0

o Sor(5) S (5) - e

k=0

(1 _ a)fm + (1 _ O42)5n + (1 o a3)5n + (1 . 044)5n

5)
210m+1 —1)ym 2
A9y, = 5( ) [sinlom % + sin'0™ g] va asmi1 = 0. O

1
Vi du 2.9.6. Ddy (a,) théa man a, = —3 va apq = ("Tl)an + ("gl)an_l +

<+ ("1 ) a1 + 1 v6i moi s6'nguyén n > 1. Chiing minh rang ason nguyén

va chia hét cho 2011.

. Vay nhan duogc tong

hay

. e zF < aq,x"
Bai giai: D& dang kiém tra — (1 + z
& & (,;)(k+1)!)( 2

> apx” x x B,z" ) ) . B
1+nz]L e n;() o theo Dinh 1y 2.5.9. Do d6 a, = B,

VOl Il’lOl n. DaC blét ao2011 = BQOH = 0 theo Hé qué 2.5.10 va Suy ra asgpi1
nguyén va chia hét cho 2011. O

) = 1. Nhu vay

Vi du 2.9.7. Dady (a,,) xdc dinh qua a1 = 1 va a, = 1.2.a, 1 — 2.3.a,,_o +
-+ (=1)"(n — 1).n.ay véi moi s6 nguyén n > 2. Chitng minh rang, khi

n
n = 2 uon co ani3 + 2a,42 + dapy +6 Y ap = 8.
k=1

Bai giai: Xét f(2) = a1 + asa® + -+ + a2 + - - - . Khi d6 ta c6 hé thiic
flx)1.2.2 =232 4+ -+ (=1D)""n.(n+1)2" +---) = f(z) — 2.

1 2_ .3 2 1
=1l—-o+4+x°—2°+-- - tasuyra—1422 32+ = ——.
1+2 (x+1)2

2
ﬁ va nhu Véy nhafln dlIQ'C
i

Tur

Lay dao ham hai v€ ¢6 1.2.0 —2.3.2% +--- =
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ot + 32 + 327 +
flw) = ¥ +3x2+x+1
ta nhan ra va so sanh hé s6 cua x",n > 4 & hai v€, duoc a; = 1,a9 = 2,
vaaz = —2, a4+ ag+3as = 0,a,.3 + apio + 3a,11 + a, = 0 v6i moi sO
nguyén n > 2. Bi€u dién cdc mdi quan hé trong bang hé thiic sau day:

LT f(z) (23 +32% +a+1) = 2+ 32° + 32 + 2

p
CL1:1

as +a; =3

az + as + 3a; =3

as +ag+ 3as+a; =1
as + ay + 3as + as =0
{ag+as+3as+az3 =0

ap + Gp—1 + 3an—2 + ap_3 = 0
(p+1 + Qp + 3ap—1+ a,—2=0

Ap+2 + Qpy1 + 3an, +ap1=0

( Un+3 + Apyo + 3ap41 +a, = 0.

n

Cong v€ v6i v€ duge a3 + 2,42 + Hapi1 +6 > ap = 8. O
k=1
1.3.5...(2 1 ’
Vidu 2.9.8. Day (a,,) xdc dinh bdi a,, = (2n+1) VOi moi SO nguyén
N 2011™.n!
n > 0.Tinh > ay.
n=0
. 2n + 3
B\C 0‘70: H-A h'A " — n é’i . 2 1. Kh- %
ai giai: Hién nhién a,, 1 01100 + 1)a v6i moi n 1n — 400
n 2 ..
th 2L 5011 Nhu vay chuéi liiy thira f(z) = ag + a1z + agz? + -+ - +
Qn

apx™ + -+ luon luon hoi tu. Tu hé thic 2011(n + 1)a, 1 = 2na, + 3a,
suy ra 2011(n + 1)a, 12" = 2z(na,2™ 1) + 3a,2". Chon = 0,1,2,... va

1y t8ng tat ca duge 2011( Y a2 = 20( Y apa®) + 3( 3 apa®).
Khi d6 ta ¢6 heé thic 2011(f(z) — 1) = 2aff'(x) + 3f(z) hay (2011 —

Qx)f’(x) = 3f(x). Tur day suy ra ‘é((j)) = 20113_ o

. Lay tich phan hai
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. 3 _
vé duge In f(z) = —5 (2011 — 22) + a hay f(z) = (2011 - 22) 32 o,
Vi f(0) = 1 nén 1 = 201173/2.¢ hay e® = 2011%/2. Tém lai ta c6 f(z) =
3

_ x 20114 5
201132, (2011 = 22) . Véiw = 1¢6 Y- ay = (555) 2. 0
= 2009

Vidu 2.9.9. Ddy (a,) xdc dinh qua ay = 1va a,, = lap,_1+2a,_9+- - -+(n—
1)ay voi moi so'nguyénn > 2. Chitng minh a3 = 3as va a,10—30,11+a, = 0

VO moi s6 nguyén n > 2 va xdc dinh a,, theo n. T dé suy ra asy,1 chia hét
cho 3 khi k > 1.

Bai giai: Xét f(z) = a1z + aga® + -+ + a,z" + - -+ . Khi d6 ta c6

fo)(lz +22* + -+ na" +---) = f(z) — 2.
1
:1+x+x2+x3+---tasuyra1x+2x2+---:L.
-z (x —1)2

72

Va =
y f(z) $+ —3r 41
Nhan ra va so sanh hé s6 ctia 2™, n > 1 & hai v€, nhan duoc a; = 1,a0 = 1,
az = 3ag, va an+2—3an+1+an—()v0'1 moi s6 nguyén n > 2. T dé c6
cong thuc xac dinh a,,. O
2n + 3
4(n+1)

Tur

va duge f(z)(z? —3x+1) = 23 — 22 + .

Vi du 2.9.10. Day (a,) xdc dinh qua a1 = 1 va a,.1 = ay, VOi moi

s nguyénn > 0. Tinh tong T = Z Q.
n=0

Bai giai: Do 4(n+1)a,,1 = 2na,+3a, nén 4(n+1)a, 12" = 2zna,x™ '+
3a,x™ v6i moi sO nguyén n > 0. Cong tit ca cac hé thiic nay ta nhan dugc

4( zoo: an+1x"+1>/ = 2x < i anx">/ +3 EOO: a,r".
n=0

n=0 n=

bat f(x) = Z ap,x”. Khidé 4(f —1) =2z f'+3f hay (4 —2x)f' = 3f va
g 3 ~

suy ra 7 _ 52% Nhutvay (In f)' = 5 (In(2 — ))'. D dang c6 f () =

3 3

(2—:1:) e”. Vi f(0) =agp = 1néne* = 22. Tém lai flz) = <1 — g)_§

Véiz=1c6T = f(1) = 2v2. 0
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2 5
Vi du 2.9.11. Day (a,) xdc dinh qua a1 = 1 va a,.1 = B(Z—j——Q)an voi moi
k 22
so nguyén n > 0. Chitng minh rang " a, < B
n=0

Bai giai: Do 3(n + 2)a,.1 = 2(n + 1)a, + 3a, nén 3(n + 2)a,, 12" =
2z(n + 1)a,z" + 3a,2" ! v6i moi s6 nguyén n > 0. Cong tat cd cic hé thiic
nay ta nhan duoc

o0 / 0} ’ (0@
S(Zan+1x”+2) = 2x<2anajn+1> +32an:13"+1
n=0 n=0 n=0
bat f(z) = > apa™™. Khi d6 3(f — z) = 2z f' + 3f hay (3 — 2z2)f" =
n=0
/
3
3f + 3. bat g(z) = f(z) + 1. Khi d6 g - 3 on Nhu vay (Ing)" =
g — 2z
5 3
—5(111(3 —22))". D& dang ¢6 g(x) = (3 — 2z) 2¢”. Vig(0) = ap = 1 nén
3 ) 3
e’ = 32. Tém lai g(z) = 1+ > aa"™ = (1 — ?x) 2, Véix =1cé
n=0
22
T:g(1)—1_3\/§—1Dovay2an<E O
0

Vi du 2.9.12. Day (a,,) xdc dinh qua ay = 1 va a, 1 = na, — 2n>+5n — 3
anJrl

(0]
voi moi s6 nguyén n > 0. Xdc dinh a,, theo n va chiing minh Z

= —e.
Bai giai: Xét ham sinh mi cta day (a,) 1a f(z) = > a—?x”. Khi d6 ta c6
n=0 T
fo= Z n! = Z n! r
n=0 n=0
= na, =~ 2n%—5n+3
= Zﬂx"—z n n " =xf — (2% — 5z + 3)e”
n! n!
n=0 n=0
. / n+1 0 2n - 3 N
Nhu vay [/ = (2x —3)e” vasuy ra Z = > 2" Vay a,41 =
n! n=0
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2n —3 hay a, =2n —5v6in > 1. Tu > anTlx” = (22 — 3)e” ta nhan
n=0 T

> An+41 o . -
duge > i = —e khiz = 1. O
n=0 T

() ) o))
Vi du 2.9.13. Chitng minh rang Z o in _”kk+ = nn—Jir—12 .

3

2
o0 1
Bai giai: Xét f(x) = > () 2" v6i0 < |z| < =. Boivil+af(z)? = f(x)
k=0 N + 1 4
() GO G
theo Vi du 2.3.9 nén kzo ; _’; ™ _”Z“Jr o= nnrQ qua viéc so sanh hé so
ctia "1 & hai V€. O

, , ~ AT~ 2 - _ an 1 L
Vidu 2.9.14. Xét day sé hituty a1 = 1, a,, = ( 1 + 2, = +(n—1)!)

voi moi s6 nguyén n > 2. Tim tdt cd cdc s6 nguyén duong n dé nla, 1 = 1.

Bai gidi: Ta c6 anzzan+<a’i!1+ag!2+---+ﬁ) v6i moi s6
nguyén n > 2. Dat f(z) = a1z + asx® + agz® + - - . Khi d6
2 3
w? oz
fla )<2+1'+§+§+ )
= 2mx + (2a2 + 1|)x + (2a3 + 1'—1—2') + .-
= 2017 + agr® + azz® + agxt + - = f(v) +

Vay f(x)(1+4e*) = f(x) + x hay f(x) = xe™*. Tu day suy ra dong nhat

2 T T

a1x+a2x +a3:z:+ a:( —ﬂ+§—§+--->.
—1)n

Do d6 anH:( '> v6i moi s6 nguyén n > 1. Dé nla,,; = 1 can va du n
n!

la s6 chan. O

Vidu 2.9.15. Xét n > 3 s6 nguyendbfo’ngal ar < a3 < - < ay_1 < ay
Vvdi tinh chdt: Khong c6 ba s6 nao la do dai ba canh mot tam gidc khong suy

A , . ., . 2 A ?2 a N s, s, A7
bién. Xdc dinh gid tri nhd nhdt ciia — ma né cé thé dat duoc.
ai
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Bai giai: Ta biét ba s6 0 < a < b < ¢ la do dai ba canh tam gidac khi va
chi khi ¢ < a + b. Vay khong c6 ba s6 hang bat ky cua day cua day 1a do
dai ba canh mot tam gidc khong suy bién thi a, > a, + a, v6i moi p, g, r va
p > q,r. Vi day la diy khong giam nén ta chi can xét a; + a;11 < a;;o VOi
i =1,2,...,2009. Vi dinh nghia ( Z) > (2) khi va chi khi a > ¢ va
b > d ta c6 bat dang thiic

n—1
na1 > 11 an, > 11 a9 n
an, 10 Ap—1 10 aq

n—1
L . (11  as N
Glasu’< > — <a Z).Khldotanhanduqc a, = cas + da; va
n

WV

2.

10

suy ra a, > (¢+ d)a;. Do d6 % > ¢4 d. Do d6 2 nhé nhat 1a bang ¢+ d
ay ay

khi day la n s6 hang dau cua day Fibonacci va gia tri nhd nhat cta ti s6 dé

b 1+vE . 1-\

bénganzﬁvc’na: 5 va b= 5
Vi du 2.9.16. Xét day a1 = 1,a,, = 1%a,_1 + 2*a, o+ - + (n — 1)%ay vdi
ay = 4ay — 3,a3 = 4as — 2a1 + 3

[]

moi so nguyén n > 2. Khi do
Api3 = 4Cln+2 — 2an+1 + Ap, N > 2.
Bai giai: Dat f(x) = ayz + asx? + azx® + - - - . Khi d6 tich hai chudi

f(x) (12x + 2227 4+ 3% + - - >
= a2 + (1%ag + 2%a1)2” + (1%a3 + 2%ay + 32a1):1:4 + ..

= a9r® 4 aza® 4+ agrt 4 asa® 4+ - = f(2) — 2.

1 .

fol =14+x+a®>+23+ 2" +2°+ - tasuy rachudi lily thira sau:
—
1

a 2 — 14204322 +42® + 52 + 625+ -+ . Do dé nhan dugc
—

A t = 1o + 222 + 323 + 42 + 52° + 62° + - -+ va c6 biéu dién
-
1

fl( +3)2 = 122+ 22224+ 3% + 4224 + 5%2° + 6225 + - -+ . Nhu thé
-
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f(x)(%) = f(z)—x hay f(z) [x3—2332—|—4x—1} = 2 —3x3+32%—x.

Tir dong nhat {a1x+a2x2—|—a3$3—|—- . } [x3—2x2+4:1:—1} = * 3234322 -z
suy ra ag = 4as — 2a; + 3, apy3 = 4api0 — 2041 +a, V6imoin = 2. [

Vidu2.9.17. Xét day a1 = 1,a, = —la,_1+2a, 32—+ (=1)""1(n—1)a;
voi moi sO nguyén n > 2. Khi do ta cé

(1) as = —1,a3+ 3a2 = 0,a,10 + 3a,11 +a, =0,n > 2.
(ii) Tim du cua phép chia a,, cho 3.
Bai giai: (i) Pat f(z) = a;z + asx® + agz® + - - - . Tich hai chudi lily thira
F(z) = f(x)<—1x+2x2—3:1:3+--->
= —lajz® + (—lay + 2a1)x® + (—lag + 2ay — 3ay)z* + -

= apr® + az2® + ayrt +asa® - = f(2) — 2.
Ttrl_il_x:1—x+x2—x3+x4—x5—|—--- suy ra chudi lily thira sau day:
—1 2 3 4 5 LA
FESE = —1+42x — 32" +42° — 52" + 62° — --- . Do d6 nhan duoc
a :Lx:z:)2 = —lz+22% — 32° + 42" — 52° 4 62% — ... . Thé vao F(x) c6

f(:c)((ljr—ijP) = f(z) — « hay f(z) {SL‘Q + 3z + 1} = 2% +22% + 2. TU
dong nhat [alx + asx® + azx® + - } [xQ + 3z + 1} = 23 + 222 + & s& suy
rangay a; = 1,as + 3a; = 2,a3 + 3as = 0,a,4.9 + 3a,4+1 +a, =0,n = 2.
(ii) Ta coé a3 = 0(mod 3). Vi a,12+3a,4+1+a, = 0nén a,.2+a, = 0(mod 3)
as+1 = 0(mod 3)
khi n > 2. Do dé, khi s6 nguyén k > 1 ¢6 < ag.2 = az = 2(mod 3) O
aq, = 1(mod 3).
1.3.5.7...(2n + 1)
4n n)

nguyénn > 0. Dat f(x) = > apaz®. Tim cong thicc déng va tinh f(1).
k=0

Vol moi s6

Vi du 2.9.18. X¢t day (a,,), trong dé a,, =
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2n + 3 n 1
Bai giai: Via,,1 = 4(2—1—1)% v6i moi n nén aa:1 — 5 < 1. Vay f(x)
. ! 3 1
hoi tu. D& dang chi ra (f(x)—ao)/ =2z f'(x)+3f(x). Vay ]}((;U)) =55 4
3

hay f(z) = (2 — x)_ﬁec. Bdi vi f(0) = ag = 1 nén e¢ = 2%2. Tém lai
3
2—w

fla) = ( )5 va f(1) = 2%/, =

Mot so vi du tham khao

Vi du 2.9.19. [VMO-1997] Cho ddy so nguyén (a,) n € N duogc xdc dinh
nhu sau: ag = 1,a1 = 45 va a, 9 = 4da,,1 — Ta, voimoi n = 0,1,2,....
Khi d6 hay

(i) Tinh s6 udc duong ciia a2 | — anay,+2 theo n.
(ii) Chitng minh rang 1997a% + 7""1.4 la 6" chinh phuong véi méi n.

Vi du 2.9.20. [VMO-1998-A] Cho day sé nguyén (a,) n € N dugc xdc
dinh nhu sau: ay = 20,a; = 100 va a,,o = 4a,.1 + da, + 20 véi moi
n=20,1,2,.... Khi do hdy

(i) Tim so nguyén duong h nho nhdt cé tinh chdt a, ., — a, chia hét cho
1998.

(ii) Tim s6 hang tong qudt cua day.

Vi du 2.9.21. [VMO-2011] Cho ddy s6 nguyén (a,) n € N duoc xdc dinh
nhu sau: ag = 1,a1 = —1 va a,, = 6a,_1 + da,_9 voi moin = 2,3,4....
Khi dé hay

(i) Chitng minh rdng a2 — 2010 chia hét cho 2011 .

(i1) Tim s6 hang tong qudt cua day .
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Két luan cua luan van

Trong luan van tac gia da trinh bay dugc cac ndi dung chinh sau day:

(1) Vanh, udc ctia khong, mién nguyén, dong cau, truong, vanh da thic va
nghiém.

(2) Vanh cac chubi lily thira hinh thitc, khai niém ham sinh mii va ham sinh
thuong cuing mot vai day so lién quan.

(3) Nghién ctru mot s6 day so Fibonacci, day Catalan, day Stirling va day
cac da thuc Bernoulli, Ham sinh Dirichlet va ham Zeta-Riemann, tich
vo han.

(4) Tinh duoc mot s6 cong thitc dong cua mot s6 day va chiing minh Dong
nhat thiic Newton.

Do thoi gian va dung luong nén luan vian méi chi dimg lai & mic tim hiéu va
giGi thiéu vé€ "Vanh cdc chudi luy thira hinh thiic" va mot s6 "Ham sinh" co
ban vé day s6. Trong thoi gian t6i, n€u diéu kién cho phép, tac gia sé nghién
cttu, tim hiéu k§ hon dé c6 thé dua ra mot s6 két qua c6 tinh tng dung thuc
tién hon phuc vu quaé trinh hoc tap va giang day.

Trong qué trinh thuc hién luan van chic chin khong trdnh khoi thi€u sot.
Tac gia rat mong nhan duoc nhiing y kién déng gép cua thiy c6 va ban be
dé hoan thién luan van t6t hon.

Téc gia xin chan thanh cam on.
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