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Ching ta biét rang Ma tran va Day s6 dudc tng dung nhiéu trong
cac nganh khoa hoc nhu: Vat 1y, Kinh té, Tin hoc,... Chung xuat hién
trong hau hét cac nganh ctia Toan hoc, dac biét 1a trong Toan rdi rac,
Giai tich va Dai s6 tuyén tinh. Trong lich sit nganh toan hai cong cu nay
dugce nghién citu tit rat 1au va dem lai nhiéu cong trinh xuat ching. Cac
tai lieu viét vé ma tran va day so6 cling dugc cac nha khoa hoc dé lai rat
nhiéu va doc dao, nhung hau hét 1a nghién ctu riéng biét, chua c6 nhiéu
cong trinh va tai lieu nghién cttu dong thoi vé cd ma tran va day so va
ve mdi quan heé gitta ching.

Thuyc té thay rang day s6 c6 nhiéu tng dung va xuat hién tir rat sém
trong lich st loai ngudi. Trong chuong trinh hoc clia cac cap, cac deé thi
dai hoc cao ding, dé thi Olympic toan trong nudc va quoc té, luon cé
cic bai toan veé day s6. Diéu nay cho thay tam quan trong ctia mang
toan day s6. Cac bai toan ve diy s6 thudng 6 cac dang nhu: Cac s6 hang
ducc xac dinh bdi mot cong thiic, hay cho duéi dang ménh dé mo ta cac
s6 hang, khi d6 ta dé dang phat hién dudc tinh chat clia cac sd hang,
nhung nhiéu day s6 cho theo cong thic truy hoi cho nén khong dé gi
suy ra dugc tinh chat va cong thiic tuong minh. Van dé dit ra 1a chon
phuong phap nhu thé nao dé giai bai toan day s6 mot cach nhanh tréng
va toi uu, ta thay c6é nhieu cach gidi quyét cac bai toan d6. Tuy nhién
diing ma tran dé giai cac bai toan vé day s6 1a mot huéng giai khéa hay
va thi vi, n6 c6 thé cho ra nhiéu két qua méi bat ngd ma dung cac cach
giai thong thuong khong c6 duge. Cu thé tit mot bai toan vé day sb ta
bieu dién né dusi dang ma tran, roi sit dung cac phép bién doi ma tran
dé giai. Qua trinh bién doi cho ta mot s6 tinh chat mdéi dé tu doé xay
dung dudce cac day sd6 mdéi. Qua cach lam nay gitp ta gidi ducge nhiéu bai
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toan trong cac sach tham khao ho#c cac ki thi hoc sinh gioi hoac sang
tac duge nhiéu bai toan méi. V6i muc tiéu 1a thong qua cac phép bién
doi ma tran dé giai quyét cac bai toan vé day s6 va xay dung bai toan
méi vé day s6 tir bai toan ban dau. Luan van dugc trinh bay trong hai
chuong:

Chuong I: Vanh ma tran. Trinh bay cac kién thitc co ban cua s
phtic, da chiing minh tinh déng dai s6 cia trusng C dé khi giai bai todn
lien quan dén nghiém phuong trinh ta c6 thé dem no6 xét trong C. Xay
dung vanh ma tran K[A], da tinh duge dinh thic va gié tri riéng cua da
thic g(A) khi biét dinh thitc va gia tri rieng cia A. Néu cac cach tinh
ma tran nghich dao, xac dinh gia tri riéng, vécto riéng va chéo héa ma
tran, dua mot s6 vi du dé minh hoa.

Chuong II: Xét day s6 qua ma tran. Trinh bay nhiéu vi du van
dung cac kién thic co ban ctia chuong I nhu: Sit dung dong cau, phép
nhan ma tran, chéo héa ma tran dé giai quyét céc bai toan vé day sb va
biéu dién day s6 dudéi dang ma tran. Chuyen bai toan day sb vé bai toan
ma tran. D#c biét trong luan van nay nghién citu 2, 3 day s6 dong thoi.
St dung ma tran dé xay dung bai toan méi tit mot bai toan ban dau.

Sau mot thoi gian hoc tap, tu tim toi, tham khao va nghién cttu cac
tai lieu lien quan dén noi dung, ciing vé6i sy giup do nhiét tinh, tan tam
ctia Thay gido huéng dan PGS-TS. Dam Van Nhi. Luan van da chit
loc duge cac noi dung co ban va dua ra mot phuong phap mdi dé khai
thac bai toan day so.

Tac gia xin dudc bay té long biét on chan thanh va sau sic téi Thay
huéng dan, tdéi cac thay co gido Truong Dai hoc Khoa hoc - Dai hoc
Thai Nguyen. Dong thai tac gid xin gt 16i cAm on t6i tap thé 16p Cao
hoc Toan K4a - Truong Dai hoc Khoa hoc da dong vién, gitup dé trong
qua trinh hoc tap va lam luan van nay. Tac gia cling xin cam on Sé Gido
duc - Dao tao tinh Ha Giang, Ban Giam hiéu va dong nghiép ciia truong
THPT Viéet Vinh - Huyén Bac Quang - Tinh Ha Giang da tao diéu kién
vé moi mat dé tac gia dudc tham gia hoc tap va hoan thanh khoa hoc.

Khuon kho luan vin dé cap dén viec ap dung cac phép toan va tinh
chat clia ma tran vao giai quyét cac bai toan vé diy so, day 1a mot linh
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vire rong va kho. Song thoi gian ¢6 han va kha nang nghién citu con han
ché, nén luan van sé khong tranh khoi nhitng khiém khuyét, rat mong
dugce su dong gop ¥ kién ctia Thay co va cac ban dong nghiép.

Thai Nguyén, ngay 28 thang 07 nam 2012
Tac gia

Tran Xuan Son
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Chuong 1

Vanh ma tran

Trong chuong nay trinh bay 1y thuyét ciia bién doi Ma tran. Noi dung
chll yéu ctia chuong nay duge hinh thanh tir cac tai lieu [1], [2], va [5].

1.1. Tinh déng dai sé6 ctia trudng C

Xét tich Descartes T'= R x R = { (a,b)|a,b € R} va dinh nghia
phép toan:

(a,b) = (c,d) khivachi khi a=¢,b=d
(a,b) + (c,d)=(a+c,b+d)
(a,b) . (c¢,d) = (ac—bd,ad+ bc)

Dé don gidn, viét (a,b).(c,d) qua (a,b)(c,d). T dinh nghia ctia phép
nhan:

(i) Véi i = (0,1) € T ¢6 i = ii = (0,1)(1,0) = (—1,0).

(ﬁ) (a7b)(170) - (170)(avb) - (avb)

(iii) (a,b) = (a,0) + (0,b) = (a,0) + (b,0)(0,1), V(a,b) € T.

B6 dé 1.1.1. Anh xa ¢ : R — T,a — (a,0), 12 mot don anh va théa
man ¢(a+a’) = ¢(a) + ¢(d'), p(aad’) = ¢p(a)p(a’) véi moi a, a’ € R.

Dong nhat (a,0) € T va a € R. Khi d6 ta c6 thé viét
(a,b) = (a,0) + (b,0)(0,1) = a + bi véi i* = (—1,0) = —1.
Ky hiéu C la T cung cac phép toan da néu ra & trén.
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Nhu vay C = {a + bila,b € R,i* = —1} va ta co:

a+bi =c+di khivachikhi a=c,b=4d
at+bitc+di=a+c+ (b+d)i
(a +bi)(c+ di) = ac — bd + (ad + be)i.

M&i phan ti 2 = a + bi € C dugc goi 1a mot so phite véi phan thuc a, ky
hieu 1a Rez, va phan do b, ky hieu Imz; con i dudce goi 1a don vi do. S6
phiic a—bi duge goi 1a s6 phiic lien hgp clia z = a+bi va dude ky hieu qua
Z = a + bi. D& dang kiém tra 2z = (a + bi)(a — bi) = o> + 0%, 2125 = Z1%%
va goi |z| = v/2Z 1a modun clia z. S6 dbi clia 2/ = c+di la —2' = —c—di
va ky hieu z — 2/ = (a + bi) — (¢c+ di) = a — c+ (b — d)i.

Xét mit phang toa do (Owzy). Mdi s6 phiic z = a + bi ta cho tuong
ting véi diem M (a,b). Tuong ting nay 1a mot song dnh

C—>RxR,z=a+bi— M(a;b).

Khi dong nhat C vé6i (Ozy) qua vieéc dong nhat z V6i M, thi mit phang
toa do véi biéu dién s6 phitc nhu thé dugc goi 1a mat phang phic hay
mat phang Gauss dé ghi cong C. F. Gauss - ngudi dau tien dua ra biéu

dién.

Meénh dé 1.1.1. Tap C la mot trudng chita truong R nhir mot trudng

CO11.

Chiing minh. D& dang kiém tra C la mot vanh giao hoan véi don vi 1a 1.
Gid st z = a+bi # 0. Khi d6 a®+b* > 0. Gid st 2/ = z+yi € C thdéa méan
a B b

YT T

—by=1
27 = 1 hay oy Giai hé duoc © = L
bxr + ay = 0. a®+b

a
CT A0 a2 +b 7
Vi dong nhat a € R v6i a + 0i € C nén c6 thé coi R la trudng con cua
. , . Z 2! 'z
C. Chia y rang, nghich ddoclia z #0la 271 = - v = =2zt = .
2> 2 2]
Dinh nghia 1.1.1. Cho s phtic z # 0. Gid st M 14 diém trong mit
phang phtic biéu dién s6 phiic z. S6 do (radian) ctia mdi goc lugng giac

Vay 2/ = 51 la nghich dao cta z. Tém lai C la mot truong.
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tia dau Oz tia cudi OM dude goi 1a mot argument ctia z va dude ky
hiéu qua arg(z). Géc tOM dugce goi la Argument ctia z va duge ky hiéu
bdi Arg z. Argument ctia s6 phtic 0 14 khong dinh nghia.

Chi ¥ rang néu « 13 mot argument ciia z thi moi argument ctia z déu
c6 dang ao+ k27, Vk € Z. V6i z # 0, ky hieu a+ k27 la Argument cua z.
Ky hieu r = v/2Z. Khi d6 s6 phiic z = a4+ bi ¢6 a = rcosa, b = rsina.
Vay khi z # 0 thi ¢6 thé biéu dién z = r(cosa + isina) va biéu dién
nay dudgc goi la dang luong gidc cta z. Tich vo huéng va tich léch cua
hai 86 phtic 21, 29, ky hieu 1a < 21, 20 > va [21, 29, dugc dinh nghia tuong
ing qua cac cong thic sau day:
_ L, _
< 21,29 >= 5(,21,22 + Z129), 21, 22] = 5(2'122 — Z129).
Ménh de 1.1.2. Néu z; = rq ( COS (1 +1 sin 041), Z9 = 1T9 ( COS (vp +1 Sin 042)
vOi r1,1m9 = 0 thi
(1) |z122] = 21| 2], !?| _lal, |21 + 22| < |a1] + |2l

|22

(ii) 2129 = 179 [cos (041 + 042) 4 7 sin (oq + 042)}

ey <1 1 .. .
R — — kh > 0.

(iii) Pty [cos (al 042) + ¢sin (041 042” 179

(iv) < 21,29 >= 1179 COS (cvl — &2) = |21||22| cos (oq — 042).

(V) < 21,20 >=< 29,21 >, < az1+bz3, 20 >=a < 21,20 > +b < 23,29 >
véi moi s6 phiic 21, z2, 23 va moi a,b € R.

(Vi) [21, 22 = rirasin (o — a1) = |z1]|22 sin (0 — @)
va [z1, 2] = —[29, 21].
Chiing minh. Hién nhién. V6i hai sé phiic z; va 2o ta ludn cé
21 =29 & |z1| = |20|,arg 2y = arg 2o + 2k7, k € Z.
arg(z120) = arg(z) + arg(zs) + 2km, k € Z.

arg(ﬁ) = arg(z) — arg(zq) + 2k, k € Z.
)
Arg(z122) = Arg(z1) + Arg(za).
2
Arg(2) = Arg(z1) - Arg(z).
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Vidu 1.1.1. Véia+ bt = (a: + zy)n c6 a’+ 1 = (SU2 + yQ)n.

Loi giai. Tt a + bi = (x + zy)n Suy ra a — i = (x — zy)n Nhu vay
a’ + b = (:z:2 + yQ)n.

Vi du 1.1.2. V6i ba sd phitc phan biet doi mot 2q; 29; 23 ¢6 dong nhat
S amma—w) | @-ae-w) | (-

T — ) (r—z T — z)(r — 2 r—z)(z— 2
flw) = - S ’ Yoy ! 2 1.

(21— 22)(21 —23) (22— 23)(22—21) (23— 21)(23 — 22)
|2 — 29|z — 23] |z — z3]|z — 21 |z — z1]|z — 29

> 1
|21 — zal|21 — 23] [22 — z3ll2a — 21| [23 — 21[2s — 29

v6i bat ky s6 phic z.

T do suy ra

Vi du 1.1.3. V6i ba s6 phttc phan biet doi mot z;; 2o; 23 v hai s6 thuc
u,v c¢6 dong nhat thic

(x —u)(z —v) _ (z1 —u)(z1 —v) N
(z —<Zl)(93 —>(Z2)(33 —) z3) : )((Zl - Z;)(Zl — 23)(r — 21)

29 —U)\ 29 — VU Z3 —U)\2Z3 — v N e
(e = (e ) =) " Ty = 0= e - |z3>'_TT’ oy

bat ky s6 phic z ¢ < +
|z — z1l[z — 22|z — 23| T |21 — 20f|z — 2s]|z —

|29 — ul|z2 — v |23 — ul|zz — v|

|20 — 21]|22 — 23]|2 — 22| |23 — 21|23 — 20|z — 23]

Ménh dé 1.1.3. [Moivre] Néu 2z = r(cosa + isina) thi véi mdi s6

nguyén duong n ¢6 2" = r"[ cos (na) + isin (na)].

Heé qua 1.1.1. Cho can bac n ciia s6 phiic z = r(cosoH—z'sinoz) # 0 ta

2k 2k
nhan dugc n gia tri khac nhau z, = rl/”(cos ot ek + 7 sin u)
n n
voiik=1,2,...,n.

Tinh déng dai s6 ctia truong C

Bay gio ta sé chi ra rdng, moi da thitc bac duong thuoc Clz]| déu co
nghiém trong C. D6 chinh 14 noi dung Dinh 1§ co ban ctia dai s6. Nguoi
dau tien ching minh dinh 1y nay 1a nha toan hoc C. Gauss (1777 - 1855).

Dinh nghia 1.1.2. Truong K dudc goi 1a mot truong déng dai sé6 néu
da thitc bac duong thuoc K|[x] déu c6 nghiem trong K. Nhu vay, trong
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K[z] moi da thitc bac duong déu phan tich duge thanh tich cac nhan ti
tuyén tinh khi K 13 mot truong déng dai so.

Dinh 1y 1.1.1. [d’Alembert-Gauss, Dinh 1y cd ban ctia dai sd]
Moi da thitc bac duong Clx] déu c6 it nhat mot nghiem thuoc C. Tir
Dinh Iy trén suy ra cac két qud sau day vé da thiic bat kha quy trong
Clx]:

Hé qua 1.1.2. Moi da thitc thuoc Clz] c6 bac n > 0 déu cé n nghiém
trong C. va cdc da thiic bat kha quy trong C[x] la cac da thifc bac nhat,

Meénh dé 1.1.4. Cho f(x) € R[z] \ R. f(z) Ia da thiic bat kha quy khi
va chi khi hodc f(z) = ax +b va a # 0 hodc f(x) = az® + bx + ¢ vdi
a # 0 va b?> — 4ac < 0. Sit dung cac két qua da dat dugc & trén dé chi ra
dang phan tich mot da thitc thuoc R[x] thanh tich cdc nhan tit bat kha
quy.

Dinh 1y 1.1.2. Moi da thiic f(x) € R[z] \ R déu c6 thé phan tich dugc
mot cach duy nhat thanh dang

fz)=alx —a)™ ... (x —a)"(2* + e+ )P ... (2® + bz + ¢,)*
véi cdc b? —4c; < 0 choi=1,...,r khir > 1.
Giai phuong trinh da thic

Giai phuong trinh bac hai az? + bz +¢c =0

—b+ Vb2 — 4dac
2a '

Phuong trinh az? 4 bx + ¢ = 0 ¢6 hai nghiém T2 =

) b c
khi d6 1 + 29 = ——, 212090 = —.
a a

Giai phuong trinh bac ba az® +b2? +cx +d =0
Tru6ce tien dua f(z) = ax®+bax?+cx+d vé dang g(z) = > +ur’+vr+t.
—1+4iv/3

véi viee dat y = :H—% ta c6 da thiic h(y) = y*+py—+q. Véie = 5
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da thitc h(y) ¢6 ba nghiém trong C :

0
. c d
thitc 1 + 19 + r3 = ——, T1T9 + Tox3 + X301 = —, T1T9T3 = ——

a a a

Giai phuong trinh bac bén az* + b2® +ca? +dr+e=0

Chia hai vé cho a va dat y = x + % dé dua phuong trinh da cho veé

dang
y'+py® +qy +r=0.

Bién doi tiép, ta con c6 (y*+2)% = (22—p)y* —qy+2° —r. Gid stt y 1a mot
nghiém ctia y* +py?+qy+r = 0. Chon z dé sao (2z —p)y? —qy+2>—r =
(sy+1)% Dé dat duge diéu d6 chi can xét A = ¢*> —4(2z—p) (22 —7r) = 0.
Ta da biét cach giai phuong trinh bac ba vé6i an z. Goi 2y 14 mot nghiem
phuong trinh trén. Khi d6 (y? + 20)? = (sy + t). Giai phuong trinh nay
ta sé suy ra dugc boén nghiem cta az* + bz + ca® + dx + e = 0.

1.2. Ma tran va cac phép toan

Khi ta c6 m x n s ta c6 thé xép thanh mot bang chit nhat chita m
hang n cot. Mot bang s6 nhu thé goi 14 mot ma tran.

Dinh nghia 1.2.1. Mot bang s6 chit nhat c6 m hang n cot.

ai;r; a1 ... QAip
a1 as9 ... a9 N ~ ~

A= " | Goila ma tran c¢d m x n.
Am1 Am2 ... Amn

N X ~ D . « 2 2 N . ~ .
aij la phan tt cia ma tran A nam 6 giao diem cta hang i cot j.
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Dé ki hiéu ma tran ngudi ta thuong diing ngosic vuong nhu & trén hay
dau ngodc tron.

Dé n6i A 1a ma tran ¢6 m x n ¢6 phan t nim & hang i cot j ta viét
A = [ai]

Khi m = n, bang s6 thanh vuong, ta néi ma tran vuong véi n hang n

mXxn

coOt, ta goi né la ma tran cap n.

Chi 4 1.2.1. Néu A la ma tran vudéng cap n thi duong thang di qua
11, A2, ...... , Gy 01 1a duong chéo chinh ciia ma tran A. Mai phan tit ay;
goi 1a phan tit chéo ctia A

Vi du 1.2.1. Bang s6

135
A_[246]

la mot ma tran ¢d 2x3 v6i cac phan ti

CL11:1 a11:3 a11:5
CL11:2 CL11:4 CL11:6

Dinh nghia 1.2.2. Ma tran khong 14 ma tran ma tat ci cdc phan ti
déu bang khong.

Ma tran khong ki hiéu la (0).

Dinh nghia 1.2.3. Hai ma tran A va B goi 14 bang nhau néu ching c6
cling ¢d va cac phan ti ciing vi tri bing nhau, tic 13 :

1) A = [ai] s B = [Di]

2) a;j = by v6i moi i va moi j

Khi A bang B ta viét A = B

a1 0 ... 0
. ~ N 0 asy ... 0
Dinh nghia 1.2.4. Ma tran A =
0 0 ... apy
trong do cac a;; = 0 khi ¢ # j, goi 1a ma tran chéo cap n.
1 0 ... 0
. - R 0 1 ... 0
Dinh nghia 1.2.5. Ma tran £ =
0 0 1
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trong d6 cac phan tit chéo bang 1, cac phan tit khac bang khong, goi 1a ma
tran don vi cap n. Dac diém ctia ma tran don vi la: AE = EA = A VA

Pinh nghia 1.2.6. Xét ma tran A = [ajj],,.,.- Do6i hang thanh cot, cot
thanh hang ta dudgc ma tran méi goi 14 ma tran chuyén vi cia A, ki hieu
la A'. Vay A" = [a;i
Ta thay rang néu A c6 m hang n cot thi A® ¢6 n hang m cot.

nxm

1.2.1. Cong ma tran

Dinh nghia 1.2.7. Cho hai ma tran cung cd m X n:
A = [ai],,.., B = [bij], ., Tong ctia A + B 1a ma tran ciing ¢d m X n xic
dmh bdi A + B = [aij + bij] tice la (A + B)ij = Qjj + bij

mxn

Nhu vay muén cong hai ma tran cling ¢d ta cong cac phan tit cliing vi

tri.
Vi du 1.2.2.
2 8], [5 7 ]_[2+5 3+7]_[7 10
-1 4 2 3| | -1+24-3] |1 1
Tinh chat 1.2.1. Dé thay rang:
A+B=B+AvaA+4+0=0+A=A
Néu goi —A = [ — ay),,,,, thicon c6 A+ (—A) =(—A)+ A=0

Néu ¢6 them ma tran C véi C' = [cy],. ..
thi (A+B)+C=A+ (B+C)

Chi g 1.2.2. Goi M5, 12 tap hop cac ma tran ¢ mxn. Khi do (M, +)

la mot nhém giao hoan.

1.2.2. Nhan ma tran véi mot sb
Pinh nghia 1.2.8. Cho A = [a;],..,,, k¥ € R thi tich kA 1a mot ma tran

cd m x n xac dinh béi kA = [kayj

Nhu vay, muén nhan mot ma tran véi mot so6 ta nhan tat cd cac phan

mxn’

t cia ma tran véi so do.
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Tinh chat 1.2.2. Dé thay rang:
k(A 4+ B) = kA + kB

(k + 1)A = kA + hA

k(hA) = (Kh)A, T.A — A va 0.A — 0.

1.2.3. Phép nhan ma tran véi ma tran

Dinh nghia 1.2.9. Xét hai ma tran
A = laijl, s B = [bij]
clia ma tran B. Nguoi ta goi tich AB 1a ma tran C = [¢jj]mxn ¢6 m hang

n cOt ma phan t1t ¢;; duge tinh béi cong thic
p
Cij = ailblj —FCLing]‘ + ... —{—CLipbpj = Z aikbkj. Thc 1a: Cij bang hémg 1 cua
k=1

trong do s6 cot clia ma tran A bang s6 hang

mxp? pXn

A nhan véi cot j ctia B.

Chii g 1.2.3. Mudn nhan AB (A bén trai, B bén phai) phéi c6 diéu kién:
S6 cot ciia A bang s6 hang cia B. Mudn nhan BA (B beén trai, A bén
phai) phai c¢6 dicu kién: S6 cot clia B bang sd hang ciia A. Do d6 khi
nhan AB dudc chua chic dd nhan BA duge. Truong hop dic biet khi A
va B 13 hai ma tran vuong cuing cap thi nhan AB va BA deéu dugc.

Chai 4y 1.2.4. Khi nhan AB va BA dudc, chua chic da c6 AB = BA.

1.3. Dinh thuc

1.3.1. Dinh thic cia ma tran vuoéng

air a1g....... A1jeenennnn. QA1n

, N z as1 A99....... (07 Y IR a9
Xét ma tran cap n: A = J "
ap1 Ap2....... Apjeeeennen. Apn

Ta cha y dén phan t a;;, bé di hang ¢ va cot j ta thu duge ma tran chi
con n — 1 hang va n — 1 cot, tic 1a ma tran cip n — 1. Ta ki hiéu né 1a
M;; hoac A;; va goi n6 la ma tran con tng vdi phan ti ajj.

ajp a1z i3
Chang han v6i A = | a91 a9 asz | Ta co

aszp a3z g3
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My, = (azz a23),M12: (a21 a23>,M13: (azl CL22>
az2 azs asr ass asr as2
Dinh nghia 1.3.1. Dinh thiic ctia ma tran A, ki hiéu la det(A) hoac
|A|, duge dinh nghia dan dan nhu sau:
A 13 ma tran cap 1:
A = [ay1] thi det(A) = an

A 13 ma tran cap 2:

4 [041 au}

az1 22
thi det(A) = ajdet(My1) — ayadet(Mis) = ajiase — ajaas
(Cht y rdng ai; va ajp 1a cac phan tit nam cung ¢ hang 1 clia ma tran
A), van van, va mot cach tong quat, A 1a ma tran cap n thi
det(A) = apydet(Myy) — aradet(Mis) + ..... + (= 1)1 "ay, det (M)
(Chu y rang aq1, aig, ....., a1, 1a cdc phan tit ciing nam 6 hang 1 clia ma
tran A).
Dé ky hiéu dinh thiic ngusi ta dung hai gach ding dat é hai bén. Dinh
thiic clia ma tran cap n goi la dinh thitc cap n.

1.3.2. Tinh chéat ctia dinh thiic

Tinh chat 1.3.1. det(A") = det(A).

Hé qua 1.3.1. Mot tinh chat da ding khi phat biéu vé hang ctia dinh
thitc thi né van con ding khi trong phat biéu ta thay hang bang cot.

Tinh chat 1.3.2. D6i chd hai hang (hay hai cot) ctia mot dinh thitc ta
duge mot dinh thitc méi bang dinh thic cit doi dau.

Tinh chét 1.3.3. Mot dinh thitc c6 hai hang (hay hai cot) nhu nhau
thi bang khong.

Tinh Chét 1.3.4. det(A) = (—1)i+1[ai1det(MZ~1) — aigdet(Mig) + . +
amdet(Mm)]

Tinh chat 1.3.5. Mot dinh thiic c6 mot hang (hay mot cot) toan 1a s6
khong thi bang khong.
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Tinh chat 1.3.6. Khi nhan cac phan tit cia mot hang (hay mot cot)
v6i mot s6 k thi duge mot dinh thic mdéi bang dinh thic cit nhan véi k.
Hé qua 1.3.2. Khi ciac phan tif ctia mot hang (hay mot cot) c6 mot
thita s6 chung, ta c6 thé dua thita sé6 chung dé ra ngoai dau dinh thiic.
Tinh chat 1.3.7. Mot dinh thiic c6 hai hang (hay hai cot) t1 1¢ thi bing
khong.

Tinh chét 1.3.8. Khi tat ca cac phan tit cia mot hang (hay mot cot)
c6 dang tong ctia hai s6 hang thi dinh thtc c¢6 thé phan tich thanh tong
ctia hai dinh thic, chang han nhu:

a1l ar2 + ajp air a2
a1 a2 + oo a1 a2
Tinh chat 1.3.9. Néu mot dinh thiic ¢6 mot hang (hay mot cot) 1a to
hop tuyén tinh ciia cac s6 hang khac (hay ciia cac cot khac) thi dinh

ai1 Gpg
a1 Qoo

+

thiic ay bang khong.

Tinh chat 1.3.10. khi ta cong bdi k clia mot hang vao mot hang khac
(hay boi k clia mot ¢ot vao mot cot khac) thi duge mot dinh thiic méi
bang dinh thic ci.

Tinh chat 1.3.11. Cac dinh thiic c6 dang tam giac bing tich céc phan

ai;r aiz ... Qip

o , 0 as ... A2

tu chéo. " =aa99.....an,
0 O Ann

ail 0 0

as1 Qo9 ... 0

ap1 Ap2 ... Amp

1.4. Ma tran kha dao va ma tran nghich dao

Dinh nghia 1.4.1. Xét A € M,. Néu ton tai ma tran B € M, sao
cho AB = BA = FE thi néi A kha dao va goi B la ma tran nghich dao
cia A. Ngusi ta ki hiéu ma tran nghich ddo cia A 1a A~!, nghia la
AA ' =A"TA=F.
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Dinh 1y 1.4.1. Ma tran nghich ddo A~! ctia A € M,, néu cé thi chi c6
mot ma thoi.

Dinh 1y 1.4.2. Néu A € M,, kha déo tiic la c¢6 ma tran nghijch ddo A~*
thi det(A) # 0.

Chi g 1.4.1. Gid st A = (a;;) 13 ma tran vuong cap n. Ky hieu A;; la
ma tran vuong cap n — 1 ¢6 dugce tit A qua viéc bd di dong thit ¢ va cot
thtt 7. Khi d6 a;; = (—1)"7]A;5| duge goi la phan bu dai s6 cia a;;. Ta

cO ngay

|A| khi k = i

Ap10G1 + AQpaQo + -+ - + QppQp = {0 khi & # i,

Dinh 1y 1.4.3. Néu det(A) # 0 thi ma tran A c¢6 ma tran nghich dao
A~ tinh béi cong thiic sau:
Clag Cy ... Cpo

Cin Co, ... Chn

Cach tht nhit: Ap dung dinh 1f 1.4.3
Trude tién ta tinh det(A)
Tiép theo tinh ma tran C tit d6 ¢6 ma tran chuyén vi C*. Tim ma tran
C nhu sau:
Ci; = (=1)" D;; 1a phan bu dai s6 cia phan tit a;;.
V6i D;; = det(A;;) suy ra cac phan tii clia ma tran C' la
Cij = (=1)"det(Ay) = (1) | Ay

Vi du 1.4.1. Xéc dinh ma tran nghich dao ctia ma tran

A=

—_ N =
o Ot N
o W W

Loi giai. Ta c6 det(A) = —-1#0
Ci =40; Cip = —13; Ci3 = =5
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Cy = —16; Cy2 = 5; U3 =2
C31=—9;C3=3; C33 =1

40 -13 -5 40 -16 -9
DodsC=| -16 5 2 |suyraC'=| -13 5 3
-9 3 1 -5 2 1

—40 16 9

Vay A = g0 =5C"= | 13 -5 -3

5 -2 -1

Vi du 1.4.2. Xac dinh ma tran nghich dao ctia ma tran

2 3 -4
A=10 —4 2
1 -1 5

Loi giai. Lap A~! qua cac phan bu dai s6

Ay = ‘j g‘:—l&Au:—'? ?‘—Q,Alg '(1) :411'—4
Ay = — _31 _54‘:—11,1422:‘? _54‘—14,
e

Ag = _34 _24‘:—10,/132:—‘3 _24‘——4,

A = | _34‘:—8.

4 9/23 11/46 5/23
Khi d6 ma tran nghich ddo A~! = Tl = | —1/23 —-7/23 2/23
~9/23 —5/46 4/23
Céch tht hai: Dya vao cac phép bién doi so cap vé hang clia ma tran
A (phuong phap Gauss - Jordan).
C6 ba phép bién ddi so cap vé hang cia A 1a
1) Nhan (cac phan tit ctia) hang r v6i s6 A # 0.
2) Doi chd hai hang r va s.

3) Cong A lan hang r vao hang s.
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1.5. Vanh ma tran K[A]

Xét vanh da thitc mot bién K'[z] trén truong K. Gia st da thiic thudc
Klz] 1a f(z) = asx® + as_12°7 1 + - - -+ a1x + ap vA ma tran vuong A cap
n < 3. Dinh nghia

f(A) = a,A® +a A1+ A+ aoE

v6i E 13 ma tran cling cap vdéi ma tran vuong A. T cac phép toan vé
ma tran, chang han nhu: EA” = ATE = A", A"A®* = ASA" = A" va
A" (aAS + BAY) = @A™ + BA™ v6i o, B € K, suy ra cac két qua sau:

Dinh ly 1.5.1. VGi hai da thiic f va g thuoc K[z] va ma tran A ta c6
(i) Néu f = g thi f(4) = g(A).

(i) (f +9)(A) = f(A) + g(A).

(i) (£9)(A) = F(A)g(A).

(iv) F(A)g(4) = g(A)f(A).

(v) (af)(A) = af(A) vdi bat ky a € K

Ky hieu K[A] = {f(A)|f € K[z]}. Tt Dinh 1y 1.5.1 suy ra két qua:

Dinh 1y 1.5.2. Tap K[A] cung phép cong, nhan cac ma tran va nhan
ma tran véi mot sé6 lap thanh moét vanh giao hoan cé6 don vi la E.

Meénh dé 1.5.1. Tuong iing ¢ : Klx] — K[A], f(z) — f(A), 1a mot
toan cau vdi Ker(¢) # 0.

Chiing minh. Do béi ¢(f+g) = (f+9)(A4) = f(A)+9(A4) = ¢(f) +¢(9)
W 0(fg) = (fa)(A) = F(A)g(A) = 6(/)6(g) theo Dinh Iy 152 nén 6 Ia
mot dong cau vanh.

V6i f(A) = asA® + as_ 1A + - + 1A + agFE ¢6 da thic f(z) =
asx® +as 125+ b ayx +ag € Klz] dé ¢(f) = f(A). Do d6 ¢ 1a mot
toan cau vanh.

Vi tap M,,,, tat ci cac ma tran vuodng cap n trén K 1a mot khong gian
vécto n? chiéu tréen K v6i co s6 A;; = (1;;), trong do6 tai vi trf (i, ) c6
1;; = 1, con tai nhitng vi tri khac déu bang 0. Nhu vay nhiéu hon n? ma
tran vuong cap n trén K déu phu phuoc tuyén tinh. Nhu vay ton tai da

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



19

thitc khac 0 1a f(z) = 2%+ a,12° '+ -+ a1z +ag € Kla] voi s = n*+1
théa man f(A) = 0. Vay Ker(¢) # (0). Vivanh K|[z] 1a vanh idéan chinh
nén c6 da thiic bac thap nhat F(z) # 0 dé Ker(¢) = (F) # (0).

Hé qua 1.5.1. Ta c¢6 K[A] = K|z]/(F).

Chitng minh. B6i vi ¢ : K[x] — K[A], f(x) — f(A), 1a mot toan cau véi
Ker(¢) = (F) # (0) theo ménh dé 1.5.1 nen K[A] & K[z]/Ker(¢) =
Klz]/(F).

Chi ¢ 1.5.1. Vi K|z] 1a vanh céc idéan chinh nén ¢6 duy nhat mot da
thic bac thip nhat dang m(z) = 27 + ayz¥t + -+ + ag € Klz] dé
Ker(¢) = (F) = (m(x)). Hién nhién m(A) = 0. Doi khi m(z) con dugc
goi 1a da thtc téi tieu clia ma tran A.

Chii ij 1.5.2. Tut m(A) = 0 suy ra A + ;AT + - + a1 A = —aqE.

1 _
Nhu vay A( — AL ﬂAd_2 — = ME) = F va nhan dugc ma
aq Clld aq
tran nghich ddo A=! = —— A% — ﬂAd_2 — = mE khi né ton tai.
aq Qq Qq

1.6. Phuong trinh dac trung cia ma tran

Xét khong gian vécto n chieu V trén K véi co s6 {ey, . .., e, } nao do.
Gia st 4nh xa tuyén tinh F dugc biéu dién qua mot ma tran vuong cap
n v6i cac phan tit a;; € K 1a A = (a;;). Khi d6 ta ¢6 F(4) = Ad va nhu
vay dinh thic cia ma tran (zE — A) 1a [zF — A| = F"+ 6 F" 1+ +
Op_1F + 6.

Dinh nghia 1.6.1. Da thiic p(z) = 2" +612" 4 - -+6,_12+6, dudc goi
14 da thitc dic trung clia ma tran vuong A. Phuong trinh p(x) = 0 duge
goi la phuong trinh dac trung ciia ma tran A. Cac nghiém A, ..., A\, cia
p(x) = 0 dude goi 1a cac nghiém dic trung hay gié tri riéng ctia ma tran
vuong A.

Dinh ly 1.6.1. [Cayley-Hamilton] Moi ma tran vuong A deu la
nghiém ctia da thiic dac trung ctia no.
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Chitng minh. Gia st A 1a ma tran vuong cap n véi da thic dic trung
p(z) = |zrE — A|. Ky hiéu ma tran phyu hgp clia ma tran zF — A qua
(xE — A)agj- Vi céc phan ti trong (zE — A),uq 1a nhiing dinh thic con
cap n — 1 ¢6 duge do x6a bd tur dinh thiic |[vF — A| di mot dong va mot
cot. Vay co thé viét (zF — A)qqg thanh dang

(Q:E - A)adj = anlxn_l + Bn72xn_2 + e le + BO

v6i cdc ma tran vuong B; cap n. Do (xE — A)ug(zE — A) = p(z)E nén
(xE — A) (B, 12"t + B, 2™ 2+ -+ Bz + By) = p(x)E. Ta c6 he

(B, =FE (A"B,_; = A"
B, o—AB, 1 =0F A IB, 5 — A"B, 1 = §;A"!
B3 — AB, 2 =0FE A" 2B, 53— A"'B, 5 = 5, A"?
X va suy ra <
By— ABy =9, 1F ABy — A’B; =6, A
\ —ABy =6, F \—ABO =9,F.

Cong tat ci cac ma tran, vé theo vé, ta nhan duge phuong trinh p(A) = 0.

Dinh ly 1.6.2. Vi ma tran vuong cap n, da thiic m(z)" chia hét cho
da thitc déc trung p(x).

Dinh 1y 1.6.3. Moi da thic f(x) € K|x] théa man f(A) = 0 thi f(x)
chia hét cho m(z). Déac biét p(x) ciing chia hét cho m(x).

Ching minh. Gia sit da thic f(z) théoa man f(A) = 0. St dung phép
chia v6i du, biéu dién f(r) = q(x)m(z) + r(z) v6i da thic r(x) co
deg(r(z)) < deg(m(z)). Vi f(A) = 0,m(A) = 0 nén r(A) = 0 va nhu
vay r(z) = 0 hay f(x) chia hét cho m(z). Do bdi p(A) = 0 theo Dinh ly
1.6.2 nén p(z) ciing chia hét cho m(z).

Vi du 1.6.1. Xac dinh da thic dac trung va da thic téi tiéu clia ma

tran A =

O O N
o NN O
N O
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r—2 0 0
Loigidgi. VijJzE—Al=| 0 x-2 -2 |=(z—2)%x—1)nén da
0 0 z-1
thitc dic trung clia A 1a (x — 2)%(x — 1). Vi A — 2E, A — E # 0, nhung
(A—2E)(A— E) =0 nén da thic tbi tiéu 1a m(z) = (z — 2)(x — 1).
3 1

Vidu 1.6.2. Gia st A = ( 3 5

) . Xac dinh liy thita A29'2.
r—3 —1
-3 -5
(A—2E)(A—6E) = 0. Dit 4B = A—2E,4C = —A+6E. Khi d6 B+C =
B=BE=B(B+C)=B
C=CE=C(B+C)=C2
Tt két qua nay suy ra A" = 6" B+ 2"C bang phuong phap quy nap theo
1
n. Do d6 A®12 = 2|67 (A — 2) + 212(A - 6E) |.

Loi giai. V1 |zFE — A| = | = (z — 2)(x — 6) nén cob tich

E,6B+2C = A, BC =0 = CB. Lai c6 {

Vidu 1.6.3. Gia st A = < CCL Z ) véi ad — be # 0. Xac dinh ma tran
nghich ddo A1

Loi gidi. Vi |[aE — A| = ‘ x_—ca :c_—bd = 2° — (a + d)z + ad — bc nén
A—(a+d)FE A—(a+d)E
A =FE. Vay Al = .
bc — ad vay bc — ad
1 -3 3
Vidu 1l.6.4. Giast A= | 3 —5 3 | . Xac dinh ma tran nghich dao
6 —6 4
AL
r—1 3 -3
Loi gidi. Vi |ztE — Al = | -3 z+5 -3 | = 2°— 12z — 16 nén
—6 6 z—4
A? —12F A? —12F
A————— =F. VayA !l = ———
16 Ve 16
-3 1 -1
Vi du 1.6.5. Cho ma tran vuong A= | —7 5 —1 | . Khi do6 hay
—6 6 —2
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(i) Xac dinh |A] va AL

aj1(n) ap(n) apz(n) a32(n)
(i) bat A" = | a91(n) ax(n) ax(n) | . Xac dinh nl_l}I_{loo ama(n)’
asi (n) a32(n) agg(n) 32

r+3 -1 1

Loi giai. (i) Ta colzE — A|= T x-5 1 =(z + 2)*(x — 4).
6 —6 v+2
A2 - 12F
T |[zE — Al = 2° — 122 — 16 suy ra |A| = 16 va AT = F. Vay
A2 12E
A c6 ma tran nghich ddo 1a A~ = 15

(ii) Ta ¢6 (A + 2E)2(A — 4E) = 0. Bay gid xét g(z) € K[z]. Khi d6
g(A) € K[A]. Van dé dat ra: Xac dinh da thic, da thitc diic trung va cac
gia tri riéng ctia ma tran g(A) qua da thitc dic trung p(z) va céc gia tri
rieng cua A.
Giéa st g(x) c6 cac nghiem 1a aq,...,a, € K. Khi d6 ¢6 sy phan tich
trong K|z :
g(x) = (=1)"bp(a1 — x) (g — ) . .. (v, — ).
Thé x qua A ta duge g(A) = (—=1)"bg(a1 E— A)(aeE—A) ... (a E— A).
Gia st p(x) = |[zF — Al = (x — A1) (x — Xa) ... (x — \p,). Nhu vay
g(A)] = (=1)""bj|lar E — Al|awE — A| ... |a, I — A|
= (=™ [T TTCex — X)) =TT [(=1)"b0 [ [(cx — M)
k=1 i=1 i=1 k=1
T day suy ra cac két qua vé dinh thiic, gia tri rieng va bat dang thic
ve vét:

Meénh dé 1.6.1. Ta luon c6 |g(A)| = [] g(\:) vdi mdi da thitc g(z).
i=1

Chiing minh. Do béi |g(A)] = T [(—=1)™bo [ (ax — A;)] nhu da chi ra
i=1 k=1
G trén nén |g(A)| = (=1)""0y [] [T(cx — X)) = [T(=1)"bo [] (crx — N).
k=1i=1 i=1 k=1

Vay |g(A)| = T] g(\i) v6i mbi da thiic g(x).

1=1
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Dinh 1y 1.6.4. Néu ma tran A c6 cac gia tri riéng M1, ..., \, thi ma tran
g(A) ¢6 da thic dac trung h(z) = [v — g(M)][x — g(A)] ... [z — g(\)]
va cac gia tri rieng 1a g(A1), g(A2), ..., g(An).

Chiing minh. Xét ma tran h(A) = xFE — g(A). Theo menh dé 1.6.1 c6
[A(A)] = h(A)h(A2) . h(An) = [ —g(M)][z —g(A2)] .. [ — g(An)]. Vay
ma tran g(A) c¢6 da thic dac trung h(z) = [x — g(\)][x — g(Aa)] ... [x —
g(An)] va céc gid tri rieng 1a g(A1), g(A2), ..., g(\n).

Hé qua 1.6.1. Néu ma tran A = (a;j) co cac gia tri rieng Ay, ..., A\, va
n 1 1 1
[T\ # 0 thi A c6 nghjch ddo A~ véi cac gia tri riéng la —, — —
i=1 AN

Chiing minh. V6i g(x) = z, ma tran A = g(A) c¢6 céc gid tri riéng 1a
Ay Az, .oy A va A = |g(A)| = [] A # 0 theo Dinh Iy 1.6.4. Theo Dinh
i=1

Iy 1.4.2, ma tran A = (a;;) ¢6 ma tran nghich ddo A~ véi cac gia tri

I 1 1 1
riéng 1a — —.
D VD VLW
Hé qua 1.6.2. Néu ma tran A = (a;;) ¢6 cac gia tri riéng A, ..., A, thi
n n n
ma tran A* c6 cac gia trj rieng la X}, N3, ... A% va Yo AL < Y Y az
i=1j=1
Chimg minh. Ma tran A? c6 cic gia tri rieng 1a )\%, A2,..., 22 theo Dinh
1§1.6.4. Vét clia ma tran A? bang T = A2 + \3 + + )‘721- Vi dé rang c6
n n
vet T = v(A%) = 37 3 ajjaj vaw(AA®) — v(A%) = Z Z(Cb?j — ajja;) =
i=1j=1 i=1j=1

> (aij — ajl-)2 > 0. Vay T = v(A?) <v(AA) = % afj.

1<J 1=17j=1

1.7. Ham h@tu ti cia ma tran vuong

Ta da biét, néu ma tran A c¢6 |A| # 0 thi A ¢6 ma tran nghich dao
A~l. Nhu vay, khi da thic g(x) € K[z] théa man |g(A)| # 0 thi g(A) c6
ma tran nghich dio g(A4)~ 1.

Gia st (g(z),m(x)) = 1. Khi d6 c¢6 hai da thic h(z),q(z) € K[z] thoa

man h(z)g(x)+m(x)g(xr) = 1. Véiz = Ataco h(A)g(A) = E. T ay suy
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ra g(A)~t = h(A). Chu y rang, trong biéu dién h(z)g(z) +m(x)q(z) = 1
ta chon h(x) sao cho deg(h(x)) < d = deg(m(z)). Khi dé h(x) duge xac
dinh duy nhét.

Meénh dé 1.7.1. Néu phan thiic hitu ty f(z) 6 (g(z),m(z)) = 1 thi
/A va cdc gia tri riéng clia ma tran (A) Ia () ()
gA) © A v e 18 trwieng cvnma i oy Ry 0)
) )]
g(A)" 1g(A)]

Ching minh. Nhu lap luan trén c6 g(A)™! = h(A). Do vay ta c6
2 z A
the viet JA) = f(A)h(A) € K[A]. Béi vi f(A)h(A) c6 giéd tri riéng

9(4) F(A)
1a f(A)h(A1), ..., f(An)R(N\,) theo Dinh 1y 1.6.4 nén o(A)

cO gia tri

N N f()\l) f()\n) f( ) -
rieng la a0 ) Hon ntta, ta con c6 dinh thic ‘ )| =
(A1) f(Ae) f(An) |/ (A)]

g(A) g(X2) T g(M)  lg(A)]

Nhan xét, ta con c6 thé xét tiép trudng hop da thiic tdi ticu m(x) cia
ma tran vuong A c6 nghiém phan biét A\, \o, ..., A\ vGi cac boi tuong
tng 1a 71,79, ..., 7. Ta c6 biéu dién

m(z) = (x — M) (x—X)?...(x = A)™, 1+ 124+ + 15 =d.

Dit g;(z) = %,i: 1,2,...,s. Khidé (g;(z), (x — \;)") = 1. Vay
T — A;)li

c6 cac da thic hi(x),q(z) théa man h;(x)gi(z) + ¢(z)(z — N)" = 1

va ta chon h;(z) sao cho deg(h;(x)) < r; v6i moi ¢ = 1,2,...,s. Dat

pi(z) = hi(z)gi(x),i = 1,2,...,s. Khi d6 deg(p;(z)) < d va da thiic
pi(z)+pa(x)+- - +ps(z)—1 Chla hét cho (x—\;)" v6imoii = 1,2,...,s.
Nhu vay p1(z) 4+ pa(x) + -+ 4+ ps(x) — 1 chia hét cho m(z). Do bdi bac
cia p1(x) + po(x) + -+ - 4+ ps(z) — 1 nh6 hon d nén

pi(x) +pax) + - + ps(z) = 1.
Gia st da thitc f(z) € K[z] c6 bac n. Khai trien Taylor tai mdi \; dugc

ALY

—_
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Nhan méi biéu thitc v6i p;(x) va cong tat ca lai. Do py(z) +pa(z) +-- -+
ps(z) = 1 nén c6 thé viét
- f' () FrIN

f(z) = 221: Lf(N) + T (T —=N)+-+ Tl)!)(x — )" pie)+

F(x)m(x). Dat M; = p;(A) va N; = (A — NE)p;(A) v6ii =1,2,...,s.
Khi d6 ta c6

pi(A) +p2(A) + -+ ps(A) = E.
Vipi(@)[pi(x) — 1] = pi(x)[p1(@) + -+ + pia (@) + pisa (@) + -+ + ps(2)]
va p;(x)pj(x) v6i i # j déu chia hét cho m(x) nen M} = M;, M;M; = 0
khi ¢ # j. Van dé nay tac gia xin ding 6 day.

1.8. Chéo héa ma tran vuong

Xét khong gian vécto K3 trén truong K véi chiéu bang 3. Gia st ma
air a2 ai3

tran A = | ao1 a9 ao3 | . Da thic dac trung cia ma tran A 1a dinh
asy asgz2 ass
thic sau:
tl—ann —ap —ais
tE — Al =| —ay t—as —axy | =1+ 6t>+ 0ot + 03
—asz  —azgz l—ag

v6i ba gia tri rieng Aj, Ao, A\3. Ky hiéu @; = (b1, bi0,b:3),1 = 1,2,3, 1a
nhiing vécto khac vacto 0 thoa man Adl = Nt véi i = 1,2, 3, vécto i
duge goi la vécto riéng tng véi gid tri riéng A; cia ma tran A. Khi ba
vécto nay doc lap tuyén tinh thi ching lap thanh mot co sé cia K3. Moi
vécto ¥ € K3 déu c6 mot bieu dién duy nhat & = ¢4 + ety + c3il3 va
cac bicu dién ma tran

T = c1(bi1, bi2, b13) + c2(bay, bag, bag) + c3(bs1, b3z, bss)

b1 ba1 bsy C1 C1
- bia baa b3 C2 =P C2
biz bag bs3 c3 c3
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AT = c1Auy + Aty + c3Atis = ci\Uy + Colotls + c3A3Us3
bi1 ba1 b3 At 000 c1
= bia baa 3o 0 X O Co
b1z b3 b33 0 0 A3 3
C1 )\1 0 0 C1
Tudayco AP| co | =P 0 X O ¢o | hay v6i moi
C3 0 0 /\3 C3
vécto T :
C1 )\1 0 0 C1
P1lAP| ¢ | = 0 X 0 Co
C3 0 O /\3 C3
A 0 O
Dé rang suy ra P~ 1AP = 0 X O va ta noéi rang da chéo hda
0 0 A3

duge ma tran vuong A.

Vi du 1.8.1. Chéo hda ma tran sau: A = ( L3 )

0 2
o eai s B 1-x 3 |
Lo’1g1a1.Tu|A—)\E\—O(:>' 0 2_)\‘—0
B A =1
<:>(1—>\)(2—>\)_0<:>[)\2:2
Véi Ay =1tacod (A—AE)x =0, véi x = [5171] :>{3x2:0 =
I9 ZL‘QZO

R
{ ZI - o = %= (21;0) = 21(1;0). Vay ting voi gia tri rieng A = 1 ta
2 pr—

c6 vécto rieng uy = (1;0).

Véi Ay =2 ta c6 (A — \E)z =0, véi © = [?]
2

—21+ 312 =0 {—x1+3:c2:O {:c1=3:c2
= ~ =

0x1 4+ 029y =0 Ozy =0 r9 € R
= x = (3w9;x2) = 2(3;1). Vay tng véi gia tri rieng Ao = 2 ta c6 vécto
rieng us = (3;1). Hai vécto rieng nay doc 1ap tuyén tinh.

DﬁtP: [ul;UQ] = <1 3

01 ) . Khi d6 ma tran P la ma tran lam chéo
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héa ma tran A va P~TAP = < é g) .

C6 the khai quat quy trinh chéo héa mot ma tran nhu sau:
Budc 1: Tim cac gia tri riéng Aq; Ao; ...... A, tlt viée giai phuong trinh dac
trung ctia ma tran.

Budc 2: Tim cac véctdo riéng uy; ug; ....... u, tuong tng véi cac gia tri riéng
tim dugc.
Budc &: Lap ma tran P c6 uy;uo;....... u, la cac cot. Khi dé6 ma tran
P~1AP sé 1a ma tran chéo, v6i cac phan tit chéo lien tiép 1a A\i; Xg; ...\,
trong do6 \; la gia tri riéng tng véi vécto rieng u;, ¢ = 1,2, ...... , 1.

3 =20
Vi du 1.8.2. Chéo héa ma tran sau: A=| -2 3 0

0 0 5

Loi giai. Phuong trinh dac trung cua A la:
33—\ =2 0
—2 3-X 0 |=—(M\-1)MX\=5)?*=0
0 0 5-—2A

nén cac gia tri rieng cia A la A =1 va A =5 (boi 2).

L1

V6i A = 1, giai phuong trinh (A — AEF)x = 0 véi © = | x5 | va ta
T3
2r7 —2x9 +0x3 =0 201 —2x9 =0

co —2x1 +2x9 +0x3 =0 & —2x1 +2x9 =0 ta ducc
Ox1 +0x9 4423 =0 +4x3 =0

vécto rieng la uy; = (1;1;0).
Tuong tu tng v6i A = 5 (boi 2) ta duge cac vécto riéng tuong tng la:
uy = (—1;1;0),u3 = (0;0;1). Céc vécto rieng nay doc 1ap tuyén tinh.

1 —1 0 1 00
Néen dit P = [ug;u;ug]=( 1 1 0 | =P*AP=[ 05 0
0 0 1 0 0 5
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Chuong 2

Xét day s6 qua ma tran

2.1. Xét day s6 qua dong cau

Bay gio ta van dung cac dong cau vanh vao viéc nghién citu toan so
cap. Cu thé ta van dung dong cau ¢ sau:

Gia thiét p, ¢ 1a hai s6 nguyen duong khong c6 nhan tit 14 s6 chinh
phuong véi (p,q) = 1. Khi do tap
Z [\/]_9, \/ﬂ = {a+byp+c/q+dypglab,cd € Z} cung v6i phép

cong va nhan lap thanh mot vanh giao hoan véi don vi va cac anh xa

dudi day: ¢; : Z [\/p, /4| = Z |\/D, /1]

($1(2) = a+byp+cy/q+dy/pq
—a & ¢2(2) = a—byp+c/q—dypg
z=a+by/p+cy/q+dy/pg— < P3(z) = a+ by/p — c\/q — d\/Dq
[ 91(2) = a = by/p — c\/g+ dy/pg

14 nhitng tu ding cau.

Vi du 2.1.1. V6i méi s6 nguyéen duong n ta biéu dién (14++/2++v/3)" =
an + bp V2 + V3 + d, /6, trong d6 ay, by, ¢, d,, € N. Chitng minh rang
néu n 1é thi a2 — 3¢2 chia hét cho 271,

Loi giai. St dung quy nap theo n cho dong nhat thiic
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(14+vV2+V3)" = a, + b,vV2 + c,V/3 + d,V/6 va qua dong cau, ta duge

(1+V2+V3)" = a,+b,V2+c,V3+d,V6
(1-vV2+V3)" = a, —b,V2+¢,V3—d,V6
1+V2=V3)" = ay+b,V2—c,V3 —d,V6

(1—\/_ \/§)” = ap, — by,V2 — V3 + d,V6. Do d6 ta co
2, +26,V3 = (14+V24+V3)"+ (1 —V2+V3)"
2a, —2c,V3 = (14+V2—V3)"+(1-vV2-V3)"

Vay 4a2 —12¢2 = (2v2)" + (—=2v2)" + (=4 — 2/6)" + (=4 + 2v/6)". Khi
n 1é thi 40> — 12¢2 = —2"[(2 4+ V6)" + (2 — V6)"].

n—1
Do d6 a2 — 32 = 2712 4 (})27 26+ + (,")26 2 | chia hét

cho 271,

Vi du 2.1.2. Gia stt cac day s6 (ay), (bn), (¢n), (d,) duge xac dinh nhu

sau.:
(al = 1,b1 = 1,61 = 1,d1 =0

Gpi1 = ap + 2b, 4+ 5c,
S buy1 =a, + b, +5d,

Cpnil = G + Cp + 2d,
| dpy1 = by +c, +dy

Chting minh rang néu n 1é thi a2 — 10d? chia hét cho 2", nhung khong
chia hét cho 2".

Loi gidi. V6i mbi s6 nguyen duong n ta bicu dién (1 + v2 + VB)" =
A, + B,V2 + C,\/5 + D,\/10, trong dé6 A, B,,, C,,, D,, € N. Hién nhién
Ai=1=a,B=1=0uC6 =1=c¢,D; =0=d;. Tu A1 +
Bni1V2+ Coi1 V5 + Dpv/10 = (14 V2 +1/5)"H ta suy ra

An—H = An+1, Bn—|—1 — bn—&—la Cn—H = Cp+1, Dn+1 — dn—H-

St dung phuong phap quy nap theo n cho dong nhat thic
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(14+V2+ \/5)” = a, + b2 + e, V5 + d, /10, ta ¢ cac bidu thic sau:

(1+V2+V5)" = a,+b,V2+c,V5 + d, V10
(1-vV2+V5)" = a, —b,V2+ V5 — d, V10
(1+vV2—V5)" = a,+b,V2—c,V5 - d,V10
(1-v2-v5)" = a, —b,vV2 - c,V5 + d,v/10. Do d6 ta c6

2a, +2d,V10 = (14+vV2+V5)"+ (1 — V2 — V5)"
2a, —2d,V/10 = (1 —V2+V5)" + (1 +v2 - V5)".
Vay khi n 1é thi
103 — 4082 = 2" |2+ VB)" + (2= V)" — (1= V2)" — (14 V2)']
hay a? — 104> = 2%-1[(2“ - 1) + @25 + (—1)"2)(y) + -+

+(2"72R 5k + (=128 (5) + } Vay a? — 10d? chia hét cho 277!,
nhung khong chia hét cho 2".

Vi du 2.1.3. Xét day

apg = a1 = 1
Ani1 = Gp + ap_1,n = 1.

Khi do6 co
(i) api1an_1 — a2 = (=1)"L
(i) ay, = [ans1an-1+ (=1)"[an200—2 — (=1)"] = Gp16n-10n 12002+ 1.
(iii) @3 + a3 + -+ + a2 luon luon 1a hop s6 khi n > 2.
(iv) a, +11a hop s6 n > 3

Loi gidi. (i) Biéu dién < i1 > < ) ( a@n ) . Nhu vay c6 biéu

()= (13) (1) o
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n—1

- 11 _(a b = an, [ a+b .
Dat(10> —<Cd).Tanhandij<an_l>—<C+d>va
An+1 _ 2a+b 5
()= (5ra) v

(pi1 Gy [ 2a+b a+b\ [(ad 11\

a, apn_1 ) \2c+d c+d) \cd 10

a a 11 n

n+1 n o £ . L9 s £ 32 s 3x
hay( o an ) = <1 O) . Lay dinh thtc 6 hai veé dé c6 dong
nhat thic a, 10, 1 — a2 = (=1)""L.

(ii) Hien nhién c6 cac hé thic a,12 = 3a,-1 + 2a,_2 va

Qpi1 = 20,1 + ay_o. Do d6

An4-20p—2 — Apy10p—1 = (3an—1 + 2an—2)an—2 — Qp41Gp—1
= 2a; 5+ ap_1[3an—2 — ani1]
= 2a2 5+ ap_1[20,_3 — 2a,_1]
—2a> |+ an_2[2a, o + 2a,_1]

= 2a,_9a, —2a> | = 2(—1)".

Vay ap = [ant1an-1 + (=1)"[an+2an—2 — (—1)"] = aps10n-1an412an-2 + 1.

(iii) Vi @3 + a? + -+ - + a2 = a,a,41 nén af + a3 + - -+ + a2 luon luon
14 hgp s6 n > 2.

(iv) Néu a, + 1 = p la sd nguyén t6 n > 3 thi tU af =
U 10n—10n420n—2 + 1 SUY Ta Gy 110n_10n420n—2 i D. VAY apy1an4o @ p. Néu
Qpe1 b p thi a,—1 i p mau thudn. Néu a,» ipthia, 1 —1+a,+1 a,+1
hay a,.1 —1ia,+1. Vay a,_1 — 2 a, + 1 mau thuan vi n > 3. Do dé
a, + 1 1a hop sb.

Vi du 2.1.4. Gia st hai day s6 (a,) va (b,) xac dinh nhu sau:

(00 =3,a; = 8, ay = 58

Opso = 8Api1 — 3y — 3Ap_1,N = 2;
by =3,bp = 5,00 =45
\bn+2 = 5bn+1 + 10bn - 7bnf1, n 2 2.

Ta c6 (%)) baoro+ -+ (g b1 = (%) azor0 = (%) aanno + -+ = (0) -
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Loi gidi. Day 1a bai toan vé day cac s6 nguyén. Nhung ta lai xét bai
toan tren C. Xét phuong trinh f(z) = 2 — 822 + 3z + 3 = 0. Goi ba
nghiém ctia n6 trong C 1a 1, 79, 3. D& dang kiem tra 29 + 29 + 23 =
o, T1+To+13 = a1, 23 +25+23 = ag, tong quat a, = 2P +ai+a5,n > 0.
Tuong tu b, = yi' + vy +y5,n = 0, trong do6 y1, y2, y3 1a ba nghiém cta
g(y) = y® —5y* — 10y + 7 = 0. Kiém tra truc tiép: f(y + 1) = g(y) va
g(x —1) = f(z).

Vay ta nhan dugc cac hé thic sau day:
ap =2y +xy +ay=(n+1)"+(+1)"+(ys +1)"

bn=uy1 +y3 +yg = (r1—1)"+ (2 —1)" + (x3 = 1)",n > 0.
ap = C%, + Clb, 1 + -+ C" b + C"b,
by = Cyp — Clay_y + -+ (=1)" 10" Lay + (=1)"Claq

va co (20111> bao1o+ -+ (381(1)) by = (20111)a2010 - (20211)a2009 T @8}%) ai.

Do vay

Vi du 2.1.5. Gia stt hai day s6 (an)nen va (by)nen xac dinh nhu sau:

p
CLO:3,CL1:2,CL2:—6

an+2 = 2an+1 — da, + (p—1,N = 2;
bo=3.by = —4,by = —2
\bn_t'_Q = _4bn—|—1 — 9bn — 9bn—17 n 2 2.

Khi d6 ta c6 cac két qua sau day:

(i) ap, = C%, + 2C b, 1 + -+ - + 27710~ 1p) 4 20C1p,
b, = Cla, —2Cla, |+ -+ (=) 12" 10" 1q; + (—1)"2"C"ay.

(ii) Tim s6 du ctia phép chia a, cho p khi p 1a sd nguyeén to.
Loi giai. (i) Day 1a bai toan ve day cac s6 nguyen. Nhung ta lai xét bai
toan tréen C. Xét phuong trinh f(z) = 2° — 222 + 52 — 1 = 0. Goi ba
nghiém cua né trong C la x1, x9, 3.
Dé dang kiem tra 29+ 29 + 29 = ag, 71 + 12 + 23 = ay, 23 + 22 + 22 = a,
tong quat

ap, =x] + x4y +x5,n > 0.
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Tuong tu b, = yi +y5 + y5,n = 0, trong do yi1, y2, y3 1a ba nghiém cua
g(y) = P + 4% + 9y + 9 = 0. Kiém tra trye tiép: f(y +2) = g(y) va
g(x —2) = f(z). Vay ta nhan dugc céc hé thic sau day va suy ra (i):

an =y + 25 a3 = (1 +2)" + (42 +2)" + (y3 +2)"

by =y +y5 +ys = (21— 2)" + (22— 2)" + (23— 2)",n 2 0.
i+j+k=p )
(i) Th a, =2 +ab + 28 = (o1 + 2o+ 23)P — > (.p )x’lxéxlg
0<i,jk<p \irJ;
Véi bo ba i, j, k ¢6 dinh, nhitng hoén vi cho nhau, trong a, c6 tong con
%(mﬁxéazéﬁ + aiakal + labal + ookl + bl + afadal) 1a da thic
déi xtng cia x4, 9, T3.
Tong nay dudc viét thanh da thic véi hé sé nguyén ciia x; + 22 + 23 =
i+j+h=
2, 21T + Xox3 + 311 = 5 VA x11003 = 1. Vay ]Z ! ( D )x’lx‘;xlg 1& s6
0<i,j,k<p \bJk
nguyén chia hét cho p. Do d6 a, = 2°( mod p). Néu p = 2 thi ay = —6
chia hét cho 2 va du bang 0. Néu p > 2 thi a, = 2 = 2( mod p). Vay
du bang 2.

2.2. Xét day s6 qua phép nhan ma tran

Vi du 2.2.1. [Olympic IMO 2008] Gié sit A 1a ma tran vuong cap
2 v6i dinh thitc |A] < 0. Chiing minh réng ton tai hai s6 thuc ag, as va
hai ma tran cap 2 la Ay, Ay dé c6 thé bicu dién A" = oA, + af Ay véi

moi s6 nguyén duong n > 1.

Loi giai. Gia st A = ( i Z > . Khi do6 ta c6 da thiic diac trung
r—a —b 9 . .
|lxE — A| = e e g|TT (a + d)x 4+ ad — bc va phuong trinh

ma tran A? — (a + d)A + (ad — be)E = 0. Do bdi ad — bc = |A| < 0 nén
2? — (a + d)x + ad — bc = 0 c6 hai nghiém thuc phan biét a1, as va ta
biéu dién tich hai ma tran (A — a1 E)(A — apFE) = 0. Hién nhién
N A—wE)——2 (A—aE)=A
o] — Qo ap — Qg

(A — OZQE) —
a1 — Q9 a1 — Qa9

(A — CklE) = F.
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1 1
(A — OéQE),AQ =
a1 — Q9 Qg — (1

ngay cac biéu dién A; + Ay = E, oq A + aw Ay = A. Kiém tra dudce ngay
A1A2 :AQAl = — (A—OQE)(A—OQE) =0va Al =A1,A2 =

Nhu vay, v6i A; = (A—a1F) ta cb

(a1 — as)?
A% v6i moi n > 1. Tu day suy ra A" = (A + aAs)” = o' A1 + af Ay

v6i moi s6 nguyén n > 1.

Vidy 2.2.2. Giasit A= ( > 5 ). Bidu dién an = 27 o)
' c(n) d(n)

2 10
v6i mdi s6 ty nhien n. Xac dinh cdc ham s6 hoc a(n), b(n), c(n), d(n).
Loi giai. Da thic dic trung [¢F — A| = x_—22 . _810 = (z —6) va

phuong trinh ma tran (4 — 6F)% = 0. Ham s6 f(x) = 2" ¢6 khai trién
Taylor tai x = 6 nhu sau

@) = 16 + LY

(x —6) +

Véi 2 = A 6 A" = 6"E + n6" (A — 6E)

p— ( —4 —8> hay A" — <6” —4n6"t —8n6n! )
n

2 4 2n6"1 6" 4 4n6"!
3 21 12 a(n) c(n)
Vidu223.ViA=|0 2 1 |, A= d(n) b(n) dn)
0 —1 4 a’(n) b’ (n) ¢’ (n)

Chiing minh ring a(n) + V'(n) + ¢’ (n) = 3**L.
r—3 =21 —12
Loi gidi. Da thic dic trung [tE—Al=| 0 2-2 -1 |=(x—-3)3
0 1 z-4
va phuong trinh ma tran (A —3E)3 = 0. Ham s6 f(x) = 2" c¢6 khai trién
Taylor tai x = 3 nhu sau

‘(3 ”(3 () (3
1) = 1@+ T g+ L@ ey T g
-1 n—2
Voiz = A6 A" = 3E + n3 (A — 3E) + " > B4~ smy
2 2\3" -1 n—2
hay A7 = 3Z+ T L U 5 B 40 T
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3 21 12
-3 2)3"
do suy ra A" = (n n+2) E+@2n-—n?)3"110 2 1 |+
2
0 -1 4
9 93 105
-1 n—2
n(n 5 )3 0 3 6 | vaduoca(n) =3"0(n) = (3—n)3",
0 —6 15

’(n) = (3+n)3""L. Do d6 a(n) + b'(n) + ¢’ (n) = 3+
Vi du 2.2.4. Xét ba day s6 (ay,), (by), (¢p) v6i ag = 1,bg = 2,¢9 = 3 va

Qpy1 = Ap — 2bn + ¢y
bn—H = —a, + b,

Cnt1 = —2a, + cp,n = 0.

Chiing minh ring a2 + a, + 1 = ¢, = 2b, — 1 v6i moi s6 nguyén n > 0.

Ana1 1 -2 1 an,
Loi giai. Biéu dién dang ma tran | b,eq1 | = -1 1 0 by,
Cn+1 -2 0 1 Cp,
1 -2 1 1 00 0 -2 1
Chiy| -1 1 0|=(010]+| -1 0 0] =FE+A Hién
-2 0 1 0 01 -2 0 0
00 O
nhien A2=| 0 2 —1 | va A% = 0. Theo cong thiic khai trién nhi thic
0 4 -2
a, ag 1
Newton taco [ b, | =(E+A)"| by | = (E+nA+C2A%) | 2
Cn Co 3
a, 1 —2n 2n 1
va ta nhan dlIQC bn = - n2 —n+1 _n——i_n 2
Cn —2n 20> —2n —-n*+n+1 3
’an =1—n
2 —_— 2
hay < b, = %M Viéc kiem tra a%+an+1 =, = 2b,—1
ch=n>—3n+3,n>0.

\
v6i moi s6 nguyén n > 0 14 tam thuong.
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Vi du 2.2.5. Ba day s6 (ay), (by), (¢,) xac dinh bdi ag = a, by = b, ¢y = ¢
va
Gpi1 = 4a, + 3b, — 3¢,

b,i1 = 2a, + 3b, — 2¢,
Cni1 = 4a, + 4b, — 3c,,n = 0.

Chting minh rang

(i) a,+2=0( mod 2"),b,+1 = 0( mod 2"™), c,+3 = 0( mod 2"2)
va a, +b, = ¢, +2" véi moi sé6 nguyénn > 0 khia=1,b=1,c= 1.

(ii) 4a? + 4% = 25b% v6i moi s6 nguyén n > 0 khia =3,b=2,c = 4.

anH 43 -3 a,
Loi giai. Biéu dién dang ma tran | b,. 2 3 =2 by,
Cnt1 4 4 -3 Cn
4 3 -3 1 31 1 00 0 —1
Vil23 -2 ]|=1|221 020 1 1 —1 nén ta
4 4 -3 34 2 001 -2 =5 4
an 1 31 1 0 0 0o 2 -1 1
congay | b, | =1 2 2 1 02" 0 11 -1 1
Cn 3 4 2 0 0 1 -2 =5 4 1
an, 3.9" 9 a, = 3.2" — 2
hay | b, | = | 22"—1 |.Dodbétaco<b,=22"—1 Viec kiém
Cn 4.2" =3 ¢, = 4.2" — 3.

traa,+2 = 0( mod 2"),b,+1=0( mod 2"*"),¢,+3 = 0( mod 2"*?);
an + by = ¢, + 2" va da 6 (i).

(n 1 31 1 00 0 2 -1 3
(ii) bn:221 0 2% 0 11 1| 2] nay
3 4 2 0 0 1 —2 =5 4 4
3.2"
2.2" | . Do d6 ta nhan dugc 4a? + 4c2 = 25b v6i moi s6
4.2"

nguyén n = 0.

Vi du 2.2.6. [Olympic IMO 1996] Cho ma tran vuodng
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ari(n) app(n) az(n)
CGia st A" = | agi(n) ag(n) ass(n)
agl(n) CL32(7”L) a33(n)

0
A= 3
1

S O
o O O

~—

Xdc dinh gidi han lim 220"
n——+00 a32<’]’]_,)

2 00 2 00 000
Loi gidi. Bieudién [ 0 3 0 | = 000 |+ 030 |=B+C
01 2 000 012
Khi d6 A = B+ C va BC' = CB = 0. Tw day suy ra A" = B" + C"

va ¢6 aj1(n) = 2", a12(n) = aiz(n) = as(n) = az(n) = 0. Quy nap theo
n cd agp(n) = 3" ax(n) = 0,as(n) = 3" — 2", as3(n) = 2". Gidi han

lim 22" _ — 1.
n—+00 a32(n) n—+oo 3N — 2N

Vi du 2.2.7. Xét day ag = a1 = 1 va a0 = 9an+1 14a,, v6i n > 0.
Khi d6 ta luon c6 dong nhat thic a, 1a, 1 — a> = —6.14"71,
Loi gidi. Bidu dién (a”“>

9 —14 an, .
a < 1 0 ) (an-l ) . Nhu vay
n n—1

, Qni1 9 —14 1 . 9 —14

f— > f—
co(an> (1 O)(l , n = 1. Dat L0

a b . Ta nhan ducgc n = a+b va [ @t —

c d A1 c+d Qy,
a b -5 ~ Ani1 ([ —Sa+b pi1 Ay B
(c d>(1>'vay(an>_<—5c+d>’(an an_1>_

-+

a

—ba+batby _ fa b))/ =51\ o fanm an | _

—5c+d c+d B c d L1 Y An  Qn-1 N
n—1

9 —14 > ( _15 1 > . Lay dinh thic & hai vé dé c6 dong nhat thiic

Apa1Qp_1 — ai = —6.14""1,

Vi du 2.2.8. Xét day ap = a1 = 1 va apa0 = 3a,1 + 2a, véin = 0.
Chting minh 18ng @, 110,101 20,_2+9.22"1 chia hét cho a2 v a2 +7.2"
khi n 14 s6 nguyén duong chén.

Léi gidi. (i) Biéu dién (“"“ ) - ( i’ g) ( n ) . Nhu vay ta c6

an ap—1
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(1 32\"/1 3 2 a b
— =

(an> (10) (1)’"/1Dat<10) c d

i () (20)+ (7)) (1)
an—1 c+d 1

. ant1 \ [ Sa+b - Qni1 5a+b a+b

Vay( a, >_ <5c+d> Va( ay > <50+d c+d

a b 5 1 Gpi1 Ay 2

(ea) (T1) m (% w)- () ( )w

dinh thtic hai vé dé c6 dong nhat thic a,1a, 1 — a? = yrigntl

(i) Hién nhién a, o = 39a, 1 +22a, 2 V& a, 11 = 11an,1 + 6an,2. Do dé

Ap420n—2 — Apy10pn—1 = (39an71 + 22an72>an72 — Qp41Gp—1

— 22&721_2 + an_1[39an_2 - an+1]

= 22a% 5+ a, 1[39a, 2 — (11a,_ + 6a,_s)]

= —1la® | + 1la, 2[2a, 2 + 3a,_1]

= lla,_sa, — 11a> | = (—1)""%11.2".
VAY ot 1tnsatn 2 = [ — 2(=1)"-27][a2 + 9(—1)"2°]. Tit day suy
ra he thic a,, 10, 10,120, o+ 9.2 = 2 (a% + (—1)”.7.2”) va nhu thé
khi n 1& sé nguyén duong chin c6 an1Gn_10ns2a,—2 + 9.22"+1 chia hét
cho afl va a% + 7.2"™.
Vi du 2.2.9. Xét hai day s6 (x,), (y,) v6i 29 = a,yo = b v sO hang
khac:

Tpe1 = 172, — 6y, + 22
Yni1 = 3D, — 12y, +48,n > 0.
Chting minh rang
(i) z, = 3" — 1( mod 2"3), y, = —5.2""2 + 1( mod 3"™) v& quan
hé 12z, — 5y, = 3"t 4+ 27"*2 — 17 v6i moi s6 nguyén n > 0 khi
a=0,b=2.
(ii) 7z, + 10 = 3y, v6i moi s6 nguyeén n > 0 khi a = 2,0 = 8.
Loi giai. (i) Thuyc hién phép bién doi
n 1=17(x,+1) —6(y, — 1 , )
o1+ (T +1) (y ) Néu coi z, +1 va y, — 1 nhu a,
Yn+1 — 1 =35(x, + 1) — 12(y,, — 1).
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va b, thi c6 bieu dién dang ma tran sau day
an+1 \ _ (17 —6 an
boi1 ) \ 35 —12 b, |
(17T -6\ (23 20 -7 3 . ) 2
V1<35 _12>—<57>(03><5 _2>nentacongayb1eu
T a, \ (23 2" 0 -7 3 1 L2 pex
d1en<bn>—<5 7><O 3n)< 5 _2><1>haycobleud1en
(:pn+1)_< —8.2" +9.3" ) T
yn — 1 —20.2"+21.3" ) Yy, = —20.27 + 2137 4+ 1.

Viéc kiém tra 12z, — 5y, = 3" + 272 — 17 dé ¢6 (i) v6i moi s6 nguyen
n > 0 1a tam thuong.

ez px [ Gn [ 23 2" 0 -7 3 3 )
(11)B1eud1en<bn>—<5 7)(0 3n>< 5 _2)(7>hayco

n+1
(?i)z (3;3”)-Nhu’vaya:n:3n+1—1,yn:7-3"+1~ Tit day

suy ra 7z, + 10 = 3y, véi moi s6 nguyén n > 0 khi a = 2,b = 8.
Chai ¢ 2.2.1. Déi v6i nhitng bai toan xac dinh s6 hang ctia day s6 cho bdi
At a b c a
b n+ n
it ) — (@ @n hoac | bpe1 | = p q 7 b,
bn—|—1 c d bn
Crt1 U v ow Cn
ta nén chéo héa ma tran.

2.3. Xét day s6 qua chéo héa ma tran

Vi du 2.3.1. Xét hai day cac s6 nguyen (x,), (y,) dudc xac dinh nhu

sau:
Ty — 4, Yo = 1

Tpt1 = Ty + 4yn

Yni1 = 2T, + 3yp,n = 0.

o 2 o
Biéeu dien z,,, vy, theo n.
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Loi giai.

Biéu dién ma tran <xn> = <1 4) (xn_l) = A(x”_1>.\/§ay
Yn 2 3 Yn—1 Yn—1

) — an [ 0 ) | Da thic dic trung L—w 4 c6 hai nghiem
Yn Yo 2 3—x
r1 = —1,29 = 5 v6i hai vécto tuong ung la (1;1),(2; —1). Chéo hoa

2

1
PlAP — 2 : (; g)(}_i>::<g fl)fmmimcé
() =025 S

Ty 25"+ 2(—1)"
()= (o )
Vi du 2.3.2. Tim a, va b, theo n ctia day s6 (a,) va (b,) xac dinh bdi:
(40 =3,bp =5
Apq1 = ap + 20,
byi1 = 3a, + 20,
(7> 0.

Loi giai. Biéu dién dang ma tran an ) _ (L2 =1} 3 nhu
b, 3 2 bn_1

(a1 2\"(3 s , (12
Vayco(bn>—(3 2) (5>.Phu’dngtrmhdactru’ngcua<3 2)

la

Wl =
[N\

W W —
I (GN]
W
VR
—
~_

1l—=x 2
3 2—x

Véi gia tri rieng —1 duge vécto rieng (1; —1) va véi gia tri rieng 4 duge

=2 —3r—4=(v+1)(z—4).

. 2 1
vécto riéng (2; 3). Hai vécto nay doc lap tuyen tinh. Dt P = ( 5 _q ) :

1/5 1/5
3/5 —2/5

1*%P:(3?£>mWA:P<3jE>Pﬂ
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Tit day suy ra )
R IARIHEREH
(1) (0108 ) (2 1) () o

4n+2 n—|—2
an =
. oo 5
dugc cong thic xac dinh: 6.47+1 { (—1)"
b, = ,n = 0.
5
Vi du 2.3.3. Tim du ctia phép chia s6 aggi; + bogir cho 2011 biét hai
ag = 2, b() =3

day s6 (ay) va (b,) duge xac dinh béi: < a,.1 = 17a, — 6b,
bpi1 = 35a, — 12b,,n > 0.

e epe 192 o . G B 17 —6 Qp—1
Loi giai. Bieu dién dang ma tran ( b, ) — <35 _12> ( by )

. (a,\ (1T —6\"[2 (17T —6

Vanhu’vay<bn>—(35 _12> <3).Matran(35 _12>co
a5 19— ' = 2°—52+6 = (z—2)(z—3).

Véi gid tri rieng * = 2 duge vécto riéng (2;5) va v6i gia tri riéng

phuong trinh dac trung ‘

r = 3 dugc vécto rieng (3;7). Hai vécto nay doc 1ap tuyén tinh. Dt

P = 23 . Khi d6 ma tran nghich ddo P~ = -3 va ta ¢co
5 7 5 =2

ngay ma tran hé thiic

., (20 B 2 0\ .,
prar=(20) s a=r(20)r
Tu day suy ra
a, \ (17T =6 \'[2Y _ 2" 0\ , (2
() = (5 0) (5) = »(5 o) (5)
W _ (23 2% 0 -7 3 2 a nhan ducce con
by )~ \ 5 7 0 3" 5 -2 )\ g ) VA THaR QuoC cons

a, = 12.3" —10.2"
b, = 28.3" —25.2",n > 0.

3

thiac xac dinh a,, va b,, nhu sau:
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Do bdi 32919 = 1(' mod 2011) va 22°1° = 1(" mod 2011) nén agy11 + bag11
chia cho 2011 du 40.3 — 35.2 = 50.

Vi du 2.3.4. Gia si hai day s6 nguyen duong (a,,) va (b,) xac dinh bdi:

(a9 =1,by = 4
Ap+1 = Gy, + 4Dy,
b1 = 2a, + 3b,

(n > 0.

7\

Chiing minh réng |a, — b,| = 3 v6i moi n > 0 va (asg12 + 2)(bao12 — 1)
chia hét cho 5%%* nhung khong chia hét cho 54025,

Loi giai. Biéu dién dang ma tran S W s @1} Ui nhu
b, 2 3 b1

(a1 4N\"[1 o (14
vayco(bn>—(2 3> (4>.Phu’dngtrmhdactrurlgcua<2 3>

1 4 o
la x_2 s—3 ‘ =22 —4r—5= (x+1)(x—5). Vii gia tri rieng z = 5
duge vécto rieng (1;1) va v6i gid tri rieng x = —1 duge vécto riéng
. 1 2
(2; —1). Hai vécto nay doc lap tuyén tinh. Dat P = ( ] 1 ) . Khi do

1/3 2/3
1/3 —1/3

}3%P:(8f£>mWA:P(g_i>PP

Tu day suy ra .
an, 1 4 1 5" 0 _ 1
(i) = (25) (3) = 2(5 () (a)
an 1 2 500 1/3 2/3 1\
() = G200 Q) Gl 20 (3) e
ap = 3.5" — 2(—1)"
b, = 3.5" + (—1)"
vay |an, — b, = 3,n > 0. Két qua (a2 + 2)(bao12 — 1) chia hét cho 54024,
nhung khong chia hét cho 592 1a hién nhien.

ma tran nghich ddo P! = ( ) va ta c¢6 ngay ma tran hé

thic

dugce cong thic { v6i moi s6 nguyén n > 0. Nhu
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Vi du 2.3.5. Xét ba day cac s6 (z,), (yn) va (z,) duge xac dinh nhu

sau. .
xo =4,y =2,20=1

Lp+1 = —9x, + 2yn + 6z,

o

Ynil = DTy — 32,
| Znt1 = —16z, + 4y, + 11z,,n = 0.

« 2 - x
Bieu dien z,, y,, z, theo n.

Ty -9 2 6 Tp—1
Loi gidi. Bieudifn matran | y, | = 5 0 -3 Yn—1 | . Nhu
Zn —16 4 11 Zn-1
T Tn—1 I To
vay | v | = A yoo1 | vasuyra | y, | = A" | yo | . Da thtc
<n Zn—1 <n <0
—9—z 2 6
dac trung 5 - -3 c6 ba nghiéem x1 = —1,29 = 1,23 = 2

—16 4 11 —=x
vG6i ba vécto riéng tuong tng la (1; —1;2), (2; —1;3), 23 = (2; —1;4). Chéo

-1 -2 0 -9 2 6 1 2 2
hoa P71AP = 2 0 -1 5 0 =3 -1 -1 —1 =
-1 1 1 —16 4 11 2 3 4
1 0 0 T,
0 —1 0 |.T6ém lai ta c6 biu dién | v, | qua tich ba ma tran
0 0 2 Zn
1 2 2 1 0 O -1 -2 0 Ty
1 -1 -1 0 -1 0 2 0 —1 | hay | v,
2 3 4 0 0 2 -1 1 1 Zn
1 2 2 1 0 0 -1 =2 0 4
= -1 -1 -1 0 (=1)" 0 2 0 -1 2
2 3 4 0 0 2" -1 1 1 1

Vi du 2.3.6. Ba day s6 (a,), (b,), (c,) xac dinh béi cac phuong trinh
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sau:
(ao =a,bp=b,co=rc

apy1 = 4a, + 3b, — 3¢,
$ by = 2a, + 3b, — 2¢,

Cny1 = 4a, + 4b, — 3¢,
(. n > 0.

Khi d6 hay chiing minh cac két qua sau day:
(i) an + b, = ¢, v6i moi s nguyéen n > 0 khia=1,0=2,¢c= 3.
(11) as010 = bop1o + 02010( mod 2011) khia=3,b=2,c=1.

(iii) anc, = 3b2 v6i moi s6 nguyén n > 0 khia = 12,0 = 8, ¢ = 16.

an, 4 3 —3 Ap—1
Loi giai. Bieu dién dang matran [ b, | = 2 3 -2 bo—1 | va
Cn 4 4 -3 Cn—1
an, 43 =3\"/a
nhuvayco | b, | =1 2 3 -2 b | . Phuong trinh dac trung
Ch, 4 4 -3
4 3 -3 r—4 =3 3
cia | 2 3 =2 |la| =2 z-3 2 |=(zx—1)*(z—2). v6igia tri
4 4 -3 —4 —4 43

rieng = 1 dugc hai vécto rieng doc lap tuyén tinh 1a (1;2;3) va (1;1;2)
VOl gia tri rieng x = 2 dugc vécto riéng (3;2;4). Ba vécto nay doc lap

1 31
tuyén tinh. Dat P = | 2 2 1 |. Khi d6 ma tran nghich ddo P! =
3 4 2
0o 2 -1 1 00
1 1 —1 | vatacéngay ma tran hé thic P'AP =1 0 2 0
-2 =5 4 001
100
hay ta c6 dugc A =P | 0 2 0 | P~'. Tu day suy ra biéu dién dang
001
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ma tran nhu sau:

ay, 1 31 1 0 0 0o 2 -1 a
b, | =12 2 1 02" 0 1 1 -1 b
Cn 3 4 2 0 0 1 -2 =5 4 c
ay, 1 32" 1 1 1
i)Taco | b, | = 2 22" 1 ( 0Ol =12 ]| khia=1,0=2
Cn 3 4.2" 2 0 3
va ¢ = 3. Nhu vay a, = 1,b, = 2,¢, =3 va a, + b, = ¢, v6i moi n > 0.
ay, 1 32" 1 3
(ii) Taco [ b, | =1 2 22" 1 4 khia=3,b=2vac=1.
Cn 3 4.2™ 2 —12

Nhu vay a, = 3.2""2 —9,b, = 2" — 6,¢, = 2" — 15 v6i moi n > 0.
Tu day suy ra asgrg =3 =2+ 1 = bog1p + 02010( mod 2011),

n 1 32" 1 0
(iii) Taco [ b, | = 2 227 1 4 | khia=12,b=8vac=16.
Cn 3 42" 2 0

Nhu vay a, = 3.2"2. b, = 2"3 ¢, = 2" véi moi n > 0. Tu day suy ra
ApCp, = Sb%
Vi du 2.3.7. Tim a,, b, va ¢, theo n cia ba day s6 (a,), (by) va (c,)
duge xac dinh béi cac phuong trinh sau day:
rCLo :2,b0 :3,60 =4
api1 = ap — 3b, + 3¢,
byt = 3ay — 5b, + 3cn
Cni1 = ba, — 6b, + 4c,

(. n > 0.
an, 1 -3 3 Ap—1
Loi giai. Biéu dién dang matran | b, | = | 3 =5 3 b,—1 | va
Cn 6 —6 4 Cn—1
an 1 -33\" /2
nhuvayco | b, | = 3 —5 3 3 | . Phuong trinh dac trung
Cn 6 —6 4 4
1 -3 3 r—1 3 -3
cia [ 3 =5 3 |la| =3 x+5 =3 |=(z+2)*z—4).
6 —6 4 —6 6 x—4
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V6i gia tri rieng —2 dugc hai vécto rieng doc lap tuyén tinh 1a (1;1;0) va
(1;0; —1); v6i gia tri riéng 4 duge vécto riéng (1;1;2). Ba vécto nay doc

1 1 1
lap tuyén tinh. Dat P = [ 1 0 1 |. Khi d6 ta c6 ma tran nghich
0 —1 2
dado P~! v c¢6 ngay ma tran hé thic
—2 0 0 -2 0 0
P1AP=| 0 -2 0 |haytacodugcA=P| 0 -2 0 | P
0 0 4 0 0 4
Tu day suy ra biéu dién dang ma tran nhu sau:
ay 1 1 1 (=2 0 0 2
b, |=11 0 1 0 (=2 0 |P']| 3
Cn 0 —1 2 0 0o 4 4

Vi du 2.3.8. Ba day s6 (a,), (b,) va (¢,) xac dinh béi cac phuong trinh:

(a():l,b0:2,00:4

Ap41 = 2a, + bn
bn—H =b, — ¢,
| Cn1 = 2b, + 4c,,,n > 0.

Chting minh réng a,, + b, + ¢, chia hét cho 2", nhung khong chia hét cho

2"+l v6i moi s6 nguyén n = 0.

an 21 0 Ap—1
Loi giai. Bieu dién dangmatran [ b, | = 0 1 —1 b1 | va
Cn 02 4 Cn—1
an 21 0\" /1
nhuvayco [ b, | = 0 1 —1 2 | . Phuong trinh dac trung
Cn 02 4 4
21 0 r—2 -1 0
caa | 0 1 —1 | la 0 z—1 1 = (z—2)*(x—3). V6i gia tri
02 4 0 -2 x—4

rieng © = 2 dugc mot vécto riéng la (1;0;0); v6i gia tri rieng z = 3 dudgc
vécto rieng (1; 1; —2). Hai vécto trén doc lap tuyén tinh, khong 1ap thanh

21 0
mot co sé cia R3. Vaymatran [ 0 1 —1 | khong thé chéo héa duge.
02 4
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Dé giai quyét tinh hudng nay, bién doi ( n ) — ( ; _41 ) ( bn—1 )

Cn Cn—1
2 b\ (LY (2 Phuong trinh dic trung ct
vasuyra | o) =1, E ng trinh dac trung ctia ma
(11N, |e-1 1 | e
tran A = ( 5 4 ) 1a 9 .4 | = (x—2)(x—3). V6i gia tri riéng

x = 2 duge mot vécto doc lap tuyén tinh la (1; —1); v6i gia tri rieng x = 3
duge vécto rieng (1; —2). Hai vécto nay doc lap tuyén tinh, lap thanh
1 1

mot c¢o sé cua R2. Dat P = 1 _o

. Khi d6 ma tran nghich dao
Pl = ( _21 _11 ) va ta c6 ngay ma tran hé thic P~1AP = ( g g )
2 0

haytacodu’(ch:P<O 3

> P~!. T day suy ra biéu dién dang ma

tran nhu sau:

()= (4 %) () (5 5) ()

hay b, = 8.2" — 6.3" = 2"+3 — 23"l ¢, = —2nF3 4 4 30+l

Van dé xéac dinh a,,. Via,+1 = 2a, + b, = 2a, + 2" — 2.3"! nén ta tim
v+t=ayp=1

a, trong dang a,, = (un+v)2"+t3". Tacé hé ¢ 2u +2v + 3t = a; = 4
Su+ 4v + 9t = ay = 6.

Gidi ra dugc u = 4,t = —6,v = 7 va a, = (4n + 7)2" — 2.3""L. T day

suy ra a, + b, + ¢, = (4n + 7).2".

2.4. Xay dung bai toAn méi cho day sb

Ta sé xay dung bai toan mdi tir bai toan da biét. N6 duge dat ra nhu

sau.
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Bai toan 1
Gia st hai day céac s6 nguyen (a,), (b,) dugc xac dinh nhu sau:

ag = a, b() =b
(p+1 = A + 4b,,
bpi1 = 2a, + 3b,,n = 0.

.2 . x R Ay, o 1 4 Ap-1 . an-1 %
Biéu dién ma tran ( b, ) = (2 3) <bn—1 ) —A( by ).Vayta

co ( Z” ) = A" ( ZO ) . Chéo hba ma tran A qua tich ma tran:
n 0

2

G0 5)-65)

3
1
i (b>
3 3

PlAP =

Wl —W|

. a, \ (1 2 5" 0
Nhu vay c6 duge ( b, ) = (1 _1> ( 0 (_1)n>

Gia sit da thic g(z) € R[x]. Xét hai day (x,), (y,) xac dinh bdi phuong

trinh ma tran nhu Sau:( z" ) =g(A)" ( Z ) :

Van dé dat ra: Phat hien két qua méi vé x, va y,,.

Dé& dang c6 bién doi g(A) = P ( 9(05) g(gl) ) P~ Ta c6 bicu dién:
T, g(5)" 0 ) 1 < a )
= P P

Dé c6 quan hé mdi, ta chon g(x) mot cach thich hop. Véi g(z) =z + 5
vaia=b=1tacéo g(5) = 10 va xay dung bai todn mdgi:
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Vi du 2.4.1. Hai day s6 (z,,), (y,) xac dinh bdi cac phuong trinh sau:
ro=LlLyg=1
(=) v (1) (2 4) () o
Yn Yn—1 2 8 Yn—1
Hay xac dinh z,, va y,, theo n.

Loi giai. St dung quy nap theo n duge x,, = y, = 10™. V6i g(z) = =+ 20
vaa =2,b=—1tacé g(—1) = 19 va nhu vay x, = 2.19",y, = 19". T
day xay dung dudgc bai toan mdi:

Vi du 2.4.2. Hai day s6 (z,), (y,) xac dinh bdi cac phuong trinh sau:
To = 2,90 = —1
n n— 2]_ 4 n— .
) = (At20E) [ ) = ) vein > 0.
Un Yn—1 2 23 Yn—1

Khi d6 hay xac dinh s6 nguyén duong nhé nhat r dé phuong trinh dudi
day co6 nghiém ¢,z € Z :

Too11t — Yo0112 =T

Loi gidi. St dung quy nap theo n dugc x, = 2.19", y, = 19". S6 nguyén
duong nhé nhat r dé phuong trinh o911t — y20112 = 7. ¢6 nghiém nguyén
t,z € Zlar = 192011

Bai toan 2
Gia st ba day s6 (a,), (by) va (c,) duge xac dinh béi cac phuong trinh:
(ag = a,by=b,co=c
api1 = 4a, + 3b, — 3¢,
{ b1 = 2a, + 3b, — 2¢,

Cni1 = 4a, + 4b, — 3¢,
(. n > 0.
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Biéu dién dang ma tran

an, 4 3 =3 Ap—1 Ap—1
b, = 2 3 =2 by—1 = Al b, va nhu vay co
Cn 4 4 -3 Cn—1 Cn—1
an, a 1 31
b, | =A"1 b |. Vé6imatran P=| 2 2 1 | va ma tran nghich
C, c 3 4 2
0 2 -1
dédo P71 = 1 1 —1 | ta c6 ngay ma tran hé thic
-2 —5 4
100 1 00
P1AP=102 0 | haytacodugc A=P | 0 2 0 | P71 Tuday
001 001
an, 1 0 0 a
suy ra biéu dién ma tran: [ b, | =P [ 0 2* 0 | P! ( b ) .
cn 0 0 1 c
Gia st da thic g(x) € . Xét ba day va (2,) xac dinh
a
bdi phuong trinh ma tran nhu sau: b ) :
c
Van de dat ra: Phat hien két qud méi vé x,,, y, va z,.
g(l) 0 0
Dé& dang c6 bién doi g(A) = P 0 g(2) 0 P~ Tu day suy
0 0 g(1)
Ty, g(H)» 0 0 a
ra bieu dién ma tran: | y, | =P 0 g2™ 0 P10
Zn 0 0o g(1)” c
Khi a = 12,b = 8,c = 16 ta c6 bieu dién:
Ty g)" 0 0 12 12¢g(2)"
v | =P 0 g2 0 P 8 |=] 82
2 0 0 g1)" 16 16g(2)"

va van c6 T,z, = 3y2. Dé c6 quan hé mdi, ta sé chon g(z) mot cach
thich hop. Véi g(z) = 22+ 2+ 1 ta 6 g(2) = 7. Khi dé =, = 12.7",y,, =
8.7", z, = 16.7". Tt day suy ra u6c chung 16n nhat (z2011, Y2011, 22011) =
4. 721 v3 xay dung dude bai toan méi:
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Vi du 2.4.3. Ba day s6 (x,), (yn), (2,) xac dinh bdi cic phuong trinh
sau:

(xo =12,y =8,20 =16
Tn Ln—1 43 =3
< Yo | =(A2+A+E)| yoy | véin>0vaA=] 23 -2
Zn Zn-1 4 4 -3

\
Hﬁy xac dinh uée Chung 16n nhat (.%'2011, Y2011, 22011).

Loi giai. Stt dung quy nap theo n duge x,, = 12.7", y,, = 8.7", 2z, = 16.7".
Tu day suy ra uéc chung 16n nhat (w2011, Y2011, 20011) = 4.720H.

V6i g(x) = 2% + 22 + 4 ta ¢6 g(2) = 12. Khi d6 z, = 12.12"y, =
8.12", z, = 16.12". Tu day suy ra 4x, = 6y, = 3z, va xay dung dugc bai
toan mdi:

Vi du 2.4.4. Ba day s6 (z,), (yn), (2,) xac dinh bdi cac phuong trinh
sau:

(xo =12,90=8,20 =16
Tn Ln—1 43 =3
< Yo | = (A2+A+E)| yoy | véin>0vaA=] 23 -2
Zn Zn-1 4 4 -3

\

Hay chung minh 4x, = 6y, = 3z, v6i moi n > 0.

Loi giai. St dung quy nap theo n dugce x, = 12.12",y, = 8.12", 2, =
16.12". T day suy ra 4x, = 6y, = 3z,.
Véi g(z) = 22> + x4+ 6 ta c6 g(2) = 16. Khi d6 =, = 12.16",y, =
8.16", z, = 16.16".

Tu day suy ra z, @ 247+2 qy, @ 24743 2 ¢ 24+ 3 xay dung duge bai
toan mdi:

Vi du 2.4.5. Ba day s6 (), (yn), (2,) xac dinh bdi cac phuong trinh:

rxo =12,y =28,20 =16
T Tp—1 4 3 -3
) Yo | =(A2+A+E)| yoy | véin>0vaA=] 23 -2
Zn “n—1 44 =3

\
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Hay ching minh z, i 2%%2 q, @ 2443 o 1 24ntd iy o, fF 24043 ¢/
Podntd o 128 v6i moi n > 0.

Loi giai. St dung quy nap theo n dugc z,, = 12.16",y, = 8.16", 2, =
16.16™. Tu day suy ra x, @ 2472 y, @ 240F3 o i 2dntd gy o f 2A0H3)
Y, F 24z /245 v6i moi n > 0.

Khi a =1,b=2,c =3 ta c6 bicu dién:

Tn g)r 0 0 1 g(1)"
Yy, | =P 0 g2 0 PHl 2| =1 29(1)
Zn 0 0 g(1)" 3 39(1)"
va luon 6 z,+y, = 2,. Dé c6 quan hé méi, chon g(x) mot cach thich hop.

V6i g(r) = 2®+ax+1 taco g(1) = 3. Khi d6 z,, = 3", y, = 2.3", z, = 3",
Xay dung dugc bai toan mdéi:

Vi du 2.4.6. Ba day s6 (z,,), (yn), (2,) xac dinh bdi cac phuong trinh:

’

ro=LlLy=2,20=3
Tn Tp—1 4 3 =3
< g | = (A2+A+E)| yoq | véin>0vaAd=] 23 -2
Zn, Zn—1 4 4 -3

\

Chitng minh rang z, + y, = 3""%.

Loi giai. Stt dung quy nap theo n dugc z, = 3", y,, = 2.3", 2, = 3" T
day suy ra z, + vy, = 3"

V6i g(x) = 22 +2z+4taco g(1) = 7. Khidé z, = Ty, = 2.7, 2, = 3.7".
Tu day suy ra x,y, = 2.14" va xay dung bai toan mdi:

Vi du 2.4.7. Ba day s6 (z,,), (yn), (2,) xéc dinh bdi:

;

xo=1,9=2,20=3
Tn Tp—1 4 3 -3
1 v = (A’+A+E)| ypq | vOin>0vaA=]2 3 -2
2 21 44 -3

\

Hay chiing minh x,y, = 2.14" v6i moi n > 0.

Loi giai. Stt dung quy nap theo n duge x,, = 7", y, = 2.7", 2z, = 3.7". T
day suy ra x,y, = 2.14".
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Két luan

Luan van da trinh bay vd nhan duge nhiing két qua sau day.

1. Trinh bay mot s6 dinh 1y, tinh chat da chitng minh dugc tinh déng
dai s6 ctia Truong C va cac vi du 4p dung c6 tinh hé théng ciia Trudng

s6 phc.

2. Xay dung vanh ma tran K[A], da tinh dugc dinh thic va gia tri riéng
ciia da thitc g(A) khi biét dinh thiic va gia tri rieng cia A va cach tinh
ma tran nghich dao, chéo hao ma tran c6 vi du minh hoa.

3. Da biéu dién dugc day s6 dudi dang ma tran, van dung cac phép bién
doi ctia ma tran dé tim s6 hang tong quét ctia day s6. Chuyen bai toan
day sb6 vé bai toan ma tran. Dic biet trong luan van nay nghién ctu 2,
3 day s6 dong thoi.

4. Stt dung ma tran dé xay dung bai toan méi tit mot bai toan ban dau,
diéu nay rat thiét thiyc véi viec boi dudng Hoc sinh gioi.
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