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Mé& dau

Trong s6 hoc s6 nguyeén to6 déng vai tro rat quan trong. T xua cidc nha
toan hoc da mat rat nhiéu thoi gian dé nghién citu s6 nguyen té6 nhung cho
dén nay, con nhiéu diéu bi an vé s6 nguyén t6 van chua duge biét. Ngay nay
nho vao sy tién bo ciia KHKT, nho vao may tinh dién ti, nguoi ta da tim
ra dugce rat nhieu s6 nguyén t6 16n (c6 hang chuc triéu chit 86). Bén canh do6
nhitng dinh 1i vé s6 nguyén t6 luon 16i cudn syt chii ¥ clia cac nha toan hoc,
vi thé nguoi ta luon c¢d gang tim nhiing chiing minh méi. Chitng minh tinh
vo han clia cac s6 nguyén té cé thé sit dung cac li thuyét khac nhau ctia s

hoc, 1i thuyét chudi, t6 po, va nhiéu cong cu khac.

Luan vin gom hai chuong. Chuong 1, chiing t6i trinh bay nhitng ching
minh khac nhau ctia dinh 1i Euclid. Cling trong chuong nay, chtng t6i sé trinh
bay mot sd bai toan ton tai noi tiéng trong li thuyét sé nguyen t6. Chuong 2,
chiing t6i sé trinh bay lich sit tim ra mot s6 sé nguyeén t6 16n va ting dung, ma
trong tam ctia chuong 1a nghién citu lich st tim ra s6 nguyén td Mersenne vi
tir trude cho dén nay nhiing s6 nguyén t6 16n tim duge thuong 13 sé nguyen

to Mersenne.

Nhan thic dude li thuyét s6 nguyén t6 1a nén tang cia so hoc, ching ta
da dugc hoc vé sé nguyeén tb tit rat sém, ngay tit bac hoc pho thong co sd,
nhung rat it tai lieu viét vé s6 nguyen t6. Ban luan van nay sé cung cap thém
mot tai lieu ve lich st nghién ctu i thuyét s nguyén t6 va qua trinh tim ra
cac sO nguyéen to6 16n. Ching to6i hy vong luan van nay sé dap tng dude phan
nao long yéu thich nghién citu sé6 nguyeén t6 ciia cac ban dong nghiép, cla

cac em hoc sinh.

Sau mot thoi gian nghién cttu ludn van duge hoan thanh. Tuy nhién sé
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khong tranh khoi nhiéu sai s6t. Kinh mong sy gép ¥ clia quy thay co, cac
ban dong nghiép. Chiing t6i xin chan thanh cidm on!

Thai Nguyén, ngay 19 thang 9 nam 2010

Tac gia
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Chuong 1

Pinh 1li Euclid vé s6 nguyén tb

Nhitng dinh i ton tai luon luon 16i cudn sy chii ¥ ciia cac nha toan hoc, vi
thé nguoi ta luon luon cd gang tim nhing ching minh mdéi clia cac dinh Iy
toan hoc co dién. Chang han cho dén nay ngudi ta da biét 350 chiing minh
khac nhau ctia dinh li Pytago. Nhitng chitng minh nhu vay khong chi tha vi
ve mat khoa hoc ma con cé ¥ nghia vé mit lich st. Hon nita nhiéu ching
minh cho thay moéi lién quan giita nhitng linh vyc va sy kién khac nhau &
trong toan hoc. 0 day chung to6i sé trinh bay 19 chiing minh khac nhau cua

mot trong nhitng dinh 1i néi tiéng nhat ctia toan hoc, dé 1a dinh 1i Euclid:
1.1. Dinh li: Tap hop s6 nguyén t6 la vo han

1.2. Nhitng chiing minh khac nhau ctaa dinh li Euclid

1.2.1. Chitng minh 1 (Euclid, thé ki III truéc cong nguyén)

Gia st tap hop s6 nguyén t6 1a hitu han. Goi p 1a s6 nguyén t6 16n nhat.

Xét k 1a tich ciia tat ca cac s6 nguyéen toé cong them 1:
k=235 p+1.

S6 k khong c6 u6c nguyén té bdi vi khi chia cho s6 nguyén t6 ty ¥ ta dudc
phan du bang 1. Trong khi d6 dé thay ring u6c s6 bé nhat m > 1 clia sb tu

nhién k 13 s6 nguyén t6, mau thuan nay ching minh dinh Ii.
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1.2.2. Ching minh 2 (Kummer)

Thuyc chat ciia chiing minh Eculid 14 6 chd, véi gid thiét vé tinh hitu han
clia tap hop sb6 nguyén t6, nguoi ta xay dung s6 nguyén & ndo dé khong chia
hét cho mot s6 nguyén t6 nao.

Nha toan hoc Ditc Kummer da thay trong lap luan ctia Euclid chi mot dau

trong dinh nghia cua k:

Truée khi di dén céc ching minh khac ta c6 bo dé sau:

Bo6 dé 1.2.1. Néu ton tai day vo han cdc sé nguyén, nguyén t6 ciing nhau

ting cap thi tap hop s6 nguyén toé la vo han.

Chatng manh. That vay, cac s6 nguyén t6 ciing nhau ting cap khong c6 udc
nguyén t6 chung. Vi thé néu lay mdi mot udc nguyén t6 ctia moéi mot sé trong
diy ta sé nhan dugc mot tap hop vo han ma cac phan ti clia ching déu 1a

sO nguyeén to.

Bay gio dé chitng minh c¢6 vo6 han sd nguyén to ta chi can di tim nhing

diy s6 nguyéen t6 ciing nhau ting cap.

1.2.3. Chitng minh 3 (Silvestre)

Xét day a, xac dinh bdi quan hé sau:
a1 = 2

Afy1 = (ak)2 —ap+1,k€N.
Chang han mot s6 s6 hang dau tién ciia diy 14 nhu sau: 2,3,7,43.

Ta sé ching minh bang quy nap rang véi moi n € N ta c6 dang thic sau:

an+1:a1'a2""an—1'an+1-
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V6i n = 1 hién nhién.
Bay gio gia sit quan hé dang véi n tic 1a
Apy1=0a1-Q2: - Ap1-ap+ L
Khi do:

An+2 = (an+1)2 — Ap+1 + 17

a/l.az....an+1+1:al.a2...an[(al.a2...an_1.an)+1]+1
:[(al.az....an)2+a1.a2.an]+1
=[(ant1)? — 2ap41 + 1+ an —1+1

=(an+1)® = api1 + 1.
Vay (1) da dugc ching minh.
Tu (1) suy ra rang mdi phan ti v6i day Silvestre nguyén t6 cung nhau vdi
tat ca cac phan ti ding truéc d6. Nhu vay ta dude mot diy vo han cac s6

nguyén to6 cung nhau ting cap.

1.2.4. Ching minh 4 (Goldbach)

Gid st a, = 2% + 1
Ta sé chitng minh rang hai s6 tuy ¥ trong day 3, 5,17, ...,2%" +1, ... 1a nguyén

t6 cting nhau ting cap.

Gia st ngugc lai a, va a; trong d6 n > k khong nguyeén t6 cting nhau tric
la ¢6 uéc chung nao d6 d > 1.
Ta nhan thay ring day dang xét gom toan s6 1&, do do6 d > 2.
Xét dong nhat thic sau day:
(142)-(1+22)-(1+42%)... (1422 ) =2 -1
Dong nhat thic trén ching t6 rang s6 a, — 2 = 22" — 1 chia hét cho ay, va do
d6 chia hét cho d. Nhung khi d6 2 = a,, — (a, — 2) ciing chia hét cho d (mau
thuan).
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1.2.5. Ching minh 5

Chting ta sé chi ra mot cach xay dung tong quat ma hai ching minh lién

tréen day chi déu l1a truong hop rieng.

Gia st a va b 1a nhitng s6 nguyén t6 cing nhau. Xét diy a, thiét lap nhu

sau.
ay = a,

Qi1 =01+ a3 - ... - ai + b.
Ta nhan thay riang cac day trong hai ching minh truéc day nhan duge khi
lay a =2, b= 1, vi a = 1, b = 2 tuong ting.
Ta sé chitng minh réng hai s6 tly ¥ ctia day a, nguyén t6 cuing nhau. Trudc
tién ta nhan xét rang khi n > k s6
a, —b=aj;-as- ... a,_; chia hét cho ay.
Gia st d 1a uéc chung cta a, va ai. Do a, chia hét cho d va a,, — b chia hét
cho a;, ma a; chia hét cho d, suy ra b chia hét cho d. Ta lai dung quy nap.
Hién nhién a;, ay nguyén té cling nhau.
Gia st ay, as, ..., a; nguyén té ciing nhau ting cap. Gia stt d > 1 14 mot uée

sO tly ¥ clia clia s6 aj4 1. Ta sé ching minh rang d khong 1a uéc clia cac s6

ai, as, ..., ap. Gid st nguoc lai ki hieu a; 14 s6 bé nhat sao cho a; chia hét
chod. Néui>1thisba; =a;-as-... a;_1 + b chia hét cho d ma vi b chia
hét cho d nén tich a; - as - ... - a;_; ciing chia hét cho d. Diéu nay mau thuan

v6i gid thiét a; nguyen t6 cting nhau véi cac so6 ding trude né. Con véi ¢ = 1

thi a; = a chia hét cho d, mau thuan véi gid thiét a va b nguyéen t6 ciing nhau.

1.2.6. Chiing minh 6

Cau tric téng quat cia Silvestre c¢6 thé xay dung theo cach khac. Gia st

a1 =a > 2,ap4 = 1+ ap(ap — 1)by,
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trong do by 1a day tly ¥ cac s6 tir nhién. Ta nhan thay rang day Silvestre sé
nhan dudc néu lay a = 2, b, = 1.

Trude hét, 1a nhic lai mot trong nhitng bai toan clia ky thi Olympic Lien
X6 nam 1978:

"Gid st fixr) = 23— 2+ 1, va a > 113 mot s6 tir nhien. Chitng minh rang
cac s6 cua day vo han: a, f(a), f(f(a)), ... nguyén t6 cing nhau ting cap".
Dé thay rang néu trong cach xay dung ciia chung ta lay b, = aj + 1, thi xuat
hién day da xét.

Ta sé chitng minh rang day a, 1ap nén tit cic s6 nguyén to ciing nhau ting
cap.

That vay néu m > k thi

a,, — 1 chia hét cho a,,_1 — 1, chia hét cho a,,_o—1, ... chia hét cho a;; —1,
chia hét cho ay.

Tu d6 a, =1 (mod ay), tic 14 a,, vd aj nguyén t6 ciing nhau.

Tiép theo chiing minh ta can két qua sau day:

B6 dé 1.2.2. Gig sit k> 1 ,a,b la cédc s6 tu nhién. Khi dé

(k* =1,k —1) = k@ — 1,

trong dé6 (x,y) Ia uéc chung Ién ctia hai s6 x va y.

Chiing minh. Truée hét ta xét truong hop khi a 1a boi ctia b. Khi do6 véi s6 ¢

nao dé ta cé a = b- q va (a,b) = b. Dang thitc can chiing minh c6 dang:

(k* — 1,k —1) = kK — 1 va tuong duong véi k* — 1 1 boi cia k* — 1. Diéu
nay la ré rang bdéi vi

k¢ —1=Fk" — 1= (k®)? — 1 chia hét cho k* — 1.

Bay gio gia sit a khong chia hét cho b, tic la:

a=>bqg+r,0<r<hb.
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Ta c6

k¢ —1 = kbt — 1+ k" (k% — 1) + k" — 1.
Nhu da thay tren day:

kb — 1 chia hét cho k* — 1 hon nita 0 < k" — 1 < k¥ — 1.
Nhu vay phan du ctia phép chia k¢ — 1 cho k* — 1 1a k" — 1.
Do d6 UCLN ctia (k® — 1,k — 1) = (k* — 1,k" — 1).
St dung thuat chia Euclid ta cé.

a=bg" +r,

b= maq + 12,

1 = T2q2 + T3,

Tn—2 = T'p—1Qn—1 1 Tn,
T'n—1 = T'ngn-
Ta nhan dugc cac dang thic:
(k*—1,k'—1) = (K" =1,k —1) = (k{ - 1,k5—1) = - = (k" | —1,k"—1) =
ki —1=klb — 1,
D6 chinh 13 diéu phai chiing minh.
Hé qua: Néu n va m nguyén t6 ctiing nhau thi 27 — 1 va 2" — 1 ciing

nguyén t6 cling nhau.

That vay(n,m) = 1 cho nén (2™~ 27~ H=20mm) _ =9 — 1=1.

1.2.7. Ching minh 7 (Kholsinskii 1994)
Gia st rang F' = {n1,n9,n3,- - -,n} 1a tap hop tat ca cac s6 nguyén t6
ny = 2,712 :3,713 = 5,' .

RO rang rang cac so6 thudc F nguyén té cing nhau ting ciap. Do hé qua

ctia bo dé 2, cac s6 2% — 1 va 2% — 1 ciing nguyén tb ciing nhau. Bay gio véi
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moii = 1,2, - k taldy mot uéc nguyén t6 p; ndo dé ctia s6 2™ — 1. Khi d6

cac sO pi, P2, - - -, pi s€ khac nhau ting cap. Nhu vay ta dugce tap hop.

G = {p1,p2," -+, Pk}
1a cac s6 nguyen to .
Céac phan tit ciia G déu 1a cac s6 1é, ma vi cac tap hop F va G déu c6 clung
s6 phan tit, cho nén G phai chita phan tit khong thuoc F', ta c6 mau thuan.
Nhitng chitng minh ctia dinh 1y Euclid c6 thé nhan dudc bang cach xay
dung day (a,) ma sb cac udc nguyen t6 ciia s6 hang thit n tdng mot cach

khong gidi noi.
1.2.8. Chiimg minh 8

Ta sé ching minh ring s6 a, = 22" +22"" +1 ¢6 khong dudi n uéc nguyen
t6 khac nhau.
Trong dong nhat thrc

P+ l=(2*+1—-2)(2*+1+2)
ta dat

=2

Ta nhan dugc

2n+1 + 2271 + 1
= (2 +1-2"")a,

Nhu vay a,41 chia hét cho a,,.

ap41 = 2

Cac 86 22" — 22 41 vaa, = 22" 422" + 1 nguyen t6 cung nhau, béi vi
néu ching c6 uéc chung ¢ thi wéc chung ¢ dé 18, dong thoi hieu ctia hai s6
bang 22" 1 chia hét cho ¢ (vo 1i).

Nhu vay khi chuyén tit a, sang a1, sd cac uéc nguyen tb tiang len. Do dé

s6 hang tht n cta day dang xét c¢6 it nhat 14 n udc nguyén t6 khac nhau.
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1.2.9. Ching minh 9

Céc chiing minh sau day xuat hién khi xét biéu dién s6 n! dusi dang tich

clia liiy thita cac s6 nguyén to.

n! = prp.

p<n

Nhu ta da biét boi fp ctia sd nguyén tb p trong khai trién chinh tic cia
s6 n! duge xac dinh nhu sau:
n
=35
=1

Nhu vay, v6i fp ta c6 ude lugng

T do, suy ra rang

Vnl < [[p- (2)

p\n

(tich 14y theo moi udc clia n).

Bay gi¢ ta sé chitng minh bat dang thic sau:
Vnl > g (3)
Bat dang thiic nay tuong duong véi bat dang thitc sau
%(an +In3+---+Inn) > Inn — 1.

Bat dang thitc nay dudce chitng minh bang cach lay tong céc bat dang thic
dang

Ink >
k

k
Inzdx, k=1,2,...,n.
~1
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n

/ Inzdx =

1

(xlnz — x)
1

S|
S|

1
—(In2+In3+---+Inn) >
n

(nlnn —n+1)

S

1
=Ilmnm—-—1+—>1Inn—1.
n

Két hop bat dang thiic (2) va (3), ta nhan dugc

[[r == (4)

Nhu vay, vé trai ctia bat dang thic 1a dai luong khong gidi noi, suy ra phai

ton tai vo han so nguyeén to.

1.2.10. Chiing minh 10

Gia stt P(z) la da thiic ¢6 he s6 nguyen, ta goi mot so k 14 uée cla da
thic P(x) néu v6i s6 tu nhien n ndo d6 P(n) chia hét cho k. Ta sé chiing
minh ring trong cac udc ciia da thiic P(x) bac 16n hon hodc bang 1 ¢6 vo

han s6 nguyén to.
Gia st rang P(x) chi ¢6 hitu han uéc nguyen t6 p1, p2, p3, - - -, Dk-
Gia st P(a) = b # 0. Xét da thic

Q(z) = P(a+ bpips - -pr)/b.

Pla+bpipy - - - pp) — P
o)1 = o)~ Pl
c6 nghia 1a céc s6 py, pa, - - -, pr khong phai 1a uée cua Q(x).

chia hét cho bpps - - - -pi. Dicu d6

Mat khac da thitc Q(x) khac hing s6 sé nhan moéi gia tri mot sé hitu han
lan. Do d6 trong sb cac gia tri clia né c6 nhitng s6 khong bang 0,1 va —1.
Nhu vay né phai c¢6 cac uéc nguyen té6. Mat khac moi ude ctia @ déu 1a uée
cua P bdi vi khi

t =a+bp-ps----ppr thi ta co ding thiic

P(t) = bQ(x).

Nhu vay da thiic P(z) ¢6 uéc nguyen t6 khac véi p1,p — 2, - - -, p =>mau

13
§6 héa boi Trung tam Hoc liéu - Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



thuan.

Ta biét rdang, d6i véi cap sb6 cong a,, = a; + (n — 1)d, trong d6 d # 0, a; € Z,
tap hop cac u6c nguyén to cia cac s6 hang ciia day 14 mot tap hgp vo han.
Dinh If ndi tiéng ctia Dirichlet khang dinh ring néu a; va d nguyén té ciing
nhau thi trong s6 cac sd hang ciia cap sb6 cong v6i so hang dau a; va cong sai
d c¢6 vo han s6 nguyén to.

O phan tiép theo chiing ta s& xét mot s truong hop rieng ctia dinh 1f Dirichlet.

1.2.11. Cht@ng minh 11

Ton tai vo han so nguyén to cé dang 3n + 2.
Chting minh: Gia st ngudc lai p; = 2, ps = 5, p3 = 11, ..., ps 1& tat ca cac so
nguyeén t6 c6 dang da noi.

Ta xét s6

k=3p1-pa-...-ps—1

R6 rang riang k khong chia hét cho 3 va khong chia hét cho cac s6 p1, po, ...,
ps. Néu moi uéc nguyen to ctia k khi chia cho 3 du 1 thi k cling c6 tinh chat
do.
Nhung vi £ = 2 (mod 3)) nén k phai c6 udc nguyen t6 q.

Dat ¢ = 3n + 2. S6 ¢ khac véi cac sb p1, po, ..., ps, mau thuan.
R6 rang néu 3n + 2 14 s6 nguyén t6 thi n 18, diéu d6 c6 nghia la khing dinh
vita chitng minh tuong duong véi viéc noéi rang ton tai vo han sd nguyén t6

dang 6n + 5. Hon nita c6 thé ching minh sy kién phtc tap hon sau day.

1.2.12. Chiing minh 12

Ton tai vo han so nguyén to dang 6n + 1.

Trudc hét ta can bo dé sau day:

B6 dé 1.2.3. Udc nguyen t6 tuy v p > 3 ciia da thiic 2> + x + 1 ¢6 dang
p=6n+ 1.
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Chatng minh. That vay néu p = 3k +2 va 2> +x + 1 chia hét cho p thi 23 =
(mod p) va z khong chia hét cho p. Nang hai vé lén liy thita & ta co:

P72 =1 (mod p).
T do6 suy ra

271 =2z (mod p).
Mit khac theo dinh If Fermat nhd thi 2771 =1 (mod p)
Nhu vay: * =1 (mod p), 2 + 2+ 1 =3 (mod p) va p chia hét cho 3.

Diéu nay mau thuan véi viec s6 nguyen t6 p chia 3 du 1 (dpcm).

Bay gio ta gid thiét rang p; = 7,ps = 13, - - -p, 1a tat ca cac s6 nguyen td
dang 6n + 1. Gia st m = pi - pa -+ - ps va k = m? +m + 1. Khi d6 s m c6
dang

m==6r+1vak=236r"+18r+3 =3 (mod 9)).

SO k 1é va khong 1a Ity thita ctia 3 cho nén né c6 uéc nguyén t6 g > 3. Theo
b6 dé 3, dbi véi s6 n nao do ta c6 ¢ = 6n + 1. Dong thdi s6 ¢ # p1, P2, - - -, Ps
vi khi chia k& cho s6 p; tity ¥ thi phan du 14 1 = mau thuan.

Lap luan trén day c6 thé mé rong nhu sau:
Bo dé 1.2.4. Gia sit'm va p la cac s6 nguyén t6 khac nhau. Néu p la udc
cia s6 o™ a2 4 422 +x+ 1, trong d6 x € N thi

p=1 (mod m).

Chiing minh. Gid st p = mk +r,r = 1,2,---,m — 1. Can chting minh rang
r=1.
Tu gid thiét suy ra 2™ =1 (mod p), (5)
titc 1a s6 x khong chia hét cho p. Truée tién ta ching to rang
271 =1 (mod p). (6)
Néu p < m thi p = r, va (6) ding do dinh 1i Fermat.
Néu p > m thi ta nang hai vé ctia (5) len liy thia

= 2T Ta nhan ducc

m
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2P7" =1 (mod p) (7)
Mit khac theo dinh 1i Fermat bé 27! = 1 (mod p). (8)
Bay gio trit (8) cho (7) ta dugc:

2P (2" 1 —1) =0 (mod p).
Do z khong chia hét cho p nén tit d6 suy ra (6).
Bay gio dé chitng minh bd dé bang phan chitng ta gia thiét ring r > 1. Khi
d6 m va r — 1 1a cac s6 nguyén td ciing nhau bdi vi m 1a s6 nguyén t6 va
m#r—1.
Ap dung bé dé 2 ta ¢

(2™ — 1,27t —1) =2 — 1 =2 — 1.
Tt (5) va (6) suy ra riang, so p 1a udc chung clia cac 86 2™ — 1 va 2”1 — 1,
nghia 1a UCLN ctia ching 1a x — 1. Nhu vay = = 1(modp). Tt d6 p(x) =m
(mod p) va do gia thiét p(x) =0 (mod p) ta di dén két luan rang m chia hét

cho p, mau thuan. Vay r = 1.

1.2.13. Ching minh 13

Ton tai vo han so nguyén to dang m-n+ 1, trong dé m la so nguyén to.
Xét da thic

Pla)=a™ 14+ 2m24+... 422+ 2+ 1.
Gia st p1, po, ..., ps 12 tat cd cac sd nguyen té6 dang m - n + 1. Xac dinh s6 k
bdi dang thiic

k=p(p1-p2--pr)

Theo b6 dé 4 moi uéc nguyen t6 ¢ ctia s6 k c6 dang ¢ = m -n + 1. Trong khi
d6 g khac v6i pi, pa, - - -, ps. BAi vi khi chia k& cho s6 p; tiy ¥ ta c¢6 phan du 1,

mau thuan.

1.2.14. Chténg minh 14

Gia st 2" > (1 +n)™. Ta sé chiing minh rang trong cac s6 1,2,3,- - -, 2"

ton tai it nhat m + 1 s6 nguyeén to.
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Gia thiét rang trong cac s6 1,2, 3, ---, 2" chita s < m s6 nguyeén to py, pz, e s
Khi d6 méi s6 khong vugt qua 2" déu bieu dién dude dudi dang p1 : p2 eee, pls
Trong d6 ro rang méi s6 ma k; déu khong vugt qua n. Tuy nhién cac s6 dang
(1+n)" thi it hon la 2", diéu nay mau thuan.

Bdi vi nhu ta da biét ham mi tdng nhanh hon ham liiy thita cho nén véi Vm
khi n di 16n ta ¢6 2" > (1 + n)™, va nhu vay ta nhan dudc chitng minh Ve

tap hop vo han s6 nguyén to.

1.2.15. Chiing minh 15

Trudce tién ta ching minh rang trong cac s6 1,2, 3, - - -, n khong ¢6 qua 1/4
s6 khong c6 uéce 1a mot s6 chinh phuong khac 1.
Trong cac s6 1,2,3,---,n c6 khong qua s6 chia hét cho p?. Do d6 sb cac

s6 chia hét cho binh phuong ciia mot s nguyen t6 khong vuot qua

> 5 < T

péf
n /1 1 3n
— it (7 - m) T

Bay gio gia sit p; 1 s6 nguyén t6 thi &, k — 1 s6 nguyén t6 dau tién sinh ra
2F=1 56 khong c6 udc chinh phuong. Do dé trong céc sb tit 1 dén 4281 = 2k+1
c6 it nhat 1a k s6 nguyén t6 (néu nguge lai thi s6 cac s6 ma khong co udc
chinh phuong phai nhd hon 1/4), tic 1a p;, < 281,

Diéu d6 khong chi chiing minh dinh 1i Euclid ma con cho mot uéc lugng trén

clia s6 nguyeén to thit .

1.2.16. Ching minh 16 (Euler)
Véi mdi s6 nguyén t6 p thi chudi
142+ %+ &+ ... (9) 1a chudi hoi tu (vi n6 1a chudi hinh hoc).
Néu céc s6 nguyeén t6 1a hitu han pq, po, ps, ..., ps thi khi nhan cac chudi hoi
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tu (9) tuong tng véi ching ta lai nhan duge mot chudi hoi tu. Trong khi do,

1

AL 2 e X 2 pa N 2 AL ~
so hang tong quét cta chuoi c6 dang ————- trong do k; 1a cic so nguyén
D1 P2 D:

t6 khong am. Do dinh 1f co ban ctia s6 hoc va gid thiét trén, chudi dang xét
chinh 1& chudi c6 cac s6 dang %, ma chudi nay phan ky, ¢c6 mau thuan.
Nhu vay tinh hoéi tu ctia chudi hinh hoc chiing minh duge tinh vo han cia

tap hop s6 nguyén to.

1.2.17. Chéng minh 17

Déi v6i s6 nguyen t6 p ta c6

RIS I
p2 p4 p6 p2_1

Néu tap hop cac s6 nguyén to 1a tap hop hitu han py, po, ..., ps thi khi nhan

(10)

cac chudi (10) tuong tng ta lai nhan duge mot chudi hoi tu véi tong

2 2 2
__ _b P3 Ps
S — p%—l'p%—ln.pz—l.
Ro6 rang rang S 1a so hitu ty, so hang tong quat ctia chuodi c¢6 dang 2
1 2

1
k 2ks ?
2...p5 S

trong dé k; 1a cac s6 nguyén khong am. Do dinh 1f co ban ctia s6 hoc va gia
thiét tren day chudi dang xét 1a chudi gom tat ca cac s6 hang dang ->. Nhung
ta da biét tong ctia chudi nay la %2 ma %2 lai 13 mot s6 vo ty nén ta c6 mau
thuan.
Dé di dén nhitng chitng minh tiép theo ta nhic lai ham Euler.

Phi ham Euler, ki hiéu ¢(n), 1a ham c6 gia tri tai n bang s6 cac s6 nhé hon
ho#ic bang n va nguyen t6 cing nhau v6i n. Néu m nguyén duong, (a,m) =1
thi a®™ =1 (mod m).

1.2.18. Chiing minh 18

Gia thiét rang tap hop cac s6 nguyen t6 1a hitu han, gom céic sb p1, pa, ....ps.
Ta xét tich

P = p1.ps...ps. RO rang khong c6 s6 nao ngoai s6 1 ¢ thé nguyen té ciing

nhau v6i P. Do d6 ¢(p) < 1.
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Mat khac ¢(p) = ¢(p1.p2....0s) = (p1 — 1)(p2 — 1)....(ps — 1) > 1, mau thuan.

1.2.19. Ching minh 19 (chi@ng minh st dung t6 p6, Fursten-
berg,1955)

Ta dua vao tap hop cac s6 nguyén mot to po sau day: Mot tap hop dugc
goi 14 md néu né bicu dién dude dudi dang hop ciia mot sd cap sd cong vo
han.

Dé thi lai rang dinh nghia trén théa man cac tién dé ctia khong gian to po.
Xét tap hop A, = {tp | t € Z}. N6 khong chi 1a mé (bdi vi n6 la cap s6 cong
véi cong sai p) ma con la tap dong bdéi vi phan bu ciia né 1a hgp ctia nhiing

tap mé

A, ={tp+iltez},i=1,2,3,...p—1

Néu tap hop cac s6 nguyeén to 1a hitu han thi hop ctia hitu han tap déng

B = UA, sé la tap dong.
Mot s6 tuy ¥ khac 1 vi —1 déu 1 boi cia s6 nguyén t6 nao do, nghia 1a phai
thuoc tap hop B. Nhu vay B = Z \ {1, —1}. Do dé6 tap hop {1,—1} 1a tap
md vi n6 14 phan bu cia tap déng B. Nhung diéu ndy mau thuan véi dinh

nghia cua tap md, dpcm.
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Chuong 2

S6 nguyén to6 16n va dng dung

S6 nguyeén t6 tir lau da hap dan cac nha toan hoc. Trong lich sit, ¢6 rat
nhiéu nha toan hoc da bo ra rat nhiéu cong stic dé nghién citu va tim ra nhiing
s6 nguyén t6. Ngudi Hy Lap co dai (khoang 300 nam TCN) da chiing minh
rang c6 vo so so nguyén to, nhung khoang cach giita ching khong déu nhau.
T thé ky 19 va nhitng nam dau cta thé ky 20, cling v6i su phat trién cia
KHKT, cuing v6i sy trg giip ctia may tinh dién t1t cang ngay ngudi ta cang
tim ra dugc nhitng sd6 nguyén t6 16n. Tai sao ngay cang c¢6 nhiéu chuong trinh,
du 4n dé tim ra nhitng s6 nguyén t6 16n nhu GIMPS, Seventeen, Bust,.....v6i
s6 tien thudng rat cao? D6 1a vi s6 nguyén t6 ngay nay c6 nhiéu ting dung
quan trong, chéng han trong viéc 1ap mat ma, nham tao ra nhitng ma khong
tai ndo bé giy dudge. Viéc tim nhitng s6 nguyén to6 16n dua rat nhiéu vao
mot s6 dinh 1i vé dang clia udc nguyén té clia nhiing s6 thuoc nhitng ho nao
d6. Cho dén nay, nhiéu s6 nguyén t6 16n nhat dude biét dén 1a s6 nguyén t6
Mersenne. Vi thé, trong chuong nay, ching ta sé danh mot phan thich hop

dé gidi thieu vé s6 Mersenne va cac udc clia no.
2.1. Tai sao can phai tim s6 nguyén to6 16n?

Cho dén khodng cudi nhitng nam 70, nguoi ta van xem viéc nghién ctiu
s6 nguyén to6 14 mot trong nhitng nganh 1i thuyét thuan tay ctia toan hoc, vi
hau nhu khong ¢6 ting dung trong thyc tién. Quan niem dé thay doi han sau
khi s6 nguyén t6 dugc ap dung dé xay dung hé mat ma khoa coéng khai. Dé
minh hoa diéu nay, ta sé tim hiéu mot vai heé mat ma xay dung trén co sé st

dung nhitng s6 nguyéen t6 16n.
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2.1.1. Hé ma mi

Hé ma ma (chua phai la ma khoéa cong khai) duge Pohig va Hellman dua
ra nam 1978. Muc tiéu clia hé nay 1a khic phuc mot nhude diem rat 16n cta
nhitng hé ma c6 trudc do: khi 16 mot sd van ban thi sé bi 10 khoa. Dbi véi
hé ma mil, viéc 16 bi mat mot s6 (c6 thé rat nhiéu) van ban van khong lam
anh huéng dén tinh bido mat clia toan hé théng. Sau day 1a nhitng nguyeén Iy

chung khi xay duyng hé ma mi.

Gia st p 1a mot s6 nguyen t6 1¢, gid st e 1a mot sé6 nguyén duong sao cho
(e,p—1) = 1. Khi dé cip e, p sé dugce ding lam khoéa lap ma. Dé nham muc
dich nay, s6 nguyén t6 p duge chon phéi 1a s6 nguyen t6 du 16n (khoang 200
chit s6).

Khi ma hoéa mot khéi P trong van ban, ta lap khoi C tuong ting trong vin
ban mat theo cong thiic sau

C'=P° (modp),0<P<p.
S6 p ducce chon dit 16n sao cho van ban mat sé chita nhitng khoi chit s6 1a cac
s6 nguyén nhé hon p.

Dé giai ma mot khéi C trong vin ban mat, ta can biét khéa gidi ma d.

D6 1a s6 d théa man de = 1 (mod p) — 1, ¢6 nghia d 1a mot nghich déo clia

e modulo p — 1. Nghich d&o d6 ton tai do gia thiét (e,p — 1 = 1). D& tim lai
dugc khoéi C trong van ban, ta chi viec nang khoi C len lity thita d modulo p.

That vay,
Cé = (p9)l = ple= pto-Utl = P (mod p),
trong d6 de = k(p — 1) + 1 ddi v6i s6 nguyén k nao do, bdi vi
de=1 (modp—1).
Ta sé xem xét vé do phtc tap clia hé ma mii. Véi mot khéi P trong van
ban, khi ma hoa bang cach tinh P (mod p), s6 cac phép tinh bit can thiét 1a
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O(logyp)?. Dé gidi ma trude hét ta can phai tim nghich ddo d ctia e modulo
p — 1, diéu nay thyc hien duge v6i O(log®p) phép tinh bit, v chi can lam
mot lan. Tiép theo d6, dé tim lai dugce khéi P ciia vin ban tit khoi C' clia van
ban mat, ta chi can tinh thing du nguyen duong bé nhat ctia C%modulop :
s6 cac phép tinh bit doi héi 1a O(logep)?®. Nhu vay, thuat toan lap ma va gidi
ma dugce thyc hién tuong déi nhanh bang may tinh.

Tuy nhién ta sé ching t6 rang, viéc gidi ma mot van ban mat dugc ma
héa bing ma mil noéi chung khong thé lam duge néu nhu khong biét khoa e.
That vay, gia st ta da biét sé nguyeén t6 p dung lam khoa khi lap ma, va hon
nita, gia sit da biét mot s6 khoi C' nao d6 trong vin ban mat tuong tng véi
mot s6 khéi P trong van ban, tic 13 ta da biét mot sd6 dong du thitc C = P¢

(mod p).

Van dé con lai 1a xac dinh e tit cong thic trén. S6 e théa man dieu kién
d6 duge duge goi 1a logarit co s6 P ctia C' modulo p. C6 nhiéu thuat toan
khéc nhau dé tim logarit co s6 da cho modulo mot sé nguyeén t6. Thuat toan
nhanh nhat duge biét hién nay doi hdi khoang exp(+/logploglogp) phép tinh
bit. Dé tim logarit modulo mot sé nguyén t6 c¢6 n chit s6 thap phan, cac
thuat toAn nhanh nhat ciing doi héi s6 phép tinh bit xap xi s6 phép tinh bit
can dung khi phan tich mot s6 nguyén n chit s6 thanh thita s6. Nhu vay, néu
lam viéc véi cac may tinh c6 toc do 1 trieu phép tinh trong mot gidy, khi p
c6 khoang 100 chit s6 thap phan, viéc tim logarit modulo p can khoang 74
nam, con trong truong hop p c¢6 khoang 200 chit s6, thoi gian can thiét 1a 3,8
ty nam!

Can phai Iuu ¥ rang, c6 nhitng truong hop viéc tim ra logarit modulo p
dugc thyuc hién bang nhitng thuat toan nhanh hon rat nhiéu. Chang han khi
p — 1 chi ¢6 nhitng wéc nguyen t6 nhod, ton tai nhitng thuat toan dic biet
cho phép tinh logarit modulo p v6i O(logop) phép tinh bit. Ro6 rang nhing
s6 nguyeén t6 nhu vay khong thé dung dé lap ma. Trong truong hop do, ta cé
thé 1ay ¢ véi p = 2¢ + 1, néu s6 ¢ ciing 1a s6 nguyén t6 (khi d6 ¢ — 1 khong
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thé chi c6 cac wdc nguyen t6 nho).

2.1.2. Cac hé mat ma khéa cong khai
a. Nguyén ly chung.

Trong hé mat ma trinh bay trén day, cac khoa lap ma déu phai duge gitt
bi mat, vi néu khéa lap mé bi 16 thi ngudi ta c6 thé tim ra khéa gidi ma trong
mot thoi gian tuong déi ngan. Nhu vay néu trong mot hé théng c6 nhicu cap
ca thé hodc nhiéu nhém ca thé can trao doi thong tin mat véi nhau, sé khoa
mat ma chung can giit bi mat 1a rat 16n, v nhu vay, khé c6 thé dam bao
dugc. Hé ma ma ching ta nghién cttu duéi day dudgc lap theo mot nguyén
tac hoan toan méi, trong do6 viéc biét khoa lap ma khong cho phép tim ra
khoéa gidi ma trong mot thdi gian chap nhan dude. Vi thé, mdi ca thé chi can
git bi mat khoa giai ma riéng ciia minh, trong khi khéa 1ap ma dugc thong
béo cong khai. Trong trusng hgp mot trong céc ca thé bi 16 khéa giai ma cia
minh, bi mat ctia cac ca thé con lai khong hé bi anh huéng. Ly do clia viéc
c6 thé xay dung nhitng hé ma nhu vay chinh 1a diéu ta da noéi dén khi xét he

ma mi: do phtic tap ctia thuat toan tim logarit modulo p la qua 1én.

Trude hét, ta néi so qua vé nguyén tac clia cac hé ma khoa cong khai.
Gia st trong hé théng dang xét c6 n ca thé cling trao doi cac thong tin
mat. Mbi cac thé chon cho minh mot khoéa lap ma k& va mot cong thic ma
héa E(k), dugc thong béo cong khai. Nhu vay c6 n khoa lap méa cong khai
E(ky), E(ky), ..., E(ky,). Khi c& thé thtt i muén gii thong bao cho ca thé thit
4, mdi chit trong thong bao dude chuyén thanh s6, nhém thanh timg khoi véi
do dai nao do6. Sau do6, méi khoi P trong van ban duge ma héa bang khoa
lap ma E(k;) clia ca thé thit j (da thong béo cong khai), va gii di dudi dang
C = E(k;)(P). Dé giai ma thong bdo nay, ca thé thit j chi can dung khéa

giai ma (bi mat riéng cho minh) Dy,
Dy, (C) = Dy, B, (P) = P,
béi vi Dy, va Ey, la cac khoa giai ma va lap ma cua cung ca the thi j.
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Céc cé thé trong hé théng, néu nhan duge van ban mat, cling khong thé nao
gidi ma, vi viéc biét khoa lap ma E}; khong cho phép tim ra khoa giai ma
Dy,

Dé cu thé héa nguyeén tac vita trinh bay, ta xét vi du trén hé méa khoéa
cong khai duge xay dung dau tiéen nam 1978 bdi Rivest, Shamir va Adleman

(xem[RSA]) (thuong dugce goi 1a hé ma RSA).
b. Hé ma RSA

Hé RSA dugc xay dung trén co sé ma mi, trong d6 khoa lap ma la cap
(e,n) gom s6 mil e vd modun n. S6 n duge dung ¢ day 1 tich clia hai s6
nguyén t6 rat 16n ndo doé, n = pq, va e duge chon sao cho (e, ¢(n)) = 1, trong
do6 ¢(n) 1a ham Euler (trong trudng hop nay ¢(n) = (p — 1)(¢ — 1)). Dé ma
héa mot thong bao, trude tién ta chuyén céc chit cai thanh cac sb tuong ting
va nhom thanh cac khoi véi do dai di 16n (tuy thuoc kha nang tinh toan va
khong vigt qua sd n) v6i mot s6 chin chit s6. Dé ma hoa mot khéi P trong

van ban, ta lap khdi C trong van ban mat bang cong thrc:

E(P)=C=P° (modn),0<C <n.

Qué trinh gidi ma doi héi phai biét duge mot nghich ddo d clia e modulo
¢(n). Nghich d4o nay ton tai theo diéu kién (e, ¢(n)) = 1. Mudn gidi ma mot

khoi C' trong van ban mat, ta tinh

D(C) = ¢l = ped = pomtl = (p?Ep = P (mod n),

trong d6 ed = k¢(n) + 1 déi v6i s6 nguyen k nao do6, vi ed = 1(
(mod ¢(n))), va do dinh 1i Euler ta c6: P?™ = 1 (mod p), khi (P,n) = 1
(cht ¥ rdng, x4c suat dé P va n khong nguyén to ciing nhau la hét stic nho,
vi diéu do chi x4y ra khi P ¢6 udc 1a p hodic q). Cap (d,n) duge goi 1a khoa
giai ma.

Bay gio ta chi ra rang , hé ma RSA thoa man cac nguyén tic ciia hé ma

khoa cong khai néi ¢ trén. Trudce tién, ta chd ¥ rang, mdi ca thé phai chon
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hai s6 nguyén t6 16n p va g, cd chimmg 100 chit s6 thap phan. Diéu nay c6 thé
thuc hien trong it giay nho mot may tinh. Khi cac s6 nguyén t6 p va g da
dugc chon, s6 mil ding dé ma héa e s& duge lay sao cho (e, ¢(gp)) = 1. Néi
chung nén chon e 1 s6 nguyén t6 tiy y 16n hon p va ¢q. S6 e dude chon nhat
thiét phai thdéa man 2¢ > n = pg. Néu diéu kién nay khong dugc thoa man,
ta c6 C = P° < n, va nhu vay dé tim ra P, ta chi viéc tinh cin bac e cta C.
Khi dieu kién 2¢ > n dudc théa man, moi khéi P khac 0 va 1 déu duge ma

héa bang cach nang len liiy thita va 1y dong du theo modulo n.

Ta can phai chiing t6 rang, viéc biét khoa lap ma (cong khai) (e, n) khong
dan dén viéc tim duge khoa gidi ma (d, n).

Chi ¥ rang, dé tim nghich d4o d ctia e modulo ¢(n), trude tién phai tim
duge ¢(n). Viéc tim ¢(n) khong dé hon so v6i phan tich n, béi vi, mot khi
biét ¢(n) va n, ta sé phan tich duge n = pg. That vay, ta co:

p+qg=n—¢(n)+1,

p—q=+(p+q?—4pg=+/(p+q)?—4n.
Tt cac cong thitc do ta tim dudce p va q.

Néu ta chon cac s6 p va ¢ khodng 100 chit s6 thap phan, thi n sé c6 khoang
200 chit s6 thap phan. Dé phan tich mot sé nguyén c¢d 16n nhu thé, véi cac
thuat toan nhanh nhat hién nay va v6i nhitng may tinh hién dai nhat, ta mat

hang ty nam!

C6 mot diéu can luu v khi chon cac s6 p va ¢ dé tranh roi vao truong hop
tich pg bi phan tich nhanh nhd nhitng thuat toan dic biét: p vd ¢ can chon
sao cho p — 1 va ¢ — 1 phai c6 cac thita s6 nguyéen t6 16n, uéc chung 16n nhat
(p —1,q — 1) phai nhé, ¢ va p phai c6 s6 chit s6 trong khai trién thap phan
khac nhau khong nhiéu.

Thuyc té trien khai cho dén nay da chiing t6 rang hé ma RSA 1a rat an
toan, nhung c6 mot nhuge diém 13 tdc do ma héa cham (bing mot phan ngan

cac he ddi xing c6 cung cap do bao mat hién nay), cho nén n6 thuong duge
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diing dé méa hoa cac ban tin ngin, trong giao thiic trao doi chia khoa ctia cac
he ma doéi xing.

Trén day 1a hé mat ma cong khai xuat hien dau tien. Tu d6 dén nay,

c6 nhiéu heé mat ma khoéa cong khai ra doi. Tuy vay, nguyén tic chung clia
cac hé ma do 1a st dung nhitng "thuat toan mot chiéu", tic 1a nhing thuat
toan cho phép tim ra mot dai lugng nao dé tuong déi nhanh, nhung viéc tim
"nghich ddo" (theo mdt nghia nao d6) clia n6é doi héi thai gian qué 16n. Doc
giad ndo quan tam dén van dé nay cé6 thé tim doc trong nhitng tai lieu chuyéen
ve ly thuyét mat ma.
Vi s6 nguyén t6 16n c6 nhiéu tng dung quan trong, nén da thu hut duge
nhiéu sy quan tam clia cac nha toan hoc. Nhung tai sao cac so6 nguyen t6 16n
tim dugce thuong 1a s6 nguyen t6 Mersenne, ¢ phan tiép theo ching ta sé biét
dugc cau tra 1oi.

2.2. S6 nguyén td Mersenne

2.2.1. SO hoan hao va s6 nguyén to Mersenne

Phan nay danh dé mo td mot dang dic biét clia s6 nguyeén to, co vai tro
quan trong trong 1y thuyét va tng dung. Ta bat dau bang maot s6 ham sé hoc

quan trong.

Dinh nghia 2.2.1. Ham 7(n), s6 cic udc, co gia tri tai n bang sd cac ude
duong ctia n. Ham o(n), tong cac udc, c6 gia tri tai n bang tong cac ude

duong ctia n. No6i cach khac, ta co:

T(n) =Y 1l0(n)=) d

d\n d\n

Vi du. Néu p 1a s6 nguyen t6 thi 7(p) = 2,0(p) =p + 1.
Dinh 1y 2.2.1. 7(n) va o(n) la cdc ham nhan tinh.

Dé thay rang, dinh Iy trén suy ra tit bo dé sau.
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Bo6 dé 2.2.1. Néu f la ham nhan tinh, thi
F(n) =)  f(d)
d\n

cting la ham nhan tinh.

That vay, gid st m,n 1a cac s6 duong nguyeén t6 cung nhau. Ta c6

F(mn) =Y f(d).
d\mn
Vi (m,n) = 1, mdi uéc d ciia mn c6 thé viét duy nhat dudi dang d = dyds
trong d6 di, ds tuong tng 1a uéc ciia m, n va di, dy nguyén t6 cing nhau. Do

do ta co

F(mn) = Z f(dida).

dl\mde\n

Vi f la ham nhén tinh va (dy,dy) = 1 nén

F(mn) = Z f(d1)f(ds) = Z f(dy) Z f(d2) = F(m)F(n).

dl\m dg\m
Dinh 1y dugc chitng minh.
St dung dinh 1y trén, ta c6 cong thic sau day cho cac ham 7(n) va o(n).

Dinh 1y 2.2.2. Gid sit n ¢6 phan tich sau day ra thita s6 nguyén té n =
py'py’...pyt. Khi do ta c6

Do cac quan niém than bi, ngudi Hy Lap quan tam dén cac sd6 nguyén
bang tong tat ca cac udc duong that su ciia né. Ho goi céc s6 do la cac s6

hoan hao.
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Dinh nghia 2.2.2. S6 nguyén duong n duge goi 1a s6 hoan héo néu 7(n) =
2n.

Vi du. Cac s6 6, 28 1a céc s6 hoan héo: 7(6) =1+2+ 3+ 6+ 12,7(28) =
14+24+44 7+ 14 + 28 = 56.

Dinh 1y sau day dugc biét tit thoi Hy Lap.
Dinh ly 2.2.3. S6 nguyén duong chin n la s6 hoan hdo khi va chi khi
n = 2m"1(2™ — 1), trong dé m 1a mot s6 nguyén sao chom > 2 va 2™ —1 Ia

SO nguyeén to.

Chiing minh. Trudc tién, gid st rang, m c6 dang nhu trén. Vi o 13 ham nhan
tinh, ta c6 o(n) = o(2"1)a(2™ — 1). Tl cong thiic clia ham o va gid thiét
2™ — 1 1a nguyén to, dé thay ring (2™ 1) = 2™ —1,0(2™ — 1) = 2™, va do
d6 o(n = 2n).

Ngugc lai, gid stt n 1& s6 hoan hdo chin. Viét n = 2%, trong do6 s, t 1a cac

s6 nguyén duong, t 1é, ta dudc:
o(n) = o(2°t) = 0(2%)o(t) = (2 — 1)o(1).
Vi n 14 s6 hoan hdo nén o(n) = 2n = 257, Nhu vay, 2°7 | o(t), gid su
o(t) = 2°*1q. Ta c6 dang thiic
(2S+1 . 1)28+1q — 2S+1t
tic 1a ¢\t va g # t. Mat khéc ta c6
t+q= 2" —1)g+qg=2"g=0(1).

Ta chitng t6 rang, ¢ = 1. That vay, néu ngudc lai, ¢t c6 it nhat 3 udc khac
nhau 1a 1,¢,¢, mau thudn dang thic vita ching minh. Vay o(t) =t + 1, ¢6
nghia ¢ 1a s6 nguyéen t6. Dinh 1y ducc chitng minh.  Nhu vay dé tim cac s6
hoan héo, ta can tim cac s6 nguyén to6 c¢6 dang 2™ — 1.

Dinh nghia 2.2.3. Gi4 st m 14 mot s6 nguyén duong, khi d6 M,, = 2™ — 1
duge goi 1a s6 Mersenne thi m. Néu p 1a s6 nguyen t6, va M, ciing nguyén

t0, thi M, dugc goi 1a s6 nguyeén t6 Mersenne.
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Vi du .M,, M3, Ms, M7 13 cac s6 nguyén t6 Mersenne, trong khi M;1 1a
hop s6. C6 nhiéu dinh 1y khéc nhau ding dé xac dinh s6 nguyén t6 Mersenne.
Chéng han nhd dinh 1y sau day, ta s6 thé kiém tra nhanh chéng dua vao dang

cuia cac udc nguyén to cua so Mersenne.

Dinh 1y 2.2.4. Néu p la mot s6 nguyén to 18, thi moi uéc nguyén to ctia s6

Mersenne M, déu c¢6 dang 2kp + 1, trong dé k la s6 nguyén duong.

Chitng minh. Gia st ¢ 1a mot uée nguyén to ctia M,. Theo dinh 1y Fermat
bé, q | (2¢71). Theo hé qua (Néu a va b 1a cic sé nguyén duong, thi uée chug
16n nhat ciia 2° — 1 va 2° — 11 2(a, b) — 1), (2? — 1,27 — 1) = 291 — 1. Udc
chung nay 16n hon 1, vi n6 1a boi cua g. Do do, (p,q — 1) = p, vi p 14 mot
s6 nguyén t6. Ta ¢c6 ¢ = mp + 1, va vi ¢ 1é nén m = 2k, dinh 1y dugc ching
minh.

Sau day 1a vai vi du cho thay ting dung ctia dinh 1y trén.

Vi du 1. Dé xét xem M3 = 2" — 1 = 8191 c6 phai la sé nguyén td hay
khong, ta can xem cac phép chia cho nhiing s6 nguyén t6 khong vuot qué
V8191 ~ 90. Mit khac, theo dinh Iy trén, moi udc nguyeén t6 déu phai co6
dang 26k + 1. Nhu vay chi can thit v6i hai s6 53 va 79: ta thay M3 1& s6
nguyéen to.

Vi du 2. Xét My = 8388607. Ta can xét cac phép chia ctia né cho cac sé
nguyéen t6 dang 46k + 1. S6 dau tien 47 1a uéc clia n6: Moz 13 hop so6.

C6 nhiéu thuat toan dic biet dé kiém tra nguyeén t6 cac sé6 Mersenne. Nho
d6, ngudi ta phat hién duge nhitng s6 nguyeén té rat 16n. Méi lan c6 mot s6
nguyen to Mersenne, ta lai dugc mot s6 hoan hdo. S6 nguyén t6 Mersenne
tim dugc gan day nhat 1a s6 Mys.112.609, g0m 12.978.189 chit s6.

Gia thuyét sau day van con chua dugc chitng minh.

GIA THUYET. Tén tai vo han sb nguyén t6 Mersenne.

Ngusi ta biét duge rang, trong khoang tit 1 dén 10*® khong c6 sb hoan

héo 1é. Tuy nhién cau héi sau day van chua duogce tra 1oi.
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Cau hoi.Ton tai hay khong cac s6 hoan hao 187

2.2.2. Lich st tim s6 nguyén t6 Mersenne

Nhu da biét, cac s6 nguyén t& Mersenne c6 quan hé chit ché véi cac s6
hoan héo. Trong lich st, viéc nghién citu cac s6 s6 nguyén t6 Mersenne da
ting bi thay doi do cac lien quan nay: vao thé ky 4TC'N, Euclid phat biéu
rang, néu M 13 s6 nguyén t6 Mersenne thi M - (M +1)/2 14 s6 hoan héo. Vao
thé ky 18, Leonhard Euler chitng minh réng tat ca cac s6 hoan hio chdn déu
c6 dang nay. Khong mot s6 hoan ho 1é nao dude biét va nguoi ta nghi ngo

rang ching khong ton tai.

Bén s6 nguyén té6 Mersenne dau tien My = 3, M3 = 7, M5 = 31 va M; =
127 da dugc biét tit ¢d xua. S6 thit nam M3 = 8191 dugc tim thay vao trudc
nam 1461; hai s6 tiép theo M7 va M9 dudc tim thay béi Cataldi vao nam
1588. Sau hon mot thé ky Ms; duge kiém tra béi Euler vao nam 1750. S6 tiép
theo 14 Mi97, do Lucas tim thay vao nam 1876 , sau d6 Mg do Pervushin
tim thay vao nam 1883. Hai sb6 nita Mgy va Moy dude tim thay vao thé ky
20, bdi Powers vao nam 1911 va 1914.

Tu thé ky 17 cidc s6 nay dugec mang tén nhd toan hoc Phap Marin
Mersenne, ngudi da chiing minh mot loat cidc sd nguyén t6 Mersenne véi
s6 mil len dén 257. Danh sach clia 6ng da mac mot so sai lam, nhu bao gom

ca M67, M257, va bo quén M@l, Mgg va M107 .

Phuong phap tét nhat dé kiém tra tinh nguyén t6 ctia cic s Mersenne
dua vao su tinh toan mot day tuan hoan, dugc phat bieu dau tien béi Lucas
nam 1878 va ching minh bdi Lehmer vao nhitng nam 1930. Hién nay n6 dugc
goi la kiém tra Lucas-Lehmer v6i sé nguyeén t6 Mersenne. Dic biét, ta c6 thé
ching minh rang (v6i n > 2) M,, = 2" — 1 1a s6 nguyén t6 néu va chi néu M,
chia hét cho S, — 2 trong d6 Sy =4 véi k >0, S, = S | — 2.

Viéc tim cac s6 nguyén t6 Mersenne thuc sy dude cach mang béi cac may

tinh dién tit s6. Thanh cong dau tién cla tu tudng nay thuoc vé so6 nguyen to
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Mersenne Mss, nhd nd luc khéo 1éo vao lac 107.00.P.M ngay 30.1.1952 khi st
dung may tinh tu dong Western U.S. National Bureau of Standards (SWAC)
tai Institute for Numerical Analysis thuéc Dai hoc California tai LosAngeles,
dudi su diéu khién truc tiép ctia Lehmer, st dung chuong trinh viét va chay
bdi GS. RM. Robinson. N6 1a s6 nguyén t6 Mersenne tim thay sau 38 nam;
sO tiép theo Mgy;da dude tim thay bdi may tinh nay sau gan hai gio chay
may. Ba s6 tiép theo Miarg, Masgs, Masgi da dude tim thiy véi ciing chuong
trinh trén sau nhiéu thang nita. Myo53 14 s6 nguyén t6 Mersenne dau tién siéu
16n, trén 1000 chit s6 thap phan (titanic), vA Myug7 14 86 nguyen t6 dau tien
6 trén 10.000 chit s6 thap phan (gigantic).

Dén thang 9 nam 2008, chi méi biét 46 s6 nguyen t6 Mersenne; s6 16n nhat

243112609 _ 1 Cfing nhu nhiéu sé nguyén t6 Mersenne

da biét 1& s6 c6 dang
truée do, n6é dude tim ra nhd du 4n may tinh phan tan trén Internet, duge biét
v6i tén goi: Tim kiém s6 nguyén t6 Mersenne khong 16 trén Internet(Great

Internet Mersenne Prime Search GIMPS).

2.2.3. Danh sach cac s nguyén t6 Mersenne da biét

STT | S6 nguyeén t6 Chit s6 Ai | Khi ndo | Binh luan

1 20972593 _ 2098960 G4 | 1999 Mersenne 38

2 213466917 _ 1 4053946 G5 | 2001 Mersenne 39

3 220996011 _ 1 6320430 G6 | 2003 Mersenne 407

4 224036583 _ 1 7235733 G7 | 2004 Mersenne 417

5 225964951 _ 1 7816230 G8 | 2005 Mersenne 427

6 230402457 _ 1 9152052 G9 | 2005 Mersenne 4377

7 232082657 _ 1 9808358 G9 | 2006 Mersenne 4477

8 237156667 _ 1 11185272 G12 | 2008 Mersenne 4577

9 12643801 _ 1 12837064 G12 | 2009 Mersenne 4677

10 243112609 _ 1 12978189 G10 | 2008 Mersenne 4777
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2.3.

2.3.1.

Mot s6 s6 nguyén td 16n dude biét dén

Cac so nguyén to sinh do6i

S6 nguyén t6 sinh doi 14 s6 nguyen té c6 dang p va p + 2 ching khac nhau

2 don vi.

Ngay 28.9.2002 Daniel Papp phét hién ra mot s6 nguyén to sinh doi co
51090 chit s6 ( 33218925.2109% 4 1) Danh sach mot s6 s6 nguyén to sinh
doi da biét:

STT | S6 nguyeén t6 Chits6 | Ai | Khindo | Binh luan
1 16869987339975.2171960 11 51779 x24 | 2005 Twin(p)

2 16869987339975.2171960 11 51779 x24 | 2005 Twin(p+2)
3 100314512544015.2171960 1 1 51780 x24 | 2006 Twin(p)

4 100314512544015.2171960 1 1 51780 x24 | 2006 Twin(p+2)
5 194772106074315.21719601 _1 | 51780 x24 | 2007 Twin(p)

6 194772106074315.21719601 11 1 51780 x24 | 2007 Twin(p+2)
7 2003663613.219°000 _ 1 58711 L202 | 2007 Twin(p)

8 2003663613.219°000 4 1 58711 1.202 | 2007 Twin(p+2)
9 65516468355.2333333 _ 1 100355 | L923 | 2009 Twin(p)
10 | 65516468355.2333333 4 1 100355 | L923 | 2009 Twin(p+2)
2.3.2. CAac sb6 nguyén t6 Sophie Germain

Mot s6 nguyén to6 Sophie Germain 13 mot nguyén t6 1& p ma 2p + 1 ciing

1a mot s6 nguyeén to.

Ngay 18.1.2003, David Underbakko d& phat hién ra mot nguyén
(2540041185.2114729 1),

Danh sach cac s6 nguyén té6 Sophie Germain da duge tim thay

to

Sophie

Germain c¢6 34547

chi
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STT | S6 nguyeén to Chits6 |Ai | Khi | Binh luan
nao

1 18912879.2983% — 1 29628 p94 | 2002 | SophieGermain(p)
2 112886032245.2108000 1 32523 L99 | 2006 | SophieGermain(p)
3 | 1124044202325.20799 — 1 32523 | L99 | 2006 | SophieGermain(p)
4 | 2540041185217 — ] 34547 | g294 | 2003 | SophieGermain(p)
5 7068555.2121301 1 36523 L100 | 2005 | SophieGermain(p)
6 33759183.21234%8 _ 1 37173 L527 | 2009 | SophieGermain(p)
7 137211941292195.2171950 1 | 51780 x24 | 2006 | SophieGermain(p)
8 48047305725.2171960 _ 1 51910 L99 | 2007 | SophieGermain(p)
9 607095.2176311 1 53081 L.983 | 2009 | SophieGermain(p)
10 620366307356565.22°3%2 — 1 | 76424 x24 | 2009 | SophieGermain(p)

2.3.3. Cac sb6 giai thira nguyén t6, nguyén td giai thira

S6 ¢6 dang n! £ 1 dugdc goi 1a nhiing giai thita nguyén to.

Danh sach cac s6 giai thita nguyén t6 da biét

STT | S6 nguyén t6 | Chits6 | Ai | Khi ndo | Binh luan
1 974! — 1 2490 CD | 1992 Factorial
2 1477 + 1 4042 D 1984 Factorial
3 1963! — 1 5614 CD | 1992 Factorial
4 3507 — 1 10912 C 1992 Factorial
5 3610! — 1 11277 C 1993 Factorial
6 6380! + 1 21507 gl 1998 Factorial
7 6917! — 1 23560 gl 1998 Factorial
8 21480! — 1 83727 p65 | 2001 Factorial
9 26951! + 1 107707 p65 | 2002 Factorial
10 34790! — 1 142891 p85 | 2002 Factorial

S6 nguyéen to giai thita 1a cac s6 nguyén t6 c6 dang 2.3.5.p + 1.

Danh sach cac s6 nguyén t6 giai thita da biét:
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STT | S6 nguyén t6 | Chits6 | Ai | Khi ndo | Binh luan
1 13033 — 1 5610 CD | 1992 Primorial
2 136498 + 1 5862 D 1987 Primorial
3 158774 — 1 6845 CD | 1992 Primorial
4 18523f + 1 8002 D 1989 Primorial
5 238011 + 1 10273 C 1993 Primorial
6 240298 + 1 10387 C 1993 Primorial
7 42200t + 1 18241 ps 1999 Primorial
8 | 15877+ 1 | 63142 | p21 | 2000 Primorial
9 3664391 + 1 158936 pl6 | 2001 Primorial
10 3921134+ 1 169966 pl6 | 2001 Primorial

2.4. Lich s nghién cttu sé6 nguyén tb

2.4.1. CAac chu dé lich st li thuyét sé nguyén tb

SO nguyén to va cac tinh chat ctia né lan dau tien duge nghién citu rong
rai bdi cac nha todn hoc Hy Lap cb dai.
Céac nha toan hoc cia trudng hoc ctia Pythagoras (500TCN dén 300TC'N)
da quan tam dén cac tinh chat clia s6 nguyén t6. Ho da quan tam dén con

s6 hoan hao.

Cho dén thoi gian xuat hien cuén "Nguyén ly" ciua Euclid (khoang
300T'C'N), mot s6 két qui quan trong vé s6 nguyén t6 da dugce chitng minh.
Trong sach Nguyeén 1y IX da chitng minh rang ¢6 vo han s6 nguyén t6. Day 1a
mot trong nhiing bang chiing dudc biét tir rat sém trong d6 st dung phuong
phap phan ching. Euclid cling cung cap mot chiing minh dinh 1 co ban cua
s6 hoc: tat ca cac s6 nguyen c6 thé duge viét nhu tich nhitng s6 nguyén t6.
Euclid cfing cho thay néu 2" — 1 14 s6 nguyén t6 thi 2"71.(2" — 1) 13 mot s6
hoan hao. Euler ( nam 1747) da chi ra rang tat cd cac s6 hoan hao déu co6
dang trén.

Trong khoang 2007T'C'N, Eratosthenes (Hy Lap) nghi ra mot thuat toan

dé tinh s6 nguyen t6, dugc goi 1a sang Eratosthenes .
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Sau d6 c6 mot thai gian dai trong lich st khong c6 tién trién gi them vé s

nguyen to.

Nhitng phat minh quan trong tiép theo dugc thic hién bdi Fermat vao
dau thé k¥ 17. Ong chiing minh mot su suy doan ciia Albert Giard ring moi
s6 nguyen t6 c6 dang 4n — 1 ¢6 thé dugc viét theo mot cach duy nhat duéi
dang tong binh phuong.

Ong nghi ra mot phuong phap méi dé tim thita sé ctia nhiing s6 16n, va khai
trién s6 2027651281 = 44021 - 44061.
Ong da ching minh diéu ma ngay nay duge biét dén nhu la dinh 1f Fermat

bé (dé phan biét véi dinh li cudi ciing ciia 6ng).

Dinh 1i Fermat bé 1a mot co sd cho nhiéu két qua khac trong 1i thuyét s6
va 1a co sé cho phuong phéap kiém tra cho dit con s6 chinh ma van con dudc

stt dung trén cac may tinh dién tit ngay nay.

Fermat thuong trao doi véi cac nha toan hoc duong thoi khac, dic biét
14 Marin Mersenne. Trong mot 14 thu gii Mersenne, ong phong doan rang
nhitng s6 2" + 1 luén nguyén t6 néu n la mot liy thita ciia 2. Ong da xac
minh diéu nay véi n = 1,2,4, 8 va 16, va 6ng biét rang néu n khong chia hét
cho 2, két qua khong ding. S6 dang néi trén dude goi 1a s6 Fermat va da
khong duge nhic dén cho dén khi hon 100 nam sau d6, Euler chi ra trudng
hop 232 4+ 1 = 4294967297 1a chia hét cho 641, va nhu vay khong phai 1a s6
nguyéen to:
Cac s6 ¢6 dang 2" — 1 ciing thu hat sy cht ¥ vi dé thay rang néu n khong 1 s6
nguyéen to, s6 nay phai 1a hop s6. Nhitng s6 nhu thé dude goi 1a s6 Mersenne
M,, vi Mersenne nghién citu ching.

Euler 13 ngudi ¢6 &nh hudng 16n dén 1i thuyét s6 néi chung va cac s6 nguyeén
t6 noi rieng. Ong mé rong dinh 1i Fermat bé va dua ra phi ham Euler ®(n).
Nhu da dé cap & trén ong phan tich s6 Fermat thtt nam 232 + 1, va ong phat
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biéu (nhung da khong thé ching minh) diéu ma ngay nay goi 1a luat thuan
nghich binh phuong

Ong 14 ngudi dau tién nhan ra rang i thuyét sb c6 thé duge nghien ciu
bang cach st dung cic cong cu gidi tich, vd xay dung nén 1i thuyét s6 giai

tich.

Thoat nhin, cic s6 nguyén t6 duong nhu dude phan phéi gitta cac s6 nguyén
mot cach kha lon xon. Vi du trong sd 100 s6 ding lién trude 10000000 c6
chin s6 nguyén t6, trong khi 100 s6 sau chi c6 hai s6 nguyén t6. Legendre
va Gauss da tinh toan dén mat do clia cic sd nguyén t6. Gauss néi véi mot
nguoi ban ring, bat cit khi nao ong cé 15 phut ranh réi ong sé danh no trong
tinh s6 nguyén t6. Dén cudi doi, ong u6c tinh rang ong da tinh tat ci cac s6
nguyén t6 léen dén khoang 3000000. Ca Legendre va Gauss két luan réng, doi
v6i n dit 16n, mat do cac s6 nguyen t6 nhé hon n 1a 1/log(n). Legendre da cho

mot ude tinh cho M(n) s6 nguyén t6 < n cta M(n) = n/(log(n) — 1,08366).

Meénh dé néi rang mat do ctia céc sd nguyen t6 1a 1/log(n) duge goi la
dinh 1i s6 nguyéen t6. Ngudi ta da c6 ging dé ching minh diéu nay trong
suot thé ki 19, va dat tién bo dang chi ¥ béi Chebyshev va Riemann. Két
qué cudi cing da dugce chiing minh (st dung phuong phap manh mé ctia giai
tich phtic) b6i Hadamard va Dela Vallee Poussin vao nam 1896.

Van con nhiéu cau hoéi mé (mot s6 trong s6 do ¢6 nién dai hang tram nam)

lién quan dén so nguyén to.

2.4.2. Mot sé van dé chua dudc giai quyét

1. C6 vo han s6 nguyén to sinh doi?

2. Phéng doan ctia Goldbach (phét biéu trong mot bitc thu ctia Goldbach gt
Euler vio nam 1742) rang mdi s6 nguyén 16n hon 2 c6 thé duge viét nhu 1a
tong ctia hai sé nguyén t67?

3. C6 vo han s6 nguyén té dang n? + 1 ?
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4. Ludn ludn c¢6 mot sé6 nguyen to gitta n? va (n + 1) ?

5. C6 vo han s6 nguyén t6 Fermat?

6. C6 nhiéu vo han bo ba s6 nguyén to6 lién tiép trong cap sd cong?

8. n? —n + 41 la s6 nguyén t6 véi 0 < n < 40. C6 vo han sd nguyen td ¢
dang nay? 9. C6 vo han s6 nguyén t6 c6 dang nf + 1 ? (6 day nf 1a tich cia
tat cd cac s6 nguyen t6 < n).

10. C6 vo han s6 nguyeén t6 c6 dang nf — 17

11. C6 v6 han s6 nguyén t6 c6 dang n! + 17

12. C6 vo han sd nguyen t6 c6 dang n! — 17

13. Néu p 1a mot s6 nguyeén t6 thi 27 — 1 luon luon khong c6 ude chinh phuong
khac 1 (squarefree?).

14. Cac day Fibonacci chita mot s6 lugng vo han cac s6 nguyén to?.
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Két luan

Luan van nham trinh bay mot s6 dieu tha vi vé s6 nguyén to:

1/ 19 chiing minh khac nhau ctia Dinh 1y Euclid ve su vo han ciia tap hgp
cac s6 nguyen t6. Nhitng chitng minh nay st dung nhiéu cong cu khac nhau,
ké ca to po dé xét tap hop cac sb nguyen to.

2/ Mot s6 ting dung ctia s6 nguyéen t6 trong viec xay dung cidc hé mat ma
hién dai.

3/ So lugc lich st nghién cttu s6 nguyen t6, dic biét lich sit tim cac s6

nguyen t6 1én.
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