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PHAN MG PAU

Phuong trinh néi chung va phuong trinh Diophante n6i riéng 1la mot trong
nhitng van dé thu hit su quan tam khong chi d6i véi gido vién va hoc sinh céc

truong trung hoc phé thong ma con doi véi tit ca nhitg ngudi yéu thich Toén.

Trong hau hét cac ki thi quan trong nhu thi hoc sinh gioi toan cac cép, thi
Olympic toan, cic bai toan lién quan dén phuong trinh Diophate ciing hay dugc
dé cap dén va thuong la rat kho.

Trong luan van nay chdng toi xin trinh bay mot s6 van dé vé phuong trinh

Diophante.

Muc dich ctia luan van 1a trinh bay téng quan vé phuong trinh Diophante;
khai quat lich st phat tri€n cta nd; trinh bay Dinh 1i 16n Fermat va mot s6 dang
cu thé cua phuong trinh Diophante; trinh bay mot vai van dé md rong, trong

d6 c6 két qua mdi tim dugc vé phuong trinh Diophante.
Noi dung chinh cta luan van chia lam 3 chuong.

Chuong 1. Ching t6i trinh bay tong quan vé phuong trinh Diophante, kh4i

niém vé phuong trinh Diophante va khdi quét lich sir phét trién ctia no.

Chuong 2. Dinh 1i 16n Fermat va cac phuong trinh Diophante dang:
=2t ryt =223 =t R =38t R S =
Dé giai quyét dugc nhitng phuong trinh Diophante trén ching toi da dua vao
mot s6 khéi niém va tinh chét trong truong Q(p) - 12 md rong dai s6 cta trudng
sO hitu ti.

Ngoai nhitng phuong trinh di néu trén con rit nhiéu dang phuong trinh
Diophante khac, trong Chuong 3 ching t6i sé trinh bay thém mot két qua méi
vé phuong trinh Diophate va vai phuong trinh Diophante bac cao khdc.

Mic du da rat ¢6 gang hoc tap va nghién citu mot cdch nghiém tidc, song

chic chin luan van nay khong tranh khoi nhitng thi€u sé6t. R4t mong nhan duoc
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nhitng y kién quy bau chi bao cta cac thiy co, su gop y chan thanh cta cic

ban hoc vién.

Dé hoan thanh dugc luan van toi da nhan dugc su gidp dd ung ho rat 16n cla
cac thay c6 va ban be. Toi xin chan thanh cam on PGS.TS Nong Qudc Chinh,
thiay da tan tinh giang day, chi bao va tng ho trong sudt qua trinh hoc tap va
nghién cttu cta to6i. Cam on Ban giam hiéu truong Dai hoc Khoa hoc cuing toan
thé céc thdy co da tao diéu kién gitp d& toi hoan thanh luan van. Cam on céc
ban hoc vién 16p cao hoc Toan khoéa 2 cua truong da quan tdm gitp d& va ung
ho to6i trong sudt thdi gian hoc tap. Cam on tap thé can bo gido vién trudng
THPT Nguyén Hué noi toi dang cong tiac da tao di€u kién giip dd toi trong

sudt qua trinh hoc tap va hoan thanh luan van nay.

Théi Nguyén, ngay 20 thang 8 nam 2010.
Hoc vién

bao Thi Thuong Hoai
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Chuong 1

Tong quan vé phuong trinh Diophante.
Khai quat lich sur phat trién cua né

Trong kho tang van hoa dan gian Viét Nam c6 bai toan "tram trau tram cd"

nhu sau:
" Tram trau tram co,
Trau ding an nam,
Trau nim an ba,
Lu khu trau gia,
Ba con mot bo"
Hoi ¢6 bao nhiéu trau ding, bao nhiéu trau nam, bao nhiéu trau gia.
Hodac bai toan sau:
" Mai em di cho phién,
Anh gtri mot tién,
Mua cam cung quyt,
Khong nhiéu thi it,
Mua 1ay mot tram.
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Cam ba dong mot,
Quyt mot dong nam,
Thanh yén tuoi tot,
Nam dong mot trai."

Ho6i mua moéi thit may trdi? (biét ring mot tién bang 60 déng). DE giai bai

toan "tram trau tram cO'" ta 1am nhu sau
Goi s0 trau ding la x,
S6 trau nam 1a vy,

S6 trau gia 12 100 — (z + ),

100 — (z +y)

=100
3

Ta c6 phuong trinh: 5x + 3y +

hay 7z + 4y = 100.

Vi z,y la s6 trau nén diéu kién la:
x,y la so6 nguyén duong
x4+ 1y < 100

7z < 100
4y < 100

diéu nay tuong duong véi
x,y €N
x4y <100
r <14
Yy < 25

Trén day 1a mot vi du vé phuong trinh Diophante.

1.1. Pinh nghia phuong trinh Diophante

1.1.1. Dinh nghia. Phuong trinh Diophante 12 phuong trinh ¢ nhiéu 4n s0,

VGi tit ca cac hé s6 déu la s6 nguyén va ta phai tim nghiém nguyén cta no.
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1.1.2. Vi du. .

(i) Phuong trinh ax+by = 1v6ia,b € Z, (a,b) = 1 1a phuong trinh Diophante
tuyén tinh c¢6 vo s6 nghiém nguyén = = x + bt; y = yo — at v6i (zo;yo) 12
mot nghiém nao dé cua phuong trinh va t € Z.

(ii) Phuong trinh Diophante ndi ti€ng nhat 1a phuong trinh Fermat.

+, V6in = 2 ta duoc phuong trinh Pitago x> +y? = 2>

c6 vo sO cac bo nghiém
(x;y; z) duoc goi 1a bo ba Pitago. Ta c6 thé liét ké mot s6 bo ba Pitago nhu
sau : (3;4;5),(5;12;13),(8;15;17), (7;24; 25), (20; 21; 29).

+, V6i n > 2 Fermat khang dinh ring khong ton tai bo cic s6 nguyén duong
(x;y; z) thda man phuong trinh.

(iii) 22 —ny? = £1, trong dé n 12 s6 khong chinh phuong( phiong trinh Pell -
tén nha toan hoc ngudi Anh John Pell, phuong trinh nay cting dugc nghién ctru
bdi Brahmagrupta vao th€ ky thit VII va dugc giai quyét tron ven bdi Fermat
vao thé€ ky tha XVII).

4
(iv) — = — 4+ — + — & dzyz = nyz + nxz + nay.
n o xr Yy =z

1.2. Khai quat lich sir phat trién

Diophante 1a mot nha todn hoc ¢6 Hilap (thé ky thit 3), va thudng dugce nhic
dén nhu "ong té ctia nganh dai s6". Ong 1 tic gia clia cuon sach ndi tiéng "s6
hoc" da c6 nhiéu déng gép 16n doi vé6i su phat trién ctia Todn hoc, ong da cé

nhic¢u két qua trong viéc giai phuong trinh dai s6 va li thuyét so.

Phuong trinh Diophante 1a mdt linh vuc 1y thd cua toan hoc, trong dé ching
ta tim thay su déng g6p ctia nhiéu nha toan hoc néi ti€ng: Euclide, Archimede,

Fermat, Euler, Lagrange, Gauss, Dirichlet, Riemann, Hilbert,...

Mot s6 nha toan hoc Trung ¢ An Do nhu Sulba Stras; Baud hayana; Apas-

tamba; Aryabhata ( dd nghién ctru va cé nhiéu két qua vé phuong trinh Dio-
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phante tuyén tinh); Kuttaka; Brahamagupta; Bhaskara.

Nam 1673, Fermat da viét bén 1€ mot cudn sdch ring: "khong thé phan tich
mot 1ap phuong thanh téng cta hai 1ap phuong; cling nhu mot iy thira bac 4
thanh tong cta hai Iy thira bac 4. Va mot cach téng quat khong thé phan tich
hai lily thita v6i s6 mii 16n hon 2 thanh téng cta hai liiy thira v6i cing s6 mii
d6". Phat biéu nay theo ngon ngit hién dai tic 12 "phuong trinh " + y" = 2"
khong c6 nghiém nguyén duong nao véi bat ki n 16n hon 2". Sau d6 ong viét
mot céch thach thic rang: "Toi da phat minh ta chan ly nay bang mot ching

minh tuyét diéu, nhung 1€ sach qué chat nén khong thé ghi lai duoc ".

Dinh ly Fermat sau cung con dugc goi la Pinh 1i 16n Fermat dugc dua ra:
"vG6i moi s6 tu nhién n > 2, phuong trinh 2" + y" = 2" khong c¢6 nghiém
nguyén duong". Fermat khong dé lai chiing minh cta dinh 1i. Ngudi ta chi tim
thay gidy to ciia Fermat chiing minh v6i n = 4, Bai toan Fermat 1a mot trong
nhiing su kién Ii thd nhét trong lich st toan hoc. N6 van khong duoc giai quyét
triét dé trong nhiéu thé ki sau d6. Bao nhiéu nha todn hoc néi tiéng da dau tu
thoi gian va cong stic vao van dé nay nhung chi dat duoc két qua trong mot s6

truong hop riéng 1é:
+) Euler da chiing minh cho n = 3 (nam 1770).

+) A.Legendre (nha todn hoc nguoi Phéap, 1752-1833) da ching minh cho
n = 5 (nam 1825).

+) Trudng hop n = 6 quy vé n = 3 va téng quat chi cin ching minh dinh
1i cho s6 mil n nguyén to.

+) Nam 1839, nha todn hoc Phiap G.Lamé (1795-1870) da chiing minh cho

n==".

Két qua dang ké 1a ctia nha todn hoc Ditc E.Kummer (1810-1893) da ching
minh duoc riang dinh 1i ding véi moi n < 100. Sau d6 nho mdy tinh dién ti,
ngudi ta da ki€ém tra duoc dinh 1i v6i moi s6 nguyén t6 nho hon 100000 ...,
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Nha toan hoc tré¢ Ha Lan G.Faltings (sinh nam 1954) da c6 dong gép méi cho
n

dinh 1i Fermat véi viéc chiing minh (ndm 1983) rang phuong trinh 2" +y" = 2

v6i n > 3, n€u ¢6 nghiém nguyén thi chi c¢6 hitu han nghiém ma thoi.

Niam 1657, Fermat da thir v6i phuong trinh Diophante 6122 +1 = 3? (Brahu-
magupta da giai quyét duoc 1000 nam trudc d6). Phuong trinh da duoc giai
quyét triet dé boi Euler vao dau thé ki 18 - ngudi c6 cong gidi quyét mot so

phuong trinh Diophante khéc.

Vao nam 1900, nhan ra tam quan trong cua ching, David Hilbert da phat

biéu céc van dé Diophante nhu 1a van dé néi tiéng thit 10 cla ong.

Diéu ¢ ¥ nghia doi v6i su phat trién cha todn hoc 1a trong khi di tim ching
minh cua dinh Ii Fermat, cac nha toan hoc da sang tao ra nhiing Ii thuyét toan
hoc méi, nhitng phuong phap méi ma thoi Fermat chua biét t6i. Pang luu y 1a
da ¢6 nhiéu "chiing minh" dugc cong bd va sau d6 duoc phat hién 1a sai 1am

(gan day nhat 1a "ching minh " nam 1988 cua Miyaoka & CHLB Dric).

Vi vay, nguoi ta khong khoi dé dat don nhan tin A.Wiles & truong Dai hoc
Cambridge (Anh) cong bd vao ngay 23-6-1993. Ban ching minh cua dinh Ii
Fermat (dai khoang 200 trang). Qua that, chi mot thoi gian ngan sau do, nhiéu
nha Toan hoc va ca Wiles da phat hién mot thi€u sét trong chiing minh nay.
Va A.Wiles da cung hoc tro cua minh [a R.Taylor nhanh chéng stra chita dugc
thi€u sét d6, qua bai bao dugc cong b ngay 7-10-1994. Nhu vay, A.Wiles
(cung v6i R.Taylor) da c6 vinh du két thic mot cudc hanh trinh dai 3 thé ki di
tim 10 giai cua mot trong nhitng bai toan kho nhét va hiap dan nhat tir xua dén

nay.

Céc phuong trinh Diophante, ngoai nhiing lién hé vé Ii thuyét véi nhitng van
dé kh4c, con c6 nhitng ting dung trong ki thuat; chang han phuong trinh Pell

da duoc ting dung rat nhiéu trong thién van hoc.

N6i chung, giai phuong trinh Diophante, dac biét 1a phuong trinh Diophante
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bac cao 1a mot bai toan rat khé. Nhiéu khi ta gap hai phuong trinh Diophante
tuong tu nhau, chi khiac nhau vé hé s6, ma phuong trinh nay c¢6 vo s6 nghiém,
phuong trinh kia lai vo nghiém; phuong trinh nay rat dé giai, trong khi phuong
trinh kia lai rat khé giai, tham chi chua ai giai dugc. Nhiéu phuong trinh mang
tén ngudi da gidi duoc nd. Rét nhiéu phuong trinh Diophante giai bang cic
phuong phap ctia toian hoc cao cép; viéc nghién cttu vé phuong trinh Diophante

da tré thanh mot [inh vuc riéng duoc goi la giai tich Diophante.
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Chuong 2

Dinh 1i I6n Fermat

Trong chuong nay ching ta s€ xét Dinh 1i 16n Fermat va mot s6 phuong trinh

Diophante cu thé.

2.1. Dinh li I6n Fermat

Vi moi so tu nhién n > 2, phuong trinh 2" 4 y" = 2" (2.1)
khong c6 nghiém nguyén duong.

Luu y: Phuong trinh Diophante (2.1) ¢6 nghiém tam thuong trong trudng

hop mot trong céc bién x, y, z bang 0.
2.2. Phuong trinh 22 + ¢? = 22

Khong maét tinh chét tong quét, gia st z > 0;y > 0. Néu d | x vad | y thi
d | z. Suy ra, néu (x,y, z) 1a mot nghiém véi (x;y) = d thi (2';y'; ') ciing 1a

mot nghiém véi z = dz’;y = dy'; z = d7/, trong d6 (2';y') = 1.

Tur d6, ta gia thiét rang (x,y) = 1. Nghiém tong quat 1a boi clia nghiém
thoa man diéu kién nay.
xr=1( mod 2
y = 1( mod 2
Thé thi 22 = 2( mod 4), diéu nay vo ly. Suy ra x, y khong cling tinh chén I¢.
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Tir d6 ta c6 céc giai thiét cho dinh Ii sau:

Nghiém téng quat ctia phuong trinh

2+ y? = 2P (2.2.1)
théa man cac dieu kién x > 0;y > 0;z > 0; (x;y) = 1;2 | x (2.2.2) 1a
r=2ab;y=a>—0*z=a>+ b (2.2.3).

trong d6 a, b la cac s6 nguyén duong khong cung tinh chan 1€ @ > b > 0 va
(a;0) =1 (2.2.4).

Day la twong ung 1-1 gilta cac gia tri cta a, b véi cac gia tri cua x, y, 2.

Chitng minh. par TruGc tién ta gia thi€t nhu (2.2.1) va (2.2.3), tr 2 | = va
(x;y) =1L, yvazlaléva (y;z) = 1.

Suyra§(z—y)vé§(z—|—y)lﬁcécsé’nguyénvé('z;y;z—;y):1.
Tur phuong trinh (2.2.1) suy ra
2
°o_ 2 2,7 Z—Y 2ty Tyo ZHY  Z2—Y
P2 oget o CCHEY) o (dp o 21

V& phai gobm hai hang tir nguyén t6 cing nhau nén cuing la cac s chinh phuong.

SuyraZ;y:aQ; Z+y:bQ.Trongdéa>0,b>0,a>b,(a;b):1.

Ciing ¢6, a +b = a? +b* = 2 = 1( mod 2), a va b khong cling tinh chén 8.
Vay nghiém bat ki cta phuong trinh (2.2.1) phai thdéa man diéu kién (2.2.2)
va c6 dang (2.2.3) v6i a va b la cac s6 thoa man (2.2.4).
Tiép theo, ta gia st a, b 1a cac s6 khong cung tinh chan Ié va thoa man (2.2.4)
the thi

2

2?4 y* =4’ 4 (a* —0*)? =22 >0,y >0,2>0,2] 2

Néu (x;y) =dthid | zvatacéd |y =a*—b*d|z=a’>+b* Suyrad =1
hoac d = 2.
Laidoylalénénd = 1.
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Cudi ciing, néu y va z cho trudc, ta s& tim duoc a® va b?, tir 46 s& suy ra
a, b. Nhu vay céac gia tri z, y, z khac nhau s€ c6 cac gia tri a, b khac nhau.

Luu y: Trong cong thifc tinh nghiém, z va y ¢6 thé déi chd cho nhau.

2.3. Phuong trinh z* + ¢* = 2°

2.3.1. Pinh ly. Phuong trinh
ot oyt =22 (2.3.1)

khong co nghiém nguyén duong.

Chitng minh. Gia st rang u 12 s6 bé nhat sao cho phuong trinh

eyt =4 r>0,y>0,u>0 (2.4.2)

c6 nghiém, thé thi (z;y) = 1. Vi néu Gia su z, y khong nguyén t6 cing nhau,

(x;y) = d, ching ta chia hai v& phuong trinh cho d* = (z;y)* va thay u boi

% thba man phuong trinh (2.4.2),
Suy ra it nhat mot trong hai sO x, y 1a 1é va

u? =2+ y* = 1( mod 4)

hoac u? = 2% + y* = 2( mod 4).

Ta c6 u? = * + y* = 2( mod 4) 1a khong thé.

Vay w la 1é va chi mdt trong hai s6 x va y la chan.

Néu x l1a chan, tir Dinh 1i 2.2.1 ta ¢6
z? = 2ab;y* = a® — b u = a® + b
a>0,b>0,(a;b) =1, a va b khong cung tinh chan 1€.

Néu a chin va b 18 thi y?> = —1( mod 4) = 3( mod 4), diéu nay 1a 1a vo Ii.
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Vay a 1é va b chan. Dat b = 2c¢ ta c6:

(g)2 = ac, véi(a;c) =1

va ta dat dugc a = d*;c = f%;d > 0; f > 0;(d; f) = 1 va d 1.
Nhuvay 42 = a®> —b? = d* — 42 & > +0? = a® & (2f?)2 + 42 = (d*)°
Ap dung Dinh 1i 2.2.1 ta thu dugc:
2f* =2m,d* =1*+m?1>0,m >0, (l;m)

Suy ra f2 = Im; (I;m) = 1.

Talai c6 | = r%;m = s% (r > 0;5 > 0)

suyrart 4+ s* =d?> Nhungd < d> =a < a? < a® 4+ b* = u.

Diéu nay mau thuan véi gia thiét u 1a s6 bé nhét thoa man phuong trinh (2.3.1).

Vay phuong trinh (2.3.1) khong c6 nghiém nguyén duong.

[]
2.4. Phuong trinh z* + y* = 24
Bing cich dat Z = 22 ta duoc phuong trinh
ot oyt = 24 (2.4.1) sé trd thanh phuong trinh (2.3.1). Ta s€ dp

dung Dinh Ii 2.3.1 cho chitng minh Dinh Ii Fermat v6i n = 4.

2.5. Mot so khai niém va tinh chat trong truong Q(p)

+, S6 ¢ € C dugce goi 1a s6 dai s6 néu nd 1a nghiém cta da thice f(x) € Z|x].
+, S6 £ € C duoc goi la s6 nguyén dai s6 néu nd l1a nghiém cua da thic
f(x) € Z[x], c6 hé ti cao nhat bang 1.
+, Néu £ 1a nghiém cua da thic f(z) € Z[z] c6 bac n va khong 1a nghiém cta
moi da thic khéc trong Z|x| c6 bac thdp hon n thi ta néi £ c6 bac n.

+, Ta ki hiéu Q(&) 1a mot mo rong dai s6 cua Q.
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1
Khin =1thi¢ € Q,tacé Q(¢) = Q. Kihieu p = 5(—1+z\/§) e C.
Ta c6 p? + p+ 1 = 0 nén p 1a nghiém cta phuong trinh 22 +x + 1 = 0.

Vay p la s6 nguyén dai so.

Tacé p> = = (=1 —iV3);p = 1;p* + p= —1.

DO —

Xét & =a+bp (v6ia,b € Z), khi d6

(§—a—0bp)(§—a—bp’) =0
nén £2 — (2a — b)¢ + a® — ab + b* = 0. Vi vay £ 1a s6 dai s6 bac hai trén Q.

Ta s€ ndi £ c¢6 dang nhu trén 14 s6 nguyén trong Q(p).

Xét tren Q(p) ta s€ c6 khai niém sau

2.5.1. Dinh nghia. .

a) S6 nguyen & trong Q(p) 1a chia hét cho s6 nguyén 7 khac 0 trong Q(p) néu
ton tai s6 nguyén ¢ trong Q(p) sao cho & = n¢. Khi d6 ta ciing néi 7 1a udc
cua & va ki hieu n | €.

b) S6 nguyén € trong Q(p) dugc goi 1a phan tir kha nghich ctia Q(p) néu € | 1.
¢) Hai s6 nguyén &; va & trong Q(p) théa man & | & va & | & duge goi la
lién két v6i nhau.

d) S6 nguyén & trong Q(p) 1a s6 khac 0, khong kha nghich, chi cé ude 1a céc
phan tir kha nghich va lién két v6i né dugc goi 1a phan tir nguyén t6 trong Q(p).
e) VG6i moéi s6 nguyén £ = a + bp trong Q(p) ta ki hiéu

N¢ = (a+bp)(a+bp?) = a® — ab + b*

va goi N¢ 1a chudn cua €.

Ta c¢6 nhan xét sau:
Vip=—-1—pnénn=c+dp*=c+d(—-1—p)=(c—d)—dp. Dodén
cting 1a s6 nguyén trong Q(p).

N¢& Tuon 1a s6 duong néu & # 0, vi

1
a2—ab+62=(a—§b)2+2b220
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Vi hai s6 nguyén £ va [ trong Q(p) ta luon ¢6

N(£3) = N(E)N(B).

2.5.2. Bo dé. Ta c6 khdng dinh sau:
a) Chudn cua moi phdn ti khd nghich bang 1.
b) Moi s6 nguyén trong Q(p) cé chudn bang 1 déu la phdn tik khd nghich.

Chitng minh. a) Gia st € 1a phan tir kha nghich, nhu vay ton tai n dé en = 1

suy ra
N(en) = N(e)N(n)=N(1)=1= N(e)| 1= N(e) =1
b) Gia stt ¢ = a+ bp thbaman N¢ = N(a+bp) = 1, do d6 a®> —ab+b* = 1.
Xétn = a+bp>. Tacé &n = (a+bp)(a+ bp?) = a® + abp? + abp + V*p?
=al+ab(pPP+p)+ VP =a>—ab+ b =1, (Vip*+p=-1).
Suy ra £ | 1. Vay £ 1a phan tir kha nghich.
[]

2.5.3. B6 dé. Néu so nguyén & trong Q(p) 6 chudn la mot s6 nguyén 16 thi &
la phan tir nguyén t6 trong Q(p)

Chitng minh. Gia st £ khong 1a phan tir nguyén t6 trong Q(p). Khi d6 ton tai
cac s6 nguyén 3 = c+ dp;n = u + vp trong Q(p) thdéa mén
¢ = [Bn (B va n khong kha nghich).

Ta co

N(Bn) = NBNn=NE{=p
(p 1a s6 nguyén t6). Vi N3 va Nn la cac so nguyén, lai 1a udc cua p nén hoac
N = +£1 hoac Nn = +1. Diéu nay mau thuin, vi # va n déu khong kha
nghich.
Vay £ 1a phan tir nguyén t6 trong Q(p). O
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Nhan xét:

+,Diéu nguoc lai khong ding, ton tai nhitng phan tir nguyén t6 nhung chuin
clia n6 khong 1a s6 nguyén t6, chang han 2 1a phan tir nguyén t6 trong Q(p)
nhung N2 = 4 khong 1a s6 nguyén to.

That vay, ta di chiing minh 2 1a phan tir nguyén t6 trong Q(p).
Gia su
2 = (a+bp)(c+dp)
suy ra N2 = 4 = (a®> — ab + b*)(c* — cd + d?).
Néu xay ra
(a® — ab+ b*)(c* — cd + d?) = 2
suy ra a va b déu 1a s6 chadn (vi néu it nhat mot trong hai s 12 s6 1€ thi tong
a’ — ab + b? 12 56 18)
Khi a, b déu chén suy ra (a? — ab+ b*) chia hét cho 4 (vi moi s6 hang déu chia
hét cho 4). Nhung 2 lai khong chia hét cho 4. Vay diéu nay khong xay ra.
Tir d6 ta c¢6 hoac (a? — ab + b*) = 1 hoac (¢? — cd + d?) = 1. Nghia Ia phan
tr 2 khong c6 ude thuc su trong Q(p).

+ , Khong phai moi s6 nguyén to trong Z déu la phan t nguyén to trong
Q(p), chang han 3 = (1 — p)(1 — p?), N(1 — p) =3 va N(1 — p*) = 3. Nén
3 khong 1a phan tit nguyén t6 trong Q(p).

2.5.4. B6 dé. Moi so nguyén trong Q(p) khdc 0, khong khd nghich déu la tich

cia cdc s6 nguyén to trong Q(p).

Chitng minh. Ta s& chiing minh b6 dé nay theo hai buéc
Bude 1: mot s6 nguyén trong Q(p), khac 0, khong kha nghich ludn c6 it nhat
mot udc nguyén to trong Q(p).

Gia su y 1a s6 nguyén trong Q(p), khong 1a phan ti nguyén t6 trong Q(p),
khi d6 ton tai cdc s6 nguyén 7, 3 trong Q(p) sao cho

y=vb; Nyi>1; Np >1
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do Ny =Ny NpB, = 1< Ny < Ny.
Néu v, khong 1a s6 nguyén t6 thi

=702 Nyp>1l; NB>1

vataco 1 < Nvyy < Ny

Thuc hién lién ti€p qua trinh nhu trén ta nhan dugc y = 5102 . .. B thoa
man Ny > Nvy; > Ny > --- > 1. Day Ny, Ny, N7va, ..., Nv; 1la mot day
s0 nguyén duong giam dan, vi vay qua trinh nay phai cham dat sau mot so hiru

han budc.

Nghia 1a ton tai r d€ y = ~,.01 . . . 3, ma ~, 1a phan tir nguyén t6 trong Q(p).
Nhu vay ton tai s6 nguyén -, trong Q(p) thda mén ~, | .
BuGc 2: Gia st y 1a s6 nguyén khéc 0, khong kha nghich trong Q(p). Theo
ching minh trén ta ¢6 y = w171, v6i 71 1a s6 nguyén to trong Q(p).
Xét 1 ta thiy c6 hai kha nang: hoac ~y; la phan ti kha nghich hoac v; = mos,

trong d6 7o 1a phan t nguyén t6 trong Q(p), thoa man
N7y < Ny

Ct ti€p tuc qua trinh nhu vay, ta s& dugc day cac s6 nguyén duong giam dan
N~; > N~y > Nv3 > ... nén ton tai s6 r dé N+, = 1; khi d6 ~, 1a phan t

kha nghich 7, = €. Chon 7). = 7€ ta ¢6 7. 1a phan tir nguyén to.
Khi détacéy = mmy... w17
B6 dé dugc ching minh.
[]
Tuong tu nhu trong tap hop cac s6 nguyén, doi véi tap cac sO nguyén trong

Q(p) ching ta ciing dua ra khdi niém phép chia véi du, khédi niém dong du

theo modulo moét s6 nguyén td nao do.

2.5.5. B6 dé. Cho hai s nguyén t6" bdt ky w, -~ véi (y1 # 0) trong Q(p),
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khi dé luén ton tai so nguyén k trong Q(p) sao cho
w=ky1+ 72

trong do N~y < Ny,

Chitng minh. Gia st
{w =a+b
N=c+ap

thdoa man a,b,c,d € Z, c*+d* #0.
Ta c6

w a+bp (a+bp)(c+dp*)  (ac+ bd — ad) + (bc — ad)p

v ct+dp (cH+dp)(c+dp?) c? —cd + d?
ac+ bd — ad bc — ad
A—cd+d> A —cd+d?

voi R, S € Q.

Do R, S la cdc s0 hitu ti nén ton tai cadc s6 nguyén x va y thoa man
1

1
R—zl|<=|S—yl<=

Khi d6 ta c6 — — (z +yp) = (R —z)+ (S — y)p thoa man
N

(R—a)’ = (R—2)(S—y) +(S—y)* <

] W

Vivay, néudat k = x 4+ yp; 2 = w — kv tacod
Ny = N(w — k) < ZN% < N~.
B6 dé duogc ching minh.
[]

2.5.6. Pinh nghia. Néu w, k,y1,7, 1a cdc s6 nguyén trong Q(p) théa man
w = ky1 + 2, tanéi w dong du véi o theo modulo ~; va ki hiéu

w = 72( mod 7).
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2.5.7. B dé. Moi s6 nguyén trong Q(p) déu thuéc vé mot trong ba I6p theo
modulo A\ = 1 — p, tuong ting cé phan ti dai dién la —1;0; 1. Nghia la néu w

la mot s6 nguyén bdt ki trong Q(p) vdi A =1 — p, ta luén cé
w=1( mod \)
w=0( mod \)
w=-—1( mod \)

Chitng minh. Gia st w 1a s6 nguyén bét ki trong Q(p) va A =1 — p.

Ta co
w=a+bp=a+b(l—-N\)

=a+b—bA=(a+0b)( mod \).
Do 3 = (1—p)(1—p?) = A(1 — p?) nén X | 3. Mat khéc a + b 12 s6 nguyén

nén ta co
a+b=0( mod3
a+b=1( mod3
a+b=2( mod3)=-1( mod 3)
suy ra
w=1( mod \)
w=0( mod \)
w=—1( mod A).

B6 dé dugc ching minh.

Ta ¢6 mot s6 vi du sau:
i) S6 3 1a phan tir lien két v6i A2 trong Q(p). ViA2 = (1—p?) = 1-2p+p* =

—3p, trong d6 (—p) la phan t kha nghich.
i) Tat ca cdc s6 (1 — p); £(1 — p?); p(1 — p) déu lien két vé6i A trong Q(p).
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2.6. Phuong trinh 23 + % = 23

Ta c6 thé viét phuong trinh Fermat 16n dué6i dang

(z +y)(a + py)(z + pPy) = 2°
va nghién ctu cdc phuong trinh d6 trong truong Q(p).

2.6.1. Pinh 1y. Phuong trinh & +n> + 3 =0 (£#0;n# 0;¢ #0)
khong cé nghiém nguyén trong Q(p). Pdc biét, phuong trinh 2° + 1° = 23
khong c6 nghiém trong tdp cdc so nguyén, trix truong hop tam thuong la mot

trong cdc dan x,y, z bang 0.

Trong cédc phan sau ta ki hiéu A = 1 — p 1a s6 nguyén t6. Ta gia thiét rang
(&m) = (n;¢) = (¢;€) = 1, trong d6 &, ¢, n 1a cdc s6 nguyen trong Q(p).
Ching ta s& chitng minh dinh Ii trén thong qua viéc chitng minh bon bo dé sau.
2.6.2. B6 dé. Néu \ khong la udc ciia s6 nguyén w trong Q(p), thé thi w3 =
+1( mod A%).

Chitng minh. Theo b6 dé da chimg minh, ta ¢6 w = 0( mod \) hodc w = 1(
mod A) hodc w = —1( mod \) va theo gia thiét A jw ta c6

w = +1( mod \).

Ta ¢6 thé chon o = +w théoa man o = 1( mod \) va « = 1 + B\ Thé thi

+WFl)=a®-1

=BABA+1—p)(BA+1—p?)
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=BABX+ 1)[BA+ (1 = p)(1 + p)]
=X (B +1)(8 — p*)

(theocichdatl —p=Aval+p+p*=0=p*=—1—p).
Tul—p>=X1+p)=X—p?) = —Xp?suyrap?=1( mod \). Nén

BB+1)(B—p)=pB+1)(B—-1)

Nhung theo két qua ctia B dé 2.5.5, ta ¢6: hoac 8 = 0( mod \) hoac
g ==+1( mod \).
Tic 1a hoac = 0( mod A) hoac S F 1 =0( mod \).
Suy ra 3(3+1)(8—1) = 0( mod \) hay 8(8+1)(3— p?) = 0( mod N).
Do d6 +(w? F1) = BX3(B+1)(8 — p?) = 0( mod \?).
Vay w® = £1( mod \*). Pinh 1y dugc chiing minh.
[]

2.6.3. B6 dé. Néu £ + 1 + (3 = 0, thi mot trong cdc s6'E, n, ( chia hét
cho A trong Q(p).

Chitng minh. Ta gid st ngugc lai, tdc 1A 3+ 3+ G =0va X J&EX ) JC.
Theo B6 dé 2.6.2
A JE=E==+1( mod M)
A fnp=n==+1( mod I\
A J¢= (=41 mod \)
khi d6 0 = & +1° + (3 = +14+ 14+ 1( mod A\*). Tir d6 suy ra hodc
+1 = 0( mod \) hoac 3 = 0( mod A%).
Tic 1a hoacA? | 1 hoac M | 3.
Vi A khong 1 phan tir kha nghich nén ta thdy khong xay ra trudng hop A? | 1.
Tuong tu theo nhan xét trén ta thdy 3 va \? 13 hai phan tir lién két nén 3 khong
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thé chia hét cho \?.

Diéu d6 cho thdy diéu gia sur & trén 12 sai. B6 dé duoc ching minh.
[
Theo Bo dé 2.6.3 ta ¢6 thé gia st A | ( va ¢6 ¢ = A\". Trong d6 A /7.
The€ thi A f&; A i, vi theo Dinh 1 2.6.1 (n;¢) = (&;¢) = (&) = 1.
Ching ta phai chiing minh khong thé c6

&+ + M =0 (2.6.1)

rongdé (&) =Lin>1 A5G A fpy A fy o (26.2).

Diéu d6 tuong duong v6i viec chiing minh & + 7% + e\ =0 (2.6.3)
khong thé xdy ra vé6i &, 7, thdéa man diéu kién (2.6.2) va mot phan tir kha
nghich e bat ki.

2.6.4. B6 dé. Néu &,m, v la cdc s6 nguyén trong Q(p) théa man (2.6.2) va
(2.6.3) thin > 2.

Chitng minh. Tu B6 dé 2.6.2 ta c6:

—eX"Y =@ P =+14+1( mod A
Néu ¢ va n ciing dau, thi —e)*"y3 = £2( mod \?). Diéu nay vo li vi A /2.

Suy ra & va 7 trai dau va do dé
—eX? = 0( mod A,
tir diéu kién \ fy suy ran > 2.
2.6.5. B6 dé. Néu biéu thirc (2.6.3) théa mdn véi n = m > 1 thi né sé phdi

thoa man voin = m — 1.

Chitng minh. Gia thiét (2.6.3):
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&’ +eXy? =0, (n=m)
& =Ny =& 4P = (E+n)(E — &+ )
& =Ny = (€4 n)(E+ pn) (€ + p7n)(2.6.4)
Do m > 2;:3m > 3 nén vé trdi clia (2.6.4) chia hét cho \*, suy ra vé phai ciing
chia hét cho \*.
Nén it nhdt mot trong ba nhan t ctia vé& phai phai chia hét cho A\2. Gia st nhan
tlr d6 1a & + n nghia 1a € +7 = 0( mod )\?).

Ta thdy , pn, p?n 1a ba phan tir lien két véi nhau vi p 13 phan tir kha
nghich. Nén néu (£ 4+ ) chia hét cho A thi ca hai phan tir (€ + pn) va (£ + p")
cling chia hét cho \. Tuy nhién khi d6 nhan tir (€ + pn) khong chia hét cho \2.
That vay, gia st nguoc lai ta cé

(€+pn) =0( mod A?)
suyran —pn =n(1—p) =nA=0( mod \?) = n=0( mod \).
Volivi A jn.

Tuong tu ta ciing chiing minh dugc (€ + p?n) khong chia hét cho A2,
Nhu vay hai nhan tir con lai 1a (€ + pn) va (€ + p*n) cin phai déng thoi chia

hét cho \ va cuing chia hét cho \2.

Vay thi

(1
§+ pn = Mey  (2) (2.6.5)
E+p'n=Xks  (3)
trong d6 A\ khong 1a udc cha kq, ko, ks.

{ E4+n=N""k

Lay phuong trinh (2) trir phuong trinh (3) ta c6: pn(1 — p) = A(ka — k3), nén
pn = ka — k3.
Nhan phuong trinh (3) véi p, phuong trinh (2) véi p? 16i trir hai phuong trinh
cho nhau ta c6

p& — p*& = Mksp — kop®) < p&(1 — p = pEN)
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suy ra k3p — kpp® = pE.

Néu § | ko vad | ks thi § | (ko — k3) = pn vad | pks — p’ky = pé&, suy
rad | £ vad | n. Thé thi p kha nghich va (ks, k3) = 1. Tuong tu ta ciling ¢6
(k1, ko) = 1 va (ky, k3) = 1.

Thay (2.6.5) vao (2.6.4), ta thu duoc —ey> = ki koks;do ki, ks, k3 12 nguyén t6
cung nhau timg doi mot nén moi phan tr kq, ko, k3 12 lién két vé6i luy thira bac
3 ctia mot phan tir nao do.

Khi do
5_|_ n= >\3m—2k1 — '€1>\3m—2937
f‘i—ém? = 62)\¢33,
£+ p'n = e 7,

trong d6 6, ¢, 1 khong c¢6 udc chung va khong chia hét cho A, va €1, €9, €3 1a
cac phan tu kha nghich. Diéu nay dan dén:

0=0+p+p*)(E+n)

={ + 0+ p(&+ pn) + pP*(E + p*n)

= N3 20% - e9p @ + e3p i3

suy ra ¢° + eqp? + ex A3 30% = 0 (2.6.6).
Trong d6 €4 = & p;, €5 = 1 €4, €5 1a cac phan tir kha nghich.
€2 €20

Tir d6 suy ra véi m > 2, ¢* + 4103 = 0( mod \?)
(Thuc ra 1a ¢ + 413 = 0( mod \?)), nhung A ¢ va A 1) nén theo B3 dé
2.6.2taco

¢® = £1( mod A?);¢® = +1( mod \?).
Nén +1 4+ ¢ =0+ 1( mod A\?), trong d6 €' 1a 41 hodc +p hoac +p>
Nhu vay ta thay &1 & p, &1 & p? khong thé chia hét cho A? vi ching 12 nhiing
phan tir lién két v6i 1 hoac A. Tur d6 suy ta 4 = +1

Nhung +1 4 p va 1 4 p? déu khong chia hét cho A\2. Vi ching la cdc phan
tir lién két cua 1 hoac cia A\. Vay ¢4, = £1.
Néu ¢4 = 1 thi (2.6.6) 1a moOt phuong trinh can tim.
Néuey, = —1 ta sé thay v boi —1.
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Nghia 12 ca hai trudng hop déu cho ta liy thira ctia A 1a 3(m — 1). B6 dé
duoc ching minh.

T B6 dé 2.6.5 ta suy ra két qua ctia Dinh 1y 2.6.1.

2.7. Phuong trinh 23 + ¢ = 323

2.7.1. Pinh ly. Phuong trinh x3 + > = 32° khong cé nghiém nguyén, trir
nghiém tam thuong khi z = 0.

Chitng minh. Ta s€ chitng minh dinh If nay tuong tu nhu Pinh 1 2.6.1. Vi 3 1a
mot lién két véi A\?. Ta sé chiing minh phuong trinh

E 4P+ e 23 =0 (2.7.1)

khong ¢6 nghiém nguyén trong Q(p), véi (§;m) = 1, A /7y thong qua viéc
chiing minh hai ménh dé

a) Néu (2.7.1) c6 nghiém thi n > 0;

b) Néu (2.7.1) c6 nghiém véi n = m > 1, thi né phai c6 nghiém véin = m—1

va tir d6 ta s€ chi ra mau thuan néu (2.7.1) c6 10i giai véi n bat ky.
That vay, v6i n = m, tng dung qud trinh chitng minh cta B6 dé 2.6.5 ta c6

(E+n)(E+ )€+ p°n) = —eX?" 27

suy ra mot trong cac nhan tir & v€ trai chia hét cho A va do d6 lap luan tuong
tu nhu trong B6 dé 2.6.5 ta ¢6 moi nhan tir déu chia hét cho \. Vay m > 0.

Tir d6 suy ra 3m + 2 > 3 va mot trong cdc nhan ti phai chia hét cho \?. Theo
lap luan trong 2.6 thi chi c6 mot nhan ti chia hét cho \?. Chiing ta cé thé biéu

dién
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é. + n = )\3mk17
§ + pn = Aky,
£+ p°n = Nks.
trong d6 ki, ko, k3 d61 mot nguyén t6 cung nhau va khong chia hét cho .

Tuong tu nhu muc 2.5 ta c6 —ey® = kikoks va ki, ko, k3 12 lién két véi luy

thira bac ba cia mot phan tir nao dé. Vay:

E+ pn = e,

{5 + 77 — €1>\3m(93’
E+ p*n = e\,

Theo do6 ta co

0=¢&4n+p€+ )+ p*(E+ p*n)
=l A0 + €2pA@® + e3p° AP
VA ¢+ eqtb® + esA103 = 0. Véi e = =L e = L I cdc phan tir kha

) €2 €20
nghich.

Cac phan con lai trong chiing minh dugc thuc hién tuong tu nhu trong qua
trinh chiing minh Dinh Ii 2.6.1.

2.8. Phuong trinh 22 + 1 + 23 = ¢3

2.8.1. Phuong trinh 23 + ¢3 + 23 =3

Xét phuong trinh 23 + 9% + 23 = 3. (2.8.1)

bat z = —u;t = v ta dugc
PP 4R =0 ety =0 0 (2.8.2).

batr=X-Y,y=X+Y;u=U—-V;v=U+V.Khidb (2.8.2) c6 dang
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(X-YP+X+YP=U-V?+(U+V?
e XP+3XY?=U +3UV?
& X(X243YH) =UU*+3V?)  (2.8.3).
Gia s X, Y khong dong thoi bang 0, ta viét

UsvyE)

Xwﬁ a+ bVl ()
U—V\/ -3) — »
X_y¢¢5‘a bvI=3) (+%)

trong d6 a, b 1a cac so hitu ti. T (¥) va (**) suy ra

{U = aX — 3bY
V =bX +aY (2.8.4)

thay vao (2.8.3) ta dugc
X = U(a* + 3b°)

Tir (%) va (**) va (2.8.4) ta duoc
cX =dY.

Trong d6 ¢ = a(a® + 3b%) — 1, d = 3b(a® + 3b?).
Neuc=d=0thib=0,a=1,X =U,Y = V. Mat khac

Y = Ae = Ma(a® + 3bv?) — 1} (2.8.5)
trong do \ £ 0.
Két hop véi (2.8.4) ta thay

{ X = Ad = 3\b(a? + 3b?)

{ U =3\
V = Ma(a® + 3b*)? — a} (2.8.6)
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Nhu vay trir hai nghiém tam thuong
X=Y=U=0, X=U,Y=V

thi moi nghiém hiru ti ctia (2.8.3) déu ¢6 dang nhu (2.8.5) va (2.8.6) véi cac so
httu ti thich hop A, a, b.

Ngugc lai, néu A, a, b 1a cac s6 hitu ti bat ki va X, Y, U,V duoc xac dinh bai
céc biéu thifc (2.8.5) va (2.8.6) thi tir (2.8.4) ta ¢

U(U? +3V?) = 3\b{(aX — 3bY)? + 3(bX +aY)?}
=3\b(a® + 3b%) (X2 + 3Y?)
=X(X* + 3Y?).

Nhu vay ta da ching minh dugc dinh 1i sau day.

2.8.2. Pinhly

Trlir cadc nghiém tam thuong
xr=y=0, w=—v;, hodcx =u, y=v (2.8.7)

céc nghiém hitu ti tdng quat cta (2.8.2) c6 dang sau:
r =M1 — (a— 3b)(a®+ 3b?)
y = M(a+3b)(a® + 3b*) — 1

u = M(a + 3b) — (a® + 3b%)?
v = M(a® + 3b*)* — (a — 3b)

Trong d6 A, a, b la cac s6 hitu ti bat ki, A # 0 .

Viéc tim thdy moi nghiém nguyén ctia (2.8.2) 1a rat khé. Cac gia tri nguyén
cua a, b, \ trong (2.8.8) cho ta nghiém nguyén, tuy nhién c6 thé c6 céc nghiém

nguyén cta (2.8.2) 1a z,y, u, v nhung a, b, A khong la cac sO nguyén.
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Vidu: Tacor =1,y = 12,u = 9,v = 10. 1a nghiém cua (2.8.2) va cac

i4 tri tuong Ung a = —10 b= ——7 A\ = ——361
1 .
g . g g 197 197 42
Hoac véia=b=1,\ = —, ta co:

la nghiém cua (2.8.2).

Ta c6 thé chia ra mot s6 nghiém khac don gian ctia (2.8.1) hodc (2.8.2) la
1°+6°+8 =9°
23 + 343 = 153 + 333

93 + 153 = 23 + 16°.
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Chuong 3

Mot s6 van dé mo rong

Trong chuong nay ta s€ nghién cttu mot két qua méi tim dugc va mot vai

bai tap vé phuong trinh Diophante
3.1. Phuong trinh Diophante 2* + 5Y = 22

3.1.1. Pinh ly. Phuong trinh Diophante
2% 4+ 5Y = 2 (3.1.1)

c6 diing hai nghiém nguyén khong am la (3;0;3) va (2;1;3).

Chitng minh. Trudng hop x = 0, ta ¢ phuong trinh 5Y = 22 — 1 hay
(z—1)(z+1) =5

trongdéz —1=5"vaz+1=5""y>2uvau e N,
Ta c6 phuong trinh

5UTU -5 =2 & 5U(5YH — 1) =2

suyra 5 =1va (52 — 1) =2hay u = 0 va 5Y "2 = 3. Tdc la u = 0 va

5% = 3, diéu ndy khong thé xdy ra.
Truong hop y = 0, ta c6 phuong trinh 22 — 1 = 27 hay

(z—1)(z+1)=2"
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trongdoz—1=2"vaz+4+1=2"""2>2v;veN.
Ta c6 phuong trinh
2070 -2V =2

hay 29(227% — 1) = 2, suy ra 2V = 2 va

200 ] =1

vay 2V =2va 2" " =2 thethiv=1vaz = 3.

Do d6 z = 3;y = 0;z = 3 hay (3;0;3) 1a mot nghiém cua phuong trinh
Diophante 27 + 5Y = 22,

Truong hop z > 1,y > 1, t 3.1.1 ta thay z 1é va khong chia hét cho 5.
Néu z = +1( mod 5) thi ta ¢6 2> = £1( mod 5);
Néu z = +2( mod 5) thi ta ¢6 22> = £4( mod 5) = —1( mod 5).

Nhu vay 2% = 22 — 5Y(4+1)( mod 5).
Néuzxrlasole x =2k+ 1,k € N, suy ra
2%+l = 247 = 2(=1)*( mod 5), k €N, loai trir.
Néu x 1a s6 chan ta ¢c6 x = 2k, k € N, khi d6
228 = 4% = (5 — 1)* = (=1)*( mod 5). Diéu nay thoa man. tir d6 suy ra x
la s6 chan.

Bay gio ta xét x = 2k, k € N. Tu phuong trinh (3.1.1) chiing ta c6:
22 — 22 = 5Y hay

(z —2%)(2 4+ 2%%) = 5Y

trong d6 z — 2F =5Y va 2 +2F = 5"y > 2w va w € N,
Tir d6 ta thu duge 597 — 5% = 2.2F & 5w(5972w — 1) = 2k+!
kéo theo w = 0 va 5472w — 1 = 2~*! (3.1.2).

Phuong trinh Diophante (3.1.2) 1a mdt phuong trinh Diophante cho bai

Catalan c6 dang

a’ —ct=1.
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Nam 1952, Leveque da chimg minh dinh 1i chi ra rang phuong trinh chi ¢6
nghiém nguyén duong I6n hon 1 laa =3,0 =2,c=2vad = 3.

Diéu nay dan dén phuong trinh (3.1.2) chi ¢6 nghiém khi y = 1. Suy ra ta c6

21 — 22 trongd6 k=1vanhuvayx =2,y =1,z = 3.

Vay phuong trinh (3.1.1) ¢6 ding hai nghiém (3;0; 3) va (2;1; 3). O
3.2. Mot so bai tap giai phuong trinh Diophante

3.2.1. Bai tap. Giai phuong trinh Diophante sau

r® — 2y — 423 =0 (3.2.1)

Gidi. 73 — 2y° — 423 =0 & 23 = 2% + 425 & 2% = 2(y> + 229)
suy ra > 14 s6 chan, thé thi x cling 12 s6 chén.

bat x = 22/. Khi d6
23 =20 +42%) & 81® = 2P +22°) & 4B = P+ 227 & P =
42 — 223 & P = 2(227 — 23)
suy ra y> 12 s6 chdn va nhu vay y 14 s6 chan.

Dat y = 2y 1a twong tu nhu trén ta duoc z 1a s6 chdn va z = 22’. Suy ra
phuong trinh (3.2.1) c6 dang

(21”)3 — 2[(2y/)3 4+ 2(2Z/)3] o CIZ’3 _ 2(?/3 + 22/3)'
Nhu vay, néu (; y; z) 1a mot nghiém cla phuong trinh (3.2.1) thi (2';y/; 2)
hay (g, g; g) cling 1a mot nghiém cta phuong trinh (3.2.1).

Qua trinh nay ti€p dién mai dugc (i; i; i) v6i n € N ciing 1a nghiém.
, 2n 2n 2n
Do d6 (z;y; z) chi ¢6 thé 1a (0;0;0).

Vay phuong trinh Diophante (3.2.1) ¢6 nghiém duy nhat (0; 0;0).
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3.2.2. Bai tap. Tim nghiém nguyén cua phuong trinh

1420+ 31 4 . 4 ! = o2

Gidi.
Thta = 1c6 1! =¢y? & > =1 & y = £1, vay phuong trinh c6 nghiém
(1;1), (1; =1).
Thir x = 2 ¢6 1! + 2! = y? < y? = 5, phuong trinh vo6 nghiém.
Thirz =3 c6 1!+ 2!+ 3! = 4% & 4> = 9 & y = £3, suy ra phuong trinh c6
nghiém (3;3), (3; —3).
Thit x = 4 ¢6 1! + 2! + 3! + 4! = y?> & y? = 33, suy ra phuong trinh vo
nghiém.
Véix >5taco 1!+ 21+ 3!+ 4! =33 con 5!, 6!, 7!, .... déu tan clung 1a 0,
vivay 1!+ 2! + 3! 4+ 4! 4 ... + 2! tan cing bang 3 véi > 5, ma y? khong thé
tan cung la 3. Do d6 v6i x > 5 phuong trinh vo nghiém.

Vay phuong trinh Diophante da cho c6 nghiém:

(1; 1)> (1; _1)7 (3; 3)7 (3; _3)'
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KET LUAN

Trong luan van nay ching toi da hoan thanh duoc nhitng viéc sau.

Trinh bay khai niém phuong trinh Diophante va khai quat lich st phat trién
cta nd. Trinh bay Dinh ly Fermat sau cung v6i mot s6 phuong trinh Diophante
dang 22 + % = 250t oyt = 2423 P =323 2% + P + 22 = 3. Déhd
tro cho viéc giai quy€t mot s6 phuong trinh trén ching toi phai dung tGi mot
s6 khdi niém va tinh chat trong trudng Q(p) - mot md rong dai s6 cla trudng
sO hitu ti.

Nhitng nam gin day van c¢6 nhi€u két qua mdéi dat duoc trong qua trinh
nghién cttu cic phuong trinh Diophante khdc nhau. Hudng phat trién tiép theo
cuia dé tai 1a nghién cttu mot s6 dang cu thé phuong trinh Diophante ma hién

nay van chua c6 10i giai.
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