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LOI CAM OGN

Sau mot thoi gian nghién ctu, luin van thac si cua to6i da dugc hoan
thanh véi tén dé tai ** Phép chia da thitc nhiéu bién va mot so iing dung” .
Nhitng két qua ban dau ma toi thu dugc dé 1a nho su huéng dan tan tinh
va nghiém khac ctia PGS.TS Lé Thi Thanh Nhan. Toi xin by to long biét
on sau sic dén co.

To6i xin chan thanh cam on Ban Gidm hiéu, phong Dao tao va khoa
Toén ctia Truong Pai hoc Khoa hoc - Pai hoc Thdi Nguyén da tao diéu
kién cho toi hoan thanh dé tai nay trong thoi gian qua. Poi ngii cdn bo
thuoc phong Dao tao va Khoa Toan da hét long tng ho, gidp d& 16p cao
hoc K3 chiing t6i v6i mot thai do nhiét tinh, than thién nhat. Diéu nay sé
madi 1a &n tugng rét tot dep trong 1ong moéi ching toi d6i véi nha truong.

To6i xin cam on S& Noi vu, S& Gido duc va Dao tao tinh Biac Giang,
trusng THPT Bo Ha, t6 Toan-Tin truong THPT B6 Ha di tao diéu kién
cho to61 hoan thanh khéa hoc nay.

Toi xin cam on gia dinh, ban bé va nhiing nguoi da quan tam, tao diéu

kién, dong vién ¢ vii dé toi c6 thé hoan thanh nhiém vu ctia minh.
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LOI NOI DAU

Chiing ta biét rang thuat todn Euclid da c6 tir rat 1au va ¢6 nhiéu ting
dung quan trong trong todn hoc. Pac biét, thuat todn Euclid 1a mot cong
cu rat manh va rat hitu hiéu trong viéc nghién cttu cac da thic va cac idéan
trong vanh da thitc mot bién trén mot truong. Tuy nhién, trong truong hop
nhiéu bién, ching ta khong c6 thuat toan Euclid vi vanh da thiic nhi€u bién
khong con la vanh Euclid nita, tham chi n6 cting khong 1a vanh chinh, va
do d6 chua c6 duoc ““phép chia vGi du”. Vi thé, rat tu nhién, nguoi ta can
tim mot cong cu dé nghién citu c4c da thiic trong vanh da thiic nhiéu bién
hitu hiéu nhu thuat toan Euclid trong truong hop mot bién. Ly thuyét co
s& Groebner ra ddi mot phan nham dap ing nhitng nhu ciu can thiét do.

Khai niém co s& Groebner dugc gidi thiéu lan dau tién boi H. Hironaka
vao giita nhitng nam 1960 v6i tén ““co s chudn", va sau d6 mot thoi gian
ngin, doc 1ap v6i Hironaka, khdi niém nay dugc trinh bay trong luan an
tién si cia B. Buchberger. Buchberger da dat tén 1a co s& Groebner dé to
long kinh trong W. Groebner, thiy huéng dan luan an cia minh. Co s&
Groebner c¢6 ting dung rong rai trong nhiéu nganh khéac nhau cta toan hoc.
Dac biét, co s& Groebner 1a mot cong cu rat manh trong viéc giai quyét
nhiing bai todn v€ da thitc va idéan trong vanh da thic nhiéu bién trén mot
truong.

Muc dich ctia luan van la trinh bay vé phép chia vé6i du cdc da thiic mot
bién trén truong, tir d6 xay dung thuat toan chia véi du trong vanh da thic
nhiéu bién va gidi thiéu mot phan Ii thuyét co sd Groebner.

Luan van gobm 2 chuong. Chuong 1 trinh bay phép chia véi du cic da
thic mot bién va nhitng dp dung nhu: thuat todn tim uéc chung 16n nhat

clia hai da thic, thuat todn biéu dién udc ching 16n nhat thanh t6 hgp tuyén
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tinh cuia cac da thic da cho, bai todn truc can thic 6 mau sd, bai toan tim
phan tr sinh cha tng va giao cdc idéan trong vanh da thic mot bién...
Chuong 2 gidi thiéu thuat toan chia véi du trong vanh da thiic nhi€u bién.
Phan dau cta Chuong 2 xét cdc idéan don thiic trong vanh da thic nhiéu
bién, tir d6 x4y dung thuat todn chia trong vanh da thic nhi€u bién. Phan
ti€p theo trinh bay vé idéan diu, co s& Groebner va thuat toin Buchberger
dé tim co s& Groebner. Tir d6 ting dung dé tra 10i cdc cau hoi khi nao thi
da thic du la duy nhat, giai quyét bai toan thanh vién nhu thé nao...

Hau hét ciac két qua quan trong trong luan vian déu duoc tham khao
trong hai cuon sach Ideals, Varieties and Algorithms, an introduction to
computative Algelra cua ba tac gia D. Cox, J. Little va D. O' Shea [CLO]
va Introduction to Commutative Algebra and Algebraic Geometry cua E.
Kunz [Ku]. Mot s6 kién thitc co s& trong luan van dugc tham khao tir cac

gido trinh ti€ng Viét vé Dai s6 dai cuong [C], [HT].
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Chuong 1

Phép chia véi du cac da thirc mot bién
trén truong

Chuong nay trinh bay nhiing két qua quan trong vé phép chia véi du cac
da thicc mot bién trén mot truong nhu thuat todn tim uéc chung 16n nhat,
biéu dién uSc chung 16n nhat thanh t6 hop tuyén tinh cta cdc da thic, bai
toan truc can thitc & mau, bai toan thanh vién, thuat toan tim phan tir sinh
clia téng cac idéan va giao cdc idéan trong vanh da thifc... Cic két qua
trong chuong nay hoan toan ding cho cac da thic véi s trén mot truong
bat ki, nhung dé cho thuén tién chiing ta chi trinh bay trong trudng hop hé

s cua da thitc 1a céc so phic.

1.1 Phép chia véi du

1.1.1 Pinh nghia. Cho K C C. Ta goi K la mot truongnéu 1 € K va K

dong kin véi cac phép toan cOng, trit, nhan, chia cho phan tir khac 0.

Chéang han, Q, R, C la cdc trudong. Tap Q[,/p] = {a+b,/p | a,b € Q}
la mot truong néu p la s6 nguyén to.

T nay vé sau, luon gia thi€t K C C 1a mot trudng. Mot bi€u thiic dang
f(x) = apa™ + ap 12"t + ... + ag,a; € K,a, # 0 duge goi la mot da

thitc cta 4n x (hay bién ) véi hé s6 trong K. Heé s6 a,, duoc goi 1a hé so

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



6

cao nhdt cla f(x), s6 tu nhién n duge goi la bdc cua f(x) va duge ki hiéu
1a deg f(x). Khi a,, = 1 thi f(x) goi la da thic dang chudn. Ta chi dinh
nghia bac cho nhitng da thitc khic 0 va quy uéc da thuc 0 1a khong co bac.
Ki hieu K[x] 1a tap cdc da thic 4n z v6i hé s6 trong K. Gia stt f(z) =
S a;xt va g(x) = Y bia', ta dinh nghia f(z) + g(z) = > (a; + b;)z' va
f(x)g(x) =S cpa®, trong d6 ¢, = Z a;b;.

i+j=k
1.1.2 Cha y. Véi f(x), g(z) € K[x] ta ludén c6

deg(f(z) + g(z)) < max{deg f(z), deg g(z)}
deg(f(z).g(x)) = deg f(x) + deg g(z).

Tiép theo la dinh 1i phép chia véi du cho da thiic mot bién.

1.1.3 Pinh ly. Cho f(z),g(x) € Klz] voi g(x) # 0. Khi dé ton tai duy
nhdt mot cdp da thitc q(x),r(x) € Kl[z| sao cho

f(z) = g(x)q(x) + r(z), voi r(x) = 0 hodc degr(z) < degg(x).
Chitng minh. Chiing minh tinh duy nhat. Gia st
f(x) = g(x)q(x) + r(x) = g(@)q(x) + (),
trong d6 r(x), r1(x) bang 0 hoac ¢6 bac nho hon bac cua g(x). Khi d6
9(x)(q(x) — qu(x)) = r(x) —r(z).

Néu ri(x) = r(z) thi g(x)(q(x) —q1(z)) = 0. Vi g(x) # 0 va K 1a trudng
nén q(z) — q1(z) = 0, tic 1a g(x) = ¢1(x). Néu r(x) # r1(x) thi

deg(r —r1) = deg (g(q — 1)) = deg g + deg(q — q1).
Chi ¥y rang

deg(r — r1) < max{degr,degr;} < degg < deg g + deg(q — q1).
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Diéu nay mau thuin véi dang thic trén.

Su ton tai cta cap da thic ¢(z) va r(z) duoc suy ra tir thuat toan dudi
day: Néu deg f(z) < degg(x) thi ta chon ¢(x) = 0 var(z) = f(z). Gia
st deg f(x) > deg g(z). Nhan xét rang néu c6 da thic h(x) € K|x] sao
cho fi(z) = f(x) — g(x)h(x) c6 bac bé hon bac cta f(x) thi bai toan
duoc quy vé bai todn don gian hon, d6 1a tim thuong va du ctia phép chia
fi(z) cho g(x). Ttr nhan xét nay, ta c¢6 thuat toan tim ¢ va r nhu sau:

Cho f(x) = apax™+ ...+ ag va g(x) = bx” + ...+ by V6i ay,, by, # 0
van < m. Chon h(zx) = Cg—mxm". bat f1(z) = f(z) — g(x)h(z). Khi d6
fi(z) = 0 hoac fi(x) co bgc thuc su bé hon bac ctia f(x). Trong truong
hop fi(z) = 0, ta tim dugc du cua phép chia f(x) cho g(z) la r(z) =0
va thuong 1a g(x) = h(x). Néu fi(z) # 0 thi ta ti€p tuc lam tuong tu véi
fi(z) va ta dugc da thic fo(x). Ct ti€p tuc qud trinh trén ta duge day da
thic fi(x), fo(x),. .., n€u ching déu khac 0 thi chiing c6 bac giam dan.
Vi thé€ sau hitu han budc ta dugc mot da thitc c¢6 bac bé hon bac cua g(z)
va d6 chinh la da thic du r(x). Néu mot da thic cta day bang 0 thi du

r(x) = 0. D& nhan thdy rd hon ta viét ra cic budc:

v6i fr(z) = 0 hodc deg fi(z) < deg g(z). Cong vé€ véi vé€ cdc dang thiic

do lai, ta duoc
f(x) = g(@)(h(x) + h(z) + ... + hea (2)) + frl2).

Tur d6 ta cé q(z) = h(x) + hi(x) + ... + hy—1(x) var(z) = fy(x). O
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Trong dinh 1y trén, ¢(x) dugc goi la thuong va r(x) dugc goi la du cla
phép chia f(x) cho g(z).

1.1.4 Vi du. Trén truong Q, ta xét f(z) = —22° — 142 + 4o — 3 va
g(x) = —22% 4+ 22 — 1. Chia f(x) cho g(x) ta dugc

—2® —Tr* + 22 — 4 = (—22° + 2z — 1) (2 + 8) — 11z + 5.
Ta c6 thuong ¢(z) =z + 8 vadu r(z) = —11z + 5.

Néu du cua phép chia f(x) cho g(x) 1a 0 thi ton tai g(x) € K|[z] sao
cho f(x) = g(x)q(z). Trong trudong hop nay ta néi rang f(x) chia hét cho
g(x) hay g(x) 1a udc cua f(x).

1.1.5 Hé qua. Cho K la mét truong va a € K. Khi dé du cua phép chia
f(z) € Klx] cho x —ala f(a).

Chitng minh. Chia f(x) cho z — a, du hodc bang 0 hoac 1a mot da thic
bac 0 vi bac cta (z — a) bang 1. Vi vay, du 1a mot phan to » € K. Ta c6
f(x) = (x —a)q(z) +r. Thay x = a vao dang thic ta dugc r = f(a). O

Luogc do Hoocne (Horner scheme). Gia su K 1a mot trudng va f(z) =
apt” + ...+ ax + a9 € K[z]. V6i a € K, chia f(z) cho z — a ta duoc
f(x) = (x—a)g(z)+r,dur € K vag(z) = b,_12" '+. . .+bjx+by. Pong
nhét cic hé s0, ta ¢6 thé tim nhanh s& du 7 va cdc hé s6 b,_1, ..., b1, by

cua g nhu sau:
(

bp—1 = ay
) bi—l =a; + CLbZ'

bo = ay + CLbl

\r:ao—kbo.
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Luogc do6 sau day, duoc goi 1a luge d6 Hoocne:

o -1 R I S
a‘bn_lzan‘bn_gzabn_1+an_1‘~--‘bozabl—l—al‘r:bo—i—ao

Chéang han, dé thuc hién phép chia 2° — 22* 4 522 + 62 — 8 cho x + 1,
ta 1ap luoc d6 Hoocne

1[-2]0]5]6] -8
—1|1|=3[3|2]4]-12

Vay 2° — 22* + 527 4+ 62 — 8 = (v + 1)(z* — 323 + 32 + 20 — 4) — 12.

1.1.6 Pinh nghia. Cho K la mot truong. Phan tdt o € C duoc goi la
mot nghiém cua da thic f(x) = a,z2" + ... + ez + a9 € K|x] néu
fla) = a4+ ...+ a1a+ ag = 0.

Tu Hé qua 1.1.5 ta ¢6 ngay két qua sau.

1.1.7 Hé qua. Cho K la mot truong va a € K. Khi dé a la nghiém ciia
da thitc f(x) € K[x] néu va chi néu ton tai da thitc g(x) € K[x] sao cho

f(x) = (z = a)g(x).

Cho k£ > 0 la mot s6 nguyén. Mot phan tr @ € K dugc goi la mot
nghiém boi k cta da thic f(r) € K[z] néu f(x) chia hét cho (z — a)*
nhung khong chia hét cho (z —a)**!. Néu k = 1 thi a dugc goi 1a nghiém

don. Néu k = 2 thi a duoc goi la nghiém kép.
1.1.8 Hé qua. Phdn tit a € K la nghiém boi k cua f(x) € Klz| néu va
chi néu f(x) = (x — a)*g(x) véi g(x) € K[z] va g(a) # 0.

Chiing minh. Gia st a la nghiém boi k& cta f(z). Vi f(z) chia hét cho
(x — a)* nén f(x) = (v — a)*g(z) v6i g(x) € K[z]. Néu g(a) = 0
thi theo Hé qua 1.1.7 ta ¢6 g(x) = (z — a)h(x) v6i h(x) € Kz] va
do d6 f(x) chia hét cho (z — a)**!, vo 1i. Vay g(a) # 0. Nguoc lai, vi

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



10

f(x) = (x — a)*g(x) nén f(x) chia hét cho (z — a)*. Néu f(x) chia hét
cho (z — a)**! thi f(2) = (z — a)*"h(x) vé6i h(x) € K[z]. Do dé

(¢ —a)'g(z) = (z — a)""'N(x).
Do K la truong nén g(z) = (z — a)h(x). Suy ra g(a) = 0, mau thuan.
Vay f(x) khong chia hét cho (z — a)**!, O

1.1.9 Hé qua. Cho ay,as,...,a, € K la nhiing nghiém phdn biét cua
f(z) € Klz|. Gid sit a; la nghiém boi k; cua f(x) véii=1,2,...,r. Khi
do ta co

flz)=(z —a)"(x —ax)™ ... (z — an)ru(z)

trong do u(x) € K[x] va u(a;) #0véimoii=1,...,r.

Chiing minh. Ta chiing minh bang quy nap theo r. Trudong hop r = 1
duoc suy ra tir HE qua 1.1.8. Cho r > 1. Theo gia thiét quy nap, ton tai
h(z) € K[x] sao cho

flz)=(z —a)"(x —ax)™ ... (x — ay_)) " 'h(x)

trong d6 h(x) € K[x] va h(a;)) #0v6imoii =1,....,7— 1. Via, la

nghiém cta f(z) nén ta cé
0= f(a,) = (a, — a1)" (a, — ax)* ... (ay — a,_1)"h(a,).

Do a, # a; v6imoi ¢ = 1,....,7 — 1 nén h(a,) = 0. Gia st h(x) =
(x — a,)'u(x) trong d6 u(z) € Klx], u(a,) # 0 vat > 0 1a mot s6
nguyén. Vi h(a;) # 0 nén u(a;) # 0 véimoi ¢ = 1,...,r — 1. Do a,
la nghiém boi k, ctia f(x) nén ¢t < k.. Hon nita, f(x) c6 su phan tich
f(x) = (z — a,)*v(x), trong d6 v(x) € K[z] va v(a,) # 0. Vi thé ta c6

f@) = (x—a) o) =(x—a)" .. (x —a)" ' (z — a,)'u(x).
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Chi y ring K 1a trudng, vi thé€ gian ude ca hai v€ cho (z — a,)" ta dugc
(x —a) " o(z) = (x —a)™ ... (z — ap_) " u(x).

Néu t < k, thi khi thay = a, vao dang thic trén ta c6 v€ trdi bang 0,
con v€ phai khac 0, di€u nay 1a vo 1y. Vay ¢ = k,.. Vi th€ f ¢6 phan tich

f@)=(x—a)™... (x —ar_1)"(x — a,)"u(x)
trong d6 u(a;) #0véimoii=1,...,r. O

1.1.10 Hé qua. Cho f(z) € K|z| la mét da thiic khdc 0. Khi d6 s6 nghiém

cia f(x), moi nghiém tinh voi so boi cuia né, khong vuot qud bdc cua f(x).

Chitng minh. Gia st aq, . . ., a, 1a cac nghiém cta f(x) v6i s6 boi lan luot
la k1,..., k.. Theo H¢ qua 1.1.9 ta c6

f2) = (z—a)™ (z — a2)® ... (z — a,)"g(2),

trong d6 g(x) € K|z|. Do K la trudng nén ta c6

deg f(z) = degg(x) + Y ki > > ki
=1 =1
O

1.1.11 Hé qua. Cho f(z),g(x) € K|z], trong dé deg f,deg g < n. Néu
f(x) va g(x) 6 gid tri bang nhau tai n + 1 phan tir khdc nhau cia K thi
flz) = g(x).
Chitng minh. Pat h(x) = f(x)—g(x). Theo gia thiét, h(x) c6 it nhat n+1
nghiém phan biét. Néu h(x) # 0 thi

deg h(x) < max{deg f(x),degg(z)} < n.

Vi thé, theo Hé qua 1.1.10, h(x) cé nhiéu nhat n nghiém. Dicu nay la vo
Ii. Vay h(xz) =0 vado dé f(x) = g(x). O
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1.2 Thuat toan tim wéc chung l6n nhat

Trong ti€t nay ludn gia thiét K la mot truong, K C C.

1.2.1 Pinh nghia. Mot da thitc d(x) € K|x] duge goi 1a mot udc chung
Ion nhdt cua céc da thic fi(z),. .., fs(x) € K[z] néu

(i) d(x) la uéc cua fi(zr) véimoii=1,...,s.

(ii) Néu t(z) € K|x] la ubc cla fi(z) véimoi i = 1,...,s thi d(x)
chia hét cho #(z).

Bang quy nap ta thdy rang d(x) 1a uéc chung 16n nhét cta fi,. .., f;
néu va chi néu d(x) la uéc chung 16n nhit cua h(x) va fs(z), trong d6 h(x)
12 u6c chung 16n nhat cua fi(z), ..., fs_1(z). Vi th€ dé tim u6c chung 16n
nhat ctia hitu han cac da thiic, ta chi can tim uéc chung 16n nhéat ctia hai
da thuec.

Phan ti€p theo ching ta trinh bay thuét toan tim udc chung 16n nhat cia

hai da thic. Trude hét ta can bo dé sau.

1.2.2 B6 dé. Cho f,g,q,7 € K[x| la nhitng da thiic thda man g(x) # 0
va f = gq+rvoi r =0 hodc degr < deg g. Khi dé udc chung lon nhdt

cua f va g bang wdc chung lon nhdt cua g va r.

Chitng minh. Gia stt d(x) 1a mot uéc chung 16n nhat ctia f va g. Khi d6
d(x) 1a mot uéc cua f — gq. Do d6 d(z) 1a u6c cia r(z). Vi th€ d(z) la
mot udc chung cua g va r. Gia st ¢(z) 1a mot uGc chung cta g va r. Khi
d6 t(x) la mot udc cua f — gq. Suy ra t(x) la uée cua f(x). Vithé€ t(z) la
mot uGc chung ciia g va f. Suy ra t(x) 1a udc cua d(z). Vay d(x) la mot
udc chung 16n nhat ctia g va r. Nguoc lai, gia sit d(z) la mot udc chung
16n nhat clia g va r. Hoan toan tuong tu ta c¢6 thé chi ra ring d(x) 12 mot

udc chung 16n nhat cua f va g. O
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1.2.3 Pinh ly. (Thudt todn Euclid tim udc chung lon nhdt). Gid sit f, g €

K|x] va g # 0. Khi dé ton tai mot so tu nhién k sao cho khi thuc hién lién

tiép cdc phép chia ta co

(f:gq—l—r, r # 0,degr < degg
g=rq +r1r, r #0,degr; < degr

< r=11qs + 19, 19 # 0,degry < degmr

Th—2 = Th—1qk + Tk, Tk 7 0,degr, < degry_;

(Tk=1 = Tkqk+1-

Trong truong hop nay, ri la mot udc chung lom nhdt cua f va g.

Chitng minh. Chia f cho g ta duoc phan du r. Néu r # 0 thi chia g cho
r ta dugc phan du r1. Néu r; £ 0 thi chia r cho r; ta dugc du la 5. Qua
trinh trén phai chdm dat sau mot s6 hitu han bude vi day giam céc so tu
nhién deg g > degr > degr; > ... khong thé kéo dai vo han. Tir B6 dé
1.2.2 ta suy ra u6c chung 16n nhit ctia f va g la ry. O
1.2.4 Vi du. Tim u6c chung 16n nhat cta 2 — 1, 23 — 3z + 2 va 2* — 1.

Loi gidi. Truéc hét ta tim u6c chung 16n nhat cia 2% — 1 va 2% — 1.
2 —1=2%a" —1)+2* -1
ot —1= (2> +1)(2* = 1) +0.
Theo thuat todn Euclid, u6c chung 16n nhat cia 2% — 1 va 25 — 1 1a 22 — 1.
Ta ti€p tuc tim uéc chung 16n nhat ctia 22 — 1 va 2° — 3z + 2. Ta cé
? =3 +2= (2 -1z — 21 +2

1 1
2
S 1=(-2 2(—— ——)
x (—2x +2) 5%~ 5

Do d6 uéc chung 16n nhat clia cic da thitc 23 — 32 + 2, 2* — 1 va 2% — 1

la —2x + 2.
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Tir thuat toan Euclid tim u6c chung 16n nhat ta suy ra cac két qua sau.

1.2.5 Hé qua. Néu f1,..., [, la cdac da thitc khong dong thoi bang 0 thi

ton tai uéc chung lon nhdt cua fi,..., fs.

1.2.6 Hé qua. Udc chung Ion nhdt cua cdc da thiic khéng phu thuoc vao

truong co so, tic la néu K C T la cdc truong va fi, ..., fs € K[z] thi
udc chung lon nhdt cua fi, ..., fs trong K[z] ciing la uéc chung lon nhdt

ciua fi, ..., fs trong T|x].

Gia st f1,..., fs 1a cdc da thic khong dong thoi bang 0. Khi d6 cac
udc chung 16n nhét cta fi, ..., f, 1a ton tai va chiing sai khac nhau mot
nhan t bac 0, titc 1a néu dy(z) va dy(x) déu la udc chung 16n nhat cia
fi,..., fs thiton tai @ € K,a # 0 sao cho di(x) = ads(x). Trong s6
cac udc chung 16n nhit cla fi, ..., fs, c6 duy nhat mot da thitc dy(z) c6
dang chudn (ttc 12 ¢6 hé s6 cao nhat bang 1) 1a uGc chung 16n nhat clia

fi,-.., fs. Vithé ta quy uéc
do(x) = ged(f1, - -, fs)-
Chang han, trong Vi du 1.2.4 ta c6
ged(2® =3z +2,2" — 1,25 — 1) =2 — 1.
1.2.7 Pinh ly. Gid su f(z), g(z) € K[z] va d(x) € K|z| la udc chung lon
nhdt cia f(x),g(x). Khi dé ton tai u(x),v(x) € Klz| sao cho
d(x) = flz)u(z) + g(z)v(z).
Chitng minh. Ta ching minh dinh li theo thuét todn sau day goi la thudt
todn Euclid mo rong. Trong cac phép chia lién ti€p & thuat toan Euclid

tim udc chung 16n nhit, d(z) = ri(z). Pat ui(z) = 1, v1(z) = —qi(x), ti

dang thitc gidp cudi ta cd

d(x) = rp_o(z)us(x) + rp_1(z)vi(x).
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Thay 71 (z) tir dang thic truc gidp cubi ta dugc
r-1(z) = re-3(x) — rr—2(x)gr-1(x)

vi th€ ta ¢6 d(x) = rp_s(z)uz(x) + rr—2(x)ve(z), trong A6 us(x) = v1(x)
va v () = uy(z) — vi(2)qp_1(x). Ct tiép tuc di tir duéi 1én, dén cac dang

thitc dau tién ta c6 két qua. O

Chiing ta ¢6 thé dung thuat todn Euclid mé rong dé gidi quyét bai toan

truc cin thic & mau s6. Trude hét ta cAn nhac lai khéi niém sau.

1.2.8 Pinh nghia. (i) Mot da thitic f(x) € K[z] dugc goi la bdt khd quy
tréen K néu deg f > 0 va f khong thé phan tich duoc thanh tich ctia hai
da thic v6i hé s6 trong K va cé bac bé hon deg f.

(i1) Mot phan tir o« € C duoc goi 1a dai s6 trén K néu c6 mot da thiic

khac 0 v6i hé so trong K va nhan « lam nghiém.

1.2.9 Bo dé. Gid sit o la dai s6 trén K. Khi do ton tai duy nhdt mot da

thitc trong K [z| bdt khd quy c¢é dang chudn va nhdn o lam nghiém.

Da thiic bat kha quy x4c dinh nhu trong B6 dé 1.2.9 dugc goi 1a da thiic
bdt khd quy hay da thiic t6i tiéu cta a.

Chitng minh. Chon f(x) € KJz] la da thiic khac 0 c¢6 bac bé nhat nhan
a lam nghiém. Ro rang deg f > 0. Néu f(x) khong bat kha quy thi c6
su phan tich f = gh véi degg,degh < deg f. Khi d6 hoac ¢ hoac h la
da thiic khac 0, c6 bac bé hon deg f va nhan o lam nghiém, di€u nay la
vo li. Vi th€ f la bat kha quy. Goi a,, 1a hé s6 cao nhat cua f. Khi d6 da
thic ai f(z) 1a da thitc bat kha quy, ¢6 dang chuin va nhan « 1am nghiém.
Gia sﬁ’np(x), q(z) € K|[x] 1a cac da thiic bat kha quy, ¢6 dang chuin va
nhan « lam nghiém. Néu p(z) khong chia hét cho ¢(z) thi vi g(z) bat
kha quy nén ged(p, q) = 1. Theo thuat toan Euclid m& rong ta ¢6 bi€u
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dién 1 = p(z)h(z) + q(x)g(x). Thay a vao dang thic nay ta dugc 1 = 0,
i cia ¢(x). Viét p(x) = t(x)q(x). Hoan
i cia p(z). Vi th€ degp = degq. Do d6

diéu nay 1a vo 1i. Vay p(z) Ia
toan tuong tu ta suy ra g(z) la
t(z) = a € K. Dong nhat hé s

v6i chi y rang p(z) va g(z) déu c6 dang chudn, ta duoc a = 1. Vi th€

p(x) = q(z). O

1.2.10 Ménh dé. Gid su o € C la phan tit dai s6 trén K va g(x) € K|z]
la da thitc sao cho g(«) # 0. Khi do ton tai da thiic f(x) € K|[x] sao cho

1
m = f(a).

Chiing minh. Theo B6 dé 1.2.9, goi p(z) € K[x] la da thiic bat kha quy cla
. Vi g(«) # 0 nén ¢6 biéu dién g(z) = p(z)q(x) +r(x) v6i ¢,r € K|x],
r # 0 va degr < degp. Do «a la nghiém cua p(z) nén g(a) = r(«).

e

cao nhat clia dang thic p(z) = t(2)q(z)

Vi p(z) bat kha quy va degr(z) < degp(z) nén ged(p,r) = 1. Theo
thuat toan Euclid mé rong, tim dugc da thic f(x),t(x) € Klz| sao cho
1 =r(x)f(x) + p(z)t(x). Do « la nghiém cua p(z) nén 1 = r(a) f(«).
Vithétacéd 1 = g(a)f(a). Vay — 2(0) = f(a). O

Khi g(«) 12 mot biéu thiic chita can thi ménh dé trén cho phép ta giai
quyét bai toan truc can thic ¢ mau.

1.2.11 Vi du. Truc can thitc & mau s6 cuia phan s6 sau
1
1+ v2+2v4

Loi gidi. Pat g(z) = 1+ x + 22% Khi d6 mau s6 clia phan s6 1a g(v/2).

Da thiic t6i tiéu cta v/2 1a p(z) = 2° — 2. Vi degg < degp nén p(z) va
g(x) nguyén t6 cung nhau. Thyc hién cac phép chia lién ti€p theo thuat
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toan Euclid ta duoc

dp(x) =g(x)(2x —1) —ax —7
g(x) = (—x = 7)(—2x +13) + 92
=T =92(—2/92 — 7/92) + 0.

Suy ra 92 = g(z) + (—z — 7)(2z — 13). Do d6
92 = g(x) + <4p($) — g(x)(2z — 1)) (22 — 13).
Vi the 92 = 4(22 — 13)p(x) + 4(—2% + Tz — 3)g(x). Vay,
23 = (22 — 13)p(x) + (—2° + Tz — 3)g(x).
Suy ra 23 = ( — V4 + 7v2 - 3) (1 + V2 + 2v/4). Do d6

1 A+ TV2 -3
1+ v/2+2V/4 23 |

1.3 Vanh da thitc mét bién

Trong suot ti€t nay, ludn gia thiét K C C 1a mot truong.

1.3.1 Pinh nghia. Vanh 1a mot tap V' dugc trang bi hai phép todn cong va
nhan thoa man cdc di€u kién sau day:
(1) V' la mot nhém giao hodn voi phép cong. Phép cong c6 tinh chat giao
hodn, két hop; V' ¢6 phan tir khong (ton tai 0 € V' sao cho 0 + x = x véi
moi z € V'); mdi phan tir cia V' déu c6 phan tr d6i xing (mdi = € V/, tén
tai —x € V sao cho z + (—z) = 0).
(ii) V6i moi x,y,z € V tacod (zy)z = x(yz) .
(iii) Phép nhan phan phoi doi véi phép cong.

Né&u phép nhan la giao hoan thi V' 1a vanh giao hodn. Néu phép nhan

c6 phan tir don vi thi V' 1a vanh ¢é don vi.
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1.3.2 Vi du. (i) Nhiing vi du don gian vé vanh giao hoan cé don vi la:
Z,Q,R,C.

(ii) Ki hiéu K|[z] 1a tap cac da thic mot bién = v6i hé s6 trén K. Khi

d6 K[z] la vanh giao hoan c6 don vi v6i phép cong va nhan da thic. K [x]

duoc goi 1a vanh da thitc mot bién x trén K.

1.3.3 Dinh nghia. Cho V' 1a mot vanh, I C V. Ta néi [ la idéan cta V

nfulel,a—belvaar,xra€ I véimoia,beclvamoixecV.

Trong vanh Z cac s6 nguyén, cac idéan cta 7Z la va chi la cac tap cd

dang mZ v6i m € N.

1.3.4 Dinh nghia. Cho V' 1a mdt vanh giao hodn va U C V. Khi dé U chita
trong it nhiat mot idéan clia V, chang han V. Giao clia tat c4 c4c idéan clia
V chia U la idéan nho nhat ctia V' chida U. Idéan nay dugc goi 1a idéan
sinh boi U va duge ki hiéula (U). Neu U = {ay,...,a,} thi (U) dugc goi
la idéan sinh b6i ay, . . ., a, va duge ki hiéu 1a (a4, ..., a,). Trong truong

hop nay ta c6
(U)={aix1+ ...+ apzy | x1,..., 2 €V}

bac biét, néu U = {a} thi (U) duoc goi la idéan chinh sinh boi a va duge

ki hiéu 1a (a). Trong trudong hop nay ta ¢6 (a) = {azx | x € V'}.

Muc dich cua tiét nay la trinh bay nhiing tng dung cua dinh Ii chia véi

du d€ nghién ctu cdc tinh chat clia vanh da thic K |[x].
1.3.5 Hé qua. Moi idéan cua Klz| la idéan chinh.

Chiing minh. Gia stt I 1a mot idéan cia K [x|. Néu [ = 0 thi [ la idéan
chinh sinh boi da thic 0. Néu [ # 0 thi ta chon g € [ 1a da thic khac 0
c6 bac nho nhat trong tat ca cac da thic khac 0 ctia /. V6i f tuy ¥ trong
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I, ton tai q,r € K|z| sao cho f = gq+ r v6i r = 0 hoac degr < degy.
T doétacor = f — gq € I. Vi g c6 bac nhd nhét trong [ nén r = 0. Do
d6 I C (g). Rorang (¢g) C I. Vay [ la idéan chinh sinh bdi g. O

1.3.6 Hé qua. Gid su fi, ..., fs la cdc da thiic trén K|x| khong dong thoi
bang 0. Ddt h = ged(f1,... fs). Khi do (fi,..., fs) la idéan chinh sinh
boi h.

Chitng minh. Ta chi can ching minh cho truong hop s = 2 la du. Dat
fi = fva fy = g. Khi d6 ged(f, g) = h. Ta s€ ching minh (f, g) = (h).
Vi f, g chia hét cho h nén f,g € (h). Suy ra

(f.9) ={fp+gq|p qe Kz]} C (h).

Vi h = gcd(f,g) nén theo Dinh 1i 1.2.7, ton tai p,q € K|[x] sao cho
h=pf+aqg € (f.g) Suyra(h) C(f,9). O

1.3.7 Chua y. Hé qua trén cho phép ching ta tim dugc phan tir sinh cla
idéan tong: Gia st I, J 1a hai idéan cta K[x]. Khi d6 I, J 1a cdc idéan
chinh. Gia stt I = (f) va J = (g). Khido I + J = (f,g) = (h), trong d6
h = ged(f, 9).

1.3.8 Vi du. Tim phan tt sinh clia idéan sinh béi c4c da thic 2% —1, 24 —1

va z° — 3z + 2.

Loi gidi. Theo Vidu 1.2.4, v — 1 12 wéc chung 16n nhat ctia 2° — 1, 2% — 1
va 23 — 3x + 2. Theo Hé qua 1.3.6, z — 1 12 phan tir sinh clia idéan sinh

boi céc da thitc 2 — 1, 2* — 1 va 23 — 32 + 2.

1.3.9 Chu y. Hé qua trén ciing cho phép ching ta giai quyét ~“Bai toan
thanh vién". Cho tru6c mot da thic f va mot idéan I = (fy,..., fs) cua
K|z]. Khi d6 f € I néu va chi néu f chia hét cho ged(f1,. .., fs).

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



20

1.3.10 Vi du. Hay kiém tra xem 2% + 422 4 3z — 7 ¢6 thudc idéan sinh
boi (22 — 3z +2,2* — 1,2% — 1) khong?

Loi gidi . Tacé ged(23—32+2, 2—1,25~1) = 2—1. Vi 2*+42? 4307 =
(2% + 5z + 8)(x — 1) + 1 nén 3 + 42% + 3z — 7 khong thuoc idéan sinh
boi (2 — 3z + 2,2 — 1,20 — 1).

Nhéc lai rang da thiic k¥ € K[x] dugc goi 1a mot boi chung nhd nhdt
cua cdc da thic fi, ..., f; néu k chia hét cho f; v6i moi ¢ vanéu ¢t € K|x]
chia hét cho f; v6i moi 7 thi ¢ chia hét cho k. Chd ¥ rang néu fi,..., f;
dong thoi khéac 0 thi boi chung nhd nhat cua ching ton tai. Bang quy nap
ta thdy rang & 1a boi chung nho nhéat cta f1,..., fs néu va chi néu & la
boi chung nho nhit cta h va f,, trong d6 h 1a boi chung nhd nhat cua
fi,..., fs—1. Vi thé d€ tim boi chung nho nhat ciia hitu han cdc da thiic,

ta chi can tim boi chung nho nhat cta hai da thitc. V6i fi, fo déu khéc 0
thi k = _hifr
ng(f17 f?)

Tir hé qua trén ta c6 thé giai quyét bai toan tim giao cdc idéan trong

la boi chiing nho nhat cua f, fo.

vanh da thiic K [x] nhu sau.

1.3.11 Hé qua. Gia su I; = (f;), i =1,..., s la cdc idéan dong thoi khdc
0 trong vanh da thiic trén Klz|, k la boi chung nho nhdt cua fi, ... fs.
Khido I1n...N 1= (k).

1312 Vidu. Cho I, = (22 — 1) va Iy = (42 — 32 +2) . Tim I, N L.

Loi gidi. Tacé h = ged(a? — 1,2% — 3z + 2) = 2 — 1. Suy ra boi chung

nho nhit ctia 22 — 1,22 — 3z + 2 1a

(22 — 1)(2? — 32 + 2)
h

Dodo 1 NI, = (2% —22% —x +2).

k= = (2 -1z —-2)=2" 22" —z +2.
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Chuong 2

Phép chia véi du trong vanh da thuac
nhiéu bién

Trong chuong nay, luon gia thi€t K C C la mot truong. Muc dich cta
Chuong 1a m& rong thuat toan chia 1én truong hop da thiic nhi€u bién va
trinh bay mot s6 tng dung. Trudc hét ching to6i quan tam téi 16p idéan

don thic, 1a 16p idéan don gian nhat.

2.1 Idéan don thic

2.1.1 Pinh nghia. Mbi bo n s6 nguyén khong am a = (aq, - , a;) cho
ta mot don thitc x% = x{* -+ -z cta n bién z1, ..., x, v6i bdc (hay bdc
tong thé) 1a oy + - - - + «v,. Ta hiéu mot fir 12 mot biéu thic c¢6 dang ax®,
trong d6 0 # a € K va x® 1a mot don thuc. Ta ciing goi x® 1a don thiic
cua tir ax®. Hai tir dugc goi 1a dong dang néu hai don thiic ctia ching la
bang nhau. Moi da thitc f cia n bién x1, ..., x, voi hé s6 trong K 1a mot
tong cua hitu han tir . Néu cdc tir ctia f doi mot khong dong dang thi ta
goi biéu dién d6 1a biéu dién chinh tdc cua f. Bdc (hay bdc tong thé) cuia
mot tir 12 bac cta don thic cua tir d6. Bdc (hay bdc tong thé) cua da thiic
f, ki hiéu boi deg(f), 1a s6 16n nhat trong cdc bac cha cdc tir trong biéu

dién chinh tac cla f. Bdc cua da thitc | theo bién x;,i=1,--- ,n, 12 s6

21
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16n nhat trong cac s6 mil cua x; xuat hién trong cdc tu cua f.

bat R = K|xy, ..., x,). Khi d6 R 1a mot vanh véi phép cong (theo cic
tlr dong dang) va phép nhan lam thanh mot vanh, duoc goi 1a vanh da thiic

ctia n bién x1,...,x, v6i hé so trong K.

2.1.2 Pinh nghia. Mot idéan [ cua R dugc goi la idéan don thiic néu no

c6 mot hé sinh gobm nhitng don thuic.
Sau day la mot tinh chit rat quan trong cua idéan don thiic.

2.1.3B6 dé. Cho I la idéan don thitc va T la mot hé sinh ciia I gom nhiing
don thitc. Khi doé don thitc x® thudéc I néu va chi néu x® la boi cia mot

don thirc trong T'.

Chitng minh. Gia st T = {2% i = 1,--- ,t} 12 hé sinh gém nhiing don
thic ctia 1. Néu 2 12 boi ctia mot % ndo d6 thi = thuoc I. Nguoc lai
néu z¢ € I thi 2% = ™ + .- + hya™ & day hy,--- , hy € R. Sau khi
khai trién vé& phai va uéc luong cdc tir dong dang ta duoc mot biéu dién
chinh tdc va biéu dién chinh tic nay l1a don thiic z®. Diéu nay ching to

phai c6 mot don thic =% nao d6 1a uéc clia z°. O
K&t qua sau day cho ta mot s6 dac trung ctia idéan don thic.

2.1.4 B6 dé. Cho I la idéan ciia R. Cdc phdt biéu sau tuong duong:
(i) I la idéan don thiic.
(ii) Vi moi f € R, f € I khi va chi khi moi tir cua [ déu thudc 1.
(iii) I la K-khong gian véc to sinh bdi cdc don thiic trong 1. Vi thé hai
idéan don thitc la bang nhau néu va chi néu tdp cdc don thitc ciia chiing

la nhu nhau.

Chitng minh. (i)=-(ii). Cho f € R. Néu moi tlr ciia f déu thuoc I thi rd
rang [ € 1. Gia st f € I. Do [ la idéan don thitc nén ton tai nhiing don
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thic z* € I, i =1,--- ,t, va cac da thic hy,--- ,h; € R sao cho
f=hx* 4+ -4+ hx™.

Sau khi khai trién vé phai clia dang thifc trén va uéc luoc céc tir dong dang
ta nhan duoc biéu dién chinh tic cta f. Vi th€ méi tir ctia f déu 12 boi clia

mot don thic 2% nao do, va do d6 n6 thuoc idéan 1.

(ii) =(iii). R6 rang [ 1a K -khong gian véc to. Theo (ii), mbi da thic f € [
12 t6 hop tuyén tinh clia nhitng don thifc trong I. Vi thé ta c6 (iii).

(itli)=(1). Vi [ 1a K-khong gian véc to sinh boi cac don thic trong [ nén

no la idéan sinh bai cac don thic trong /. Vay [ 1a idéan don thic. O

Két qua sau day chi ra rang moi idéan don thic déu ¢6 mot hé sinh hitu
han, va do dé6 viéc nghién citu cc idéan don thitc 1a dé dang hon vi ¢6 thé

quy v€ nghién ctu cic hé gébm hitu han don thic.

2.1.5 Pinh ly. (Bo dé Dickson). Méi idéan don thitc déu cé mot hé sinh
gom hitu han don thiic. Ddc biét, tir moi hé sinh gom nhiing don thiic cia

I, ta c6 thé trich ra mot hé sinh hitu han.

Chitng minh. Truong hop [ = 0 hoac [ = R la rd rang. Gia thiét I # 0
va [ # R. Ta chitng minh dinh 1y bang quy nap theo n. Véi n = 1, chon
a la s6 nguyén duong bé nhat sao cho x® € [. Khi d6 [ sinh boi z®.
Gia su dinh 1y da ding cho truong hgp n bién. Ta chitng minh né ding
cho truong hop n + 1 bién. Cho [ 1a idéan cta R = K[z, -+ ,x,41]. D€
cho tién ta ki hieu S = Kz, ,z,] l1a vanh da thic ciia n bién trén K
va coi S nhu 1a vanh con cua R. Khi d6 moéi don thiic cia R duoc viét
duéi dang x“x;" | (0 day x“ la don thic cua S). Goi J la idéan sinh boi
cac don thic 2 sao cho z%z}", ; € I v6i mot so tu nhién m nao dé. Suy

ra J la mot idéan don thic ciia S. Theo gia thiét quy nap, J ¢ mot hé
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sinh gém hitu han don thiic, chdng han J = (z®M) ... 2%())S. Véi mbi
i=1,2,---,s vi z* € J nén theo dinh nghia cta .J, ton tai cic s¢
nguyén m; > 0 sao cho 2@z, € I. Chon m la s6 16n nhét trong cic
m; d6. V6imoéi k = 0,--- ,m — 1, goi J;, 1a idéan clia S sinh bdi cdc don
thitc 2 sao cho 2%zF 41 € I. Theo gia thiét quy nap, J;. dugc sinh boi hitu
han don thiic trong S, ching han J, = (z*() ... 2%(K)S. Ki hieu T
1a tap cdc don thic xWzk  v6ik=0,--- ,m—1vai=1,---,5. Ta
khang dinh
I= (xo‘(l)xzﬁrl, e ,xo‘(s)x%l, T)R.

Pé chiing minh khing dinh nay, ta chi ciAn chitng minh tap cic don thiic
cta [ vacta (z¢Wz™ | -+ 2*®)z™ | T)R1anhu nhau. R rang cdc don
thic trong 7" va cac don thiic :Uo‘(l):r:g‘ﬂ, e ,xa(s)m%l déu thuoc 1. Nguoc
lai, gia s 22!, 1a don thiic ca I. Khi d6 z® € J. Vi th€ 2 1a boi cua
mot don thic 2% nao d6. Néu ¢ > m thi 22! | 1a boi cha W™
Vi thé 22! , | 1a don thic cta idean (z*Wz™ - 2™ | T)R. Néu
t < m thi theo dinh nghia cta J; ta ¢c6 x® € J;. Suy ra z“ la boi cua
mot don thiic () nao d6. Vi thé z%a! 41 1a boi cua gt ne1 va do do
2! .| 1a don thic ctia idéan (z¢Wz™ | -+ 2™ | T)R. Vay khang
dinh duoc ching minh. Suy ra I ¢6 mot hé sinh gom hitu han don thiic.
Bay gio, gia sit D 1a mot hé sinh clia / gom nhiing don thitc. Do [ 1a
idéan don thiic nén ton tai hitu han don thic z,---  x® 1ap thanh mot
hé sinh ctia I. V6imbi i = 1,--- ,t, do D la hé sinh cua I nén ton tai don
thic 2% € T sao cho =% 1a boi ctia z%. Vi thé ta trich ra dugc tit D mot
hé sinh (2%, .-, 2%) clia I. Vay dinh ly duoc chitng minh. O
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2.2 Mot so bai toan vé idéan don thic

Duéi day ching ta giai quyét mot s6 bai toan lién quan dén idéan don

thuc.

2.2.1 Ménh dé. (Bai todn thanh vién cho idéan don thiic). Cho I la idéan
don thitc sinh boi cdc don thitc mq,--- ,my va f la mot da thicc. Khi doé

f € I khi va chi khi moi tix cua f déu la boi ciia mot don thiic m; nao do.

Chitng minh. Néu mdi tir cia f déu 1a boi ciia mot don thic m; nao do thi
rorang f € [. Giasu f € I. Vi [ la idéan don thitc nén moi tir ctia f déu

thuoc I va do d6 né la boi cia mot don thic m; nao do. O

2.2.2Vidu. Cho I = (a%y?, 23y2?2, y23) va f = 3adyte+4aTy?23 —2y23.
Nhan thay rdang moi tix cia f déu la boi cia mot don thic trong I, do d6
fel

Chiing ta c6 thé gidi quyét bai todn tim giao cho céc idéan don thic. Gia
st =2 ... x% vav = 2" ... P 1a hai don thic. Dat \; = min(oy, 3;),
va v; = max{a;, 3;} v6i i = 1,...,n. Khi d6 don thic :Ui\l ... x) duoc
goi 12 udc chung lon nhdt cha u va v va duge ki hiéu 1a ged(u, v). Tuong
tu don thiic 2" ... 2" dugc goi 1a boi chung nhd nhdt cla u va v va duge

ki hiéu 1a lem(u, v).

2.2.3 Ménh dé. (Bai todn tim giao cho idéan don thitc). Cho I va J la hai

idéan don thiic lan luot sinh boi nhitng don thiic mq, - -+ , My vauy, -+ , U,.
Véiméoii=1,---,tvaj=1,---r, ta ki hiéu boi chung nho nhdt cua

m; va w; la lem(m;, w;). Khi do ta co
INJ = (lem(m;,u;) |i=1,---,t, j=1,---,r).

Pdc biét, giao cua hai idéan don thiic ciing la idéan don thiic.
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Chitng minh. Rérang INJ 2 (lem(m;,u;) [i=1,--- ¢, j=1,--- 7).
Ménh d¢ dugc chiing minh néu ta chi ra dugc moi don thic cua I N J déu
12 boi ctia mot don thic lem(m;, u;) nao d6. Gia sur w la mot don thiic cua
INJ. KhidéuelvaueJ Vil laidéan don thic nén u 1a boi cua m;
nao do6. Tuong tu, vi J la idéan don thitc nén v 1a boi clia u; nao d6. Vi
th€ u 1a boi cla lem(m;, u;). O

224 Vi du. Cho I = (zy,2%z,y2%) va J = (2%2%,yz). Khi d6 ta c6

2,2

INJ = (2?yz?, 2222 2%y23, wyz, 2yz, y2?) = (2222, vyz, y23).

2.2.5 Pinh nghia. Cho I = (f1,..., fs)Rva J = (g1,...,g)R 1a hai
idéan cua R. bat (/ : J) ={h € R| Jh C I}. Khidé6 (I : J) ciing la

idéan ctia R va ta goi né la thuong cua I va J.
Cho [ va J la hai idéan cta R, trong d6 J = (g1, , g,). RO rang
I:J=UT:g19)N(L:go)N---N0(I:gy).
Vi thé, ta chi can giai quyét bai toan tim thuong nhu sau.

2.2.6 Ménh dé. (Bai todn tim thuong cho idéan don thiic). Cho I idéan
don thitc sinh boi nhitng don thitc mq,--- ,m;. Cho u la mot don thiic.
Véimoii = 1,--- t,dat d; = ged(m;,u). Gid su m; = d;v;. Khi dé ta
c6 (I : w) la idéan sinh bdi cdc don thiic vy, - -+ ,v;. Ddc biét, thuong ciia
hai idéan don thiic ciing la idéan don thiic.

Chitng minh. Ro rang (vq,--- ,v;) C (I : u). Gia st f la mot da thic ciua
(I : w). Khi d6 fu € I. Goi m la mot tir tuy y cua f. Do [ la idéan don
thitc nén mu l1a boi ciia mot don thiic m; nao dé va vi thé m 1a boi cta v;.
Do d6 (I:u)C (vy, -+ ,v). O

2.2.7 Vidu. Cho I = (zyz, 23yz,y2%) va J = (2222, yz). Tim thuong ctia
IvalJ
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Loi gidi. Pat u; = 2222, uy = yz, m1 = xyz, ma = 23yz,ms = y2>, d| =

ged(my,uy) = x2,dy = ged(ma, uy) = 2°2,d3 = ged(mg, up) = 2% Dat
m; = d;v;. Khi d6 ta c6 v; = y,v9 = xy,v3 = yz. Theo Ménh dé 2.2.6
tacé (I :u1) = (y,ry,yz). Tuong tu ta cé (I : uz) = (z,yz, 2%). Do d6
I:J=I:u)N:u) = (zy,yz, 2yz,y22, 2y2?) = (zy,yz2).

2.3 Thuat toan chia da thic nhiéu bién

Nhu da nhéc trong phan m& dau, thuat toan Euclid trong vanh da thic mot
bién trén mot trudng khong thé mo rong dugc cho trudng hop nhiéu bién.
Ly do chinh 1a vi khi chia hai da thitc nhi€u bién f cho g, néu coi ¢ nhu
la da thitc cua mot bién thi hé tir cao nhat cia g 1a mot da thic cia n — 1
bién con lai, va néi chung hé tir cao nhat nay khong kha nghich. Vi thé,
mot cach tu nhién, ta phai tim cach xay dung mot thuat toan chia hitu hiéu
trén vanh da thdc nhi€u bién. Tuy thuat toan Euclid khong mé rong duoc
mot cach truc ti€p lén truong hop nhi€u bién nhung né chita nhitng mam
mong cho viéc giai quyét truong hgp nhiéu bién. D6 1a viéc ha bac sau
ting budc. Can chi y rang ta khong thé dung bac tong thé hodc bac theo
mot bién nao do d€ ha bdi vi c6 thé c6 nhiéu tir chia mot da thitc ¢o cling
bac nhu thé. Do d6 ta can sap xép cdc don thitc theo mot thi toan phan
trong mot nguyén tac nao d6, ma ta goi 1a thir fir tir, d€ thuan tién cho cong
viéc nay.

Trong sudt chuong nay, ki hieu R = K|[xy,...,x,] 1a vanh da thic n
bién vGi hé so trén K. Ki hiéu N” 1a tap cac bd n s6 tu nhién. V6i o =
(aq,--+ ,ap) € N" taviét % = 27" -+ 2% V6i a = (aq,...,0p), 0 =

(B1,...,0,) € N" tadinh nghia a + 5 = (a1 + f1, ..., apn + Bn).

2.3.1 Pinh nghia. Ki hiéu M la tap cac don thic cua R. Mot thir tu ti
(hay thit tw don thiic) 1a mot quan hé tha tu toan phan < trén M thoa man
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cac tinh chat
(i) Néu 2% < 7 thi %77 < 2547, v6i moi «, 3,7 € N™.
(ii) < la sap thit tu tot, tic 14 moi bo phan khac réng cua M déu c6

phan tir nho nhat.

Nhan xét rang méi phan to o = (o, -+ , ;) € N” xdc dinh mot don
thic 2 = 2" - - - 2% . Vi th€ d€ cho tién ta coi mdi thit ty tir 1a mot quan
hé thit tu toan phan < trén N” thoa man o < (§ kéo theo a + v < 3 + 7,
vGi moi phan tir o, 3,7 € N", va mbi bo phan khac rong cia N" déu cé
phan tir nho nhat.

Khi d6 oo < 3 khi va chi khi z® < 27 v6i moi «, 3 € N*. Ta néi tir az® 1a

bé hon tit bx®, viét 1a ax® < bx®, néu 2@ < z°.
2.3.2 Vi du. Hai tht tu tir sau day rat hay dugc st dung.

Thit ty tir dién. Cho « = (g, -+ , ), 8 = (61, -+, B,) € N, trong d6
a # (. Tandi a bé hon (3, viét la o <j., (3, néu toa do khac 0 dau tién

cua véc to a — 3 ké tir bén trai sang 1a am.

Thit tw tr dién phdn bdc. Cho « va 3 nhu trén. Ta néi a bé hon [3, viét
la o <gpiep B,m€U ) + -+ < B+ -+ + B, hodc o + -+ - + oy, =
51+"'+ana@<leazﬁ'

Vi moéi quan hé thit tu tir < cho trudc, ta goi tir cao nhat ctia da thic f
1a tr ddu cua f va ki hiéu boi ing(f) (hay in(f) né€u khong s¢g nham 1an).
Dé md rong thuat todn chia 1én trudong hop nhiéu bién, ¥ twdng chinh 1a
dua vao thit tu tir dé giam bac. Bén canh d6, cin c6 nhitng yéu ciu vé cdc

“thuong hut" va “du". Dinh Iy sau day s& thé hién diéu nay.

2.3.3 Pinh ly. (Thudt todn chia trong vanh da thiic nhiéu bién).
Cho < la mot thit tw tiv. Cho { f1,--- , fs} la tdp gom s da thiic trong R.
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Khi dé moi da thite | € R duoc viét dudi dang f = hyfi+---+ hofs+7,

trong dé hy,--- , hg,r la cdc da thitc thod mdn hai diéu kién sau ddy
(i) r = 0 hodc in(f;), i =1, .., s, khéng la uéc cua bdt cit tir nao cua .
(ii) Voimoi i = 1,--- s, néu h;f; # 0 thi in(f) > in(h;f;).

Chitng minh. Ta ching minh dinh ly qua xay dung nhu sau.

Budc 1. Néu tét ca cac tr ddu in(f;), i = 1,--- , s, déu khong 1a udc cua
bat ¢t tir nao cua f thitachon hy = ho = --- = hy =0var = f. Qua

trinh két thic. Néu c6 mot tir cia f chia hét cho mot tir dau in(f;) cta
mot da thic f; nao do, thi ta goi my la tir cao nhat trong cac tir cia f
c6 tinh chat nay. Gia st my 1a boi cla in(f;,). Viet m; = win(f;,). Dat
Fr=f—-wuf.

Buoc k+1. Gia st da dén dugc bude thit £ + 1. Khi d6 ta da cé da thic
F}.. Néu tat ca cac tr ddu in(f;), i = 1,--- , s, déu khong 1a udc cta bat
cu tir nao cua Fj, thi ta chon » = Fj.. Khi d6 tir cach dat Fy,--- , F_4 ta
s& biéu dién f duoc dudi dang f = hyfi + -+ + hsfs + r bang cach gop
cac hang tlr ¢6 chung nhan tr f;, ¢ = 1,--- , s, lai v6i nhau. Qua trinh két
thic. Néu c6 mot tir cia Fj, chia hét cho mot tir dau in(f;) cla da thic
f; nao dé, thi ta goi my. 1 la tir cao nhat trong cac tir cua Fj, c6 tinh chat
nay. Gia st my41 1a boi cla in(f;,,,). Viet my1 = uppin(fi,,,). Dat
Fip1 = F, — w1 fiy -

Gia str qua trinh trén két thic tai budce thi p nao doé. Khi d6 ro rang phan
“du" r va bo ““thuong hut" hq,--- , hs thoa man cac yéu cau trong dinh
1y. Vi vay dinh ly s& duoc chiing minh néu ta chi ra dugc qua trinh trén
két thiic sau mot s6 hitu han buéc. Trudc hét ta khiang dinh my, > my1,
v6i moi k = 1,2, --- That vay, gia sit v 1a mot tir tuy y cia Fj, sao cho

v chia hét cho mot tir ddu in(f;) cta da thic f; nao d6. Khi d6 v # my.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



30

Chu y rang Fj, = Fy_1 — uy f;,. Vi th€ v dong dang v6i mot tir nao dé cua
Fj._1 hoac cua uyf;,. Néu v dong dang véi mot tr cia Fj_q thi my > v.
Néu v dong dang v6i mot tir clia uy f;, thi né dong dang véi ujw, trong
d6 w la mot tr nao d6 cua f;,. Vi v # my nén v < ugin(f;,) = my. Nhu
vay, moi tr cia F), ma la boi ctia mot tir dau in( f;) cta da thitc f; nao d6
déu phai nhd hon my. Vi my; 1a mot tir clia Fj, ¢6 tinh chat d6 nén ta c6
my+1 < my. Vay, khang dinh dugc ching minh. Vi thé néu qu4 trinh trén
khong dung thi ta ¢6 day giam khong ding mq > mg > -+ > my > - -
va do d6 tap con khac rong {mq, ma, ..., myg, ...} cua tap cac don thic
trong R khong c6 phan tir nho nhat. Dicu nay 1a vo ly. Do dé qua trinh
trén phai két thic sau mot s6 hitu han bude. Pinh 1y duoc chiing minh. [

2.3.4 Pinh nghia. Biéu dién cia f qua hé fi,--- , f, nhu trong dinh ly

trén duoc goi 12 mot biéu dién chudn cta f d6i véi fi,--- , fs.

2.3.5 Vi du. Cho R = K|[x,y]. Xét tht tu tr dién v6i x > y. D€ chia
f =a2*>y+zy’+y%cho fi = xzy—1va f, = y?>—1 tatién hanh nhu sau. Ta
c6in(f1) = xy vain(fy) = y*. Dé thay x>y Ia tlt cao nhét trong cdc tlr clia
f chiahétcho in(f;) hodc in(fy). Vithétadat [} = f—af; = xy*+y°+x.
Vi xy? 1a tr cao nhit trong nhiing tr cia Fy chia hét cho in(f;) hoac
in(fy) nén ta dat Fy = F} —yfi = y*> + 2 +y. Ta lai ¢6 y* 1a o cao
nhat trong nhitng tr clia F5 chia hét cho in(f1) hoac in(f2). Vi thé ta dat
F;=F — fo = x +y + 1. Khong ¢6 tir nao cua F3 chia hét cho in(fi)
hodc in(f2). Vay ta c6 bi€u dién chuin f = (z +vy)fi1+ fo+ (x +y + 1).

2.4 Co s6 Groebner va mot so irng dung

2.4.1 Chu y. Mot khé khan xuat hién trong thuat toan chia trén vanh da
thic nhiéu bién 1a phan du khong nhit thi€t xdc dinh duy nhat. Chéing
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han, xét phép chia f = 2%y + 2y®> + y*> cho fi = ay —1va fo = > — 1
véi thit tu tir dién z > y. Theo thuat todn chia, ta ¢6 hai biéu dién chudn
f=@+y)fi+fot(@+y+1)vaf=(x+1)fo+xfi+2x+1v6ihai
phan du khac nhau. Mot khé khan nita 1a trong phép chia da thic f cho
céac da thitc f1,--- , fs, phan du c6 thé khac 0 nhung van khong biét dugc
f ¢6 1a phan t&r cha idéan sinh boi f1, - - - , f, hay khong. Chang han, xét
phép chia f = xy% cho f; = 2% va fo = xy + y? véi thit tu tir dién = > .
Ta c6 biéu dién chudn f = yf, — y>. Nhu vay, phan du 12 ¢ # 0 nhung
talaico f=xfo—yfi € (f1, f2)

Pé khéc phuc nhitng kho khan trén, ching ta cAn xét nhitng hé f1,-- -, fs
c6 nhitng tinh chat ““dac biét" ma chiing ta goi 1a co so Groebner. Truéc

hét chiing ta cin cac khai niém sau day.

2.4.2 Pinh nghia. Cho [ la idéan cia R. Idéan sinh boi céc tir dau cta

céac da thiic trong [, ky hiéu boi in([), duge goi 1a idéan ddu cta 1.

Cho idéan I = (f1, -+, fs). Taluon cé (in(fy1),--- ,in(fs))R C in(I).
Tuy nhién, in(I) va (in(f;),--- ,in(f,)) c6 thé khdc nhau. Chang han, cho
I 1a idéan sinh béi f, fo v6i fi = 2% — 22y va fo = 2%y — 2y? +  la cdc
da thic trén trudng céc so thuc. Xét thi tu tir dién phan bac v6i = > y.
Khi d6 2* = xfy — yf1. Do d6 x* € I va vi th€ z* € in(I). Tuy nhién ta

pe

co
v* ¢ (27, 2°y) R = (in(f1),in(f2)).
Diéu nay dan ching ta téi khai niém sau day.
2.4.3 Pinh nghia. Cho truéc mot thi tu tir va [ 1a idéan cua R. Mot hé

f1,- -+, fs nhitng da thic trong I dugc goi 1a mot co so Groebner cua [
néu in(/) dugc sinh bdi cac tir dau in(fy),- - - ,in(fs).
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2.4.4 Ménh dé. Cho trudc mot thir tu tir. Khi dé méi idéan I déu cé mot

co so Groebner.

Chitng minh. Vi in(I) 1a idéan don thiic nén ton tai hitu han don thiic
my,- -+ ,mg sinh ra in(7). M6i don thic m; 1a mot tir dau cua mot da thic

fi € I nao d6. Vi vay fi,---, fs 1a co s& Groebner cua I. O

2.4.5 B6 dé. Cho I la idéan ciia R. Khi dé moi co sé Groebner ciia I déu

la hé sinh cua 1.

Chitng minh. Cho f1,--- , f; 1a co s& Groebner ctia I. Khi d6 hién nhién
tacéd (f1,---, ft)R C I. Ngugc lai, cho f € I. Chia f cho fi,---, f; ta
duoc f = hifi+ -+ hyfi +r, trong d6 mbi tir cua r déu khong chia hét
choin(f;) véimoii=1,--- ,t. Tacor=f—hify —---—hfy € 1. Vi
thé, néu r # 0 thi ta phai c6 in(r) € in(/) va do d6 in(r) phai chia hét cho
mot tir ddu in(f;) cha da thic f; nao d6. Diéu nay 1a vo 1i. Suy ra r = 0
vadodo f e (fi, -, fr) O

Dinh 1y quan trong sau day khang dinh rang moi idéan trong vanh da
thic déu hitu han sinh.

2.4.6 Dinh 1y. (Dinh ly co sd Hilbert). Moi idéan ciia R déu cé mot hé

sinh hitu han.

Chitng minh. Gia st I 1a idéan cua R. Néu I = 0 thi hién nhién. Cho
I # 0. Goi fi,---, f; ]a mot co s& Groebner cua /. Khi d6 [ sinh bai
Jioooo s fe O

Dinh 1y sau day chi ra rang bai todn thanh vién s& dugc giai quyét cho

mot idéan [ néu chiing ta bi€t mot co s& Groener cua 1.

2.4.7 Pinh ly. (Gidi quyét bai todn thanh vién). Cho I la idéan cua R va

fi,--, [t la mot co so Groebner ciia I. Khi dé, voi moi da thitc | cua
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R, du cua phép chia [ cho fi,--- , f; la xdc dinh duy nhdt. Trong truong
hop nay f € I khi va chi khi du trong phép chia f cho fi,--- , fi la 0.

Chitng minh. Cho f € R. R0 rang riang néu du cta phép chia f cho

fi,--+, fr1a0thi f € I. Nguoc lai, cho f € I. Gia sir ta ¢c6 mot biéu
dién chudn f = fihy + - -+ fihy + 7. Khi d6 r € I. Néu r # 0 thi vi
fi,-++, ft 1a co s& Groebner cua I nén in(r) phai la boi cia mot tir dau

in(f;) cta da thic f; nao d6. Diéu nay 1a vo ly. Vay r = 0. Tiép theo, gia
st da thic f € R c6 hai biéu dién chudn f = hif1 + -+ hifi + 11 va
f=qnfi+- -+ gfi +ry. Khidé ro — r; € I. Vi thé theo chiing minh
trén, du ctia phép chia ro — 1 cho fi,---, f; 1a 0. Lai chi y rdng ro — 1y

cling chinh la du ctia phép chia ry —ry cho f1, -, fi. Vithé ry =ry. O

2.5 Thuat toan Buchberger

Nhu di trinh bay & Dinh 1y 2.4.7, dé giai quyét bai todn thanh vién cho
idéan I, chiing ta cin biét mot co s& Groebner ctia /. Nha toan hoc nguoi
4o B. Buchberger da dung thuat todn chia dé dua ra mot tiéu chudn cho
mot hé sinh cia mot idéan 1a co s& Groebner. Tir d6 6ng xay dung thuat
toan tim co s& Groebner.

Vé6i moi cap da thic f, g cha R, ta dat v = lem(in(f),in(g)) va

v v

Ty i)
S(f,g) dugc goi la S—da thiic cha f va g.

S(f,9) g.

2.5.1 Pinh ly. (Tiéu chudn Buchberger). Cho I la mot idéan ciia R va
fi, -+, fi la mot hé sinh cua I. Khi do f,,--- , f; la co so Groebner cuia
I néu va chi néu véi moi i # j, phan du cia phép chia S(fi, f;) cho
Ji.-- fi la 0.
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Chitng minh. Gia su fi,--- , fi 1a co s6 Groebner ctia 1. Vi S(f;, f;) € 1
nén theo Pinh 1y 2.4.7, du trong phép chia S(f;, f;) cho fi,---, f; lada
thic 0. Nguoce lai, gia st du cta phép chia S(f;, f;) cho fi,---, fi lada
thic 0 v6i moi ¢ # j. Ta can chiing minh f1, - - -, f; 1a co s& Groebner ctia
I.Cho O # f € I. Taphaichirain(f) € (in(f1),---,in(f;)). Vi f e[
néntontai h; € R, i=1,--- t,saocho f = hyfi+ -+ hyfi. Goi m(i)
la don thitc cta tir in(h; f;) va M la don thitc cao nhat trong cac don thiic
m(1),---,m(t). Khi d6 rd rang in(f) < M. Xét tat ca cdc biéu dién clia
f thanh t6 hop cua fi, - - - , f;. V6i mdi bi€u dién nhu thé ta nhan dugec mot
don thitc M (phu thudc vao bi€u dién). Vi thit tu tir 13 thit tv toan phan va
moi ddy giam déu phai dimg nén ta c6 thé chon duoc mot biéu dién cla
f sao cho M 1a bé nhat. V6i M vira chon, ta khang dinh M chinh la don
thitc clia tir in( f). Chd y ring néu khang dinh trén dugc chiing minh thi ta
c6 in(f) € (in(f1), - ,in(f;)), va do d6 dinh 1y dugc chiing minh. Gia
st trdi lai, tic la in(f) < M. Viét f dudi dang

_ Z hifi + Z hifi = Z in(h;) f; + Z (hi —in(h;)) f;
m(i)=M m(i)<M

m(i)=M m(i)=M

Chi y ring cdc tir xuat hién trong tong Z (h; — in(h;))fi va téng
m(i)=M
Z hi f; déu nho hon thuc su M. Lai vi in(f) < M nén
m(i)<M

Pat in(h;) = c;z°@. Khi d6 Y in(h)fi = > ¢z f; Ta viet
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M = z°. Ta khang dinh
Y o Vfi=Y e S f, fi),
m(i)=M Gk
trong d6 c;; 1a cdc phan tir nao d6 cia K va 27+ = lem(in(f;),in(f)).
That vay, goi d; 1a hé ti cua tir dau in f;. Khi d6 c¢;d; 1a hé tu cua tu dau
in(c;z®? f;). Vi M 1a don thic ctia in(c;z®" f;) v6i moi 4, va vi

t

in(z ) < M
i=1
! 2000 £,
nén ta co Z c;d; = 0. Dat p; = *. Dé thay rang hé tir cao nhat clia

i=1 ¢

p; la 1. Ta c6

' t
Z i f; = Z cidip; = c1di(p1 — p2) + (c1dy + cada)(p2 — p3)+
i=1 i=1
-1 /
+o O ad) (P —p) + O cidi)pr. (2.1)
i=1 i=1

Viét in(f;) = d;z’?. Khi d6 @+ = M véi moi i. Do d6 in(f;) =
d;z?) 1a w6c ctia M. Vi the 27+ = lem(in(f;),in(fz)) cling 1a udc cla
M. Do d6 x°~7* 1 don thitc thod man

0—jk . — 5_“&,_&
RS (f, fr) = 2777 (in(fj)fj in(f%)

0 0

d;z70) Ji= g/t

a(j) a(k)
i i

fx)
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t
Thay két qua nay vao (2.1) vé6i chd y rang Z cid; =0, ta co
i=1

t
Z = c1di® 28 f1, fo) + (crdy + cado) x2S (fa, fa)+
R (Cldl + ...+ Ct_ldt_1)$5_%71’t5<ft_1, ft) (23)

Vay khang dinh duoc ching minh. Theo gia thiét, du ctia phép chia
S(fj, fx) cho fi,---, fy 1a 0 v6i moi j, k. Do d6 ta c6 biéu dién chuén
cua S(f]7 fk‘)

f]afk Zhwkfw

trong d6 h; j € Rvain(h, i fi) < 1n( (fj, fr)) véimoi i, j, k. Vi th€ ta

7

Cco

5 %kS f fk Zgzykfw

VOi gijx = 2’ %+h; k. Suy ra 1n(g¢,j7kfi) < in(x® 1 S(f;, fr)). Mat
khdc, vi M 1a don thic cua céc tr in(p;) va in(p;) va hé tir cao nhat
cua p; va p; déu bang 1 nén ta c¢6 in(p; — pr) < M. Theo (2.2) ta c6
in(25S(f;, f)) < M. Vi vay

in(g; i fi) <in(z’ 9 S(f;, fr)) < 2’ = M.

Vi thé€ theo (2.3) ta c6

m(i)=M gk
- Z Cﬂ'ak(z Gijifi) = Z(Z CikGijk)fi,  (2.4)
J.k i i gk

trong d6 ¢; 4 1a phan tif nao d6 chia K. Dat g; = » ¢ xgi jx- Khi d6 ta c6
Jk
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biéu dién
F=>afi+ > (hi—in(h)fi+ Y hf,
i m(i)=M m(i)<M

trong d6 in(q;f;) < M v6i moi chi s6 7 chay trong téng thit nhat cla
t

vé phéi dang thiic tren. Nhu vay, t6n tai mot biéu dién f = ) ¢ f; ma
i=1
in(q; fi) < M véi moi i. Diéu nay 1a mau thuin véi cach chon M. O
2.5.2 Vidu. Cho f; = y—2?, f» = z— 2% la c4c da thic 3 bién z, y, z trén
truong thuc. Cho I = (fi, f»). Khi d6 véi tht ty tir dién y > 2 > x, hé sinh
f1, f2 1a mot co s& Groebner cuia I. That vay, ta ¢ in(f;) = y,in(fy) = z.
Vi theé S(f17 f2) - —255'2 + yx?) va S(f27 fl) - _S(fb f2) St dung thuat
toan chia ta c6 S(fy, fo) = —za? + ya® = 23 f; — 2 f5. Theo tiéu chuin

Buchberger ta c6 két qua.

2.5.3 Chu y. Trong Pinh 1y 2.5.1, ta ludn c6 S(f;, fj) = —S(fj, fi) v6i

moi ¢, j. Vi th€ dé kiém tra hé¢ fi,---, f; 1a co s& Groebner cua idéan
(f1,--+, fs)R, ta chi can ki€ém tra cho nhiing da thiic du r;; trong phép

chia S(f;, f;) cho fi,---, fs v6i nhiing ¢ < j.

2.5.4 Chu y. Tinh chit 1a co s& Groebner ciia mot hé sinh cia mot idéan
I phu thudc vao cach chon thit tu tir. Chang han, trong Vi du 2.5.2, néu ta
thay bdi thit tu tir dién o > y > 2 thi hé y — 22, z — 2 khong con 1a mot

co s& Groebner clia idéan (y — 22, 2 — 23).

Bucberger da chi ra mot thuat toan dé thu dugc mot co s& Groebner clia
I xuat phat tr mot hé sinh ctia 1. Thuat todn d6 duogc thé hién trong dinh

Ii sau.

2.5.5Pinh ly. Cho I = (f1,---, f;) R la idéan khdc 0 trong vanh da thiic

R. Khi dé ta c6 thé tim mot co sé Groebner cua I theo thudt todn sau.
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Buéc 1. Bat Gy = {f1, -, fi:}. Tim du r; j trong phép chia S(f;, f;) cho
fi,--+, fi. Néu tdt cd r; j déu bang 0 thi Gy la m¢t co so Groebner ciia
1. Quda trinh két thiic. Truong hop nguoc lai, goi fiy1 la da thitc du khdc
0 xudt hién trong phép chia S(f;, f;) nao do cho fi,-- -, f;. Thay hé sinh
fis f2, -+, fr cua I bi hé sinh moi fu, fo, -+, ft, fre1-

Buéce 2: Dat Go = { f1,- -+, f+, fra1}. Quay lai Budc 1 doi voi hé sinh G.
Cit tiép tuc qud trinh. Dén khi qud trinh két thiic, hé sinh cudi ciung thu
duoc la mot co so Groener cua 1.

Chitng minh. Né&u qua trinh két thic sau mot s6 hitu han budc thi theo tiéu
chuén Buchberger, hé sinh cu6i cling thu dugc 1a mot co s Groener cua
I. Nhu vay, ching ta chi can chi ra qua trinh trén phai két thic sau mot
s6 hitu han budc. Gia sir qud trinh trén khong thé két thic sau mot s6 hitu
han budc. Véi hé sinh (7 ctua [ ta thu dugc idéan don thic tuong Ung
I, = (in(f1),--- ,in(f;))R. V6i hé sinh G, cua I, ta cé idéan don thic
Iy = (in(f1),- -+ ,in(ft),in(fr+1))R. CG ti€p tuc nhu vay, ta thu dugc mot
day nhiing idéan don thic [, I5,--- . R rang I; C 5. Vi in(f;;1) khong
la boi cia bat ct in(f;),s = 1,--- ¢, nén in(fiy1) ¢ [;. Do d6 I # Is.

Ct lap luan tuong tu, ta c6 day vo han nhitng idéan tang thuc su
LcLc---Ccl,C---

Goi J la hop cta tat ca [;, i« = 1,2,--- . Dé kiém tra dugc J la idéan
ctia R. Vi vay, theo dinh 1y co s& Hilbert, ton tai mot hé hitu han da thiic
hi,--- , hy sinh ra J. Moi da thic hj,j = 1,--- .k, phai nam trong mot
idéan nao do trong day trén. Vi thé ta chon dugc mot chi s6 s dé I, chia
titca hj,j = 1,..,k. Do d6 ta c6

J=I,=1,1=1.9="--.

bicu nay la vo ly. O
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2.5.6 Vi du. Trén vanh da thic cua hai bién z, y trén truong thuc, cho I =
(f1, f2), rong d6 f1 = 2% — 2zy va fo = 2%y — 2y? + x. Xét tha tu tr dién
phan bac z > y. Tacé S(fi1, f2) = —2?. Do d6 du ctia phép chia S(f1, fo)
cho fi, fo1a f3 = —a® # 0. Xét hé sinh ti€p theo fi, f, f3 clia I. Ta ¢
S(f1, f2) = f3. Do d6 du clia phép chia S(f1, f2) cho f1, fo, f312 0. Ta co
S(f1, f3) = fi — (=) f3 — 2xy. Do d6 du twong tng 1a f; = —2xy # 0.
Xét he sinh fi, fa, f3, f1. Tac6 S(f1, fo) = f3, S(f1, f3) = f1. Vi thé du
khi chia S(f1, f2) va S(f1, f3) cho fi, fo, f3, fad€ula 0. Tacd S(f1, fs) =
yfi1 — (—1/2)z%f;. Do dé du ctia phép chia S(fi, f4) cho fi, fo, f3, f2 12 0.
Tac6 S(fs, f3) = fo—(—y) f3. Do d6 du tuong ting v6i S( fo, f3) 12 0. Chia
S(fa, f1) cho hé& fi, fa, f3, f4 ta dugc du 1a f5 = —2y> + x. Xét hé sinh
méi fi1, f2, f3, f1, f5. Ta dé ki€ém tra dugc cdc du clia phép chia S(f;, f;)
cho fi1, fo, f3, fa, s 1a 0 v6éimoi ¢, 7 = 1,2,3,4,5. Vay fi1, fo, f3, f1, f5 1a

co s& Groebner cua .
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