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MG dau

Bat dang thtc la mot van dé kha co dién ctia toan hoc so cap va dang
ngay cang phat trién, day ciing 13 mot trong nhitng phan toan hoc s cap
dep va thi vi nhat, vi thé luén cudn hit rat nhidu ngusi quan tam. Bat dang
thic luon gitt vi tri quan trong trong cac ki thi hoc sinh gioi, thi dai hoc,
Olympic quéc gia va qudc té. Diém dic biét va an tugng nhat cia bat dang
thiic trong toan hoc so cap do 1a c6 rat nhiéu bai toan kho, tham chi 1a rat
kho nhung luon c6 thé gidi duge bing nhing kién thic co sé, chi yéu s
dung cac phép bién déi, danh gia so cap dé thu dudce két qua.

Ngay nay, c6 rat nhiéu cac phuong phap chitng minh bat ding thiic thong
dung nhu: phuong phép st dung cac bat ding thitc c6 dién, phuong phap
tam thitc bac hai, phuong phap dung dao ham, phuong phap phéan tich binh
phuong S.0.S., phuong phap véc to, phuong phap toa do,...Trong nhing
nam gan day, GS.TSKH. Nguyén Van Mau [I] d&a gidi thieu phuong phap
tam thiic bac hai dinh huéng. Day la co sé dé c6 phuong phap giam bién.
Phuong phap giam bién c6 thé phat biéu bang 15i nhu sau: Phuong phap
nay dua vao lat cit va phép bién déi dong dang dé giam sé bién. Thong
thuong, phuong phap nay hieu qua trong truong hop ba bién chuyén vé biéu
thic dang hai bién. Cling trong khodng thoi gian nay, TS. Tran Nam Diing
va Gabriel Dospinescu [3] d& gi6i thiéu va trinh bay phuong phap don bién
(Mixing variables). Day la phuong phap rat quan trong va hiéu qua trong
viéc chitng minh cac bat ding thic phitc tap. Phuong phap don bién c6
thé phat bieu mot cach don gian nhu sau: Dé ching minh bat ding thiic
f(x1,29,...,2,) > 0 chiing ta di chiing minh bat dang thiic

flxy,zo, .. 2p) > f<

xr1+ 29 11+ 19
9 ’ 9 y L3y .oy Ty | -
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Sau dé chiing ta di chitng minh bat dang thiic

T1+ T2 X1+ X2
i

9 ) 9 Jx37"'7xn)20~

Bat dang thtc sau chi con n — 1 bién va don gidn hon bat dang thic ban
dau (c6 n bién).

Muc dich ctia luan vin nay la trinh bay lai mot cach téng quan, c6 he
thong céac kién thiic co sé vé mot s6 bat dang thiic co ban lien quan dén gia
tri trung binh, bat dang thitc Cauchy lién quan dén tam thitc bac hai va xét
dén phuong phap gidm bién, bat ding thic Karamata, do gan déu ctia bo sb
va xét dinh 1y don bién tong quat nhu 1a hé qua ctia ching. Tiép theo xét
mot s6 ting dung ctia phuong phap don bién trong céc bai toan ching minh

bat dang thitc thuong gip trong cac ki thi hoc sinh giéi va ki thi Olympic.
Luan van gom phan md dau, két luan, tai lieu tham khao va 3 chuong.

Chuong 1, trinh bay mot s6 bat dang thiic co ban lien quan dén gia tri trung
binh v& bat dang thitc Cauchy lién quan dén tam thitc bac hai. Céc kién
thiic nay 1a co sé dé trinh bay céc noi dung quan trong & cudi chuong 1
va trong chuong 2.

Chuong 2, trinh bay vé do gan déu, mot s6 khai niém va tinh chat quan
trong ctia ham 101, 1om, tit d6 di dén trinh bay phuong phap don bién
tong quat. Phuong phap don bién vé co ban la cach thitc lam gidm bién
trong bat déng thic dai sb.

Chuong 3, trinh bay mot s6 ap dung ctia phuong phap don bién va giam bién
giai cac bai toan bat dang thic 3 bién, 4 bién.

Qua day, ching toi xin duge gii 161 cdm on sau sac dén thay gido, ngudi
huéng dan khoa hoc ctia chung to6i, GS.TSKH. Nguyén Van Mau, ngusi da
dua ra dé tai va tan tinh huéng dan trong suét qua trinh nghién ctu cla
ching toi. Dong thoi ching to6i cling chan thanh cdm on cac thay co trong
khoa Toan - Tin hoc truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén, da

tao moi dicu kién veé tai lieu va tha tuc hanh chinh dé ching toi hoan thanh
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luan van nay. Chung toi ciing giii 101 cdm on dén ban be, dic biét 14 cac ban
hoc vién trong 16p Cao hoc Toan K4, da dong vién gitip dd chung t6i trong
qua trinh hoc tap va lam luan van.

Do thoi gian han hep va khéi lugng kién thic 16n, chiac chan luan vin
khong thé tranh khéi nhitng thiéu s6t. Ching toi rat mong dude su chi bao
tan tinh cta cac thay co va ban be dong nghiép. Chung toi xin chan thanh

cam on.

Thai Nguyén, nam 2012

Hoc vién

Dinh Ngoc Quang
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Chuong 1

Mot sé6 dang bat dang thitc co dien
va phuong phap giam bién

Trong chuong nay ching toi trinh bay mot s6 bat dang thic co ban lien
quan dén gia tri trung binh va bat dang thitc Cauchy lién quan dén tam thiic
bac hai dé phuc vu cho viéc trinh bay céc noi dung chinh ciia luan van trong
cic phan sau.

Cac van dé dudc trinh bay trong chuong nay duge tham khéo va trich dan

chil yéu tai mot so6 tai lieu [1], [3].

1.1 Cac bat dang thic hai bién lién quan dén gia tri
trung binh

Xuat phat tit bat dang thic co ban 22 > 0, V. Khi d6
(z—9)2>0e 2?2 +9° 4+ 2zy > 4oy < (x +y)? > day, Va,y.

Suy ra
r+y

5 > Jxy, Vz,y > 0. (1.1)
Bat dang thic (1.1) 1a mot bat dang thic quen thude & chuong trinh toén
pho thong. Ta goi 1a bat ding thiic gitta trung binh cong va trung binh nhan
(goi ngan gon la bat dang thiic AM—G v6i 2 bién x, v.

! Arithmetic Mean - Trung binh cong, Geometric Mean - Trung binh nhan.
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Dinh 1y 1.1 (Bat dang thitc AM-GM véi 2 bién). V6i x1, x5 khong am, ta
co n
r1+x
VaiT, < = 5 2. (1.2)
Dau déng thic xay ra khi va chi khi z; = 2.
Chitng minh. Véi 11, 2o khong am, binh phuong 2 vé bat dang thiic (1.2)
dugce

4129 < (21 + 29)* & dwyw < 23 + 25 4+ 22129 & 0 < (27 — 29)°
diang v6i moi x1, xo.

Tt bat dang thitc (1.1)) ta thuc hien mot vai bién doi

Y < /7y

r+y

:c+y(:) 2z

VZY < 5

2
ﬁﬁgwx , Vaz,yz() (13)
— + —
roy
Bat dang thite (1.3)) 1& mot Hé qua tryc tiép ctia bat dang thic AM-GM
véi 2 bién, va dugc goi la bat dang thic giita trung binh nhan va trung binh

diéu hoa (goi ngan gon 1a bat dang thitc GM—H v6i 2 bién x, y khong am.

Heé qua 1.1 (Bit dang thiic GM-HM v6i 2 bién). Cho x1, 23 1a cac s6 thue
khong am, ta co
2
1 1

S T1X9. (14)

X1 x2

Dau déng thic xay ra khi va chi khi z; = 2.
1 1

Chitng minh. St dung bat dang thite (1.2)) déi véi z := —,y := —, ta c6
x Y
1,1
11 3%y
ry 27

2Harmonic - Trung binh diéu hoa.
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hay
2

+

< \/xy.

8 [=
S

Ta dugc diéu can chitng minh.
Tt bat dang thitc (1.1), binh phuong 2 vé ta dugc

(z +y)°

:cy§4,

hay

2 .2 .9 2 2 2 2 2
2xy§x2—l—y2<:)(x+y) e —y Sx +y @(:Uer) Sa: +y’

2 2 4 2
lay can bac hai 2 vé ta dugc

2
T 1 < xy, Vx,y>0. (1.5)
— _|_ —
r oy
Bat dang thitc (1.3) 13 mot He qua clia bat dang thitc AM-GM v6i 2 bién,
va duge goi 1a bat dang thiic gitta trung cong va trung binh bac hai (goi ngin
gon la bat ding thic AM—Q v6i 2 bién x,y khong am.

Hé qua 1.2 (Bat dang thiic AM-QM véi 2 bién). Cho z,y 1a cac sb thuec
khong am, ta co

(1.6)

Dau déng thic xay ra khi va chi khi z = v.
Chitng minh. V6i z,y khong am, binh phuong 2 vé bat dang thic ((1.6)
ta dudce

2 2 2 2 2
(xzy) Sw;ry eo<? Qiery

diang v6i moi x, y.

& 0< (z—y)?

3Quadratic mean - Trung binh bac hai (toan phuong).
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T nhitng chiing minh trén ching ta rit ra duge chudi bat dang thic véi
2 bién x,y khong am nhu sau

22 402
m1n{:z;y}< T < VY <ﬂ< Tty
2
L.
roy

< max{z,y}. (1.7)

1.2 Cac bat dang thic n bién lién quan dén gia tri
trung binh

Dinh 1y 1.2 (Bat dang thiic AM-GM (Theo [3])). Cho x1, 3, ..., x, 1A cic
s6 thue khong am, n > 1, khi d6

1. 1y <

Dau déng thic xay ra khi va chi khi 1 = 29 = - -+ = x,,.

£U1+SU2—|—"'+SUn

. (1.8)

Ching minh. (Phuong phap ching minh quy nap Cauchy)

V6i n = 1, bat dang thiic hién nhién ding.

Véin = 2, ta dude bat ddng thic da chitng minh la dang 6 Dinh 1y [1.1]
e Gia thiét quy nap: Gia st bat déng thiic dung vé6i n s6 thuc khong
am Ti,To,...,Tn,n > 1.

e Cho 2n s6 thyc khong am 1, Ta, . .., Tn, Tpit, - - . » Ton, ta xét

Tyt T+ + X 1 <x1+x2+---+xn+xn+1+xn+2+---+x2n)
2n 2

n n

S {1/1‘1332 e Ty T+ (l/xn+1$n+2 ... Top,
- 2

(SIS

> ({L/Lleg X Ty 1 T2 - 56‘2n) )

hay
T+ To A4+ Tog

> /L5 . Ton. 1.9
on = L1T2 Lon ( )

Tit truong hop n = 1, n = 2 va (1.9) suy ra (1.8) ding véi n = 2F, Vk > 1.
Day chinh la quy nap theo huéng 1én trén.

4Pay 1a kidu quy nap theo cip huéng (Ien-xudng) do Cauchy dé xuat nam 1821 (Cauchy A.L., cours
d’Analyse de I'Ecole Royale Polytechnique, I"¢ partie, Analyse alge’brique, Paris, Debure, 1821) dé chiing
minh Dinh Iy AM-GM [3].
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e (Quy nap huéng xudng dudi) Gia sit bat dang thiic (1.8) diing véi n s6 thuc
khong am. Ta ching minh né dang véi n — 1 s6 khong am x1, xa, . . ., Tp_1.
Xét

Ty +x9+ -+ 2y,

9

n
. £ . L1+ To A+ X
thay bien x, bdi ! 2 1 "L ta dugce
n_

T1+To+ 4Ty
T1+ T+ T+ T

n—1

1
x1+x2+...+xn_1 n
n Y

2 [xlxg R e |

hay

1
$1+$2+"'+$n_1> o . X1+ To+ -+ Tp1\|"
n_l el 142 ... dn—1 n_l .

Nang liiy thita bac n cad 2 vé ta dudgc

Ty +To+ -+ Tp1 n>xx . Ty +To+ -+ Tpy
ST = T1T2 - Tn—1 — :

Suy ra

1+ xo+ -+ Tpo1
n—1

n—1
) Z 129 ...Tp-1-
Lay can bac n — 1 ca 2 vé ta dudgc
T1+To+ -+ Tpo1
n—1

> "_\1/£E1$'2 e Ty 1-

Ta dudc dieu can chitng minh.
Hé qua tryc tiép clia bat dang thitic AM-GM la bat dang thitc GM-HM.

Hé qua 1.3 (Bat dang thitic GM-HM). Cho zy,xs,..., 7, la cac so thiec
khong am, n > 1, khi do
n

1 1 1 < /x1x9...7,. (1.10)
N _|_ - _|_ . e _|_ -
I I9 Tp,

Dau déng thiic xay ra khi va chi khi 21 = 29 = - -+ = x,,.

L s . ) 1
Ching minh. Su dung bat dang thiic AM-GM ddi v6i bo s6 zy, := —, (k =
T,

1,2,...,n), ta c6 ngay bat dang thitc GM-HM.
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Hé qua ctia bat dang thic AM-GM la bat dang thitc AM-QM. Tuong
tu nhu chitng minh bat dang thitc AM-GM, bing phuong phap chiing minh
quay nap Cauchy ta cé thé ching minh bat déng thic AM-QM.

Hé qua 1.4 (Bat déng thc AM-QM). Cho z1,x9,...,x, la cac s6 thuc
khong am, n > 1, khi do

<

T+ 29 + -+ 1y, (/:U%er%%—--drx%' (1.11)

n n

Dau dang thic xay ra khi va chi khi 2y = 29 = -+ = z,,.

Tit nhitng bat dang thic (1.8), (1.10), (1.11]) va tit chudi bat dang thiic
(1.7)), chting ta tiép tuc rit ra dugce chudi bat dang thiic v6i n bién z1, 2, . . ., 7y,

khong am nhu sau

min{xy, xo,...,x,} <

~ < max{xy,Ta, ..., T}

(1.12)

T+ 29+ -+ 1y Y/x%+x%+---+x2

1.3 Phuong phap giam bién trong bat dang thic dai
s6

O day, ching toi trinh bay mot phuong phap lam gidm bién trong bat
déng thic dai s6. Phuong phép nay dua vao lat cit va phép bién doi dong
dang dé giam s6 bién. Thong thuong, phuong phap nay hiéu qua trong trusng
hop ba bién chuyén vé bic¢u thic dang hai bién.

Trong muc nay chung to6i sé trich dan mot s6 kién thitc vé tam thic bac
hai v cac dinh 1y vé dau ctia tam thitc bac hai, tit d6 trinh bay vé phuong
phap gidm bién trong bat dang thic dai sb.

Cac van dé trinh bay trong muc nady dugc ching toi tham khao va trich
dan chu yéu tu tai lieu [1].
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1.3.1 Tam thic bac hai
Chiing ta vAn xuat phat tit bat ding thic co ban
2> 0, Vo € R. (1.13)
Dau déng thiic xay ra khi va chi khi
x = 0.
Gan véi bat ding thiic la bat dang thic dang sau:
(x1 — x2)2 >0, Vay, 19 € R,

hay
:L'f + :1:% > 21Ty, V1,29 € R,

Dau déng thiic xay ra khi va chi khi 2; = .
Xét tam thic bac hai

f(x) =az® +b" +c,a # 0.

af(z) = (ax-i—g)? - %,

Khi do

voi A = b — 4ac.
T day, ching toi trich dan mot s6 két qua sau.
Dinh 1y 1.3 (Theo [1]). Xét tam thtic bac hai f(z) = ax®* +bxr +c¢, a # 0.
i) Neu A <0thiaf(z) >0, Vr € R.

ii) Néu A = 0 thi af(xz) > 0, Vz € R. Dau dang thiic xay ra khi va chi

b
khi z = ——.
17 2

iii) Néu A > 0 thi af(z) = a*(z — x1)(x — 29) V6i

b VA
= ——F —. 1.14
1.2 2a T 2|al ( )

Trong truong hop nay, af(x) < 0 khi x € (x1,22) va af(z) > 0 khi

r < x1 hoac x > xs.
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Dinh 1y 1.4 (Dinh 1§ ddo (Theo [I])). Diéu kién can va du dé ton tai s6
sao cho af(a) <01a A > 0vax; < a < x9, trong do x12 la cac nghiém cua
f(x) x4c dinh theo ([1.14).

Dinh 1y 1.5 (Theo [1]). V6i moi tam thitc bac hai f(x) ¢6 nghiém thuc déu
ton tai mot nguyeén ham F(z) 1a da thiic bac ba, ¢6 ba nghiém déu thuec.

Dinh 1y 1.6 (Theo [1]). Tam thtic bac hai f(z) = 322 + 2bx + ¢ c6 nghiém
(thuc) khi va chi khi hé s6 b, ¢ ¢6 dang:

b=a+ [+,

c=af+ By + ya, (1.15)

trong do6 «, 5,7 € R.

1.3.2 Phuong phap tam thiic bac hai dinh huéng

Xét da thitc thuan nhat bac hai hai bién (xem nhu tam thtic bac hai doi

)
F(z,y) = ax® + bry + cy?, a # 0, (1.16)
A = (b* — 4ac)y’.
Khi d6, néu A <0 thi
aF(x,y) >0, Vr,y € R.
Vay khi b < 4ac va a < 0 thi hién nhién
azx® + cy* > |bxy|, Yo,y € R.
Truong hop riéng khi a = ¢ = 1,0 = 42 ta nhan lai duge két qua
2® +y* > 2wy,

hay

u—zkv > Vuv,u,v > 0.

Phuong phap "tam thitc bac hai dinh huéng" 1a phuong phap tim gia tri
16n nhat (nhé nhat) clia biéu thitc dang toan phuong khi da tudng minh mot
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gia tri ctia n6. Khi d6 dé tim gia tri 16n nhat (nhé nhat) ctia bicu thic da
cho, ta chi can quan tam dén cic gia tri 16n hon (nhé thua) ciia biéu thiic
ma thoi.

Dé ap dung vao cac bai toan cuc tri cia mot s6 dang toan bac hai, ta st
dung tinh chat ctia dang phan thiic bac hai
wmrtt b+
Cagx? + box + ¢’

Y
v6i dieu kién
ag > 0, fo(x) = agx® + by 4+ ¢y > 0, Vo € R.

Nhan xét 1.1. e 0 phuong phap da néu 6 trén, da thic thuan nhat bac
hai hai bién ducc xem nhu tam thitc bac hai déi véi . Khi do,
tr bai toan hai bién x,y, bién y dudc coi nhu tham bién cho trude, thi
ta chi phai lam viéc véi bién . Vay muc tiéu chinh ctia phuong phap
nay 1 lam gidm s6 bién dé dua bai toan vé dang tam thitc bac hai, va

c6 thé gidi quyét dudce véi cac kién thic vé dau ciia tam thic bac hai.

e Dic trung cia phuong phap nay 1a gidi quyét cac bai toan tim cuc tri
va gan lién véi cac kién thitc vé dau ctia tam thitc bac hai.

Ta c6 thé trinh bay tuong minh phuong phép nay thong qua bai toan sau

1.3.3 Giam bién trong bat dang thiic dai s

Bai toan 1.1 (Theo [1]). Tim gi4 tri 16n nhat va gia tri nhé nhat ciia ham

A

SO 9
a1x” + bix + ¢

212 + box + ¢y

y _—
v6i dieu kién
ag > 0, fo(x) = agx® + by + ¢y > 0, Vo € R.

. c a
Gidi. Nhan xét ring khi z = 0 thi y(0) = — va khi  — oo thi y — —.
Co a2

£ . . C a
Tiep theo, ta xét cac giéd tri y # L Yy # -1
€2 az
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? C a . 2
Gia st y la mot gia tri ctia bieu thic, y # L y # —L Khi d6 phuong
(&) a9

trinh tuong ting
a1 z? + bix + ¢

4922 + byt & Cy Y
phai c6 nghiém, hay phuong trinh
(agy — a1)z® + (byy — b1)x + (coy — ¢1) = 0 (1.17)

phai c6 nghiém.
Do ([1.17) 1a phuong trinh bac hai nén diéu nay tuong duong vdéi

A = (byy — by)* — 4(asy — a1)(c2y — ¢1) > 0,
hay
g(y) = (bg — 4@202)y2 + Q(blbg + 2a9c; + 2&162)y + b% — 4aqcq

phai c¢6 nghiem. Vi g(y) c6 b3 — 4ascy < 0 nén theo Dinh Iy ddo clia tam
thitc bac hai [1.4, thi

A/ = (ble + 2@102 + a201)2 — (4@101 — b%)(4a202 - b%) > 0 (1.18)

y1§y§y27

bibs + 2ascy + 2a109 £ VA
Y12 =

Y

b% — 4@202
va A" duge tinh theo cong thite ((1.18)).
Suy ra maxy = y, va miny = y;, dat duge khi ting v6i méi j(j = 1, 2),
xay ra dong thoi
A = (byy; — b1)* — 4(aay; — a1)(cay; — 1) =0,

bay; — b

= 22y, —ar

Sau day, ching toi trich dan vi du minh hoa sau.
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Vi du 1.1 (Theo [1]). Cho z,y la cac s6 thyc sao cho
22% + % + xy > 1.
Tim gia tri nhé nhat ctia bicu thic
M = z* 4+ >
Gidi. Dat 222 + 9% + 2y = a,a > 1. Khi d6
M %+ y?

a 222+ 2 +ay

. M 1
e Neuy =0thi — = —.
a x2
e Néu y # 0, dat t = —, suy ra

Yy
M 41

a 22+t+1
M

Ta chi can xac dinh cac gia tri — < 5> 840 cho phuong trinh
a

M t2+1

a :2t2+t+1

c6 nghiém.
Nghia la phuong trinh

M , M. M
2— — 1|+ —t+——1=0
a a a

c6 nghiem. Thé thi biet thitc A phai khong am. Ta c6
M\? M M
a a a
M\? M
—7(—) +12 <—)—420.
a a
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Giai bat phuong trinh bac hai nay ta duge

6_2‘/§§M§6+2\/§_

7 a 7
Suy ra
6—2v2 _ 6—2V2
MZ \/_CLZ \/_:MO
7 7
6 — 2v/2
Vay min M — #f dat duge khi va chi khi
M x = My
L= MY 2(1 — 2M,
{2x2+y2+my:1 < y == V2 0)
V2 = TMy + 7TM?
— M,
5 M) = —
VO = o0, — 1)

Nhan xét 1.2. Bai toan minh hoa phuong phép giam bién trong bat dang
thic dai s6 va ca vi du minh hoa déu & dang 2 bién. Tuy nhién, ta van c6
thé dimng phuong phép nay cho bat ding thiic nhiéu bién hon, gia st 3 bién.
Chung toi sé trinh bay bai toan 3 bién ap dung phuong phap gidm bién nay

nhu bai toan sau.

Bai toan 1.2. Cho
r? 4+ 2y° + 522 = 1. (1.19)

Chiing minh
1
M =z2y+yz+zx < >

Chitng minh. e Xét z = 0thi (1.19) & 22 +2¢y°> =1 va M = ay.
Theo AM-GM ta c6

1= 2"+ 2 > 2v2[ay],

hay
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Dau déng thiic xay ra khi va chi khi

1
T =—=
V2
1
y=735
: 1
Khi do, ta ¢6 duce M = ——.
2v/2 )
e Xét z # 0, ta chi can quan tam dén cac gia tri M > m (vi ta dang can
1
chiing minh M < 5)
Pat & = o, 2 = 3. Khi do
z z
[[19) < (a® +28* +5)z* =1 (1.20)
a—+ 0+ ab 1

M =2(af+B+a)= M > ——.
laf+h+a)= G om s 22

o Mao?— (B+1)a+ M(268*+5)—B=0, (coialain) (1.21)

phai c6 nghiém. Suy ra
A= (B+1)*—4M@2MpB* —B+5M) >0

& (1 —-8M*)B* +2(2M + 1)+ 1 —20M* > 0. (1.22)

Do doé
A= (2M +1)* — (1 —8M?)(1 —20M?%) >0

&AM + 32M?% — 160M* > 0

& 4M (14 8M —40M?) >0

1 1
s —— <M< =,
22 — 2

Bai toan dugc chiing minh.

Bai toan c¢6 thé trinh bay yéu cau ciia bai toan theo cach khac.
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Bai toan 1.3. Cho
2?4+ 27 + 527 = 1. (1.23)

Tim gia tri 16n nhat cia
M =zy +yz + zz.

Gidi. Giai tuong ty 101 gidi clia Bai toan[1.2] Cubi ciing, khi ta da tim ra M

) 1 . . 1
dat gia tri I6n nhat la M = 57 thi ta tinh 3, a, z, x,y bang cach the M = 5
lan luot nhu sau.

Thé M vao (1.22)) ta tinh ra .
Thé M, 5 vao (1.21)) ta tinh ra a.

Thé M, 3, vao (1.20)) ta tinh ra z.
Twu do, suy ra z, y.
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Chuong 2

Po6 gan déu va phuong phap don bién

Trong chuong nay, ching toi trinh bay vé do gan déu, ham 15i va biéu dién
ctia ham 161, tit d6 trinh bay phuong phap don bién dang tong quét.

Céac van de trinh bay trong chuong nay dudce ching toi tham khao va trich
dan chi yéu tit mot so6 tai lieu [1], [3], [8], [4].

2.1 Do gan deéu

Xuat phat ti viec nhan thiy cic gia tri trung binh déu bang nhau khi va
chi khi cac s6 hang trong day s6 thuc khong am bang nhau hay cac cap so
trong day s6 thyc khong am bang nhau. Diéu nay lam ching toi nghi t6i viec
tim hiéu vé cap gia tri gan bang nhau trong day s6 va su sap xép thi tu cia
cac cap gia tri.

Tit bat dang thiic (1.2)

x% + :c% > 21129, Vi, 29 € R.

Ta suy ra v6i moi cap so6 khong am x, y v6i tong bang 1 cho trude thi tich zy
dat gia tri 16n nhat bing 1 khix =y = 5 Tuy nhién khi x, y bién doi trong
moOt mién va trong mien dé va x khac y thi ching chi dat duge vi thé 6 vi tri
x va y gan nhau nhat. Tit day ta phat bicu khai niem do gan déu nhu sau.

Dinh nghia 2.1 (Theo [I]). Xét cic cip s6 khong am x,y. Ta goi hiéu

p(x,y) == max{z,y} — min{z, y}
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1a do lech clia ciip s6 x, y hay 1a do gan déu cla cap so z, .
Néu p(z,y) = 0 thi z = y, ta goi =,y la cap deu.
Néu x # y thi p(x,y) > 0, ta goi do gan déu cta x,y bang p(x,y).

Dé phan chia cac trudng hop ré rang hon, ching ta phéat biéu Dinh nghia
cho cac truong hop riéng nhu sau.

Nhan xét rang, doi véi cac cip s6 duong co6 chung tong thi ta c6 the phat
biéu thtt tu cac cap do rang tich xy dat gia tri 16n nhat trong truong hop
cap s6 do 1a deu, tic la x = y.

Dinh nghia 2.2. i) Xét cac cap s6 khong am z,y véi tong khong ddi
(dé don gian, ta chon x +y = 1). Ta goi hiéu

p(z,y) == max{z,y} — min{z, y}
13 do lech ciia cip s6 x,y hay 1a do gan déu cua cip s6 x, .

ii) Céap x1, 4 duge goi 1a gan déu hon (do lech nho hon) cip xo, yo (hay
cap T9,ys dudc goi 1a xa déu hon cip x1,y1) néu

p(z1,91) < p(z2,y2).

Nhu vay theo Dinh nghia thi cdp z,y luon c¢6 do lech p(x,y) > 0 va
do lech bang 0 khi va chi khi x = v, khi d6 cap x,y 1a cip gan déu nhat va
cac cap 0,1 va 1,0 sé 1a nhitng cap xa déu nhat.

Nhan xét rang, déi véi cac cip sd duong c6 chung tich thi ta co thé phat
biéu thit tu cac cap do rang tong x +y dat gia tri nhé nhat trong truong hop
cap s6 do 1a deu, tic la x = y.

Dinh nghia 2.3. i) Xét cac cap so khong am x, y véi tich khong doi (dé
don gian, ta chon zy = a > 0). Ta goi hiéu

p(x,y) := max{zr,y} — min{z, y}

13 do lech ciia cip sb6 x,y hay 1a do gan déu cua cip s6 x, .
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ii) Céap x1, 1y dugce goi 1a gan déu hon (do lech nho hon) cap x9, y2 (hay
cap o, y2 duge goi 1a xa déu hon cap x1,y1) néu

P(ﬂfly yl) S p(ZUQ, y?)

Nhu vay theo Dinh nghia thi cap x,y luon c6 do lech p(x,y) > 0 va
do lech bang 0 khi va chi khi x = v, khi d6 cap x,vy 1& cip gan déu nhat va
cac cap 0,1 va 1,0 sé 1a nhitng cap xa déu nhat.

Thit tu sap dudc ngon ngit "gan déu dan" cho ta mot cach tiép can tu
nhién véi nhiéu bai toan clia thyc tién. Sau day, ching toi trinh bay mot bai
toan lam vi du.

Bai toan 2.1. Khi ta c6 mot cip sé x,y duong c6 tong bang 7. Ta c6 mot
loat cac bo so: (1,6),(2,5),(3,4) co tong bang 7. Tat cd c¢6 chung mot dac

tring 2
(v.y) < (g) .

Néu xem xét k¥ ta thay cac tich
1.6 < 2.5 < 34.

Vay cip s6 c¢6 tong khong doéi thi khi z va y cang gan déu nhau thi tich cang
l6n. Lac nay ta duge thit tir sap chit ctia bo s6 do.
Nhan xét 2.1. Khi ta c6 mot ciip sé tu nhién z,y c6 tong 1a mot s6 1é thi
cap s6 do sé khong bao gio 1a cip s6 nguyén bang nhau duge. Khi d6, khai
ni¢m gan déu nhat (ma khong phai 1a déu) sé c6 ¥ nghia thyc tién. Tu day
tién gan dén truong hop deéu.

Tu cac Dinh nghia , , , ta suy ra duge them mot s6 tinh chat ve
do gan déu clia cac cap so6 khong am.

V6i quy uée cua Dinh nghia , ta c6 thé sdp thit tu cac tich zy véi tong
x +y = 1 khong doi theo ngén ngit "gan déu" nhu sau.
Dinh 1y 2.1 (Theo [I]). Xét céc cdp sO khong am x;,y,, véi j = 1,2 véi
tong khong doi (dé don gian ta chon z; + y; = 1). Khi d6

T1Y1 = Ty
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khi va chi khi cap @1,y gan déu hon cap x9, 1.
Chitng minh. Xét cac cap sd khong am x,y véi tong bing 1 khong doi.
Khong méat tinh tong quat, coi 0 < z < y. V6i mdi € > 0 di nho, dé dam

b4o x +€ < y-+¢€ (chi can chon € € [0, %] ). Dé thay rang cip x+¢€,y —¢
gan déu hon cap x,y da cho. Ta chi can ching minh réng
oy < (w4 Oy — o) 2.)

la du.

Diéu nay 12 hién nhien vi (2.1)) tuong duong v6i bat dang thiic e(y—z—e) >

V6i quy uée cua Dinh nghia , ta co thé sip thit tu céc tong = + y véi
tich xy khong ddi theo ngon ngit "gan déu" nhu sau.

Dinh 1y 2.2 (Theo [1]). Xét cac cdp s6 khong am z;, y;, véi j = 1,2 véi tich
khong doi (dé don gian ta chon z;y; = 1). Khi d6

1+ < T2+ Y2

khi va chi khi cap @1,y gan déu hon cap xa, 1.
Chitng minh. Xét cac cap sd duong z,y véi tich bang 1 khong doi. Khong
méat tinh tong quét, coi 0 < z < y. V6i mdi € > 1, dé ddm bdo ez < (¢) 1y

(chi can chon € € <1, Q))
x
Dé thay ring cap ze, y(€)~! gan déu hon cap z,y da cho. Ta chi can ching
minh rang
x4y > zetyle)! (2.2)
la du.

Diéu nay 1a hién nhién vi (2.2)) tuong duong vé6i bat dang thiic
ex < .
Sau day chung toi trich dan thém mot bai toan lam vi du vé hai cap s6

duge sap thu tu.
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Bai toan 2.2. Xét hai cap s6 (2,2 — 2) va (y,2 — y) vdi

1<x<y<2
hoac
0<y<z<Ll
Khi do, theo Dinh nghia, , rd rang cip sO (2,2 — z) gan déu hon so véi cdp

T d6 ching ta c6 mot Dinh 1y déng vai tro quan trong ddi véi hai cip
s6 sap duoc thi tu.

Dinh 1y 2.3 (H. W. Melaughlin, F. T. Metcalf (Theo [1])). V6i moi cap day
s6 duong a = (ay, a9, ...,a,) sao cho 0 <y < z < 1va b= (by,by,...,b,)
sao cho 1 < z <y < 2 ho#c ta déu co6

2— 2— 212—2 —Z12
(Z ayb, y) (Z a,, yb%) > (Z a;ib; ) (Z a; bk> :
k=1 k=1 k=1 k=1
Day chinh 1& mot dang noi suy bat ding thitc Cauchy trong [0, 1].
2.2 Ham 156i va biéu dién ctia ham 16i
2.2.1 Ham 16i, 16m
Dinh nghia 2.4 (Ham 16i). Mot ham s6 f : [a,b] — R dugc goi 1a 161 néu

Tt dinh nghia ta rat ra dude mot s6 nhan xét quan trong nhu sau.

Nhan xét 2.2. 1. Khi 21 < xo thi = ta; + (1 — t)xe v6i moi ¢ € [0, 1].
Déu thuoce (z1, x2) va

2. Néu f kha vi hai lan thi ham f 161 khi va chi khi f”(z) > 0, Va € [a,b)].

3. Néu f 16i thi f lien tuc. Ngugc lai, néu f lién tuc thi tinh 16i cta f 14

tuong duong véi f (%w) < M
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Tinh 16i (Theo [8]) Mot ham s6 f () 14 16m lén (xudéng) trén doan [a, b] C R
néu f(x) ndm dudi (trén) duong thang néi cac diem (aq, f(ay)) va (by, f(b1)),

a<ar <x<b <b.

Ham s6 16m lén va xudng dugde goi tuong tng 13 ham 16i v ham 1om.
Néu f 1a ham 16i trén doan [a,b] va Ai, Ao, ... A, 1& nhitng s6 khong am
c6 tong bang 1, thi

>\1f($1) + >\2f(£6‘2) + -+ )\nf(xn) Z f()\ll'l + )\ng + -+ )\n.’L‘n), (23)

v6i bat ky 1, x, .. ., x, trong doan [a, b].

Néu ham s6 14 16m, bat dang thic sé doi chiéu.

Tuong ty, ta cling ¢6 dinh nghia ham 16i (16m) trén cac tap (a, b), [a, b), (a, b].
Ta sé st dung ky hiéu I(a,b) 1a nhim ngam dinh mot trong bén tap hop
la, bl (a,b),[a,b), (a,b].

Tiép theo, ching toi sé trich dan mot s6 tinh chat ctia ham 16i trén I (a, b).

Tinh chat sau cho phép ta dé dang kiém chitng tinh 16i (16m) ddi v6i mot

ham s6 cho truée.

Dinh 1y 2.4 (Jensen (Theo [1])). Gia st f(x) lién tuc trén [a,b]. Khi d6
diéu kién can va du dé ham s6 f(x) 16i trén I(a,b) la

; <x1 —;m) - f(xl)-;f(l’z), Ve s € I(a,b). (2.4)

Ching minh. Néu f(x) la ham 161 trén I(a,b) thi ta ¢6 ngay (2.4) bang
céch chon t = 5 ti dinh nghia ham 1oi.
Gia st ¢6 (2.4). Ta can chiing minh réng véi Vt € [0, 1] ta déu co

[tz + (L= t)ze) <tf(x1) + (1 —1)f(22).

Néu t € Q ta co the viét
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trong d6 m,n € Z,q € N va m + n = ¢. Bang phuong phap quy nap ta co

ngay

fltzy+ (1 —t)xs) = f < .

< m f(z1) ;’nf(m) = tf(z1) + (1= ) f(22).

Néu ¢ 1a s6 vo ti thi ta chon day s6 hitu ti duong u,, trong khoang (0, 1) c6

mxy + ms2>

giéi han bang ¢
lim u,, = t.
n—oo
Khi d6, hién nhién day v, := 1 — u,, cling nam trong (0,1) va
lim v, =1—¢.
n—oo
Theo chttng minh trén tng véi truong hgp ¢t hitu ti, thi
f(upz1 + vpe) < upf(x1) + vnf(22), Yn € Ny, 29 € I(a, ).
Chuyén qua gi6i han va sit dung tinh lién tuc ctia f(x), ta thu dugc
ftxy + (1 —t)xs) < tf(xy) + (1 —t)f(z2).

Dinh 1y dugc ching minh.

2.2.2 Biéu dién ham 16i, 16m

Trong phan nay, ching toi trich dan chii yéu céc két qua tir [1].
Dé don gian cach trinh bay, ta chi xét 16p cac ham 16i 16m kha vi bac hai.
Nhu vay, ham f(x) don diéu tang trong I(a,b) khi va chi khi

f'(x) =20, Va € I(a,b),
va ham f(x) 1oi trén I(a,b) khi va chi khi
f7(z) >0, Vo € I(a,b).

Tu d6, ta c6 nhan xét, khi ham f(x) 161 trén I(a,b) thi dao ham bac nhat
cua n6 la mot ham don diéu tang.

Do vay, ta c6 thé phat biéu tinh chat biéu dién ham 16i nhu sau.
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Dinh ly 2.5 (Theo [1]). Ham f(x) 16i trén I(a, b) khi va chi khi ton tai ham
g(x) don dieu tang trong I(a,b) va s6 ¢ € (a,b), sao cho

fla) = f0)+ [ gty

Cc

0 day, ching ta diic biét quan tam dén mot dang biéu dién ham 16i, ham
16m thong qua cac ham s6 bac nhat, vi 16p ham nay don gidn va dé tinh toan
trén tap gia tri ctia chung.

Dé ¥ ring, néu f(z) 1a ham 16i lien tuc trén [a, b] va v6i s6 ¢ € [0, 1] xdy
ra dang thic

tfla) + @ —=1)f(b) = f(ta+ (1 —1)b)
thi f(2) 1a ham s6 bac nhat.

Vi vay, khi ham s6 f(z) 16i va khé vi trén I(a,b) thi do thi ctia n6 luon
luon thuoc nita mit phang trén tao nén béi tiép tuyén tai méi diem tuy ¥
cho trude ctia do thi d6. N6i cach khéc, néu f(x) 16i trén I(a, b) thi v6i moi
cap xg,x € I(a,b), ta déu co6

f(x) > f(wo) + f' (o) (2 — x9). (2.5)
That vay, ta co tuong duong véi
f'(zo) < flw) — f(:vo)7 khi z > z¢; xo,x € I(a,b), (2.6)
r — Xy
f'(zo) > f(@) = f<x0), khi = < zg; o,z € I(a,b). (2.7)
T — Xy

Cac bat dang thic (2.6), 13 hién nhién (theo Dinh 1y Lagrange).
Dé nhan thiy rang x4y ra dang thiic khi x9 = x. Vay ta c6 thé viét
duédi dang
flx) = max [f(u)+ f'(u)(z —u)].

u€l(a,b)

Tuong tu, ta ciing c6 bieu dién déi véi ham 16m.
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Khi ham s6 f(x) 1om va khé vi trén I(a,b) thi do thi clia n6 thuoc nita
mit phing dudi tao béi tiép tuyén tai mdi diem tiy ¥ thudc do thi, tic 1a
voi mdi cdp xo, ¢ € I(a,b), ta déu co

f@) < flxo) + f'(2o)(z — x0). (2.8)
Dé& nhan thay ring (2.8) xdy ra dang thic khi g = z. Vay ta c6 thé viét

dudi dang
fl@) = min [f(w) + f (w)(z = w) (29)

u€l(a,b)

Vay chiung ta da c6 mot dang biéu dién ham 161 va 16m thong qua cue tri
clia cac ham s6 bac nhat phu thuoc tham bién. Phép bicu dién nay dude goi
I3 biéu dién & tuyén tinh (theo Bellman) va né déng vai trdo quan trong nhu
14 mot cong cu hitu hiéu trong nhiéu bai toan cyc tri va toi uu.

Tuong t, ta ciing ¢6 biéu dién d6i véi ham 16i nhiéu bién. Gia st F'(x1, za, ...

1a ham s6 thue 16i kha vi theo ting bién tréen R. Khi d6, ting v6i moi bo s6

(Zl, Ky vvny Zn) ma
21 2 %9 2 2 2,
ta déu co
n
oF
F(xy,x9,...,2,) > F(Zl’ZQ""’Z”)+Z(xi_zi)az_'
i=1 !
T do suy ra
n
F = F
(x1,29,...,2p) 1}1{}@3{ (21, 22, )+ Z 822

Nhin vao Dinh nghia, cac Dinh 1y vé ham 16i va biéu dién ham 1di, ta cé
thé thay muc tiéu dua ham hai hay nhiéu bién gia st nhu
f([l?l, Loy ... ,SI]n>

vé ham mot bién gia sit nhu

<$1+ZE2+"’+ZEH)
nf ,

n

hay ta goi d6 la don bién.
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2.3 Phuong phap don bién

Phuong phap don bién cé tu tudng lam gidm s6 bién trong bai toan, dua
vao phép ndn gan deu, né gitp dua bai toan vé dang don gian hon.

Tru6e khi trinh bay phuong phap don bién tong quat, ching téi trich dan
mot s6 két qua co sé.
Dinh 1y 2.6 (Diéu kien Schur (Theo [I])). Diéu kién can va di dé hai bo
day s6 don di¢u gidm {zy,yx : k= 1,2,...,n}, théa man cac dicu kien

1 2 Y1

T+ T2 2> Y1 + Y2

......... (2.10)
T1+xo+ - F T 2y Y2+ Y

Tyt T+ T T =Y1+ Y2+ "+ Yn

la gitta ching c6 mot phép bién ddi tuyén tinh dang
n
Y, = Zaijxj,i = 1,2,...,’/7,,
j=1
trong do
n n
a >0, apy =1, ay=1kl1=12._ n
j=1 j=1

Ta goi hai bo day s6 {zx,yr : K = 1,2,...,n} théa man diéu kien (2.10)

la day {x1, w9, ..., 2, } troi hon day {y1, y2, ..., yn }, hay day {y1,ys, ..., yn} gan
déu hon day {1, x9, ..., 2, }.
Dinh ly 2.7 (Karamata (Theo [1])). Cho ham y = f(z) ¢6 dao ham cap hai
tai moi x € (a,b) sao cho f'(x) >0, Vz € [a,b] va f7(z) > 0, Vx € (a,b).
Gid st @1, X9, ..., Ty VA Y1, Y2, - ., Yn 12 cdc 806 € [a, b] dong thoi thoa man
cac dieu kién

xl2x22"'2xnvay12y22"'>yn

1 2 Y1

T+ T2 2> Y1 + Y2

Tr+xot - F T 2y Y2+ Y
T+ T+ F T 2ty + Yy
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Khi do, ta luon c6
n
> st =, e (32504 3 o= 00
Chitng minh. St dung bicu dién déi v6i ham 16i ta cé

fl@r) + f(@e) + -+ flan) =
Zf Z ] . (2.12)

Khong mat tinh tong quat, ta gid thiét bo s6 t1,ts,...,t, € I(a,b) ciing la

n

> > flye)- (211)
k=1

= max
tn€l(ab)

mot bo s6 gidm, tic 1
t1 >ty >---2>1,.

Khi d6, ta chi can ching minh réng
1 f' () + 2o f (o) + - + 2 f (L) >

>y f'(t) +uyaf'(t2) + - +unf (tn).
St dung bién déi Abel

v1f'(t) + w2 f () + -+ 4 20 f(tn) =

= Silf'(t1) = f()] + So[f'(t2) — f'(t)] + - +
‘I'Sn—l[f/(tn—l) - f/(tn)]a
vii
Sp(z) =z + 224+ - + 2y

Vi () > 0nen f(m) < f(akr). Mat khdc, do Si(x) > Su(y)(k =
1,2,...,n—1) vavi Sy(z) > Su(y) va f'(t,) > 0. Ta dugc ngay diéu can
chiing minh.

Tu day ta c6 duge dinh huéng vé don bién trong 16p ham 16i, 16m, dugc
trinh bay nhu sau.
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Do6n bién trong 16p ham 16i, 16m
Cho hai bo s6 x1, Ta, ..., Ty, VA Y1, Y2, - - ., Yp thoa man

$1Z$222$n\@ly12922>yn

1> Y1
1+ T2 > Y1+ Yo

r1taxo+ -+ T2y +HY2+ o+ Yna

Khi d6, v6i ham s6 f(x) théa man

f"(z) >0,z € (a,b)

f(@) + f(wo) + -+ flan) = fly) + fy2) +- -+ f(yn).

Ta ludn co

T+ X2

f(@n) + f(wo) + -+ flan) = 2f ( ) + f(w) + -+ fn). (213)

Nhin vao (2.13)), ta c6 the thay muc tiéu clia chiing ta 13 dua hai hay nhiéu
ham mot bién
f(x1)7 f(l'g), SR f(xn)

ve mot ham mot bién gia st nhu

<x1+x2+---+xn>

n

Day 1& mot cong cu don bién tét. Ching ta c6 thé sit dung dé dua tat ca
cac bién bang nhau (goi 1a don bién toan cuc). Tuy nhién, nhitng bai toan
nhu vay khong phai la da s6, va nhitng bat dang thic sit dung duge don bién
dang thi cac bién phai nam trong cac biéu thic doc lap nhau, dé c6
thé viét thanh dang

fl@) + flw2) + -+ flan), (2.14)
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Nhu da trinh bay & trén, khong c6 nhiéu bat ding thic cé thé viét thanh
dang (2.14)), ma ta s& phai lam viéc véi dang tong quét hon 13

f(l‘l,$2, ce ,,l’n).

Nhu vay tu tudng chinh ctia don bién 1a thay vi mong mudn c6 ngay mot
cach don bién toan cuc, chiing ta hy vong c6 thé ting budc don gidn bai toan

bang cach gidm dan sb bién.
2.3.1 Don bién téng quat

Nhan xét rang, diéu kién (2.10) cho ta mot thuat toan nan déu mot bo
s6 cho trude bang phuong phap bién doi tuyén tinh. Ta nhan thay phép bicu
dién ham 16i (16m) mot bién c¢6 theé md rong cho ham 16i nhidu bién. Cy thé

14, tng v6i moi ham 161 F'(xy, xs, ..., z,), ta déu c6
- OF
F(xi,xo,...,2,) = max |F(ty,to,... 1) + g (x; — t;) (2.15)

St dung cach chiing minh tuong tu ching minh Dinh 1y , ta thu dugc
Dinh ly sau.

Dinh ly 2.8 (Theo [1]). Gia st F(z1, 22, ..., z,) théa man diéu kien (2.11)).

Khi d6, v6i moi cap bo s6 don dieu giam (21, 22, . .., Tn), (Y1, Y2, - - ., Yn), thoa
man dieu kién Schur ([2.10)), ta déu co6
F(xy, 29, ... x0) > F(y1, Y2, -, Yn)- (2.16)

Nhan xét 2.3. C6 thé noi rang, Dinh Iy cho ta mot cong cu rat manh
dé thuc hién qua trinh lam déu va thuat toan don bién dé ching minh nhiéu
dang bat ding thic phic tap.

That vay, tit (2.16]) ta c6 ngay Hé qué.

Hé qua 2.1 (Don bién tong quét). Gia stt cho F(x1, T2, ..., z,) 1A mot ham

16i n bién. Khi d6 véi moi bo s6 don diéu gidm zq, x9, ..., x, ta cb
F(xy,xo, ... x0) > F(y,y,x3,...,2,), (2.17)
T+
trong do, y = ! 5 2
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T+ 29 11+ 29

Chitng minh. Xét hai bo s6 x1, x9, ..., T, Va 5y T T
ta thay
( T1+ T2
I =
T+ o T+ X2
1+ T2 > +
T+ X9 T+ T2
) Ty +To + a3 2 5 + 5 + a3

1+ T+
Ty Ty T 2 T b e

$1+£C2 561+a:2

\:131+:172+---+xn: 5 + 5 T T3+ A Ty

Ro rang hai bo s6 da cho théa man diéu kien Schur (2.10]). Khi d6, ap dung
Dinh Iy ta dugc dieu phai chitng minh.
Diéu kien (2.17)) c6 thé bién déi thanh mot sé6 dang khac nhu

F(z1,x9,...,2,) > F(\/T122,\/T1T9, T3, ..., Tp),

2 2
F(:Cl,xg,...,xn)ZF<1 T 1,x3,...,xn>,
o e w T

2, 2 2, .2
T+ x5 r|+ x5
F(xy,29,...,2,) > F \/ 5 ,\/ 5 T3 T

Ngoai ra, con nhieéu dang khéic nita tlity theo yéu cau clia bai toan.

Sau day, chung toi trich dan mot vai vi du sit dung phuong phap don bién
tong quat.

Vi du 2.1 (Bat dang thitc AM-GM). Chiing minh ring v6i moi s6 thyc
duong x1,x9,...,x, ta ludon co

1+ To+ - +Ty > NYTIT. .. Ty

Ching minh. Dat f(xy,z9,...,2,) =21+ 29+ -+ Xy — NYT1T2 . .. Tp.
Theo (1.2) ta c6

1+ o 2> 20/T1T3 = /2122 + /T 122
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< (VI — 12)° > 0

suy ra

flx1, 29, ..., 20) > f(V/T122, /T122, T3, . .., Tp).

Do d6 f(x1,29,...,2,) > f(t,t,...,t) =0 trong d6 t = /z1.23. ... Tp.

Nhu vay, tu tuéng chinh ctia phuong phap nay 1a lam gidm dan sé bién
trong bat dang thiic, dan dua bat ding thic vé dang don gidn hon, dé c6 the
gidl quyét bai toan. Ta c6 thé goi ngan gon cho cach hiéu toan bo phuong
phap nay 1a giam bién.

Sau day, ching toi trinh bay cac két qua vé don bién clia mot s6 tac gia,
duge tham khéo tu [4].

2.3.2 Mot s6 dinh 1y vé don bién

Khi néi vé cac Dinh 1y vé don bién, ta nghi t6i 2 két qua dau tien hét stc
an tugng, 1a Dinh 1y don bién manh (SMV[]), va Dinh ly dén bién khong xéc
dinh (UM. Trong mot s6 trudng hop, ching ta sé sit dung cac dinh 1y don

bién nay.

Bo dé 2.1 (Theo [4]). Gia st x1, 73, ..., 7, 1d mot bo s6 thuyc tity ¥. Ta thuc

hién lién tiép phép bién doi sau.
1. Chon 7,7 € {1,2,...,n} la hai chi s6 sao cho
x; = min{xy, g, ..., T}, x; = max{x;, xo,..., 2y}

I
2. Thay x; vh z; boi ———

(nhung van gitt dang thit tu ctia ching trong
day s6).

Khi d6 sau vo han lan thuc hién bién doi néi trén thi moi s6 a; déu tién t6i

gidi han

x_$1+$2+"'+$n
o .

!Stronger Mixing Variable - Don bién manh - cia Pham Kim Hiing
2Undefined Mixing Variable - dén bién khong x4c dinh - ctia Dinh Ngoc An
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Ta goi phép bién déi ¢ Bb dé 2.1]1a A. T B6 dé 2.1] ta suy ra duge két
qua truc tiép sau, c6 tén 1a "Don bién manh". Don bién manh sé 1a 1 cong
cu dic luc gitp ta giai quyét dude cac bai toan bat dang thic cuc tri dat

dugc tai tam (cac gia tri bang nhau).

Dinh Iy 2.9 (Don bién manh SMV (Theo [4])). Néu f : I C R¥ — R,
I=la,p] x[a, 8] x -+ X [, B] v6i e, B € R 1a ham lién tuc ddi xiing va bi
chin dudi thoéa man diéu kien

f@n, o, ) 2 f(Y, 42,5 Yn)

V6i Y1, Y2, . . ., Yn 12 bd 6 thu dude tit bo s6 1, 29, . . ., T, theo phép bién doi
i A L. r1,29,...,T
A, thita co f(a1,29,...,20) > fz,2,...,2) v6i 1 = =,

n
Khi st dung Dinh 1y SMV dé don bién thi ta chi can chon ra sé nhd nhét
va 86 16n nhit. Ung dung hicu qua nhat ctia Dinh 1y SMV la ching minh bat
déng thic 4 bién.
Phép bién doi A c6 thé khac hon, chdng han thay thanh

2 x? + o2
1 )
TV T2

NG
hoac bat k¥ mot dang trung binh nao khac. Ty theo gid thiét clia bai toan
ma ta can chon cach don bién cho phut hop.

Vi du 2.2 (IMO Shortlist 1997, Viet Nam). Gia st a, b, ¢, d 1a cac s6 thuc
khong am c6 tong bing 1. Hay chiing minh bat dang thic

1 176
< — - .
abc + bed + cda + dab < > + o7 abed

Chitng minh. Khong méat tinh tong quat clia bai toan ta gid sit a < b <
c <d. Xét

176
fla,b,c,d) = abc + bed + cda + dab — 2—7abcd,

1
fla,b,¢,d) = ac(b+d) + bd <a+c— gac) :
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Tt gid thiét suy ra

1 1
a+c§§(a+b+c+d)=§.
Do do6
1 1 4 176 b+d b+d
—+=> >8> — = b,c,d) < :
Ta chi xét phép bién ddi A véi (b, ¢, d) va theo két qua da chiing minh
b d
fla,b,c,d) < fla,t,t,t),t = %
Cudi cuing ta chi can ching minh néu a + 3t = 1 thi
1 176
243 < — 4+ —at’.
3at” + _27+27a

Ta c6 thé chiing minh diéu nay, khi thay a = 1 — 3t ta c6 bat dang thic hién
nhién sau
(1 —3t)(4t — 1)*(11t + 1) > 0.

. 1 1
Dang thitc xay rakhi vachikhia =b0=c=d = Zhoaca:b:c: §’d:O

hodc cac hoan vi tuong tng.

Bai toan duge ching minh [4].

Ké tiép chung toi trich dan thém mot két qua c6 tén "don bién khong xéic
dinh". Don bién khong xac dinh doi hoi gia thiét dat len 2 bién bat ky, tuy
nhién n6 cho phép ta dung hoa ca 2 trusng hgp cuc tri dat duge tai tam (cac
gia tri bang nhau) v& tai bién (c6 1 gia tri bang 0) dusi mot dang tong quat.
Dinh 1y 2.10 (Do6n bién khong xac dinh UMV (Theo [4])). Cho f 1a mot
ham lién tuc ddi xing xac dinh tren tap U(C R") — R thoa man diéu kieén

fl. oy, )

r+y Tr+vy
5 g

zmm<ﬂ“w w“%ﬂ“qQ“wx+%uj).
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Khi d6 véi moi bo (21, xs, ..., x,) € U thi
f(xla L2y - ,.Tn) > min{ct ?;01-

Trong d6 C; 1a gia tri cia ham f khi c6 ¢ s6 bang 0 va cac s6 con lai bang
nhau. N6i cach khac, gia tri nhé nhat ctia biéu thic f(xq, 2,...,1,) sé dat
duogc khi va chi khi trong cac s6 x1,xa ..., T, co t s6 bang 0, cac sd con lai
bing nhau. O day ¢ 1a mot gia tri nguyen nao d6 trong {0,1,...,n — 1}

Pham vi tng dung hiéu qua ctia Dinh Iy UMV la chiing minh bat ding
thiic n bién.
Vi du 2.3 (IMO Shorrtlist). Cho a, b, ¢,d 1a cac s6 thuc khong am c6 tong
bang 1. Chitng minh rang

1 176
< — + ——abed.
abc + bed + cda + dab < > + > abced
Ching minh. Xét
176
f(a,b,c,d) = abc + bed + cda + dab — ?abcd
1
=ab(c+d) + cd(a + b) — 2L76abcd.

Dé thay

Y ,C,d

f(a,b,c,d)gf( 5

(a+b)?\ 176  ((a+b)? 176
— — < - < .
< (c+d) <ab 1 + 27cal 1 ab|l <0& 27cd_c+d

fla,b,c,d) < f(0,a+b,c,d)

176 176
- < < —¢cd.
< ab(c+d 57 abcd) <0< c+d < 57 cd

a+b a+bd )

a+b a+bd

Tt cac chiing minh trén suy ra
f(a>bvcud) S max <f < 9 7T7cad> 7f(07a+b>cud)> :

Theo dinh Iy UMV, suy ra max f(a, b, ¢, d) dat dugc khi trong cac s6 a, b, ¢, d
c6 mot s6 bang 0 hodc a = b =c =d = 1. Tt d6 ta c6 diéu phai chiing minh
4.
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Chuong 3

Mot s6 ap dung

Trong chuong nay ching téi trich din nhitng bai toan bat déng thic ap
dung phuong phap don bién.

Céac van de trinh bay trong chuong nay dudce ching toi tham khao va trich
dan chu yéu tit mot so6 tai lieu [3], []], [4].

3.1 Mot s6 ky thuat thuong dung trong giai bai toan
bat dang thic

Trude khi di vao nhiing bai todn ap dung, chung toi trich dan mot s6 ki
thuat hay diing trong giai bai toan bat déng thiic sit dung phuong phap don
bién, nhdam muc dich gitp cho 15i giai bai toan ngan gon hon, va c6 thé don

gian hon.

3.1.1 Ky thuat chuan héa

D61 v6i mot s6 bai toan bat dang thic ¢ dang thuan nhat dong bac, mot
phuong phéap hiéu qua dé giai 1a ta c6 thé chuan hoa theo nhiéu cach khac
nhau tiy thuoc vao dac diém ctlia ting bai toan. Viéec chuan hoéa thich hgp
sé tang them gid thiét clia bai toan, tit d6 ta c6 cac bude bién doi hoac danh
gia deé co 10i gidi gon gang va dep dé.

Céc bai toan bat dang thiic thuong gip da phan c6 ba bién. Do dé dé dé
tiép can véi k§ thuat chuan hoa, ching ta sé xem xét ki thuat nay trong bai
toan bat dang thic c6 ba bién.
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Ham thuin nhat Ham f goi Ia thuan nhat cap k trén mién xac dinh D néu

f(ta,tb,tc) = t*f(a,b,c), Y(a,b,c) € D>

Ky thuat chuin héa bat ding thiwc Gia st ta can chiing minh bat déng thic
f(a,b,c) > 0. Khi d6 ta cé: f(ta,th,tc) = t*f(a,b,c) > 0 véit > 0.

Nhu vay, ta c6 thé gia st rang a, b, ¢ thda man mot diéu kien nao do (duge
cho phép trong mién D) va chiing minh bat dang thiic trong trudng hop nay.
Gia st ta chiing minh duge bdt ding véi bo ba s6 (z,y, 2) € D?, khi d6 véi
moi (a,b,c) € D3, dit a = tx,b = ty,c = tz,t > 0 (ludn ton tai t nhu thé).
Khi d6 f(a,b,c) = t*f(x,y,2) > 0 v& cé diéu phai chitng minh.

Con mot dang bat dang thitc thuan nhat khac, do 1a g(a, b, ¢) > 0, trong
do g(ta,tb, tc) = g(a,b,c),Vt € D.

3.1.2 Ky thuat sip thi tu bo sé

Trong qué trinh gidi bai toan bat dang thic, viec gia sit a = min{a, b, c}
1a mot ki thuat rat hay dudce 4p dung dé don bién. Néu bat dang thitc ba bién
ddi xting thi ta c6 thée gid stt a < b < ¢ (hodc a > b > ¢), con trong trudng
hogp bat dang thiic ba bién hoan vi thi ta c6 thé gid st a = min{a, b, ¢} (hoac
a = max{a, b, c}).

3.2 Ky thuat don bién

Ching ta sip xép cac cap gia tri dé dudc cac cap gia tri déu nhau, ci lam
nhu vay ching ta sé dan dua tat ca cac gia tri déu nhau (dua tat ca cac bién
bang nhau), hodc dua mot s6 cip gia tri déu nhau (dua mot s6 cip gia tri
bang nhau).

Dé don gidn va dé tiép can hon, chiing toi sé trinh bay nhung mo ta cia
chiing toi vé dang bai toan bat déng thiic 3 bién. Bai toan bat dang thic 3
bién ¢6 dang f(x,y,z) > 0, v6i ,y, z 1a cac bién s6 thyc théa man nhiing
tinh chat nhat dinh.
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3.2.1 Doén cac bién biang nhau

Muc tiéu ciia ching ta la dua bai toan bat ding thic vé truong hop dau
bang x4y ra khi tat ca cac bién déu bang nhau (ta goi la cyc tri dat tai tam),
ho#ic truong hop dau bang x4y ra khi mot s6 cac bién bang nhau (ta goi 1a
cyc tri dat duge c6 tinh d6i xing).

Chung toi dua bai toan vé dang f(x,y,z) > f(t,t, z), véi t 1a gia tri phu
hop tly theo méi lien he gitta x, y, 2 (ta goi la don hai bién bang nhau). Sau
do6 ta c6 bai toan dang f(t,t,z) > 0. Tiép tuc lam theo phuong phap trén
thi sé& dugc bai toan dang f(u,u,u) > 0, day 1a dang bat dang thiic mot
bién, dé dang kiém tra dé hoan tat chiing minh.

Chtng ta sé dén véi bai toan ap dung dau tien 1a mot bat ding thic rat
quen thuoc trong chuong trinh toan trung hoc, bat dang thitc Nesbitt.

Bai toan 3.1 (Bat dang thic Nesbitt). Chting minh réng véi moi a, b, c
duong ta co

a n b n c >3
b+c¢c a+c a+b 2
Chiing minh. Dat f(a.b,c) = "+ "+ ar=""" gnac
ng minh. Dait f(a,b,c) = vat = . Khi d6
J ’ Y b+c a+c a-+b 2
dé thay
a? +b* + c(a+b) c 2t + 2tc c
b,c) = > — = f(t,1,c).
J(a,b.c) ab+02+c(a+b)+a+b_t2+02+20t+2t f(t )
Do do6 5 by
a c
fla,b,c) > g(t' t't) = 3 voi t' = —

Bai toan dugce chiing minh [4].
Bai toan 3.2 (AM-GM vé6i 3 bién). Cho z,y, z khong am, chitng minh rang
Vryz < — 5 (3.1)

Chitng minh. Do bat dang thiic (3.1)) dong bac nén bang cach chuan hoa
ta co the gia st
r+y+z=1 (3.2)
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Viét lai bai toan dudi dang f(x,y,2) > 0véi f(x,y,2) = 1—27zyz. Ta thay
rang khi thay x va y béi t = xT—i_y thi diéu kien (3.2) van bao toan (tic la
van ¢6 t +t + z = 1), nén ta chi phai xem xét sy thay ddi clia xyz.

Theo bat dang thitc AM-GM thi t* > zy, nén t°z > xyz. Vay f(z,y,2) >
ft,t, z).

Cudi ciing dé ¥ 1a z =1 — 2t nén ta c6

flt,t,2) =1—27t%2 =1 —27t*(1 — 2t) = (1 4+ 6t)(1 — 3t)* > 0.

Bai toan da dugc chitng minh. Dang thiic x4y ra khi x = y va 3t = 1, nghia
lax=y= %, tuong duong véi x =y = 2.
Bai toan duge chitng minh.
Bai toan 3.3 (Bat dang thiic Schur). Cho a,b, ¢ > 0, chiing minh réng
a® +b* + & + 3abe > a*(b+ ¢) + b*(a + ¢) + *(a + b).
Chitng minh. Xét f(a,b,c) = a®+0° + ¢ + 3abc — a®>(b+¢) — b*(a+c) —

b
(a+0b). Dat t = %, ta hy vong ¢6 f(a,b,c) > f(a,t,t). Xét

d= fla,b,c)— flat.t) = {b+ - Za] (b— o)

Ta thiy v6i a,b, c 1 cac s6 khong am tuy ¥y thi khong chic c6 d > 0. Tuy
nhién, néu gid st a = min{a, b, ¢} thi ta van c6 d > 0. Khi d6 ta chi con
phai chitng minh f(a,t,t) > 0. Nhung bat dang thitc nay tuong duong vdéi
a(a —t)? > 0 nén hién nhién ding. Vay bai toan da dugc chitng minh.

Bai toan 3.4 (Gabriel Dospinescu). Chitng minh rang néu a,b,c¢ > 0 sao
cho a®> +b* + ¢ = 3, thi

a*(b+c)+b(c+a)+c*(a+b) <6
Chitng minh. Dat f(a,b,c) = a®>(b+ ¢) + b*(c + a) + (a + b), va dat
v’ +
2
fla,b,c) — f(a,t,t) = —a®(2t — b —c) + a(b® + ¢ — 2t°) + t*(2bc — 2t%).

t = . Ta co
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Gia st @ = min{a, b, ¢}. Thi
b+ —2t° = (b +¢)(b* — be + ) — 2% < 2t(b* — bc?) — 26° = t(b — ¢)*.
Nhu vay, ta c6 bat dang thic

—a*(2t —b—c) +at(b—c)* —t*(b—c)* <0,

v6i mdi 2t —b—c > 0 vaa < t. Do d6, ta can chiing minh ring a® + 2t* = 3,
thi f(a,t,t) < 6. Ta co the viét

a*t+at® +1* <3 e at(3 —1?) <3 —t*
(3 —2t°)t*(3 — 17)* < (3 — t)?
diéu nay tuong duong véi
32— 1)2(t* = 3t +3) > 0.
Bai toan dugc chiing minh [3].
Bai toan 3.5 (Kwant). Cho x,y, z > 0. Chiing minh rang
2(a® + b* + c*) + 3Va2b2c® > (a + b+ c)*

Chitng minh. Dat f(a,b,c) = 2(a*> + b* + *) + 3V a?b*c? — (a + b+ ¢)*.
Tit f ta nhan thiy c6 thé don hai bién theo trung binh nhan (v a?b?c? khong
ddi). Ta c6

fla,b,¢) — fla,Vbe,Vbe) = 2(b* + 2 — 2be) + (a + 2vVbe)? — (a + b+ ¢)?
= (VBVe[(Vb + V) — 2a].

Nhu vay, néu @ = min{a, b, ¢} (ta c6 thé hy vong gia thiét d6) thi ta co
f(a,b,c) > f(a, Ve, Vbe).

Do d6, viéc chitng minh bat dang thitc ban dau, dt dé thay riang f(a,b,b) > 0
v6i moi a, b. Nhung bat ding thic nay tuong duong véi

2(a® + 2b%) + 3V a2b* > (a + 2b)?,

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



44

hay
a’ + 3V a2bt > 4ab.
Diéu nay dang béi bat ddng thic AM-GM véi a?, v a2b*, vVa2b*, v a2b?.
Bai toan dugce chiing minh [3].

Bai toan 3.6 (Gabriel Dospinescu, Mircea Lascu, Marian Tetiva). Ching
minh réng véi nhitng s6 thuc duong bat ky a, b, ¢, ta c¢6

a? +b% +c* +2abc+ 3> (14 a)(1+b)(1+c).
Chatng minh. Dat f(a,b,c) = a’>+b*+c2+abc+2—a—b—c—ab—bc—ca.
Ta can chiing minh rang tat ca cac gia tri ctia f déu khong am. Néu a, b, c > 3

. 1
thi ta hién nhién c6 — + 7 + — < 1, c6 nghia la
a c

fla,bc) >a* +b*+c*+2—-a—b—c>0.

. . b .
Do do, chiing ta c6 thé gia st rang a < 3 va dat m = % Dé dang tinh
dugce )
3—a)b—
f(abre) — flamm) = 7O

4 — Y
va do d6 c6 thé chitng minh duge rang f(a, m, m) > 0, tic 1a

(a4+1)m*—=2(a+1)m+a*—a-+2>0. (3.3)

Ro rang bat dang thic (3.3)) ding, bdi vi biet thic A clia phuong trinh bac
hai tir (3.3) 18 A = —4(a + 1)(a — 1) < 0. Bai todn dugc chitng minh [8].

Bay gio, ching t6i trich ddn mot bai toan bat déng thic 4 bién st dung
phuong phap don bién manh SMV dé chitng minh nhu sau.

Bai toan 3.7 (Bat dang thitc Tukervici). Chitng minh ring v6i moi s6 thitc
duong a, b, c,d ta co

at + bt + &+ dP + 2abed > b + b2 + Ad® + dPa? + o*F + VAP
Ching minh. Giasita >b>c > d. Xét

fla,b,c,d) = a* +b*+c* +d* +2abed — a*b* — b*? — Pd* — d*a® — a*® — b*d
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= a' + b* + & + d* 4 2abed — @ — VA — (a® + ) (VP + dP).

Suy ra

fla,b,e,d) = f(vac,b,Vac,d) = (a* = ¢*) = (° + d*)(a — ¢)* = 0.

Do d6 theo dinh Iy SMV, xét v6i phép bién déi A ciia (a, b, ¢), ta chi can
chitng minh bat déng thic khi @ = b = ¢ = t > d. Bat dang thic lic nay
tuong duong véi

3t + dt + 263d > 3t* + 3t2d% < dF + 3d + t3d > 3t2d.

Hién nhién ding theo bat dang thitc AM-GM. Ding thitc xay ra khi vi chi
chia=0=c=dhoaca=0b=c,d=0 hoac cac hoan vi.

Bai toan dugc chitng minh [4].

Tiép theo, ching toi trinh bay thém mot trudong hop ap dung phuong
phép don bién sau day.

3.2.2 Don bién ra bién

Thong thuong céc bai toan bat ding thic thuong st dung phuong phap
don bién déu (don céc bién bang nhau) thi chiéu ngugc lai ta phai st dung
don bién ra bien.

Gia stt, xét bat dang thic f(x,y,z) > 0 véi z,y,z > 0, ta c6 thé hy vong
vao danh gia f(x,y,z) > f(0,s,t), trong d6 s,t la cac dai lugng phu hgp ti
cac bién x,y, z. Ta ¢6 gang chon s,t sao cho hieu d = f(x,y,2) — f(0,s,t)
don gidn v dé dang danh gia. Cubi cting ta chi viéc kiem tra f(0,s,t) > 0.

Trong Bai toan , ta da thay cach chiing minh bat ding thiic nay bang
cach don 2 bién bang nhau. Tuy nhién, ngoai diém a = b = ¢, ding thiic con
xdy ra khi @ = b,c = 0 (v cac hoan vi). Do d6, ta c6 thé chitng minh bat

déng thiic nay nhu sau.
Bai toan 3.8 (Bat dang thitc Schur). Cho a, b, ¢ > 0. Chitng minh ring

a® +b* + ¢ + 3abe > a*(b+c) + b*(c +a) + *(a +b).

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



46

Chitng minh. Dit f(a,b,c) = a®>+b® +c + 3abc — a*(b+¢) — b*(c +a) —

c*(a+Db). Ta hy vong sé c6 f(a,b,c) > f(0,s,t) v6i s = a+b,t = a;LC. Ta
xét hiéu
d, = f(a,b,c) — f <07aT—|—b’a—2|—c) =a(a+b—2c)(a+c—2b).
Tuong tu ta cling ¢6 cac hiéu
dy = fla,b,c)— f (o,b;“,by) — b(a+b—20)(b+c— 2a),
ct+a c+b

dC:f(CL,b,C)—f<O, 9 ) 9

Do tinh ddi xting nén ta gia st d, = max{d,, dy, d.}. Khi d6 néu d, < 0 thi

)zc(a+c—2b)(b—l—c—2a).

0 > dydyd, = abc(a + b — 2¢)*(b + ¢ — 2a)*(c + a — 2b)*%.

Diéu nay 14 mau thuan véi gia thiét a, b, c > 0.

b /
Vay d, > 0 nén f(a,b,c) > f(0,s,t) véi s = a; =21 Cuéi cing
ta thay

2

f0,8,t) =1t +5° —t?s —ts* = (t+s)(t —5)* >0

Chitng minh dugc hoan tat.
Sau day, 14 mot bai toan ma khong thé ap dung don bién dé dua tat ca

cac bién bang nhau, ma chi c6 the 4p dung don bién ra bién.

Bai toan 3.9 (Hojoo Lee). Cho a,b,c > 0,

ab + bc+ ca = 1. (3.4)
Chiing minh rang
1 n 1 n 1 >5 (3.5)
a+b b+c ct+a 2 '

Ching minh. D@é thiy déng thic khong thé xay ra khi a = b = ¢. Ta ¢6
thé nham dugc dang thitc xay ra khi @ = b = 1,¢ = 0 v& cac hoan vi. Khi
dé ta chiing minh bat dang thitc theo huéng dua mot gia tri bang 0.
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Xét ¢ = 0, khi d6 ta can chitng minh
1 1 1

5
-4+ - > — véia,b=1. 3.6
a+b+a+b_2,v1a, (3.6)
Dat s = a + b thi bat dang thitc (3.6) tuong duong véi

+1>5
S — —
s 2

hay
(2s —1)(s—2) > 0.
Bat ding thic nay la hién nhien vi s = a + b > 2vab = 2. Vay cong viéc
clia ta bay gio 1a don mot bién veé 0.
biat f(a,b,c) = + ! +
a+b b+c c+a
1
fla,b,c) > f <a—|—b,a—+b,0)
(ddm béo dieu kien (3.4])). Ta xét higu

d:f(aﬂbvc)_f(a’_'_b)%_'_b?())

(1+ S ) <1++b+—1 )
= 1—ab 1—ab | — a i
a+b a—l—a—+b b—'_a_—l—b a+b a—i—b—i—a—er
1 1 1

- n B I

14+a? 1407 1+ (a+0b)?

Quy dong lén ta thay d > 0 néu 2(1 — ab) > ab(a + b)>.
Gia st ¢ = max{a, b, c} thi 2(1 — ab) = 2c¢(a + b) > ab(a + b)%. Vay lic

nay d > 0. Bai toan duge chiing minh.

Nhan xét 3.1. Quan sat phuong phap don bién da trinh bay ¢ Muc m,
Muc [3.2.2] ta thiy ring, dé ching to6 f(x,y,2) > f(t,t,2), ta chi viec xét
hieu d = f(x,y,z) > f(t,t,2), roi tim cach danh gia sao cho d > 0. Phuong
phap nay t6 ra rat hiéu qua trong viéc ching minh cac bai toan bat ding

. Ta hy vong

thic co dién, vi né thién vé bién doi dai sé. Tuy nhién, c6 rat nhiéu bai toan
bat dang thic néu st dung phuong phép nay lai cho ra nhiing biéu thic kha
phtic tap va viéc chitng minh mot bai toan bat dang thic tré nén kha cong
kénh, ching han nhu ham f(x,y,2) = 2% + y* + 2~
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3.2.3 Don bién trong 16p ham 16i, 16m

Ham 16i c¢6 thé tng dung trong rat nhiéu bat ding thic co dién. Ta da
trinh bay vé don bién trong 16p ham 16i, 16m tai chuong 2. Tuy nhién, dé
don gian va dé tiép can hon, ching ta sé trinh bay lai cach 4p dung don bién
trong 16p ham 16, 16m vé6i bat dang thic 3 bién.

Cho hai bo s6 x1, T2, T3 Va Y1, Y2, y3 thoa man

X1 2 T 2> X3 VaY = Yo = Y3
1> Y1
1+ X0 2> Y1+ Yo
1+ To+ T3 =Y+ Y2+ Ys.
Khi do6, v6i ham s6 f(z) thoa man

f"(z) >0,z € (a,b)

VA
f(x1) + f(x2) + f(x3) > f(y1) + f(y2) + f(y3)-
Ta ludn co
T+
P+ o) + o) 2 2f (P52 ) 4 ). (D
Nhin vao (3.7), ta c6 thé thay muc tiéu clia chiing ta 1a dua
f(x1) + f(x2) + f(23)
ve mot ham mot bién gid st nhu
37 <x1+a:2—|—x3> |
n

Sau day, chting toi trinh bay mot s6 bai toan ap dung clia phuong phap
don bién trong 16p ham 16i, 16m.
Vi du 3.1 (Bat dang thitic AM-GM). Cho 1, 29, . . ., 7, 1a céc s6 thic khong

am, n > 1. Ching minh réng

1T . 1, <

1+ Ty + -+ Ty

. (3.8)
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Chitng minh. Lay logarit hai vé, ta chuyén bat dang thic (3.8)) vé dang

n (a:l + o+ :L‘n> > In(zq) + In(xs) + - - - + In(zy,)

n n.

Ham s6 f(z) = In(z) di tt RT — R kha vi hai lan v& f7(z) = —272 <
0, Vx > 0. Do d6, ham g(x) = — f(x) sé thdo man ¢”(x) > 0, Vo > 0. Vay
g 1a ham 16i. Tit d6, a4p dung bat dang thiic Jensen ta c6 diéu phai chiing

minh.

Trén thuc té, viec st dung ham 16i dé don bién khéng c6 nhiéu bai toan
ap dung dé cho ngay két qua, tuy nhién né co thé gitp giai quyét 1 truong
hop nao dé clia bai toan, cac trusng hgp con lai ta c6 thé chiing minh bing

cach khac. Vi du sau sé cho thay diéu nay.

Bai toan 3.10. Cho céac sb thuyc z, ¥, z ¢6 tong bang 1. Chiing minh ring

x n Y n z <9
1+22 1+9y2 1422710

(3.9)

Ching minh. Xét f(t) = thi bat dang thic (3.9)) truong duong

14t
r+y+z
o)+ )+ ) < 3f (S,
Do d6, néu — f 1& ham 16i thi coi nhu bai todn dugc gidi quyét.

Ta ¢6 2(3 — 12)
t(3—1

_f?? (t) — —237
(1+12)

nén —f7(t) > 0, Vt € [0,v/3]. Vay néu z,y, 2 € [0,v/3] thi bai toan dugc
gidi quyét.

Trong truong hop con lai thi chic chan ta sé c6 dau bat dang thiic thuc
sit. Do vay cit viéc chia thanh nhiéu trudng hop con dé xét.

Cothégidstioz >y>zluuyar+y+z=1vaz,y 2 ¢[0,1] nén z phai
am. Suy ra f(z) < 0.
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e Néuy <Osuyraz>0va f(y) <0, taco

9

f@) + f) + () < f(z) < % <

e Néuy > 0suy ra x> 0 valuu ¥ f(y), f(x) nghich bién trén [v/3, +00]
do do

F@) + F) + F() < Fla) + Fly) < F(VE) + F(VB) < o

Bai toan dugc chiing minh.

3.2.4 Don bién trong 16p ham don diéu

Gia stt, dé ching minh f(z,y,2) > f(t,t,2) v6it = .IT-I-y, ta xét ham s6
g(s) = f(t+s,t —s,z) v6i s > 0. Sau d6 chiing minh ¢ tang véi s > 0 (ta
thuong dung dao ham). Suy ra g(s) > ¢(0), Vs > 0, sau d6 ta sé dugce dieu
can ching minh.

Sau day, chiing toi trinh bay mot bai toan ap dung minh hoa cho don bién
trong 16p ham don diéu.

Bai toan 3.11 (VMO 2002). Chitng minh rang véi nhitng s6 thyc tuy ¥
x,y, 2 sao cho
?+yt+ 22 =09,
thi bat déng thc
2 +y+2) <azyz+ 10

ding.
Chitng minh. Cho f(x,y,z) = 2(x+y+2)—xyz. Ta thay rang f(z,y,2) <
10 khi 22 +y* 4+ 22 = 9.

Bo diéu kien 22 + 9%+ 22 = 9 nhu cii, ta sé don 2 bién vé dang trung binh

bac hai.
2 2 2 2
Yy -+ =z Y-+ z
f ﬂj,\/ 9 7\/ 9 —f(.fU,y,Z):

Xem xét
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2 2 2 2
=2|z+2 y—;—z —:z:y ;Z —2x+y+z2)+ayz =
Ay —2) -2l E 2y —2) [ —— 2
=2(—y—2) —2x =2y —z —=1.
Y 2 Y ytz 2

Néu z,y, 2 > 0, ta xét 2 truong hop
Truong hgp thi nhat: 0 <z <y < z, thi

2o +y+2) —ayz < 2/32 +y2+22) —1=6V3 -1 < 10.
Truong hop thi 2: 0 <z < 1, thi
2+ y+z2)—wyz<2x+y+2) <

<2x 4 24/2(y? + 2%) =20 + 24/2(9 — 22) = g(x).

Chiing ta ¢6 ¢'(z) =2 — 2x = 0, suy ra g(z) < (1):10.
Néu & giita nhitng s6 x,y, 2 ¢c6 mot so am, khong mat tinh tong quat, ta
gid st rang o < 0 thi

\/ + 22 \/y + 22 (:Uy,)_O.

Khi d6, ta chi can chting minh réng

2 2 2 2
x y+z7 Y-+ z <10,
2 2

2

— oy 09—
21 + 24/2(9 — 2) —— <10,
h(z) = 2 — bx + 44/2(9 — 22) < 20.

2
Taco b/ (z) = 322 —5—4day\ | —— 5 5. Gidi phuong trinh A'(z) = 0 (khi x < 0),
ta tim dugec x = —1. D6 la dlem cuc tri ctia h, vi thé h(z) < h(—1) = 20.
Bai toan duge chitng minh [3].

hay

hay
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Két luan

Phuong phap gidm bién va don bién 1a mot trong cac huéng dang phat
triéen manh mé trong phuong phap ching minh bat dang thiic néi rieng, va
clia nganh phuong phap toan so cip néi chung. Su phat trién vuct bac nay
chinh 1a nhd sy phat hién vé dinh huéng lam giam s6 bién dé don gidn hoa
viéc chting minh bai todn bat ding thiic.

Luan van trinh bay duge mot s6 van dé nhu sau:

1. Trinh bay cac kién thiic co s6 vé mot s6 bat dang thitc co ban lien quan

dén gia tri trung binh.

2. Trinh bay cac kién thic vé tam thic bac hai, tit d6 trinh bay phuong
phap gidm bién trong bat dang thic dai sb.

3. Trinh bay kién thic co sd vé do gan déu, ham 161, tir d6 trinh bay phuong
phap don bién tong quét.

4. Ttrich dan mot s6 két qua vé don bién clia mot s6 tac gia.

5. Trinh bay mot s6 ap dung ctia phuong phap don bién.
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