DAI HOC THAI NGUYEN
TRUONG DAI HOC KHOA HOC

DONG THI HUYEN TRANG

PHUGNG TRINH DONG DU

LUAN VAN THAC SI TOAN HOC

Thai Nguyén - Nam 2012

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



DAI HOC THAI NGUYEN
TRUONG DAI HOC KHOA HOC

DONG THI HUYEN TRANG

PHUGNG TRINH DONG DU

Chuyén nganh: PHUONG PHAP TOAN SO CAP
Ma s6 : 60.46.40

LUAN VAN THAC SI TOAN HOC

NGUOI HUGNG DAN KHOA HOC
PGS.TS PAM VAN NHI

Thai Nguyén - Nam 2012

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



No6i dung

1 Ly thuyét dong du
1.1 Phép chia trongvanh Z . . . . . . . . ... ... ... ...
1.2 Quan hé dong du va tinh chat . . . ... ... ... .. ..
1.3 Vanh Z,, cac I6p thang du modun m . . . . . . . . . . . ..
1.4 Dinh ly Euler va Dinh Iy Fermat . . . . . . ... ... ...
1.5 Motvaividutonghop . . . . . . . ... ...

2 Phuong trinh dong du
2.1 Phuong trinh dong dumot an . . . . . . ... ... L.
2.2 Phuong trinh dong du bacnhat . . . . . ... . ... ...
2.3 He phuong trinh ddng dumot an . . . . . . . . . ... ...
2.4 Phuong trinh dong du mot an baccao . . . . . . . ... ..
2.5 Phuong trinh dong du bac cao theo modunp . . . . . . ..
2.6 Thangdubachai . . ... ... ... ... ... ...,

3 Phuong trinh Mordell
3.1 Chuén trong vanh Z[v/d] vaséhoc . . . . . ... ... ...
3.2 Phuong trinh Mordell . . . . . . . . . ...

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



Két luan

Tai lidu tham khao

S6 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén

http://'www.lrc-tnu.edu.vn

49

51



LOI NOI DAU

Trong s6 hoc, thuong ta phai xac dinh tat ca cac so vdi tinh chat p
cho truée. C6 thé c6 nhitng s6 théa man tinh chat p, nhung c6 nhiéu khi
khong c6. Néu ta xét tat cd cac sd thuoc tap Z thi day 1a mot cong viec
khong thé thuc hién duge. Nhung néu ta xét trén mot tap hitu han nao
day thi viec kiém tra c6 thé thuc hien duge. Ly thuyét dong du chinh 13
viec chuyén nhitng bai toan xét trén tap vo han Z vé mot tap hitu han
nhitng 16p dong du theo mot moédun m nao day. Chang han:

Xac dinh x,y nguyén théa man: 22 + 1 = 3y. Gia st phuong trinh c6
nghiém nguyén. Liy modun 3 ta c¢6 22 + 1 = 0(mod 3). Biéu dién x = 3k
hodc o = 3k £ 1. khi d6 2> + 1 = 3h + 1 hodac 3h + 2. Vay 22 +1 # 0
(mod 3): Mau thuan. Tém lai phuong trinh v6 nghiém.

Xac dinh x, y nguyén théa méan: 22 + 2 = 5y. Gia st phuong trinh c6
nghiém nguyén. Ly modun 5 ta c¢6 22 + 2 = 0(mod 5). Biéu dién x = 5k
hodc x = 5k + lhodac z = 5k + 2. Khi d6 2*> + 2 = 5h + 2 hoic 5h + 3
hodc 5h+6 . Vay 22 +2 # 0 (mod 5): Mau thuan. Tém lai phuong trinh
vo nghiém.

Qua vi du trén thay cho viéc z, y thuoc tap Z vo han thi ta chi viéc kiem
tra T nhan 0,1, 2, 3, 4.

Noi dung luan van dugce chia thanh ba chuong:

Chuong 1 “ Ly thuyét dong du”’ bao gom 5 muc. Muc 1.1 duge danh
trinh bay vé Phép chia trong vanh Z, két qua chinh trinh bay lai thuat
toan Euclid dé tim UCLN va dinh 1y co ban ctia s6 hoc. Muc 1.2 duge
danh trinh bay vé Quan hé dong dv va tinh chat két qua chinh da chi ra
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duge nhitng tinh chat co ban ctia quan hé dong du. Muc 1.3 Vanh Z,, cdc
[op thang du modun m chiing minh duge Z la vanh giao hoan, ching minh
dudc Z;, la nhém nhan. Muc 1.4 Dinh ly Euler va Dinh ly Fermat . Muc
1.5 Mot s6 vi du tong hop.

Chuong 2 “Phwong trinh dong du” bao gdm 6 muc. Muc 2.1 Phuong
trinh dong du mot an. Muc 2.2 Phuong trinh dong du bac nhat. Muc 2.3
Hé phuwong trinh dong du mot an. Muc 2.4 Phuong trinh dong du mot an
bac cao. Muc 2.5 Phuong trinh dong du mot an bac cao theo modun p. Muc
2.6 Phuong trinh dong du bac hai. Két qua chinh ctia chuong 1a trinh bay
chi tiét viéc gidi mot s6 dang phuong trinh dong du va trinh bay lai ching
minh dinh Iy Wilson.

Chuong 3 “ Phuong trinh Mordell” bao gom 5 muc. Muc 3.1 Chudn
trong vanh Z[\/d] va s6 hoc. Muc 3.2 Khdi niém phuong trinh Mordell.
Muc 3.3 Mot var phuong trinh co nghiém. Muc 3.4 Mot vai phuong trinh vo
nghiém. Muc 3.5 Ung dung ctia thang du bac 3. Két qua chinh ctia chuong
13 trinh bay dugc phuong trinh Mordell. Da chi ra mot s6 dang phuong
trinh c6 nghiém hoac vo6 nghiém. Trinh bay dugce thang du bac ba.

Do thoi gian va kién thitc con han ché nén trong qué trinh viét luan
van ciing nhu trong xit 1§ van ban chic chan khong tranh khoéi nhitng sai
s6t nhat dinh. Tac gid luan van rat mong nhan dudgc sy goép ¥ ciia cac thay
co va cac ban dong nghiép dé luan van duge hoan thién hon.

Nhan dip nay, tac gid xin bay t6 long biét on sau sic dén thay hudng
dan PGS.TS Dam Vian Nhi da tan tinh gitp do trong suét qua trinh lam
luan van.

Téc gid xin tran trong cdm on cac thay, co gido Truong Dai hoc Khoa
hoc- Dai hoc Thai Nguyén da giang day va tao moi diéu kién thuan loi
trong qua trinh tac gid hoc tap va nghién ctru.

Tac gia ciing xin chan thanh cam on tap thé ban be dong nghiép va gia

dinh da quan tam gitap d&, dong vién tac gid hoan thanh tot luan van nay.
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Thai Nguyén, thang 07 nam 2012.

Tac gia luan van

Dong Thi Huyén Trang
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Chuong 1

Ly thuyét dong du

Phuong phap dong du do Gauss dé xuat 1a mot phuong phap hitu ich
trong viéc gidi quyét nhiéu van dé c6 lien quan dén tinh chia hét clia cac

sO nguyén.

1.1 Phép chia trong vanh 7

Dinh ly 1.1.1. V& méi cip s6 nguyén a va b # 0, luon ton tai duy
nhdt mot cdp so nguyén q,r véi 0 < r < |b| dé a = qb+r.
Ching minh: Sy ton tai: Dat T = {n |b| saochon|b| < a,n € Z,}. Vi
|b| > 1 nén

| [b] < ~ |a] < a

Do d6 —|a||b] € T. Vay T' # 0. Vi T 1a tap bi chan trien 7' ¢6 mot s6 16n

nhat m [b|. T m |b| < a tasuy rar =a— m|b| > 0. Ta lai c6

(m+1)|b] =m|b| + |b] > m]|b|.
Do m |b| 16n nhat trong T nén (m + 1) |b|. Nhu vay [b| > a —m|b| = r va
ta coa=qb+r v6i 0 < r < |b|. Bay gio ta chiing minh tinh duy nhat.
Gi st ¢6 hai bidu difn a = ¢b +r v6i 0 < r < |b| vd a = qb + r1 véi
0 <ry < |b]. Tri tiing vé, ta c6 r —ry = b(qr — q). Tu |r —r1| < |b] ta
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suy ra |1 — q| |b] < |b]. Vay ¢ = ¢; vado d6 r = ry.

Gidsta=qgb+ 7,0 <r < |b. Khi dé néu r = 0 thi ¢ dugc goi 1a thuon
ctia phép chia a cho b.., néu r < 0 thi ¢ goi 1a thuong hut, con goi r 1 s6
du ctia phép chia a cho b.

Dinh Iy 1.1.2. [Dinh 1y co ban ctia s6 hoc] Moi s6 tu nhién l6n hon
1 déu phan tich dugc thanh mot tich hiu han thia s6 nguyén to, va phan
tich nay la duy nhat néu khong ké dén thi tu cdc thia so.

Chiing minh: Xét tap F' gom tat ca cac s6 nguyen 1én hon 1 khong biéu
dién thanh tich mot s6 hitu han cac thit s6 nguyeén t6. Ta chi can chi ra
F £ ¢. That va, gid st F' # ¢. Khi d6 c¢6 hai s6 nguyén duong q1,q2 > 0
dé m = qiqa. Vi q1,q2 < m nén qi,q ¢ F. Nhu vay ta c6 phan tich
q1 = t1,to, ..., Ty VA @2 = Uy, Ug, ..., Uy, 6 d6 céc t;, u; déu la cac sO nguyen
t6. Khi d6

m = q1q2 = t1t2...thu1u2...uk.

Diéu nay mau thuin véi gid thiét m € F. Nhu vay I 1a tap réng. Do do
moi s6 tir nhién 16n hon 1 déu phan tich duge thanh tich ctia hitu han thia
sO6 nguyéen tot. Bay gio gid sit mot s6 duge phan tich thanh hai tich dang
A va B cac thita s6 nguyéen t6 . Khi d6 A = B. Bang cach ludc bo céac tat
ca cac thita s6 nguyen t6 xuat hién trong cd A va B, ta nhan dudc dang
thiic tuong duong C' = D. Ta can phai ching minh C' = D = 1. That vay
gid st trai lai C = D < 1. Goi p 1a thita s6 nguyén t6 xuat hién trong C.
Khi d6 p khong thé 1a thita sé xuat hién trong biéu thic tich ctia D. C6
nghia la D khong 1a boi ctia p, va do d6 C' ciing khong 1a bdi ctia p (mau
thuan!). Vay C' = D = 1. Diéu nay chiing t6 rang sy phan tich ra cac thira
s6 nguyen t6 clia mot sé6 nguyen >1 1a duy nhat néu khong ké dén thi tu
cac thia sb.

Khi phan tich cac s6 tu nhién ¢ > 1 thanh tich cac thita sd nguyén to, co

the mot s6 nguyeén t6 xuat hien nhiéu lan. Néu cac s6 nguyén to py, ...., Ps
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xuat hien theo thit tu ay, ..., as lan, ta viét ¢ = p'ps?...p% va ta goi tich
nay la dang phan tich tiéu chuan hay dang phan tich chinh tic cta gq.

Khi hai s6 nguyén duong a,b & dang phan tich tiéu chuan, c6 thita s6
nguyeén to pciia a nhung khong 1 ciia b, thi ta c6 thé bo sung vio phan

tich ctia b thita s6 p® (vA ngugc lai). Khi d6 ta luon viét duge

_ U1, U2 Us
a4 =P Py ---Ps

b=pi'py.ps"

trong dé c6 thé c6 nhitng s6 mit 0. Nhu vay vé6i hai s6 nguyén duong a, b

luon ton tai cac s6 nguyeén to pi, pa, ...., ps de
_ Uy U Ug
a =Py P2 ---Ds
va

b=pi'py’.-Ds",

v6i cac s6 mil nguyén khong am. Khi d6 dé thay rang:

(a,’ b) — lenln(UhUl)pglln(uQ’vz) » .pIsnin(Us,’Us)
[a, b] _ prlnax(uhvl)pglax(umvz)mpgnax(us,vs).

Thuat toan Euclid: Gia st @ va b 1a hai s6 nguyén duong véi a > b va

dat rg = a,r; = b. Bang cach ap dung lién tiép thuat toan chia, ta dugc:
o =T1q0 + T2, T1 =72G2 + 73, ..., Tn—2 = Tpn—1Gn—1 T 72, Tn—1 = TnGn
V6iry > 19 > ... > rg > 0. Cudi cung, s6 0 sé xuat hién trong day phép

chia lién tiép, vi day cac s6 du b = r; > ro > ... > 0 khong chita qua b s6
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duge. Tu day suy ra

(a,b) = (ro,m) = (r1,7m2) = .. = (rp—2,7r,—1) = (rp,—1,1,) = (1,0) = 7p,.
Do d6 uéc chung 16n nhat ctia a va b 1a s6 du khac 0 cudi cung trong day
phép chia.

Tt thuat toan Euclid cling véi cac tinh chat néu trén, ta dé dang tim dugc
u6c chung 16n nhat ctia hai sé6 nguyén, va do d6 nhiéu s6 nguyeén.

Vi du 1.1.3. Dat (1 + 492 — 4Y4)" = a, + b,V/2 + cuV/4 cho moi n
nguyén kgoong am va ay, b,, c, nguyén. Ching minh a, chia cho 8 du 1,
con by, ¢, cting chia hét cho 4.

Bai gidi: Ta c6 ayrq +bpp1V2+ Cpp1 VA = (an +byv/2+ cpv/4) (1+4v/2 —
4v/4). Vay

api1 = a, — 8b, + 8¢, Uni1 = a, (mod 8)

bpr1 = 4a, + b, — 8¢, = Qbpr1 = b, (mod 4)

Cnp1 = —4a, + 4b, + c,. Cni1 = ¢, (mod 4).
Tt a; = 1,01 = 4,c; = —4 ta suy ra diéu can ching minh.

Vi du 1.1.4. Cho 2012 hinh chi nhat véi do dai cdc canh la nhing so
nguyén a,b théa man 100 > a > b > 1. Hinh ch@ nhat voi do dai cac canh
(a,b) dugc goi la chita duge hinh chit nhat vdi do dai cac canh (c,d) néu
c>a,d > b. Ching minh rang khi dé cé it nhat 41 hinh chit nhat lan gt
chita duoc nhau.

Bai giai: Ta chia 2012 hinh chi nhat nay ra lam 50 16p

({(100,b1) [ 100 = by > 1} U {(a1,1) | 100 > a; > 1}
{(99,b2) | 99 2 bg 2 2} U {(a2,2) | 99 2 a9 2 2}
{(52, b49) | 52 2 b49 > 49} U {(049,49) | 52 > Q49 } 49}
{(51, bs50) | 51 = bsy = 50} U {(50, 50)}.

\

Hinh chit nhat (a,b) thuoc mot trong 50 16p trén va cdc hinh chit nhat
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thuoc ciing mot 16p thi chita nha. Do s6 hinh chi nhat 1a 2012 phan vao
50 16p, nén phai c6 it nhat mot 16p chita nhiéu hon 40 hinh chit nhat.

1.2 Quan hé dong du va tinh chéat

Dinh nghia 1.2.1. Cho s6 nguyén duong m.Hai so nguyén a va b duge
goi la dong du theo modun m néu hiéu a — b chia hét cho m. Néu a dong
du voi b theo modun m thi ta viét a = b(modm) va goi dé la mot dong du
thic.

Mot s6 tinh chat sau day ctia dong du thic 1a hién nhién.

Meénh dé 1.2.2. Cho so nguyén duong m. Ta cé:

(i) a = b(modm) khi va chi khi a = b+mt, t € Z, hay a — b chia hét cho
m.

(ii) Quan hé dong du theo modun m la mot quan hé tuong duong trong tap
7.

Do quan hé dong du la mot quan hé tuong duong nén cdac phan tii thuoc
tap 7. sé dugc phan ra thanh cac l6p twong duong.Ky hiéu tap thuong
7] = bdi L,

Dinh nghia 1.2.3. Cdc ldp tuong duong theo quan hé dong du theo modun
m duogc goi la cdac ldp thang du theo modun m.

Meénh dé 1.2.4. S6 cdc ldp thang du theo modun m ding bang m.
Dinh nghia 1.2.5. Néu tu mai ldp thing du theo modun m ta lay ra mot
dai dién, thy tap cdc dai dién dé dude goi la mot hé thiang du day di theo
modun m. Néu ti moi lop thing du day di theo modun m ta lay ra mot
dai dién khong am bé nhat, thi tap hop cac dai dién dé dudc goi la mot hé
thang du day di khong am bé nhat theo modun m.

Hé thang du day du khong am bé nhat theo modun m la 0, 1,..., m — 1,
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con hé thang du day di vdi gid tri tuyét doi nhé nhat theo modun m la

(- m—1 m-—1 m— 1

(= -5+ L} khim e
m_ m m
<{—E’—E+1,,5—1} hOdC
m m m 5
k{—5+1’_§+2""’5} khi m chan.

Dinh 1y 1.2.6. Cho a,b la nhiing s6 nguyén tuy 4. Néu (a,m) = 1 va
x chay khdp mot hé thang dv day di theo modun m thi ax + b ciing chay
khap mot hé thang du day du theo modun m.

Ching minh: Néu z1, 79 nguyén va ax; + b = axs + b (mod m) thi
a(z1 —x2) =0 (mod m). Do (a,m) =1 nén x; = x5 (mod m). Diéu nay
chiing t6 khi x chay qua cac 16p tuong duong khac nhau ax + b cing chay
qua céc 16p tuong khac nhau. Vay, néu (a,m) = 1 va x chay khap mot he
thang du theo modun m thi ax + b ciing chay khap mot hé thing du theo
modun m.

Tinh chit ctia dong du thiic

Mot s6 tinh chat sau day cia dong du thic la hién nhién.

(i) Néu a; = b; (mod m),i=1,...,n, thi zn:ai = Zn:b7 (mod m).
(ii)Név a = b+ ¢ (mod m) thia—c=1b (Zrzllod m)l._1
(iii) Néua = b (mod m) thi a +hm =b (mod m).

(iv) Néu a; = b; (mod m),i=1,...,n, thh ﬁ a; = ﬁ b; (mod m).

(v) Néu a = b (mod m) thi ah = bh (mod ;7_13 -

(vi) Néu a; = b; (mod m),i=1,...,n, vax =y (mod m) thi ta luon cé
n n

S art = by’ (mod m).
i=1 i=1

(vii) Néu a = b(modm), d € uc(a,b), (m,d) =1 th
(viii) Néu a = b (mod m) thi ah = bh(modmh).
(iz) Néu a = b(modm), d € uc(a,b,m) thi g =
(z) Néu a =b (mod m) thi (a,m) = (b,m).

Tinh chat (x), ta thay cac s6 clia cing mot 16p thang du theo modun m

(modm) .

Ul e
Ul o

)

Ql o
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c6 cung u6c chung 16n nhat v6i (m). Do dé ta dinh nghia:

(@,m) := (b,m),V b € a.

Khi (@, m) = 1 thi 16p @ dugc goi 1a ldp nguyén té6 vdi modun m.

Dinh nghia 1.2.7. Néu tut mdi 16p thang du nguyén t6 véi modun m ta
lay ra mot dai dién, thi tap hop céac 16p dai dien d6 ducc goi 1a mot hé
thang du thu gon theo modun m.

Thong thuong ta chon hé thing du thu gon theo moédun m tit hé thang
du day di khong am bé nhat {0,1,...,m — 1}. Ky hieu ¢(m) la s6 cac
s6a€{0,1,...,m—1} va (a,m) = 1. Khi d6 s6 cac phan tt cia mot he
thu gon theo modun m 1a p(m).

Vi du 1.2.8. Hé thang du thu gon theo modun 14 la {1,3,5,9,11,13} va
o(14) = 6.

Hé thang du thu gon theo modun 18 la {1,5,7,11,13,17}, o(18) = 6.
Dinh 1y 1.2.9. Néu (a,m) =1 va x chay khdap mot hé thang du thu gon
theo modun m thi ax cing chay khdp mot hé thing du thu gon theo modun
m.

Ching minh: Néu x4, 5 nguyén va ax; = axs (mod m) thi a(z, —x9) =
0 (mod m). Do (a,m) =1 nén x; = x5 (mod m). Diéu nay ching t6 khi
x chay qua cac 16p tuong duong khac nhau thi ax cling chay qua cac 16p
tuong duong khac nhau. Vay ¢(m) gia tri ctia x cho p(m) gié tri ctia azx va
cac gia tri nay khong dong du theo modun m. Vi (a,m) =1 va (x,m) = 1
nén (ax,m) = 1. Diéu nay ching t6 ¢(m) gia tri ctia ax lap thanh mot

hé thang du thu gon theo médun m.
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1.3 Vanh Z,, cac I6p thang du moédun m

Xét tap thuong Z,, = {a | a € Z} cac 16p thang du modun m. Dé bién

tap nay thanh mot vanh ta dinh nghia hai phép toan cong va nhan sau day:

a+b=a+0b,ab=abVa,beZ.

Meénh dé 1.3.1. Xét tap thuong Z,, cdc ldp thang du modun m. Khi do
(i) Vi phép cong Z,, trd thanh mot nhom giao hodn.

(ii) Vdi phép nhan Z, trdé thanh mot vi nhém giao hodn.

(iii) Véi phép cong va nhan, Z, la mot vanh giao hodn cé don vi 1.
Dinh nghia 1.3.2. Z,, dudc goi la vanh cdac lop thang du theo modun
m.Lép a € Z,, dudc goi 1a ldp khd nghich néu c6be,, ddab=1.
Dinh 1y 1.3.3. Ldp a € Z,, la khd nghich néu va chi néu (a,m) = 1.
Ching minh: Gia thiét 16p @ € Z,, 1a kha nghich. Khi d6 ¢6 b € Z,,
dé @.b = 1 hay ab = 1. Nhu vay ab = 1 (mod m), titc la c6 € Z dé
ab+max =1. Ta c6 (a,m) = (a,m) = 1.

Nguoc lai, gid st @, m) = (a,m) = 1. Ta c6 b,z € Z dé ab+ mx = 1. Vay
a.b=ab=1 vata cé16p @ € Z,, 1a kha nghich.

Ky hieu Z*, 1a tap cac phan t1it kha nghich ctia vanh cac 16p thing du Z,,.
Dinh 1y 1.3.4. Tap Z;, la mot nhom giao hoan.

Ching minh:Trude tién ta chi ra Z* déng kin do6i véi phép nhan. Gia
sit 16p @,b € Z*,. Theo Dinh ly 1.3.3 c6(a,m) = 1,(b,m) = 1. Do dé
(ab,m) = 1. Diéu nay chimng té @.b € Z* hay Z*, dong kin déi véi phép
nhan. Hon nita, phép nhan céc 16p thing du théa man luat két hopl € ZF,.
Do d6 Z;, 1a mot vi nhom.

Ta chi ra, néu 16p @ € Z7, thi 16p @ ¢6 nghich ddo cting thuoc Z* . That
vay, via € Z* nén co b € Z,, dé a.b = 1. Hién nhién b € Z*, va b 1a nghich

dao cua a. Tom lai Z}, 1la mot nhéom véi phép nhan néi trén. Nhom nay
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giao hoan vi phép nhan giao hoan.

Chii y 1.3.5. Khi m = p la s nguyeén t6. Do d6 Z, 1a mot truong va Z;
c6 p — 1 phan tit hay ¢(p) :p—l

Vi du 1.3.6. Nhom Z§ = {1,2,2° =1,2° =8,2' = 7,2° = 5} la mot
nhom wiclic cap 6. Tw do suy ra 2201 = 2033141 chig cho 9 du 2.

Vidu 1.3.7. Nhém 735 = {1,2,4,8,7,11,13,14} la mot nhém cap 8. Cac
phan ti cia Zis chi c¢6 cap 2 hodc cap 4. Ti dé suy ra 28°V11 = 281:502+3
chia cho 15 du 7.

Vi du 1.3.8. Tim tdt cd cdac nghiém nguyén cia phuong trinh

23yt = 20+ 3

Bai gidi: Néu phuong trinh c6 nghiém trong Z thi né ciing c¢6 nghiém
trong Z;. Khi d6 ¢6 7,7,z € Z7; de 72 + 3> = 20 + 3.
Trong Z7 60 =0,1° =1,2 =1,3 = -1, = 1,5 = -1,6 =

Vay 72 hay 3° chi c6 thé 1a 0 hoic 1 hoiic —1. Qua kiém tra ta c6 7> + 7>

t—ll

chi c6 thé 14 0,1,2, —1, —2. Nhung 2% + 3 chi c¢6 thé 14 0 + 3 = 3 hoic
1+ 3 = 4. Diéu nay chitng t6 phuong trinh vo nghiém.
Vi du 1.3.9. Xét hai day so (x,), (yn) vdi g = 0,50 = 2 va s6 hang
khac:
Tpi1 = 172, — 6y, + 22
Yni1 = 3Dz, — 12y, +48,n > 0.
Chatng minh rang x, = 3"2—1( mod 2"*3), y, = —5.2""2+1( mod 3"*1).
Tp1 +1=17(2, +1) — 6(y, — 1)
st — 1= 35(z, + 1) — 12(y — 1).
Néu coi x,, + 1 va y, — 1 nhu a, va b, thi c6 bicu dién sau day
ag — 1, b() =1
ani1 = 17a, — 6b,
byt = 35a, — 12b,

Bai giai: Thuc hién phép bién doi

a, = —8.2" 4 9.3"
b, = —20.2" + 21.3".
Do vay x, = 3"*2 — 1( mod 2"3), 4, = —5.2""2 4 1(mod3"+1).

Quy nap theo n chi ra cong thitc xac dinh nhu sau: {
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Chu y 1.3.10. Biéu dién dang ma trin < g:fﬂ ) - ég —_162 b

w1 (23)(20) (73 ) e , >
1| 35 _19 ) = 0 3 9 | nén ta cé ngay bieu
()= (1) (2 30)( )()
r,+1Y) [ —82"49.3" —8.2"+9.3" -1
yo—1 ) — \ —20.2" +21.3" :—202“+213"+1
Do vay x, = 3" — 1( mod 2"3), y, = —5.2""2 + 1(mod3™*1).

Vi du 1.3.11. Ba day s6 (x,), (yn), (2,) zdc dinh bdi cic phuong trinh

sau:
o = 12,y0 = 8,20 =16
Tp =302, 1+ 21y, 1 — 212, 4
Yn = 14z, 1 + 23yn—1 — 14z,
Zn = 28T 1 + 28y,-1 — 192,_1,n > 1.

4n+2 Y codn+4 ) v od v odn+4
pAnt2 gy i dnE3 o i ot a7 2403 o 7 oA

Hay ching minh x,, :
2, 7240 wdi moin > 0.

Bai gidi: Xét 2, -+ tyn = (30+ 148)20_1 + (21 + 23yt — (21 + 148) 2.
Chon ¢ sao cho 21 423t = #(30+ 14¢) hay 2t>+t—3 = 0 vanhu vay t = 1

hoact = —=. V6it = —= ta ¢6 x,, — Y0 = I xp1 — §yn_1) VA suy ra
3 3 3 3
Tn = 5 = 9" (o — §yo) = 9"(12— 58) = 0. Ta nhan duge z, = Sy, Xet

Yn +uzy, = (144 28u)x,—1 + (23 + 28u)y,—1 — (14 + 19u) 2, 1. Chon u sao
cho (23 +28u)u = —14 — 19u hay 28u?+42u+ 14 = 0 va nhu vay u = —1
1 1

hosic u = —=. V6it = —= ta ¢6 y,, — 52" = 9(yp—1 — §znf1) VA suy ra
1 1 1 1
Yn — =20 = 9"(yo — =20) = 9"(8 — =16) = 0. Ta nhan dugc y,, = =z,.
2 2 2 2
3 3
Tn = FYn Tp = —Zn
Tom lai ta da co % hay f
Yn = §Zn Yp = §zn,n > 0.

Quy nap theo n dé dang suy ra z, = 12.16", y,, = 8.16", 2, = 16.16".
Tém lai z,, = 3.27%2 v, = 293 va 2, = 29 théaméan z,, : 212y, : 247F3 2, 1 2

va x, J24F3 gy, 72t o 7245 v6i moi n > 0.
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1.4 Dinh ly Euler va Dinh ly Fermat

Dinh 1y 1.4.1. [Euler] Néua,m € Z,m > 0, (a,m) = 1 thi a¥*"™ = 1
(mod m).
Chiing minh: Vi (a,m) = 1 nén a € Z;,. Gia stt Zy, = {@1, ..., Gp(m)}-
Vi Z7, la mot nhéom giao hoan hitu han theo Dinh ly 1.3.4, nén Z;, =

{aa,, ... @Gy, }. Nhan tat ca cdc phan tit ctia Z;, theo hai cach viét
p(m) @(m) p(m) _

tren ta c6 [[ @ = a¥™ H a;. Do H a@; kha nghich nén @™ =T hay
1=1

a?™ =1 (mod m).

Dinh ly 1.4.2. [Fermat bé] Néu s6 nguyén a khong chia hét cho so
nguyén to p thi a?~! =1 (mod p).

Ching minh: Ta c6 ¢(p) = p—1. Vi a khong chia hét cho pnén (a, p) = 1.
Theo Dinh 1y 1.4.1, ta c6 a? ! =1 (mod p).

Hé qua 1.4.3.Néu p la s6 nguyén to thi a’ = a (mod p) vdi moia € 7Z.
Chitng minh: Néu a khong chia hét cho p thi ™' = 1 (mod p) theo
Dinh 1y 1.4.2. Nhan hai vé v6i a ta nhan dugc a? = a (mod p). Néu a chia
hét cho p, thi @ = 0 (mod p) va lity thita p 1an ¢6 ¢ = 0 (mod p). Vay
a’ = a (mod p).

Dinh ly 1.4.4. [Wilson] Vi s6 nguyén top ¢ (p—1)!+1 = 0( mod p).
Chitng minh: Khi p = 2, két qua 14 hién nhién. Khi p > 2, mdi s6 nguyén

n thoa méan 1 < p—1 déu nguyen to véi p. Vay c6 dung mot sé6 nguyén

SN
sthéaman 1 < s<p—1vans=1( modp).Tacop_ cap (n, s) nhu

vay. Lay tich P cac phuong trinhns = 1( mod p) v6i n > 2 nhu vay
duge 2.3.4...(p—3)(p—2) = 1( mod p). Nhan hai vé phuong trinh nay
véi tich 1 vap—1duge (p— 1)+ 1= 0( mod p).

Vi du 1.4.5. Phuong trinh ((%)') + 1 = 0( mod p) théa man vdi

tat cd cdc s6 nguyén to p dang 4n + 1.
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Bai giai: Theo Dinh Iy 1.4.4 c6 (p—1)! +1 = 0( mod p) hay c6 thé viét

p—1 p—1
2 2
H k H (p—k)+1=0( mod p).
k=1 k=1
p—1 p—-1
p—1
o yp—1.\2 — 2 2
Vay((—)!) +1=(-1) 2 I k II (p—k)+1=0( mod p).
2 k=1 k=1

1.5 Mot vai vi du téng hop
Vi du 1.5.1. Tim tat cd cac nghiém nguyén cia phuong trinh sau day:

22 + 4yt = 25 + 6.

Bai giai: Néu phuong trinh trong c6 nghiém trong Z thi né ciing c6 nghiem
trong Zg. Khi dé c6 @,7,z € Zg dé 7> + 4y* = 2% + 6. Trong Zs cco cac he
thitc: 00 =0,1=1,2 =43 =1, =0,5=1,6 =4,7 = 1. Vay 7°
chi ¢6 thé 14 0 hoac 1 hoac 4 va 47? chi ¢6 thé 1a 0 hoiic 1. Qua kiém tra ta
hoic 1 + 6 = 7. Diéu nay chiing t6 phuong trinh vé nghiém.

Vi du 1.5.2. Gid st A va B la hai s6 déu gom 9 chit s6 duong vdi tinh
chat: Néu mot chit s6 bat ky cia A duge thay bdi mot chit s6 cia B vao
diing vi tri tuong ung thi s6 nhan duoc chia hét cho 7. Chiing minh ring
s6 nhan duge qua viéc thay doi chit s6 cia B bdi mot chit s6 cia A vao
ding vi tri tuong 1ing cing chia hét cho 7. Tim mot so nguyén d > 9 dé
tinh chat trén con ding khi A va B la hai so déu gom d chit so duong.
Bai giai: Biéu dién duy nhat A = aq10¢+ ag_110 4+ - - 4+ 4,10 + a va
B =b10 + by 11091 + ... 45,10 + by . Dt A* = a410% + a4_11091 +
oo 4 b 10F + -+ 4+ @110 + a va sb6 nay chia hét cho 7 theo gia thiét. Vay
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A* — A = —A( mod 7) hay 10*(by — a) = —A( mod 7) vé6i bat ky sb
nguyén khong am k. Cho k = 0,1,...,d v cong tat ca lai, ta nhan dugc
A— B =dA( mod 7). Ta chi ra két qua ding cho bat ky = 2( mod 7).
Khi d6 A — B = 2A( mod 7) hay A = —B( mod 7). Diéu nay chi ra
10%(ar —by) = —B( mod 7) véi bat ky s6 nguyen khong am k. Do do, khi
thay mot chit s6 bat ky trong B bdi mot chit s6 bat ky tuong ting trong A
ta ciing duge mot s6 chia hét cho 7.

Vi du 1.5.3. Cho s6 nguyén to p > 3. Chitng minh rang du ctia phép chia
80 ﬁl(j2 + 1) cho p la 0 hodc 4.

i

Bai giai: Ta xét truong hgp cac 16p thang du Z,. Mé rong truong thanh

truong Zy[i] véi i = —1. Ta viét j € Zp qua j, phan tich
p

H(j2+1)=H HJ—@ (). f (=),

J=1

p
trong d6 f(z) = [[(j + «). Hién nhién f(z) = a? — z trén Z, va nhu vay

7=1
p
1[G+ = @ =)= +i) = i(=)[" " = 1[(=i)"" = 1]
j=1
p—1
= (- 2 -1p
: p—1
Do dé J](52+1)=[(=1) 2 — 1]? chia cho p du 0 hosc 4.
j=1
Vi du 1.5.4. Cho so nguyén télf > 3. Chitng minh rang néu du cta phép
D—

chia so p cho 8 bang 1 thi2 2 —1 chia hét cho p.

Bai giai: Ta xét truong hop cac 16p thang du Z,. M rong truong thanh
Zy() voi a* = —1. Khi d6 truosng Z,(«) c¢6 dic sd p =8t + 1,¢ € N*. Ta
co(a+a 1P =aP+a P = a+a . Nhan hai vé véia+ o~ ! ta nhan dugc
hé thic dudi day:

p+1

(a+a M2 =(a+a ) =a*+2+a =2+

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



17

Tit a + a~1)? = 2 ta suy ra 2 = 2( mod p) hay 2" = 1( mod p).
Vi du 1.5.5. Cho k la s6 nguyén duong lén hon 1. Day so {a,} xdc dinh
nhu sau: a; = 1, con a, la s6 nguyén duong thit n lon hon a,_; dong dv
vdi n theo modun k. Tim cong thic tinh a, cho moin.

Bai giai: Theo gia thiét a; = 1 (mod k) va a, = n (mod k), a, > a,_1
cho moi n. Ta thiay s6 nguyén duong dau tién théa man dieu kién nay
14 a,_1 + 1. S6 nguyen duong thit n 16n hon a,_; va dong du véi n theo

modun k chinh la a, = a,-1 + 1+ (n — 1)k. T cong thitc nay ta suy
n[2+ (n — 1)k]

raa, =
Vi du 1.5.6. 20h0 p la s6 nguyén to lon hon 2. Dat n(p) = p*t + p'¥ +
-+ p+ 1. Tim du ciia phép chia n(p?™1°) cho n(p).

Bai giai: Vip!? = 1( mod n(p)), nén p?®1® = 1( mod n(p)). Vay n(p?°1®) =
n(1)( mod n(p)) hay du ctia phép chia n(p?"1°) cho n(p) 1a 12.

Vidu 1.5.7. Vi s6 nguyénn > 2 zét p,(x) = (5) + (5)z+- -+ (3k12)xk
vdi phan nguyén k = [n _ 2]. Khi do

(i) Pnt3(x) = 3pnta(®) = 3pnia(z) + éle D)pa(2).

(ii) Tim tat cd cdc s6 nguyén a dé 3[ 2 chia hét p,(a®) vdi moin > 3.
Bai gii: (i) suy tit (1) = 3(,07%) = 3(4 ) + (5re) + (5 )-

3m+2 3m+2 3m+2 3m+2
(ii) Néu a théa man dau bai thi ps(a®) = 10 + a® chia hét cho 9. Vay
a = —1( mod 3). Nguoc lai, néu a = —1( mod 3) thia® + 1 = 0(

mod 9). Vi py(a®) = 1, p3(a®) = 3 va py(a®) = 6 nén tit (i) ta suy ra
n—1
[

3 2 | chia hét p,(a®) v6i moi n > 3.
3n + (_1)(2) _ 2n+1

Vidu 1.5.8. Chiing minh rang : 5 vdi moi s6 nguyén

2
n > 2.
Bai giai: Vi 3! = 1( mod 5) va 2! = 1( mod 5) cing ("7*) = (§)(
3n 4+ (1)
mod 2) nén khi datf(n) = +(2 ) —2"tasé c¢o f(n+4)= f(n)(

mod 5). Kiém tra f(0) = f(1) = f(2) = 0 va f(3) =5 nén f(n) i 5 véi
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moi s6 nguyén duong n.
Vi du 1.5.9. [DB-IMO1991] Xdc dinh tat cd cac nghiém nguyén duong
cua phuong trinh 3* + 4Y = 5°.
Bai giai: Gia st x > 0,y > 0, z > 0 la nghiém nguyén duong ctia phuong
trinh da cho. Khi d6 1 = 5* = 2*( mod 3). Do vay z = 221,21 € N va
bt -2V =1
a S Z1__9Y 21 Yy — x ~ ~ 2
nhan duge phuong trinh (5% —2Y)(5*+2Y) = 3*. Tu day 00{521 Lov_ g
b (—1)* — (=1)Y = 1( mod 3)
Y=+ (=1)Y = 0( mod 3).
chén. Dac biet y > 2. Do d6 5 = 3*( mod 4) hay 3 = 1( mod 4). Nhu

vay x chdn. Néu y > 2 thi 2¥ : 8. Ta ¢6 ngay 5 = 5 = 3* = 1( mod 8) :

ti phuong trinh dau suy ra 2z; 1é y

mau thuan. Tom lai, y = 2,2y =1 vanhuthé z =2hay v =y = 2z = 2.
Vi du 1.5.10. Gid s p la so nguyén t6 lé. Dat Sy la tong clia tat cd cac
tich gom k s6 phan biét tu tap {1,2,...,p — 1}. Chitng minh rangSy. : p
vdi moi k thoa man 2 < k<p—2wva Sy—1+1:p.

Bai giai: Theo Dinh 1y 1.4.2 c6 2P~ —1 = 0( mod p) véiz = 1,2,...,p—
. Tudaysuyraa? ! —1=(z—1)(z —2)...(z —p+1)( mod p) va
nhu thé 271 —1 = 2Pt — SjaP 2 + SoaP 3 — ..+ (—=1)P71S,_1( mod p).
VaySj, i p véi moi k thbaman 2 <k<p—2vaS,_1+1ip.

Vi du 1.5.11. Gid st hai s6 nguyén duong p va q théa man (p,q) = 1.
Khi do6 p#9 + ¢#P) = 1( mod pq).

Bai giai: Theo Dinh Iy 1.4.1 ta c¢6 (p?@ — 1)(¢#?) — 1) = 0( mod pq)
va 2° = 2( mod p). tit day suy ra p#9 + ¢*?) = 1( mod pq).

Vi du 1.5.12. Xdc dinh tat cd cdc cip so6 nguyén to p va q théa man diéu
kien (57 — 27)(5¢ — 27) : pq.

Bai giai: Theo Dinh 1y 1.4.2 ta ¢6 5 = 5( mod p) va 2P = 2( mod p).
Tt day suy ra 5? — 2P =5 — 2( mod p).

Néu (57 —2P) i p thi 3 i p. Vi p la s6 nguyen t6 nén p = 3. Tuong tu ¢ = 3.
Ta c6 cap (3,3).

p_op:
Néu p,q # 3 thi {gq _ ;q z va 2 = 2( mod p). Tt day suy ra quan
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hé dong du 5 — 2 =5 — 2( mod p).

. ~ . . o aozl,a]_:—l .
Vidu 1.5.13. Day (a,,) zdc dinh bdi s = Tayp.y — 6a,.m >0 Hay
(i) Xdc dinh a, theo n.

(i) Chiing minh a2, | — Tap+1a, + 6a% = 14.6" véi moin > 0.
(11i) Ching minh a, /10 vdi moin > 0.
(iv) Ching minh asyo + 13 2011,
a) — —1, bl =1

Bai giai: (i) Dat b, = a,,—1 v6i moi n > 1. Khi d6 < ap4+1 = 7a, — 6b,
bpi1 = an,n = 0.
Do a1 + thyy1 = Ta, — 6b, + ta, = (7+t)a, — 6a, nén ta sé chon ¢ sao

cho (7T+1t)t = —6. T d6 t; = —1 va ty = —6. Xét 4nh xaa, 1 + tb, 1 =
f(an+tb,) = (7T+t)(a,+1tb,). Quanlan f céa,,1+tb,1 = f"(a1+tb) =
(7+t)"(a; + tby). Thay t = —1 va t = —6 dugc he phuong trinh tuyén

tinh sau:
a, — b, = —2.6"1
a, — 6b, = —7.
—2.6"+ 7
Vay a, = b1 = i v6i moi n > 0.
(ii) Vi i1 = boy = =2.67 nén a2, — 7a,a,41 + 602 = 14.6" moi s6
Apt+1 — 6bn+1 = -7 n+l nend n ' )

nguyén n > 0.

(iii) V1 a,, luon luon la s6 nguyén 1é nén a,, /10 v6i moi n > 0.

(iv) Vi baggrz = —2.6%°12 + 7 nén 5asgp = —65( mod 2011) hay ago +
13 : 2011.

apg = 2,@1 = —9,@2 =9
Vidu 1.5.14. Gia su a,, dugc zac dinh boi:{ apy3 = anio + 4ay,1 — 4a,
n >0

Chitng minh rang asys = 1(mod22°12).

Bai giai: Phuong trinh 2° — 22 — 42 + 4 = 0 ¢6 ba nghiem z; = 1,25 =
2,13 = —2. D& dang suy ra a, = 1 — 2" + 3(—2)" v6i moi n > 0. Vay

a1z = 1( mod 22012),
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Chuong 2

Phuong trinh déng du

2.1 Phuong trinh dong du moét an

Dinh nghia 2.1.1. Cho m la s6 nguyén duong, ag, ai, - - - ,a, 1a cac sd

nguyén. Phuong trinh dong du dang
apr" + a1z '+ +a, 1x+a,=0 (mod m)
(1) {ao Z%0 (mod m)

dugde goi 1a phuong trinh dong du bac n. Viéc tim tat cd cac gia tri nguyén
clia x théa man (1) duge goi 1a gidi phuong trinh dong du.
Dinh nghia 2.1.2. Cho phuong trinh dong du f(z) = 0 (mod m). S6
a € Z duge goi 1a mot nghiém ding cia phuong trinh néuf(a) = 0
(mod m).
Dinh nghia 2.1.3. Néu phuong trinh f(x) = apx" + a2+ -+a, =0
(mod m), ag # 0, ¢ nghiém ding o thi né cing nhan tdt cd cic y thuoc
I6p x = « (mod m) lam nghiém. Khi do ta néi ldp x = « (mod m) la
nghiém cua phuong trinh.
Ching minh: Ta ¢6 y — a = 0 (mod m). Vi f(a) = 0 (mod m) nén
fly) = fly) — fle) = (y — a)h(y,a) =0 (mod m).
Chi ¥ réng trong phuong trinh (1) ta c6 thé dua tat ca cac he s6 ag, ay, ..., ay,
veé cac sO khong am, nhd hon m. Do Z,, chi c6 m 16p thang du nén sé nghiém
cia phuong trinh (1) 13 s6 cac phan tit trong mot hé thang du day du theo

modun m hay trong he {0,1,...,m —1} théa man n6. Cha § rang, néu m
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14 s6 dt nho thi ta chi can thit 1an lugt cac phan it thuoe {0,1,...,m—1}
dé tim nghiem; con d6i v6i m 1a s6 qua 16n thi s6 phép thit rat nhieu. Chang
han, khi giai phuong trinh dong du 2x(2z + 1)(2x +2) = 0 (mod 8), ta
chi can thit tat ¢4 0,1,...,7. Tat cd déu théa ma phuong trinh. Vay moi
« € Z deéu la nghiem dung.
Dinh nghia 2.1.4. Hai phuong trinh dong du dugc goi 1a tuong duong
néu ching c6 cuing nhitng gia tri nghiem dung.
Meénh dé 2.1.5.7a c6 mot s6 phép bién doi tuong duong va hé qud sau
day:

(i) f(z) =0(modm) < f (z) +mb=0(modm).

(ii) f () =0 (modm) < af (z) =0 (modm), véi (a,m) = 1.
(iii) f (z) =0 (modm) < af (z) = 0 (modam), véi a > 0,a € Z.

(iv) Néu d € uc (ag, ..., a,) va (d,m) = 1 thi

f(x) =0(modm) < WO 48— (modm) .
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2.2 Phuong trinh dong du bac nhéat

Dinh nghia 2.2.1. Phuong trinh dong du bac nhat 13 phuong trinh

dang sau day:

Jax=b (mod m)
(2)'{a,b€Z,a$éO (mod m).

Meénh dé 2.2.2. Néu (a, m) = 1 thi phuong trinh (2) cé ding mot nghiém.
Chitng minh: Theo Dinh 1y 1.2.3, khi  chay khip mot hé thang du day
dt theo modun m thi ax cling chay khap mot hé thang du day du theo
modun m. Do d6 c6 mot va chi mot gia tri o trong mot hé thang du day
di theo modun m dé ax = b (mod m). Vay phuong trinh da cho c6 ding
mot nghiém.

Bo6 dé 2.2.3. Néum = myd thi lop x = x¢ (mod my) la hop cia d Idp
r =1z (mod m),x = xo+my (mod m),x =xy+ (d—1)my (mod m).
Ménh dé 2.2.4. Néu (a,m) = d thi phuong trinh (2) c6 nghiem khi va
chi khi d | b. Khi d6 n6 sé c¢6 d nghiém.

Ching minh: Gid st phuong trinh (2) c6 nghiem. Khi d6 ton tai sb
nguyén xy sao cho arg = b (mod m). Vay azg = b+ mt < axg — mt = b.
Do d6 d | b. Nguge ll?i, gia st d = (a m) | b. Khi d6 az = b (mod m)

a m

tuong ting véi ST = (mod E) W(EZ E) = 1 nén phuong trinh da cho

¢6 nghiém duy nhat x = xy (mod —). Vay phuong trinh (2) ¢6 d nghiem

g&IS

duy nhat z = xy + % (mod m), ...,z = xo+ (d — 1)% (mod m).
Vi du 2.2.5. Gidi phuong trinh 12x = 8 (mod20).

Bai giai: Ta c¢6 (12,20) = 4 va phuong trinh da cho tuong duong véi
3z =2 (mod 5). Trong mot hé thang du modun 5 1a {0, 1,2, 3,4}, phuong
trinh nay c6 mot nghiém dung 1 = 4. Vay phuong trinh da cho c¢6 nghiém
ding 1a 4,9, 14,19 trong hé thang du theo modun 20.

Phuong phap gidi axr =b (mod m)

Theo lap luan trén, phuong trinh bac nhat luon dua duge vé phuong trinh
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dang ax = b (mod m) véi (a,m) = 1. S6 nghiém ctia phuong trinh ding
bang 1. Do d6 ta chi can tim mot nghiem ax = b (mod m), (a,m) =
1,0 < a < m,b < m. Sau day ta néu mot sd cach gidi thuong dugce st
dung :

Thit qua mo6t hé thing du day da: Vi (a,m) = 1, nén khi z chay qua
mot hé thing du day du theo modun a thi ma + b cling chay qua mot
hé thing du day du theo modun a. Do dé véi mdi mot he thing du day
dt theo modun a ¢6 k dé mk + b = 0 (mod a). Vay ax = b (mod m)

khi va chi khi axz = b+ mk (mod m). Ta ¢6 nghiém ctia phuong trinh
b+ mk

a
Vi du 2.2.6. Gidi phuong trinh bz =4 (mod 7).

Bai giai: Thit trén hé thing du day di modun 5 1a {—2,—1,0,1,2} ta
c6k=-2démk+b="7(-2)+4=-10=0 (mod 5). Vay = = —2
(mod 7).

Dung thuat toan: Tim ¢ € Z sao cho a | b+ mt. Khi d6 x =

T = (mod m).

b+ mt

a
(mod m) la nghiém. Viéc tim ¢ dan t6i viéc giai phuong trinh mt = —b

(mod a). Gia st = m; (mod a),0 < my < a,—b=b; (mod a),0 < by <
a. Phuong trinh trén tuong duong véi mit = b; (mod a). R rang sau
mot bude ta da chuyén phuong trinh da cho vé phuong trinh véi cac hé s6
nhoé hon. Qua trinh sé ditng sau mot s6 hitu han budc.

Vi du 2.2.7. Gidi phuong trinh 37z = 25 (mod 117).

Bai giai: Tim ¢t € Z sao cho 117t = —25 (mod 37). Khidé x = 25;—711715
(mod 117) 14 nghiém ctia phuong trinh. Viéc tim ¢ dan t6i gidi phuong
trinh 6t = 12 (mod 37). Tim ¢; sao cho 37t; = —12 (mod 6) < t; =0
(mod 6). Chon t; = 0. Khi d6 t = M = 2 14 mot nghiém ding
25+ 117t

cua phuong trinh. Do d6 x = 5

= 7 (mod 117) la nghiém cia
phuong trinh dang xét.
Ap dung dinh Iy Euler: Vi ¢#™ = 1 (mod m) nén a.a¥™ b = b

(mod m). Vay z = a®*™~1b (mod m) la nghiém ctia phuong trinh (2) .
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Vi du 2.2.8. Gidi phuong trinh Tx =5 (mod 20).

Bai giai: Ta c6 ¢(20) = 8 va phuong trinh c6 nghiem x = 5.77 (mod 20).
Ap dung lién phan sé: Biéu dién m_ [q0;G15 - - -, qn). Ta c6 aP,_q —
mQn—1 = (—1)". Nhu vay aP,_1 = (—al)” (mod m). Nghiém ctia phuong
trinh 1a x = (—1)"0P,—-1 (mod m).

Vi du 2.2.9. Gidi phuong trinh 27z = 13 (mod 143).

Bai giai: Biéu dién 12i73 = 15;3,2,1,2]. Khi d6 x = 117 (mod 143).

Vi du 2.2.10. Gidi phuong trinh 9z = 2 (mod 41).

Bai gidi: Ta 6 41 = 94 +5 9 = 514+4, 5 =41+ 1. Do d6
1 =5-41=5-(9-51)1 = —9+52 = —9+(41—9.4)2 = 9.(—9) +41.2
Nhu vay, phuong trinh ¢6 nghiem z = —9.2 = —18 (mod 41).

2.3 Hé phuong trinh dong dv mét an

Xét he cac phuong trinh dong du duéi day:

fi(zx) ? 0 (mod my)
(3) : fg(x) =0 (mod my)

trong do f;(x) € Z[x],m; 1a cac s6 nguyén duong véii = 1,2, ..., n.

0 (mod my),

Dinh nghia 2.3.1. Phan ti o € Z dudc goi 1a mét nghiém ding cia heé
(3) néu fi(a) =0 (mod m;) véi moii =1,2,...,n.

Meénh dé 2.3.2. Néu « la nghiem ding ciia hé (3) thi moi phan ti thuoc
I6p v = a (mod m) ciing la nghiém cia hé vdi m la boi chung nhé nhat
cia my, Mo, ..., My. Khi dé ta ndi lop x = o« (mod m) la mot nghiém ciia
hé (3).

Dinh nghia 2.3.3. Hai hé phuong trinh dugc goi 1a tuong duong néu chiing
c6 cung nhing gia tri nghiem ding. Gid st mdi phuong trinh f;(z) = 0

(mod m;) ¢6 nghiem = = a; (mod m;). Khi d6 nghiém ctia hé (3) chinh
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la nghiém ctia hé phuong trinh

r=a; (mod my)
(4) - r=as (mod my)
r=a, (modm,).

Nguoi dau tién nghién citu heé phuong trinh dong du bac nhat 1a nha toan
hoc Trung Hoa Sten-Zu vao khoang thé ky thi nhat truéc cong nguyen
nén dinh 1y sau dugce goi 1a dinh 1y Trung Hoa vé du.

Trong (3), gid st cac s6 nguyen duong my, ..., m, la nhing s6 doi mot
nguyén t6 ciing nhau.

Dinh ly 2.3.4. [Dinh ly Trung nHoa vé phan du | He (3) c6 mot

nghiém duy nhat theo modun m = [ m;.
i=1

Ching minh: Dat M; = m,i =1,...,n. Taco (M;,m;) =1 va mj|M;
my;
cho moi j # i. Vi (M;, m;) = 1 nén céc phuong trinh M;y =1 (mod m;)
bao gio cling ¢6 nghiem duy nhat y = N; (mod m;). Dit
xo = MiNya; + MaNsas + - - - + M, Nya,.

Ta ¢6 zg = M;N;a; = a; (mod m;),i = 1,...,n. Vay z( la nghiéem ding

ctia hé da cho. Néu x va 2’ déu nghiém dung hé da cho thitacé z—2' =0

(mod m;),i = 1,...,n. Do d6 x — 2’ = 0 (mod m). Ngugc lai, néu z
nghiém diang hé da cho va 2/ = z (mod m) thi 2’ = x (mod m;),i =
1,...,n. Vay 2’ cing nghiém dung hé da cho. Tém lai, nghiém ctia he (3)

xac dinh theo modun m 14 duy nhét.
Vidu 2.3.5. Tim s6 tu nhién nhé nhat biét rang khi chia né cho 7,5,3,11
ta lan lugt duge cac s6 du 3,2,1,09.

Bai giai: Bai toan dugce dua vé dang tim s6 tu nhién nhd nhat x thoa

man hé
r=3 (mod7)
r=2 (modb)
r=1 (mod 3)
r=9 (mod 11)
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Ta ky hieu m = 7.5.3.11 = 1155, M1} = 5.3.11 = 165, My = 7.3.11 = 231,
Mz = 7.5.11 = 385, M, = 7.5.3 = 105. Xét phuong trinh dong du:

Miz=1 (mod7)< 1652 =1 (mod 7)< 4x=1 (mod?7).

Chon N7 = 2 1a mot nghiém dang ctia phuong trinh dong du nay. Tuong
tu Mox = 1 (mod 5) ¢6 mot nghiem ding No = 1; M3z = 1 (mod 3)
c6 mot nghiem ding N3 = 1 vi Myz =1 (mod 11) ¢6 mot nghiém dung
Ny = 2. Khi doxy = _24: M;N;a; = 165.2.3 + 231.1.2 + 385.1.1 4+ 105.2.9.
Tu zp = 262 (mod 121:515) ta suy ra s6 ty nhién nhé nhat can tim la 262.
Déi vé6i he phiic tap

bix =a; (mod my)

box = ay (mod my)

byr = a, (mod my,).

Ta gidi tiing phuong trinh b;x = a; (mod m;) c6 nghiem z = ¢; (mod m;)
cho méi i =1,...,n. He da cho tré thanh he dudi day ma ta da biét cach
giai.

r=c; (mod my)

r=co (mod my)

r=c¢, (modm,).

2.4 Phuong trinh dong du mot an bac cao

Cho m > 1 1a s6 nguyén duong. Xét phuong trinh dong du

(5) : flz)=apzr" + az" 4+ +a,=0 (mod m)
"lag Z0 (mod m),n > 1.

aq Q2

Dinh ly 2.4.1. Khi s6 m c6 su phan tich chinh taic m = p{'p3?...p%
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thanh cac thita s6 nguyén to, thi (5) tuong duong vdi hé phuong trinh dong
du

() =0 (mod p{")
=0 (mod p3?)

f(z) =0 (mod p¢).

Ching minh: Gid thiét z = xy (mod m) 1a nghiém cta (5). Khi d6
f(zo) =0 (mod m). Vi m la boi ctia cac p;*, nén ta ciing c6

f(zg) =0 (mod pi*)
f(xzg) =0 (mod py?)

f(zg) =0 (mod pg).
Nhu vay © = xy (mod m) 14 mot nghiém cuia (6).
Ngugc lai, gia thiét x = zp (mod m) 1a mot nghiem cta (6). Khi do6
f(zo) =0 (mod p;),7i = 1,...,s. Do f(xg) chia hét cho cac p;" va cac

pit 1a nguyen t6 sanh doi, nén f(xg) chia hét cho tichp{'py?...p% = m
hay f(xo) =0 (mod m), tic 1a (5) ¢6 nghiém.
Chu y 2.4.2: Viéc gidi phuong trinh (5) dugc thay bing viéc gidi hé (6).

Néu ta tim dugc nghiém cia moi phuong trinh f(x) = 0 (mod pf) la

r =x; (mod p;*) cho moii=1,...,s, thi ta sé gidi hé
r=x; (mod pi?)
r=u1xy (mod py?)
r=x, (mod p?)

theo muc 6.3 dé tim he (6).
Thuec ra dé gidi (5) ta chi can giai cac phuong trinh dang dudi day 1a du

(7) f(x)=0 (mod p%)
" la € N, p 1a s6 nguyéen t6

Ta bat dau cong thic khai trién Taylor ctia ham da thitc f(z) bac n tai
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r=ala
(a (0)(g | o
f(x):f(a)Jrfl(!)(:c—a)+---+f z'( )(a:—a)z+---+f n'( )(:c—a)”.
f(a)

€ 7Z khi a 1a s6 nguyén. Thay © = a + pt ta

Dé dang chi ra

1!
"a o (n) a
c6f(a+pt) = f(a) + f1(| )pt + f2—(')p2t2 +-- 4 fo)p”t”.

Dinh ly 2.4.3. Xét phdo’ng trinh (7) va phuong trinh 8): f(x) =0

(mod p) vdi p la so nguyén to. Khi dé moi nghiem cia (7) cing la nghiém

ctia (8). Ngugc lai, méi nghiém x = 1 (mod p) cia (8) vdi dieu kién
f'(x1) khong chia hét cho p cing la mot nghiém cia (7).

Chitng minh: Hién nhién, mdi nghiém ctia (7) cling 1a nghiém ctia (8). Gia
st= x; (mod p) 1a mot nghiém cta (8). Khi d6 x = x1 + pty v6i ¢, € Z.
Thay n6 vao phuong trinh f(z) = 0 (mod p?) ta c6 f(x1 + pt1) = 0
(mod p?). Theo cong thiic khai triéen Taylor cho ham da thitc & vé trai

f(x1) + ptif'(z1) =0 (mod p?). Chia hai vé cho p ta nhan dlrc_icf(]‘fl) n
t1f'(z1) =0 (mod p) hay
izt = —f(Zl) (mod p)

(f'(x1),p) = 1,p la s6 nguyen t6
Do f'(x1) khong chia hét cho p, nén theo cach gidi ¢ muc 6.3 phuong
trinh ¢c6 mot nghiem duy nhat ¢t = 2z; (mod p) hay t; = 21 + pte. Khi
dosz = x1 + pt1 = 21 + p(21 + pt2) hay © = (z1 + pz1) + p*ty = 29 + PPty
Thay z vao phuong trinh f(z) = 0 (mod p?) ta c6 f(xy + p?ts) = 0
(mod p?). Khai trién Taylor cho ham da thitc & vé trai, ta c6

f(x2) + p*taf'(z2) =0 (mod p*).

Chia tat ca cho p? phuong trinh tré thanh f(:gz) +taf'(x9) =0 (mod p).
p

f'(x2) khong chia hét cho p, vi x9 = x1 (mod p) vanhu thé f'(x2) = f/'(x1)
(mod p). Ta lai coi day 1a phuong trinh dong du bac nhat theo 5. Lip lai
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y nhu vay cho cac truong hgp khéc (7).

Trong trudng hop f/(x1) chia hét cho p, ta kiém tra f(x1) c6 chia hét cho
p hay khong. Néu f (1) khong chia hét cho p thi phuong trinh vo nghiém:;
con néu né6 chia hét cho p ching ta xét v = x1,0 = x1 + pty,..., 0 =
x1+ (p — 1)t; theo modun p?. Khi ca hai f(x1) va f'(z1) déu chia hét cho
p’ thi ta xét phuong trinh dong du tuong tng theo modun p'™!. Lap lai y
nhu vay cho cac truong hgp khac.

Vi du 2.4.4. Phuong trinh dong du f(z) = 2* +22% — 92 +1 = 0
(mod 125).

Bai giai:Trudc tien xét 2% +22° — 92+ 1 =0 (mod 5). Thit trén mot he
thang du day da, ta c6 x =1 (mod 5) va z = 2 (mod 5) 14 nghiém cta
phuong trinh .Ta c6 f'(z) = 42°462%—9. Xét nghiem z = 1 (mod 5) : Ta
c6 f'(1) = 1 khong chia hét cho 5. Dat © = 145¢t;. Taco f(1)+5t.f/(1) =
0 (mod 25) hay —5+5t; = 0 (mod 25). Chiacho5tacét; =1 (mod 5).
Vay t1 = 1+ 5ty vi o = 1+ 5(1 + 5tp) = 6 + 25t5. Thay = = 6 + 25t
vao phuong trinh dong du f(z) = 2* +22% — 92 +1 = 0 (mod 125) va
khai trién ta c6 f(6) + 25t f(6) = 0 (mod 125). Vay 50 + 25.t5.1071 = 0
(mod 125). Chia hai vé cho 25 ta dugc 2415.1071 = 0 (mod 5) hay to = 3
(mod 5). Cubi cung ta dugc ty = 3 + 5St3,t3 € Z va x = 81 + 125t3 véi
i3 € Z.

Xét nghiem x = 2 (mod 5) : Hoan toan tuong tu ta c6 x = 57 + 125t5 va
i3 € Z.

Tom lai, phuong trinh dong du f(z) = 2% +22% — 92+ 1 =0 (mod 125)
c6 hai nghiem = = 81 (mod 125) va z = 57 (mod 125).

Vi du 2.4.5. Phuong trinh dong du f(z) = 2° + 62> — 1 =0 (mod 81).
Bai giai: Xét 23 + 62 — 1 =0 (mod 3). Thit trén mot he thang du day
dd, z = 1 (mod 3) 14 nghiém ctia phuong trinh. Ta cé f'(z) = 32 + 1262
va f/(1) = 15 chia hét cho 3. Lép £ = 1 (mod 3) chia ra thanh 3 16p theo
modun 9 1a z = 1 (mod 9),2 = 4 (mod 9),z = 7 (mod 9). Song ca 3
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16p nay khong c6 16p nao la nghiém ctia phuong trinh dong du f(x) =
23+ 622 —1 =0 (mod 9) vi khi gidi f(1)+ 3t.f (1) = 0 (mod 9) hay
6+ 3.t1.15 = 0 (mod 9) c¢6 6 khong chia hét cho 9. Tém lai, phuong trinh
dong duf(z) = 23 + 62 — 1 =0 (mod 81) 1a vo nghiem.
Vi du 2.4.6. Gidi phuong trinh dong du f(z) = 2° + 62> +2 = 0
(mod 1323).
Bai giai: Vi m = 32.72, nén theo Dinh Iy 2.4.1 phuong trinh da cho tuong
duong véi hé phuong trinh dong du

{f(x) =0 (mod 3?)

f(z)=0 (mod 7?).

Trude tién ta giai phuong trinh f(z) = 23 + 622 +2 =0 (mod 3%) : Xét
234622 +2 =0 (mod 3). Thit trén mot he thang du day du, ta cé z = 1
(mod 3) 1a nghiém ctia phuong trinh. Ta viét = 1 + 3¢,¢ € Z. Dao ham
f'(z) = 32% + 122. Tacé f(1) =9, f/(1) = 15, f’(1) = 18. Biéu dién

F(1+38) :f(1)+3t@+9t2f”2_('1)+...

hay f(1+ 3t) = 9+ 45t +81£2+ - - - ludn chia hét cho 9 v6i moi ¢ nguyen.
Taviét x =1 (mod 3) thanh z = 1+ 9,2 =4+ 9,2 = 7+ 9, t; € Z.
Xét x =14 9t;. Taco f(1) 4+ 9t f (1) =0 (mod 27) hay 9 + 135¢; =0
(mod 27) = 9 = 0 (mod 27) = = = 1 4 9¢; khong théa man phuong
trinh.

Xét . =4+9t;. Tacod f(4)+9t1f(4) =0 (mod 27) hay 162+ 9.96t; = 0
(mod 27) = 0 =0 (mod 27) = x = 4 + 9¢; ludn luon khong théa man
phuong trinh.

Xét x = 7+9t1. Taco f(7)+9t1 f'(7) =0 (mod 27) hay 637+9.231¢1 = 0
(mod 27) = 16 = 0 (mod 27) = x = 7 + 9¢; khong théa méan phuong
trinh. Nhu thé, f(z) = 0 (mod 3%) ¢6 nghiem x = 4 + 27t;, 2 = 13 +
Tt x = 22 + 2Tt v6i t, € Z.

Tiép theo gidi phuong trinh f(z) = 2° + 62> + 2 = 0 (mod 7?). Thit
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tren mot he thang du day du, ta ¢6 * = —1 (mod 7) 1a nghiemj cta

flz) = 2 + 622 +2 =0 (mod 7). Viet x = —1 + 7t,t € Z. Dao ham

f(z) = 32%2+122. Taco f(—1) =7, f'(—=1) = =9. Vi f/(=1) = —9 khong

chia hét cho 7, ta xét f(—1) + 7tf'(—1) = 0 (mod 49) hay 7 — 7.9t = 0

(mod 49) = 1+ 5t = 0 (mod 7). Ta c6 t = 4 + Tt;. Vay f(x) = 0

(mod 7%) ¢6 nghiem x = —1+ 7t = —1 + 7(4 + Tt;) = 27 + 49¢; v6i

t € Z.

Toém lai, phuong trinh da cho tuwong duong véi ba hé sau

{:z: =4 (mod 27) {:1: =13 (mod 27) {x =22 (mod 27)
r =27 (mod 49) r =27 (mod 49) r =27 (mod 49).

Giai cac hé nay, phuong trinh dong du 2 + 622 +2 = 0 (mod 1323) c6 3
r =76 (mod 1323),

nghiem 13 { z =51 (mod 1323)
r = 958 (mod 1323).

2.5 Phuong trinh dong du bac cao theo médun p

Dinh 1y 2.5.1. Phuong trinh dong du bic n sau dday cé khong qud n
nghiém

(9) - f(z) =apz"+ a2z '+ 4+a,=0 (mod p)
"lapZ0 (mod p),p la s6 nguyén to

Chitng minh: Ta chitng minh bang phuong phip qui nap theo bac n.
Néu n = 0 thi phuong trinh dong du ¢6 dang ag = 0 (mod p). Vi ag Z 0
(mod p) nén phuong trinh dong du nay vo nghiém hay s6 nghiém béang
0.Gia st phuong trinh dong du bac n > 0 va dinh 1y 1a ding cho cac phuong
trinh dong du bac < n — 1. Gia st f(x) = 0 (mod p) ¢6 nghiem z = x
(mod p). Khi d6 f(zg) = 0 (mod p) va ta c6 f(x) = f(x) — f(xg) =
E%l a;(z"" — x07") =0 (mod p). Nhu vay ta c6 phuong trinh dong du

(z — zo)(agz" P + 01" 2+ +b_1) =0 (mod p).
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Z

Néu f(z) =0 (mod p) ¢6 mot nghiem khac nita © = x; (mod p). Khi d6
(z1 — x0)(apx} '+ b1zl 4+ -+ b,_1) =0 (mod p).

Vi p 1a s6 nguyén t6 va 21 Z xy (mod p), nén

apr?  + bz 4+ b, 1 =0 (mod p).

Diéu nay ching t6 cac nghiém khéac ctia phuong trinh dong du (9) la
nghiém ctia (10) : apz" 1+ b2" 2+ -+ 4+ b, 1 =0 (mod p). Vi bac ctia
(10) 1a n — 1 nén theo gia thiét qui nap (10) c¢6 khong nhiéu hon n — 1
nghiém. Do d6 (9) c¢6 khong qua n nghiém.

Hé qua 2.5.2. Néu phuong trinh dong dv f(x) = apz"+ayz" 14+ - -+a, =
0 (mod p), vdi p la s6 nguyén to, bac khong quia n cé nhiéu hon n nghiém
thi tat cd cac hé so clia né phdi chia hét cho p.

Chitng minh: Néu c6 mot hé sé nao dé khong chia hét cho p, ching han
ao khong chia hét cho p, thi phuong trinh nay c6 khong qua n nghiém theo
Dinh 1y 2.5.1. Diéu nay mau thun véi gia thiét. T He qui 2.5.2 ta co
dinh 1y sau day:

Dinh 1y 2.5.3. [Wilson] Néu p la s6 nguyén to thi

p—1D!'+1=0 (mod p).

Chitng minh: Néu p = 2, dinh 1y 1& hién nhién. Néu p > 2, ta xét phuong
trinh dong du theo modp.

p—1

H(az —4)— (2?1 =1)=0 (mod p).

i=1
Phuong trinh nay c6 bac < p — 2 vanhan 1,...,p — 1 lam nghiém. Khi
do6 tat ca cac hé sd clia né déu chia hét cho p theo He qua 2.5.2. Vay s6
hang tu do chia hét cho p hay (p — 1)! +1 =0 (mod p).
Hé qua 2.5.4. Néu so tu nhiénp > 1 théa man (p—1)!+1=0 (mod p)
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thi p la s6 nguyén to.

Chitng minh: Néu p 1 hop s6 thi c6 s6 nguyén t6 ¢, véip > ¢ > 1, 1a uée
ctia p. Khi d6 (p — 1)! chia hét cho ¢. Theo Dinh 1y 2.5.3 ta ¢6 (p—1)! + 1
chia hét cho p, nhung n6é khong chia hét cho ¢: mau thuan. Vay p la s6
nguyén to.

Hé qua 2.5.5. Néu so nguyén to p c6 dang 4n + 1 thi [(7%1)!]2 +1=0

(mod p).
Chitng minh: Theo Dinh Iy 2.5.3 ¢c6 (p—1)! + 1 =0 (mod p) va suy ra
p—1 po1 p—1
()P +1 = ()T [(F5)P +1
2 2
= i.|l(p—i)+1=(p—1)!+1=0(modp).
=1 =1

—1

vay[(pT)v]2 +1=0( mod p)

2.6 Thang du bac hai

Cho p 1a mot s6 nguyén t6 1é va phuong trinh dong du bac hai

az® + bz + ¢ = 0(mod p)

v6i a nguyén t6 v6i p. Do p nguyen t6 1é va (a,p) = 1, nén phuong trinh
dong du bac hai

az® 4 br + ¢ = 0(mod p)

dugc dua vé dang tuong duong

4a*r* + 4abx + 4ac = 0(mod p)

Dat y = 2ax + b, d = b* — 4ac. Ta c6 phuong trinhy? = d(mod p).

Cho phuong trinh 22 = a(mod p). Trong dé p 1& mot s6 nguyeén t6 1é va a
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nguyén td véi p.

Dinh nghia 2.6.1. S6 nguyén a dudc goi 1a mot thang du bac hai theo
modun p, hay thing du toan phuong modun p, néu phuong trinh dong du
bac hai 22 = a(mod p) c6 nghiém. S6 nguyén a dude goi 1a mot bat thdang
du bac hai modun p, hay thang du phi toan phuong modun p, néu phuong
trinh dong du bac hai 2* = a(mod p) vo nghiem.

Vi du 2.6.2. Xét mot vai vi du sau:

(i) 2* = 5(mod 11) ¢6 nghiem z = F4(mod 11). Vi (5,11) = 1, nén 5 1
mot thang du bac hai moédun 11.

(ii) % = 2(mod 11) vo nghiem. Vi (2,11) = 1, nén 2 13 mot bat thing du
bac hai modun 11.

Meénh dé 2.6.3. Cho mot s6 nguyén to lé p va mot sé6 nguyén a nguyén
to vdi p. Khi dé

(i) Néu a la mot thang du bac hai modun p thi moi phan ti thudc ldp thang
du a(mod p) ciang la thang du bac hai modun p.

(it) Néu a la mot bat thang du bac hai modun p thi moi phan tii thuoc I6p
thang du a(mod p) ciing la bat thdng du bac hai modun p.

Chitng minh: Do a 1a mot thang du bac hai modun p. Khi dé ton tai
xy € Z dé

22 = a(mod p).

Véi b € @ c6 b = a(mod p) va suy ra 3 = b(mod p). Nhu vay,b cling 1a
mot thang du bac hai moédun p.

(i) Gia st @ 1a mot thang du bac hai modun p. Khi d6 khong ton tai s6
nguyén rg ndo dé 22 = a(modp). Liy b € a. Néu c6 sd nguyen xq dé
22 = b(mod p), thi 23 = a(mod p).(mau thuin.) Nhu vay, b cling 1a mot
bat thang du bac hai modun p.

Dinh ly 2.6.4. Néu a la mot thdang du bac hai modun p thi phuong trinh

23 = a(mod p). cé diing hai nghiem.
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Chitng minh: Do a 14 mot thang du bac hai médun p nén c6 zy € Z dé

z3 = a(mod p).
Do
(—20)* = 22 = a (mod p)
nén r = —xp(mod p) cling la mot nghiém cia phuong trinh da cho. Gia
st xg = —xo(modp). Khi d6 ta c6 2xy = O(modp). Vi p la mot s6

nguyén t6 1é nén zyp = O0(modp) (mau thuin). Vay x = xo(modp) va
r = —xo(mod p) 1a hai nghiém phan biét ctia phuong trinh da cho. Ma
phuong trinh 2? = a(modp) c¢6 khong qua hai nghiem. Do vay 22 =
a(mod p) chi c¢6 ding hai nghiém.

Vi du 2.6.5. Gidi phuong trinh dong duv 2* + 3z + 1 = 0(mod 7).

Bai giai: Phuong trinh dong du bac hai 22 + 3z + 1 = 0(mod 7) dudc
duwa vé phuong trinh tuong duong

42* + 122 4+ 4 = 0(mod 7)

hay

(22 4 3)* — 5= 0(mod 7).

Dat y = 2z + 3. Ta c6 phuong trinh y? = 5(mod 7). Vi phuong trinh nay
vo nghiém, nén phuong trinh da cho vé nghiém.

Dinh ly 2.6.6. Trong mot hé thang du thu gon modun p cé p%l thang du
bac hai tuong ng cing ldp vdi cdc thang du 12,22, ..., (’%1)2 va co p%l bat
thang du bac haa.

Chitng minh: Cac s6

2
12 22 p— 1
gLy ey 9

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



36

la nhitng thang du bac hai médun p doi mot khong cuing thuéc mot 16p
thang du modun p. That vay, phuong trinh

2% = k*(mod p)

la thang du bac hai modun p déi mot khong cung thudoc moét 16p thang du
modun p. That vay, phuong trinh

2* = k*(mod p)

vl 1l <k < p%l c6 nghiém

x = +k(mod p).

Gia sit h2 = k*(mod p) v6i 1 < h, k < 21 Khi d6

(h—k)(h+ k) = 0(mod p)

voi 1 <k <22 Do (h+k,p)=1,nén h = k(mod p). T

h = k(mod p)

va h? = k*(mod p), ta suy ra h = k.
Gia st a la mot thang du bac hai modun p. Khi dé trong hé thang du thu

gon modun p véi gia tri tuyet doi nhé nhat cé sé nguyen zg dé

z3 = a(mod p).

Do 1 < |zg| < 7%1 nén khi lay k = |x¢/, ta dudc a = k*(mod p). Nhu vay

a cung 16p véi
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Dinh 1y 2.6.7. Cho mot 56 nguyén to lé p va mot so nguyén a nguyén to
vor p. Khi do ta co:

(i) Néu a la mot thang du bac hai modun p thy a'T =1 (mod p).

(ii) Néu a la mot bat thang du bac hai modun p thi 't = —1 (mod p).
Ching minh: (i) Gia sit a 1a mot thing du bac hai modun p. Khi d6 ton
tai 19 € Z véi (z9,p) = 1 dé 23 = a(mod p). Theo Dinh li Euler

p—1

a7 =207 =1 (modp).

(i) Gia st a 1a mot bat thing du bac hai modun p. Vi mdi thang du
bac hai modun p déu nghiém ding phuong trinh yp%l = 1(modp) va
phuong trinh nay c6 khong qua p%l nghiém nén, trong mot hé thiang du
thu gon moédun p c6 ding p%l nghiém cia phuong trinh nay la cac thing
du bac hai modun p déu khong nghiém ding phuong trinh nay. Chinh vi
thé o'z £ 1 (mod p) . Diéu nay c6 nghia (apgl - 1,p) = 1. Vi a nguyén

—1

t6 v6i p nén a7 — 1 = 0 (mod p) . Nhu vay

p—1 p—1
(a2 — 1) (a? + 1) = 0 (mod p)
Tém lai, ta c6 "= = —1 (mod p).
Heé qua sau day con dudc goi 1a ddu hiéu Euler vé thang du bac hai.
Hé qua 2.6.8. Cho mot s6 nguyén to 1é p va mot s6 nguyén a nguyén to
vdi p. Khi do:
(i) a la mot thang du bac hai modun p khi va chi khi
p—1
a? =1(modp).

(ii) a la mot bat thang du bac hai modun p khi va chi khi

p—1

a? =—1(modp).
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Chuong 3

Phuong trinh Mordell

3.1 Chuan trong vanh Z[v/d] va sb hoc

Chuéan trong vanh Z[/d]

Sit dung vanh Z[v/d] d6i véi bai toan s6 hoc. Cac két qua sau day dé
dang c6 ducc qua kiém tra truc tiép.
Ménh dé 3.1.1. Gid thiét s6 duong d # 1 khong la s6 chinh phuong. Khi
do
(i) Tap Z[Vd] = {a + bVd|a,b € Z} cing phép cong va nhan lap thanh
mot vanh giao hodn vdi don vi va dnh za f : Z[\d) — Z[Vd], a + bV/d —
a — bVd, la mot tu ding ciu (lien hop), ¢6 nghia: f la mot song dnh
va thoa man f(z1 + z2) = f(z21) + f(22), f(z122) = f(21)f(22) vdi moi
21,22 € ZIVd).
(ii) Tap Z[v/—d] = {a+ibV/d|a,b € Z} cing phép cong va nhan lap thanh
mot vanh giao hoan véi don vi va éanh xa f : Z[V—d] — Z[vV—d],a +
ibv/d — a — ibv/d, 1a mot ty ddng ciu (lien hop), ¢6 nghia: f 1a mot song
anh va thoa man f(z1 + 29) = f(21) + f(22), f(z122) = f(21)f(22) v6i moi
21, 29 € Z[\/—d).
Véi 2 = a+bVd € Z[Vd] va u = a + ibv/d € Z[\/—d] ta ky hieu
N(z) = a® — db?, N(u) = a* + db* va goi 1 chuan clia 2 hay u. Khi d6 c6:

Hé qua 3.1.2. Vdi 21,29, ..., 2, € Z[Vd] va uy, ug, ..., u, € Z/—d]

ta luon co hé thuc
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N(z1z9...2,) = N(z1)N(z2)...N(zp)
N(wjug ... up) = N(up)N(uz)...N(uy,).

Chu’ng minh: Gia sit Z;, = a + bpV/d € Z[Vd] véik = 1,...,n, Va viét

tich H (ar +bpVd) = a+bv/d. Qua tu ding ciu lien hop c6 ngay H (a—
=1 =1

bk\/_) = a—bV/d. tit day suy ra N (2125 ... 2,) = N(21)N(2) .. N(zn)
o’ — b'd = ﬁ(ak + bpV/d) ﬁ(ak — bpVd) = f[ — bid.

Hoan toan tuong tu ta cing c6 N(ujusg ... u,) = N(up)N(uz) ... N(uy,).

Meénh dé 3.1.3. Gid thiét p,q la hai so nguyén duong khong cé nhan ti
la s6 chinh phuong véi (p,q) = 1. Khi dé tap Z[\/p, /q] = {a + by/p +
c\/q + dy/pqla,b,c,d € Z} cing phép cong va nhan lap thanh mot vanh

giao hodan vor don vi va cac anh ra dudi day :

Zlyp, v = ZIVPp, Vil

$1(2) = a+ by/p+ c\/q+ d\/Pq
St byp ey dypr o 34D T8 T VE VT v
¢4(2) = a — by/p — c\/q + dy\/pq

la nhing tu dang cau. Véi z € Z[\/p, /4], dat N(z) = ¢1(2)pa(2)d3(2)da(2).
Khi dé ta luon co:

Hé qua 3.1.4. Vii 21, 20 € Z[\/p,\/q] c6 hé thiic N(z122) = N(21)N(22).
Chitng minh: V6i 21, zp € Z[\/p, \/q] c6 2122 € Z[\/P,/q] va ¢i(z122) =
¢i(21)Pi(22). Vay N(z122) = ﬁ1¢i(z1) ﬁl¢z‘(zz) = N(z1)N(22).

Meénh dé 3.1.5. p, q la hai szoznguyén chu’a’ng khong cé mhan ti la so chinh
phuong vdi (p,q) = 1. Khi d6 Q(\/p, /7) = Q(\/p+ /7). Dic biét ta con
6 Q(vp,v4) = QP v
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Ching minh: Vi \/p+./q € @(\/]_9, \/6) nén@(\/ﬁ—k \/a) C @(\/}_7, \/c_])

o . , , . +\/a:u
Dat u = + /q. Khi d6 ta c6 hé VP
' VP VI ' {(p+3q)\/z3+ (¢ +3p)/q = u.

Vay /p,+/q € Q(u) va nhu vay Q(\/ﬁ + \/ﬁ) D Q(\/]_?, \/a) Tom lai
Q(y. v3) = Q(yF+ya). D8 dang ta.clif za Q(y. va) = Q[ v

Phuong trinh nghiém nguyén véi chuan
Bay gio chiing ta st dung chuan va tu dang cau dé xét mot vai bai toan

vé phuong trinh nghiém nguyén.

Vidu 3.1.6. Vi so nguyén duong n, gid st cdc so aq, by, ..., an, by, a,b €
n
7, théa man quan hé H(ai + b;V/5) = a + b\/5. Khi do

(1) H(a — 5b7) = a® — 5b%.

(zz) Gza su (9—|—4\/_) = a, + b,\/5. Ta c6 a> — 50> = 1. T dé suy ra
phuong trinh ©2 — 5y?> = 4 ¢6 nhiéu vé han nghiém nguyén duong x,y.
Bai giai: (i) Xét vanh giao hoan Z[v/5] = {r + sv/5|r, s € Z}. Dong cau
f: Z[\/_] —> Z[\/_] r—+svbh = r—sv5, 1a mot dang cau. Tac dong f lén
halvef(H(al—l—b\/_)) (a—l—b\/_)hayl_[(al—b\/_)—a—b\/_ Do
H(aZer\/_)H( —bV/5) = (a +bV5)(a — b\/5) = a® — 512

(i )ZTla c6 a? —5b2 = (9+4V5)"(9 — 4v/5)" = 1 theo (i). Dat x, +

Y5 = (an +b,V5) (3 +V5) = (3a, + 5b,) + (an + 3b,)v/5. Khi d6
22 — 5y2 = (a2 — 5b?)(3% — 5.1%) = 4 v6i moi n. Nhu thé phuong trinh
2? — 5y? = 4 ¢6 nhiéu vo6 han nghiém nguyeén z,y. Khi z,y 1 nghiém ctia
22 — 5y? = 4 thi +2, +y cling 14 nghiem. Do vay z? — 5y? = 4 ¢6 nhiéu vo
han nghiém nguyén duong x, y.

Vi du 3.1.7. V4i bat ky so6 nguyén n > 3 déu cé hai so nguyén lé x va y
dé 2" = Tx? 4 o2

Bai giai: Xét vanh giao hoan Z[v/—7| = {r 4+ is\/7|r,s € Z}. Chuan ctia
z =1 +isV/7 1a N(2) = r? + 75> = (r +isV/7)(r — isy/7). Hién nhien
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N(z129) = N(21)N(29), chiing minh nhu trong vi du 3.1.6. Béng phuong
phap qui nap theo n dé chi ra, véi bat ky sd nguyen n > 3 déu c6 hai s6
nguyén 16 x va y dé 2" = Tz? 4 42
Voin=3c62=8=1+7=1*+7.1%

Gia st da c6 hai s6 nguyen 18 z,y dé y?> 4+ 722 = 2" v6i s6 nguyen n > 3.
Véi s6 nguyen n + 1 ta xét

2 = (y+izVT) (A +ivV7) = (y +z — 8z) + i(z + y)V7
2 = (y+izvVT)(1 —ivV7) = (y — 2 + 82) +i(x — y)VT.

Viz,ylasolénenaz =2k+1,y=2h+ 1. Khidoz+y=2(k+h+1),
y—x=2(h—k)va(x+y)— (y —x) =4k + 2. Do d6 trong hai s6 =+ y
va y — x chi ¢6 ding mot sé chia hét cho 4.

Néu x + y chia hét cho 4 thi y;x 1a s6 nguyéen 1é. Khi d6 z3 = (y;x
N+ VDN =VD) s e

y—i— la 86 16. Khi d6 z4 = (%—4 )+

(y—|—za:\/_) (14 iV/7)

+

\/7 VOIN (z3) =

Néu y — x chia hét cho 4 thi
:L’ -|— Y

dz) +i—

VT vOiN (z4) = = 2.2 = 2nHl

Vi du 3.1.8. Vi bat ky so nguyen n > 1 déu cé hai s6 nguyén lé x vay
dé 4.3" = 1122 + y%.

Bai giai: Xét vanh giao hoan Z[v/—11] = {r+is\/11|r, s € Z}. Chuan ctia
z=r+isy/111a N(z) = r>+ 115> = (r +1is/11)(r —is\/11). Hién nhien
N(z129) = N(21)N(22). Ta c6 mot vai s6 cu thé : 4.3 =12 = 11.12 4 12,
4.32 = 36 = 11.12 + 52, 4.3% = 108 = 11.3% + 3%. Bing phuong phap qui
nap theo n dé chi ra, v6i bat ky sé nguyén n > 1 déu c6 hai s6 nguyen 1é
x vhy dé 4.3" = 1122 + 2.

Véin=1c643=111%+12

Gia sit da c6 hai s6 nguyen 1é x,y dé 112%+y? = 4.3" véi s6 nguyen n > 1.
Véi s6 nguyen n + 1 ta xét
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2 = (y+zx\/ﬁ) (1+i\/ﬁ) = (y+az—122)+i(z+y) V11

2= (y+iavil) (1= V1) = (y — o +122) +i (v — y) VI

Viz,ylasolénene=2k+1,y=2h+ 1. Khidoz+y=2(k+h+1),
y—x=2h—k)va(zr+y) — (y — x) = 4k + 2. Do d6 trong hai s6 = + y

va y — @ chi c¢6 ding mot s6 chia hét cho 4.

Néux+ychiahétcho4thiy;x1asélé.Khidéz3:(y; ) +
N v/ 11)N(1 —2v/11

(g = YW VIDNA =iV _ g0 3 g g,

Neuy 2 chia hét cho 4 thi 2 1a 56 16, Khidé z4 = (%—6) x—;y

VIT V6iN () = (y+m:\/_) (14 1iv/11)

da ching minh xong bai toan

=4.3".3 = 4.3""!. Tom lai,

Vi du 3.1.9. Ching minh rang luon ton tai hai sé6 nguyén x va y dé

x levay lé khin lé
x lé vay chan khin chan

19" = 2% — 6y* v {

Bai giai: Xét vanh giao hoan Z[v6] = {r + sv/6|r,s € Z}. Dong cau
f : ZIV5] — Z[V6],r + sv/6 — r — 5v/6, la mot déng cdu. Do nhu
vay ma khi(a + bv/6)(c + dv/6) = u + v/6 thi tac dong f lén hai vé ta
du?(jc(a—b\/é)(c—d\/g) = 1 —vv/6. St dung két qua nay, véi z = a+bv6
va dit N(z) = a® — 6b% c6 ngay N(2129) = N(21)N(z). Véin = 1 c6
19 = 52 — 6.1%2 va 192 = 31%2 — 6.10%. Gia sit s6 nguyén n > 1 va hai s6
nguyen a, b dé 19" = a® — 6.b%, trong d6 a va b déu 18 khi n 18, con a 1é va
b chan khi n chan. Vi n + 1 ta xét:

(ii) Néu n 18 thi c6 s6 a 18 va s6 b 18 dé a® — 66> = 19". Khi d6 n + 1 1a s6
chin va 19" = (5a + 6b)? — 6(a + 5b)* v6i 5a + 6b 1é va a + 5b chin.
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(ii) Néu n chin thi c6 s6 a 18 va s6 b chan dé a® — 60* = 19". Khi d6 n+1
13 56 18 va 19" = (5a + 6b)% — 6(a + 5b)* v6i Sa + 6b 1é va a + 5b ciing 18.
Tém lai ta da c6 diéu can chiing minh.

Tiép theo la viéc van dung tu dang cau lien hop dé ching minh phuong
trinh v6 nghiém hoac tim gidi han.

Vi du 3.1.10. TWm cdc s6 x,y, z,t € Z théa man phuong trinh dudi day:

(z +yV3)  + (2 + tv3)* = 20 + 12V/3.

Bai giai: Gid st ¢6 z,y, 2,t € Z théa man(x + yv/3)* + (z + tv/3)* =
20 + 124/3.S1t dung tu ding cau lien hop ctia vanh Z[v/3] cho dong nhat
thitc nay c¢6 mau thuin (z — yv/3)* 4+ (z — tv/3)* = 20 — 12v/3 < 0.

3.2 Phuong trinh Mordell

3.2.1. Dinh nghia phuong trinh Mordell Phuong trinh dang y? =
23+ k véi k € Z duge goi 1a phuong trinh Mordell.
3.2.2. Mot vai phuong trinh c6 nghiém nguyén

Meénh dé 3.2.2.1. Phuong trinh 3 = y* — 16 chi c6 nghiém nguyén
(0; £4).
Chiing minh: Ta ¢6 2° = (y —4)(y +4). Néu y lé nen (y —4,y+4) = 1.
Vi(y—4)(y+4) = 2 nén y —4 vi y+4 nén y — 4,y +4 déu 1a lap phuong
ctia s6 nguyén. Vi y 1é va +4 — y +4 = 8 nén y chin va suy ra x chin.
Do 3?2 = 2% + 16 chia hét cho 8 nén y chia hét cho 4. Dat y = 4y;. Dé&
dang suy ra z = 4x1. Nhu vayy? = 423 + 1 va suy ra y; = 2z + 1. Ta c6
2+z=a3 Vi(z,2+1)=1nén x; = 0. Vay z = 0,y = 4 13 nghiem
nguyén cua phuong trinh.
Meénh dé 3.2.2.2. C6 duy nhit x,y € Z théa man y*> = 2> —1 la (z,y) =

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



44

(1,0).

Ching minh: Trudc tién ching ta kiém tra tinh chn 16 cfia nghiem.
Gid stt x chin, vi vay 4> +1 = 23 = 0(mod 8). Khi d6 4> = —1(mod 8).
Nhung —1mod8 khong 14 s6 chinh phuong, (mau thuan). Néu z 18 thi y
phéi chan.

Phuong trinh y? = 23 — 1 duge viét thanh 2° = y? + 1. Trong Z[i] phan
tich thanh thita sé nguyen t6 2° = (y +i)(y — 7).

Dé thay y + i va y — i nguyén t6 cling nhau, ta c6 y + i = (m + ni)? véi
m,n € Z. Khai trién lap phuong va cho phan thuc phan 4o hai vé bing

nhau ta dugc:
y =m?® — 3mn? = m(m?* — 3n?), 1 =3m’n —n® = n(3m?* — n?).

Khi d6 ta dugc n = £1. Néun = 1thi 1 = 3m? — 1 do d6 3m? = 2,
phuong trinh khong c6 nghiem nguyén. Néu n = —1 thi 1 = —(3m? — 1)
dodém=0.Vivayy=0suyraz’>=y>+1=1. Vay z = 1.

3.2.3. Mot vai phuong trinh khéng c6 nghiém nguyén

Khong phai phuong trinh Mordell nao ciing c6 ngiém nguyén.Mot sd két
qua duéi day da chi ra rang nhiéu phuong Mordell khong c6 nghiém nguyén.
Meénh dé 3.2.3.1. Phuong trinh 3 = y> — 7 khong cé nghiém nguyen.
Chitng minh: Gia sit phuong trinh trén c6 nghiém nguyen. Tit 2% = y>—7
tacoy?+1 =2a°+8 = (x+2)(z? — 2z + 4). Néu 2|z thi 8|z, do d6
y* = 7(mod 8): mau thuin.

Néu 2 = 1(mod 4) thi x + 2 = 3(mod 4). Do d6 ton tai mot udc nguyén
t6 p clia (x + 2) sao cho p = 3(mod 4). Do d6 y*> + 1 = 0(mod p). Theo
vi du p clia x + 2 sao cho p = 3(mod 4). Vay phuong trinh vo nghiém.
Néu z = 3(mod 4) thi 2° = 3(mod 8). Do d6 3? = 2(mod 8): miu thuin
. Vay phuong trinh v6 nghiém.

Ménh dé 3.2.3.2. Phuong trinh 3 = y*> 4+ 16 khong cé nghiém nguyén.
Chitng minh: Gia s phuong trinh c6 nghiém nguyén. T giad thiét suy

ra x,y c6 cung tinh chan lé.
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Néu z,y cung chén, ta c6 o = 2k, y = 2¢t. Phuong trinh tuong duong véi
2k3 = 2 +4, suyrat = 2u va k = 2v. Do d6 4v® = v? + 1, suy ra
v? = 3(mod 4), (mau thuin).

Néu z,y ciing 1é thi 22 = y?> = 1(mod 8). Tit phuong trinh suy ra 2° =
1(mod 8). Tt phuong trinh suy ra 3 = 1(mod 8). ta biét ring mot s6 18
khi chia cho 8 c6 s6 du chi c6 thé 1a 1,3,5,7. Bang cach thit truc tiép suy
ra x = 1(mod 8). Mat khac tit phuong trinh trén ta c6 y> +8 = 23 — 8 =
(x — 2)(2® + 2z + 4).

Vi x = 3 khong la nghiém ctia phuong trinh nén x > 3. Gia stt p 1a mot uée
nguyeén to ctia x—2. Ta c6 y*> = —8(mod p). Suyral = <_?8) = <_72) , do
d6 p = 1(mod 8) hodc p = 3(mod 8). Do x — 2 1a tich clia céc s6 nguyén
t6 ¢6 dang trén nén suy ra x — 2 = 1(mod 8) hosic z — 2 = 3(mod 8). Do
d6 x = 3(mod 8) hoic z = 5(mod 8),(méau thuan). Vay phuong trinh da
cho vd nghiém.

Meénh dé 3.2.3.3. Phuong trinh 23 = y?> — 6 khong cé nghiem nguyeén.
Chitng minh: Gia st phuong trinh da cho c¢6 nghiém z va y nguyén. Néu
x chin thi y chdn va y?> = 6( mod 8) : vo 1y, vi 6 / 4. Do vay z va y
déulé. Néu g : 3 thi 23 = —6 = 3( mod 9) : mau thudn, vi 3 = 0 hoac
= +1( mod 9). Tém lai, x, y 1é vay khong chia hét cho 3.

Trong vanh Z[v/6] ta c6 2% = (y — v6)(y + v/6). Goi u 1a mot uée chung
ctia y — /6 va iy + /6. Khi d6 chudn N(u)|y? — 6 trong Z. Vi u 1a udc ca
y+1v6—y++6 =26 nen N(u)|24. Viy1é va N(u)|y*> — 6 nén N(u) 1é.
Néu N(u) = £3 thi y chia hét cho 3: mau thuan. Vi N(u) = +1. Do d6 u
14 u6c ciia don vi va y + /6,y — v/6 nguyen t6 nhau. Viy + v6,y — V6
nguyen t6 ciing nhau va 2% = (y—v/6)(y++v/6) nén y+v6 = u(a+bv6)3,
trong d6 u 1a wéc ctia don vi, con a va b nguyén. Vi cac ude don vi déu c6
dang +(5+2v/6)*, s € Z, nén c6 ba kha ning xay ra: y++/6 = (a+bv6)?
hodc y+v6 = (54+2v6)(a+bv/6)? hoic y+v6 = (5+2v6)2(a+bV6)>.
Truong hop: y ++v6 = (a+bv/6). Khi d6 1 = 3a’b+ 6b. Diéu nay khong
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the xay ra, do a, b nguyen.

Truong hop y + v6 = (54 2v/6)(a + bv/6)3. Khi d6 ta c6 1 = 5(3a’b +
60%) + 2(a® + 18ab?). Tt day suy ra 1 = 2a3( mod 3) = 2a( mod 3).
Vay a = 2( mod 3) v suy ra a®> = 1( mod 3) va a®> = 8( mod 9). T
phuong trinh 1 = 5(3a?b + 6b%) + 2(a® + 18ab®) va a®> = 1( mod 3) vi
a® = 8( mod 9) ta suy ra 1 = 5(3b + 60%) + 2.8( mod 9). Tt day suy ra
b+ 2b+2=0( mod 3). Vi b>+2b=0( mod 3) nén 2 = 0( mod 3) :
vo ly.

Truong hop y +v6 = (5+2v6)%(a + bv/6)*. Khi d6 c6 thé viét dang(5 +
2v/6)(y +V6) = (a +bv/6)? hay y +v6 = (5 — 2v/6)(a + by/6)%. Lay lien
hopy — v6 = (5 + 2v6)(a — byv/6)3. Tit day suy ra 1 = 5(3a’b + 6b°) +
2[(—a)?+18(—a)b?]. Phuong trinh nay ciing khong c6 nghiém nguyeén a, b.
Tém lai, 3 = y? — 6 khong c¢6 nghiém nguyen.

3.3.3. Ung dung cta thing du bac 3

Mot phuong phap khac 1a phuong phap st dung dong du thic cho sb
nguyén té6 p > 3. Ching ta goi 1a dong du.

23 =1(modp), (I,p) =1

luon gidi duge néu p = 2(mod 3).

Néu p = 1(mod 3)kha nang gidi dugc doi hoi dieu kien trén [, goi [ 1a
thang du bac ba ciia p duge viét (1/p)3 = 1 va vi vay {P~1/3 = 1(mod p).

Néu [ = 2 trd thanh dicu kién ton tai clia cac s6 nguyén 7, s sao cho
r? 4275 = p
Néu [ = 3, dieu kien 1a
r? 4+ 243s% = 4p
Bay gio ching ta chiing minh
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Meénh dé 3.5.1. Cho phuong trinh

V=2 +kk=2d— 362(10)

khong cé nghiem nguyén néu a,b la cic s6 nguyén, ab # 0,a % 1(mod
3),b # 0(mod3), va néu khi b = 0(mod2) thi a = 1(mod 2); néu 2 la
thang du bic ba ciia cdc s6 nguyén to 1é p = 1(mod 3).

Chitng minh: Dugc viét 2® + 2a% = y? + 30°

Cac s6 nguyén t6 c6 thé chia dudc ¢ vé trai la nhiing thita s6 nguyén to
pho bién clia x va a, 2, 3, cic sd nguyen t6 ¢ = 2(mod 3) va cac sd nguyen
t6 p = 1(mod 3) sao cho (2/p); = 1.

Dau tién chung ta dat vé trai 14 L 1a nguyén t6 v6i 6. Sao cho = 2z khi
d6 y = b(mod 2) vay 1a hoac y = b = 0(mod 2) hodc y = b = 1(mod 2).
Truong hgp thit nhat khong thé lam duge vi a = 1(mod 2). Trudng hop
thtt hai cho 23 + 3a® = 4(mod 8) va trudng hgp nay cling khong thé gidi
dugec.
Tiép theo néu 2° + 22° = 0(mod 3),y = 0(mod 3) va vi vay 2° + 22° =
3(mod9). Ciing khong thé giai duge vi a® = 0,—1(mod9). Gia sit sb
nguyén t6 ¢ = 2(mod3) chia hét cho L thi y = b = 0(modq). Do d6
chiing ta c6 thé viét y = Qui, b = Qb; trong dé Q 1a thuong clia g chia cho
L.Khi d6 Q* phai chia hét cho ca hai vé cia phuong trinh (10) va thita s6
nguyén t6 duy nhat ciia L 1a céc s6 nguyen t6 dang p = A% + 2752,

Khi d6 phép nhan trong trudng @ (v/—3) la duy nhét, ching ta c6

(1 +0v=3) p" =[] (A+ BV=27) = C + Dv=27
p
Trong d6 p = 5 (=14 +v/=3),& = 0,£1. Néu o = 0 thi b; = 0(mod 3)
trai vai gid stt.Néu a = +1,y; + by = 0(mod 2) va khi d6 L = 0(mod 2)
va diéu nay bi loai trir.
Truong hgp cho k=51 véia=3,b=1vak=13v6ia=2,b=1.
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Két qua tuong tu 1a
Meénh dé 3.5.2. Cho phuong trinh

2?4+ 4a® =y + 3b%, ab # 0(11)

khong cé nghiem nguyén néu b = +1(mod6),a = 0,2(mod 6) va khong
c6 thiia s6 nguyén to p = 1(mod 3).

St dung bién thic bac ba cia chuong 3 dudc cho bdi.

Meénh dé 3.5.3. Cho phuong trinh

7° + 3a® = y* + 30%(12)

khong cé nghiem nguyén néu k/3 = a® — 3b* # 0(mod3) tri phi mot
trong nhitng cdi cia b,b+ (1 — k) chia hét cho 8 cing chia hét cho 9.
Ching minh: Vé bén trai chia hét cho 3, diéu nay doi héi y = 0(mod
3),z = 0(mod 3), a® — b* = 0(mod 3). Do d6

y = +1(mod 3), 2° = 1(mod 3), z° = 1(mod 9)

va sau do

y? =1+ k(mod9), y=+(1 — k)(mod9).

Do d6 s6 chia duy nhat ciia vé trai 14 uéc chung clia x va a, cac sd nguyén to
p = 1( mod 3) ma 3 1a thing du bac ba va cac s6 nguyeén t6 ¢ = 2( bmod 3).
Néu ¢ 1a 6 chia thi(—3/¢ = 1),y = 0(mod ¢), b = 0(mod q).
Do do6

r® +3a® = Q*(y} + 3b})
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Trong d6 Q la tich ciia cac s6 nguyén t6 ¢. Thita s6 Q? chia ra va vi vay

(yl+b1\/—_3)pa:H<A+B;/T43> :C—FDQ\/TZB

p

Trong d6 C, D 1a cac s6 nguyén va a = 0, &1.

Néu o = 0,b; = 0(mod9) va vi vay b = 0(mod9). Néu a = +1,y; £
by = 0(mod 9) va vi vay y = b = 0(mod 9)

Dinh Iy bay gid tré thanh y = £(1 — k)(mod 9).

Dugce minh hoa bdi y? = 2% — 24 trong dé 24 = 3.3% — 32.13
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Két luan

Trong luan van nay ching toi da trinh bay dugc.

- Ly, 1a mot vanh giao hoan ¢6 don vi, Z;, 1a mot nhém nhan.

- Ching minh duge dinh 1y Euler va dinh 1y Fermat.

- Trinh bay chi tiét viec gidi mot dang phuong trinh dong du. Ching
minh duge dinh 1y Wilson.

- Trinh bay dugce phuong trinh Mordell. DA chi ra mot s6 dang phuong
trinh ¢6 nghiém hoac v6 nghiém. Trinh bay dugce thang du bac ba.
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