LOI GIAI BE THI CHON POI TUYEN QUOC GIA

TRUNG QUOC NAM 2012

O S 3 O O e e Sk 2

bé TST 1.

Ngay 1.
Bai 1.

Cho cdc s6 phiic x,,y, v6i i=1,n théa man ‘xi‘ :‘yi‘ —1 vdi moi i=1,n. Pt
1 n 1 n . S
X :_in'y :_Zyi’zi =xy, +yx,—xy,i=1n
nis nis
Chitng minh rang Zn:‘zi‘gn.
i=1
Loi giai.
Ta co ‘zi‘:‘(x—xi)(y—yi)-l—xy‘g‘x—xiHy—yi‘-l—‘xHy‘ véi moi i=1,1.

Do &6, tir bat déng thirc Cauchy-Schwarz, ta duoc:

Sl el W) =3l bl S Sl ol

i=

Hon nita véi hai s6 phtic u=a+bi,v=c+di trong d6 a,b,c,d € R, ta co:

‘u—vf :(a—c)2 -l—(b—d)2 =a*+c*+ b +d? —Z(ac—i-bd)

o +[of =a* ++ b+

2 2
o+l

Suy ra ‘u—vr— :—Z(ac—i—bd):—ZRe(u;) (trong d6 ki hiéu Re(x) la phan

thuc cta s6 phtee x, twong tw Im(x) la phan ao cta sd phte x).

Do do, ‘u - v‘z = ‘u‘z + ‘v‘z - 2Re(u5). Ap dung vao bai toan:

Lé Phiic Lit tong hop va gidi thiéu



> fef = 3+l - 2Rexx
Re(s)-3Re(z) - Im x): 31

nRe (x)2 +nIm (x)z

= n‘x‘z +n— ZZn:Re(xx_i)
i=1

:n‘x‘z-l—n—Z

:n‘x‘z-l—n—Z

=l +n—2nfaf =n(1-xf

n
Tt do6 suy ra Z‘zi‘gn =n.
i=1

N e Y e e r

Ta c6 dpem.

Bai 2.

Cho tam gidc ABC nhon, khéng cin ngoai tiép duong tron (I). Goi D,E,F lin lugt ld
tiép diém cua dwong tron (I) lén cdc canh BC,CA,AB. Goi A, la diém d6i xiing véi D
qua EF va A, 1a giao diém ciia AA, v6i duwong thiang BC. Cdc diém B,,C, dugc xdc dinh
tuwong ty. Chitng minh rang A,, B,,C, cing nam trén duong thang Euler ctia tam gidc DEF.

Loi giai.




Goi M, N, P lan luot la giao diém ctia cac phan giac goc A, B,C vdi duong tron (O). Goi

R,r Tan luot la ban kinh duong tron ngoai ti€p va noi tiép tam giac ABC.
Trudc hét, ta sé chitng minh OI chinh 1a dudng thang Euler ctia tam gidc DEF.
That vay, goi H 1a truc tam ctia tam gidc DEF va ta can c6 O,I, H th?mg hang.

Ta thdy rang MI = MB, PI = PB nén PM chinh la trung triec cta IB hay NI la dwong cao
ctia tam gidc MNP. Tuong tw, MI cling la duong cao ctia tam gidc MNP, suy ra I la tryc
tam cua tam gidc MNP. Do hai tam gidc MNP va DEF c6 cac canh tuong ttng cung
vudng goc voi IA, IB,IC nén hai tam gidc nay dong dang véi nhau.

Hon nita, tam giac MNP noi ti€p duong tron ban kinh R, tam gidc DEF noi ti€p duong
tron ban kinh r nén suy ra
—— R-—— R—— R

OM =—ID,ON =—IE,OP =—IF
r r r

) 7 M 7 7 R T o
Cong titng vé cua cac dang thic vector, ta c6 OM +ON +OP :—(ID-HE—HF ) Hon
r

ntta, ta cling co

OM +ON +OP=0I,ID +IE+IF = IH

nén ﬁ :Eﬁ hay O,I,H théng hang.
r

Goi K 1a giao diém cua DH véi (I). Dé thdy H,K va A,,D ddi xtmg voi nhau qua
duong thang EF nén DK = A H.
T giac ABMC noi tiép duong tron (O) nén theo dinh li Ptolemy thi

MC BC

AB-MC+AC-MB=AM-BC & =
AM AB+AC

(do MB=MC)

Goi Q la chan dwong phan gidc goc A vdi BC thi 0Q_Bo__ BC .
IA BA AB+AC

DH M DH MC
— PN —

Do hai tam giac MNP va DEF d6ng dang vdi nhau nén = = .
DK AM AH AM



IQ _DH

Tt cic dang thic trén, ta duge == . Theo dinh li Thales ddo, dé dang c6 dugc ba

0
diém A,,I,H thang hang hay A, nam trén duong thang Euler ctia tam giac DEF.

Chiing minh hoan toan tuong tw véi cac diém B,,C, .

Ta c6 dpem.

Bai 3.
V6i moéi s6 nguyén duong n, ta diat x, =C, .
[~

Chitng minh rang ton tai hai tdp hop vé han A,B sao cho ANB =2 vad £4—=2012.

Hx

i€B

Loi giai.

Ta thdy ring
x, _ G, () (2n-2)t  2m@e-1 _2(20-1)
x,, Cun', nlnl (n—1){(n—1)! n’ no

Do &6 vdi a,beZ" thi

Ta sé chon k€ Z" sao cho

[211—1][217—1): 8k—1_ , 2k(2a-1)

a b 2k a—4k

Chon a=4k+2 hoac a =6k thi déu cé gia tri b nguyén va twong ung la b= k(8k+3)
hodac b=12k—1.

Tt do ta co



Xaio x8k2+3k o

2(8k—1) «x

k X

X

6k 12k—1

Xaps1 Xgpe 13k-1 6k-1 K12k-2

Voi k>100, ta chon

A, = {4k +1,6k,12k —1,8Kk* + 3k —1}, B, = {4k +2,6k — 1,12k — 2,8k + 3k}, k > 100
A=AUA,, B=B,UB,

Dén day, ta thay rang ti s§ gitra tich ctia cac gia tri x, c chi s§ tuwong ting Tan luot thudc

A,, B, s€la1vachican chon A, B, thich hop.
Taxét A, ={1,5,252},B, =251, dé thdy

CChCan _ 2:252:4-(2:252-1) _ 2012,
c2 2.252

502

1=
Ta thdy rdng hai tap hop A, B déu la cac tap vo han, roi nhau va c6 ﬁA—: 2012 nén
xi

icB

ching thdéa man dé bai va ta c6 dpem.

Nhan xét.

O trén thay vi chon , ta c6 thé chon

2a—1][2b—1]_8k—1
—|=

cling ra dwgc cac day twong ty thdoa man dé bai.

2a—1][2b—1]_4k—1

a a b k

Ngay 2.
Bai 1.
Cho truéc hai duong tron w,,w,. Goi S la tdp hop tit cd cdc tam gidc ABC théa madn

w,,w, ldn lugt la duong tron ngoai tiép va duong tron bang tiép géc A cia tam gidc

ABC. Gid st w, tiép xiic véi cdc duong thang BC,CA, AB lin luot tai D,E,F.

Chitng minh rang néu tdp S khdc réng thi trong tdm ctia tam gidc DEF c6 dinh.



Loi giai.

Goi I,r, Ian luot la tam va ban kinh cua dwong tron w,.
Xét phép nghich dao tdm I véi phuong tich r*, dé thdy cac yéu t& I,7, cd dinh nén
phép bién hinh nay la duy nhat.

Gia st A’,B,C’ Tan luot 1a trung diém ctia doan DE,EF,FD thi theo hé thtc luong
trong tam gidc vuong, ta c6 IA-IA’ =7*; suy ra 2 bién A’ thanh A.

Tuong tw voi cac dinh B, C.

Do d6, Q bién A’,B/,C’ Ian lugt thanh A,B,C va nd clng sé bién duong tron ngoai

tiép tam gidc A’B'C’ thanh duong tron ngoai tiép tam giac ABC.
P 8 8 & P 8

Suy ra 2 bién duong tron Euler ctia tam giac DEF thanh w, nén duong tron Euler nay
c6 dinh. (*)

Goi K,G, H lan lugt 1a tdam duong tron Euler, trong tam va triec tam cta tam giac DEF.

RO rang K la trung diém IH nén KI = %HI va GI:%HI nén %zg

Do d6 Kc6 dinh nén suy ra G ciing ¢ dinh. Ta c6 dpem.



Bai 2.
Véi méi s6 nguyén duong n, ta ki hi¢u 7(n) la s6 phian tir cia tdp hop tdt cd cdc wéc
nguyén duong ciia n. Mot s6 nguyén duwong n duoc goi la “s6 t6t” néu v(m) < (n) vdi

moi m<n.

Chitng minh rang v6i méi s6 nguyén duwong k cho trudc, ludn ton tai hitu han sé tot
khong chia hét cho k.

Loi giai.

Goi G la tap hop tat ca cac s tot néu trong dé bai, dé thdy G khéc rong.

Trudc hét, ta sé chtitng minh hai bd dé sau:

Bo dé 1.

Gia st p, <p, <p, <... la cac s6 nguyén t0 duoc xép tht tu tang dan. Néu xét o, r la

a.

cac s6 nguyén duong véi a € G thda man diéu kién p |a thi n= (H p,}
i=1

Chitng minh.

Ki hiéu v, (a) la s6 mi 16n nhét caa p trong khai trién a thanh thtra s6 nguyén t6.

Gia str rang két ludn trén sai thi ton tai 1<i<r ma v, (a)=03 <a, khi d6, ta ¢

b:

pfpf <a va T(b) = 7'((1) , mau thudn do a € G.

ff «

Pi P,
Bo dé duoc chitng minh.
Bo dé 2.

V6i moi s6 nguyén td p,, ton tai mot s6 nguyén duong M ma véi moi a€G, néu

a>M thip,la.
Chitng minh.

Xét sd nguyén duwong o théa man 2" > p, va dat M = (Plpzf’a---PH)Sa-



Véimdi acG, giast a>M va (a,p,)=1.
Theo bd dé 1 thi tat ca cac wéc cia a déu thude tap hop {p,, p,, ps...., p,_, |, Suy ra ton tai

mot gid tri 1<i<s—1ma v, (a)=>3a.

Tuy nhién, ta lai c6 p 22 > p’ nén b=%p, <a.

Do 2(B-a+1)>pB+1 néntacd r(b)>7(a), mau thuan.
Bo dé duoc chitng minh.
B dé 3.

Véi moi s6 nguyén td p, va a la s6 nguyén duwong, ton tai mot sd nguyén duwong M ma

véimoi ae G, néu a>M thi p!|a.
Chitng minh.

Xét mot s6 nguyén td thdéa man p, > p!*, theo bo dé 2 thi ton tai s nguyén duong M ma

véimoi aeG, néu a>M thiv, (a)=y>1.

x _ Wi b nh y a+p+ly 2y o, >
Néu v, (a)=pB<a thi b p? <a, nhung do 1 Bl Syl hay 7(b)>7(a),

r

lai mAu thuan.
Bo dé duoc chitng minh.
Tro lai bai todn,

Gia sit wdc nguyén td 16n nhat cua k 1a p,, xét mdt s6 nguyén duwong o thoa man

2% > k.

Suy ra véi moi s6 nguyéntd pma plk va v, (k)<a thi kn=[le.j :

i=1

Theo b& dé 3, ton tai mot s& nguyén duong M ma véi mdi a € G,a>M thi n|a hay noi
cach khacla k|a.

Vay tap hop cac so tot khong chia hét cho k la hitu han. Ta c6 dpem.



Bai 3.
Xét neZ vi ham sé f:7 — 7 thoa man
f(x-l—y-l—f(y)): f(x)+ny véimoi x,ycZ.
Hay tim tdt cd cdc ham s6 f thoa man diéu kién trén.
Loi giai.
Xét cac treong hop cta n:
-V6in=0, taco f(x-l—y-l—f(y)):f(x),Vx,y €.

Néu y+ f(y)=0,Vy€Z < f(y)=—y la mot ham s& thoa man dé bai.

Néu ton tai y, € Z ma f(y,)+y, =0 thi khi d6 f(x-l—y-l—f(y)):f(x) la ham s@ tuan
hoan véi chu ki dwong duwong nhé nhat phai chia hét v+ f(y).

Goi T >0 la chu ki nguyén duong nho nhat cua ham s trong treong hop nay.

Do d6 f(x+T)= f(x),¥x, do tinh nho nhét ctia T nén T\(y+ f(y)) hay ton tai ham s&

g(x) sao cho f(x)—l—x:g(x)T voi moi x.

f(x+T)+x+T:f(x)+x

Ta co g(x-l—T): +1:g(x)-|—1.

Suy ra, ton tai ham sd h(x) : {0,1,2,...,T—1} — 7Z thoa man g(x) = l%‘ +h

)
T

Do d¢, tacd f(x)=g(x)T—x,Vx €Z véi g(x) duoc xac dinh nhu trén, thoa man dé bai.
-Néu n>0, dit f(0)=a thi trong ding thitc da cho, cho x =y =0, tacd f(0)=0.

Tiép tuc cho x =a,y =0, ta duoc f (Za) =a.

Ta lai thay x =0,y =a thi a=f(2a)=a+na:>f(0):a:0.



Trong dang thitc da cho, thay x =0 thi f(y + f(y)) =ny (%)
Trong (*), cho y=x+ f(x) thi

f(x-l—f(x)-l—f(x-l—f(x))):n(x—l-f(x))@f(nx—l—x—l—f(x)):n(x-l—f(x)),

ma f(nx-l—x-l—f(x)):f(nx)-l—nx nén nx—l—nf(x):f(nx)-l—nx@nf(x):f(nx),VxEZ.

Gia st f(x):f(y) thi f(y)-l—nx:f(y-l-x-l-f(x)):f(x+y+f(y)):f(x)+ny:>x:y
hay f(x) la don énh trén Z.

V6i mdi s6 nguyén m, dat k(m)=|(m+1)+ f(m+1)|—[m+ f(m)].
Trong déng thitc da cho, thay x=0,y=m, tacd f(m+1+ f(m+1))=n(m+1).
Ciing trong dang thtic da cho, tiép tuc thay x =k(m),y =m, ta duoc

flm+ 1+ fme+1)) = £ (k(m) -+ f (m)) = f (k) + 1
Suy ra f(k(m))=n, hon nita do f(x) don anh nén f(m) la mot cdp s§ cong va
£(0)=0. Do d6, ton tai hing s6 ¢ sao cho f(m)=mc. Thay vao dang thirc da cho, ta c6
extny+ f(x)+ny=f(x+y+f(y))=clx+y+f(y)=c(x+y+ey) & n=c(c+1).

Hon nita, ta thdy rang ¢ € Z nén c(c + 1) >0 nén véi n <0 hodac n duwong nhung khong

biéu dién dugc dudi dang trén thi khong ton tai ham s6 f (x)

Vay voi n=0 thi f(x):—x hoac f(x):g(x)T—x voi g(x):l%‘-l—h

x—Tl£
T

] trong
d6 h(x) lahams8 h(x):{0,1,2,..,T—1} - Z.
Véi n>0 thoa man ton tai s6 ceZ dé c(c-l—l):n thi ta co f(x):cx,VXGZ hoac

f(x) :—(c-l-l)x,VxEZ.

V6i n<0 hodc n>0 nhung khong ton tai c € Z sao cho c(c+1)=n thi khong ton tai

ham sO thda man dé bai.



bé TST 2.

Bai 1.
Cho mgt dé thi don G. Goi mot tdp hop gém t dinh la t—cligue néu chiing d6i mot ké
nhau. Mgt dinh dwgc néi vdi tit ca cdc dinh trong d6 thi thi goi dé la dinh trung tdm.
Cho 2 s6 nguyén n,k théa man %g%n <k<n.Mot dé thi G théa man dong thoi cic
diéu kién sau:

(1) G khoéng chita (k—l—l)—clique.

(2) Néu ta thém vao G mot canh bat ki sé thu dwoc mot (k +1)—clique.

Tim s dinh trung tdm nhé nhdt ciia G.

Loi giai.

Ta thay r?mg diéu kién %n <k<n cothéviétlai thanh k+1<n<2k-1.

Dinh nghia N(X) la tap hop cac dinh ké véi tét ca cac dinh thudc X (quy wéc mot dinh
bat ki cling ké vé6i chinh nd).

Ta sé chiing minh réng vOi cac sO n,k thda man diéu kién trén thi G cé it nhat 2k —n
dinh trung tam. D€ chirng minh diéu nay, ta dung cach xay dung tap cac dinh trung
tam cua G nhu sau:

Vi n>k+1 nén ton tai 2 dinh u,v khong ké nhau.

Dit T ={u,v}, S 1a mot (k—1)—clique k& v6i c& u va v ( c6 nghia 1a u,v c6 canh ndi

Vi tt ca cac dinh cua S) va U=G\(TUS).
D& thdy ring |S|=k—1=2k—n+U].

Do d6 ton tai cdc phan hoach T,S,U, (TUS)CN(S) va |S|>2k—n—[U
tap khong rong ) (*). Ta c6 hai treong hop sau

, trong do S la

- Treong hop 1.

Néu U=2 thi G=N(S) do d6 S chtta cac diém trung tam va S>2k—n. Két lun
dung trong truong hop nay.



- Treong hop 2.

Néu U = & thi ton tai dinh uel.

Néu SC N(u) thi chon §'=5,U'=U\{u},T'=Tu{u}.

R rang S| > 2k—n+[U'| va (T'US) S N(S') nén ta quay trd lai (*). Nguoc lai s& £on tai

dinh v €S sao cho u,v khong ké nhau. Theo diéu kién (2) da cho, ton tai (k—1)— clique
ké voi u,v va tao thanh tir cée tap hop U, CU\{u}, T, CT,S, CS\{v}.

Lai theo dieu kién (1) thi |T,|+|5| <k.

Tir day suy ra k—1=|U,|+|T,|+|S,| < k+[U,| =[S +]S,|
hay [S,|>[S|—[U,|-1> 2k —n+|u|—|u,|-1>0.

Do vay S, khong rdng, ta dat U’ =U\({u} U, ), T' =TU{u}U(S\S,)Ul,,S =S, i trd
lai (*). Vi sau mdi budc nhu vay thi U giam ngdt nén dén mot lic nao do, ta sé co
U = . Theo truong hop 1, két luan dang.

Vay s6 dinh trung tam nho nhat la 2k —n.

Bai 2.
Chiing minh rdng ton tai s6 thuc duong C théa man tinh chdt:

Vi méi n>2 va tdp hop X la tdp con cua tip {1,2,3,...,11} thoa man ‘X‘ >2, ton tai
cdcsd x,y,z,w thuéc X (khéng nhdt thiét phin bi¢t) thoa man

i a X
0<‘xy—zw‘<Ca V0l o0 ="—.
n
Loi giai.
2
bat A=C,— véi C, la s6 thuc duong sé dugc xac dinh sau.

xf
Chia doan [0;n] thanh cdc mién, mdi mién c6 do dai A va mién cubi ciing c6 thé 6 do
2
KL, 2

+1<—)
Cn

dai nho hon A. Tong s6 cac mién khong vuot qua % +1=

1



Do c6 tat ca ‘X‘ phan ti thudc vé tdp hop X nén theo nguyén 1i Dirichlet, ton tai mot

mién I C [0 n] sao cho trong do6 co chira phan t& thudc tap hop X.

nC,
2
X, +x

! 5 2,x1,x2€XﬂI}.

Xét tap hop M:{xlx:

Cn Cin?
‘ ‘ . Dé thdy rang cac phan ti thudc tap M la cac
81X

Ta thay rang ‘M‘ > Z‘X‘

4\X\

s0 nguyén dwong hodc la cac s6 thap phan c6 phan thap phan la 0,5 nén c¢6 nhiéu nhat

la 2|I|+|I|< 4|l| =
a H+‘ ‘< H 1‘X‘2
2

4 A C . /4 A 7 . . A
Dén day, ta chon C, sao cho ?1> 4C, & C,>32. Khi d¢6, theo nguyén li Dirichlet, ton

Xty :x2+y2 )

tai cac s x,,y,,x,,y, € XNI sao cho 5

Tiép theo, ta sé danh gia |x,y, —x,y,|.

Ta co xlyl—x2y2‘ } _4y2) ‘

< 2\1\ = 2(:2
\X\

—4

Chon hang s§ C =2C; thi ta ludn chon duoc |x,y, —x,y,| < Ca

Suy ra ton tai 4 s6 nguyén duwong thdéa man dé bai nén ta cd dpem.

Bai 3.
Cho a,,a, v3i a,<a, ld cdc s6 nguyén cho truéc. Véi n>3, s6 a, la s6 nguyén duong

nhd nhidt 16n hon a, | va a, c6 thé duwgc biéu dien mot cach duy nhdt dudi dang tong

cia a,+a, ma1<i<j<n-I.

Chiing minh rdng néu ton tai hitu han cdc s6 chin trong day {a,} thi ddy {a, —a,}

tudn hoan, nghia la ton tai s6 nguyén dwong T ma a,,,., —a,.,=a,, —a,,Vn.



Loi giai.

Cach 1.

Xét a, 1a s§ 1é véi n>N. Véi n da 16n, ta thdy rang a, =a, +a, véi k<1 v6i k<N,
diéu nay c6 nghia la :

(1) k<N=ag >a,—N=I1>n—N.

(2) Néu k<! khi ca hai s8 nay du 1én thi a, —a,, =d,i=1,23,..,N khi

Uiy~ iy =4
(3) Voi n dulénthitaco g, —a, <a,.Xét
NV N
FiNY = N (2,2, x5, 0000y ) = (0,3, — X, X, — X, 0, — X, ).

Néu f(a,.a A,y )= (b,by,....by) thi b, <(N—1)a,,i=123,.,N.

s
Theo nguyén li Dirichlet thi ton tai s6 nguyén duwong n,7 sao cho

f(aHT,aHTH,...,aHHNfl) = f(an,anﬂ,...,anmfl), 0 day ta gia st n da lon.

Dbiéu nay cd nghia la a ., =4d,i=0,1,2,.,N-1.

n+T+i an

Theo (2) thi a a. .=d.

n+T+N ~ “n+N

Tedosuyraa, B —a, =dVm>n=Ym=>n,a a

m+1+T ~ “m+T
Ta c6 dpem.
Cach 2.

Do day s6 da cho chi chita hitu han s chan nén ta ¢4 thé gia st ching la

a ga.zgaz. <..<a, .

4 L 3 m
Khi do, ton tai mot s6 N sao cho véimoi r > N thi a, 1a s3 l¢, tuy nhién a, =4, +a, nén

hai 6 a;,a, khac tinh chan lé.

A \ 4 ~ \ & .
Diéunay conghiala 4, , —a <a v6imoir=>N.



Véi n> N xét tap hop

S,={a,—a, ,a,—a,,,.,a,—a_.} véikla s§ nguyén dwong I6n nhat thoa méan diéu

n—27°° n

kien a —a, , <a, .

Khi do6, ro rang tacéd k<a, vatkra, — a, ; bi chdn nén ton tai httu han tap hop S, .

Cac tap hop S, c6 thé xac dinh duoc cac gia tri i, théa man a, L =4, +a nén S duoc
xac dinh duy nhat xac gia tri a,,, —a, va xac dinh duy nhat taphop S, ;.

Do c6 hiru han tap hop S, nén day {Sn} néu trén la day lap hay day {an 0 an} cing la
day ldp vdi cac gid tri n> N du lon.

Ta c6 dpem.

Ngay 2.

Bai 1.

Cho n>2 la sé tw nhién.

Chitng minh rang ton tai hitu han cdc bo n sé” nguyén duong (al,aZ,...,an) thoa man
dong thoi cic diéu kién sau:

(i) a,>a,>a,>..>a,.

(ii) (al,aZ,aS,...,an) =1.
n
(iii) a, = Z(gi,am) véi quy wéc a,  =a,.
i=1
Loi giai.

bat d. = (az.,az. +1),i =1,2,3,..,n trong d6 a_, = a,. Theo gia thiét, ta thdy r?mg,

n+l —

a,—d, >a,,a,—d,>a,,..a ,—d  >a,i=123.



Pua vao day da cho, ta duoc
d+d,+..+d =a,>d +a,>d +d,+a,>..>d +d,+..4+d_,+a,
T day suyra d >a ,nhung do d = (an,al) nén d <a hay déng thirc phai xay ra.
Do d6, ta ¢6 a.—a,,, =d.,Vi=1,n.
Tiép theo, ta sé chitng minh rang ton tai vo s day s& thoa man dé bai.

Ta thdy rang véi day sO thoa man dé bai, ton tai hitu han cac s6 nguyén duong 7, sao

7, —
_ T . 1A 1o
cho a, = ; +1ai+l,Vz =1,n.Do (al,az,...,an)—l nén (az,as,...,an)—l vaa la,.
i

Ta sé chitng minh bai todn bang quy nap

- V6i n=2, do a,la, nén ta cd thé viét a, =m,a, =km voéi k,meZ" . Hon nita, do
(al,az)zl nén m=1 ma g, :(al,aZ)-l—(az,al):Z nén voi n=2, ton tai dung mot day
thoa man dé bai.

- Gia st bai toan dting véi n—1, ta sé chting minh rang ton tai hitu han day s6 thoa

man trong treong hgp n phan tu.

Ta c6 hai treong hop:

+ Néu a, khong chia hét cho a, ddt a, :Ban voi p,q€Z’ va (p,q)=1,q>1.
q
7 -
Do a, = a,,a la, nén suy ra P % 13 6 nguyén duong. V6i mdi a , ton tai hitru
R A y g7 +1 guy: g >

han cac gia tri r, va cting do c6 hitu han cac day n—1 théa man nén tir do6 suy ra trong
treong hop nay, s6 bo n phan ti la hitu han.

+ Néu a, chia hét cho a, thi theo nguyén li quy nap, ton tai hitu han day a,,4,,...,a, va

do cach xac dinh a, = Z (az.,az. H), ta thay r?mg ton tai httu han day s6 thoa méan dé bai.

i=1

Do d¢, theo nguyén li quy nap, bai toan dugc chitng minh.



Bai 2.
Cho hai sé nguyén duwong m,n>1 vd cdc sé thuc duong r,s thoa min r <s. Vi moi

a; >0 la cdc s6 thuc khong dong thoi bang 0, hay tim gid tri 16n nhdt ciia biéu thitc

1
p

r
S

S

S
r

S

Loi giai.

Dt biéu thitc cAn tim gid trj nho nhat1a f(m,n,r,s). Ta sé chitng minh rang

© |-

L
p

max f(m,n,r,s)=min(m,n)" *.

o . . \ o r A ’ . M
bat b, =a;,l£z£m,l£]£n va dat k =—, ta can chitng minh rang
s

i=1

n m 1 n k
$ (S <minonn' 550 ] 0
j=1 V=

=

Ta sé chitng minh ménh dé sau

n
Néu ¢ 2c,2...2¢, 20 va x,x,,...,x, 20,k 21 va néu dat S=le. thi
i=1

n n
Z’{/cl.wtxf S’{/cn+Sk+Z’{/c_, ™)
i=1 i=1

That vy, néu ¢, =0 thi bat ding thite (*) dung do tit 4lc, +x* <x +4/c.,i=1n, ta cb thé
suyra Y Afc, +x! < S+Z’{/c_[.
i=1 i=1

Dt d, =4/c.,i =1,n, ta viét lai bt ding thitc (*) dwdi dang



k/1+ <d k/1+ +Zd

Dat g(x)=4x"+1,x>0 thi g la ham I6i vi g"(x)=(k-Dx*7(x* +1)* “20 véi moi s6

thuc duwong x. Hon nita, di > 2L i nén theo bat dang thitc Karamata thi bt dang thikc

n i

(**) dang. B6 dé duoc chtirng minh.

Tré lai bai todn, dat S, = 2

Jj=1

., theo bo dé o trén, trong vé trai ctia bat déng thire (¥), ta

c6 thé thay cac s6 b, bdi cac s6 b, sao cho véi mdi 1<i<m, ton tai duy nhat mot gia tri
j ma 1< j<nsao cho b, =S, va b, =0 voi cac gia tri khac dong thoi khong anh huong
dén gia tri ve& trai ctia bat dang thitc *).

Suy ra ton tai mot phan hoach P={4,,4,,...,4,} cta tap hop {1,2,3,...,n} sao cho

Z Zb"<2 Zb”‘ Z DI

j=1 zeA

Hon nita, theo bat dang thitc vé trung binh ldiy thira, ta c6

Ta cling c6 [ <n va [ <m nén [ =min(m,n). Bt dang thizc (*) dung.

Dang thitc xay ra khi @, =1 néu i=j va a, =0 néu i # j. Ta c6 dpem.

Bai 3.
Cho mgt sé nguyén duong n>2, mét ham sé f:7 — {1,2,3,...,11} goi ld tét, néu végi
méi s6 nguyén dwong k théa 1<k <n-—1 thi ton tai mot s6 nguyén j(k) théa min vdi

moi s6 nguyén m thi f(m-l—j(k))Ef(m-l—k)—f(m)(modn-i—l)

Tim s6 cdc ham sé “tot”.



Loi giai.
Dé€ giai quyét bai toan, ta chitng minh cac nhan xét sau:
Nhan xét 1.

Ham s6 f la ham toan anh va c6 chu ki dwong nho nhat 1a n.

That vay, xét meZ" va gia st ton tai s0 nguyén duong k sao cho 1<k<n—1 va
f(m+k)= f(m) thi khi &6, f(m+ j(k))= f(m+k)— f(m)=0(modn+1), dieu nay vo I
do f:Z—{1,2,3,.,n}.

Do d6, f(m), f(m+1),.., f(m+n—1) d6i mot khdc nhau va

{fOm), f(m+1),..., fm+n)}={1,2,..,n}.
Suy ra f la ham toan anh. Twong tw, thay m bdi m+1, ta co
{fn+1), f(m+2),.., f(m+n)}={1,2,..,n}.

Dé thdy rang tit day, ta c6 f(m)= f(m+n) hay f(m) tuan hoan véi chu ki duong nho
nhat 1a n.

bén déay, do f la ham tuan hoan ta c¢é thé gia st 0< j(k)<n—1 véimoi 1<k <n-—1.

Nhan xét 2.

Taludbn co j(u)=j(v) véimoi 1<u<v<n-1.

That vay, gia st nguoc lai r?mg ton tai cac s6 u,v sao cho 1<u<v<n-1 va ju)=j().

Khi d6, ta c6 f(m-+u)— f(m)= f(m+ j))= f(m+ j(v))= f(m+v)— f(m)(modn+1).

Suyra f(m+u)= f(m+v)(modn+1) ma 1< f(m+u), f(m+v) <n nén ta phai co
flm+uy= f(m+v),

volido 1<u<ov<n-1.

Nhan xét 3.



V6imoi 1<k <n—1 thiton tai j/ (k)=0 trong d6 j' (k) 1a ham hop ¢ lan cua ;.
Ciing bang phan chitng, ta gia st ton tai k véi 1<k<n—1ma j([) (k) =0 voimoi /e N.
Dé dang thdy rang f(m + j([)(k)) = f(m+k)—{f (m)(modn+1).
Tt {j(k),j(2)(k),...,j(”)(k)} c{1,2,..,n—1}, theo nguyén li Dirichlet, ta thay rang ton tai
hai s6 u,v ma 1<u<v<n va j* (k)= ;j* (k). Khi d9, ta c6
fm+ k) —uf(m) = f(m+ 1K) = f (m+ ] (k) = fm+ k)~ of (m)(mod n +1)
Suy ra (n+1)|(v—u)f(m) véi moi m e Z.
Tuy nhién, diéu nay volido 1<v—u<n—1 va ton tai s6 m sao cho f(m)=1.
Nhan xét 4.
Ton tai ham s6 f khi va chi khi n+1 1a sd nguyén t6.

That vay, ta thdy rang v6i mdi k ma 1<k <n—1 thi ton tai s§ ¢, € N nhé nhat sao cho

7 (k)=0.Khi &6, f(m+j"(k))= f(m+k)—(f(m)(modn+1) véimoi 1<L<,.
Suy ra

flmy= f(m -+ (m)) = f(m+k)— €, f(m)= (£, +1) f(m)= f(m+k)(modn+1).
Do do, (¢, +1)" fm)= (¢, +1)" fm+Kk)=...= f(m+nk)= f(m)modn+1) hay

(¢, +1)" =1(modn+1) véimoi k ma 1<k<n—1 (*).

Rorang 1<{¢, <n véiu=v,l ={, (néu l =/ thi
fm+u)=(¢,+1) f(m)= (¢, +1) f(m)= f(m+v)(modn+1), dan dén u =v, mau thuan.
Hon nita, £, = n vi néu khong thi ¢, =n dan dén

f(m+k)=(¢, +1) f(m)=0 (modn+1), mau thuan,



Tt do6 suy ra r?mg {51%2'---/5”71} = {1, 2,...,n—1} va tir (¥), ta thay rfmg a" =1(modn+1)

véimoi 2<a<mn, suyra n+1 la s6 nguyén to.

Nhan xét 5.

Néu n+1 1a s6 nguyén td thi ham s& n-¢(n) thoa man dé bai.

That vay,

Theo nhan xét 4, ton tai £ nho nhdt ma 1</ <n va j”(1)=0, suy ra

f(m+1)=(+1) f(m)(modn+1) véi moi m € Z.

Do d6 f(m)=(¢+1)" f(0)modn+1) va tir f la mdt toan &nh, £+1 phai la mot can
nguyén thuy cia ¢ modun p=n+1.

Ttr d6 suy ra moi ham sd f thoa man dé bai déu c6 dang f(m)=g" f(0)(modn+1),
trong do, cdc ham déu phai thoa man j(k) 1a bac ctia ¢ —1 (do 1<k<n—1,¢* =0 nén
bac nay ton tai).

Ta c6 tat ca ¢(p—1)=¢(n) cach d€ chon ham gva ncach d& chon f(0)€{1,2,..,n} nén

c6 tat ca n-¢(n) ham s6 thoa dé bai.

Bai toan dugc giai quyét hoan toan.

PE TST 3.

Ngay 1.

Bai 1.

Cho tam gidc ABC nhon c6 /A>60°, truc tam H. Goi M,N ldn luot la cic diém
thudc cdc canh AB, AC sao cho /HMB=/HNC =60°". Goi O la tam duong tron ngoai

tiép tam giac HMN . Gid si D la diém nam ciing phia v6i A so véi BC sao cho tam gidc
DBC déu.

Chiing minh rang H,0,D thing hang.



Loi giai.

Cach 1.
Goi T la tric tam caa tam gidc HMN, duong théng HM,CA cét nhau tai P; duong
théng HN,BA citnhau tai Q. Dé thay cac diém N, M, P,Q cung thu¢c mot duong tron.
Do ZTHM = ZOHN nén /PQH — ZOHN = ZNMH - ZTHM =90" hay
HO L PQ. )
Goi R 1a diém d6i xttng véi C qua duong thang HP, ta <6 HC = HR.
Ta c6 LZHPC+ LHCP =(£BAC—60")+(90" — ZBAC)=30" nén LCHR =60’
Suy ra AHCR la tam giac déu.
Hon ntta, do ZHPC = ZHQB va ZHCP = ZHBQ nén APHC ~ AQHB(g.9).
Suy ra APHR ~ AQHB(g.g) va AQHP ~ ABHR(2.g).
Xét Z(UV,XY) tao béi hai vector UV va XY (chiéu duong 1a nguoc chiéu kim dong ho).

Do /PHR =150° nén ta c6 Z(PQ,RB)= Z(HP,HR)=150°, ABCD va ARCH la cic tam gi4c
déunén ABRC va ADHC dong dang.

Do d6, Z(RB,HD)= Z(CR,CH)=-60" nén
Z(PQ, HD) = Z(PQ,RB)+ Z(RB, HD) =150° —60° =90° hay DH L PQ. )

Tt (1) va (2), ta thay rang cac diém H,O,D thing hang, ta c6 dpem.



Cach 2.

Xét mit phing phtec ¢ O la tam, trong mat phang d6, gia stt toa vi cac diém Ian luot 1a

H:17

N=&"%, M=¢?F.

Khi d6, | NH |=2sina, |MH |=2sinf, va LHCAzAHBAz%—(a +p).

. T
C-—H  ~(a+p-0i Sin— . ,
Do N—H =e . 5 nén ta co:
_ . 5«
sin(—-a—p)
6
sin i
—(a+p-L)i Y . (a+Z)i
C=e 6. 2sina-e 2
. S«
sin(—-a—p)
6
Tuong tw, ta tinh duoc
sin i
(at+p-Tyi ey i (B
=e 6. 2sinff-re 2

sin(56ﬂ —-a-p)

+1= +1,

+1=

2
. CEopyi
Bsina e ?

(1)

cos(a+ [ — %)

LN

\/gsin,B-e(a 3

cos(a+ f— %)

+1. (2)

Do ABCD 1a tam gidc déunén D =-wB-»’C va D=-w’B-«C.

Véi diéu kién H,O, D théng hang nénsuy ra D = D hay B+wC = wB+C.

Tt (1) va (2), ta dwoc



. (@25 . A pyi
\/§s1n,8-e 3 V3sina e 3

B+oC = +1+ +w,
T T
cos(a+ [ ——-) cos(a+pf——)
3 3
27 4r
(B-=0)i F-a)i
= = +3sina-e 3 3sinf-e 3
oB+C = V3 +1+ 3 p +o.
T T
cos(a+f——) cos(a+f——)
3 3
Ta chi cAn chtng minh ring
. @5 &opi & B0
sinffre * +sina-e 3 =sinff-e * +sina-e 3

Tuy nhién, so sanh hai vé, ta thy dang thitc hién nhién dtng. Ta c6 dpem.

Bai 2.

Xét s nguyén dwong k > 2. Chitng minh rang ton tai k s6 nguyén duong a,,a,,a,,....a

n

d6i mot khic nhau sao cho tén tai cdc s6 nguyén khéng dm b,b,,b,,..b, vd

k k
€1/Cy)CsyennryC, thoa min a, <b; <2a,i=1,2,3,.,k vanéu [ [b7 <[[b, thi ta ciing cé
i=1 i=1

Loi giai.
Trudc hét, ta sé giai mot bai toan tong quat hon la

Xét s nguyén dwong k > 2. Chitng minh rang ton tai n s6 nguyén duong a,,a,,a,,....a

n

thoa man cdc diéu kién:

(i) 2a,<a,_,,i=123,.,n-1.

i+1’1

k k k k
(ii) V6i moi b, €[a,, 2a,|NZ, néu [ b7 <[ b, thi ta ciing c6 k[ [b <]]b,.

i=1 i=1 i=1 i=1

C3 dinh s6 nguyén duong k > 2, ta sé chiing minh bai toan bang quy nap theo 7.



-Véi n=1, tachon ¢, =0,a, >k thi véi mdi b, ma a, <b, <2a, thi dé thdy rang luon c6
b =1<k<a <b, va kb]' =k <a, <b,.
Bai toan dung véi n=1.

Gia st rang ton tai n s6 nguyén duong x, <x, <x, <..<x, va thdéa man cac diéu kién
(1), (id).

Khi &6, d€ chitng minh bai toan van ding trong truong hop n+1, ta sé xay dung mot

bd c6 n+1 phan t& thoa dé bai bang cach chon thém mdt s6 nguyén duwong x, ., sao
LX 2x !
cho x,,, >2x, va 2> k|—=| .
2x, X,

béat a, =tx,i=1,2,3,..,n+1 trong d6 t la mot s6 nguyén duong du 16n sao cho hai

diéu kién sau day duoc thoa man dong thoi:

n+1 n A
a, >2"aa,..a, , va

n—1 _n-1
k2" a <aa,..a,.

Tiép theo, ta sé ching bd s8 (a,,4,,4,,...,a, ., ) nay théa man hai diéu kién (i) va (ii).
Xét cac s6 s6 nguyén duong b, € [ai,Zai] voii=1,2,3,..,n+1 va cic s6 nguyén khong am

n+1 n+1

Ci
€,/CyCsemnrC,yy a0 cho [ 07 <],
i=1 i=1

n+1 n+1
Ta s& chting minh rang khi do, ta cting c6 k] [b <[ ]b, -

i=1 i=1

Ta xét cac treong hop sau:

n+1 n+1 n+1

- Xét Z ¢, <n thi kH b < kb, < k2"71aZ:an <aa,.ab < Hbi , thda diéu kién (ii).
i—1 i=1 i=1
n+1 n+1 n+1

- Xét Y e, >n+2 thi [[b,<2"aa,..a,,b, <a"'b, <b*? <][b, diéu ndy mau thuan
i=1 i=1 i=1

v0i cach chon cac b s6 nay nén treong hop nay khong thé xay ra.
n+1

- Xét Zci =n+1, ta xét ba treong hgp nhuw sau:

i=1



+Néu ¢,,, >2thitacd

>1, mau thuan vdi cach chon b0 s0.

b.ci n—1 n—1 n—1
'H Z > b [b_] > an+1 [ al ] — xn+1 xl
bn

- 2a,(2a, 2x, | 2x,

n

Do d6, treong hop nay ciing khong thé xay ra.

n+1

H blCL H blc, b n+1 n+1

+Néuc,, =1thi ZL—=5E1— va Lelx,2x],i=123,.,nnén ta c6 k][4 <[]0,
Hbi Hbz i=1 i=1
i=1 i=1

theo nguyén li quy nap.
n+l

, Hb? b, (b)) _a.(a ) x.[x
+Néuc,,, =0 thi E—>-1 || >l | ——nil|—n |5 | thoa diéu kién (ii).
b, 2a, | 2a, 2x, | 2x,

n+1 —
I "
i=1

Tt day suy ra, trong moi treong hgp, luén ton tai bd n+1 s6 thoa man.

Theo nguyén 1i quy nap, bai todn dwoc chitng minh.

Bai 3.
Tim gid tri nho nhat cé thé cé cia ¢ sao cho v6i moi da thitc monic cé bdc 2012

__ ..2012 2011 2010
P(x)—x Fly X7y X et ax +a,

ta c6 thé' xdy dung duwoc da thiic Q(x) tir d6 bang cdch nhian —1 vio mot s6'hé s6 ciia da
thiic P(x) néu trén sao cho véi modi nghiém phiic z cia da thiic Q(x) nay thi ta luon cé

bit ddng thifc sau ‘Im z‘ < C‘Re z‘ .

Loi giai.

Ta sé chitng minh rang ¢ > cot _
4022



Xét da thitc P(x)=x""—x. Bang cach thay ddi hé s§ ctia P(x) theo quy tac da néu
(nhdn —1 vao mot s60 hé sO), ta ¢ thé thu duwoc 4 da thitc sau P(x), —-P(x),

O(x)=x"" +xva -0(x).

Cht y rang P(x) va —P(x) c6 cung tap nghiém, mot nghiém trong s§ ching la

006 ... 1006
7 +isin T
2011

Z, = COS

Hon nita, O(x) va —Q(x) cling c6 cung tap nghiém, tat ca cac nghiém nay déu trai dau

v6inghiém ctia da thiie P(x), didu nay 6 duocla do Q(x) = P(—x).

Suy ra ludn ton tai mgt nghiém cta O(x) la z, = —z, nén ta phai c6

. (|Imz/| |Imz, |
cZ min , =cot——.
|Rez | |Rez, | 4022

Tiép theo, ta s& chitng minh rang ¢ = cot thdéa man dé bai. Xét mot da thiec monic

bac 2012 ¢ hé s6 thuc viét dudi dang tong quat la:

_ 2012 2011 2010
P(xX)=x7""4+a,,,,x" +a,5,,X"  +--+ax+a,

Bfmg cach thay doi cac hé s6 nay thich hop, ta thu dugc

2012 2011 2010
R(x)=byy,x~ "+ by, x° +byy X~ +--+bx+b,,

‘a]. ,j]=0,1(mod 4)
trong do, by, =1 vavoi j=1,2,---,2011 thi b, =

,i=2,3(mod4)

"
]
Ta sé chiing minh ring tit ca cac nghiém z ctia da thitc R(x) déu thoa man
|Imz|<c|Rez]|.

Gia st nguoc lai rang ton tai da thitc R(x) c6 nghiém z, ma |Imz, |>c|Rez, |. Dé thay
rang khi d6 z, #0, gia st rang argument ctia s8 phttc nay nhé hon 6 =ﬁ , treong
hop con lai chi can xét s6 phtrc lién hop vdi nd. Ta o hai truong hop sau:

- Néu z, nam trong gbéc phan tu tht nhat, dit £(z,,i)=a <@, trong d6 ki hiéu £(z,,1)
la géc hop boi z, va i theo ngugc chiéu kim dong ho.



Véi cac s6 0< ;<2012 ma jEO,Z(mod4) thi A(bjzg,l)zjaSZOIZa<20129 ; con
v6i j=1,3(mod4) thi £(b,z],i)= ja <20110 hay £(bz,,i)=a. Do do6, véi mdi bz] cb

argument nim trong [27 —2012a,27) U [0,%7[ —a]vdi dd 16n cua mién nay la

2012 +%7r—a =%7r+2011a <r

hay b,z], 0< j <2012 khong chtta 0, mau thuan.

- Néu z, ndm trong goc phan tu tht hai, dat£(i,z,)=a <6 VéijEO,Z(rnod4), thi

AC(l,bjzg)zja<20120 voi j=1,3(mod4) thi 4(i,b_/zg)=ja£2011a<% nén voéi moi

bz cb6 géc nam trong [0,£+2011a] thi d6 16n cua mién nay la T 1 201la <7 va bz,
Jj=0 2 2 Jj<0

0< j <2012 khong chita 0, cling mau thuan.

Tém lai, gia tri nho nhat can tim ctia ¢ 1a cot

T
4022

Ngay 2.
Bai 1.
Cho s6' nguyén duong n >4 va xét cdc tdp hop A,BC {1,2,3,..., n} thoa man diéu kién

V6imoi ac A,b€ B thi ab+1 la s6 chinh phwong. Chiing minh rang

min{‘A , B‘} <log,n.
Loi giai.
Trudc hét, ta sé chiing minh bo dé sau:

Vi hai tap hop A, B thoa dé bai, néu 4,4’ 1a hai s6 nguyén duwong thudc tdp hop A va
a<a', b,b’ 1ahai s8 nguyén duong thudc tap hop B va b<b’ thi taludn c6 a'b’ > 4ab.

Chitng minh.

Ta thay rang vi (a’—a)(b'~b)>0 nén (ab+1)(a'd’+1)>(ab’+1)(a'b+1). Tk day suy ra



\/(ab-l-l)(a’b’-l—l) > \/(ab’—l-l)(a’b-l—l) .

Theo gia thiét thi ca hai vé déu la cac s6 chinh phuong 16n hon 0 nén ta ciing phai c6

\/(ab-l-l)(a’b’-l—l) > \/(ab’—l-l)(a’b-l—l) +1 hay

(ab+1)(at+ 1) > e + 1)@+ 1) +1)

Khai trién bat dang thirc nay, ta c6

ab+a't' > ab'-l—a’b-l—Z\/(ab’—l—l)(a’b—l—l) +1>ab +a'b+2ab b

Do a<d' va b<b'nén ab'+a'b>ab; tit bat ding thitc & trén thi a'b’ >2ab'-d'b hay
a'b'>4ab .
Bo dé duoc chitng minh.
Tro lgi bdi todn, dat A={a,,a,,---,a },B=1{b,b,,---,b } trong d6

a <a,<--<a, va b <b,<---<b, .
Khoéng mat tinh tong quat, ta c6 thé gia st m<n.
Vi ab, +1 1a cac s6 chinh phuong lén hon 1 nén ab, #1,2.
Néu gb, =3thi ta ¢ thé gia st a, =1, b =3.
Do cac s8ab, +1, a,b, +1ciing déu la cac s8 chinh phuong va a, <a,, b, <b, nén dé dang
thdy rang a, >3, b, >8 hay a,b, >5-8 > 42,
Do d6, tir ab, > 4, ta cling c6 a,b, >4°.
Ap dung bd dé chitng minh & trén, ta c6

a..b,.,>4ab,, k=12,--,m-1.

N&u ab >4 thi n>>a b >da b  >->4" abh >4".

Néu a,b, >4’ thi n* >a b >4a

m-m m—1

m-2 m
b, ,>->4""ab, >4".

Tt d6 suy ra m<log, n, day chinh la diéu phai chitng minh.



Bai 2.
Tim tdt cd cdc s6 nguyén duong k >3 thoa man tinh chdt:
Ton tai cdc s6 nguyén duong m,n sao cho
l<m<k1l<n<k va (m,k) = (n,k)zl,m+n> k, dong thoi kl(m—l)(n—l).
Loi giai.
Trudce hét, ta thdy rang néu ton tai s6 nguyén t8 p sao cho p?lkthi ta c6 thé chon

m:n:k—k-l—l va dé dang thdy ring m+n=2 p-1

p p

k+2>k ,

(p_]‘)2 k2 pY A A A 2 ~ A N A\VN N
(m - 1) (n - 1) = ~———— la s06 nguyén nén thoa man dieu kién de bai.

p
Xét s6 k khong c6 wdc nguyén td nao co liy thira 16n hon 1.
Néu sd k c6 hai wéc nguyén td p, > g, > 3. nén (p,—2)(p,—2)24, p,p, | k.
bat k= p,p,---p, trong d6 p,, p,, -+, p, d6i mot khac nhau, r=>2.

Trong hai s6 (p,—Dp,p;---p, +1 va (p,—2)p,p;--- p, +1 cb it nhd mdt s6 nguyén td cung
nhau vdi p, (vi néu nguoc lai thi p, chia hét hiéu cua chung la p,p,---p,, mau

thuan) .
Xét s6 nguyén dwong mma l<m<k,(m,k)=1.

Twong tw, ta ciing ¢6 (p, - p,p;---p, +1 va(p,—2)p,p,--- p, +1 la wéc nguyé ntd cua n
voi l<n<k, (nk)=1.

Do do, p,p,---p, |(m=1)(n—1) hay
m+n2(p =2)p,ps--p,+1+(p,=2)pps---p, +1
=k+((p—2((p,—=2)-4)p;---p, +2>k.

thoa man diéu kién dé bai.

Néu k chi ¢6 hai wéc nguyén td la p,, p, thi (p,-2)(p,-2)>4, p,p, k.

Dé thdy rang k >3 thi c6 thé 15, 30 hodc cé dang p, 2p trong d6 p la s8 nguyén té.



Khi d6, cac sd c6 dang & = p, 2p, 30 sé khong thoa man dé bai.
Véi k=15, tacd thé chon m=11,n=13.

Do d6, vdi k>3 thi tat ca cac sO can tim 1a cic sO cac sO tu nhién trir 30 va cac so cd
dang p,2p véi p la sd nguyén to.

Bai 3.

Trong mot hinh vudéng dugc tao boi 2012x2012 6 vudng co chita nhiing con bo, trong
m@t 6 vudng c6 nhiéu nhat 1 con bo. Vao mgt thoi diém nao do, nhiing con bo ndy bay
lén r6i lai ddu xudng lai vao cdc 6 vudng, moi 6 vudng ciing c6 nhiéu nhiat mot con bo.
D6i vdi mbi con bo, c6 thé xem doan thing cé hudng néi tim ciia 6 vuong lilc diu va
tam cua lilc sau ma no dau lén tao thanh mot vector.

Vi mot s6 luong bo ban ddu, xét tat cd nhiing truong hop c6 thé xdy ra véi cdc vi tri
didu tién va cudi cung cia nhiing con bo, hay tim do dai 16n nhat cia tong cdc vector.
Loi giai.

Xét mit phang chtta hinh vudng da cho la mit phang toa do Oxy véi O la tam cua
hinh vudng 16n.

Goi tap hop cac tam cua tat ca cac 6 vuong nho la S, tap hop nhitng diém ma nhiing con
bo dung lai luc dau la M, C S, tap hop nhitng di€ém ma nhitng con bo roi xuéng lic sau
la M, CS.

Bo qua truong hop mot con bo ¢ cung mot noi luc dau va lac sau. Xét phép dat tuong
ung te M, dén M, la f.

b€ don gian, véi mot diém x €S, ta ki hiéu x la vector c6 diém dau la O, diém cudi la

x. Ta ¢6 tong cc vector duoc tinh bang V =" (f(v)—0)=> u—> 0.

veEM, ueM, ueM,

Dé thdy rang M,,M, CS,

Ml‘ = ‘Mz

; dong thoi, do ta can tim gia tri 16n nhat cua d¢ dai
cua vector V néu trén nén chi can xét truong hop M, "M, =& (boi vi néu M,, M, co

giao khac rong thi phan giao ctia ching sé cho cac vector c6 d6 dai bang 0).



Do cach chon M,, M, hitu han nén sé ton tai mot cdp (M,, M,) nao d6 ma ‘V‘ dat gia tri
16n nhat va hién nhién gid tri V d6 khac 0. Qua O ké duong thang [ vudng goc véi V.

Ta sé chiing minh cac bd dé sau:

Bo deé 1.

Néu [V| dat gia tri cyc dai thi duong thing I khong di qua bét ki diém nao ctia S va
M,, M, nam ¢ hai phia khac nhau so véi I.

Chitng minh.

Dau tién ta thdy rang M, UM, =S vi néu khong thi do ‘S‘ =2012% 1a s8 chan nén cd it
nhat hai di€m a,b khong c6 trong M, UM, c6 thé gia sit goc tao boi a—b va V khong
qua 90° thi [V +(a—b)|>|V| (néu géc d6 1én hon 90° thi xét b—a). Suy ra néu thém a
vao M,, thém b vao M, (hodc nguoc lai) thi ‘V‘ tang 1én, mau thuan do ‘V‘ dat gia tri
cuee dai.

Hon nita, M, =—M, vi néu khong thi trong M,, M, déu cd chira it nhat mot cap diém

d6i xting, cuthéla a,b €S sao cho a,—ae M ;b,—be M,.

C6 thé gia st a—b va V hgp thanh goc khong qua 90° thi

u— Y o=|V+2a-b)>V|.
ue(M, \[b}))U{a} ve(M, \fa))u{b}
Diéu nay ciing mau thudn véi tinh 16n nhét cta [V| hay M,, M, 1a tap hop cac diém déi
xttng v&i nhau.
Ta cling c6 [ khong di qua bat ki diém nao thudc S vi néu khong thi do I di qua O nén
néu [ di qua mot diém a € M, thi n6 cling di qua —a € M,. Khi d6, ta d6i chd, thay a
vao M,, thay —a vao M, thi tdng vector1a V +4a, chti y rang géc hop béi a va V la

90" nén ‘V +4a‘ > ‘V , mau thuln.

Cubi cung, ta cling phai c6 M, la tap hop cac diém nam vé mot phia so voi 1, gia st

day la phia c6 chita di€ém cu6i ctia vector V' va M, nam vé phia nguoc lai vi néu khong



thi vé phia c6 diém cudi cta vector V, ton tai hai di€m a,b lan luot thuéc M, M, thi

gochop boi a—b va V nho hon 90°; tuong tu, ta lai thay 4 vao M,, b vao M, thi sé co

|V +2(b—a)|>|V|, mau thudn véi tinh 16n nhat cta |V|.

\

/WV

B dé 2.
Dat S, :{(x,y)esux\ = k—%\/‘y‘ = k—%}.

Xét [ la mot duong thang qua O nhung khong qua bat ki diém nao cta S,. Goi nhitng
diém thudc S, nam vé mot phia nao d6 cua I 1a A, phiaconlaila B,.
Khi d6, gi4 trj I6n nhét cta [V, | =

D U= v

ucAh; veB,

dat duwoc khi [ vudng goc voi V,.

Chitng minh.
Céc diém ctia S, nam vao phia trong hinh vudng 16n va dé dang thdy rang cac diém

nay lap thanh 4 dinh ctia hinh vuéng vdi canh c6 do dai 2k la

1 1 1 1 1 1 1 1
Alk—= k—=| Bl-k+= k—= k4= —k+=|I Dlk—= —k+=1|.
[k k ], [ k+—,k ],C[ k+—,—k+ ], [k ,—k+ ]



Do tinh d8i xttng, dwong thang I cit doan AD va géc nghiéng khong am, nhu vay giao

diém gitta [ va AD nam gitta diém thit ¢ va t+1 ctia S, tinh tir trén xudng. Ta co

—

v, (2k—2)(2k—1)}+(2k—t)(—(zk—1)7+t})+t((2k—1)?+(2k—t)])

—

= —2(2k—1)(k—t)i+2( (k)" +3k* 3k +1);
trong d6 1,7 1a cac vector don vi. Dat (k—1)* =u,0 <u <k’ thi

TVl = (2k=1) wu? —2(38 — 3k -+ 1)+ (382~ 3k + 1)

4

o

= 2 — (2K — 2K+ 1)u+ (3K —3k+1)2

Cac biéu thirc trén co lién quan dén ham s6 bac hai cta u

véi tryc d6i xtng 18 1= k* —k +% nén d& thly ring khi

7

% ¥ 1 L » s

W R u=0, Z‘sz‘ dat gia tri lon nhat hay ‘Vk‘ dat gia tri lon

k = 6’ t= 3 A, , \ ~ 7 \ A 7 7.
nhat; ltc nay, ta cting c6 t =k va [ vudng goc voi V,.

Tré lai bai todn ban ddu,

Do tinh d6i xtng, ta chi can xét treong hgp goc nghiéng khong &m nho hon 90°; goi
M,, M, 1a nhitng tap hop diém ndm vé hai phia ctia L.

bit M,NS, = A, M,NS,=B,,V,=> u—> v thi

ucA; veEB,

1006
z : Vk
1

k=

1006
V=Rn|<Sivl 1

1006
<.
max
k=1 max

Xét mot duong thang [ 1a dwong thiang di qua O, song song véi cac canh ctia hinh
vudng thi M, ndm & ntta phan trén, M, nam & nita phan duwdi va tat ca cac gid tri ‘Vk‘

déu dat cuc dai.

Suyra |[V| =2-1006’.

Vay gid trj 16n nhat can tim 1a 2-1006°. Bai todn duoc giai quyét hoan toan.



