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LOI NOI PAU

Cic bai tap vé Elip thuong hay xut hién trong cic dé thi Pai hoc, cao dang. Vi vy tai liéu nay
nham muc dich gitp viéc tu 6n tap ctia hoc sinh va viéc gidng day clia cac thay co gido thém hiéu qua.

Tai liéu bao gdom 3 phan chinh:

Phan 1: Tom tit ly thuyét
Phan 2: Mot sb luu y khi gii todn
Phéan 3: Tuyén tap cac bai todn, 15 giai hodc huéng dan

Phan 1 va 2 12 mot phan chuyén dé ma tac gia da viét truée d6 c6 bd sung thém mot muc nhod vé
bai toan cuc tri trong Elip. Phan 3 ciing 14 ndi dung chinh cta tai liéu, 1 tuyén tip cdc bai todn vé
Elip v6i cac dang bai thuting xut hién trong ki thi Pai hoc, cao déng. Céc bai tip dudc tic gia suu tip
tlr cac dé thi tht Pai hoc 2013 va trén cac dién dan todn hoc nhu Diendantoanhoc.net/forum - VMF,
Boxmath.vn, K2pi.net.

Do thdi gian ¢6 han nén mic du da c6 ging nhung sd lugng bai tap tac gia suu tip dudc chua nhiéu
(khoang 40 bai) va chic chan van con nhiing sai sot. Vi vdy, trong qua trinh st dung tai liéu, rat mong
céc ban va céc thay co c6 nhiing y kién déng gép hoic giii thém cac bai tip hay dé tai liéu nay hoan
thién hon trong mot phién ban khac.

Email: alm.maths @ gmail.com



Toédn hoc — http://www.diendantoanhoc.net /forum

an

\

Dién d

Muc luc

1 Tém tat Iy thuyét

1.1 DBinhnghia: . .. ... ... e
1.2 Phuong trinhchinhtdccdaElip. . . . . . . . . . ..o i
1.3 HinhdangvatinhchatctaElip. . . . . .. .. ... .. .. .. .. ... .. ...

2 Mt s6 luu y khi giai toan

2.1 Viétphuong trinh chinh ticctaelip . . . .. ... ... ... ... ... ....
22 Timdiémthudcelip. . . . . . . . . e
2.3 BaitodncuctriliénquandénElip . . . ... . ... ... .. ... ... ..

3 Tuyén tap cac dé toan
3.1 BaitoanElipquacackithitht2013 . . .. ... ... ... ... .. ........
32 CachAitApSUUTAM . . . . . o vttt e

4 Lui giai hoic hudng dan

4.1 BaitoanElipquacackithithG2013 . . .. ... .. .. ... .. ... .......

42 CAcbAI AP SUULAM . . . . . o o e e e
5 Phu Luc

5.1 CacbaitoanElipdathi . . .. ... .. ... ..

52 Modttopicthdoluantrén VMF . . . . . . . .. ...

Whn L D

K I N A



winJioy/3ou d0yueojuepusip'mmm/ /:dizy — 20y ueo| uep ugi(g



Toén hoc — http://www.diendantoanhoc.net/forum

Dién dan

1 TOM TATLY THUYET

1 Tém tat Iy thuyét

1.1 Dinh nghia:

Cho hai diém cb dinh F,F, v6i F{F, = 2c va mot do dai khong ddi 2a(a > c). Elip 1a tap hop
nhiing di€ém M sao cho:

M+ M =2a
Ta goi: Fy,F>: Tiéu diém, FF, =2c: Tiéucu, F;M,F>M: Ban kinh qua tiéu.
A
B
M
A o Az
F i) >
B
1.2 Phuong trinh chinh tic cta Elip
Trong mit phang toa dd Oxy véi Fi(—c;0), F3(c;0):
2 )2
M(x;y) € (E) & =1 O

Trong d6: b = a® — ¢?

(1) dudc goi 12 phuong trinh chinh tic ctia (E)

1.3 Hinh dang va tinh chét cia Elip

Elip c6 phuong trinh (1) nhin céc truc toa do 1a truc ddi xiing va gbc toa do 1am tAm ddi xing.
+ Tiéu diém: Tiéu di€m trdi F (—c;0), tiéu di€ém phéi F (c;0)
+ Céc dinh: A| (—a;0),A; (a;0),B1 (0;—b) B> (0;b)
+ Tryc 16n: A1A; = 2a, ndm trén truc Ox; Truc nhé: BBy = 2b, nam trén truc Oy
+ Hinh chit nhit cd sé: La hinh chit nhét tao bdi cac dudng thang x = +a, y = +b
Tt d6 ta thiy hinh chit nhét co s& c6 chiéu dai 1a 2a va chiéu rong 1a 2b

~ . c
+Tamsai: |le= - < 1
a

+ Bén kinh qua tiéu ctia diém M (xp7,yu) € (E) la:
M

cx ax
MF =a+exyy=a+ —, MFzza—exM:a——M
a c
+ Puong chuén cua Elip:

Puong thiang A; : x+ 2 — 0 duge goi la dudng chuén cua elip, ting véi tiéu di€ém Fi(—c;0)
e

DPuong thang A, : x — T_0 dudc goi 1a dudng chuan cua elip, tng vdi tiéu diém F(c;0)
e
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2 MOTSO LUU Y KHI GIAI TOAN

2 Mot s6 Iuu y khi giai toan
2.1 Viét phuong trinh chinh tic cta elip

Cac budc thuc hién:
2 2

Budc 1: Gid st phuong trinh chinh tic cta elip la: x_2 + z—z =1(a>b>0) (E)
a

Budc 2: St dung céc dit kién bai toan thiét 1ap cic phuong trinh tim a, b (hodc tim truc tiép a2, b?)

Chu y cac kién thiic lién quan dén a, b, chiang han: toa do tiéu diém, toa do dinh, tim sai, b> = a> — ...

Vi du: (B-2012) Trong mit phang toa do Oxy, cho hinh thoi ABCD c6 AC = 2BD va dudng tron
tiép xiic v6i cac canh ctia hinh thoi ¢6 phucng trinh x> + y> = 4. Viét phuong trinh chinh tic ctia elip
(E) di qua cac dinh A, B,C, D cta hinh thoi. Biét diém A nim trén truc Ox

Nhan dinh:

- C4c dic diém cta hinh thoi:
Pudng tron noi tiép c6 phuong trinh: x> +y?> = 4. (Tam O (0;0), ban kinh R = 2)

TAm dudng tron ndi tiép 12 tAm ctia hinh thoi — Gbc toa dd O 1a tam cia hinh thoi. O = ACNBD
AeOx — CeOx,BD1AC — B,D € Oy

-A,B,C,De (E) — A,C=(E)NOx; B,D=(E)NOy — A,B,C,D lacic dinh cta (E)!

- Nhu vay ta xdc dinh dugc méi lién hé giita dinh cta (E) va hinh thoi. Véi hai diéu kién AC = 2BD
va dudng tron noi tiép hinh thoi ¢6 ban kinh R = 2 ta 1ap dudc hai phuong trinh giai quyét bai todn.

A

B

\

Loi giai:

o o N
Gia st phuong trinh cua elip (E) la: 2 + o l(a>b>0)
Ta c6: Pudng tron (C): x*> +y? = 4 1a dudng tron ndi tiép hinh thoi ABCD, c6 taim 0(0;0), ban kinh
R=2
Vi tdm cta (C) 1a tAm cta hinh thoi nén AC va BD vudng géc v6i nhau tai trung diém O ctia moi
dudng
MaAe€Ox=CeOxvaB,DecOy
Lai c6: A,B,C,D € (E) = A,B,C,D 1a bdn dinh cla (E)
Néu ddi chd A va C cho nhau hodic B va D cho nhau thi Elip khong thay ddi nén ta c6 thé gia st A, B
1an lugt ndm & nia truc duong ctia Ox va Oy, khi d6 toa do clia chiing 1a A(a;0), B(0;b)
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2.2 Tim diém thuéc elip 2 MOTSO LUU Y KHI GIAI TOAN

= OA=a,0B=b.ViAC =2BD nén OA =20B = a="2b
Ké OH vuong goc v6i ABtaiH=OH =R=2
Vi tam giac ABO vudng tai O

1 1 1 1 1 4
_ o = e adt=20= =5
oo o Ti 2t a’

=

) . Y
Vay phuong trinh (E) 1a: = + = = 1
dy phuong trinh (E) la: 20+5

2.2 Tim diém thuéc elip

Cac budc thuc hién:
Budc 1: Xac dinh "tir khéa" lién quan dén diém can tim, c6 gang chuyén chiing thanh cong thiic
tuong ung.
Buéc 2: Tir gia thiét, thiét 1ap phuong trinh tim toa d ctia diém. Chd y rang ta ludn c6 mot phuong
trinh do diém can tim thudc (E).

2 2
Vi du: Trong miit phang toa dd Oxy cho elip (E) : % - )’T = 1. Tim trén (E) nhiing di€m t/m:

1. C6 ban kinh qua tiéu diém nay bang 3 1an ban kinh qua tiéu diém kia?

2. Nhin hai tiéu diém duéi goc vuodng.

Loi giai:
2 2
(E): %+yT:1;»a:3,b:1;»c: Vai - =22
1. Tir khéa can quan tim "ban kinh qua tiéu"
Goi M(x,,y,) la di€ém phai tim. Khi d6 ban kinh qua tiéu ctia M 1a:
Xy

CX,
MF1:a+ex0:a+—0, MF,=a—ex,=a— —
a a

Tur gi thiét suy ra:

MF, = 3MPF,
MF, = 3MF,

MF, —3MF, =0

& (MF, —3MF,) (MF, —3MF) =0 (1
mr,—3mr —o M 2) (ME, =0 ()

Khai trién rit gon ta dudc:
(1) < 16MF,.MF, — 3 (MF, + MF>)* = 0 & 16 (a+ex,) (a— ex,) —3(2a)*> = 0

o a a8l - i9\6
X == —- = — X, = _—
°© 4e2 42 32 777 8

23 V46

2
X
Laicé: Me(E)=y2=1-2="wy, =+——1.

9IV2. \/_> M2<%' E)'Mg( 9\f\/_> M4< 9\f \/_)

8 8 8 8 8 8 B B

ba M
ap sb: 1( 2 g

Nhan xét:

. A=0 A
— Trong giai toan, ta thuong chi quen véi chieu bien doi AB =0 = [ nhung trong nhiéu
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2.3 Bai todn cuc tri lién quan dén Elip 2 MOTSO LUU Y KHI GIAI TOAN

truong hdp bién ddi theo chiéu ngudc lai sé gitp viéc giai bai toan ngin gon hon rit nhidu, ma bai
toan trén la mét vi du.

— O bai toan nay, viéc bién d6i rit gon ciing 13 mot cong viéc kha vat va néu khong c6 nhitng nhan
xét tinh té, cin chu y rang MF; + MF> = 2a

— Khi két luan can chu y ldy di nghiém, nhiéu ban thudng nham 14n chi iy hai nghiém M, Mj.

2. Tt khoa "goc vuong"

)
/ -
Fy o —/

V6i goc ITM\Fg = 90° thi ta c6 cac "cong thic" tuong duong:
FF
I. MF:+MF} = RF2; 2.MO= % — OFy. 3.MF,. MF, =0
V6i tung "cong thic" ta sé dudc cac hudng lam khac nhau tuong ting, dudi day toi trinh bay hai cach

\

c6 thé néi 1a kha ngin gon.

2
Goi M(x,;y,) 1a diém can tim. M € (E) nén % +y2=1 (1)

Cach 1:
Chu ¥ ring MF;, MF; 1a ban kinh qua tiéu, nén ta cé:
F1/M\F2 =90’ & MFI2 —|—MF22 = F1F22 & (a—i—ex(,)2 +(a— ex,,)2 =32 = ——— =

1
Tir (1) suy ra: y2 = —.

, 8
Cach 2:
Diém M nhin Fy, F> du6i mot goc vudng nén AMF, F> vudng tai M.
- . - j2¥2
Ma dé thay O la trung diém cua Fi F> nén OM = % ex2+y2=8 (2)
Tu (1) va (2) ta c6 hé phuong trinh:

2 63 3v14
52y 2=2 xo =214
) 92 20 »_ 1 \/ét
Xo+y, =38 Yo=13g Yo =£-

Nhan xét: O cach 2 c6 thé gidi thich theo cach khic nhu sau:

Do M nhin Fy,F, dudi mot géc vuong nén M nim trén dudng tron (C) nhan F{F; lam dudng kinh.

FiF.
Tic 1a (C) 6 tam O bén kinh 172 =2v2

= M la giao diém ctia (E) va (C) : x*> +y*> = 8. Do d6 toa do M 1a nghiém hé ().

Dip s6: M| <@;£>'Mz <3\/ﬁ_ ﬂ)'M3 <—@;Q> M4< V4, ﬂ)

B ’ ’

4 4 4 4 4 4 4 4

2.3 Bai toan cuc tri lién quan dén Elip

8]
8]

VM (xp,ym) € (E): 5 +5 =1

Qlk
[\
s
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2.3 Bai todn cuc tri lién quan dén Elip 2 MOTSO LUU Y KHI GIAI TOAN

Ta co:

1. xp € [—asa] vayy € [—b;b]
2

2. Do ——|—%—l,nénnéudétx—M:sinOH:)xM:asina, thiy—M:cosa(:)yMzbcosa
a
e . . . T 7T
= VM € (E) toa do M c6 thé viet thanh M (asina;bcos &) (OCG[ 5 2})

3. Thuong st dung cac BDT quen thudc:
(mn+pq)* < (m* +p*)(n* +¢°)
Pang thic x4y ra khi va chi khi mg = np.

mn < —(m* +n?)

| =

Ding thiic x4y ra khi va chi khi m = n.

Vi du: (Thi Thit tap chi THTT 05 - 2013)
Trong mit phang véi hé toa d6 Oxy, cho hai diém A(3;4), B(5;3). X4c dinh diém M trén dudng elip

(E): % + yz = 1 sao cho dién tich tam gidc MAB c6 dién tich nho nhat.

Loi giai:
Céach 1: Tac6 AB=+/5vaAB:x+2y—11=0.

Vi M € (E) nén ta c6 thé goi M(2v/2sina; 2cosa)v6i0¢€[ 721: 2] Khi d6
2\/§(sina+cosa)—11( 1 —dsin(a@+T) 7
d(M,AB) = - sin (0 + §) >
V5 V5 V5
Suy ra
7 , T T
(d(M,AB)),,;,, = 7 <= sin <a+z> =1 < o=
Do do,

‘AB=17 <= M(2;1).

, 1
minSaayp = 3 (d(M,AB)),in
Cach 2: Tac6 AB=+/5vaAB: x+2y— 11 =0. Goi M(a;b) € (E). Khi d6
2 2
a b
4 =1
g3 =1
Tir (%) suy ra |a| <2v/2, |b| <V2=a+2b< 11
a+2b—11] _ 11— (a+2b)

V5 V5

d(M,AB) =
St dung Cauchy — Schwarz ta c6

2 bZ
(a+2b)* < (8+8) (%Jr?) =16=—-4<a+2b<4

Suy ra d(M,AB) >
Do do,

S~

minSpapp = = (d(M,AB)), . -AB=T7 < M(2;1).

1
2
[k2pi.net]
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3  TUYEN TAP CAC BE TOAN

3

Tuyén tap cac de toan

Phan dé toan dudc tach riéng gitip cac ban hoc sinh thuén tién trong qua trinh tu luyén tap. Trudc

khi doc 15i gidi cdc ban nén tu minh tim cach giai quyét bai toan d6, nhu thé tu duy sé khong bi b6

budc. Biét dau cic ban sé c6 18i gidi doc ddo hon dép 4n, lic Ay hdy chia sé véi minh d€ hoan thién

hon tuyén tip nay nhé!

3.1

1.

Bai toan Elip qua cac ki thi thir 2013
Trong mit phing vdi hé toa do Oxy, cho tam gidc ABC déu c6 A(0;2) va c6 truc dbi xing Oy,
Sapc = % Viét phuong trinh chinh tic cta elip (E) qua 3 diém A, B,C

(S3 GDDT Bic Ninh)
Trong mit phang v6i hé toa do Oxy, cho diém M(2+/3;2). Viét phuong trinh chinh tic ctia elip
(E) di qua M, biét M nhin hai tiéu diém ctia (E) dudi mot géc vudng.

(Chuyén PH Vinh 03)

Trong mit phang véi hé toa d6 Oxy, cho dudng tron (C) : x> 4 y? = 16. Viét phuong trinh chinh
9 A 1 S A 2 .
tac cta elip (E) biet tAm sai cla (E) lae = X (E) cat (C) tai bon diém phan biét A, B,C,D sao
cho AB song song vdi truc hoanh va AB = 2BC
(Chuyén Lé Quy Pon - Quang Tri 02)
Trong mit phing v6i hé toa d6 Oxy, viét phuong trinh chinh tic ctia elip (E) biét khi M thay d6i
trén (E) thi do dai nhé nhit cia OM bing 4 va do dai 16n nhit cia MF; biang 8 v6i Fy 1a tidu
di€m c6 hoanh do am cta (E).
(Chuyén Phan Bo6i Chau - Nghé An 01)
Trong mit phang véi hé toa dd Oxy, 1ap phuong trinh chinh tic ctia elip (E), biét c6 mot dinh
va hai tiéu diém cda (E) tao thanh mot tam gidc déu va chu vi hinh chit nhat co s6 ctia (E) 1a
12(2+/3).
(Chuyén Vinh Phuc 05 - Tap chi THTT 06)

2 2

. Trong mit phang véi hé toa do Oxy, cho elip (E) ¢6 phucng trinh % + X - Goi Fi, F> 1a hai

5
tiéu di€ém cia (E). Tim di€m M € (E) sao cho MF; = 2MF,

(THPT Phan Dang Luu - Nghé An)

2 2
Trong mit phang véi hé toa dd Oxy, cho elip (E) : T—6 + yg =1 vadudng thang d : 3x+4y—12=

0. Goi cdc giao diém ctia dudng thang d va elip (E) 1a A, B. Tim trén (E) diém C sao cho tam
gidc ABC c6 dién tich bang 6.

(THPT Mai Anh Tuén - Thanh Héa)

Email: alm.maths @gmail.com 10 L& Minh An - BPHSP Thai Nguyén
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3.1 Bai toan Elip qua cac ki thi thir 2013

3  TUYEN TAP CAC BE TOAN

10.

1.

12.

13.

14.

15.

16.

2 2
Trong mit phang véi hé toa do Oxy cho elip (E) : % + )17 = 1 va cac diém A(—3;0), I(—1;0).

Tim toa d6 cic diém B, C € (E) sao cho I 1a tim dudng tron ngoai tiép tam gidc ABC.
(Chuyén Vinh Phiic - Lan 2)

2

2
. Trong mit phing véi hé toa do Oxy, cho elip (E) : % + yT — 1 vahai didm A(—+v/3;0), B(v/3;0).

Tim diém M € (E) sao cho AMB = 60°
(THPT Phan Dang Luu - Nghé An)

2 2
Trong mit phang toa dd Oxy cho elip (E) : 1% - ;—5 = 1. Tim toa do diém K nam trén elip sao

cho K nhin céc tiéu diém dudi mot gée 120°.

(Dién dan Truonghocso.vn)

Trong mit phang véi hé toa do Oxy, cho elip (E) : 9x> +25y* = 225. Goi F}, F> 1 hai tiéu diém
cla (E) (xp, < xp,). Xét ti gidc FyF>BA c6 tong do dai hai dudng chéo 1a 6 (A,B € (E)). Hay
x4c dinh toa do ctia A, B d€ chu vi ti giac Fi F>BA nhd nhit.
(Chuyén Lé Hong Phong - TP. H6 Chi Minh)
. x>y .

Trong mat phang véi hé toa dd Oxy, cho elip (E) : %5 + 9= 1 ¢6 hai tiéu diém F, F,. Tim toa

. .z . v 4

do diém M € (E) sao cho ban kinh duong tron ndi tiép tam giac MF F; bang 3
(Chuyén Phan B6i Chau - Nghé An 02)

2 2
Trong mit phing véi hé toa do Oxy, cho elip (E) : ;—5 n % — 1. Mot hinh chit nhit MNPQ c6

cac dinh nam trén (E) va hai dudng chéo clia hinh chif nhat hgp v6i nhau géc 60°. Tim toa do
dinh M biét xp; > 0,ypr > 0.

(THPT Thanh Thuy - Phu Tho 02)
Trong mit phang véi hé toa dd Oxy, cho elip (E) théa man khoang cach giita hai dudng chuin
ctia (E) bing ST\/g, diém M c¢6 hoanh dd duong thudc (E) sao cho do 16n 2 ban kinh qua tiéu
la 5 va % Tim toa do diém M va viét phuong trinh chinh tic cla (E).

(Dién dan K2pi 14)

2 2
Trong mit phang véi hé toa dd Oxy, cho elip (E) : )16—6 + yg =1vahaidiémA(-5;-1),B(—1;1).
Xéc dinh toa do diém M € (E) sao cho dién tich AMAB 16n nhAt.

(THPT Minh Khai - Ha Tinh)

2 2
Trong mit phing véi hé toa dd Oxy, cho elip (E) : )lc_6 + % =1 va hai diém A(4; —3),B(—4;3).

Tim toa do diém C € (E) sao cho dién tich tam gidc ABC dat gi tri 16n nhét.

(THPT Ha Trung - Thanh Hoa)
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3.1 Bai toan Elip qua cac ki thi thir 2013

3  TUYEN TAP CAC BE TOAN

17.

18.

19.

20.

21.

22.

23.

24.

25.

Trong mit phang véi hé toa do Oxy, cho tam gidc ABC vudng cin tai A(—2;0), ndi tiép elip
2
(E): % +y? = 1. Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.
(Chuyén Lé Quy Don - Quang Tri 03)
2
Trong mit phang véi hé toa dd Oxy, cho diém A(3;0) va elip (E) c6 phuong trinh % +y?=1.
Tim toa d6 diém B,C € (E) sao cho tam gidc ABC vudng cn tai A, biét B ¢6 hoanh do duong.

(Chuyén Nguyén Quang Diéu - Pong Thap 02)

2 2
Trong mit phang véi hé toa dd Oxy, cho duong thang d : 2x+y-+3 =0 vaelip (E) : % + yT =1

Viét phuong trinh dudng thang A vudng goc vdi d cat (E) tai hai diém A, B sao cho Spap = 1.
( THPT Cu Huy Cén - Ha Tinh)

2 2

Trong mit phang véi hé toa do Oxy, cho elip (E) : % + % =1 va diém M(2;1). Viét phuong

trinh dudng thang A di qua M va cit (E) tai hai diém phan biét A, B sao cho M 1a trung diém
cua AB.

(Chuyén Ly Tu Trong - Can Tho 02)

2 2

Trong mit phang véi hé toa d6 Oxy, cho elip (E) : )IC_6 + % = 1 va dudng thing A: x+y+9=0.

Viét phuong trinh duong tron (C) ¢6 ban kinh nhd nhét sao cho tam ctia (C) thudc dudng thang
A va (C) ¢6 mot diém chung duy nhét véi (E).
(THPT Thuén Thanh - Bac Ninh 03)

: y2 Yo
b2 = 1 va dudng thang A : x-l— bzy
1 = 0. Trong d6 M(x,,y,) € (E). CMR: Tich khoang cach tit cdc tiéu diém cla (E ) téi A bing

b

Trong mit phang véi hé toa dd Oxy, cho elip (E) : =

(Tap chi THTT 07)

2 2
Trong mit phang véi hé toa dd Oxy, cho elip (E): o + SR = 1. Goi Fy, F> 1a hai tiéu di€ém

2013 2012
ctia (E), M 1a diém tuy y trén (E). CMR: MF,.MF> + OM? = 4025

( THPT Duong PBinh Nghé - Thanh Hoa)
2

10
=1 (a>b>0)céclng tidu diém. Biét ring (E,) di qua diém M € A.

Trong mit phang véi hé toa dd Oxy, cho dudng thang A : x+y+4 = 0 va hai elip (E;) :

2 2 2
y X y
L =L (E): 5ty
o ~ 1 (E2): Iz

Tim toa do dlem M sao cho (E;) c6 do dai truc 16n nhé nht.

(THPT Quynh Luu - Nghé An 02)

2 2
Trong mit phang toa dd Oxy cho dudng thing d : 2x+y+3 =0 vaelip (E) : % + yT = 1. Viét

phuong trinh dudng thang A vudng géc véi duong thang d cit (E) tai hai diém A, B sao cho dién
tich tam gidc AOB bing 1.
(Thi tht Hocmai - Thiay Lé B4 Tran Phuong - Dé 02)
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3.2

10.

11.

Cic bai tap suu tam

. Trong mit phang vdi hé toa dd Oxy, cho di€ém M(1,2) va dudng tron (C) : x> +y? = 21. Viét

phuong trinh chinh tic cta elip (E) biét hinh chit nhat co s6 ctia (E) noi tiép (C) va diém M

nhin hai tiéu diém cta (E) dudi mot géc 60°

. Trong mit phing toa do Oxy, cho di€ém A(0;5). Lap phuong trinh chinh tic cta elip (E) biét

E) di qua A va c6 hinh chit nhat cd s noi tiép dudng tron (C) : x% +y> = 41.
q P g

. Trong mit phing véi hé truc toa do Oxy, cho dudng thing d : x —+/5 = 0. Lap phuong trinh

chinh tic ctia elip (E), biét mot canh hinh chit nhat co s6 clia (E) ndm trén d va hinh chit nhat
d6 c6 dd dai dudng chéo bing 6.

. Trong mit phang toa dd Oxy, cho di€ém M(—+/3; 1) dudng elip (E) di qua diém M va c6 khoang

cach gifta hai dudng chudn 1 6. Lap phuong trinh chinh tic cia (E).

. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) c6 phuong trinh x> +y? = 9. Lap phuong

. 1 £ . o )
trinh chinh tac cta elip ¢6 tdm sai e = 3 Biét (E) cat (C) tai 4 diém phan biét A,B,C,D sao
cho AB song song v6i Ox va AB = 3BC.

. Trong mit phang véi hé truc toa dd Oxy, cho elip (E) c6 do dai truc 16n 1a 6 va qua diém

3v2 0 N N
M (T\/_, \/§> Diém N nim trén (E) cach O mot doan cé dd dai bang /5. Tim toa do N?

. . . 22 .
. Trong mat phang véi hé toa do Oxy, viet phuong trinh duong thang di qua M (5, 5) va cat elip

[\

2
(E): % + yT = 1 tai hai di€m phén biét A, B sao cho MA = 2MB
2 2

. Trong mit phang toa dd Oxy, cho diém M di dong trén elip (E) : il + = =1. Goi H,K la hinh

9 4
chiéu cia M Ién céc truc toa do. Xac dinh toa do cua M dién tich OHMK dat gia tri 16n nhat.

2 2

. Trong mit phang Oxy cho elip (E) : % + % =1 va dudng thang d : y = x+m. d cit (E) tai hai

diém P,Q. Goi P', Q' 1an lugt 1a diém d6i xiing ctia P,Q qua O. Tim m d& PQP'Q’ 1a hinh thoi.

2 2
Trong mit phang véi hé toa do Oxy, cho elip (E) : ;—5 + yg = 1. Tim diém M € (E) sao cho
. 0 48
duong phan giac trong goc F{MF, di qua diém N (_E;O>

[k2pi.net]
2y N7

4 =1(a>b>0)thbaman ——— =

Trong mét phang v6i hé toa do Oxy, choelip (E) : 5+
as b a

V2

ER Hinh chif nhat co s6 cat Ox tai A,A’, cat Oy tai B, B, dudng tron noi tiép ti gidc ABA’B’ ¢6
dién tich bang 47. Tim a,b

[k2pi.net]
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14.

15.

22
Trong mit phang vé6i hé toa do Oxy, cho Elip (E )% + % = 1. Tt diém A ¢6 toa duong thudc

(E) ta dung hinh chit nhat ABCD noi tiép trong (E) c6 céc cic canh song song véi cic truc toa
dd va dién tich hinh chit nhat ABCD 1a 16n nhit. Hay tim toa do dinh A

[k2pi.net]
e . Xty )
Trong mat phang véi hé toa do Oxy, cho elip (E) : T + 3= 1. Tim M € (E) sao cho MF| +
TMF} dat gid tri nhd nhét.
[Boxmath.vn]
— A : Xy D N
Trong mat phang toa do Oxy, cho elip (E) : 3 + il 1 ¢6 cac tiéu diém Fy, F,. BDuong thang

d di qua F, va song song v6i dudng phan gidc clia géc phan tu thd nhit cit (E) tai A, B. Tinh
dién tich tam giac ABFj.
[Boxmath.vn]

x2

2
Trong mit phang véi hé toa do Oxy, cho elip (E) : T + y? = 1. Viét phuong trinh dudng thing
d cit (E) tai hai diém phan biét ¢6 toa dd nguyén.

[Boxmath.vn]
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4 Loi giai hoic huéng dan

4.1 Bai toan Elip qua cac ki thi tha 2013

1. Trong mit phang véi hé toa do Oxy, cho tam gidgc ABC déu c6 A(0;2) va c6 truc d6i xing Oy,

49+/3 0
Sasc = 1—\2/— Viét phuong trinh chinh tic cta elip (E) qua 3 diém A, B,C

Loi gidi:
Goi phuong trinh elip
x2 y2
(E)a_z—i_ﬁ:l (a>b>0)
Ta c6: A(0;2) = (E) N Oy nén A la mét dinh cta elip = b =2
493

1
Lai c6: Sppc = E.d(A,BC) C— Ma AABC déu nén:

d(A,BC) = AB.sinABC = BC.sin60° = BC = ——d(A, BC)

S

;x%d(A,BC).%d(A,BC) ﬂ@d(ﬁ\ BC) = Z (1)

Mt khac: Oy 1a truc dbi xiing ciia AABC déu nén BC 1Oy
= Phuong trinh BC : y=mvéim € (—2;2) (2)
3

. . 7 m=- 3

Tu()va2)=|m—-2|==-<« 11 =>m=—=
2 m= 5 2
Elip khong thay d6i néu ta thay ddi vi tri cia B va C v6i nhau nén ta c6 thé gid st xg < 0
7V3 3

=B <_T —5) . Thay vao phuong trinh (E) ta dugc:

49 N 9
1242 16

28
—led= 5 (Thda man)

Véy phuong trinh elip 1a (E) : x_8 + % =1
3

2. Trong mit phang véi hé toa dd Oxy, cho diém M(2+/3;2). Viét phuong trinh chinh tic ciia elip
(E) di qua M, biét M nhin hai tiéu diém ctia (E) dudi mot goc vuong.

Loi giai:
; 2 g
Gia st phuong trinh chinh tac cda elip (E) 1a: — + o 1 (a>b>0)
a
12 4
Me (E) © s+5=1

b2
. 1
FIMF, =90° = MO = §F1F2 —c=d*—b =16

a’> =24 y?
Suyra{ by g = (E): 2—+§:1
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3. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : x* +y* = 16. Viét phuong trinh chinh
S A 1 g A 2 .

tac cua elip (E) biét tAm sai cia (E) lae = > (E) cat (C) tai bon diém phan biét A, B,C, D sao cho

AB song song véi truc hoanh va AB = 2BC

Loi giadi:
) 2y
Gia st phuong trinh chinh tac cia (E) la: a_2+ﬁ:1 (a>b>0)
c a?—bp* 1 3
Tacéie=-=-——" = - b =4’
ache=- p 3 1 ()

Vi (E) va (C) déu nhan Ox, Oy lam céc truc d6i xting va AB = 2BC nén gia st toa do B(2t;t), (t > 0)
1
Thay toa do B vao phuong trinh trinh (C) ta dugc 1> = 3 thay vao phuong trinh (E) cung véi (x) ta

256 64
duge o> = =3 b* = —
AT 5
- X2 y2
Véy phuong trinh chinh tac cta (E) la: 5z + 7 =1
15 5

4. Trong mit phang v6i hé toa d6 Oxy, viét phuong trinh chinh tic ctia elip (E) biét khi M thay ddi
trén (E) thi d6 dai nho nhit cia OM bing 4 va do dai 16n nhit ctia MF; bang 8 véi F 1a tiéu diém

c6 hoanh d6 am cua (E).

Loi giai:
Cach 1:
; 2 42
Gia st phuong trinh chinh tac cda elip (E) 1a — + o 1 (a>b>0)
a

M(x,y)e(E):>MF1:a+g,mé—a§x§anénMF116nnhétb5nga+ckhix:a,y:0.
a
2 2 2 2 2.2 2
Lol =t X xty oM
a* — b? ar b2 b? b?
Do d6 gia tri nho nhit ctia OM bang b khi x =0,y = +b.
b=4 b=4
=

Via > b nén = OM > b.

Két hop gia thiét ta co: {

a+c=28 a=>5
x2 y2
Véy phuong trinh (E) : 75 + 6= 1

Cach 2:
Goi M (x0;y0) € (E) khi d6 ta c6

MF, :a-i—@ <a+4+c—>MaxMF,=a+c—a+c=28
a

Miit khac

OM = \/x(%—l—y% = Valsin2a + b2cosia = /a2 — c2cosia > Va2 — 2 = /a2 —c2 =4

. Vi xg = asino; yg = becosa. Khi do ta co hé

—3
2‘”‘; Sa=5c=3b=4
a—c-=16
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5. 1ap phuong trinh chinh tic cta elip (E), biét c6 mot dinh va hai tiéu diém cta (E) tao thanh mot
tam gidc déu va chu vi hinh chit nhat co s ciia (E) 1a 12(24+/3).

Loi gidi:
. x>y
Goi phuong trinh chinh tac cua elip (E) 1a: — + i 1(a>b>0)

= Chu vi cta hinh chi nhét cd sé la 2(2a +2b)
=2(2a+2b) = 12(2+V3) e a+b=312+3) (1)
Do céc dinh A1 (—a;0), A2(a;0) va Fi(—c;0), F>(c;0) cing ndm trén Ox nén theo gia thiét F1, F> cung
véi dinh B, (0;b) trén Oy tao thanh mot tam gidc déu <BoF> = FiFy = ByFy (%)
Ta thdy: Fy, F> dbi xting nhau qua Oy nén AB,F; F> ludn 12 tam gidc cin tai B,
Do d6: (x) & BoF, = FiF, & V2 + b2 =2¢ & b? =3c2
Lai c6: a®> — 2 = b*> = 3a> =4b> (2)
Tir (1) va (2) suyra:a=6vab =33 -
Y

. X
Vay phuong trinh chinh tac cua (E) la: — + 2= =1
ay phuong trinh chinh tac cua (E) la 36+27

2 2
6. Trong mit phing vi hé toa do Oxy, cho elip (E) ¢6 phuong trinh % n yg — 1. Goi Fy, P 1a hai

tiéu di€ém cua (E). Tim di€m M € (E) sao cho MF; = 2MF;.

Lai gidi:
2 2
Tacé: (E): %—l—yg =1=a=3b=V5=c=Va>—b>=2= F(-2;0), F(2:;0)
2 2
Khidé:MFl:a+9xM:3+§xM,MF2:a—fo:3—§xM
c c
2 2 3 V15
Mé.MF1:2MF2<:>3—§XM:2 3—|—§XM :>XM:—§,yM::|:T
. 3 V15 3 V15
Vay c6 hai diem M théaman: M | —=;—— |, M | —=; ——
27 2 272
. x>y .
7. Trong mat phang véi hé toa do Oxy, choelip (E) : 16 + 5= 1 vaduong thang d : 3x+4y—12=0.

Goi cdc giao diém clia dudng thang d va elip (E) 14 A, B. Tim trén (E) diém C sao cho tam gidc ABC

c6 dién tich bang 6.

Loi gidi:
Ta c6: A,B=dN(E) nén tim dugc toa do 1a A(4;0),B(0;3) hodc B(4;0),A(0;3) =AB =5
2 2
b
Goi C(a,b) € (E) = ?—6+3 —1 (1)
1 1 3a+4b—12
Mgt khdc: Sapc = AB.d(C,AB) = SAB.d(C,d) = “”—2’
3a+4b =24
Ma Sppc =6 = |[4a+3b— 12| =12 & 2
ABC |4a | 3aLdb—=0 (2)
3 3
Tir (1) va (2) ta tim duge C ( 2v/2;——= | hoidc C —2\/5;—>
(1) (2) i duge € (2v2 22 ) hose € (235
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2 2

8. Trong mit phing véi hé toa do Oxy cho elip (E) : % + yz =1 va cdc diém A(-3;0),1(—1;0).
Tim toa do cic diém B, C € (E) sao cho I 1a tAm dudng tron ngoai tiép tam gidc ABC.

Lai gidi:
Goi (C) 1a phuong trinh dudng tron ngoai tiép tam gidc ABC, (C) c¢6 tam I(—1;0) ban kinh A = 2.
Phuong trinh (C) : x*> +y*+2x—3 =0.

X +y>+2x—3=0 x=-3
Do B,C € (E) nén toa do ctia B,C langhiém hé: ¢ 2 2 = 3
PR Y=75
— V6ix = —3 =y = 0= B tic la trung v6i A hodc C trung v6i A (khong théoa man)
3 446
—Voix= 2 y=to
ix 5= 5
. 3 46 3 4v6 3 46 3 46
bapso:Bi | —oo—— |, G| —o— |7 B|l-—o—F ]G ——
aps°1(55>1<5 5) 2(5 5>2<55
. 2y .
9. Trong mat phang véi hé toa do Oxy, cho elip (E) : 7 + T= 1 va hai diém A(—+/3;0), B(v/3;0).
Tim diém M € (E) sao cho AMB = 60°.
Loi gidi:
Giasit M(x,y) € (E)
. o 3 3
TathéyA,Bchinhlécéctiéudiémcﬁaelip(E):>MA:a+ex:2—|—§x,MB:a—ex:2—§x

AB? = MA? + MB? — 2MA.MB.cos60° = (MA +MB)*> —3MA.MB (1)
42

3
MaAB2 =12, MA+MB =4, ,MA.MB = 4 — =x2. Thay vao (1) ta tim dudc x = +——
4 Y 3

2
1 1 .o avz o
MaMc (E)=y* = 1—% :§:>y::|:§.Vaflycé4diémthoaman (:I:%—;j?)

10. (Tuong tu bai tap trén)

11. Trong miit phing véi hé toa do Oxy, cho elip (E) : 9x* + 25y* = 225. Goi Fi, F; 1a hai tiéu diém
cla (E) (xp, < xp,). Xét tit gidc FiF>BA c6 tong do dai hai dudng chéo 1a 6 (A,B € (E)). Hay xdc
dinh toa do ctia A, B d€ chu vi t gidc Fi F>BA nhé nhit.

Loi gidi:
x2 y2
(E): g+§:1:>a:5;b:3;c:4
Taco FIB+F,A=6ma FiB+F,A+F,B+FA=4a=20= F,B+ F,A =14
4
ViFiIB+FA=6=a+exg+a—exs=6= 1O—§(xB—xA) =6=xg—x4 =95
Do dé chu vi tid giac la: P=FiF, + FB+BA+FlIA=8+14+AB=22+AB

= 22—|—\/(XB—XA)2+(yB—yA)2 >22++/ (xB—xA) =2245=27

2 2 = ——
= X =X X X :0 xA

YA =YB A= Xp L, ) XATAB o 2
XB—XAIS xB—xA:5

Ding thiic xay ra < {
Xp =

|
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9 27 3
Khidéz‘f‘)’B 9<:>y3—z<=>y3—:i:%_

won(32) () (33 (36

Thi P dat gia tri nhé nhit va min P = 27

2 2

12. Trong mit phang véi hé toa dd Oxy, cho elip (E) : ;—5 + % =1 ¢6 hai tiéu diém F, F>. Tim toa

. . . v 4
do diém M € (E) sao cho ban kinh dudng tron ndi tiép tam gidc MF| F; bang 3

Lai gidi:
a:5;b29:>c:4:>p:MF1+M§2+F2F2 _9
= Surs = pr=9.5 = 3 d(M,0x) 8 = d(M; 0x) =3 = | = yu = +3
Do d6 M(m,3) hoac M(m,—3).
ViMe (E)nénm=0
Vay M(0;3) va M(0;—3) 1a hai diém thda man bai todn.

2 2
13. Trong mit phang véi hé toa dd Oxy, cho elip (E) : * + Y 1. Mot hinh chit nhat MNPQ c6

25 9
cic dinh ndm trén (E) va hai dudng chéo ctia hinh chit nhat hgp véi nhau géc 60°. Tim toa do dinh

M biét xp; > 0,y > 0.

Loi giai:
Vi hinh chit nhat ¢6 hai truc d6i xting ciing la truc ddi xding cta (E) nén géc gitta hai dudng chéo ctia
hinh chif nhat bing 60° thi géc hgp bdi OM va chiéu duong truc Ox sé& 1a @ biang 30° hoic 60°
\/_

) N 1
TH1: @ = 30 thi hé s6 goc cia OM bang tan30° = — = phuong trinh OM : y =
2 2

V3
y

X
Khi dé toa do M la nghiém hé: y25 \/% (\/ 52° \/ 15

:Tx (x>y>0

TH2: ¢ = 60° thi hé s6 géc ctia OM 1a tan 60° = /3 = phuong trinh OM : y = \/3x
2 2

x° y
I A 225
Khi d6 toa do M 1a nghi€m hé: 25 9 ! \/
3 \/ 28
y=+3x

(y>x>0)

/75 225 [675 |67
Vi h M thé ki¢ M = =2
fy c6 hai diém M théa man diéu kién dé bai: ( 73 ) ( 55\ 15 6)

14. Trong mit phang véi hé toa dd Oxy, cho elip (E) thda man khoang cach giita hai dudng chuin

v 8V3 . ) 5
cua (E) bang T\/_, diém M c6 hoanh d6 duong thudc (E) sao cho do 16n 2 ban kinh qua tiéu la 3

3 - R < A N s g 2
va 2 Tim toa do diém M va viét phuong trinh chinh tac cta (E).

Loi gidi:
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L S s
Gia st phuong trinh cia (E) la: 2 + ke : )
Khi d6 phuong trinh cta hai dudng chudn la: Aj: x= ——; Ay:x=—

e e
8vV3 a 43 a 43
S dAAy) = 22t =2 2 TV g
(A1342) = — =3 ¢ =3 (1) )
Ban kinh qua tiéu cia M € (E) 1a: MFy = a+ —xpy; MF, = a — —xp. Do xp > 0 nén
a a

1 (a>b>0)

+c 5
a—+ —Xpm = < =2
a” 3 e )
a—Sxy==> cxy =1
a 2
3
T (1) (2)tadUQca—ZC—\/_:>b—lvaxM:§
2 2
, XXy V3 V3
Dod6: (E): —+—=1;M
0d&: (E): p T =1 (3 6 )
. Xy
15. Trong mat phang véi hé toa dd Oxy, cho elip (E) : E+? =1 vahaidiémA(-5;—-1),B(—1;1).
Xéc dinh toa do diém M € (E) sao cho dién tich AMAB 16n nhit.

Loi giai:
Phuong trinh dudng thing AB : x —2y+3 =0. AB=2+/5
Gié st M(x,,v,) € (E) = 5x2+16y2 =80

Toédn hoc — http://www.diendantoanhoc.net /forum

Mat khac:
Xo—2yo+3 1
d(M,AB) = “%l = Syap = EAB.d(M,AB) = |xo — 2y, — 3|
Ta co:
VN 21 1\, )
%. 5x0—§.4y0 S §+Z (5X0+16y0):36
= |xo —2y0| < 6= |x,—2y,+3| <9
Do do:
\/gxo . 4y 8
T~ 1 Xo =3
maxSyap =9 & 7 -3 = 0_35
Xo—2y,+3=9 Yo =73

Dién dan

) 8 5
bPapso: M | =;—=
ap so ( 3 3)
16. (Tuong tu bai tap trén)

Dap s6: C6 hai diém C théa man: (2\/_ 3\/—> ( 2V2; — 3\/_>

17. Trong mit phang v6i hé toa do Oxy, cho tam gidc ABC vudng can tai A(—2;0), noi tiép elip
2

(E): % +y? = 1. Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.
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Loi giai:
Tam gidc ABC vudng can tai A noi tiép (E): %2 +y2=1 A(-2:0)
Nén néu B(x,,y,) thi C(x,;—y,) = I(x,;0) 1a trung di€m ctia BC
Tam gidc ABC vudng tai A = Al = %BC & xo+2| = [yol

X Xo=—2 (loai)
S t4x,+4=1-"2 (jx|<2) & 6
4 xoz—g

5 6 1 4
Pudng tron (C) can tim ¢6 tdm (—5;0> , ban kinh R = EBC =3

6\ 16
Vi : — R —
ay (C) <X+5) Y=o
18. (Tuong tu bai tap trén)
. 12 3 12 3
Papso:B| —:;= | ; —
ap so (5,5),C(5, 5)

19. Trong mit phing v6i hé toa dd Oxy, cho dudng thang d : 2x+y+3 =0 vaelip (E) :

X2+
4

Viét phuong trinh dudng thang A vudng goc vdi d cat (E) tai hai diém A, B sao cho Spup = 1.

2
MY
1

Loi giai:
Vi Ald = phuong trinh A : x+ 2y —m = 0. Khi d6 toa d6 A, B 1a nghiém hé:

X+2y—-m=0 {x:2y—m

2 2
r Y 8y2 —4my+m*—4=0 (1)

I A |
4 * 1

d cit (E) tai hai diém phan biét A, B < (1) c6 hai nghiém phan biét

SA=32—4m?> >0 me (—-2v2;2V2)

e A Vitn=7%
Khi d6 goi yi,y; la nghiém cia (1) = 2%
yiy2 = =g

Ta dugc toa dd A,B1a A(2y; —m;y1),B(2y2 —m;ys).
5

(8 —m?)

3

5(8 —m?)

= AB =
2

= AB?> =5(y2—y1)2 =5[(y1 +y2)2 —4y1y2] =

kb m
Mit khéc: d(O;AB) = d(O;A) = —
' V5
m2(8 —m?)

1
= Soap = Ed(O,AB).AB = =1

= m= =42 (théa man)
Vay c6 hai dudng thang théa man: A : x —2y+2=0;Ay: x—2y—2=0

2 2

20. Trong mit phang véi hé toa do Oxy, cho elip (E) : % + yz = 1 va diém M(2;1). Viét phuong

trinh duong thang A di qua M va cit (E) tai hai diém phan biét A, B sao cho M 1a trung diém clia AB.

Loi gidi:
. 4 1 25
Thay toa do M vao ve trai phuong trinh (E) ta dugc: 5 + 1° 36 <1
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= M nidm & mién trong cta (E).

= Néu A di qua M thi A ludn cit (E) tai hai diém phan biét A, B théa man M nim giita A va B.
45 +9y5 =36 (1)

4xp+9y5 =36 (2)

Trix vé v6i vé ctia (1) va (2) ta dugc: 4(xp +x4)(xp —x4) +9(yp+ya) v —ya) =0 (3)

Gia st A(xa;y4),B(xp;yp). Do A,B € (E) nén ta cé hé:

o =2xy =4
Vi M la trung diém AB nén: XAt xp = X (4)
ya+yp =2ym =2

Thé (4) vao (3), ta dugc:
16()63 —xA) + 18(yB —yA) =0 8()63 —xA) —|—9(y3 —yA) =0 (5)

Do AB — (x3 —X4;Y8 —y4) 1a mot VTCP ciia A nén tit (5) ta cé VIPT clia Ala 7 = (8;9)

Vay A di qua M(2;1) va c6 VIPT 7 = (8;9) = phuong trinh A : 8x+9y —25 =0

Bai tip tuong tu: Trong mit phing véi hé toa dd Oxy, cho elip (E) c6 hinh chit nhat co s& c¢6 dién
tich bang 24, chu vi bing 20 va diém M(1;1). Viét phuong trinh dudng thang qua M cit (E) tai hai
di€ém phan biét sao cho M 1a trung diém

Dédp s6: 4x+9y— 13 =0

2 2
21. Trong mit phang véi hé toa do Oxy, cho elip (E) : E + % =1 va dudng thang A: x+y+9=0.

Viét phuong trinh dudng tron (C) cé ban kinh nho nhit sao cho tim ctia (C) thudc dudng thang A

va (C) c6 mot diém chung duy nhit véi (E).

Loi giai:
i s Xo+ Yo +9
Gia st M(x,;y,) € (E) = E+%:1 ()d(MA) %o \;% ‘
Ta co: (xo—}—y0)2:<4')2+3_y_0> < (16+19) yO — 95
4 3 16 9
9
=>—5§xo+yo§5=>4§xo+yo+9§14:>2\/§§%§7\/§
ﬁ+y_321 16
Yo="7% 16 9
mind(M,A) =2V2 )106 y? =d 95 om0 2
16— 9 Yo = —— 5 5
Yo =5 5

Xo +
16 9

= mind(M,A) = 2+/2 khi M ( < ,—g)
Goi I 12 hinh chiéu ctia M 1én A = IM = d(M,A), khi d6 IM 1a doan thang nhd nhit n6i mot diém
trén (E) v6i mot diém trén A (Vi gia st N € (E) bat ki, N # M, J € A, I 1a hinh chiéu cta N trén A
thi JN > I'N > IM)
Do dé6, dudng tron (C) can tim chinh 1a dudng tron tdm [ ban kinh IM. ViVM' € (E), M # M' =
IM' > IM = M’ ¢ (C) nén (C) va (E) chi c6 mot diém chung 1a M, hon nita ban kinh /M 12 nhé nhét
(chting minh trén).

26 1 26\ 1
Ta tim dudgc toa do [ la: I( 56, ?9) = Phuong trinh (C) : <x—|— ;) + (y—|— 59) —8
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2 2
22. Trong mit phang véi hé toa do Oxy, cho elip (E) : = ZZ = 1 va dudng thang A : —x + Z; y—
1 =0. Trong d6 M(x,,y,) € (E). CMR: Tich khoang cach tit cdc tiéu di€m cla (E) t6i A bang b?.
Loi gidi:
pe
Tacs: M € (E) = =5+ ly?—g =1 2% = b — y2a2. Tt d6 ta dudc:
M—l’ ""C—l—l‘ bHx2c? — ot 2p2(a® — b?) — a*b?
d(Fy A)d(Fy.A) _Y 4c a4|_b2_|x (2 - )2 4a |
_4 4+ 2 F x2b* +y2a x5b* +ysa
_ | —x2b* + (x2b?)a® — a*b?| 2 5 | —x2b* + (a®b? — y2a?)a? — a*b?| _ 2
' x2b* +y2a* x2b* +y2a*
2 e
23. Trong mit phang véi hé toa do Oxy, cho elip (E) : 2003 + 2003 — = 1. Goi F, F> 1a hai tiéu diém
ctia (E), M 1a diém tuy y trén (E). CMR: MF,.MF> + OM? = 4025
Loi gidi:
2 2
X y 1 )
E): —=1=e= Goi M E)= MF, =+/2013 MF, =+/2013 —
E): 56553t 2013 e= o Goi Mlx,y) € (E) 1=V2013+ex, MF, = v/ ex
2
= MF\.MF; = (V2013 +ex) (V2013 — ex) = 2013 — e = 2013 — =
2 2 2
X M
= MF,.MF,+0M?* = 2013—— =20134+2012 | —=+ —=——= | =2013+2012=4025
1M 2013 7Y i (2013 * 2012) *
2
24. Trong mit phang véi hé toa d6 Oxy, cho dudng thang A : x+y+4 = 0 va hai elip (E; ) : T + i
2 2
1, (E) : x_ + ;9}2 1 (a>b>0)cécung tidu diém. Biét ring (E;) di qua diém M € A. Tim toa

do diém M sao cho (E,) c6 do dai truc 16n nhd nhét.

Loi gidi:
Hai elip ¢6 céc tiéu diém 1a F; (—2;0), F>(2;0)
M € (Ey) = MF, +MF, = 2a. Ma dd dai truc 16n 1a 2a nén do dai truc 16n nhé nhit khi va chi khi
MF; + MF> nho nhit.
Dé thii thiy Fi, F> cung phia v6i A
Goi N(x,y) 1a diém dbi xting vé6i F> qua A, khi d6 ta tim dugc N(—4;—6).
Ma MF; +MF, = MF; +MN > NF; (khong d6i). Pang thiic xay ra khi va chi khi M = NF{ N A
Toa do M 1a nghiém hé:
{ 3x—y4+6=0 xX=-
=
x+y+4=0 y=—

N | LIl

5 3
VaytoadoMIla M| ——;—=
ay toa do M la ( 5 2)
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2 2
25. Trong mit phang toa dd Oxy cho dudng thang d : 2x+y+3 =0 vaelip (E) : % + yT = 1. Viét

phuong trinh dudng thang A vudng géc véi dudng thang d cit (E) tai hai diém A, B sao cho dién tich

tam gidc AOB bing 1.

Loi giai:
Vi A_Ld nén phuong trinh d c6 dang: x — 2y +m = 0. Khi do, A, B 1a nghiém hé:

x—2y+m=0 x=2y—m
=
8y? —dmy+m> —4=0 (%)

Dé d cit (E) tai hai diém phan biét A, B thi hé phai c6 hai nghiém phan biét
< (%) ¢6 hai nghiém phan biét & A' =32 —dm? > 0 & m € (-2\/5;2\@) (1)
Goi A(2y1 —m;y1),B(2y2 —m;y2), trong d6 y1,y2 1a nghiém ()
= AB =53~ 1) =5 [ +32)" — dyiya] = (8~ m?)
X OH| 1 21, 5
buong cao OH =d(,A) = —= = Sy = <—0H.AB) =—m8—m)=1lem=4cm==42

V5 2 16
Papsé: A;: x—2y4+2=0, Ar:x—2y—2=0.
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4.2 Cic bai tap suu tam

1. Trong mit phing v6i hé toa do Oxy,cho diém M(1,2) va dudng tron (C) : x*> 4+ y? = 21. Viét
phuong trinh chinh tic cda elip (E) biét hinh chit nhat co s6 ctia (E) ndi tiép (C) va diém M nhin
hai tiéu diém cta (E) dudi mot goc 60°

Loi giai:

x2 y2
;—f—ﬁ:l (a>b>0)
= Do dai cac canh clia hinh chit nhat cd s6 1a 2a,2b = d6 dai dudng chéo clia né 1a 2v/a2 + b2 (1)
Pudng tron (C) ¢6 tim O(0;0) ban kinh R = +/21. Hinh chit nhit cd s6 ndi tiép (C) nén tdm ctia hinh
chit nhét co s trung véi tdm cua (C)  (2)

Tt (1) va (2) = 2Va2 + b2 =2R = > +b* =21 (3)

Mt khdc: Tiéu diém ctia (E) 1a Fy (—c;0), F>(c;0). FMF> = 60°

Gid st (E) c6 phuong trinh chinh tic 1a (E) :

= F|F} = MF? +MF} —2MF, .MF>.cos 60°

4= 2+ 1+ 2P+ 11+ 2 +0% 1+ (2—0)?

2
c-=3
&3¢ =347 +75=0& | , 25
3

C

Vé6i ¢? = 3 < a®> — b*> = 3 két hop vé6i (3) tim dugc a® = 12, > =9
19

25 25 44
Véi ¢? = 3 Sa?—b> = 3 két hop véi (3) tim duge a® = 3 bt =—

3
2 |2 2 2
. 4 X X
Dapso:(El):—+}}—:1,(E2);H+)1’_9:
12 9 A
2. (Tuong tu bai tap trén)
) x> y?
bapso: (E): —+—==1.
ap so: (E) 25+16
3. (Tuong tu bai tap trén)
bipsé: (B): = + % — 1
p sO: st =L

1

4. Trong mit phang toa dd Oxy, cho diém M(—+/3;1) dudng elip (E) di qua di€ém M va c6 khoang
cich giita hai dudng chuan 1a 6. Lap phuong trinh chinh tic cta (E).

Ban doc tu giai.
2

Ch ¥: Phuong trinh hai dudng chusn 1a x = +2 nén khoang cach giita ching 1222 = & =6
e e C
2 2
. X y
b (E): —4+==1.
ap so: (E) G + >

5. Trong mit phang véi hé toa d6 Oxy, cho dudng tron (C) c6 phuong trinh x> +y? = 9. Lap phucng
. 1 . . . .

trinh chinh tac cua elip c6 tam sai e = 3 Biét (E) cat (C) tai 4 diém phéan biét A, B,C, D sao cho AB

song song vGi Ox va AB = 3BC.

Lai gidi:
2
Gidstelip (E): 5+ =1 (a>b>0)
a
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2_p2 1
Tam sai (E) lae=" = a—:§<:>8a2—9b2:0 (1)
a
Toa dd A, B,C, D la nghi€m hé:
¥4+yP=9 (2)
22
XY
— + i 1 (3)
Do (E) va (C) cung nhan Ox, Oy lam cic truc d6i xiing nén ABCD 1a hinh chit nhat.
Gia stt A(x,y), vi AB song song véi Ox nén B(—x;y) = C(—x;—y),D(x,—y).
Tacé: AB=3BC < |x| =3|y| x> =9? (4)
9 8 9

Tir (2) va (4) ta dugc: x> = T ¥ = = 75 hé vao (3) ta dudc: St =1 (5)
Tu (1) va (5) ta dugc hé:

8a*> —9b* =0 a2:E

81 9 & $0

— =1 pr ="
a’> b2 10
. x* oy

Véy phuong trinh chinh tac cla (E) 1a: =55 + 37 = 1

6. Trong mit phiang véi hé truc toa do Oxy, cho elip (E) c6 do dai truc 16n 1a 6 va qua diém

3v2 . N N
M (%_, \/§> . Diém N nim trén (E) ciach O mot doan c6 do dai bang /5. Tim toa do N?

Huéng dan:
D¢ 1ap dudc phuong trinh elip (E)

Piém N céich O doan c6 d6 dai /5 = M € (C) 1a duong tron tim O béan kinh /5

= M= (E)N(C)

Dap sb: (—‘f i%) (—% i%)

5 " . 22 ’
7. Trong mat phang v6i hé toa dd Oxy, viet phuong trinh duong thang di qua M (5’ 5) va cat elip

2 2
(E):%%—yT:ltai hai diém phan biét A, B sao cho MA = 2MB
Loi giai:
Gia st B(x,,y0) € (E) = 4—1—);1":1 (1)
/ (3", 6"
Thay toa do ctia M vao vé trai cua (E) dugc: 3T+3T: <1
2 ) 2
Xp—==-2(xo—=
\ — =-2 2
= M nam trong (E):>MA:—2m<:> 3 3 sl Yo
2 2 =—-2y,+2
y - - = yo__ yA y0+
3 3
—2x,+2)% | (=2y,+2)?
MaA e (E) = . xz* S 5202 g

8 3
Tur (1) va (2) ta tim dugc: B(0;1) hoac B (5, §)

Tir d6 tim dugc 2 dudng thang Ay : x +2y —2=0, Ay :

Sx+70y—-50=0
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2 2
8. Trong mit phing toa do Oxy, cho diém M di dong trén elip (E) : % n yz — 1. Goi H,K 1a hinh
chiéu ctia M 1én cic truc toa do. Xac dinh toa do ctia M dién tich OHMK dat gia tri 16n nhAt.
Loi giai:
Gid sit M(xp3y,) € (E) = 22 o Yo

9 "2
Goi H 1a hinh chiéu ctia M 1én Ox = H (x,;0) = OH = |x,|

Goi K 12 hinh chiéu ciia M 1én Oy = K(0;y,) = OK = |y,|
Ti gidc OHMK 1a hinh chtt nhat

]x0| |)’o| 1 (x5 ve
=S = =6.—/ <6.-|—+=)]=3
oHMK = |Xo!.[Yol 35 =951 7

Ding thifc xay ra khi va chi khi: ol _ |y2—|

Tu dé ta tim dudc x,,y,

Dap s6: (%?:l:x/ﬁ) ;( 3\/_ :I:\/_>

2 2
9. Trong mit phang Oxy cho elip (E) : % + % =1 va duong thang d : y = x +m. d cit (E) tai hai

diém P,Q. Goi P’,Q’ 1an lugt 1a diém dbi xiing ctia P,Q qua O. Tim m d& PQP'Q’ 1a hinh thoi.

Huéng dan:
Toa do P,Q = (E)Nd = toa do P, Q la nghiém hé:

2 2

Ly
9717 S 1324 18+ 9m—36=0 (1)
y=x+m
18m
X1 —|—)C2 = —F
Gia st P(x1,x1 +m), Q(x2,x2 +m) v6i x1,x, 1a nghiém (1) = o’ — 36 (2)
XX = ———
13

Mit khic: P, Q' 1a diém dbi xing ctia P,Q qua O = PQP’Q’ 12 hinh binh hanh.
Dé POP'Q’ 1a hinh thoi thi PP’ 1. QQ' < OP1.0Q. Khi d6 ta dugc:

@0@ =0 20 +m(x;+x)+m> =0 (3)

Thé (2) vao (3) ta tim dugc m.

10. Trong mit phang véi hé toa do Oxy, cho elip (E) : % = 1. Tim di€ém M € (E) sao cho

48 g ’
dudng phan giac trong goc F1MF2 di qua diém N < 75 O)

Huéng dan:
2 2
Goi M (m,n) thudc (E) Tacé: (E): — + G
— 259,
= F](—4,0); F2(4,0); M = (m+4,n), KM = (m —4;n)
Phuong trinh dudng thing MFy: n(x+4) — (m+4)y =0
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Phuong trinh dudng thang MF>: n(x —4) + (4 —m)y =0
N thudc phan giac trong goc F]/M\Fz nén

52 —148
Giai phuong trinh trén tim m, n.
[k2pi.net]
. 2 2 /D b2
11. Trong mat phang véi hé toa do Oxy, choelip (E) : x_2 + % =1(a > b >0) thda man A
a a

2 ~, 2, 4 . 4 . N N A A 2, .z s LN
g. Hinh chit nhat c¢o s& cat Ox tai A,A’, cat Oy tai B, B’, dudng tron ndi tiép ti gidc ABA'B’ ¢6 dién

tich bang 47. Tim a, b

Loi giai:
Va2 — b2 1
Tacé ~o 7 = — = a2 = 26%(1)
.
Pudng tron noi tiép (C) c6 S = =4x < r=2

1 1 1
Mat khéc: Sago = EOA.OB, ma Sapo = Ed(O,AB)_AB = Er'AB

= r.AB = OA.OB < 2Va? + b2 = ab < 4(a®> + b?) = a>h*(2)
Thé (1) vaio ) = > =6=b=+6
=>a?=12=a=2V3
[k2pi.net]

2 2
12. Trong miit phang vé6i hé toa d6 Oxy, cho Elip (E )% + % = 1. Tt diém A ¢6 toa duong thudc
(E) ta dung hinh chit nhat ABCD noi tiép trong (E) c6 cic céc canh song song véi cdc truc toa do

va dién tich hinh chit nhat ABCD 1a 16n nhét. Hay tim toa d dinh A

Loi gidi:

Goi A(xp3¥,) € (E) V6ix, > 0; y, > 0.

2 yz
Do A E)nén -2 422 =1.
0A € (E) nén 5 +

xo yO yo

T: =4 =12.2.-—.=—=<12 21 =12
aco: Sapcp = 4Soman 32 (9 + 4)

V6i M, N 1an luot 1a giao di€ém ctia AB véi Oy va AD véi Ox.
Vay Supcp 6 dién tich 16n nhit bang 12. DAu ding thiic x4y ra khi va chi khi :

X Ve 3v2
Zo 4 Jo =2V~
2 ;1 & 2
372 y=v2

3
Vay toa do dwmA( \/_ \/_>

[k2pi.net]

[\

X

2
13. Trong mit phang véi hé toa do Oxy, cho elip (E) : T + y? = 1. Tim M € (E) sao cho MF? +

7MF22 dat gid tri nhé nhat.
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Huéng dan:
2 2
Cach 1: Goi M, (x,;y,) € (E) = Z“%—é’ =1
X, X
MF, =2+2 MF,=2—-=2
1 + 5 M 5

Khi d6 MF? +TMF} = 2(x2 — 6x, + 16)
Max, € [2;2] nén (MF +7MF3) . =14 khix, =3
Cach 2:

min

1
(MFE +TMF}) = (MFy +MF)* + - (MF; — TMF>)? > 16

| 0

— MF?+TMF} > 14
Diéng thiic xay ra khi MF; = TMF>, < xj; = 3

[Boxmath.vn]

2 2
14. Trong mit phang toa d6 Oxy, cho elip (E) : % + % = 1 ¢6 céc tiéu diém F, F». Duong thang d

di qua F> va song song véi dudng phan gidc ctia géc phan tu thd nhit cét (E) tai A, B. Tinh dién tich
tam giac ABF.

Loi gidi:
Do gia thiét da cho di dé viét dugc ngay phuong trinh dudng thang d chia A, B ( di qua mot diém
da biét va song song véi dudng thang cho trudc) nén ta dinh hudng tinh dién tich theo cong thiic:
1
SABF] = EABd(Fl,d)

2 \2
(E) : % +yz —l=d? =8, =d=c= a2 — b =2= F(-2;0),F(2;0)
Pudng phan gidc A clia géc phan tu thid nhit c6 phuong trinh 1a: y = x
Tacod// AvaF, € dnénphuong trinh d la: y = x —2.

ey =A2 8 2\, . g 2
Khido toadd cua BvaClanghiémhé: ¢ 2 2 | =A(0;-2),B §’§ hoac B(0;—2), A §’§
5 R
8v2
= AB=—=, d(Fi,d) =22
.4 16
Dap s0: Sapr, = 3

[Boxmath.vn]

2

15. Trong mit phang vé6i hé toa dd Oxy, cho elip (E) : % +

2
y? = 1. Viét phuong trinh dudng thang

d cat (E) tai hai diém phan biét ¢6 toa do nguyén.

Huéng dan:
M(x0,70) € (E) =y, € [-V2;V/2]. May, € Z =y, € {~1;0;1}
Thay y, vao phuong trinh (E) va liy nhiing gid tri x, nguyén ta dudc cac diém thuoc (E) c6 toa do
nguyén la: A(2;1),B(2;—1),C(—2;1),D(—2;—-1)
= dudng thang d 1a dudng thang di qua 2 trong 4 diém trén.
[Boxmath.vn]
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S5 Phu Luc
5.1 Cac bai toan Elip da thi
2 . ¥y

1. (D -2005) Trong mdt phang véi hé toa do Oxy, cho diém C(2;0) va elip (E) : T + T= 1.
Tim toa d6 cic diém A, B € (E), biét A, B d6i xting nhau qua truc hoanh va tam gidc ABC déu.
Pipso:i A (3:43): B(3:-*)

2. (A-2008) Trong mit phing véi hé toa dd Oxy, viét phuong trinh chinh tic cia elip (E) biét

N 5 N
(E) c6 tam sai bang g va hinh chit nhét co s6 cua (E) c6 chu vi bang 20
Dap s6: %2 + %2 =1
. . X y?

3. (B-2010) Trong mit phiang v6i hé toa d6 Oxy, cho diém A(2;1/3) vaelip (E) : 3 + 5= 1.
Goi Fy, F, 1a cdc tiéu diém cta (E) (xp, < 0)), M = AF; N (E) (xp > 0), N 1a di€m dbi xiing
clia F> qua M. Viét phuong trinh dudng tron ngoai tiép tam gidc ANF>.

) 2
Piap s6: (x— 1)+ (y— #) =3
2y

4. (A-2011) choelip (E): 7 + T= 1. Tim toa do cic di€ém A, B € (E), ¢6 hoanh do duong sao
cho tam gidc OAB cén tai O va c6 dién tich 16n nhAt.
Dap s6: A <\/§, @) . (ﬁ,—@)

5. (A-2012) Trong mit phing véi hé toa d6 Oxy, cho dudng tron (C) : x> +y* = 8. Viét phuong
trinh chinh tic elip (E), biét (E) ¢6 do dai truc 16n bang 8 va (E) cit (C) tai bén diém tao thanh
bdn dinh cda hinh vudng.

2y
bap so: 16 + 6= 1
3
6. (B-2012) Xemvidu2-2.1
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5.2 Mot topic thao luin trén VMF

Bai toan cuc tri ¢6 lién quan dén Elip

Nhin vao tiéu dé thi chic ai ciing da hi€u bai viét n6i vé mot dang toan cuc tri ma cé lién quan dén
(E),c6 rat nhiéu loai tim cuc tri ctia (E) chang han nhu tim mét diém thudc (E) sao cho dién tich tam
gidc Max,hay 1a cho mot diém ¢ dinh rdi tim 1 diém thudc (E) sao cho khodng cach 1a min,.....Va cu
thé & day thi minh cling chi di néi vé dang todn thtt 2 ma minh néi & trén. Trudc tién ta cing xem bai

toan sau :

2
Bai toan: Cho A(4;5) va (E) : % +

Loi giai: (hxthanh)

Chuyén vé bai todn tim cyc tri tim min P

2
yE = 1.Tim di€ém M thuoc (E) sao cho AM ngin nhét.

P=(x—4)>+(y—5)

) 22
Trong do x,y la cac so thuc thoa man: — + 5= 1
Diéu kién d6 c6 thé viét lai 1ax2 +4y> —8 =0

Ta c6:

P=x>—8x+y*—10y+41 =x*—8x+y>— 10y +41 + x> +4y* -8
= (2x> — 8x+8) 4 (5> — 10y +5) +20
=2(x—2)2+5(y—1)2+20>20

Déu bing xay rakhi vachikhix=2;y=1

Nhin vao bai todn trén thi ¢6 vé nhu 12 ta khong biét tai sao lai c6 thé 1a cong thém mot cach hop
1i d€ ra dudc nhu viy,cé thé 1a cam gidc bit dang thic clia ngudi nao tét sé cé thé thiy nhung vén
dé 12 nhém thé nao d€ diém cuc tri ctia x;y van thda man x> +4y> — 8 = 0.D6 1a vin dé minh mudn
néi dén. Vay ching ta hiy cuing dén véi cach gidi clia tdng quat bai toan va cach tim luong thich hop do.
Bai toan: Cho diém A(m,n) khong nam trén (E) = ;‘—i + %,ﬁm di€ém M thudc (E) sao cho AM dat
gia tri nho nhét.

Cach giai - Tha thuit:

: S 22, 2.2 __ 2.2
Ta goi M(x;y) thi ta seco:;—l—ﬁ =1&bx"+ay =ab,(1)
VaAM? = (x —m)> + (y —n)? = x> +y* — 2mx —2ny + m* +n®
Bay gid ta s€ nhan & vao (1) va cong vao phuong trinh trén ta s€ co:

AM? = x? —l—y2 —2mx —2ny + m* +n® — ka’b® + kb>x* + ka2y2

= (14 kb*)x® + (1 4 ka®)y* — 2mx — 2ny + (m* + n* — ka’b?)
= (14 kb*)x* + (1 4+ ka®)y* — 2mx — 2ny +C

Pao ham theo bién x ta dudc :

m

AN _

(2)
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Pao ham theo bién y ta c6 :

n

Lic nay thay giéc tri cta x,y vao phuong trinh (1) ta sé ¢6 phuong trinh an k sau:
2 2

m n
b 2, = a?b?
W12 T ke ¢

Giai phuong trinh nay.(c6 thé thi truc tiép nghiém nhung ta nén 14y nhiing nghiém nguyén hoic hitu
tf).Sau khi tim dugc k thi bai toan trd nén don gian.Vé6i vi du ban dau ta tim ra dudc k = 1.

Luu y 1a khi thay & vao (2) va (3) thi gid tri x,y chinh 12 gid tri d€ AM dat gid tri nhd nhit hay d6
chinh 12 toa do diém M

Dudi ddy 1a mot bai tip minh mudn néu ra dé cac ban ciing ap dung phuong phap trén nhung khong
phai véi Elip ma la v6i Hyperbol :

2
Bai toan: Cho diém A(3;0) va (H) : %

nho nhét.

2
- )17 = 1.Tim diém M thudc (H) sao cho AM dat gia tri

Topic nay cta ban c6 nick BoFaKe trén dién dan VMF. C6 1€ nhiing thi thuit nhu trén sé it ¢6
thay co6 hay sach v3 nao day chiing ta, nhung hién nay trén cc dién dan néu tham gia cic ban sé thiy
c6 rat nhiéu kién thic, thd thuat hay (vé PT - HPT - BPT, BPT,...) d6 1a nhting kinh nghiém c6 dudc
trong qud trinh tu hoc, tu tim toi, sdng tao dudc cic ban tré (va rit tré) yéu todn chia sé.

Mubn hoc gidi thi bén canh viéc chim chi, thong minh thi can phéi c6 dong doi tot, nhiing ngudi
ban nhiét tinh, cing niém dam mé (vé hoc tip nhé :D ) va giéi hon minh! Khi tham gia dién dan cac
ban sé c6 nhitng ngudi ban nhu thé!

Hay chia sé nhitng diéu ban hoc héi dudc va hay trao déi nhitng van dé ban con bian khin
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TAI LIEU THAM KHAO
3] Tran Thanh Minh - Giai toan hinh hoc 12 - NXB Gi4o Duc
1] Lé Minh An (leminhansp - VMF) - Chuyén dé Elip
2] Ping Thanh Nam (dangnamneu - K2pi) - Chuyén dé Elip

3]
[1]
2]
[4] Dién dan toan hoc VMF - http://www.diendantoanhoc.net/forum
[5] Dién dan toan phd thong K2pi - http://www.k2pi.net

[6]

6] Dién dan Boxmath - http://www.boxmath.vn
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