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Fekedededk Ak
Bai 1.

Cho tam giac ABC c¢6 AB = AC va cac goc B,C déu nhen (*). Ki higu (O) la dwong tron
ngoai tiép tam giac ABC. Goi D la chdn dwong cao ing véi dinh A; tir C hg CH vudng goc véi
dwong thiang AO. Ki hiéu (1) la dwong tron di qua diém H va tiép xtc véi dwong tron (P)
dwong kinh AB tai diém D.

1. Tim gid trj nhé nhdt ciia d¢ dai dogn Ol déi Véi tdt cd cac tam giac ABC thod man
diéu kién (*) , c6 BC =1 va ¢6 bdn kinh cdc dwong tron (1) va (P) bang nhau.

2. Goi Q la trung d@iém canh AC, G la trong tam tam giac ABC. Pwong phan giac trong
g6c A cia tam giac ABC cir dwong thing 1Q tai E va dwong tron (P) tai F. Pwong phan giac
ngoai goc A cia tam giac ABC cdr dwong tron (O) tai K (K khac A).

Chirng minh rang GK di qua tim dwong tron ngogi tiép tam giac DEF.

Lo giai.

a) Goi M la trung diém BC. Ta s& chitng minh M
nam trén duong tron (1). That vay, do tir giac

OCHM noi tiép dudng tron duong kinh OC nén
MH = OC.sin MOH = OA.sinOAD.

Ta ciing c6 MD = OAsinOAD nén MD = MH hay
M nam trén (1). Do (P) va (1) tiép xdc véi nhau tai D
nén P, D, | thiang hang.

Gia str ban kinh cua (1) va (P) bang nhau thi hai tam
gi4c can BPD va MID bing nhau. Suy ra D 1a trung
diém cia BM va ddy chinh 1a mot trong cac diéu
kién cua tam gidc ABC dé c6 (1) va (P) bang nhau.

biat AB = 2x>%. Ta sé tinh Ol theo Xx.

Khi do, ta cling c6 IM = ID = PD =BP =x.
Xeét tam giac OMI co
01> =0OM? +MI? —20M .Ml.cosOMI = OM? + x* + 2xOM sin B .
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Theo dinh Ii Pythagores thi: AD? = 4x* — [E] = AC? = 4x* +=. Do d6:
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= nén OM = BM cot A= 2.
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Tatinh duge 012 =\ 2) 42 oy 2AD 2
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+3x° —==f(X).
AAD 2x 64x* —1 8 )
Ta s& tim gia tri nhé nhat cua ham sé nay. Ta c6

e 2x(128x* —5)(128x> +1)
(64x2 1) (64x —1)?

Do x>£nén f’(x):0<:>x:,/i va dé dang tim dugc f(x)> f S i.
8 128 128 64

Vay gi4 tri nho nhat cua Ol 1a % dat dugc khi x = ,/% (d& dang kiém tra duogc khi d6 tam giac
ABC van thoa man diéu kién (*)).

16x(64x2 —1) —128x[8x2 _ 1]
f'(x)=




b) Theo chitng minh & trén thi IM || AB va MQ || AB nén suy ra I, M, Q thang hang.
Tuong tw MP || AC, PF || AC nén P, F, M ciing thang hang.

Tu giac ABDF noi tiép duong tron (P) nén ta co:

/DFE = /B = /DME hay t&r gidc MEDF ciing ndi tiép.

Suy ra Z/MDE = /MFE = Z/PAF = Z/MDF hay DM la phan giac cia ZEDF . Do d6, M la
trung diém cung nhé EF caa duong tron (MEDF).

Goi X 1a tam duong tron ngoai tiép tam giac DEF thi XM L EF ma EF L AK nén XM || AK .

Ta tinh duogc:
. A . Al .
DM =2XM sm[B-l—E],DM :AKsm[B-l—E] nén AK =2XM .

Do G latrong tAm cia tam giac ABC nén GA = 2GE , theo dinh li Thales d4o thi K, G, X thing
hang. Ta c6 dpcm.



Bai 2.

Xét so A = 20042 — 20052 — 2052'%

Hay chizng minh rang A 1a mét hop sé dwong va téng cdc wéc sé6 dwong ciia A chia hét cho 24.
Lo gii.

Trudc hét, ta s& ching minh bd dé sau:

Cho n 1a mét s¢ tir nhién théa man n+1 chia hét cho 24. Ching minh rang tong cdc wéc dicong
cua n (ké cua n) ciing chia hét cho 24.

Chirng minh.

Goi d(n) 1a tong cac udc duong cua n. Trude hét, ta s& ching minh rang d(n) chia hét cho 3.

A A - Y A , \ Je o N n ~ \ I 5 2 A 7 N
That vay, goi a 1a mgt udc nao d6 cua n thi — ciling la udc cua n vanéu xét 0 <a < Jn thi
a

n
a

cac bo |a;

) d6i mot khac nhau (do n+1 chia hét cho 24 nén n chia 3 du 2 va n6 khdng thé 13
s6 chinh phuong).

< . n X n ., .. z . e K . 2
Vi n chia 3 du 2 nén trong hai s6 a,— €0 mot so chia 3 du 1 va mét s6 chia 3 du 2; suy ra tong
a

ctia chiing phai chia hét cho 3. Do do d(n)= chia hét cho 3.

0<a<y/n

n
at—
a

Twong tu, ta thdy rang n+1 chia hét cho 8 nén n chia 8 du 7. Do n 1a s6 1é nén chia 8 c¢6 cac sé
. X s Ay . 7 n ., .. =z . L X .
dula 1,3,5,7; khi do, dé dang thay rang trong hai s6 a,— ¢6 mot so chia 8 du 1, mdt so chia 8
a

du 7 hodc mot s6 chia 8 du 3, mot s6 chia 8 du 5. Dé thay khi d6 t6ng ctia hai wéc nay ciing chia
hét cho 8.

Tir d6 suyra d(n) chia hét cho 8.

Két hop hai diéu trén lai, ta thay rang tong cac udc duong ciia n chia hét cho 24.
Tro lai bai toan.

Trude hét, ta s& chizng minh rang n 1a hop s6 dwong. That vy,

Ta s& chirng minh rang néu x>y >3 thi y*>x’. (*)

(s . In Inx .. Int .
Bat dang thtrc nay twong duong voi xIny>yInx<:>—y>—. Ham so f(t):T,t>3 co
y X

f'(t)= nt < 0 nén day la ham nghich bién, suy ra f(x) < f(y) hay (*) dung.
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Ciing bing cach dung ham sé, ta c6 thé ching minh rang véi n du lonva 0 <a < n thi c6 danh
nn+a

gia m > 2. Do d6 2004%* > 2.2005°*" > 2005°°™ +2052'** nén A>0.
n+a

Xét trong modun 11 thi A= 2% —32% _g'(mod11).
Ta lai 06 27 = 2%,(2°)" =32.(1024)" =32 =10(mod11)

37 =3'(3") " =81.(243)" = 4(mod11),6"" = 23" = 2(2)
Suy ra A chia hét cho 11 hay A 1a mot hop sb.

400 199

400

3(3°)* =2.3=6(mod11)

Tiép theo, ta s& chizng minh ring A+1 chia hét cho 24. That vay, do 2004, 2052 chia hét cho 3
nén A+1=—-1*"4+1=0(mod3).

Hon nita, ta ciing c6 A+1=—-5*" +1=—-1+1=0(mod8).
Suyra A-+1 chia hét cho 3 va chia hét cho 8 nén A1 chia hét cho 24.

Theo bé dé trén thi ta cd téng cac udc duong cua A chia hét cho 24. Ta c6 dpem.



Bai 3.
Cho bdng vuéng kich thwéc nxn, n>2. Hai 6 vuéng dwoc goi 14 ké nhau néu ching la hai 6
lién tiép trén cling mét hang hogc cung mgt cét .

1. Tim sé nguyén dwong p lén nhdt dé ton tai mgt cdch danh ddu p 6 trén bang thod
maén: Trong sé c&c 6 ké véi méi é dwoc dinh diu c6 khdng qua mét é dwoc dinh dau.

2. Hai cdch dinh diu dwoc goi 12 q ké nhau néu chiing déu c6 q é dwgc ddnh diu,
trong dé c6 q—1 6 ¢ vi tri tring nhau trén bang va hai 6 con lai cia hai cach nay 1a hai 6 ké
nhau. Tim sé nguyén dwong q nhé nhdt dé ton tai mét cdch danh diu q 6 trén bang thod céc
diéu kign:

i) Tdt ca cac 6 ké véi méi é dwoc dinh diu déu khéng dwoc dinh diu.

i) Moi cdch dinh ddu q ké nhau véi né déu khong thod man diéu kién i).

Lo giai.
1. Ta xét hai truong hop sau:
* Truong hop 1: n 1a s chan.

D& thdy rang mdi hinh vudng 2x 2 chira khong qua 2 6 duoc danh dau.

That vay néu c6 hinh vudng 2x 2 chira 3 6 dugc danh dau thi 1 trong 3 6 d6 ké vai ca 2 6 con lai.
. s < LA £ A , £ AL, A . n’ re s . LA R
Vai n chan thitong so 6 dugc danh dau trén bang khéng quéa > Xét cach danh dau 6 xen kg thi

2 2
¢6 diing ”7 6 duoc danh dAu. do d6 p = ”7 cho truong hop nay.

. . T , , Z s 3n2 +n+4 e A, , Z <
* Truong hop 2: n 1a so 1é. Dy doan dap so la p= — & V&I mot cach danh s6 nhu hinh
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2) Trudc hét diéu Kién cia bai toan twong duong véi tim g nho nhat dé ton tai cach danh dau q 6
cua bang sao cho khong c6 hai 6 duoc danh dau ndo ké nhau va néu chuyén 16 bat ki dugc danh
dau sang 6 bén canh caa né, thi s& c6 6 duge danh dau ké nhau.

V6i cach danh ddu n 6 trén duong chéo chinh cia hinh nxn thi néu ta chuyén mot 6 danh dau
bt ki sang 6 bén canh nd, s& ¢ 2 6 danh diu ké nhau. Do d6 q<n.

Ta chirng minh ¢ < n bang cach ching minh két qua tong quat hon sau:

V&i moi cach danh ddu g =min{m,n}—1 6 cua mot bang mxn bét ki sao cho khdng c6 hai &
nao ké nhau, thi ta co thé tim duoc mot 6 dwge danh ddu ma khi chuyén né sang mot 6 bén canh
nao do6 cua no thi s& thu duoc cach danh diu mai ciing thoa man khong co hai 6 nao ké nhau.
Quy nap theo k = min{m,n}.

Véi k =2 thi dé thay két luan trén 1a dung.

Xét bang mxn, do chi c6 khéng qua min{m,n}—1 & nén tdn tai mot hang i va mot cot j sao
cho hang i va cot j khong chira 6 dwoc danh dau ndo. Cha y ta c6 thé gia sir 1a hang i va cot j
d6 khong nim & bién, néu khdng thi ta c6 thé chuyén ngay 6 dugc danh ddu gan bién nhit sang
huéng ra bién, cach danh dau méi nay thoa man.

Hang va cot trén chia bang thanh 4 bang con la A B,C, D . Ta ciing c6 thé gia st Ia trén mdi
bang con déu chira cac 6 duoc danh dau, néu khdng thi 1y luan nhu trén, ta c6 cach danh dau mai
thoa man.

Gia sir s6 6 duoc danh ddu ¢ cac bang con A, B,C,D lan luot 13 X, y,z,t va kich thudc cua cac
bang la axc,axd,bxc,bxd véi a+b=m-1,c+d=n-1.

Néu x> min{a,c},y >min{a,d},z > min{b,c},t > min{b,d}, thi ta cd thé d& dang chi ra rang
X+ Y+z+t>min{m,n}—1. Do do ta c6 ton tai chiang han 1< x < min{a,c}—-1, va theo gia
thuyét quy nap thi ta c6 thé chuyén 1 6 trong bang con nay sang mot trong cac 6 canh né dé thu
duogc cach danh dau mai thoa méan cho bang con va hién nhién cho bang 16n ban dau.

Nhan xét trén duoc chang minh. Véi m=n thitacod q>n-1, do d6 dap sé 1a q=n.
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