4. Cong thirc ngi suy Lagrange
4.1. Céc vi du mé dau

Vi du 1. Tim tit ca céc da thirc P(x) thoa man diéu kién: P(1) = 1, P(2) =2, P(3) =
4.

Loi gidi. RS rang néu P va Q 1a hai da thirc thoa man diéu kién dé bai thi P(x) —
Q(x) s& bang 0 tai cac diém 1, 2, 3 va tir do, ta co P(x) — Q(x) = (x-1)(x-2)(x-
3)H(x). Nguoc lai, néu P(x) 1a da thire thoa mén diéu kién dé bai thi cac da thuc
QKx) = P(X) + (X 1)(X 2)(x- 3)H(x) cling thoa méan diéu kién dé bai véi moi H(x).
Tir d6 6 thé thiy rang c6 vo sb cac da thirc thoa mén diéu kién dé bai.

Ta dat ra cau hoi: Trong cac da thirc thod méan diéu kién dé bai, hay tim da thirc co
bac nhé nhat. RO rang da thirc nay khong thé 1a hang so, cling khong thé 1a bac
nhat. Ta thtr tim bac tiép theo 1a bac 2.

Gia st P(x) = ax® + bx + ¢ 1a da thirc thoa min diéu kién dé bai. Khi d6
P(1)=1suyraa+tb+c=1
P(2)=2suyra 4a+2b+c=2
P(3)=3suyra 9a+3b+c=4
Giai hé nay ra, ta duoc nghiém duy nhét (a, b, ¢) = (1/2, -1/2, 1), ta duoc P(x) =
(1/2)x* = (1/2)x + 1 l1a da thirc bac nh6 nhét thoa man diéu kién. Va theo nhu 1y
luan & trén, moi nghiém cua bai toan s€ c6 dang
Q(X) = P(X) + (Xx-1)(x-2)(x-3)H(x) véi H(x) 1a mot da thie tuy y.

Vi du 2. Tim da thtic bac nho nhat thoa méan diéu kién P(-2) = 0, P(-1) = 1, P(0) =
1,P(1) =2, P(2) = 3.

Loi giai. Tt y tuong phuong phap h¢ s6 bat dinh va hé phuong trinh bic nhit &
trén. Ta thdy rang chan chan s€ ton tai da thirc bac khong qua 4 thoa man diéu kién
dé bai. Xét P(x) = ax* + bx® + cx? + dx + e. Tu diéu kién dé bai suy ra hé
16a—8b+4c—-2d+e=0
a—-b+c-d+e=1
e=1
atb+c+d+e=2
16a+8b+4c+2d+e=3
Giai hé nay tadugc a=-1/8,b=1/12,c=5/8,d =5/12,e=1

4.2. Cong thirc ndi suy Lagrange



Tu cac vi du cu thé néu trén, ta c6 thé du doan réng v&i moi cac bd n+1 sb phan
biét (ag, &, ..., ay) va bd n+1 sb bat ky by, by, ..., by s& ton tai mot da thirc P(x) bac
khong vuot qua n thoa man diéu kién

P(aj) = bj voi moi i=0, 1, 2, ..., n. (*)
Ngoai ra, do tit ca cac da thirc Q(x) thoa man (*) s& phai c6 dang Q(x) = P(x) +
(x-ag)(x-ap)...(X-a,)H(x) véi H(x) 1a mot da thirc nao d6 nén cac nghiém khac ctia
(*) déu c6 bac > n+1.

Vi thé ta co thé dé xuat dinh 1y sau:

Pinh 1y. Cho bd n+1 s6 thuc phan biét (ag, a, ..., @) va bd n+1 so bét ky (bo, by,
oy bn). Khi d6 ton tai duy nhat mot da thirc P(x) ¢6 bac khong vuot qua n thoa man
diéu kién P(a;) = b; voi moi i=0, 1, 2, ..., n.

Su duy nhét duoc chirng minh kha d& dang theo nhu 1y luan ¢ trén. Tuy nhién,
viéc ching minh t6n tai cho trudng hop tong quat 1a khong don gian, vi diéu nay
tuong duwong voi viée ching minh mot hé phuong trinh n+1 phuong trinh, n+1 an
sO c6 nghiém (duy nhat). Rét thi vi 14 ta tim dugc cach chimg minh dinh 1y nay
mot cach xay dung, tirc 13 tim ra dugc biéu thic tuong minh cua da thirc P(x) ma
khong can phai giai hé phuong trinh hé s6 bat dinh néu trén.

Y tudng chimg minh nay nhu sau. Ta di tim céc da thirc Po(X), P1(X) ..., Py(X) ban
n thoa man dicu kién sau

Pi(aj) = 5”‘,
Trong do
{1 =]
5ij = s
0 i#]

Khi d6 da thac P(x)=>bP(x) s& thoa min dicu kién vi
i=0
P(a;)=Y bR (a;) =D bs; =b,.
i-0 i-0

Van dé con lai 1a di tim cac da thie Pi(x). Vi Pi(a;) = 0 véi moi j # i nén
Pi(X) = Ci(X-ap)...(x-ai.1)(X-aj+1)...(x-a,)
Vi Pi(a) =1 nén
1
(ai - ao)---(ai - ai—l)(ai - ai+1)"'(ai - an)

Nhu thé ta tim duoc
Pi (X) _ (X_ao)---(x_aifl)(x_am)---(x_an) (**)
(ai _ao)---(ai _ai—l)(ai _ai+1)"'(ai _an)




1 c4c da thic thod man h¢ diéu kién Pj(a) = .

Cong thirc ngi suy Lagrange. Cho b6 n+1 s6 thuce phan biét (ag, ay, ..., a,) va bd
n+1 s0 bat ky (bg, by, ..., by). Khi d6 da thuc

P() = bR ()

1a da thirc duy nhét c6 bac khong vuot qua n thoa mén diéu kién P(a;) = b; v6i moi
I=0, 1, 2, ..., n. Cac da thtrc Pi(x) la cac da thirc bac n dugc dinh nghia boi (**).

4.3. Ung dung ciia cong thirc ni suy Langrange

Bai toan ndi suy la mot trong cac bai toan co ban cia toan 1y thuyét va toan ung
dung. Trong thuc té, chung ta khong thé do dugc gia tri cia mot ham s tai moi
diém, ma chi do duogc tai mot s6 diém. Céac cong thirc ndi suy cho phép chung ta,
béng phép do tai mdt sb diém, « dung » lai mot da thire xép xi cho ham s6 thuc té.
Cong thic ndi suy Lagrange, vi thé c6 nhiéu ung dung trong vat 1y, tric dia, kinh
té hoc, khi tuong thuy van, du doan dy bdo ... Tuy nhién, ta s¢ khong di sau vé
cac van dé nay. Dudi ddy ta xem xét mot sd ing dung cua cong thic nodi suy
Lagrange trong cac bai toan pho thong.

4.4. Cc bai tap c6 10i giai

Bai 1. Rat gon biéu thirc

a’ b? c

= + +
(a—b)(a-c) (b-c)(b—a) (c—a)(c—-b)

Loi gigi. Ap dung cong thire ndi suy Lagrange cho ham sé P(x) = x? v6i cac diém
a, b, ¢ va gia tri twong tmg 1a a%, b?, c® ta c6

2 2 2

P(xX) = a“(x-b)(x—-c) N b*(x—a)(x—c) L (x—a)(x—b)

(a—b)(a-c) (b—-a)(b-c) (c—a)(c—h)

So sanh hé s cua x> & hai vé, ta dugc A = 1.

2

Bai 2. Cho da thitc P(x) bac n thoa man diéu kién P(k) = k/(k+1) véi moi k=0, 1,
2, ...,n. Hay tim P(n+1).

Loi gidi. Theo cf)ng thirc ndi suy Lagrange thi
kK x(x=1)..x-k+)(x—k-1)...(x—n
00-3 (x=1)...(x—k+D(x K =1)..(x =)
“k+1 k(k-1)...1.(-2)...(k — n)
Tur do




"k (n+1)...(n—k+2)(n—k)...Q)
~k+1  k(k-1..1.(-D..(k—n)

=Z”:kk l(n+1)...(n—k+2)(n—k+1)(n—k)...(1)ZZ“:(_l)n,kk (n+1)!
11 k(k=1..1.(-D..(k-nh-k+) & (K +1)!(n—k +1)!

1 C n-k k+1
=—>(-D)"*kC
n+ 2 “ ( ) n+2

o

Cach 2. Xét da thie (x+1)P(x) — x ¢6 bac n va ¢6 n+1l nghitmx =0, 1, 2, ..., n.
Do do, ta co

(x+1)P(x) — x = ax(x-1)(x-2)...(x-n)
v6i ala 1 hing sb.

Thay x = - 1, ta duoc 1 = a.(-1)(-2)...(-n-1) = a(-1)""(n+1)!
Suy raa = (-1)™(n+1)!.

Tir d6 (n+2)P(n+1) — (n+1) = n!(-1)" Y (n+1)! = (-1)™/(n+1)
Suy ra P(n+1) = ((n+1) + (-1)™/(n+2).

Bai 3. Cho tam thirc bac 2 P(x) = ax® + bx + ¢ thoa min diéu kién [P(x)| < 1 véi
moi | x | £ 1. Chiing minh rang |a| + |b| + |c| <3
Loi giai. Thuc hién phép ndi suy tai 3 diém -1, 0, 1, ta co

P(x) =P(-1) X(x 1) +P(0) (x+(x-1) +P() X(x+1)
(-1-0)(-1-1) 0+1)(0-1) 1+0)1+1)

Suyra

P(x) X+ P(0)

_PW+P(D-2P©) , PO-P(EY
2 2
Tur d6

,_PO+P(D-2P©) | _PM)-P(D

5 5 c=P(0)

Suy ra

la]+|b|+]c |=|P(1)Jr P(—21)—2P(0)|+|P(1) _ZP(_1)|+| P(0)|

<[PO+PED [P ‘ZP(‘DI +2| P(O) < max{] PQ) || P(-D)[}+2] P(0) < 3.

4.5. Bai tap tu giai

Bai 1. Rut gon biéu thirc
a* b? ct
A= + +
(a=b)(a-c) (b-a)lb-c) (c—a)(c-h)




Bai 2. Cho M(y) 1a mot da thirc bac n sao cho M(y)=2"v4iy=1, 2, ..., n+1. Hiy
tim M(n+2).

Bai 3. Cho da thirc P(x) = x'* + agX° + ... + aiX + a. Biét réng P(-1) = P(1), P(-2)
=P(2), ..., P(-5) = P(5). Chiing minh rdng P(-x) = P(x) v&1 moi x thudc R.

Bai 4. Cho Xo < X; < X, < ...< X, 12 cac sd nguyén va P(x) 1a da thirc bac n c6 hé sb
cao nhat bing 1. Chirmg minh rang ton tai i € {0, 1, ..., n} sao cho |P(x;)| = n!/2".

Bai 5. Mot chiéc tau voi van toc khong ddi di ngang qua mot hon dao. Thuyén
truong ctr mdi gio lai do khoang cach tir tau dén dao. Vao lic 12, 14 va 15 gio tau
cach dao céac khoang cach tuong ting la 7, 5 va 11 km. Hoi1 vao lac 13 gio tau cach
dao bao nhiéu km. Va Iuc 16 gio, tau sé cach dao bao nhiéu km?

Bai 6. Trén mat phang cho 100 diém. Biét ring v&i bén diém bat ky trong chiing
deéu c6 mot parabol bac 2 di qua. Chirng minh rang tat ca cac diém da cho déu nam
trén mat parabol bac 2.



