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Trong sudt qua trinh lam luan van, toi luon nhan duge sy huéng dan va
gitup dé cia GS. TSKH Lé Ding Muu (Vién Toan hoc Viét Nam). Toi xin
chan thanh bay té long biét on sau sic dén thay.

Toi xin cAm on quy thay, co gidng day 16p cao hoc khoa 5 (2011 - 2013)
da mang dén cho t6i nhiéu kién thiic bo ich trong khoa hoc va cudc song.

Toi xin chan thanh cdm on Ban giam hiéu, cac ban dong nghiép truong
THPT Nguyén Du da tao diéu kién t6t nhat dé toi hoan thanh luan vin
nay.

Maic dit da c6 nhiéu c6 gaing nhung luan van kho tranh khéi nhitng thiéu
s6t. Tac gid mong nhan duge nhitng ¥ kién déng gép clia quy thay, co va
ban doc dé luan vian duge hoan thién hon.

Xin tran trong cam on!

Hai Phong, thang 5 nam 20135.

Nguoi viét luan van

Nguyén Thi Thuan

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



MG dau

Trong toan hoc ttng dung, bai toan can bang déng vai trdo quan trong.
N6 bao ham nhiéu bai toan quan trong khac nhu bai toan toi wu, bat déng
thiic bién phan, bai toan diém bat dong Kakutani, can bing Nash trong
tro choi khong hop tac, bai toan diém yén ngua. Néi chung, bai toan can
bang c6 nhiéu tng dung trong thuc té va la dé tai dang duge quan tam
nghién cttu. Phan trong tam ctia luan van trinh bay vé phuong phéap hiéu
chinh Tikhonov, muc dich ctia phuong phap hiéu chinh Tikhonov la dé xt
Iy céc bai toan dat khong chinh, tiic 1a cac bai toan khong c¢6 nghiém duy
nhat hoic nghiém khong 6n dinh theo dit lieu dau vao.

Luan van nay trinh bay nhitng kién thitc co ban vé bai toan can bang,
cu thé 1a sy ton tai nghiém, tinh chat duy nhéat nghiém, nguyén 1y bai toan
phu. Trong dé trong tam la giGi thiéu phuong phap hiéu chinh Tikhonov
cho bai todn can bang trong truong hop don diéu va gid don dieu.

Bo6 cuc ciia luan van gom 2 chuong:

Chuong 1: Gi6i thiéu cac kién thiic co ban vé bai todn can biang, va cic
truong hop riéng quan trong clia bai todn can bang nhu bai toan téi wu,
bat dang thitc bién phan, bai toan diém bat dong Kakutani, can bang Nash
trong tro choi khong hop tac, bai toan diém yén ngua.

Chuong 2: La chuong chinh ctia luan van nham trinh bay phuong phap
hiéu chinh Tikhonov cho bai todn can bang trong trudng hgp song ham
don diéu va gid don diéu. Cudi chuong 1 trinh bay tng dung ctia phuong
phap nay cho bai toan bat ding thitc bién phan da tri véi toan ti gia don

diéu.
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Chuong 1

Gié6i thiéu cac kién thic co ban
vé bai toan can bang

Trong luan van nay, ching ta lam viéc trén khong gian Hilbert thuc X,
v6i tich vo huéng duge ki hiéu 1a (.,.) va chuan tuong tng duge ki hiéu 1a
||.||. Dué6i day, ta nhac lai mot s6 khai niem va tinh chat co ban cta giai
tich 16i nhu: Tap 161, ham 16i, hoi tu manh (yéu), ... Céac kién thic trong

chuong nay duge lay chi yéu tir cac tai lieu [1], [2], [3].
1.1 Kién thdc chuan bi

1) X 1a khong gian vecto trén truong s6 thyc.

2) Trén X c6 tich vo hudng (.,.) : X x X — R thoa man céc tién dé sau:
i) (x,y) = (y,x),  VoyeX.

i) (x+y,2) = (z,2)+ (y,2), Vaz,y,z € X.

i) (ax,y) = alz,y), Vr,ye X, aeR.

i) (z,z) >0,  Vr#0va (r,r) =0 khiva chi khi z=0.

3) X tré thanh khong gian Banach véi chuan dinh nghia béi:

|z = v/(z, z).
Trén X c6 hai kiéu hoi tu chinh sau:

Dinh nghia 1.1. Xét day {:zrn}nZO va x thuoc khong gian Hilbert thuc X.

Diy {x,} duoc goi la hoi tu manh tdi x, ki hiéu x, — =, néu nhu:

lim ||z, —z| = 0.
n—-+00
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Day {x,} duoc goi la hoi tu yéu tdi x, ki hiéu x, — = néu nhu:

lim (w,z,) = (w,x), Vw € X.
n—-+00

Diém x dugc goi la diém tu manh (yéu) cia day {z,} néu tu day nay co
thé trich ra mot day con hoi tu manh (yéu) toi x.
Ta nhic lai cac két qua quen thuoc trong gidi tich ham lien quan dén hai
loai hoi tu nay:
Meénh dé 1.1. (i) Néu {x,} hoi tu manh dén x thi ciing hoi tu yéu dén x.

(ii) Néu {x,} hoi tu manh dén x va ngrfooﬂxnﬂ = ||zl thi {x,} hoi tu
manh dén x.

(iii) Moi day hoi tu manh (yéu) déu bi chdn va gidi han theo sy hoi tu
manh (yéu) néu ton tai thi la duy nhat.

(iv) Néu khong gian Hilbert X la khong gian hiu han chiéu thi sy hoi tu
manh va su hoi tu yéu la tuong duong.

(v) Néu day {xn}, o la mot day bi chin trong khong gian Hilbert X thi
ta trich ra duge mot day con hoi tu yéu.

(vi) Néu {xn},~¢ la mot day bi chan trong khong gian Hilbert hitu han
chieu X thi ta trich ra dugc mot day con hoi tu manh.
Tiép theo, ta sé néu mot s6 dinh nghia va két qua co ban ciia giai tich 16i:
Dinh nghia 1.2. Tap K trong khong gian Hilbert X dugc goi la 1oi néu

nhu voi moi x,y € K va A € (0,1) ta co:
A+ (1=)NyeK.
Dinh nghia 1.3. Xét ham f: X — RU{+o0c}. Khi do:
Ham f duogc goi la 107 néu:
FOT+(1-Ny) <A (@) +1-Nfy), Yo,yeX, Yre(o,1].
Ham f duogc goi la 107 chit néu:
fOz4+ 1 =Ny <Af(@)+(1=Nf(y), Ve#yeX, VYre[0,1].

Ham f duoge goi la 101 manh vdi hé s6 n > 0 néu:
A(1— )

92 H‘r_szv vx7y€X7 VA e [071]

FQz+ (1 =Ny <Af(@)+1 =X f(y)—n
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Vi du 1.1. 1) Moi ham affine f(z) = a’x + b 1a ham 16i. N6 thdéa man
déng thrc:

FQe+0=Ny)=Af () + A=A f(y), Yy
Do d6 né khong 16i chit.

2) Xét K 1a tap con bat ky ctia X. Ham chi §; duge dinh nghia nhu sau:

0 néu z € K,
O = 2
+o00 neuz ¢ K.

Khi d6, K 1a tap 16i néu va chi néu g 14 ham 16i.

3) Trong khong gian Hilbert thiyc ta c6 khai trién:

[Els lyll> e+ (1= Nyl
A 5 +(1-2X) 5 5
2 2 2 2 ’
AL — A
= 202 (a4 - 2 3)
1 _
— MHQE—Z/HQ'

Do d6 ham f (z) = ”9;”2 14 ham 16i manh v6i he s6 1.

4) Gia st K la mot tap khac rong. Ham khoang cach dk (z) duge dinh
nghia nhu sau:
dic (z) = inf Jlz =yl
Khi d6, néu K 1a tap 10i thi dg 1a ham 16i.
Thuc vay, xét 2,y € X va A € (0,1) bat ky. Dat z = Xz + (1 — \)y.
Theo dinh nghia, ton tai cac day {3}, {yi} trong K sao cho:

lim ||z — 24| = dk (z) va lim [ly — yxll = dk (y) -
k—o00 k—00
Do K 16i nén z; := Azj, + (1 — \) yx € K. Ta co:

dg (2) < llz =zl = A (= — i) + (1= A) (y =)l < Ao = 2pl[+(1 = A) [ly — ywll -
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Cho k& — oo ta co: dy (Z) < Mg ({E) + (1 — )\) dg (y) .
Néu ton tai 7 € K sao cho ||z — || = dg (z) thi 7 dugc goi 1a hinh chiéu

khodng cach clia z len K. Khi d6 7 14 nghiém ctia bai toan t6i wu:
2

e—l?

yeK
Meénh dé sau day cho ta diéu kién can va di dé 7 1a hinh chiéu ctia « lén
K trong truong hop K 1oi:
Meénh dé 1.2. Gid st K la tap loi dong khdc rong trong X. Dit:

Ng (z) ={w e X [{w,y —z) <0, Vye K}.
Khi dé = la hinh chiéu ciia x lén K khi va chi khi x — 7 € N (7).
Chiing minh.
Gia st 7 13 hinh chiéu clia « len K. Lay y bat ky thuoc K. Dat:
Y=y + (1=

Do K 16i nén y, € K véi moi A € (0,1). Theo dinh nghia hinh chiéu ta co:

2 2 2
[ = =[” < lyx = 2] = l(m = 2) + Ay = ™),

Khai trién vé phai va gian udc ta thu dugc:
My =7l +2(r — 2,y — 7) > 0.
Cho X tién t6i 0 ta thu dugc bat déng thic (z — 7,y — ) < 0. Didu nay
ding v6i y € K bat ky nén suy ra z — 7 € Ng (7).
Ngudgc lai, gia st 2 — 7 € N (7). Khi d6 v6i moi y € K ta co:
2 2 2 2
lz —ylI" =z —m) + (=" = llo = 7| + lm —y|" + 2@ — 7,7 —y)
2 2 2
> |z = xl|” + |7 —yl|” = |lz — ="
Suy ra 7 1a hinh chiéu ctia z trén K. O
Tt ménh dé trén ta c6 nhan xét, khi K 16i déng thi hinh chiéu ctia = lén
K 1a duy nhat. Thyc vay, gid st 7 va «’ déu la hinh chiéu ctia = len K.

Chon y = 7’ trong ménh dé trén ta c6:

x—7r,7r'—7r <0.
( )
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Thay doéi vai tro clia 7 va 7 ta duge:
< / /
T—T, T —T > <0.

Cong hai bat dang thiic trén suy ra |7 — /|| < 0. Diéu nay chi xay ra khi
T=n.

Trong truong hop K 1a tap con déng khéc rong ctia khong gian Hilbert, voi
moi z luon ton tai hinh chiéu ctia 2 len K. Thyc vay, theo dinh nghia ton

tai day {zj} trong K thoa man:
li —z|| =dg (x).

Suy ra day {z;} bi chin, do d6 trich ra dugc mot day con {z,,} hoi tu yéu.
Mait khéc, do K 16i dong nén giéi han nay phai 1a mot diem thuoc K, ki

hiéu la =. Ta co:
o=l = tim [, — 2] = dic z)
k—+o00

Vay = 1a hinh chiéu ciia z trén K.
Phép tuong ting mdi diém z v6i hinh chiéu ctia né trén K ki hieu la Px va
ducc goi 1a phép chiéu Euclide. Theo chiing minh ménh dé trén, ta c6 tinh

chat sau day ctia hinh chiéu khoang cach:
lz = ylI* > ||z = P @)|° + lly — Px ()], Vye K.
Tiép theo ta néu cac khai niém lién quan dén tinh lién tuc ctia ham so:
Dinh nghia 1.4. Xét ham G : X — R. Khi do:
i) Ham G dugc goi la nida lién tuc dudi tai diém x € X néu nhu:

G(z) < lim infG (xy).

P
Ham G dugc goi la nita lién tuc dudi néu né nika lién tuc dudi tai moi diém.

it) Ham G dugc goi la khd vi Frechét tai diém = € X néu nhu ton tai
phan i, ki hieu la G' (x) € X* théa man.:

i W) =G @) —{G"(2),y )

—0.
ly—a||—0 |y — |
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Phan tii G’ (x) duoc goi la dao ham Frechét cia G tai diém .
Ham G duge goi la kha vi trén K néu né khd vi tai moi diém thuoc K.

Ta c6 ménh dé sau:

Meénh dé 1.3. Xét ham G : X — R. Khi do:
i) Néu G lién tuc thy G nia lién tuc dudi.
i) Néu G khd vi thy G lién tuc va:

lim G(x+ty) — G (2)
t—0 t

=(G'(2),y), VryeX

Ching minh

i) Hién nhién.

ii) Gi& stt G kha vi. Xét x # y bat ky thuoc X. Ta co:
Gy) —G(x) = (G'(z),y — )

Gy) =G (x) = [ly — =] + (G (x),y— =),

|y — ]
do:
E— — / —
lim Gly) =G@) = (G @),y x>:0vé lim <G'(;1:),y—x>:
ly—a[|—0 ly — ] ly—a[|—0
nén suy ra:

Jim (@) - @) =0

Vay G lién tuc. Dat z; = x + ty. V6i moi ¢t > 0, ta co:

G(x+ty) =G (x) Gz +ty) =G () = (¢ (), ty)
t t

- <G/ (l’) 7y> =

G(zy) — G(z) — (G (v), 2 — )

t
G(xy) —G(z)— (G (2), 20 — x
[l — ]
Do lim ||z — z|| = 0 nén:
t—0
— p— / p—

G -G (@) o)

t—0 lxy — x|
Tu (1.1) va (1.2) suy ra diéu phai chiing minh. O

Menh dé sau cho ta mdi quan hé gitta hé s6 16i cia mot ham va dao ham

cua no:
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Ménh dé 1.4. Xét ham f: X — RU{+o0} khd vi van > 0. Khi dé ba diéu
kién sau twong duong:

(i) f loi manh vdi hé s6 1.

(11) Voi moi x,y € X ta co:

F) = F @) 2 (f @)y —a) + 2 -y
(111) Véi moi x,y € X ta co:
(' 9) = ' (@) y = x) =l —y*.
Ching minh.
(i) — (ii).
Gia stt f 16i manh véi he s6 1. V6i moi x,y va t € (0,1) ta co:

(=0 f @)+t ) =y + (1= D2)+ 20 (0= 1) o=yl

St W)= F @) 2 g+ (1= t)2) = f (@) + Tt (1= ) }o — |

éf(y)—f(x)zf(x+t(?/_l'))—f(x)+

2
t (1=l -yl

N3

Cho t — 07, do f kha vi, ta dugc:
FO) = @)= (f @),y —a)+ 2yl
(ii) — (i)-

Gié st f théa man diéu kién (ii). Lay ¢ € (0,1) bat ky va dat 2 = (1 — ¢) a+ty.
Khi do:
y=z+1—-t)(y—z) va =2+ (—t)(y—x).

Ap dung (ii) ta thu duge:

F@) 2 f()+(f (), —tly =) + 20z =yl (13)
FO) 2@+ (). 0-0—0)+ 30—t la—yl>.  (14)

Nhan hai vé ctia (1.3) v6i (1 —¢) > 0 va nhan hai vé ctia (1.4) v6i t > 0, sau
do6 cong lai ta thu dugce:

(L=t f @) +tf () 2 F (L=t +ty)+ Tt (1 —1) |z =yl
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Diéu nay dang véi moi x,y nén ta suy ra f 16i manh véi hé so 1.
(i) — (iii).
Gia si ¢6 (ii). V6i moi z,y € K ta co:
f) = f @) 2 (f @),y =)+ Glle —yll”
@) = f ) = (), e —y) + Flle =yl
Cong vé hai bat déng thiic trén ta thu dugc:

0> (f' ()= ' (v),y —x) +nllz - yl*

T d6 suy ra (iii).

(iii) — (ii).
Gia stt ¢6 tinh chat (iii), ta dat v (t) := f (z +th) v6i h ==z — y.
Khi doé:
/ - '7(t+At)_'7(t)_ . f(x‘l_th_’_Ath)_ /
L e AR LS

Mat khéc, theo tinh chat (iii) ta co:

(f'(x+1th) = ' (z) , th) = nlth|* = [z —y|*

= (f'(x +th) — f (x),h) >tz —y|*.

1

FO) = F(0) =7 ) = 0= [ (@) = [ (7 o+ 0 B
)+ [ ok i) = ) B
> {70 ) + e — ol
= (' @),y =) + 2w =yl

Ham f 16i c6 thé coi 1 16i manh véi hé s6 0. Do d6 ta c6 ngay hé qua:
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Hé qua 1.1. V§i ham f khd vi cac ménh dé sau tuong duong:

(i) £ 1a ham 194,

(ii) Vdi moi x,y ta cé bt ding thic:

)= f)=>(f (),y—x).
(ii3) V&i moi xz,y ta c6 bat dang thiic:
(f'(y) = f'(x),y—z) >0.
Két qua tiép theo cho ta dicu kién cho 151 gidi bai toan t6i wu ham 1oi:
Meénh dé 1.5. Xét ham F : X — R la ham khd vi tren K vdi K la tap con
107 ctia X. Khi dé ta co:
Néu z* la nghiém cia bai todn cuc tieu F trén K thi:
<F'(x*),y—x*>20, Vy € K.

Hon nita, néu F 1oi thi dieu kién trén cing la dieu kién di.

Ching minh.

Gia st F (z*) 1a cyc tiéu clia F trén K. Xét y € K bat ky, do K 15i nén
(1—t)a* +ty e K v6i moi t € (0,1). Do dé:

F(l—-t)z*+ty) =F (" +t(y—a")) > F(z").

Suy ra:
F(z*+t(y—2a*))— F(z¥) >0,
; >
Cho t — 07 ta c6 dieu kién can.

vVt e (0,1).

Bay gio gid st F 16i va z* théa man dieéu kién da néu. Ta co:
Fla*+t(y—a%) = F(1—t)2" +ty) < (1 — ) F (29)+tF (y), Ve e (0,1).

Suy ra:

F(z*+t(y —ta:*)) — F (z7) <F(y)—F(a), Vte(0,1).

Cho t — 07 ta duge: (F' (¢*),y —2*) < F (y) — F (a*).
Tu do6 suy ra F (¢*) < F(y) v6i moi y € K hay z* la nghiém cta bai toan

cuc tri. O
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Nhan xét 1.1. Trong truong hop F 10 chat, 10 gidi bai todn cuc tiéu F
néu ton tai sé la duy nhat.

Thuec vay, gia st z, =/ 1a hai 161 gidi ctia bai toan cuc tiéu F, ta co:

F(x;x/) > F(z) va F(x;I/) > F ().

Cong vé thu dudc:

Mzt khac, do tinh 16i chit ta co:

F <x+wl> —F (1x+1x’) Ap@y s lpy 2 TR FE)

2 2 2 2 2 2
Diéu nay dan t6i mau thuan, suy ra dieu gidi st 1a sai.
Cac khai niém sau la md rong ctia cac khai niém dao ham va kha vi.
Dinh nghia 1.5. Xét f: X — RU {400} va x € X. Phan ti w € X* dugc

goi la dudi dao ham cia f tai diém x néu nhu:

(w,y—x>§f(y)—f(x), vyeX

Tap tat ca cic dudi dao ham cia f tai diém x ki hiéu la Of (x).
Néu of (x) # 0 thi f duoc goi la khd dudi vi phan tai diém z.
f duoe goi la khd dudi vi phan néu f khd dudi vi phan tai moi diém.
Ta c6 ménh dé noéi len tinh kha dudi vi phan ctia ham 16i:
Meénh dé 1.6. Néu f: X — R la ham 10i thy Of (z) # 0 vdi moi x € X hay
la f kha dudi vi phan.
1.2 Bai toan can bang
1.2.1 Giéi thiéu bai toan

Xét X la khong gian Hilbert thuc va K la tap con loi, déng, khdc rong
cua X. Khi dé bai todn can bang la bai todn tim:

T € K sao cho: f(Z,y) >0, VyeK (EP)

trong d6 ham f: K x K — R théa man f (z,z) =0 véi moi z € K.
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Mot trong cac 1y do khién bai toan can bang dude nghién citu rong rai 1a vi
khi ta cho f nhan cac dang biéu thic diic biét, bai toan (EP) sé tré thanh
cac bai toan co ban khac nhu bai toan t6i wu, bat dang thitc bién phan,
bai toan diém bat dong Kakutani, can bing Nash trong tro choi khong hop

tac, bai toan diém yén ngua.
1.2.2 Cac dang tuong duong

Cac dang tuong duong nay, 1a co s dé xay dung cac phuong phap giai.
Thong thuong dé xay dung cac phuong phap giai, ta can thém cac gia thiét
sau day.

D6i v6i song ham can bang f: K x K - R

(A1) f(.,y) nta lién tuc trén tap K;

(As) f(x,y) 10i, nita lién tuc du6i va kha duéi vi phan trén K.

Meénh dé duéi day la co sé dé xay dung cac phuong phap giai bai toan can
biang.

Meénh dé 1.7. Gid st f : K x K — R la song ham can bang. Khi dé, vdi
cdc gid thiét (Ay), (Ag) thi cdc diéu kién sau day la tuong duong:

(a) x* la nghiém cia bai todn can bing (EP);

(b) min{g(z) : x € K} =0 (dang minimax), trong dé ham g (ham danh
gid) dugc cho bdi:

g(x) = sup{f(v,y) 1y € K};

(c) x* = argmin{f (z*,y) : y € K} (dang diém bat dong).
Ching minh.
(a) = (b).
Gia st z* 1a mot nghiém cua (EFP). Do f (z,2) =0 v6i moi x € K, nén:

inf f(z,y) <0, VrelkK.
yeK

Do dé:
sup { inf f (ac,y)} <0.

rekK (YEK
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Trong khi do, do z* € K, nén:

sup { inf f(:v,y)} > inf f(z%,y).
yeK

zeK |VEK

Nhung do z* 1a nghiém ctia (EP), nén f (z*,y) > 0, v6i moi y € C. Vay:

inf f(z*.4) > 0.
yngf(%y)_

Suy ra:

0 < inf f(2%,y) < supq inf f(z,y)p <O0.
yekK reK (YeK

inf f(z,y) b = inf f(z,y) b = inf f (2% y) = 0.
sup {yngf(w y)} max {yngf(x y)} Jnf £(2"y)
Ngugce lai, gid st ¢6 (b). Khi d6 theo lap luan & trén ta co:

sup {—f (2, y)} = min sup {—f (z,y)} = 0.
yeK reK ye K

Ching t6 —f (2*,y) <0, v6i moi y € K. Vay z* la nghiém cia (EP).
Bay git ta chiing t6 (a) tuong duong v6i (c). That vay 2* 1a cuc tiéu cia
f(z*,.) tréen K khi va chi khi:

[t y) > f @ 2%)=0, Vy € K. U

1.2.3 CAc truong hogp riéng
e Bai todn toi wu
Xét bai toan:
min {¢ (z) |z € K}.
Dat:
fly) =y —e().
Hién nhién:
pla)<ey), Ve K« f(x,y) 20, Vy € K.
Vay bai toan t6i wu trén 1a mot truong hop riéng clia bai toan (EP).

e Bit dang thic bién phan
Duéi day, ta xét bai toan bat dang thitc bién phan da tri sau: Cho K la
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mot tap 16i, dong, khac rong trong R™ va F : K — 2H 13 mot anh xa da tri
(tic la v6i mdi z € K, gia tri F (z) 1a mot tap khac rong trong R™). Xét
bai toan: X

V) {E;r)ny ) ;)ezlé’, \;}yi;@ ) sao cho

Ta c6 thé minh hoa bat ding thiic bién phan (VI) dudi géc d6 mot mo hinh
kinh té nhu sau. Gid st K 1a tap hgp céac chién luge (tap rang budc) cac
phuong an san xuat co thé lya chon. Véi mdi phuong an san xuat « € K,
tap (4nh xa gia) F (x) 1a tap hgp céc gia thanh chi phi c6 the, ing véi
phuong an z. Khi dé bai toan (VI), chinh la bai todn tim phuong &n san
xuat z* trong tap chién luge K va gia v* tng véi 2* sao cho chi phi 1a thap
nhat. Trong truong hop, anh xa gia khong phu thuoc vao phuong an san
xuat, tic 1a F (z) = ¢ v6i moi z, bat dang thiic bién phan (V) trd thanh

bai toan quy hoach quen thuoc:
min {ch tx € K} . (LP)

Trong bai toan quy hoach nay, vecto gia ¢ khong phu thudc vao phuong an
san xuat.
Vé mat hinh hoc, bat déng thiic bién phan (VI) la bai toan tim mot diém
z* € K sao cho trong tap F (z*) c6 mot phan tit 1a vecto phap tuyén (ngoai)
clia tap K tai diém z*.
Gia stt v6i mdi = € K, tap F (z) 161, compact, khac rong. V6i moi z,y € K,
dé mo ta bai toan (VI) vé bai toan can bang, ta dat:
flx,y) = max (v,y — ).

Tu day suy ra ngay rang, f(z,y) > 0, v6i moi y € K, khi va chi khi = 1a
nghiém cua (V7). Mot truong hgp riéng quan trong ctia bai toan (V) la
khi K = R” va F don tri. Khi d6 bai toan (V1) tuong duong vdéi bai toan
sau, duge goi la bai toan bu:

Tim x>0, saocho : F (x) >0, 2 F (z) = 0. (CP)
Ta chi ra ring bai toan (C'P) nay tuong duong véi bat dang thiic bién phan.

Tim z >0, saocho: (F(z),y—z) >0, Vy>0.
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Su tuong duong 6 day dugce hiéu theo nghia la tap nghiém ctia hai bai toan
nay tring nhau. That vay, néu z 1a nghiém ctia bat ding thic bién phan
thi:

(F(z),y—x)>0, Yy=>0.

Lan lugt chon y = 2 + ¢’ (vecto don vi thi 4) ta co:

Fi(x) = <F(x),x+ei —x> = (F(x),ei) > 0.

Vay Fj; (z) > 0 v6i moi 4. Ngoai ra néu chon y = 0tac6 0 < — (F (x),z) <0.
Suy ra #7F (z) = 0. Diéu ngudc lai moi nghiém ctia bai todn bu deéu la
nghiém ctia bat déng thic bién phan la hién nhién. Bai toan quy hoach 16i:

min{f (z) :z € K}, (CO)
trong d6 f 14 mot ham 16i kha dudi vi phan trén tap 16i K, c6 thé mo ta
dusi dang bat dang thitc bién phan (VI), véi F = df.
That vay, khi F = 8f, bai toan (V1) duge viét 1a:

Tim 2*e€ K, v*€df(z*) saocho
(v ,y—a*) >0, VyeK.

Néu z* 1a nghiém ctia bat ding thitc bién phan nay, thi do v* € 9f(z*) nén

theo dinh nghia duéi vi phan, ta co:
(W y—a") + [ (") < fy), Yy
Thé nhung do z* 1 nghiém ctia bat ding thic bién phan, nén:
(W y—2*) >0, Vye K.

Tu day suy ra f(z*) < f(y), v6i moi y € K. Vay z* la mot nghiém cua bai
toan (CO).
Trai lai, néu z* 13 nghiém cta (CO), thi theo diéu kién can va du toi uu

ctia quy hoach 16i, ta c6:
0€df (") + Nk (z%).

Tt day theo dinh nghia clia nén phap tuyén ciia K tai 2*, ta suy ra z* 1a

nghiém ctia bat dang thitc bién phan (VI) véi F = 0f.
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e Bai todn diém bat dong Kakutani
Cho F : K — 2K, Diém z dudc goi 1a diém bat dong clia F néu = € F (z).
Gia stt v6i moi x € K, F (x) 16i, compact, khac rong. Khi d6 bai toan tim
mot diem bat dong ctia F c6 thé mo ta dudi dang bai toan can bing (EP).

Dé ching t6 diéu nay, véi moi z,y € K, ta dat:

f(x,y) = e (v — v,y —1).

That vay, hién nhién 1a néu « € F (z), thi theo dinh nghia ctia f (z,y) ta co:
f(z,y) >0,Vy € K.

Ngugc lai, gia st « la nghiém cta bai toan (EP), tic la z € K va
f(z,y) >0,Vy € K.

Khi d6 14y y 1a hinh chiéu ctia x lén tap 16i dong F (z). Khi do:

(x —y,y—x) ZUIEH%)@—U,U—@-

Do z la nghiém ctia (EP), nén:

0< f(z,y)=(x—yy—a)=—|z—y|*

Suy ra x =y € F (). Vay z la diécm bat dong clia F.
e Can bang Nash trong tro choi khong hop tdc

Xét mot tro choi c6 p ngudi choi (dau thi). Gia st K; € RY 1a tap phuong
4n ma dau thi thit j ¢6 thé lya chon trong d6 (goi la tap chién luge). Dat
K =K x Ky x K3 x ... x K, v goi ; : K — R la ham 1¢i ich ctia dau thi
j. Gi& st pj (21,..., 2}, ..., zp) 12 loi ich ctia dau thu j khi dau thi nay chon
phuong an choi z; € K, con cac dau thu & khac chon phuong an choi 1a
x € Kj, v61l moi k # j.

Dinh nghia 1.6. (Diém can bing Nash)

Ta goi z* = (:c*{, ---75’7;> la diém can bing cia ¢ = (1, . pp) trén tap

K = Kj x K3 x ... x K néu v6i moi j va moi y; € K;, ta co:

* * * * * * * * *
©Yj (xl, s L1y e Yo Tt ...,xp) < @j (xl, e L1, T Ty, ...,xp> .
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Dinh nghia nay cho thay rang néu mot déi thit j ndo d6 roi khéi phuong
an can bang, trong khi cdc d6i thi khac van giit phuong an can bang, thi
dé6i thi j sé bi thua thiét. Day chinh 1a Iy do ma khai niém can bang nay
dugc chap nhan trong thuc té. Diém can bing nay dudc goi la diém can
bang Nash vi khai niem nay do nha kinh té hoc F.Nash dwa ra dau tién.
Duéi day 1a bai toan can bing Nash sé dugc hicu 1a bai toan tim mot diem
can bang (Nash) ctia ¢ trén K. Ta sé ki hiéu bai todn nay 1a N (o, K). Bai
toan can bang Nash c6 thé mo ta dudi dang bai toan can bang (EP). That
vay, hay xay dung ham f: K x K — R, bing cach dit:
p
f(x,y) = Z [0j () — @j (@1, o0y Tj—1, Yj, Tjt1,s o, Tp)]-
j=1
Hién nhién néu z* 1a mot diém can bing Nash, thi f (z*,y) > 0, véi moi
y € K. Ngugc lai, gia st z* € K la nghiém ctia bai toan (EP), tic la
f(z*,y) >0, v6i moi y € K. Ta sé ching t6 z* = (xf, ...,x;‘;) v6i x;k € K;la
mot diem can biang Nash. That vay, néu trai lai, sé ton tai j vi mot diém

yj € K; sao cho:

©j (xf, e TG, T, T, ...,x;) < @j (xf, e TG Y Ty s x;) .
Mau thuan véi viéc z* la nghiém cia (EP).
e Bai todn diém yeén ngua
Cho ACR"BCR™vaL:AxB — R. Bai todan diém yén ngua la bai
toan tim:
(z*,y") € A x B.
Sao cho:
L(xz*,y) < L(z",y") < L(x,y"), V(z,y) € AX B.

Mot diém (z*,5*) € A x B théa méan bat ding thitc trén duge goi 1a diem
yén ngua clia L trén A x B. Ta thay moi lien quan clia bai toan t6i wu véi
diém yén ngua ciia ham Lagrange. Bay gio ta chi ra ring, bai toan diém
yén ngua c6 thé mo ta dudi dang bai toan can bang. That vay, véi moi

u=(z,9)%, v=(2,y)", ta dat:

K :=AxB, f(u,v) ::L(ac',y) —L(m,y').

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



18

Khi d6 néu v* 1a nghiém ctia bai toan can bang K va f, tic 1a :
uwr e Ax B, f(u",v)>0, Yve K =Ax B,
thi:
L (m’,y*) > L (x*,y’) , Vo' e A, v € B.
V6i o’ = 2* va sau d6 véi v = y*, ta co:
L (:C*,y') < L(z*y* )<L (x/,y*) . Va' € A, Yy € B.
Vay (z*,y*) la diém yén ngua. Didu nguge lai 1a néu (z*,y*) 1a diém yeén

ngya clia L tréen A x B, thi u* = (2*,y*) 13 10i gidi clia bai toan can biang

dugc dé dang suy ra tir dinh nghia.

Nhan xét 1.2. Trong tit cd cdc bai todn via ké trén, song ham f déu co
tinh chat f (y,y) =0, vdi moiy € K. Nhu vay f la mot song ham can bang
tréen K.
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Chuong 2

Vé hiéu chinh Tikhonov cho bai
toan can bang don diéu

Phuong phap hiéu chinh Tikhonov dude st dung rong rai trong nhicu
bai toan khac nhau nhu hé phuong trinh, bai toan t6i wu, bat ding thiic
bién phan. Gan day phuong phap nay duge dude mé rong cho bai toan can
bing, muc dich ctia phuong phap hiéu chinh Tikhonov la dé xi 1y céc bai
toan dat khong chinh, tic 1a cac bai toan khong c¢6 nghiem duy nhat hoac
nghiem khong én dinh theo di lieu dau vao. Y tudng co ban clia phuong
phap hiéu chinh Tikhonov cho bai toan can bang véi song ham 13 thay song
ham nay bang mot song ham f. := f+eg , trong d6 ¢ > 0 (dugc goi 1a tham
s6 hieu chinh) va g don dieu manh dugc goi 14 song ham hieéu chinh. Sau
d6 xét bai todn can bang véi song ham f. (f 1a don di¢u) thi bai toan can
bang EP (K, f-) v6i song ham f. c6 duy nhat nghiém z (¢) v6i moi £ > 0.
Khi cho ¢ | 0 thi nghiém z () hoi tu t6i mot nghiém ctia bai toan ban dau.

Cac két qua ¢ chuong nay duge tham khéo tir cac tai lieu [4], [5], [6], [7].
2.1 Su ton tai nghiém va nguyén ly bai toan phu
2.1.1 Sy ton tai nghiém va cac tinh chat co ban

Trong muc nay, trudc tién ta sé xét t6i sy ton tai, tinh duy nhat nghiem
clia bai toan can bang. Sau dé ta xét dén mot s6 tinh chat co ban ctia bai
toan nay. Duéi day ta sé chitng minh mot két qua vé si ton tai nghiem ctia

bai toan can bang (EP). Truéc hét ta nhic lai mot so6 dinh 1y quan trong
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dugc stt dung dé chiing minh sy ton tai nghiem.

Dinh 1i 2.1. (Dz'ém bat dong Kakutani). Cho K la mot tap 101 compact
trong khong gian Hilbert X va F : K — 25 la mot dnh za da tri nia lién
tuc trén va F (z) 103, déng, khdc rong vdi moi x € K. Khi d6 F c6 diém bat
dong, tic la ton tai z* € K, 2* € F (z%).

Mot trusng hop riéng quan trong cia dinh 1y nay 1a dinh 1y diém bat dong

Bouwer sau:

Dinh 1i 2.2. (Diém bit dong Bouwer). Cho K la mot tap nha ménh dé trén
va F la mot dnh za (don tri) lién tuc tw K vao K. Khi dé ton tai v* € K
thoa man x* € F (x*).

Ta ciing sé can t6i dinh 1§ quen biét sau, 14 dinh 1y cyc dai clia Berge (The

Berge maximum theorem).

Dinh 1i 2.3. Cho X, Y la cdc khong gian to-po. F : X — 2Y la dnh za nia
lien tuc trén trén X sao cho F (x) compact, hon nia F(X) compact. Gia
st f: X xY — R la ham so nia lien tuc trén trén X. Khi dé ham gid tri
to1 wu:

g(z) =max{f (v,y):y € F(x)},

niua lién tuc trén va dnh xq tap nghiém toi vu

S(x)={yeF(x): f(z,y) =g (x)}

nia lién tuc trén.
Dua vao dinh Iy diém bat dong Kakutani va dinh 1y cuc dai clia Berge, ta

c6 dinh 1y sau néi vé sy ton tai nghiém ciia bai toan can bang.

Meénh dé 2.1. Cho K la mét tap loi, compact, khdc rong va song ham can
bang f: K x K — RU{+oo} c6 cdc tinh chit:

(1) f(.,y) nia lién tuc trén vdi moiy € K.

(ii) f(x,.) loi, nia lién tuc dudi va khd dudi vi phan trén K vdi moi
re K.
Khi do bai toan (EP) c6 nghiém.
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Ching minh.
V6i moi z € K, ta goi S (z) 1a tap nghiém cta bai toan

min {f (z,y) : y € K} (CO)
Do K compact va f (z,.) ntta lién tuc dudi, nén theo dinh 1y Weistrass, bai
todn nay ton tai nghiem. Hon nita, do K 16i, compact, f (z,.) 16i, nén S ()
10i, compact. Theo dinh 1y cuc dai ctia Berge, anh xa S ntta lién tuc trén.
Hién nhien S 1a mot anh xa tit K vao K. Vay theo dinh 1y diém bat dong
Kakutani, ton tai #* € K théa man z* € S (z*). Bay gio ta sé chi ra z* 1a
nghiém ctia bai todn can bang (EP). That vay, do f(z,.) 16i, kh& dudi vi

phan nén, theo diéu kién can va dua t6i wu clia quy hoach 16i, ta co:
0€oaf (l'*,ﬁ*) + Nk (x*) .

Theo dinh nghia ctia dudi vi phan va nén phap tuyén, tir day ta c6 v* €

Oof (x*, 2*) thoa man:
(W y—2*) >0, Yy € K.
Do v* € 0o f (z*,2*), nén:
(W y—a") < f(a%y) - f@"2") = f(z%y), VWyekK.
Vay f(z*,9) >0, Vy € K. Diéu nay chiing t6 2* 1a nghiém ctia (EP) O

Heé qua 2.1. Cho K la mét tap loi déng (khong can compact) va song ham
can bang f nhu & ménh dé trén. Gid si dieu kién bic (K1) sau day théa
man.

Ton tai tap compact B sao cho:
KNB#0, Ve e K\B, Jye K: f(x,y) <0.

Khi do bai toan (EP) c6 nghiém.

Chiing minh.

Theo ménh dé trén, bai toan can bang trén tap compact K N B v6i ham
can bang f c¢6 nghiém, tic la ton tai #* € K N B. T diéu kién btic (K;) va

tinh 1i ctia tap K, ta c6 thé suy ra rang nghiém z* ciing 14 nghiém ctia bai
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toan (EP). O
Menh dé trén 13 mot truong hop rieng ctia dinh 1y sau day ciia KyFan.

Dinh 1i 2.4. (KyFan). Cho f: K x K — RU {+o00} la mot song ham can
bing cé cdc tinh chat sau:

(1) f(.,y) nia lien tuc trén K vdi moi y € K;

(ii) f (x,.) tua l0i trén K vdi moi x € K.
Khi dé bai todn can bang (EP) cé nghiém, néu nhu K compact, hodc diéu
kién bic (Kp) thoa man.
Bay gio ta xét dén tinh duy nhat nghiém ctia bai toan can bang. Trudc hét

ta gidi thieu cic dinh nghia vé tinh don diéu clia song ham va anh xa.

Dinh nghia 2.1. Gia si f: K x K - RU{+o0} va K CR". Ta noi:
(i) f don dieu trén K, néu:

f@y)+ fy,x) <0, Vo,y € K;

(ii) f don dieu chat trén K, néu né don diéu trén K va:

f@y)+ f(y,2z) <0, Vo,y € K.z #y;
(iii) f don dieu manh trén K vdi hé s6 3 >0, néu:

f (@ y)+ f(y.2) < =Bllx = y|P, Va,y € K;

(iv) f gid don diéu trén K, néu:

f@y)=20=f(y,2) <0, Y,y € K;
(v) f tua don diéu trén K, néu:

f(z,y) >0= f(y,x) <0, Vr,y € K.

(vi) f dugc goi la ban lién tuc trén (nia lién tuc trén theo tia) trén K,
néu:

lim sup f (\z+ (1= N a,y) < f(2,9), Vo2 € K.

A—0t
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Vi du 2.1. 1) Xét ham h: X — R bat ky. X 1a khong gian Hilbert. Khi
do:

F(z,y) :=h(z) — h(y) la don diéu nhung khong don diéu chat.

F(z,y) :=h(z) —h(y) — 1 la don diéu chat nhung khong don diéu manh.
Thuc vay, do F (x,y) + F (y,z) = —2 < 0 v6i moi z,y nén F don diéu chat.
That vay, gid st ton tai hé s6 7 > 0 thda man dieu kién don diéu manh,
suy ra:

Tl —y|* <2, Va,ye X,

Chon z =0 va y = tv v6i v la mot vecto khac 0 trong X, ta dugc:
2
r<—" _ vteR.
2] [|v]

Cho t — oo thi diéu kién trén chi x4y ra khi 7 <0 (mau thuén).

2) Xét ham F (z,y) == (f' (x) ,y — «) . Khi d6, theo Ménh dé 1.4. va He qué
1.1. ctia no6 ta co:

F don diéu néu f 10i.

F don dieéu manh hé s6 n néu f 10i manh hé sb 7.

Cac khai niem veé don diéu déi véi song ham c6 lien quan chat ché véi cac
khai niegm vé don diéu anh xa (toan tit), rat quen thuoc trong giai tich phi

tuyén.

Dinh nghia 2.2. Gid st A la mot todn ti (da tri) vdi domA chia K. Ta
noi:

(i) A don diéu manh trén K vdi hé s6 8 > 0, néu vdi moi z,y € K,
ueA(x), ve A(y) ta co:

2
(u—v,x—y) > Bllz -yl

(ii) A don diéu chdt trén K, néu véi moi v,y € K,z # y,u € A(z),
veA(y), ta co:

<U_U7$_y>>0;

(iii) A don diéu trén K, néu vdi moi v,y € K,u € A(x),v € A(y), ta cé:

<U—U,l’—y>207

S6 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



24

(iv) A gid don diéu trén K, néu vdi moi v,y € K,u € A(x),v € A(y), ta
co:
(u,x —y) > 0= (v,z —y) >0
(v) A tua don diéu trén K, néu véi moi v,y € K,u € A(z),v € A(y), ta
co:

(u,x —y) > 0= (u,x —y) > 0.

T dinh nghia ta c6: (i) = (i) = (iii) = (iv) = (v).

Mot vi du quan trong clia toan tit don dieu 1a dudi vi phan ctia ham 16i.
Tham chi dué6i vi phan ctia ham 16i con c¢6 tinh don diéu manh hon, dé 1
don diéu tuan hoan. Nhan xét sau cho thiy riang khai niém don diéu clia

mot song ham 14 mot su tong quat ctia khai niem nay déi véi toan ti.

Nhan xét 2.1. Gid st F la mot todn ti c6 mot trong cdc tinh chat la don
diéu manh, don diéu chat, don diéu, gid don diéu hay tua don diéu trén K
va F (xz) compact vdi mot v € K. Khi do song ham:

f (xay) = urgll?é) <u7 Yy — $> :

S€ tuong ung la don diéu manh, don diéu chat, don diéu, gid don diéu hay
tua don diéu tréen K.

That vay, gia sit F 1a don diéu. Do F (z) compact, nén ton tai u € F (z) sao
cho f(x,y) = (u,y — ). Tuong tu, do F (y) compact, nén ton tai v € F (y)
sao cho f (y,x) = (v,x — y). Khi d6 do F don diéu, nén:

f(m,y)+f(y,x) = <U—U,y—l‘> SO

Vay f don dieu trén K. Céc trusng hop don dieu khac cling ¢ thé chiing
minh tuong tu.
Ménh dé 2.2. Cho K la tap 10i, déng, khdc rong va f : K x K — RU{+oc0}
la song ham can bang. Khi do:

(i) Néu f la don diéu chat trén K, thi bai todn cin bang (EP) c6 nhicu

nhat mot nghiém;
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(ii) Néu f(.,y) nia lién tuc trén véi moi y € K va f(x,.) 1oi, niia lién
tuc dudi véi moi x € K va f don diéu manh trén K, thi bai toan (EP) luon
c6 va c6 duy nhat nghiém.

Chiing minh.

(i). Gid st (EP) ¢6 hai nghiém 1a z* va y*. Khi d6 f («*,y*) > 0 va f (y*,2*) >
0. Thé nhung néu f(z*,y*) > 0, thi theo tinh don diéu chat, ta phai c6
f (y*,z*) < 0. Diéu nay mau thuan vdéi viec f (y*,z*) > 0.

(ii). Lay 2° € K bat ky. Do f (z°,.) nita lien tuc dudi va f (z°,2°) = 0, nen

ton tai p sao cho:
f (mo,v) >u, YveB (a:o,l) NnK,

trong d6 B (2°,1) ky hiéu qua cau déng tam 2° ban kinh bang 1. Ta s& chi
ra f thoa man diéu kien bic (Ki). That vay, véi bat ky « € K\B (29, 1),
thi A =1/ Ha:o —x” <l Vayv=X+(1-N2"e KNB (3:0,1) . Theo tinh

10i ctia f (2°,.) ta co:
f (xo,v) < \f (xo,x) +(1=XN)f (mo,xo) =\f (xo,x) .

ViA=1/|[2" - z||, nen tir day suy ra f (2%, 2) > p|[2° — 2||. Tu day va ap

dung tinh chat don diéu manh (v6i he s6 3) ctua f, ta co:

2_

[ (2:a%) < £ (2% 2) = B =a"|]" = = [|2” — 2| (u+ B[]a" = ).
Do d6, néu ||330 - xH > —M/B thi:
0 < - = o] - - o <0

Bay gio lay tap compact U := KN B (2°,¢) v6i € > max {1, _M/ﬁ} , ta sé c6
f (as, xo) < 0 khi x € K\U. Vay tinh btic ciia f dugc théoa man. Theo Ménh
dé 2.2, bai toan (EP) ¢6 nghiem. Tinh duy nhat nghiem dugc suy ra tir (i),
do tinh don diéu manh kéo theo tinh don diéu chat. a
Bai toan can bang (EP) c¢6 mdi lien quan chit ché véi bai toan sau, dugc
goi 1 bai todn doi ngdu ctia (EP).

Tim y* e K: f(z,y") <0, Vo € K. (DEP)

Ta sé ky hieu tap nghiém ctia bai toan (EP) la S va tap nghiém ctia bai
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toan d6i ngau 1a DS. Méi quan hé gitta hai bai toan nay dugc thé hién theo
ménh dé duéi day.

Meénh dé 2.3. Gid st f: K x K — RU {+o0} la song ham can bang. Khi
do:

(i) Néu f(x,.) la loi trén K vdi moi x € K, thi tap nghiém DS 10i;

(ii) Néu f gid don dieu tréen K, f(.,y) nia lién tuc trén theo maoi tia
(ban lien tuc) véi méiy € K va f (x,.) 101 vdi méi v € K thy DS = S.
Ching minh.

(i) Theo dinh nghia ctia bai toan (DEP), ta thay rang:

DS={ye K: f(x,y) <0, Ve € K}.

Vay, do K 16i va f (z,.) 16i v6i moi « € K, nén DS 1a giao clia mot ho vo
han cac tap 16i, do d6 né ciing 1a mot tap 1oi.

(i) Do tinh gi4 don diéu cua f, ta ¢6 ngay S C DS. Ta chi can ching
minh chiéu ngugc lai. Gia st z* 14 nghiém ctia bai toan doéi ngau, tic la
f(x,2%) <0 v6i moi € K. Néu z* khong phai 13 nghiém ctia bai toan goc
(EP), thi sé ton tai y* € K sao cho f(z*,y*) < 0. Lay y; := ty* + (1 — t) 2%,
do K 16i, nén y; € K v6i moi 0 <t < 1. Do tinh ntta lién tuc trén theo tia

cua f(.,y*), ta co:
lim f (ty* 4+ (1 —t)2*,y*) < f (2", y") <O.
t—0

Vay ton tai t, thuoc doan (0, 1), thoa man f (y,,y*) < 0. Khi d6 theo tinh

16i ctia ham f (y;,,.) ta viét dugc:

0=f (e, ye.) <tof (e, v") + (1 —ts) f (g2, 27).

Vi f (ye.,y*) <0, nén tut day suy ra f (y..,2*) > 0. Diéu nay mau thuan véi

viéc z* 1a nghiém clia bai toan doéi ngau (DEP). O
2.1.2 Phuong phap bai toan phu

Y tuéng chinh ciia phuong phap bai toan phu (auxiliary equilibrium

problem) la xay dung mot bai toan can bang tuong duong véi bai toan ban
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dau bang cach thay song ham ban dau bang mot song ham 16i manh theo
bién thi 2, trong d6 z* la nghiém clia bai todn quy hoach toan hoc don
gian hon.

Dau tién ta xét phuong phap do Mastroeni dua ra. Phuong phap nay xuat

phat tit ménh dé co ban sau:

Ménh dé 2.4. Gid st f (z*,.) la ham 101, khd vi va p > 0.
Xét ham H : X x X — R khong am théa man:

i) H(y,y) =0, VyekK,

i) Hy (y,y) =0, VyeK;
trong dé Hj (x,y) la dao ham tai diém y cia ham H (z,.). Khi dé ta cé z*
la nghiém ciia (EP) néu va chi néu né la nghiém cia bai toan (AEP) sau:

z* € Ksaochopf (z*,y)+ H (z*,y) >0, VyeK. (AEP)

Ching minh.
Hién nhién néu z* 14 nghiém ctia (EP) thi z* ciing 14 nghiém ctia bai toan
phu (AEP). Ta chi can chiing minh diéu ngugc lai, gid sit 2* 1a nghiém ctia
bai toan (AEP). Khi d6 v6i moi y € K ta co:

pf(«%,y) + H (2% y) 2 0=pf (z",27) + H (27, 27).
Vay z* la nghiém ctia bai toan:
min [pf (z*,y) + H (2%, y)] .
yeK
Theo Ménh dé 1.5 ta co:

<pf2/ (2%, 2%) + Hy (x*,x*),y—x*> >0, VYyekK.

Hay:
(pfa (z*,2"),y —2*) >0, VyeK.

Do ham f (z*,.) 16i nén ciing theo Ménh dé 1.5 ta co:
fy) > f(a*,2") =0, VyeckK.

Ta c6 hé qua tryc tiép sau:
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Hé qua 2.2. 2* la nghiém ciia bai toan (EP) néu va chi néu né la nghiém
cua bai toan cuc tri:

min lpf (z*,y) + H (z*,y)].

Dé thay khi chon H (z,9) := G (y) — G (v) — (G’ (x) ,y — x), trong d6
G : X — R 13 ham 16i manh, kha vi trén K, thi H thoa man cac dieu kién

néu trong ménh dé trén. Vi vay ta xét thuat toan sau véi:

Thuat toan 2.1.
(i) Khdi tao k = 0, zudt phat tu 2° € K.
(ii) 21 la nghiém cia bai toan P (k) :

min [of (*,y) = (6" (+") .y) + G )]

(iii) Néu ||k — a:k” < p, vdi p > 0 cho trude thi ding, néu khong thi
gan k =k +1 va quay lai budc (ii).
Trong bai toan P (k), ham can cyc tiéu héa 1a tong ctia mot ham 16i, mot
ham affine va mot ham 16i manh, do d6 né 14 mot ham 16i manh, nén
nghiém ctia P (k) xac dinh duy nhat. Dinh 1y sau day cho ta khang dinh vé
su hoi tu ctia day xap xi xay dung bdéi Thuat toan 2.1.

Dinh 1i 2.5. Gid st cdc diéu kién sau day dudc théa man:
i) f(x,.) la ham 101 chat, khd vi véi moi x € K.
i) f 6 tinh chat mia lién tuc trén theo tia (ban lién tuc trén).
i) f don diéu manh trén K vdi hé so .
w) G loi manh trén K vdi hé so .
v) f théa man dieu kién tua Lipschitz, tic la ton tai cac hang so

L1, Ly > 0 thoa man:
Floy)+ fy,2) > fx,2) = Lille —y|* — Lally — 2|, Va,y,2 € K.

Khi do6, néu 0 < p < of; va L1 < 7 thi day {mk} xay dung bdi thuat toan

trén hoi tu manh t6i nghiem duy nhat ctia bai toan.
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Ching minh.
Tu cac dieu kién (i), (ii), (iii), 4p dung Dinh 1y 1.1 ta suy ra bai toan (EP)

c6 nghiem duy nhat, ki hieu 1 z*. Ta xét ham:
Alz) =G (z*) = G () — (G (x) 2% — ).
Do G 161 manh véi he s6 n nen A (z) > Lfla* — |® > 0 véi moi z € K.
Xét hieu:
A (2%) — A (21
=[G (z*) = G (aF) = (G (a") ,2" = F)] = [G (a*) = G (a*") = (& (aFH) ,2* — 2" H1)]
=G (") = G (a%) = (&' (aF) ;2% — a*) + (G’ (a*F1) |2 — 2FHL)
=G (") = G (a¥) = (& (a") 2" —2P) + (G (M) = G (aF) ,a* — Y.
Do G 16i manh v6i hé s6 n nén:
G (#51) = 6 (%) = (@ (&%) 47— o) 2 Lkt =t

Do 2*+1 1a nghiém ctia bai toan P (k) nén theo Ménh dé 1.5 ta co:

{pf'y (2% ,a") + G (a") = G (aF) ,y —2"1) >0, WyeK.
Chon y = z* ta suy ra:

(G (") = G (aF) 2" — 2Pty > p (f'y (aF, 2P H) 2T — o)
Do f («*,.) 16i nén theo he qua Menh dé 1.4 ta co:

(fly (aF,aFT1) 2P — o) > f (aF 2 T) — f (aF 2%).

Mat khac theo diéu kién dinh 1y va tinh chat nghiém clia bai toan (EP) ta

O:
f (a:k,ka) —f (xk,x*)

_ [f ($*7xk> + f (xk,ka) _ f (x*,xk+1)] _ [f (:L‘k,.l'*) + f (.%'*,.Z'k)} + f (a:*,ka)
2

> Lo = ¥ = Lol = P 4ol — ¥

=(r— L) Hx* — kaz — LQHJJk - xk+1H2.

Vay ta co:

A @) = A @) 2 Gl =M P (= L) o b P Lo —
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(4 = pLa) [[a* 1 = 2|+ p (7 = L) [|2* = a*]* > 0.
Nhu vay day {A (xk)} la day giam va bi chan duéi (béi 0), do d6 hoi tu,
suy ra lim (A (2%) — A (2%+1)) = 0. Diéu nay kéo theo:

k—4o00

lim ||x* — ka2 =0.
k—0

Biéu thic trén ching t6 day {#*} hoi tu manh t6i z*.
Bay gid ta xét truong hop dac biet, G (x) = 12 khi d6 G 161 manh véi he

s0 1 va sy hoi tu cta day {2*} la tuyén tinh. 0

Heé qua 2.3. Vdi cic dieu kién cia dinh I trén, khi0 < p < 5= va Ly <

thi day {xk} zac dinh bdi cong thite truy hoi:

_ ok 2
.Z'k+1 = arg?rfg}{l{pf (xk,y) + M}a

théa man bat dang thic:

[ e P
trong do, a =1—2p (1 — Ly).
Chiing minh.

[

Thay G (z) = ”g vao biéu thitc tinh A ta dugc:
[ " |lz* — =|”
A = _—— — _— = ————

Lap luan tuong tu chitng minh ta co:

2 2
l=* = 2H[" [la* = o
— >

2 2 -

(3 pta) o1 a4 o — L) e — |
>p(r—1L1) ||x* - ka2
T do suy ra:
1= 2p(r = L)) ||o* = 2¥||” > |Jo" — ¥

Day chinh 1a diéu phai chiing minh. O
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2.2 Hiéu chinh Tikhonov cho bai toan can bang

Trude hét ta nhic lai mot s6 meénh de, sé duge st dung trong chiing
minh cac phuong phap hiéu chinh Tikhonov. Trong phan nay, chiing ta ki
hiéu SEP (K, f) va SDEP (K, f) tuong tng la tap nghiém cta EP (K, f) va
DEP (K, f). Ta sé& xét bai toan trén khong gian Euclide hitu han chiéu.
Cac gia thiét sau day sé dude st dung cho mot song ham h: K x K - R :
(A1) : h(.,y) la nita lién tuc trén véi moi y € K.

(As) : h(x,.) 1a ntta lien tuc dudi va 16i véi moi y € K.
(A3) : Ton tai mot tap con compact, khac rong B, B C R" va vecto yg € BNK
sao cho:

h(x,yp) <0, Vo € K\B.

Gia thiét (A3) dugce goi la diéu kién bic.

Gié sit ring:
L(y)={reK:[f(x,y) >0}, L'(y)={zreK:f(yx)<0}.
R rang:
NyexL(y) = SEP (K, f),  Nyexl®(y) = SDEP (K, f).

Meénh deé 2.5. Ching ta co cac nhan dinh sau:
(a) Néu f théa man gid thiét (Az), khi dé tap L% (y) la tap loi, dong va
khdc rong.
(b) Néu f théa man cd gid thiét (Ay) & (Az) thi Nyex L4 (y) € Nyex L (y) .
(¢) Néu f théa man cd 3 gid thiét (A1) — (As) thi Nyex L (y) # 0.

Ménh dé 2.6. Cdc khang dinh sau day la ding:

(a) Néu f théa man cd gid thiét (A1), (As) va la déu manh trén K, khi
EP (K, f) ¢6 mot nghiem duy nhat.

(b) Néu f théa man ca gid thiét (A1), (A2) va la gid don diéu trén K,
khi SEP (K, f) = SDEP (K, f) va ching la déng va loi.

(c) Néu f théa man cd 3 gid thiét (A1) — (A3) va la gid don diéu trén K,
thy SEP (K, f) la mot tap compact, 10i, khdc rong.
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Dé xay dung bai toan hic¢u chinh cho bai toan can bang EP (K, f), dau
tien chung ta chon mot song ham can bang don diéu manh g: K x K — R
va duge goi la song ham hiéu chinh. Sau d6, ching ta két hop véi bai toan
EP (K, f) dé xay dung bai toan hiéu chinh, dugc xac dinh nhu sau:

Tim z € K,sao cho

fE (LL’,y) = f(«T,y> +€g($,y) > 0, \V/’y e K.

v6i ¢ > 0 1a tham s6 hiéu chinh. Mot dudng cong {x (¢) : ¢ > 0}, trong d6

EP (K. f5>{

z () la tap nghiém ctia bai toan hiéu chinh EP (K, f.) dugc goi la quy dao
Tikhonov.

2.2.1 Trudng hgp song ham don diéu

Trong muc nay ching ta xét truong hgp khi f 1a don diéu trén K. Khi d6
phuong phap hiéu chinh Tikhonov c¢6 thé mé rong cho bai todn can bing
EP (K, f). Duéi day, ching ta luon gia sit song ham can bang ¢ 1a don dieu

manh trén K va théa man dieu kién:
30>0: |g(z,y)| <d|lxe—29. ||y —=|, Vz,yeK. (2.1)

trong d6 29 € K (doéng vai tro 1la mot 16i gidi doan trude) duge cho trude.

Mot vi du ciia song ham thoa méan diéu kien (2.1) la:

g9(z,y) = (F(x) = F(29),y — x), (2.2)
v6i F la Lipschitz trén K. Mot truong hop riéng la song ham khoang cach
dugce cho béi :

g(@y) = (z—afy—x).
Chiing ta c6 két qua nhu sau:
Dinh li 2.6. Gid si:
(i) f la don dieu trén K va théa man gid thiét (Aq) & (As)
(ii) g la song ham can bang don dieu manh trén K vdi hé so6 v théa mdan
gid thiét (A1), (Ag) va cd (2.1).
Khi dé véi moi e > 0, bai toan EP (K, f.) ¢6 mot nghiém duy nhat x (¢) théa

man 3 tinh chat tuong duong sau:
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(a) 3 lim z (e),

e—0*t

(b) lim sup ||z (¢)] < oo,
e—0t

(c) SEP (K, f) # 0.
Hon nita, néu cé mot trong nhiing tinh chat trén th El_i>r61+ x (e) = z* la nghiém
duy nhat ctia bai todn can bang EP (f(,g) trong dé K := SEP (K, f). Ngodi
ra, néu g la song ham khodng cdch, thi «* la hinh chiéu Euclide cia x9 lén
tap nghiém cua EP (K, f).
Chiing minh
C6 thé nhan thay ring bai toan song ham f. := f + ¢ thoéa man cac gia
thiét (A1) & (Ag). Hon ntta, khi f don diéu trén K va g la don digu manh
tréen K thi song ham f. 1a don diéu manh trén K. That vay, theo Meénh de
2.6(a) bai toan can bang EP (K, f-) luon ton tai duy nhat nghiem.
(a) = (b) Hién nhién.
(b) = (c) Day bi chan {z (¢)} khi e — 0 dugc hiéu nhu sau, v6i moi day con
bat ky hoi tu vé 0, dé don gian ching ta xét day nghiem {a*} = {z (e4)}
phai c6 it nhat mot day con hai tu téi diem z* ndo dé. Dé don gian ching
ta ki hiéu luén day con nay bdi {xk } Khi d6 2* 1a nghiém ctia bai toan

EP (K, fz,) v6i moi k. Do d6 ching ta cé:
fes (xk,y) >0, VyekK.
Do f(.,y) va g (.,y) 1a ntta lién tuc trén, nén qua giGi han ta dugc:
0< Bim £ (a%,y) < Tim f (a"y) < J(2"y), WyeK.

C6 nghia la 2* € SEP (K, f). Do d6, SEP (K, f) # 0.
(¢) = (a) Cho z la nghiem ctia EP (K, f) va {e;} 1a day hoi tu t6i 0. Dé
don gian, chung ta viét 2% := 2 (e;). Do z € SEP (K, f) va ¥ 1a nghiém ctia

bai toan hiéu chinh, nén véi méi gia tri cua k ta co:

f(z,2) >0, f, (a5 2) = f (2%, 7) + epg (2%, 2) > 0.
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Them bat déng thic:
f(z.2") + (2", 2) +eng (2%, 2) > 0.
Tu day do tinh don digu cta f, nén f (z,2%) + f (z¥,z) < 0. Vay:
g (2%, z) > 0. (2.3)
Mt khac, do g la don diéu manh véi y > 0, chiing ta c6:
g (*,2) + g (2, 2%) < =" = 2" (2.4)
Tt (2.3) va (2.4):
g (0.0") < et~ 2] & —g (@.5) 2 |la* -]
Dua vao bat dang thitc trong diéu kién (2.1), tit day ta suy ra:
Sl = |Jo# = ]| > |- (3.24)| 2 | — 2"

Vay:
)
=" —z|| < ||z — 29|, Vk. (2.5)
Y
Do d6 day {z*} bi chan, ching ta c6 thé gia sit ma khong lam mét tinh
tong quat, ¥ — z* € K khi k — co. Do z* 1a nghiém ctia EP (K, f.,) véi
moi k, nén:

Cho k — +00, do f(.,y) va g(.,y) la ntta lién tuc trén nén:
i k Tk %
0< Tim fo (2%,y) < Im f (+%y) < f(2"y), V€K
Do d6 2* € K := SEP (K, f). Hon nita, sit dung (2.3) v& tinh don di¢u manh

clia g (.,y) tai z, ching ta nhan thay rang:

g(z*, %) > Eg (xk,i) > 0.
Do z 1a mot diém tiy ¥ trong tap K, nén z* la nghiém ctia EP (K, g). Do
g 1a don diéu manh trén K (K la tap con, 16i, déng, khac réng ctia tap K,
bai toan EP (K,g) ¢6 mot nghiem duy nhat béi Menh dé 2.6(a). Do do,
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ching ta da chi ra ring bat ky diém giéi han ndo ctia day {«*} 1a nghiem
duy nhat ctia bai todn EP (K, g). Do d6, toan bo day {z*} phai hoi tu téi
diém z*. Nhin vao phan cudi ctia dinh 1y, ching ta luu ¥ ring theo Ménh
dé 2.6(b), tap nghiem ctia SEP (K, f) 1a 161, dong, khac réng. Do d6, hinh
chiéu Euclide ctia 29 trén SEP (K, f) duge xac dinh v duy nhat. Khi g 1a

song ham khoang cach thi ta co:

g(x,y)z <$_xg7y_$>'

C6 thé ching minh rang nghiém duy nhat cta bai toan EP (K, g) chinh la

hinh chiéu ctia 29 lén tap nghiém K ctia bai toan EP (K, f). O
2.2.2 Truong hgp song ham gia don diéu

Trong phan nay ching ta nghién cttu hiéu chinh Tikhonov cho bai toan
can bang EP (K, f) v6i f 1a gid don diéu tren K. Nhiing khoé khan phat
sinh trong truong hop nay 1a ¢ thé bai toan hiéu chinh khong 1a don dieu
manh, hodc tham chi khong phéi la gid don diéu (xem vi du 2.2 duéi day).
Tuy nhién chting ta sé chiing minh rang moi quy dao Tikhonov hoi tu t6i
cling mot diém ctia tap nghiém ciia bai toan ban dau. Ching ta xét bo dé

sau day lien quan dén nghiém ctia bai toan EP (K, f).
Bb dé 2.1. Gid st f théa man gid thiét (A1) & (Ag). Ta zét cic dieu sau:
(a) Ton tai mot vecto yo € K sao cho tdp:

L(yo) :=={z € K: f(x,y0) = 0} bi cham;

(b) Ton tai mot tap compact, khdc rong B C R va vecto yo € KN B sao
cho:
f(z,90) <0, Voe K\B;
(¢) Tap nghiém cia SEP (K, f) la compact va khac rong.
Khi dé (a) = (b) = (c). Ngoai ra, néu f la gid don diéu trén K, thi
SEP (K, f) la loi va tap:

Ls (yo) :={z € K : f(x,90) > 0},
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la rong vdi bat ky yo € SEP (K, f).

Chiing minh

(a) = (b) : LAy B := L (yo). Theo gia thiét (a) va tinh nita lien tuc trén cla
f(-,y0), B la compact. Do d6 suy ra (b).

(b) = (c) : Theo Menh dé 2.5(c) ching ta c6 SEP (K, f) # 0. Vi K 1a déng
va f(.,y) la nia lién tuc trén cua K, tap SEP (K, f) la dong. Hon nita, t
(b) va dua vao dinh nghia ctia L (yo) ta co:

SEP (K, ) C L(y) C K NB.

Do d6 SEP (K, f) 1a compact. O
Gia st yp € SEP (K, f) khi f (yo,x) > 0 v6i moi z € K do f gia don diéu,
nén f(z,y0) < 0 véi moi x € K. Hon nita, L (yo) # 0. Theo Ménh dé 2.6
thi SEP (K, f) 1a tap loi.

o) phan trude, ching ta c¢é ¢ 1a don diéu manh trén K va théa man céc gia

thiét (A1) & (A2) va diéu kien (2.1). Ching ta c6 dinh ly sau day:

Dinh 1i 2.7. Gid st f la song ham can bang gid don diéu trén K va théa
man cdc gid thiét (A1) & (As). Khi dé ba dieu sau day la tuong duong :

(a) SEP (K, f.) # 0 vdi e > 0 va Elir(r){rx(g) ton tai, vdi x (g) duge chon
tuy g trong SEP (K, f.).

(b) SEP (K, f.) # 0 vdie >0 va 5l_igl+ sup ||z (e)]| < oo, vdi x () duge chon
tuy y trong SEP (K, f:).

(c) SEP (K, f) # 0.
Hon nita, néu mot trong cac diéu trén théa man, thi El_i>1r(r)1+ x (e) = z*, trong do
z* la nghiém duy nhat cia bai todn can bang EP (f(, g) v0i K == SEP (K, f).
Ngoai ra, néu g la song ham khodng cdch, thi x* la hinh chiéu Euclide ciia
x9 trén tap nghiém cua bai toan EP (K, f).
Ching minh
Nhan thay rang f. thoa man gia thiét (A;) & (As).
(a) = (b) : Hién nhién.
(b) = (c¢) : Tap SEP (K, f.) # 0, va day {x (¢)} bi chiin, da dugc chiing minh
trong phan chiing minh (b) = (c) ctia Dinh 1y 2.6. Gia st e > 0, &, | 0.
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Goi ¥ := x(¢) . Do {"} bi chdn, nén ta c6 the gia sit 2% — 2*, 2* € K do

a* € SEP (K, f.,), nén:
Vi f(.,y) va g (.,y) la nita lién tuc trén v6i moi y € K va ¢ | 0, nén ta co:
0< Tim fo, (2F,y) < Tim f (2%, y) < f(2*,y), VyeK.
k—o0 k—o0
Hon nita, 2* € SEP (K, f).

(c) = (a) : Dé chitng minh SEP (K, f.) # § véi moi ¢ > 0, ta 4p dung Bo

deé 2.1, sé xac dinh duge mot vecto yg € K sao cho:

LE (yo) =={x € K: fe (x,90) = f (2,90) + €9 (z,y0) > 0}
bi chin. Theo diéu kién (c) chiing ta c6 thé lay yo € SEP (K, f). Dua vao
khang dinh cudi ciing ctia Bo dé 2.1 ¢6 L~ (yo) # 0. V6i bat ky = € LF (i)

ta co:
fe (2, 90) = f (z,90) + €9 (,90) > 0

<~ f(IhyO) > —&g (IayO) :
Ta chi ra rang: g (x,y0) > 0 v6i bat ky « € L (yo). That vay, néu g (z, yo) < 0,
thi f (z,y0) > 0. Hon ntta = € L+ (yo) = 0. Day la mau thuan.

T g (z,90) > 0, do tinh don diéu manh véi hé s6  clia g, ta co:

2
9 o, ) < —7llyo — x|

Stt dung diéu kién (2.1) ching ta thay ||z — yo|| < 2 ||29 — yol| v6i moi

x € L (yo).

Do d6, L? (y) bi chan. Vay bai toan EP (K, f.) ludn ton tai nghiem véi moi
e > 0.

Bay gio, 1ay z 1a nghiém bat ky clia EP (K, f) va {e;} 1a mot day bat ky
hoi tu dén 0. Chon mot day tuy y {z*} véi 2% € SEP (K, f.,). Khi d6 véi
moi k ta co:

f (:i',xk) > 0. (2.6)
fen (xk,i’> =f (a:k,j) + erg (xk,:i‘) > 0. (2.7)
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Do tinh gid don dieu ctia f va (2.6) ta c6 f (z*,z) < 0. Hon nita, sit dung
(2.7) ta co:
g (:Uk,.@) > 0. (2.8)

Bay gio, chiing minh tuong tu nhu trong Dinh 1y 2.6, ta co:
)
2" —z|| < = |z — 29|, VE. (2.9)
Y

Vay day {2*} bi chan. Lay 2* 1a diém gii han bat ky ctia day. Dé don gian,
ching ta cho z¥ — 2* € K khi k — co. Sau d6, theo (2.9) qua gidi han, ta

s

CO:

5
le” =2l < Zllz =7 (2.10)

Tuong tu nhu trong phan chiing minh cudi cung (¢) = (a) ctia Dinh 1y 2.6.
Chuang ta c6:

g(z*,7) =0,
trong d6 z la mot gia tri tuy ¥ trong K. Vay z* la nghiém clia bai toan
EP (f(, g). Do g don diéu manh nén z* 14 nghiém duy nhat cia EP (f(, g).
Do d6 toan bo day {#*} phai hoi tu t6i 2*.
Phan con lai cia dinh 1y ¢6 thé chitng minh tuong ti nhu trong phan chitng
minh ctia Dinh 1y 2.6. O

Nhan xét 2.2. Nhu ching ta da thay trong cdc phan chiing minh cia Dinh
lj 2.6 va 2.7 dieu kién:

30> 0:g(z,y)| <ol =2 [ly ==, Va,ye K,

dugc st dung dé ching minh ring bat ky quy dao Tikhonov nao cting hoi tu
tdi nghiém cia bai todn ban dau, doé la nghiém duy nhdt cia bai todn can

bang don diéu manh dugc xdc dinh vdi song ham hiéu chinh g.

Nhan xét 2.3. Theo Dinh ly 2.6 va 2.7, viéc tim nghiém bing phuong
phdp hiéu chinh Tikhonov, cé thé dua vé cdch gidi bai todn can bang don
diéu manh EP (f(,g) vdi K la tap nghiém cia bai todn ban dau EP (K, f).
Khi g la song ham khodng cdch, bai todn trd vé viéc tim cuc tiéu ctia ham

|z — 29| trén K.
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Nhan xét 2.4. Nhu chiing ta da thay, khi f don diéu trén K, song ham
fe cua bai toan hiéu chinh EP (K, f.) la don diéu manh, vay EP (K, f.) sé
c6 nghiém duy nhat. Khi f la gid don diéu, song ham f. néi chung khong
la gid don diéu va do dé tap nghiém ciia bai todn EP (K, f.) c¢6 thé khong

103, nhu & vi du sau day:

Vidu 2.2. Gidsta>0, K =[-3;+00) va

f(z,y) =

Q|-

(2> +2) (y—2);  glz,y) =z(y—2).

Dé dang nhan thay f 1a gid don diéu nhung khong don diéu trén K. Cho
3

e = =, song ham:

fe(x,y) = 2 [(x2+3x+2) (y—x)],

khong phai gia don diéu, that vay cho x € (=2,-1); y € [-3,—2) ching ta
co fe(z,y) >0 va fz(y,x) > 0.

Hon nita, bai toan hiéu chinh EP (K, f.) c¢6 2 nghiém phan biét z = —1 va
z = —2. Dinh 1y tiép theo cung cap mot s6 thong tin hitu ich vé tap nghiem
clia bai toan EP (K, f.), néu f théa man tinh biic.

Dinh i 2.8. Gid st f la gid don diéu trén K va théa man gid thiét (Ay) —
(As). Khi do:

(a) Véi e > 0 bat ky, tap nghiém cia SEP (K, f.) la compact va khdc
rong.

(b) lim diamSEP (K, f.) =0, trong dé diamSEP (K, f.):=  sup |z —y|.
e—0+ z,y€SEP(K,f-)

Ching minh
(a) Theo gia thiét ctia dinh 1y, theo Ménh dé 2.6(c), thi bai toan EP (K, f)
c6 nghiem. Lay bat ky yo € SEP (K, f). Theo B6 dé 2.1, ta chi can chiing

minh tap:

L® (yO) = {$ € K: fE (.T,y()) = f(-f,yo) +eg9 (:E,yo) > 0}7

bi chin. That vay, v6i bat ky = € L? (yg) , ta co:

f(x,90) > —eg (z,90) - (2.11)
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Do yo € SEP (K, f), nén f (yo,x) > 0. Do f la gia don diéu, ta c6 f (z,yo) <
0. Hon nua, tit (2.11) ta c6 g (z,y0) > 0. Do tinh don diéu manh cta g ta

pe

CO.:
2
—9 (yo, ) > vl|z — yoll”.

St dung diéu kién (2.1), tuong tit nhu trong Dinh 1y 2.7, ta co:
)
[z —yoll < S |29 = yoll, V€ LF (yo).-

Do do6 LF (yo) bi chan.
(b) dua vao phan (a), d6i véi moi € > 0, tap nghiem cia SEP (K, f.) 1a
compact va khac rdng. Do do, ton tai z (¢),y (¢) € SEP (K, f.) sao cho:

|z () =y (e)l| = diamSEP (K, fe).
Theo két luan cudi cting ctia Dinh 1§ 2.7 c6:

lim z(¢) = lim y(e) = 2.

e—0t e—0t
Do doé:
lim diamSEP (K, f.) = 0. O
e—0t

2.3 Ung dung cho bat dang thitc bién phan gia don diéu
da tri

Chting ta nhé lai ring mot anh xa da tri ¢ : R* — 28" v6i K C dome,
dugce goi la:

(a) Don diéu manh trén K vdi hé so v néu:
(u—v,x—1y) 27\!:&—@/\!2, Ve,ye K, Yue ¢(x), Yo e o(y);
(b) Don di¢u trén K néu:
(u—v,x—y) >0, Ve,ye K, Yue ¢(x), Yo € o (y);
(c) Gid don diéu trén K néu:

(z—y) <0=(v,y—2) >0, Vo,y € K, Vued(z), Yeo(y);
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Xét bai toan bat dang thiic bién phan da tri sau day:

Tim "€ K, ov*€ F(z*) sao cho

VI(K, F
(K, ){<v*,x—x*>20, Vo € K.

trong d6 F : R* — 28" v6i K C domF.
Nhu thudng lé ching ta néi bai toan VI (K, F) théa man tinh biic néu dieu

kién sau day thdéa man:

(CO): Ton tai tap compact B va yg € K N B sao cho:
sup (u,yo —z) <0, Vre K\B.
ueF (x)
Gia st rang:
f(x7y) ‘= sup <U,y—9§'> (212)

uEF (x)
C6 thé nhan thay rang bat ky nghiém ctia bai todn VI (K, F) ciing 1a nghiém
clia bai todn EP (K, f) v6i f duge xac dinh béi (2.12). Diéu ngugce lai la
ding néu F c6 cac gia tri 16i vA compact.

Bay gio gia st rang, F 13 nia lien tuc trén trén K va don diéu, F () la
tap compact, va 16i véi moi « € K. Theo dinh 1y cyc dai clia Berge ta thay
rang f (.,y) 1a nia lién tuc trén. Hon nita, khi # ¢6 dinh 2 € K, song ham
f(z,.) 1a cuc dai clia mot ho song ham afin, do d6 n6 1a mot ham 16i niia
lien tuc dudi. Vay f théa man gid thiét (A;) & (Az). Ta thay rang, f 1a don
diéu tréen K néu va chi néu F 1a don diéu tréen K. That vay, do:

, )= max (v, —1Yy),
f(y,x) UeF(y)< )

vi F'(x) va F (y) compact, ta co:

f(xy) = (u,y —x), v6iu € F(v),
fy,2) = (v,x —y), v6iv e F(y),
do do:
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do do:
f(x,y)+f<y,$) §0<:><U—U,.T—y> 207 \V/an?JGK-

Tuong tu nhu vay ching ta c6 thé thay rang f 1a don diéu manh néu va
chi néu F don diéu manh.
Bay gio ap dung hiéu chinh Tikhonov v6i song ham hiéu chinh

g (z,y) = (x — 29,y — x) v6i € > 0, ching ta co:

F.(x)=F(z)+e(zx—29),

f<€ (x7y) = ugl}%é) <u7y - l‘> :

Cuang nhu trén, 29 duge coi la mot nghiém duge du doan trude. Dat
F.(x):=F(z)+e(x—2a9).

Chiing ta c6 thé viét:

fE (ZL‘,y) = ug}'%iim) <u)y - J]>

= max (v,y —xz)+e{x—a’y—x)
veF (x)

=(w+e(zx—2a9),y—ux),

trong d6 w € F' (z), sao cho mlg(x) (v,y —x) = (w,y — z). Do do:
ver(r

f€<x’y) :f(x,y)+6<m—xg,y—x>,

fz,y) = ax (v,y — ).

Trong truong hop nay, bai toan bat ding thic bién phan hiéu chinh cé
dang nhu sau:

Tim 2*e€ K, v*€F.(z*) saocho

I (K, F,
VK, 8){<v*,w—x*>20, Vo e K.

Tt nhitng phan tich trén, chiing ta c6 thé ap dung Dinh 1y 2.6 va 2.7 cho
bai toan VI (K, F) dé c6 duge hi¢u chinh Tikhonov cho bai toan bat ding

thitc bién phan va thu dude két qué sau:
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Hé qua 2.4. Gid st F la mot nia lién tuc trén, gid don diéu vdi cdc gid
tri compact, dong, 10i, khdc rong trén K. Khi dé ta cé cic diéu kién sau la
tuong duong:

(a) Véi moi e > 0, bai todn VI (K, F.) c¢é nghiém va ton tai Elir(r){rx(a),
trong do x () la mot nghiém tuy 4 cua VI (K, Fy).

(b) Vi moie >0, bai toin VI (K, F.) cé nghiém va El_i>1r(r)1+ sup ||z (e)]] < oo,
trong do x () la mot nghiém tuy y cua VI (K, Fy).

(¢) VI(K,F) cé nghiém.
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Két luan chung

Trong ludgn van ching ta da dé cdp dén cdc van dé sau:

e Gidi thiéu bai todn can biang bao gom cdc tinh chat co ban vé su ton
tai nghiém, tinh duy nhat nghiém cia cdc bai toan lién quan nhu bai todn
toi wu, bat dang thic bién phan, bai todn diém bat dong Kakutani, can
bang Nash trong tro choi khong hop tdc, bai todan diém yén ngua. Trinh bay
nguyén lyj bai todn phu dé gidi bai todn can bang.

e Trinh bay chi tiét vé phuong phdp hiéu chinh Tikhonov cho bai todn
can bang don diéu va gid don diéu dong thoi néi vé viée dap dung dung cia
phuong phdp nay cho bai todn bat ding thic bién phan da tri vdi todn ti
gia don diéu.

Do com nhiéu han ché vé kién thic va kinh nghiém nghién citu khoa hoc
nén ludn van nay chdc chan khong tranh khoi nhiing thiéu xét vé noi dung
cing nhu trinh bay. Rat mong nhan dugc sy phé binh, ddinh gid va ¥ kién

déng gép quyj bau ciia cdac thay, co. Xin chan thanh cam on!
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