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Nha toén h(_)c Phép Pierre de Fermat (1601-1665) d4 dua ra mot dinh 1y ndi tiéng:
“phwong trinh X" + y" = 7", trong do 50 nguyén n lon hon 2 khong thé im dwgc nghiém (nguyén Khac
khong) nao”. B¢ 1a dinh Iy Fermat cudi cling. Ong ghi bén 1& mot cudn sach ma khong ching minh nhung c6
kem theo dong chir: "T6i c6 mot phuong phap rat hay dé ching minh cho truong hop tong quat, nhung khong
thé viét ra day vi I& sach quéa hep."!!

Céc nha toan hoc sau d6 da cd géng giai bai todn ndy trong sudt gan bon thé ky. Va cudi cling nha toén hoc
Andrew Wiles (nguoi Anh, dinh cu & MY, sinh 1953) da cong bo loi giai doc nhat vo nhi vao mua hé nam
1993 va stra lai nam 1995, véi 101 giai dai 200 trang.

Khi nha todn hoc Andrew Wiles chirng minh dinh 1y nay bang cach quay c4 hai guong may khong 16 cua
dai s6 va hinh hoc thi tdi c6 cam nhan: ¢6 thé giai dinh Iy d6 bang cong cu toan hoc so cap.

T6i nd luc hét minh trong mot thoi gian rat dai va toi da thanh cong.

Cho t6i thoi diém nay, t6i xin bao tin V61 moi ngu:(n rang, toi d4 hoan tit ching minh dinh 1y 16n Fermat
bing cach sir dung phép chia hét ciia cdc s6 nguyén ciing véi khai trién nhj thire Newton.

Dudi day 1a toan van ching minh dinh ly 16n Fermat.

T6i dé xudt nim bd dé sau day.
Bo dé 1:

Cho ne N,n 2> 3, néu phuong trinh (PT) X" + y" = 2" (1) ¢6 nghiém nguyén khac khdng thi bao gio ciing
ton tai nghiémx =u, y=v,z=t saocho u,vte Z va(uyv)= Ut =()=1
Bé dé 2:

Néu c6 ne N,n>3, PT x" + y" = 2" vd nghiém nguyén khac khong thi véi moi keN,
PT x™+y™ = 7% ciing vé nghiém nguyén khac khong.
Bé dé 3:

Cho a.b = ¢", n 1a sé nguyén dwong 1é; a,b,c e Z sao cho (a,b) = 1, khi d6 ton tai hai s6 nguyén khéc
khong c;, c2sao cho (c1,¢2) =1,c=c1.c;,a=¢;" va b=c¢,".
Bé dé 4:

Cho a.b = ¢", n |a s6 nguyén duong 1é,a,b,cme Z”, sao chola|>2,|b|>2,[c|>2, m Ia sé nguyén t4,
(a,b) = m,b/m?, khi d@6 ton tai s6 nguyén dicong s sao cho ns > 2 va hai s6 nguyén khéc khdng ci, ¢, sao cho
(C1,¢2) =1 dong thoi ¢ [ m, ¢,/ m, ¢ =my.c, a=m"™ '¢,"va b = mc,".

Bé dé 5:
Cho n 1a sé nguyén té [é va hai s6 nguyén u, v sao cho (u,v) = 1, khi dé:

a) Néu (u+v)/n thi [u+v Z u" v 'j 1va [nzl 1) ”“vijZn .

i=0 i

n-1 n-1
b) Néu (u—v)/n thi [u—v,Zu”'1 'j 1va[ TR 'j

i=0 i=0



n-1
¢) Néu (u+v):n thi (u+v, ' u™ty 'j n va( ' u" iy .j n.

|=0
d) Néu (u—v):n thi (u—v,niu”“v‘jz n va [nzlu”“v‘jan.
i=0 i=0
1. Chirng minh cac bo dé
1.1. Chérng minh b6 dé 1
Gia str X = U, Y = Vp; Z = tp la mdt nghiém nguyén khac khéng ctia PT(1) va (U, Vo,to) = d.
Khi d6 ton tai ba s6 u,v,teZ" sao cho (uvt) = 1, up = ud, vo = vd, to = td va u” + vo" = t"
suyrau"+v" =t" (1), suyrax=u, y=v;z= t 1a mot nghiém nguyén khac khéng ctia PT(1).
Gia sir (u,v) = d, tir (1) suy ra t" chia hét cho d™, suy ra t chia hét cho d’, ma (u,v,t) =1 nénd’ = 1.
Vay (u,v) = 1.
Chung minh tuong tu ta cling o (u,t) = (t,v) = 1.
B dé 1 da duoc ching minh.
1.2. Chirng minh bd dé 2

Gia s ton tai sb nguyén dwong ko sao cho PT x™ + y™ = z% ¢4 nghiém nguyén khac khong
g y

X=U, y=v,z =1, khido taco u”"° + vnko = t%0 o (U + (V)" = (tk°) suy ra PT x" + y" = 2" ¢6 nghiém
nguyén khac khdng x = u*?, y =¥ ; z = t*, didu nay tréi véi gia thiét.

Bo dé 2 da duoc ching minh.
1.3. Chirng minh bd dé 3
Gia sir (a,c) = ¢'1, khi d6 tdn tai hai s6 nguyén ay, c’z sao0 cho (a;,c’2) = 1 vé a=chay, ¢ = cich.
Vi ab = c", nén Ciaub = ¢ "c,", suy ra aib = ¢1" " c,", suy ra b | ¢ " Vi (c/;,b) = 1 (do (a,b) = 1)
nén c’," = kb, véi k 12 s6 nguyén khac khong, tir ddng thie ah = 4" 10’2”, ta suy ra al = k"%, suy ra
" =KD suy rak | a" vak | ¢ vi(a1,c2) = 1 nén (a,",c") = 1, tir d6 suy ra |K| =
Vay b = ke'a" = (k¢2)" = ¢,", a = ke';" = (k¢'1)"= ¢1", ¢ = ¢1¢; Vi ¢1 = ke'y, ¢z = ke, nguyén té cling nhau.
Bo dé 3 da duoc ching minh.
1.4. Chirng minh b6 dé 4
Vi aim, b'm vaab=c", suyra c":m?, mit khac b/ m?.
Giastc=mrvsiseN, rezZ var/m,ma c"=m™": m?, nénns>2.
Do (a,b) = m va b/m?, nén c6 thé gia st b = mh va a = m*l, v6i ke N"; h,leZ" sao cho (h|l) = 1,
h/m, 1/m.
Viab =c"nén m“**hl = m™", suyrak + 1 =ns, suy rak =ns—1vahl =r" 4 dyng b dé 3, ta c6
r=c1.Co, h=c1", = ¢,", trong d6 hai so ¢y, C, 1a 1a hai so nguyén sao cho (cy,c;) = 1. Tir d6 ta ¢6 ¢ = m'cy.c,

a=m""1¢c;"vab=mc,"

B6 dé 4 da duoc ching minh.
1.5. Chirg minh bo dé 5
a) bat A= z ' TRV



n-1
Ta co v =[(u+v)-v] v = (uv) D (- DCl (u+v)™ v ma
k=0

n-k-1 g

n-1
"+Vv"=(u+v)Avau+v=0,nén A:Z(—l)kCr‘j(u+v) Ve,
k=0

n-2
Taco A=(u +v)2(—1)kCr‘f(u +v)n7k72vk+nv”’1, (uv) =1 va (u+v)/n nén (u +v,nv”‘1)=1, suy ra
k=0

(A u+v)=1(dpcm).

b) Vi n la sé nguyén t6 1, nén tir a) ta thay v boi —v ta c6 didu phai ching minh.

2 n-2
c)Tacd A=n(u+v) S u+v)n “v‘%% +mv" =n(u+Vv)A +nv", véi
k=l
niz:(—l) C_ri:(u +V)nfk—2 Vk (U +V)nf2 _ A&
k=1 n n

Vi k=1n thi Cfin (vin lasé nguyén td), ma (u+v)in nén n(u+v)A:n’; mat khac nv"*in va
nv"*/n?(do v/n), tir d6 suy ra n(u+v)A +nv""=Ain va A/n?, honnira (u + v, A) = n (dpcm).

d) Vin la sé nguyén td 1¢, nén tir ¢) ta thay v boi —v ta c6 didu phai ching minh.
2. Chirng minh dinh ly 16n Fermat
Ta can xét bon trudng hop cia n.
2.1. Khi n la s6 nguyén t6 16m hon 3

. Gjé stt PT (1) c6 nghiém nguyén khac khdng x =u, y =v, z =t, trong d6 (u,v) = (u,t) = (v,t) = 1 (&p dung
bo dé 1), khi o u" + v" =t" (3)
n 1

Suy ra: (u+Vv) u" =t" (4), (t- th”"l' u" (5), (t- uZt”"l' v" (6)

|=O

Don lé vau, v, t 1a cac sé nguyén, nén cd thé xem vai trd cia cac sb nay trong dang thirc dang (3) la nhu
nhau. Vi Vay, cac lap luan dudi day dbi véi mot truong hop nao d6 lién quan dén u, v, t thi hiéu ring cac
treong hop con lai dugc xét tuong tu.

2.1.1. Ba sb u, v, t déu khong chia hét cho n.
Vi(uv) = (ut) = (vt) =1 vat (4), (5), (6) ta suyra (u+v)/n, (t-v)in va (t—u)Zn;ép dung bd dé

5a) va 5b) ta co [u+vz u"" v j [t th” "y j [t—u Zt”'l j [nl u" 'j/n

i=0

n-1 n— . _ , . .
[Zt” "y 'J/n [Zt”'lu'jZn, két hop véi (4), (5), (6) va ap dung bo dé 3, taco: u+v=c"(3) va
i=0 i=0
n-1 n-—:
Z(—l)u” =c¢™, woit=cc), cc'eZ,(c,c)=1vacin c'/n;t —v=b"(5") va Zt” Hyi=p" v
i=0 i=0
n-1 . .
u=hb’, bb'eZ, (b,b)=1vabin bin; t —u=a"(6)va D t""u'=a", vsiv=aa’, aa'e’,
i=0

(a,@)=1vaa/n, a'/n;(ab)=(ac)=(ch) =1



n—l n-1 n-1

Ta  co: c"=A= u" Z STV = Y (C) TR (uv) T TV (uv) T
i=0 k=1
n-— l
~1= (u+v)” 71vk+[(u+v)"7 —1]
k=1

Vin lasb nguyéntd va (u+v)/n, nénvai k=1,n thi C¥in va [(u +V)n*1 —l}fn (dinh 1y nho Fermat). Do

d6 (c"—1)in, ma ¢'fn nén (c"*-1)in, suy ra ¢ —1-(c"*~1)=c""*(c'~1)in, suy ra(c’~1):n, suy ra
c'=1+nk,, voi k; € Z.

Chung minh tuong ty ta ciing co a' =1+nk;, b'=1+nk,, véi k,k, € Z.

Taco B)et"-u-v=u"+v"'-u-v=t" —u—v:(c.c’)" —c"=c" [(1+ nk3)n —1}§n2. Chtrng minh tuong

tur ta ciing 6 (u"—t+v)in? va (V' —t+u)in? suy ra

(u” —t+v)+(vn —t+u)—(t” —u—v) =2(u+v-t)in’ = (u+v-t)in’

Tir (3)), (4), (5") suy ra u+v—t=c(c"* —c')=a(a'—a"*)=b(b'~b"*)=nabck,, véi ke Z,5€Z,5>2;
(k,a) = (k,b) = (k,c) =1 va k/n, néuk #0.

Suy ra u =b" + n®abck, v = a" + n*abck, t = ¢" — n*abck va a" +b" —¢" = -2n®abck .
Thay vao (3) taco: (a" + nsabck)n +(b"+ nsabck)n =(c"- nsabck)n
<:>3(n5abck)n+Cr1,(a”+b”—c")(nsabck)m—ni(—l)i Cr‘,(nsabck)i ) +ZC' (n° abck) ) +ZC' (n° abck) -0

i=0 i=0 i=0
n-2

@(3—2n)(n5abck)n—_ (-2) Cr‘,(nsabck)i ¢ +ZC (n° abck) ") +ZC (n° abck) V=0

< (3-2n)(nabck) +B+C+D=0 (7)

n- 2 . f n-2

V6i B= 3 C! (n*abck) b 'Ci (n'abek) ¢, D=3 C; (n‘abek) 2"
*Ta c6: : - :
D= : Ci (n*abck) @™ = ch; (n*abck) . ;( -1yl (a4 b )b

=n72Cr',(nSabck)' rH(—l)”*‘*'c' (c —2n°abek ) b™™ ") (vi " +b" = ¢ ~ 2n°abck)
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b"™™ (n*abck)” khi va chi khip = 1val+i=m. Khi do:



E[b"( (efloy) = B Cr‘,Cr',fi (-1)"" (-2) "™ (nabek ), suy ra

E(bn(nfm,(cnf(nsm)m) =(-1)" Zol cmi(- "™ (n*abek )" . Do d6 hé s ciia s6 hang chira b™™™ (n°abck )
cia biéu thire B + D Ia
& o) > cier (2)" +ey z )

1) zoc (-2)" . 1+cr=Cp [(—1)”’”‘ (1-2)" +1} —cr [(—1)”’”‘ ()" +1]=cp[ (1) +1]=o0.

2) C4c s6 hang cua biéu thire D trong khai trién (8) chira ¢" nhung khong chita ¢™ vac"* "(h,r e N",h>2)
khivachikhil=p+1vap+i=0,suyrap=i=0,|=1.Khid6 sb hang ndy la:

E(bn(nfl>,cn,(mabck)°) =CoCIC? (-1)" (=2) b Ye" = Clp" e
3) Céc s6 hang ctia biéu thirc D trong khai trién (8) chi chira b" (nsabck)nfl khi va chi khip= 1va
| +i=n—1. Khi do: E[bn‘(C A e =—§:§Cn vi(-2) b (nf abck) —:(n—i)Cr‘, (=2)""b" (nsabck)"—l
Do d6 hé¢ sb cia s6 hang chaa b"(n'abck)” cia bidu  thac D 14
= o) _ (n—i)Cl (-2)"" =cr (-2) - (n-1)C1(-2)™"" 2 =n—n(-2+1)"" =o0.

Luu y:

n-1
Pé tinh tong Z(n - i)Cri1 (-Z)n_l ' 1, ta xét da thitc xac dinh trén R 12 f(X)=(x+1)" = ZC' X" suy ra
i=0

n-1 n-1
/()= (n=i)Cix"*.2 =n(x+1)"*. Cho x =2, taco: ¥ (n—i)Cl(-2)" .1 =n(-2+1)"* =n.

i=0 i=0

4) Céc sb hang cuia biéu thirc D trong khai trién (8) chi chl’ra(nsabck)n khivachikhip= lval+i=n.

n-2 n—i n n— . ni n , r
Khi do: E((bn)ov(cn)ov(mk)nj=§|§c;c:,i (-2)' (n*abck) :éc;(—z) (n°abck) , suy ra h¢ s6 cita s6 hang chua
(nsabck)n cua biéu thire D 1
n-2
EF . Ci(-2)" =—cM(-2)-cn(-2)" + D .ci( '=2n-1+(-2+1)"=2n-2.
((b),(" nabck j IZ: ( Z ( )

Vay s6 hang chita (n*abck )’ ciia biéu thie D 13 E =(2n-2)(n*abck)’
( (

(57)' () (e
5) Vi mbi m sao cho m=0;n—2 , ta nhan thiy: cac sd hang cta biéu thirc D trong khai trién (8) chi chira
¢"™™ (n°abck)” khi va chikhip+i=mval+i=n. Khido:



E ., L =3CH(=2)"" ™™ (n°abck)" . Do d6 hé sé ciia s hang chira ¢"™™ (n°abck)” cia biéu
((b") e )(n abck) j "

thire C + D 1a
EE(b"),c nabck j ZCnCrT'I _2 " (_l) Crr]n - |§ ||| 7 _(_l) Crrln =

=Y Ch(-2)"" 1 ()" =Cp | (1-2)" - } () }:o.

6) C4c s6 hang cua biéu thuc D trong khai trién (8) chira b" nhung khong chira b™ va b"* "(h,r e N ,h>2)

khivachikhil +i=n-1vap+i=0suyrap=i=01=n-1. Khidoé sd hang ndy la:
_0~n1~0( 1\ 5\0 (n(n-1) 1.n(n-1)p,n
E(b“yg"("’l),(nsabck)oJ - CnCn C]_ ( l) ( 2) C b C C b

7) Céc s6 hang cua biéu thie D trong khai trién (8) chi chira c” (nsabck)nfl khi va chi khi p +i= n-1,

I = p + 1 wva Il + i = n Kh do:

n-2 n-i . e n-2 ) Nl n- 1

E((bn) o jz—ZZCnC{,‘}' 2)"" " (n*abck) =23 (n-i)Ci(-2)" ¢ (n*abck ) ", do do hé s cua

¢",(n®abcl i=0 1=0 i=0

s6 hang chura ¢" (ns’abck)nf1 cta biéu thire D 12
n— 2 . n-1 .

E! - -2)"=ci(-2) =Y (n-i)Ci(-2)" 1 =n-n(-2+1)"" =0.

((b") c" (n abck j |=0 ( ) i ( ) ( ) ( )

8) Cac sb hang ctia biéu thirc D trong khai trién (8) chia b""'c"!? )(nsabck) khi va chi khi (p = 0 va
i=lval#0val#n-1)hodac(p=1vai=0val#1val#n). Khido:

EE#(p Jzn-i {ch ' C ” -1 (_2)0 pr(n-t-enl (nsabck)— n(bn(nfl) + c”(”l))(nsabck)} +

+ LZ;:CSC!,C,l (-1)"" (<2)' " e (n*abck )+ 2n (b”(”’l) +¢"Y )(nsabck )}

Il
o

- nECr'H (-b" )an c" (nsabck)—zzn: IC! (-b”)n_I ¢V (n*abck )+ n(b”(”’l) + c”(”’l))(nsabck)
1=0 I=1
=n(b" —c”)nfl(nsabck)—Zn(c” —b”)nfl(nsabck)+ n(b”(”’l) +c”(”’1))(nsabck)
=-n(b"-c" )H (n*abek ) + n(b”(”’l) + c”(”’l))(nsabck) .
Luuy:
Pé tinh tong ilC;(-b")n_I Cn("l)(nsabck), ta xét da thic xiac dinh tén R 14

f(x)=(x- ) Zn:C (- ”)nfl x', suy ra f’(x)=Zi:ICr'1 (—b”)mI x"1=n(x—b”)n71. Cho x = ¢", ta co:

ilcrlw(_ ) ¢ ;(n abck ) =n (c”-b”)n_l(nsabck).

9) Vi ta d4 xéac dinh duoc cac sb hang trong khai trién dang (8) cua biéu thire D tmg véi(p=Ivap+i=m,



voi m=0;n-2),(p=i=0val=1),(p+i=n-1va p=I),(p=Ilvap+i=n),(I+i=nvap+i=m,voi

m=0n-2), p=i=0val=n-1, (p+i= n-1va I=p+1lva |+i=n)

[(p =0 va i-1va|¢0val¢n—1) hoéc(p—lvéi—OVéll;élVal;én)] nén ta co:
n-2 n-i .

B+C+D= Cr:CrIHCIp _q)+H pr-ig n*abck o L pErpln n
E;n 3>p;2 p=0 ( ) ( ) ( ) E[(b") ,(c”) ,(nsabck)] [b"("""),c"('*P),(nsabck)]

2
=0 1=0 n—-3>p+i>2,p=0

+E(b”(”*1),c"~(nsabck)0] . E(b o) (n abck) ] - zz z CnCr: le( 1)” - (_z)p bn(nfifl)cn(lfp) (ﬂsab(:k)pJri +

n-1

+(2n—2)(n5abck) —n(b”—c”) (n abck)+n(b (") 4 gnin= )(n abck)+C """ —Cle"™ ",

Tu ding thirc (7) ta suy ra

nf:ni ZIZ CIChCP ()" (-2)" " e P (e abck) (ns’abck)n —n(b" —c“)nfl(nsabck)+
i=0 1=0 n—3>p+i>2,p=0
+n(b”(”’1) +c )(n abck ) +Cyb"" e —Cle"" " = 0.

n-2 n-i |

<Yy Y e (-)" i7'(—2)’)b”(”’i")c”("")(nsabck)p”+(n5abck)n—na”(a“’l+2n5bck)nfl(n5bck)+

i=0 1=0 n-3>p+ix2,p=0

+Clp" e —Cle""Yp" + n(b”(”’l) + c”(”’l))(nsabck) =0 (vi b"—c" =—a"—2nabck )

< F+L=0(9).
Véi  F= nﬁi Z CiCLGP (- (=2) b e Sabck) (nsabck)n—na”(a”*1+2n5bck)n71(nsbck)

i=0 =0 n-3>p+i>2,p=0

L=Clp"" e —Clc""Ypn +n(b”(”’1) +c”(”’1))(nsabck).

Taco F:ia®(vin>5), vivay tir dang thie (9) tasuyra L:a®.
* Ta co:

L= nabck) 1C 1 b —c”)nllc +cM }nbc {ZC ( ) Zicni_cn(nz):|
z . n—
= n(n°abck ) > Coa(b”—c")

IC +20 }+nb C {ZC ( )n zfiCni +(n—2)(bn —Cn)Cn(nS):|
= |:n(nsabCk)ZZCr:1 (bn _ Cn)nfl—i e nannZCrin (bn _Cn)n—Z—i Cni}_k
i=0

3

Iy
o

T

1-

>

0

+[2nc (n- (nsabck) n(n —2)(b” —c”)b”c”(”’z)] ~M+N.

Vi M =n(n°abck S Cooa (0" —c”)wi "+ nb“c“ri":CrL2 (b" —c“)Hfi c" va
i=0 i=0
N =2nc""Y (nsabck)+n(n —2)(bn n)b”cn
*\ib"-¢" :a(—a“—ZnSbck)Ea nén M:a?, ma L:a%,nén L—M =N:a?.
Ta co:

N =2nc""? (n°abck )+ n(n—2)(-a" - 2n°abck )b"c""?

=2nc""™? (n*abck ) -n(n-2)a""c""* —2n(n-2)(n*abck )b"c""?



=-n(n-2)a"b"c""? +2nc""? (n°abck ) ¢" ~(n-2)b" |.

=-n(n-2)a""c""? + 2nc""? (n*abek )[ ¢" —b" —(n-3)b" |

=-n(n-2)a""c""* + 2nc""? (nabck)| a" +2(nabck) - (n-3)b" |

_[—n(n 2)a"b"c""? +2na"c""? (nsabck)+4nc”(”2)(nsabck)z}—[Zn(nsabck)(n—3)c”(”z)b”]

-P-Q.
V6i P=-n(n-2)a"b"c""? +2na"c""? (nabck ) + 4nc""? (n°abck ) va Q =2n(n‘abck)(n—3)c""?p"
Vi Nia® va Pia’nén P—N =Q:a’, suyra k =0hodc 2(n-3):a (néuk #0).

Chirng minh tuong tu ta ciing c6:

n-2 n—i

* B+C+D= CiCI p n-i-l . 5\P n(n-i-1) n(l-p bek o n Elpien-i
D=2, 3>Z GG (A (2 e bk GG A
n-2 n—i | .
+E »—E = cicl.c (-1 (=2)" a"™ e (neabek ) +
(a"("’l),c”,(nsabck) ] ( n abck j .Z:Zn 3>p;2 p=0 ( ) ( ) ( )

+(2n-2)(n'abck) -n(a" -c")" 1(nsabck)+n( R )(n abck )+ Cra"" " ~Cic"" Ya". Tur do suy
Lt )(n abck ) = R:b?, suy ra [Zn(n abck)(n—3)c “a ]Eb2 suy ra

lnnl n-1

ra Cta""Yc" —Clc""Yg" +n((

k =0hogc2(n-3)ib (néuk # 0).

n-2 n-i

*B+C+D= CC p(_1)" 2PN 5n0-P) (sabck pe E .. Erl#plzn-i _
M PP L SR R
n-2 n—i | .

-E »—E = C'C'.cP(=1)"" 2°b"™a"?) (neapck )™

(bﬂ(nﬁl)'a"'(”samk)] (b & (o amk)j i=0 1=0 N—3>p+i>2, p=0 GG ( ) 2 (n ane )
+(2n-2)(n°abck)’ —n(a" +b”)n (n°abck )+ n(a”(”’l) + b”(”’l))(nsabck)—(Crl,a”(”’l)b” +Cr1]b”(”’1)a”). Véi

n-2 n-i |

E .. = cicl.cP 2Pp" " bek

(o ) ~ 22 (2" (n'abek)

Td d6 suy ra (Cla”” Yb" +Cp""Ya )+n(a”(”’1)+b”(”’1))(nsabck)=SEcz, suy ra

[Zn(nsabck)(n 3)a"" " ] c? suy rak = 0 hogc 2(n-3)ic (néuk #0).

Dén dy ta tom tat nhitng diéu d4 ching minh & 2.1.1 boi dinh 1y sau:
Dinh Iy 1:
Cho n 14 sé nguyén té I6n hon 3.

Gid sir x = U, y =V, z =t la mgt nghi¢gm nguyén khac khong ciia PT: x" +y" = 2", véi (u, v) = (u, 1) =
= (v, t) =1vau, v, t deu khéng chia hét cho n.

Khi dé ton tai sé nguyén s vdi s > 2 va ton tai bon sé nguyén khac khong a, b, ¢, k va déu khéong chia hét
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cho n, sao cho (ab) = (ac) = (ak) = (b,c) = (bk) = (ck) = 1, dong théi a|2(n — 3), b|2(n - 3),
c| 2(n - 3), v=a"+ n*abck, u = b" + n*abck, t = ¢" — n*abck va u + v -t = n*abck.

Nhdn thdy:

Tur ding thire (3) va do n 1é nén ta c6 thé gia st u, v, t déu dwong, suy rat>u, t>v, suyrau+v=c">0,
t-v=b">0,t-u=a">0,suyraa, b, c déu dwong.

Do tlnh chin, 1é cta cac sd u, v, t trong ding thire (3) 1a binh dang va trong chiing c6 duy nhat mot sé chin
va hai s6 con lai 12 I¢, cho nén, khdng mat tinh tong quat ta gia sir thém: ¢ chdn, con a va b déu Ié.

Xét hai truong hop.
2.1.1.1. Khik#0

Theo chimg minh trén, véik # 0, ta c6: a|2(n-3),b|2(n-3) vac|2(n-3), suy raabc | 2(n - 3)
(vi(c,a) = (c,b) = (b,a) =1), tirdo: 2(n—3)=rabc,reN .

Ta lai c6: n*abck =u+v—t=b(1+nk,)+a(1+nk ) —¢(1+nk,) = a+b—c=n(n"abck — ak, bk, +ck, )
= a+b-c=nmme7Z.

rabcm

Taco a+b—c:nm:2(n—3)g+3m: +3m < 2(a+b) =(rabm+2)c+6m (10)

1) Véim> 1
Vicchinva a,b,c,mreN", nén c>2 va rabm+2>ab+1>a+b, suyra 2(a+b)<(rabm+2)c+6m,

tréi voi (10).

2) Véi m< -1

Viab> 1, nén xét hai truong hop.
a) Néu ab=1

Suyraa=b=1,khidé c" =u+v=2+2n°ck =2(1+n°ck)=>c=2van=1,vo ly.
b) Néu ab > 2

Suy ra (rabm+2)c+6m<0<2(a+b), tréi véi (10).

3)Vé6im=0

Tacoa+b=c. Vi c"=a"+b"+2n*abck nén

LN

. n— 1 o
(a+b) =a"+b"+2n°ab(a+b)k = (a+b)" - (-1) a"*'b' = 2n‘abk = (a+b)" ) a" ' = R:2

|=0

>

I
o

n71 i = = r r e
Via, b lahaisé 1¢ néna+blasé chinva Z:(—l)I a"'b' 1asd 1é, suyra R 1asd 1¢, suyra R/ 2, mau thuan.
i=0
Vay PT (1) v0 nghi¢m nguyén khac khong trong truong hop nay.
2.1.1.2. Khik=0

!

u+v=t c"=cc c=c'=1
Ta nhan thay khi k = 0 thi {t-u=v=<a"=aa' =Ja=a'=1(vi(c,c’))=(a, @) =(c,c’)=1vaa, b, c>0)
t-v=u |b"=bb’ |b=b'=

= u=v=t=1, khong thoa (3).
Vay PT (1) vb nghi¢m nguyén khac khong trong truong hop nay.



2.1.2. Ba s u, v, t chi c6 mdt sé chia hét cho n.

Khong mat tinh tong quat ta gia st tin,ter (4) suy ra (u+v):n, d4p dung bd dé 5c¢) ta co

n-1 ) o . ) .
[u+vz u" v 'j n va [Z(—l)'u”l'v'jlnz, két hop v6i (4) va ap dung bo dé 4 ta co
i=0
nl
u+v=n""1c"va u" v =nc"vsit=n'.c’, seN"; c,c'eZ” (c,c’)=1,c/n, c'/n.
I=0

n-1 . . n-1 . .
Tir (5), (6) suyra (t—v)/nva (t—u)/n, &p dung bd dé 5b) ta co (t -V, Zt”"’lv' j = (t -u, Zt”'lu'j =
i=0 i=0

-1 -1 . L n1
[Zt”'lv'jZn : [Zt”'lu'jZn, két hop voi (5), (6) vaap dyng bd dé 3taco t—v=Dh"va Y t"'*v' =b",

i=0 i=0 i=0

n-1 . .
V6i u=b.b’, bb'eZ", (b,b’)=1,b/n b'/n; t-u=a"va Y t"u'=a", wiv=aa’, aa'e’Z’,
i=0
(a,@)=1a/n, a'/n;(ab) = (ac) = (cb) = 1.
Lap luén nhu 2.1.1 (trang 3, 4) taco b’ = 1 + nky, @’ = 1 + nky; va (u+v—t)in®, ma

u+v—t=n’c(n***c" —c’)=a(a’'~a"")=b(b'~b"*)=nabck nén s>2; (k.a) = (k,b) = (k,c) =1 va k/n

,néuk#0.
Suyra v=a"+n%abck, v=Db"+nabck, t =n""c" —n®abck va a"+b" =n""c" —2n°abck .
Thay vao (3), ta co: (a" +nsabck) +(b"+n abck)n (n"™ nsabck)n
3(riabok) +C (@ +b" —n™c") (n°abck) —Z 1)\ i (ntabek) (") '+Zc' (nvabck) b +Zc' (abek) 2" =0
<:>(3—2n)(n5abck)n —H(—l) Co(n° abck)' (n"™ 1c”)n WS 2C V(m abck) )+§Cr‘,(nsabck) a"" =0
i=0 i= i=0
(3—2n)(n5abck)n +B,+C,+D, =0(1).
Véi B, ZC (n’ abck) , C, ——Z ' (nsabck)i(n““lc“)nfi, D1=HCr',(n abck) ")
i=0
*Ta co |
D, = ZC (n’ abck)I a"" = n72Cr'1(n abck) ECM (a" +b“)lb“(“*‘*')
i=0 i=0 1=0
=n§c (n° abck)I Y ICr"fib”(”’i")(n”S e —2n° abck)
i=0 1=0
5 C (nsabck)i 3 Cr',fib”(”"")ZI:C,p (-2)° (nsabck)p (n"™tc" )Ifp
i-0 1=0 p=0
n-2n-i | : n(noie 1 P S p+i B
=22 ;Cncr']iclp (-2)°b"™ ™ (n™"e") " (n°abek ) = E(bn(nfkl)‘(nnﬂcn).,p‘(nSabck)pﬂj (12)

Xac dinh cac s6 hang cua biéu thirc D, trong khai trién (12) hoan toan twong tu nhu cach xac dinh cac sd
hang cua bicu thire D trong khai trién (8) (xem 2.1.1 trang 4, 5, 6, 7), ta dugc

10



n-2 n—

34033 ¥ QO (PO () (B P

i=0 =0 n-3>p+i>2,p=0 [bm" )l ab‘*,']

n—-2 n—i p+|

> GG (A (2 o) (rabok)”

0 1=0 n-32p+i=2,p=0

+E

(bn(nfl)'nnsflcnv(nsabck)o] - E(b",(n 1 n abck ] =z

+(2n —2)(nsabck)n —n(b"- n”s’lc”)n (n°abck ) + n[b (n2) +(n”s1c”)“}(nsabck)+crfb”(”l)n”“c” -

—C! (n”s’lc” )H b". Vi vy, tir ding thire (12) ta suy ra
n-2 n—i

» ZIZ CiCh .CP(-1)" i7'(—2)’)b”(”’i")(n”*lc”)lfp(nsabck)p”+(n5abck)n—n(b“—n“s’lc“)nfl(nsabck)+

i=0 1=0 n-3>p+i>2,p=0
+n [b”(”l) +(n™c” )nl}(nsabck) +Clp"" Vi —Cl (n”“c)n*1 b"=0.

Lap Iudn ching minh twong ty nhe 211 (trang 7, 8) ta suy ra dugc
Crl‘bn(n—l)nnsflcn _Cl(nnsflcn )” b" + [b (n-1) +(nnslcn)nl}(nsabck) _ leaZ’ suy ra

n

[Zn(nsabck)(n 3)(n™ ”)n b" }Eazsuyrak:Ohoécz(n—3)3a(néuk¢0).

Bién d6i tuong tu ta ciing co:

n-2 nH

*3+C1+D1 ZZ Z Cripl qp( )m4 (_ )pan(m4)(nmlcn)lp(nsabCK)pH+E[(an)0'(nnﬂcn)"‘(nsabd<)"]+EI#pVI-#rH- . +

i=0 1=0 n-32p+i>2, p=0 [ﬂﬂﬂ*”,(nm%") ",LHSMU

5 T e ) - le C;C;fiqp(_l)”*‘*'(_2)"an(m—n)(nnsflcn)'fp(nsabck)pn+

(an( n-1) 'nns—lcn V( nsabck)o ]

+(2n—2)(n5abck)n -n(a" —n”“c”)n n*abck +n[a (n-2) +(n”“<:”)n }(n abck )+ Cla"" U™ ten -

/—\

_Cl (nns—lcn)n—l an Tu do suy ra Crl‘an (n-1) nnsflcn _Crll (nnsflcn )nfl an n n[an(nl) +(nns—1cn)”* }(nsabck) _ Plbz ’

n

suy ra [Zn(nsabck)(n 3)(n™ ”)n ”}Eb2 suy rak = 0 hodc2(n—-3):b (néu k # 0).

n-2 n—i

*B +C,+D, = CiC' CP(=1)" 2°b™™ ") (psabek )™ +E! |, . 4ENRn _
Bl 1 ;;n 3>p;2 o n |CI ( ) ( ) ((b") '(an) ,(nsabck) ] [bn(n—i—l)van(lfp)vl'nsabck)]
n-2 n—i | .
—E/ o —E o= cicl.c (1) 2°p"™ a1 (nsabck )
(b"("’l),a” ,(nsabck) ] (b anmy (n abck) ; S p;Z p=0 CI ( ) ( )

+(2n—2)(n5abck)n -n(a" +b”)n 1( abck)+n( (") +b”(”’l))(nsabck)—(Crl,a”(”’l)b” +Cr1]b”(”’1)a”).

Véi Bl =f Z"lc:,c',.c,p( 1) 2P0 (nfabek )™ . Tw 46 suy ra
: i=0 1

_(Crfa”(”*l)b” +C§b”(”’1)a”)+n(a”("’1 +b”(”’1))(nsabck)=8 , suy ra [ n(n*abck )(n-3)a""?b" ] c?suy ra

k =0hogc2(n-3)ic (néuk #0).

Dén dy ta tom tat nhitng diéu d4 ching minh ¢ 2.1.2 boi dinh 1y sau:
11



Dinh Iy 2:
Cho n 1 s6 nguyén t6 lén hon 3.

Gid sit x = U, y =V, z =t la mgt nghi¢gm nguyén khac khong ciia PT: X" +y" = 2", véi (u, v) = (u, 1) =
= (v, t) = 1 va t chia her cho n.

Khi d6 ton tai s6 nguyén s vdi s > 2 va tén tai bon so6 nguyén khéc khong a, b, c, k déu khéng chia hét
cho n, sao cho (ab) = (ac) = (ak) = (bc) = (b,k) = (ck) = 1, dong théi a|2(n — 3), b|2(n - 3),
c| 2(n-3),v=a"+n’abck, u =Db" + n*abck, t = n™~'c" — n°abck va u + v - t = n*abck.

Xét hai truong hop.
2.1.2.1. Khi k#£0
Theo chitng minh trén, véi k # 0, ta co a|2(n - 3), b|2(n - 3), ma (a,b) =1 nén ab|2(n - 3), suy ra
2(n—-3)=r|abl,reN" = |ab|<2(n-3).
Vitin nén (u+v)in, mau+v=a+h+n(aks +bky), tirdo (a+b)in,suyraa+b=nm, meZ".
Vé6i a,beZ’, tacd 2n—5>|ab|+1>|a|+|b|>|a+b|=|m[n = |m|{0;1}.

2(n-3)m Ao r[abjm

Tacd a+b=nm= +3m= 2(a+b)=rlabjm+6m (13)

1) Véim=0

Taco: a+b=0=a"+b"=0=n""c" =u+v=2n%abck = n™"°c"* = 2abk = ab:n, v0 ly.

2) V6i m=1

Ta cé a + b = n (14) suy ra
2n=2(a+h)=r|ab|+6=r(|ab|+1)+6—r=>r(ja|+b])+6-r =r(|la+b[)+6-r>r(a+b)+6-r=nr+6-r
=2n2nr+6-r=(n-1)(2-r)>4=r=1=2(a+h)=|ab|+6 (15), suy raab I s chin, suy ra|ab|>2.

Tir (14) suy ra a + b 12 s6 1¢, vi vay khéng mét tinh tong quét ta gia st a chan va b lé

a) Néu ab>2

a=4 . .
Ta co: (15):>a=2+2—2b:>{b_1 (viab>2; a,b € Z vaa:2)=n=5 (do (14)).

Vi(ab) = (ac)= (b,c) =1va 2(n-3)=4icnén c==l1.

) Véic=1
Ta ¢c6 5" =1°+4°+85°k =57 =205+8.5"k (16).
.Khis=2
Tir (16) suy ra: 57 =41+8k =19521 =2k =19521:2, v6 ly.
.Khis>3
Tir (16) suy ra 5°7° =41+8.5 %k = 41:5, vd ly.
i) Voic=-1
Ta ¢6 -5°"=1°+4° -85k = -5 =205-8.5""k (17).
.Khis=2

12



Tu (17) suy ra: —5" = 41-8k = 39083 = 4k = 39083:4, V0 ly.
.Khis>3
Tur (17) suyra -5>°°=41-8.5"?k = 41:5, v0 ly.
Vay PT (1) vo nghiém nguyén khac khong trong truong hop nay.
b) Néu ab < -2
10

= 1 * .
Taco: (15)>a=-2+—= (viab<-2; a,b € Z vaa:2) =n=7 (do (14)).
2+b a=38

Vi(c,a) = (c,b) = (b,a) =1 va 2(n—-3)=8icnén c=+1.
i) Voic=1

Taco 77" =(-1)' +8"-16.7°k = 77 +7=7.8"-16.7°"k = 7° +7=0 (mod16) = (7° +7):16 (18).
+ Khi s chn

S—

2 .
Vi 7°+7=7(7"+1)=8% (1) 7°*", nén(7° +7)}16, tréi voi (18).
i=0

+ Khis le
s-1 ) ) s-1 i . o
VI7+7=(7°+1)+6=8) (-1) 7" +6= 2{42(—1) 7o +3} nén (7°+7)/16, tréi véi (18).
i=0 i=0
Vay PT (1) vo nghiém nguyén khac khong trong truong hop nay.
ii) Véic=-1
Taco -7 =-1+8"+16.7°k (19)
+ Khis=2
12
Tir (19) tacd 7% =—1+8" +16.7°k = (1-7°) =8" +16.7°k = 2(-327”}: 8" +16.7°k

i=0

= 2(—3? 7t }16 Vo ly.
i=0
+ Khis>3

Tur (19) suy ra —775° =42799+16.7°°k = 42799:7°* = 42799:7, V0 ly.

Vay PT (1) vo nghiém nguyén khac khong trong truong hop nay.

3)Véim=-1

Tacd (—a) + (—b) =n, cho nén, néu xem —a nhu a va —b nhu b thi ta ciing tim dugc a, b, ¢ va n. Lap luan
tuong ty nhu treong hgp m = 1, ta suy ra PT(1) v nghiém trong khac khong truong hop nay.

2.1.2.2. Khik=0

Taco t=u+v=n'cc' =n"c"=c' =n""3c" ' =c'n,vd ly (vi ¢'/n).

Vay PT (1) vo nghiém nguyén khac khong trong truong hop nay.
2.2.Khi n=3

Nha todn hoc Leonhard Euler (1707 — 1783) da chirng minh PT(1) v6 nghiém nguyén kh&c khéng trong
truong hop nay.
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23.Khin=4

Nha toan hoc Pierre de Fermat (1601-1665) da ching minh PT(1) v6 nghiém nguyén kh&c khéng trong
truong hop nay.

2.4. Khin = pk, p 1a s6 nguyén t6 1é hoic p=4 (ke N")

Tir két qua ching minh ¢ 2.1, 2.2, 2.3, 4p dung bé dé 2 ta suy ra PT (1) vo nghiém nguyén khac khéng
trong truong hop nay.

T6m lai voi moi s6 nguyén n >3, PT(1) vo nghiém nguyén khac khong.
Vay dinh ly l6n Fermat da dugc chirng minh.
Phu Vang, 30/04/2013
Tac gia
Ton That Hiép
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