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2 >3
MO DAU

Bat ding thitc 1a mot trong nhitng chii dé gay nhiéu khé khan cho ngusi lam
toan. Tuy nhién bat dang thitc ciing c6 siic hap dan rat lén béi nhitng diéu tha
vi va bd ich ma n6é mang lai. Bén canh nhitng phuong phap chting minh bat ding
thitc truyén théng, ngay cang c6 nhiéu phuong phap chiing minh bat dang thic
mdéi rat dac sic. Tinh ting dung ctia nhiing phuong phap mdi nay ciing khong kém
so v6i cac phuong phap truyen théng, tham chi c6 nhiéu phuong phap rat manh
va c6 the ap dung déi véi hau hét cac bat dang thitc thuoc mot 16p nao dé. Viec
tim hiéu vd kham phé nhitng phuong phap mdéi nhu thé mang mot ¥ nghia sau
sdc. Mot trong nhitng phuong phép ching minh bat ding thic khd méi mé chinh
1a phuong phap phan tich tong cac binh phuong S.O.S.

Théang 8 nam 2004, Tran Phuong cung cac cong sy Tran Tuan Anh va Tran
Anh Cudng da phat minh ra phuong phap phan tich téng cac binh phuong S.0.S
dé chitng minh bat dang thitc. Dén nam 2006, phuong phap nay duge Pham Kim
Hung nghién ctu day du va chi tiét hon. Tuy nhién van con rat nhiéu van dé mé

lien quan dén phuong phap nay.

Duoc sy huéng dan ctia thay gido Hoang Tron, ching t6i chon dé tai "Phuong
phap phan tich tong cac binh phuong (S.0.S) trong ching minh bat dang thic"
dé nghién citu. Dén v6i phuong phap phan tich tong céc binh phuong S.0.S, ngudi
doc sé& cdm nhan duge mot vé dep hét stc tu nhién clia toan hoc. Biang nhiing
phép bién doi cuc ki so cap, ta c6 thé tim 15i giai cho nhitng bai toan thi qubc té,
nhitng bai toan ma thong thuong néu diing cac phuong phap truyén thong thi rat
dai dong va phiic tap.

Khéa luan nham muc tiéu tim hiéu, hé thdng héa noi dung ctia phuong phap,
tong quan cac két qua lien quan dén phuong phéap va giéi thieu mot s6 két qua méi
ma ban than tac gid da dat dugc. Khoéa luan sé c¢d gang trinh bay phuong phap
S.0.S mot cach chi tiét v6i muc dich cung cap cho nguoi doc them mot phuong
phap chiing minh bat ding thic méi. Qua dé, tac gid ciing mong mudn chuyen tai

dén nguoi doc vé dep clia phuong phap nay.
Noi dung ctia khoa luan chia lam ba chuong.

Chuong mot tap trung tim hiéu va tong quan noi dung ctia phuong phap
phan tich tong cac binh phuong S.0O.S.



Chuong hai tim hiéu biéu dién co sé ctia phuong phap va cac ki thuat phan
tich.

Chuong ba khao sat mot s6 ting dung quan trong ctia phuong phap.



MOT SO Ki HIEU DUNG
TRONG KHOA LUAN

S.0.S: Sum of Square (téng céc binh phuong).

IMO: International Mathematical Olympiad (ki thi Olympic todn qubc té).
MO: Mathematical Olympiad (Olympic toéan).

3" 1 tong doi xtng. Vidu: Y a?b = a?b + ab® + bc + bc? + ca® + c2a;

sym sym

Trong cac bai toan ba bién ta c6 thé viét > thay cho 3 .
a,b,c sym

3" @ tdng hoan vi. Vi du: Y a?b = a?b + b%c + c?a.

cyc cyc



Chuong 1

PHUONG PHAP PHAN TICH
TONG CAC BINH PHUONG
(S.0.8)

1.1 Bai toan mdé dau

Thong thuong khi diing truée mot bai toan bat ding thiic quen biét, cdch ma
chiing ta bat dau dé giai ching khong phai 1a thit mo mam tit cac bat dang thiic
da biét hay c6 gang 4p dung céc bat ding thitc phu ndo dé ma thudsng gip nhat
la dua vé cac dang tong binh phuong. Dicu nay dya trén tinh chat co ban clia s6
thuc 1a 22 > 0 v6i moi s6 thuc z. C6 rat nhiéu bai toan, dit chti dong hay vo tinh,
déu da st dung phuong phap nay trong chiing minh. Tuy nhién nhitng ting dung
rat manh ctia phuong phap nay sé khién chiing ta phai ngac nhién. That khé ma
tudng tugng dude no cé tng dung véi hau hét cac bat ding thitc 3 bién!!! Nhing
diéu sap dudgc trinh bay du6i day it nhiéu sé khién ngudi doc cdm thay tha vi va
ngac nhién vé vé dep ctia phuong phap S.0.S, mot phuong phap ching minh bat
ding thiic rat méi va ciing rat ty nhien.

Trude tién, ta bat dau véi bat dang thiic Cauchy (hay con goi la bat dang thiic
AM — GM), day dudc coi 1a bat dang thiic co ban nhat trong nhitng bat dang
thic co ban. O day ta xét bat dang thiic Cauchy véi cac s6 n rat nhd, cu thé 1a
n=2n=3.

V6i n = 2 ta c6 bat ding thic a® 4+ b*> > 2ab  Va,b > 0.

Chiing minh bat déng thic tren la qua dé! Bat ding thic tuong duong véi
(a — b)? > 0, mot didu qua hién nhién. Bay gio ta xét tiép bat dang thiic Cauchy
v6i 3 s6 khong am

V6i moi a, b, c > 0 ta c6 bat dang thitc a® + b® + ¢3 > 3abe.



C6 nhiéu cach dé ching minh bat ding thic trén, é day tac gia dé cap dén cach
¢6 minh hoa phuong phap S.O.S.

Ta co

a® + 0 + & — 3abe = %(a+b+c)[(a—b)2+(b—c)2+(c—a)2].

Nhitng ki thuat dé bién doi a® + b3 + ¢3 — 3abe vé dang %(a +b+c)[(a—b)?+
(b—c)?+ (c—a)?] s& dugc trinh bay cu thé trong muc "Biéu dién co s§ ciia phuong
phép S.0.S". O day ta quan tam t6i vé dep ctia 1oi gidi. Thuan lgi rat 16n trong
16i gidi bai toan bang cach nay la viec stt dung rat it kién thic cao cap, tham chi
ta khong can dén bat ky mot dinh 1y vé bat déng thitc ndo ca. That vay, chi bang
mot s6 phép bién déi so cap, ta cé thé dua biéu thic a® + b3 + ¢3 — 3abe vé dang
téng cac binh phuong. Néu nim viing cac ki thuat dé biéu dién mot biéu thitc doi
xiing 3 bién dudi dang tdng céc binh phuong (biéu dién co s§ clia phuong phap
S.0.S) thi phuong phap S.0.S dé chiing minh bat dang thic 13 mot phuong phap
rat tu nhién theo suy nghi cia ban than tac gia.

Bay gio ta sé khai quat cach sit dung va di tim ban chat clia mot phuong phap
chiing minh cyc ky hiéu qua, phuong phap phan tich binh phuong S.O.S.

Ta xét bai toan bat ding thiic trong ky thi IMO 2005 va tim 1 chiing minh that

tu nhién cho no.
Vi du 1.1.1. Gid stt o, y, 2z 1a cic s6 thuc duong va zyz > 1. Chiing minh rang
5,2 5,2
- T 2° —z
R R R M-S S - B R
2+ Y-+ z Y +ze+x 22 +y-+x

5 2

Chiing minh. Bang phuong phap bién déi tuong duong ta c6

a=f,a=B0 4 s>
a+vy " a+v.0

Suy ra

g 20 — 22y t — 2%y

> = .
2ty + 22 T b+ (P A+ )y at y(y? + 2P

Tuong tu, ciing véi phuong phép bién doéi tuong duong ta ching minh duge

a—b.c 2a — b.d
>
a-+cd ™~ 2a+d?

véi  d > 2c¢;

Suy ra
ot — 2?yz 224 — 22 (y? + 2?)
o+ yz(y? +22) T 2ot 4 (y2 4+ 22)2




Dit a = 22, b = y?, ¢ = 2° ta can chiing minh

2a — a(b+ c)
Z >
2a2 + (b+ ¢)?

a b
— >
{:)%:c <2a2 +(b+¢)? 2b2+(a+c)2>—0
o3 (a—by ? +cla+b)+a* —ab+ b? > 0.

(2a%2 + (b+ ¢)?) (202 + (a + ¢)?)

a,b,c

(Muc "Biéu dién co s clia phuong phap S.0.S" sé gitip ta c6 duge cac ki thuat
bién doi nhu trén.)

Bét ding thitc cudi la ding nén bat ding thitc can chiing minh la ding. Dang
thic xay ra khi vachi khia=b=cor=y=2=1. O

C6 thé c6 nhidu cach chitng minh bat dang thic trén va cling c6 thé c6 nhidu
cich ching minh doc ddo hon. Tuy nhién, néu ta xem xét mot cach khach quan
thi chiing minh trén 14 hoan toan rat ty nhién va co ban. N6i mot cach khai quat,
khi ding truéc mot bai toan bat déng thitc bat ky clia 3 bién a, b, ¢ ta sé tim cach
dua chiing vé dang tong binh phuong (a — b)?; (b — ¢)?; (¢ — a)?, ki higu

Se(a —b)*+ Sp(c — a)* + Su(b—c)* > 0.

Phan duwa vé dang chinh tac trén la budc dau tién trong cach st dung phuong
phap S.0.S. Néu ta da kha quen véi bat ding thitc thi viec lap cong thic trén la
tuong déi don gidn, chi can biét qua mot sé phép bién déi va hing ding thic, con
néu chua quen, thi cac thic mac sé duge gidi quyét mot cach tron ven trong muc
"Biéu dién co sé ctia phuong phap S.0.S va mot s6 ki thuat phan tich".

T4t nhién, néu trong bicu dién co sé d6 cac hé s6 S,, Sy, S, déu khong am thi
bai todn duge ching minh. Tu trude t6i nay, day van la cach ma cac ban thuong
lam nhung day chi 14 truong hop don gidn nhat trong ki thuat ching minh cta
phuong phap S.0.S. Diéu quan trong hon, S.O.S gitp ching ta giai quyét trong
cic truong hgp ma theo quan niém cii 14 khong ap dung dugce: c6 mot s6 hé s6
trong Sy, Sp, Se 1a khong duong.

Thong thuong, trong cac bai toan déi xiing ta c6 thé gid st a > b > c¢. Véi cac
bai toan hoan vi thi ta phai xét thém truong hgp ¢ > b > a. Trong trucng hop
a > b > ¢ ta c¢6 nhan xét sau

Néu S, > 0: Do (a —¢)? > (a —b)> + (b — ¢)? nén

Sa(b—c)? + Syla — ¢)* + Se(a —b)* > (S, + Sp)(a — b)* + (Sp + S,) (b — ¢)*.



Va phan con lai clia bai toan 1a chitng minh S, + S, > 0,S. + Sy > 0. Thong
thuong hai bat déng thitc nay luoén c6 thé chitng minh kha don gidn, vi ching
khong con phai nhan thém cac binh phuong (a — b)?, (b — ¢)?, (c — a)? nita.

Néu S, < 0: Do (a —¢)? < 2(a—b)2+2(b— ¢)? nén

Sa(b—¢)* + Sp(a — ¢)? + Se(a — b)* > (S. +28p)(a — b)? + (25, + S,) (b — ¢)*.

Viéc ching minh con lai S, + 2S5, > 0,5, + 2S5, > 0 sé don gian hon rat nhiéu.
Ngoai ra, néu S, + S, + S. > 0, 5,5 + SpSe. + S.S, > 0 thi theo dinh 1y vé dau

cua tam thiic bac 2 cing dé dang suy ra dugc:
Sa(b—c)? + Syla — ¢)* + S.(a — b)* > 0.

Trong nhiéu truong hop ta can thém mot s6 uéc lugng manh hon, chédng han
u6c lugng hay ding dén la:

Chang han khi ta c6 Sy, S, > 0 thi

a—=cC

b—c

R8)z (- (L4 5,).

Si(a = )2+ Sa(b = ) = (b o) (S i

Va nhu vay bai toan sé duge ching minh néu aSy + b*S, > 0.

1.2 No6i dung cua phuong phap
Ta c6 dinh ly quan trong sau
Dinh 1y 1.2.1. (dinh ly S.0.8) Xét biéu thic:
S = f(a,b,c) = Su(b—c)* + Sp(a—c)* + S.(a — b)?

trong dé Su, Sy, S, la cdc ham so cia a,b,c (a,b,c > 0).

1. Néu S,, Sy, S. >0 thi S > 0.

2. Neua>b>cwvaSySy+S.Sy+S,>0tht S>0.

3. Néewa>b>cuvaS,<0,S, +2S,,S.+25,>0 thi S > 0.

4. Néuwa>b>cuva Sy, Se,a’Sy + 025, >0 thi S > 0.

5. Néu Sy + Sp+ Se > 0 va SuSp+ SpSe + SeSa >0 thy S > 0.
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Tac gia Pham Kim Hung trong "Sang tao bat dang thitc" da néu ra dinh Iy nay
nhung khong chitng minh. 0 day toi xin dé cap mot chiing minh nhu sau

Chiing manh. 1. Hién nhien.
2.Doa>b>cnén2(a—>b)(b—c) >0

< 2ab — 2ac — 202 + 2bc > 0
& —2ac > 2b% — 2ab — 2be
S a? —2ac+ 2 > 2% +a? + 2 — 2ab — 2be

&S (a—c)?>(a—b)*+(b—c)

Suy ra Sp(a — ¢)? > Sp(a — b)? 4+ Sp(b — ¢)? (do S, > 0)

Do d6 Sy(b—c)?+ Sp(a—c)?+ Se(a—b)? > (Sy+S.)(a—b)%+ (Sp+ Sa) (b—c)?
Do Sy, +S.,S,+S, > 0nén S > 0.

3. Ta co:

(a+c—2b)2>0 a? + ¢ + 4b* — 4ab — 4bc + 2ac > 0
a’ 4 &+ 4b* — dab — 4bc > —2ac
2a% + 2¢% + 4b* — dab — 4be > a® + & — 2ac

2(a —b)2+2(b—c)* > (a — c)*

I A

Do Sy < 0 nén 2Sy(a — b)% + 2Sy(b — ¢)? < Sp(a — ¢)?

Suy ra Sy (b—c)?+Sp(a—c)?+Sc(a—b)? > (S.+2S,) (a—b)>+ (S, +25p) (b—c)?.
Mat khac theo giad thiét ta c6 S. + 2S5y, S, + 25, > 0. T d6 S > 0.

4. Tt a > b > c tasuy ra

(a —b)[ac(b—c)+be(a—c)] >0 (a —b)[2abc — (a +b)c*] > 0

A (b? — a*) + 2abc(a — b) > 0

b2c? — a’c® + 2a%be — 2ab*c > 0

a’b? + b2c? — 2ab’c > a*® + a’b? — 2a’be

V(a —c)? > a?(b—c)*(%).

(O

Néu b = 0 thi ¢ = 0. Tt d6 dé dang suy ra S > 0.
Néu b0,

Spa’

Suy ra Sy(a —¢)? + S(b—c)? > (b — c)2<

9



Theo gia thiét a2Sy+52S, > 0 nen Sp(a—c)2+S,(b—c)? > (b—c)2<—+Sa>2 0
Ngoai ra do S, > 0 nén S.(a — b)? > 0.

Tw do S > 0.

5. Ta c6 S = Su(b—c)*+ Sp(a—c)? + Sc(a — b)>.

Xem S nhu 1& mot tam thite bac hai theo bién a:

S = f(a) = (Sp + Se)a* — 2(bS. + cSp)a + 2Sy + b?S. + So(b — ¢)?

A" = (bS.+ cSp)? — (Sy + Se)(2Sy + b2S. + Sa(b — ¢)?)
= —(S4Sp + SpSe + 5.S,) (b — ¢)?.

Theo gia thiét S,S, + SpS. + S.Sq > 0 nén A’ < 0.

Suy ra (Sy + S¢)f(a) >0 Va hay (S, +S.)S > 0.

Tuong tu xem S nhu 13 mot tam thic bac 2 theo b, theo ¢ thi ta lan luct c¢6
(Se+ 5a)S > 0; (Sa + 53)S > 0.

Suy ra (25, + 2S5, +2S5.)S > 0.

Do S, 4+ Sy + S. > 0 nén S > 0. Dinh 1y duge chiing minh xong. O

Duong nhu dinh 1§ nay con c6 vé qua don gidn va néu néi rang né c6 ting dung
v6i hau hét cac bat dang thitc 3 bién thi that khé ma tudng tuong duge. Nhung
thyc té 14 S.0.S da lam duge diéu nay!!!

Mot cau hoi nita dit ra la v6i nhitng biéu thiic nao thi ta cé thé chuyén vé dang
chinh t&c S.0.S nhu vay. Cau tra 10i 1a moi ham s6 ddi xing f(a,b, ¢) thda man
f(a,a,a) = 0 (f c6 thé chia can thitc, phan thitc) luon luén c6 bicu dién dang
S.0.S. Diéu nay sé duge lam ré & muc tiép theo. Sau day ta thit tim hiéu mot vai

ap dung rat dep ctia S.0.S qua céac vi du sau

1.3 Mot s6 bai toan minh hoa

Vi du 1.3.1. (Moldova MO 2006) Cho a,b,c la do dai 3 canh clia mot tam giac.
Chitng minh bat dang thiic

QQ(Z — 1)+52(§ — 1)—|—02<% . 1)2 0.

Chitng minh. Bat ding thiic can chitng minh tuong duong véi

ab? + b3 + Aa® > abc(a2 + b2+ 02).

10



Ta co
2(a®b? + b°c + c*a?) — 2abc(a® + b* + ¢?)
= a3(b? — 2bc + ) + b3(? — 2ca + a?) + A(a* — 2ab + b*)+
—a*(b® = ) = b3 — a®) — P (a® - bP)
Mait khac ta c6 ding thic sau
a?(b® = 3) +b*( = a®) + A(a® = b°) = a®*(b— ¢)® + b*(c — a)® + *(a — b)>.
Tu do
2(a®b? + b3c? + *a?) — 2abc(a® + b* + ¢?)
a*(b—c)*+b*(c—a)* +c*(a—0b)* —a*(b—c) —b*(c—a)® - *(a—b)

a?(b—c)?(a—b+c)+b*(c—a)*(b—c+a)+c*(a—0)*(c—a+D)
Sa(b—¢)? + Sy(c — a)* + Se(a — b)?

VOl

Sy =a*(a—b+c)

Sy =b*(b—c+a)

S.=c*(c—a+)
Do a,b, ¢ 1a do dai 3 canh ctia mot tam gidc nén Sy, Sp, S > 0. Theo tiéu chuan
1 (dinh 1y 1.2.1), ta suy ra 2(a3? + b3c? + 3a?) — 2abc(a® + b + ¢*) > 0. Bai
toan dugce ching minh xong. ]
Vi du 1.3.2. Chitng minh rang véi moi s6 thyc khong am a, b, ¢ ta ludn co:

a® + b + 2 8abc S 9
ab+bc+ca  (a+b)(b+c)(c+a) =

Chiing minh. Ta c6

a4+ b+ —ab—be—ca= %[(a—b)2+(b—c)2+(c—a)z].
(a+b)(b+c)(c+a) — 8abc = a’b + ab* + b*c + bc® + a*c + ac® — 6abe
= a?b + ¢*b — 2abc + ab® + ac® — 2abe
+ b2 + a*c — 2abe

=b(a —c)* +a(b—c)? + cla —b)>

11



Do d6 sau khi them b6t 1 ¢ mbi s6 hang vé trai, ta c6 bat dang thiic tuong duong
(a—=0b)?+(b—c)*+ (c—a)? - 2c(a —b)? + 2b(a — ¢)? + 2a(b — c)?

a:

ab+ be + ca - (a+b)(b+c)(c+a)
< S.(a—b)2+ Sp(c—a)> + Sa(b—c)* >0
vOl
B 1 2c _ (ab+bc+ ca)(c— a) + b*(c+a)
T ab+betca (a+b)(b+c)(c+a)  (ab+be+ ca)la+b)(b+c)(c+a)
5 1 B 2b _ (ab+bc+ca)(a—b) +F(a+b)
"Tabtbetca (a+b)b+c)(c+a)  (ab+be+ ca)(a+b)(b+c)(c+a)
1 2a _ (ab4be+ca)(b—c) +a*(b+c)
(

ab+bc+ca (a+b)(b+c)(c+a) (ab+be+ca)la+b)(b+c)c+a)
Khong mat tinh tong quét, gid sit a > b > ¢. Khi d6 S, S. > 0. Dya vao tiéu
chuan 2 (dinh 1y 1.2.1), ta chi can chiing minh S, + S > 0 la xong.

Ta co 9
2¢*(a +b) S0

(ab+bc+ca)(a+b)(b+c)(c+a) ~
Vay bat dang thitc da dude chiing minh, déng thitc xay ra khi vachikhia = b = ¢

S, + Sy =

hodc a = b, c = 0 hoac cac hoan vi tuong ting. ]

Ta tiép tuc véi mot bat ding thitc c6 hinh thiic phéat biéu rat don gidn va dep

méat sau day:

Vi du 1.3.3. (Iran MO 1996) Chitng minh réng véi cac s6 thuc khong am z,y, z ta
c6 bat ding thic
1 1 1 9
Gro? o GroR Aaytyeten)
Chiing minh. Dat a = 2 +y,b =y + z,¢ = z + x. Ltc dé6 a,b,c > 0 v bat ding
thitc da cho tré thanh

(2ab + 2bc + 2ca — a* — b* — )(

(B (- e+ (-
Ta tim dugce
2 1 2 I 2 1

@ LTS
Khong méat tinh tong quét, gia st a > b > ¢. Lic dé S, > 0. Mat khac xét
20 —ca=2(y+2)* — (v +y)(z + )
=202+ 222+ 3yz —xz — 2% —xy
= ? — 2?4+ y* — 2y + 3yz — vz + 227
=y? =2’ +yly —2) +2(3y —a) + 222
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Dé ¥ réing @ > b > ¢ nén theo cach dit & trén ta c6 y > = > 2. T d6 dé dang
suy ra 20> — ca > 0 hay S, > 0. Stt dung tiéu chuan 4 (dinh ly 1.2.1), ta chi
can chiing minh 25, + ¢S, > 0 < b 4 ¢ > abc, nhung bat dang thiic nay hién

nhién dang vi theo cach dat a, b, c ta co
a<b+c=0b"+c>be(b+c)> abe.

Vay bat dng thitc da duge ching minh. Déng thic x4y ra khi va chi khi a =

b = ¢ hoac a = b,c¢ = 0 hoac cac hoan vi. []

C6 nhiéu 10i giadi khac cho bai toan trén, cach thong thuong ma ching ta biét 1a
stt dung cac bat dang thic phu. Tuy nhién t6i nghi ring cac cac phuong phap dé
chi ¢6 ¥ nghia la ching minh bat déng thitc ding vé mit toan hoc, chit khong dé

lai nhiéu an tugng hay md rong.
Vi du 1.3.4. Cho v/a, Vb, \/c 1a do dai 3 canh clia mot tam gidc. Chiing minh riing

a b ¢ 1 1 1

3(+-+ )z (a+b+a) (-4 +2)

Chiing minh. Bat dang thic can ching minh tuong duong véi
3(a*c + b*a + *b) > (a + b+ c)(ab + be + ca). (1)

Ta co

(1) & 2(a*c+ b%a + cb) > (a®b + b*c + c*a) + 3abe
& 2[(a® + 0%+ ) — (a®c + b*a + *b)] < (¢ +V° + %) — (a®b + b%c + cPa)
+ (a® 4+ 0> + ) — 3abe.  (2)

Mat khéac

20° + a® — 3b%a = (b — a)(2V* — ba — a®) = (b — a)*(2b + a)
2¢3 + 0% — 3¢ = (¢ — b)(2¢* — cb — b*) = (¢ — b)*(2c + b)
2a% + & — 3a*c = (a — ¢)(2a® — ac — %) = (a — ¢)*(2a + ¢).

Cong vé theo vé 3 déng thic trén ta ducc

3[(a®+0*+c) — (a*c+b2a+c?b)] = (a—b)*(2b+a)+(b—c)*(2c+b)+(c—a)?(2a+c).
Tuong tu

3[(a*+0*+c) — (a*b+b*c+c?a)] = (a—b)*(2a+b)+(b—c)*(2b+c)+(c—a)?*(2c+a).
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Ngoai ra

1
a® + b + ¢ — 3abe = §(a+b+c)[(a—b)2+(b—c)2+(c—a)2].

Do dé
(2) & 23 2@+ a)(a—b) < 232+ D)(a— 2+ 5 3 (a b+ e)a—b)?
@Z(a—b)2[%(2a+b) ~|—%(a+b+c) - §(2b+a)]z 0

cyc

@%Z(c#—a—b)(a—b)QZO

cyc

scta-bla=b2+(a+b—c)b—c)?+ (b+c—a)lc—a)*>0. (3)

bat S, =a+b—c¢; S, =b+c—a;S.=c+a—D>.
Tac6 S, + Sy +S. =a+ b+ c> 0. Mat khac ta co

SaSp + SpSe + S¢S,
=(a+b—c)b+c—a)+(b+c—a)ct+a—b)+(c+a—b)a+b—c)
=0 —(c—a)*+c—(a—b)?+a*— (b—c)?
= 2(ab + be + ca) — (a* + b* + ¢?)
—4ab—(a+b—c)?=(2Vab+a+b—c)(2Vab—a—b+c)
= (Va+ B+ VOa-+ Vo= VOB + Vi - Va) (Vi+ va - VB)
Do +/a, /b, \/c 1a d6 dai 3 canh ctia mot tam gidc nén S,S, 4+ SpSe. + S..Sy > 0.
Theo tiéu chuan 5 (dinh Iy 1.2.1) ta suy ra (3) ding. Do (1) < (3) nén (1)
ding. Vay bat déng thic da dude ching minh. O

Bay gio chiing ta hay khao sat dinh 1y vé biéu dién co s clia phuong phap S.0.S
dé c6 them mot s6 ki thuat dua vé dang S.O.S.
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Chuong 2

BIEU DIEN CO SO CUA
PHUGNG PHAP S.0.S VA CAC
KY THUAT PHAN TICH

Dé khéng dinh niém tin ctia ching ta vé sy ton tai mot biéu dién co sé cho
phuong phap S.0O.S ta can mot ching minh cu thé cho 16p céc ham da thic, phan
thiic chita cac lity thita hitu ti (néi cach khac, c6 thé chita can thitc). Ngoai ra, néu
khong c6 gi thay doi, chiing ta chi xét bai toan trong trusng hop cac bién s6 khong
am. Trong cac bai toan duge dan ra & cic muc trude da xuat hien nhiéu lan biéu
dién dang F(a,b,c) = Su(b— ¢)?> + Sy(c — a)? + Se(a — b)%. Céc dinh ly dudi day

sé cho thay su ton tai ctia biéu dién dé.

2.1 Mot sb kién thitc chuan bi

Trude hét ta c6 cac dinh nghia

Dinh nghia 2.1.1. Mot ham phan thiic ba bién F(a,b,c) duge goi 1a ddi xiing néu
va chi néu dong nhat thic sau F'(a,b,c) = F(x,y, z) ding v6i moi hoan vi (z,y, 2)
ctia (a,b,c). Hon nita néu moi s6 thyc duong z ma F(z,z,z) = 0 thi F(a,b,c)
dugc goi 1a ham déi xitng ba bién chuan.

Dinh nghia 2.1.2. Mot ham phan thtc ba bién G(a,b, c) duge goi 1a nita d6i xiing
néu va chi néu dong nhat thitc sau G(a,b,c) = G(a,c,b) ding véi moi by ba s6
thuc duong (a, b, ¢). Hon nita néu moi cdp hai s6 thuc duong =,y ma G(z,y,y) =0
thi G(a,b,c) duge goi 1a ham nita ddi xiing ba bién chuan.
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2.2 Dinh 1§ vé biéu dién co s ctia phuong phap

Ta c6 dinh Iy quan trong sau:
Dinh 1y 2.2.1. (Biéu dién co sé déi vdi ldp ham da thic)
Gia st F(a,b,c) la mot da thitc doi zing ba bién chudn thi ton tai mot da thic

nita doi zing ba bién G(a,b,c) sao cho dong nhat thic sau la ding:
F(a,b,c) = G(a,b,c)(b—c)* + G(b,c,a)(c— a)® + G(c,a,b)(a — b)*

Chiing minh. Ta sé chitng minh dinh 1y trén dya vao mot s6 kién thiic co ban vé
khong gian vector.

Vi dinh 1y chi han ché trong 16p céc da thiic ba bién nén c6 thé néi téi bac ciia
da thtic. Trong da thiic ba bién a, b, ¢ sé& chita (va chi chita duy nhat) cac hang ti
dang tp, npa™b"c? trong d6 m, n,p la cac s6 nguyen khong am. Néu ¢, ., 7 0 thi
m—+n+ p dugce goi la bac cua hang tt nay. Trong truong hop ngugce lai ta quy uée
bac cia hang tit nay bang 0. S6 m + n + p 16n nhat duge goi 1a bac cia da thiic
d6. Ro rang ta chi can chitng minh dinh 1y cho 16p cac da thic bac n.

Ky hieu S(F) la tap hop cdc da thitc ba bién F(a,b,c) déi xting chuan bac
n, S(Q) 1a tap hop céac da thitc Q(a,b,c) d6i xiing ba bién chuan bac n c¢6 dang
Q(a,b,¢) = G(a,b,c)(b—c)®*+G(b,c,a)(c—a)?+G(c,a,b)(a—b)?%, & day G(a,b,c)
la da thitc nita d6i xiing ba bién bac n — 2 (ta xét n > 2 vi véi n = 1 thi dinh ly
hién nhién ding). R6 rang S(Q) U {0} 14 khong gian vector con ciia khong gian
vector S(F)U{0}. Va do d6 sb chiéu clia khong gian S(Q) U {0} khong vugt qua
s6 chiéu ctia khong gian S(F) U {0}. (%)

V6i cac a, 8,y € N, ky hieu A = (a, 3,7) va xét cac da thic dic biet sau

(i).Fx(a,b,c) = 3 a®b” ¢, trong d6 téng duge lay tren tat ca cac bo hoan vi

(o, 7.) cia (o 3.7).

(i1).Gr(a, b, ¢) = a®bPc + a*bVcP.

(4ii).Qx(a, b, c) = Gr(a,b,c)(b — c)* + GA(b,c,a)(c — a)* + Gi(c,a,b)(a — b)?.

Ky hiéu f,, 1a tap hop tat ca cac bo s6 A(«, 3,7) théa man cac diéu kien o +
B+4+~v=mn,a>p>r~. Taco tap hop cac da thic Fy(a,b,c) v6i XN a, 5,7) € fn la
hé sinh doc lap tuyén tinh ctia S(F)U{0}, do d6 s6 chiéu ctia S(F) U{0} béng s6
phan ti ctia f,. (1)

Ky hiéu g, 1a tap hop tat ca cac bo s6 A(«, 3, ) thda méan cac diéu kien a+ 5+
v =n—2,a+2 > [ > ~. R rang tap hop cac da thic Qy(a, b, ¢) v6i M«, 3,7) € ¢y
1a he vector doc 1ap tuyén tinh ctia S(Q) U {0}, do d6 sb chiéu ctia S(Q) U {0}
khong nhé hon s6 phan tit clia g,. (2)
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T cac két qua (1), (2) véi cha § 1a f, va g, c6 cung s6 phan ti ta suy ra s6
chiéu cia S(Q) U {0} khong nho6 hon s6 chiéu ctia S(F) U {0}. (xx)

Tu (%), (**) suy ra so6 chiéu ctia hai khong gian S(Q) U {0} va S(F) U {0} 1a
bang nhau. Tit d6 suy ra moi phan tit clia khong gian S(F) déu c6 the biéu dién
qua cac phan tit ctia khong gian S(Q). Dinh 1y duge chiing minh xong. O

2.3 Thuat toan tim biéu dién co sd

Dinh 1y 2.3.1. (Vé thudt todn tim biéu dién co sJ)

Gid st M(a,b,c), N(a,b,c) la hai da thic nia doi ming ba bién, hon nia vdi

M(z, 2, 1)

moi so thuc duong x thi phan so la mot hang so t. Khi do ton tai ham

(x,2,2)
$6 nita doi ing ba bién G(a,b, c) sao cho dong nhat thic sau la ding

M(a,b,c) N M(b,c,a)

F(a,b,c) =
(a.b,¢) N(a,b,¢)  N(b,c,a)

= G(a,b,c)(b—c)*+ G(b,c,a)(c—a)* + Glc,a,b)(a — b)>

Chiing minh. Dbi v6i ham mita déi xing G(a, b, ¢) ching ta tién hanh ghép cap cac
hang ti nita doi xting a™b"c? + a™bPc”. Sau d6 nhéom tat cd cac hang ti c6 cung
bac vao mot nhom. Bo s6 (ny,ng,...,ng) v6i ng > ng > ... > ny gom tat ci cac
gia tri bac ciia da thic dé siap theo thit ty gidm dan goi 1a bo chi thi cho da thiic

dé6. Lic nay ta c6 thé viét

(a,b,¢) Z > Gmapa™ (VP V).

1=1 m+n+p=n,
n>p

M(x,x, )
N(z,z,x)
kien bo chi thi clia cac da thic M(a, b, ¢), N(a,b,c) 1a gibng hét nhau. Va do do6

Diéu kien 14 hing s6 vdi moi s6 thuc duong x tuong duong véi su

ta xét hiéu

k

o> ammypa™ (VP P
M(a,b,c) =l
N(a,b,c) N(a,b,c)

trong d6 ummp = Mummp — thm pp va do do

Y mnp=0,Vi=T1n.

m+n+p=n;
n>p
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Bay gio doi v6i mbi tong bén trong tng véi mdi gia tri n; ciia tit s6 ta tién hanh
sap xép lai thi tu cac hang tit trong t1t s6 ctia phan sb trén, sau d6 sé dung mot
bién déi nhé dé lam xuét hién cédc nhan tt a — b, b — ¢, ¢ — a.

Trude hét ta chia cdc nghiém nguyen khong am (m,n,p) théa man n > p cla
phuong trinh m+n+p = n; thanh n; nhém theo cic gia tri ctia m. Sap xép lai thi
tu cdc nhéom dé theo do gidm dan ciia m. Trong mdi nhém thi gid tri ctia m 1a ¢
dinh, ta sap xép lai cac nghiém nguyén khong am ctia phuong trinh n+p = n; —m
theo do gidm dan ctia n néu n; —m 1é va theo do ting dan ctia n néu n; —m chan.
Sau khi da sap thit tu xong, chiung ta c6 mot thit ti mdi clia tap cac nghiém ban
dau, ma ta sé ki higu 1a {(mj,nj,p;) | j = 1,1} & day [ 1a mot ham s6 phu thuoe

n;. Dé don gidn ta ki hieu
aj = a™ (b + V") by = oy g,

Khi d6 mau s6 co thé viét lai mot cach don gian 1a a1by + asby + - - + aby =
(a1 —a2)by + (ag — a3)(by +b2) + - - + (a1 — a;) (b1 + ba + - - - + by). St dung dieu
kién by + by + - -+ + by = 0 va chia cac hiéu a; — a2, a9 — as,...,a;_1 — a; vao ba
loai sau
b"cl — bPc"
—

i) a™tL (b 4 b)) — a™ (BT + bt = a™bc[(a — b) — (¢ — a)]

i) a™ (b 4 b)) — am(beP T 4 pPHLen) = g™ (b—c)2

Xét biéu thiic

amb"c"[(a —b) — (¢ —a)] "c"a"[(b—c)— (a —b)] +cma"b"[(c —a)— (b—¢)]
N(a,b,c) N(b,c,a) N(c,a,b)

Tién hanh ghép ting phan trong ba hang tit trong biéu thic nay thanh ba
cap theo cac nhan tit a — b,b — ¢, c — a. Mot trong ba hang tit méi sé 1a

m—-n bm—’l’b

(a—b)a"b"c" [Na

@ho Moo~ @D

trong do

a"b" a™ "N(a,b,c) —b" " N(b,c,a)
N(a,b,c).N(b,c,a) a—>b

G(c,a,b) =

§ day ta da st dung tinh chat N(b,c,a) = N(b,a,c). Do ca tit s6 va mau sb
clia phan so6 trén déu 1a nhitng da thitc nita ddi xitng ba bién a, b, ¢ va d6i xting

hai bién a,b nén G(c,a,b) 1a ham nita d6i xing ba bién.
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111) am—!—l(bn—l—lcn +bncn+l) _ am(bn+1cn+1 _|_bn—|—1cn—|—1) — ambncn[c(a _ b) _ b(C— a)]
Xét biéu thiic
a™b"c"[c(a — b) — b(c — a) +bmc”a” la(b—¢) — c(a — b)] +cma”b” [b(c —a) —a(b—c)]
N(a,b,c) N(b,c,a) N(c,a,b)

Tién hanh ghép ting phan trong ba hang tit trong biéu thtc nay thanh ba

cap theo cac nhan tit a — b,b — ¢, c — a. Mot trong ba hang t1it méi sé la

. nin n+l a™ " o b — EAY
(a—b)a"b"c [N(@, b NO< a)} (a —0)*.G(c,a,b)
trong do
" Hanpn a™ "N(a,b,c) — " "N(b,c,a)
G b — . ) )
(¢,0,0) N(a,b,c).N(b,c,a) a—b

§ day ta da sit dung tinh chat N(b,c,a) = N(b,a,c). Do ca tit s6 va mau s6
clia phan s6 trén déu la nhitng da thitc nita déi xting ba bién a, b, ¢ va doi xiing

hai bién a,b nén G(c,a,b) 1a ham nita doi xting ba bién.
Vay trong ca ba truong hop ta déu da chi ra cach bién déi thich hgp dé dua bicu

thitc vé dang biéu dién can thiét. Diéu nay hoan thanh viéc chitng minh dinh Iy

2.3.1. Niém tin vé sy ton tai biéu dién co sé da dugce khang dinh. O
Bay gio 1a mot s6 dang thitc thuong duge st dung trong phan tich

e a?+V? —2ab= (a—b)?

a b (a—b)2
242 9
b+a ab

o >+ —abla+b)=(a+0b)(a—0b)>

1
. a2+bz+62—ab—bc—ca=5[(a—b)2+(b—c)2+(c—a)2]

[(a =)+ (b—¢)* + (c - a)?]

Wl =

1
. a2+b2+02—§(a—{—b—|—0)2:

e (a+b)(b+c)(c+a)—8abc=a(b—c)*+b(c—a)?+cla—0b)?

e i+ b3+ —3abc=~(a+b+c)[(a—b)?+ (b—c)?+ (c —a)?

N —

_ 13 23 o 3
0a2b+b20+62a—abg—b02—ca2:(a b) +(b 30) +(C a)
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e a®+ b+ —a*h—b*c—cta
(2a +b)(a —b)*+ (2b+¢)(b—¢)?> + (2¢ + a)(c — a)?
3
o at + b1+t —adh—bdc— cla
(3a? + 2ab + b*)(a — b)? + (3b% + 2bc + ) (b — ¢)* + (3c® + 2ca + a®)(c — a)?
4

e &3b+b3c+ Aa—ab® —bc® — ca’ = %W[(b— a)’+ (c=b)*+ (a—c)?

o at + b+t — a?b? — b2 — 2a?
_(a+b)*(a—b)°+ (b+c)*(b—c)* + (c +a)*(c — a)’
2

o VA2 T — (a+b) = aHJ(Fa\;%
a b c 3 (a —b)?

b+c+c+a+a+b_2 s%Q(a—{—c)(bch)’

Trong cac biéu thitc ba bién ta nén chi ¥ t6i cac dai luong a— b, b—c, ¢ —a. Viéc
nhém cic dai lugng nay mot cach hop 1f sé rit ra duge cac hang tid (a—b)?2, (b—c)?,

(c—a)?.

2.4 Mot s6 bai toan minh hoa

Ta hay xem mot s6 vi du sau day
Vi du 2.4.1. Phan tich co s6 S.0.S cho biéu thiic

ab n be n ca 3
a2+ 4k VP+A+ka? AHa’+ k0 k42

Giai

Dat s =k —1va M = a® +b* + 2. Cha ¥ ring
2(a® +b* + kc?) — 2(k +2)ab = (k +2)(a — b)* + k(c® — a* + & — V?).

Ta c6 duge 2 dai lugng 1a ¢ — a?, ¢ — b? trong s6 hang thit nhat. Cac dai lugng
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nay xuat hién lai trong cac s6 hang khac nén
ab n be n ca 3
a?+ 02+ ki PH+cE+ka? A+a®+ kb kE+2
B 1 Z(k:—i—2)(a—b)2+k(c2—a2+02—bz)

2(5+3)8ym M + sc?

1 k+2)(a—b)? k(c? — b? 1 1
)Y -2 (e 3 p)
N 20s+3) 4 M+ sc? = 2s+3) \M +sc M+ sb?

1 k+2)(a—b)? ks(b? — c%)?
== > >
 2(s+3) Sn M+ s S 2k + 3)(M + sb*) (M + sc?)

Vay biéu thic duge viét gon lai thanh

Z(‘ Et2 ks(a + b)? )>(a_b)2.

SuN M+ sc2 (M + sa?)(M + sb?

Tit d6 ta tim duge cac hé sb tuong ting ctia (a —b)2, (b—c)?, (c—a)? trong phan
tich co s6 S.0.S la

Se = —(54+3)(M + sa®)(M + sb*) + s(s + 1)(a + b)*(M + sc?)
Sa = —(5+3)(M + sb*)(M + sc*) + s(s + 1) (b + ¢)*(M + sa?)
Sy = —(s+3)(M + sc®)(M + sa*) + s(s + 1)(c + a)*(M + sb?).

Vi du 2.4.2. Phan tich co s6 S.0.S cho cac biéu thiic sau
(i).(a + b+ c)3 — 27abe.
(ii).a® + b3 + & + 3abc — ab(a + b) — be(b+ ¢) — calc+ a).
(iii).a® + b3 + 3 + 6(ab® + be? + ca®) — 3(a?b + b*c + c*a) — 12abc.
(iv).a® + b3 + A + 4(ab® + bc® + ca?) — a®b — b*c — c*a — 12abe.
(0)3(5 +b+ -)- 2(9+5+—)—3
(vi).a —|—b3—|—c + 3abe — aby/2(a% + %) — bey/2(02 + ¢2) — car/2(c2 + a?).

(vid).a*b(a — b) 4+ b*c(b — ¢) + 2a(c — a).
Giai
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(). Ta 6

(a+b+c)® —27abe

= (a+b)>* 4+ +3(a+b)2c+ 3(a+b)c* — 27abe

=a® + b® + & + 3a%b + 3ab® + 3b*c + 3bc® + 3cta + 3ca® — 2labe

= (a® +b* + ¢* — 3abc) + 3a*b + 3ab* + 3b%c + 3bc* + 3c*a + 3ca* — 18abe
= (a® + b* + ¢* — 3abe) + (3a*b + 3bc* — 6abe) + (3b*c + 3ca® — 6abe)+

+ (3c*a + 3ab* — 6abc)

_ %(a F b4 )(a=b) + (b= o)+ (c — )] + 3b(a® + ¢ — 2a0)+

+ 3¢(b* + a* — 2ab) + 3a(c® + b* — 2bc)
_a+tb+Tc a—+T7b+c

Ta+b+c
2 aribre, o faTbTe, o
) (a—b)" + 5 (c—a) + 5 (b—c)”.
Vay
(a+b+c)3—27abc:%W(a—b)2+a+72b+c(c— )2 7a+2b+c(b—c)2
(i7). Ta c6

a® + b + ¢ + 3abe — ab(a + b) — be(b+ ¢) — ca(c + a)

= (a® +b* + ¢* — 3abc) — a*b — ab® — b*c — bc* — ca — ca* + 6abe
= (a® + b® + ¢* — 3abe) — (a*b + bc? — 2abe) — (ab® + ac® — 2abe)+
— (b*c + ca® — 2abc)

b @b+ (b= 2+ (c— a)2] — blc— a)2 — a(b — o)+

2
—c(a —b)?

Vay

a® + 0 + ¢ + 3abe — ab(a + b) — be(b + ¢) — calc+ a)

a+b—c s a—b+c b+c—a
=~ “(a—b e Jre—e

5 (b—c)?.

(c—a)®+
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(i1). Ta ¢o

a® + 0> + ¢ + 6(ab® + bc? + ca®) — 3(a*b + b*c + c*a) — 12abc

= 4(a® + 0 + & — 3abe) + 6(ab? + bc? + ca® — a® — b* — ¢?)

+3(a® + b* + ¢ — a®b — b*c — c?a)

=2(a+b+c)[(a—0)?+ (b—c)?+ (c—a)?] — (4b+ 2a)(a — b)* — (4c + 2b) (b — ¢)?
— (4a+2¢)(c—a)* + (2a+b)(a —b)* + (2b+ ¢)(b—¢)* + (2¢ + a)(c — a)?

= (2c+2a — b)(a — b)* + (2a +2b — ¢)(b—¢)* + (2b+ 2¢ — a)(c — a)*.

Vay

a® + 0> + & + 6(ab® + bc? + ca?) — 3(a*b + b*c + c*a) — 12abe
= (2c+2a—b)(a—b)*+ (2a + 20— c)(b—c)* + (2b+ 2¢c — a)(c — a)*.

(iv). Dé ¥ ring
a® + b + ¢+ 4(ab® + bc? + ca?) — a®b — b*c — cta — 12abe

=a® + b+ &+ 6(ab® + bc? + ca?) — 3(a*b — b*c — c*a) — 12abc
— 2(ab* + be* + ca® — a®b — b*c — c*a).

(a=0)3+(b—c)P+(c—a)?

ab® + b + ca® — a®b — b*c — Pa = — 3

nén

a® + 0> + & + 4(ab® + bc® + ca®) — a®b — b*c — *a — 12abe
8 ) 8 8

= (2c+ 50— 2B)(a— b + (20 + b gc)(b o+ (24 e ga)(c o).

a b ¢ b ¢ a
Bl-+-+-)2(-+-4+-)-3.
(v) 3<b:|_c+a>/ <a+b+c) 3
Quy dong mau so ta dugc

3<9+l_)+£)_2<§+§+g)_3:3(a20+b2a—|—02b)—2(b20—i—02a+a2b)—3abc.
b ¢ a a b c abc
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Bién ddi tit thitc vé dang S.0.S nhu sau (tach thanh cac nhom quen thudc)

3(a’c + b*a + *b) — 2(b*c + c*a + a*b) — 3abc
= —-3(a® + 0> + & — a*c — b%a — c*b) + 2(a® + b* + ¢ — b%c — cPa — a®b)
+ (a® 4+ b* + ¢ — 3abc)
—(a+2b)(a —b)* — (b+2¢)(b—c)* — (c+ 2a)(c — a)?
N (4a + 2b)(a — b)* + (4b + 2¢)(b — ¢)* + (4c + 2a)(c — a)?

3
1
+5at+b+o)(a=b)*+ (-0 +(c—a)]
~ (5a —5b+3c)(a—b)? + (5b — 5c+ 3a) (b — ¢)* + (5¢ — 5a + 3b)(c — a)?
— : :
Vay
3(9+l—)+5)—2(9+9+9)—3
b ¢ a a b ¢
~ (5a = 5b+3c)(a—b)? + (5b — 5c+ 3a) (b — ¢)* + (5¢ — 5a + 3b)(c — a)?
B 6abc ‘
(vi). a® + b3 + & + 3abe — aby/2(a® + b2) — bey/2(02 + ¢2) — car/2(c2 + a?).
_b2
Ta da biét \/2(a®? 4+ 02) — (a +b) = (a
a+b++/2(a®+%)

Dua biéu thiic da cho vé dang c6 chita cac hang ti 2(a2 +0%) — (a+0),
2002+ %) — (b+¢), V2(c2 + a?) — (¢ + a), ta dugc

a® + 0> + ¢ + 3abe — aby/2(a? + b2) — bey/2(b% + ) — cay/2(c2 + a?)
=a® + 0> + & + 3abc — ab(a + b) — be(b + ¢) — ca(c + a)
—ab< 2(a2+b2)—a—b>—bc< 2(b2+02)—b—c)—ca< 2(02+a2)—c—a>
_(a+b—c)la=b*+(b+c—a)(b—c)*+ (c+a—0b)(c—a)
B ab(a — b)? B bc%b —c)? B ca(c — a)?
a+b+ 2@+ b+c+ 202+ cta+/2(32+a?)

= 2[Sula—b) + Su(b— o) + Sy(c — )]

2
trong do
2ab
S.=a+b—c—
a—l—b—i—\/ a2—|—62
S,=b+c—a—
b—i—c—l—\/ b2—|—02
S, + b 2ca
= C a — — .
’ c+a+ /2(c? + a?)
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(vid). a*b(a — b) + b*c(b — ¢) + 2a(c — a).
Bién doi
a*b(a — b) + b?c(b — ¢) + alc — a)
= (a®b+ e+ Pa—at —b* — &) + (a* + b* + &t — o — bP? — Pa?).
Ma a®b+ bPc+ Pa—a* — b* — ¢t v at + b + ¢ — a?b? — b2 — ?a? da ¢6 dang
S.0.S 6 trén nén ta dé dang dua dugc bicu thiic da cho vé dang S.O.S.

Ta c¢6 thém mot cach khac nhu sau

a*b(a — b) + b*c(b — ¢) + *alc — a)
a2 b 2 ab bc ca
—abe( AT T T

Sau do ta chuyén bicu thitc trong dau ngodic vé dang S.0.S nhu sau

- 2(%2 to— 2a>+2<%2 +a—2b>+2(£ +b— 2c)

b
ab  be bc ca ab  ab
(TG ) (T T2
2(a—c)? 2(b—-a)® 2(c—b)? bla—c)* cla—b)* alb—-c)?
= + + - - - .
c a b ac ab bc
Do do
2[a®b(a — b) + b*c(b — ¢) + Fac — a)]
= (2bc — *)(a — b)? + (2ca — a®) (b — ¢)? + (2ab — b*)(c — a)?.
Vay

a*b(a —b) + b2c(b —c) + Fa(c — a)

— %[(ch —cH(a—0b)*+ (2ca — a®)(b— ¢)* + (2ab — b*)(c — a)?].

2.5 Mot ki thuat dé tim biéu dién cd sé

Trong qué trinh nghién cu dé tai, ching toi da nghi ra mot phuong phap dé
dua vé dang bicu dién co sd. Ching ta sé tim thay y tudng ctia phuong phap do
qua cac vi du sap dugce trinh bay duéi day.

Trong muc nay chiing toi chi xét cic da thiic doi xing ba bién. Gia st da thiic
M c6 biéu dién dudi dang co sé S.0.S nhu sau

M = S,(b—¢)* + Sy(c — a)* + Sc(a — b)*.
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Ching toi gid thiét them ring S, 1a bicu thitc déi xiing déi véi hai bién b, ¢; Sy
1a biéu thiic déi xing déi v6i hai bién ¢, a va S, 1a biéu thiic déi xting déi véi hai
bién a,b. Trudc hét ta c6 nhan xét sau
Nhan xét

Cho A, B, C la cac biéu thiic ctia ba bién a,b, c. Gid st A+ B + C la biéu thiic
doi xting déi v6i ba bién a, b, ¢ va A 1a biéu thic déi xting déi véi hai bién b, c. Liic
dé ta c6 B + C'la biéu thiic déi xiing do6i v6i hai bién b, c.

Vi du 2.5.1. Phan tich co s6 S.0.S cho biéu thiic
M =4(a®+ 0>+ ) — (a+b)(b+c)(c+ a) — 4abe.
Giai
Gia st M dugc biéu dién dudi dang S.0.S nhu sau

M = S,(b—c)*+ Sy(c — a)* + S.(a — b)*.

Cho a = b, ta c6 M® = (6a+4c)(a—c)? (ki higu M dé chi biéu thitc M trong
truong hop a = b).

Lic d6 S% + S8% = 6a + 4c (ki higu S% dé chi S, va S dé chi S trong truong
hop a = b).

Mat khac ta c6 S, + Sy + S, 1a bicu thic déi xiing theo ba bién a, b, c va S, 13
biéu thitc d6i xting theo hai bién a, b nén theo nhan xét trén ta c6 S, + Sy 1a biéu
thitc doi xting theo hai bién a,b. Do d6 S, + S, = 3a + 3b + 4c.

Tuong tu lan luct cho b = ¢, ¢ = a ta duge S, +S. = 3b+ 3c+4a va S, + S, =
3¢+ 3a + 4b.

Ta c6 he gom 3 phuong trinh sau

S, +Sp=3a+ 3b+ 4c
Sy + S, =3b+ 3¢+ 4a
S.+ S, = 3¢+ 3a + 4b.

Tu day ta tinh duge S, = 2b+ 2¢+ a; .S, = 2a + 2¢ + b; S. = 2a + 2b + c.
Do dé

M = (2b+2c+a)(b—c)* + (2a + 2c + b)(c — a)® + (2a + 2b + ¢)(a — b)*.

Kiém tra lai két qua bing cach khai trién biéu thic trén r6i so sanh véi bicu
thitc ctia M & dau bai.

Vay

M = (2b+2c+a)(b—c)* + (2a + 2c + b)(c — a)* + (2a + 2b + ¢)(a — b)*.
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Vi du 2.5.2. Phan tich co s6 S.0.S cho biéu thic
N =a’+ b+ +3abc — a*(b+c) — b*(c +a) — *(a+b).

Giai
Gia st N dugc biéu dién dudi dang S.O.S nhu sau

N = Su(b—¢)* + Sy(c — a)® + S.(a — b)*

Tuong tir cich gidi da trinh bay & vi du trudce, lan luot cho a = b,b =c,c = a
ta dugc hé gom 3 phuong trinh sau

Sa+Sb:C
Sy +S.=a
S.+ S, =0>.
b — —b h—
Tit day ta tinh duge S, = #;Sb — %;Sc _ %
Vay
b — —b h—
N= 2T o+ T e T a2

Vi du 2.5.3. Phan tich co s6 S.0.S cho biéu thic
A=a*+b*+c* —abc(a+b+c).

Gia st A duge bieu dién dudi dang S.0O.S nhu sau
A=S,(b—c)*+ Sp(c— a)® + S.(a — b)?

Cho a = b, ta c6 A% = (2a% + 2ac + ¢?)(a — ¢)? (ki higu A% dé chi biéu thiic A
trong trudng hgp a = b).

Lic d6 S% + 5% = 242 + 2ac + ¢ (ki higu S dé chi S, va S dé chi S, trong
truong hop a = b).

Mat khac ta c6 S, + Sp + S, 1a biéu thic déi xing theo ba bién a, b, c va S, 1
biéu thitc d6i xting theo hai bién a, b nén theo nhan xét trén ta c6 S, + Sp 1a biéu
thitc d6i xing theo hai bién a,b. Do dé S, + Sy = a? + b? + ac + be + 2.

Tuong ti lan lugt cho b = ¢, c = a ta duge Sy + S, = b + ¢ + ab + ac + a® va
Se+ Sq =+ a*+ bc+ ab + b2
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Tit d6 ta c6 hé gom 3 phuong trinh sau

Sa 4+ Sy = a® + b* + ac + be + 2
Sy +S. =+ +ab+ ac+ a®
S.+ 8, =c®+a’+be+ ab+ b2

2 2 ) 9 9 9
Tit day ta tinh duge S, = w; 5, = w; S — #
Do do
2 b 2 bg 2 9 b 9
A:#(b—C)QvL#(C—G)QnL%(a—b)Q.

Kiém tra lai két qua bang cach khai trién biéu thiic trén r6i so sanh véi bicu
thiic ctia A 6 dau bai.
Vay

a’+ (b+c)?
2

v + (a+c)?
2

2+ (a+b)2

A=
2

(b—c)* + (c—a)®+ (a —b)%

Ki thuat trén kha don gian so v6i cac ki thuat da duge trinh bay & cac muc
trude. Tuy nhién nhuge diém ctia né 1a cach nay chi ding néu S, 14 bicu thic déi
xiing ddi véi hai bién b, ¢; Sy, 1a biéu thitc déi xing ddi véi hai bién ¢, a va S, 1a biéu
thiic d6i xitng do6i v6i hai bién a,b. Ngoai ra né ciing chi hiéu qui déi véi nhiing
biéu thiic ba bién déi xiing dang da thtc; trong cac truong hgp khac thi cach nay
khong thuc hién duge.

Bay gio ching ta sé quay trd lai vi du 2.4.2 va chon cac da thic déi xing dé
ap dung phuong phéap trén day cho viéc tim biéu dién co sé.

Vi du 2.5.4. Phan tich co s6 S.0.S cho céc biéu thiic sau

(4).(a + b+ ¢)® — 2Tabe.

(i1).a® + b® 4+ 3 + 3abe — ab(a + b) — be(b+ ¢) — cale + a).

Giai
(¢). Dat A= (a+ b+ c)® — 27abe.

Gia st A dugce biéu dién dudi dang S.0.S nhu sau

A=S,(b—c)*+ Sp(c—a)*+ S.(a —b)?

Cho a = b, ta ¢c6 A% = (8a + ¢)(a — ¢)? (ki hieu A% dé chi biéu thiic A trong
truong hop a = b).

Lic d6 S + S = 8a + ¢ (ki higu S% dé chi S, va S dé chi Sy trong truong
hop a = b).
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Mat khac ta c6 S, + Sy + S, 1a bieu thic déi xiing theo ba bién a,b,c va S, 1
biéu thitc d6i xting theo hai bién a,b nén theo nhan xét trén ta c6 S, + Sp 1a biéu
thitc ddi xting theo hai bién a,b. Do d6 S, + S, = 4a + 4b + c.

Tuong tu lan Iugt cho b =c¢,c = a ta duge Sy, + S, =4b+4c+ava S, + S, =
4a + 4c+b.

Tt d6 ta c6 hé gom 3 phuong trinh sau

S, + Sy =4a+4b+ ¢
Sp+S.=4b+4c+a
S.+ S, =4a+ 4c+b.

7 b+
Tt day ta tih duge s, — AT 0T ¢ g _atTte o atbtic
2 2 2
Do do6
b
A:a+b2+7c(a—b)2+a+72b+c(c—a)2+—7a+2+c(b—c)2.

That tuyet voi 1a két qua nay hoan toan giong véi két qua ma ching ta da tim
duge bang phuong phap thong thuong 6 vi du 2.4.2.
Bai tap con lai, chiing t6i xin danh cho doc gia. Bay gio ta dén v6i mot s6 ting

dung quan trong ctia phuong phap phan tich téng binh phuong S.0.S
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Chuong 3

MOT SO UNG DUNG QUAN
TRONG CUA PHUONG PHAP
PHAN TiCH TONG CAC BINH
PHUGNG (S.0.S)

3.1 U’ng dung trong bai toan chitng minh bat dang

thic

Vi dy 3.1.1. Chiing minh rang véi moi s6 thyc duong a, b, ¢ ta luon c6

200 A 3(aP 0P+ P)

4>
b c a a?+b+c?

Chiing minh. Ta c6

2 bQ 2 _b2 h— 2 o 2
G () S (5 S (0

Mat khac

b c a

3(a®> +0* + ) — (a+ b+ c)(a® +b* + )

=203 + 20° 4 2¢% — a®b — ab® — b?c — be? — Fa — cad®

= (a® — a®b — ab® +b°) + (b* — b?c — b + ) + (2 — Pa — ca® + a®)
=(a* = bv")(a—b)+ (b =) (b—c)+ (* —a*)(c—a)
=(a+b)(a—b2+b+c)(b—c)?+ (c+a)(c—a)

Suy ra

34134 3
e+ b +c) —(a+b+c) =

(a+b)(a—0b)2+(b+c)(b—c)?+ (c+a)(c— a)2.

aZ + b2 + 2 a? + b2 + 2
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Bét dang thic da cho tuong duong véi

2 2 2 313, 3
a__a+b__b+c__c>3(a + 0% + %)
c a

—(a+b+c)

b — a2+ b2+ c?
hay
(a=0)* (b—c)? (c—a)* _(a+b)(a=b)*+(b+c)(b—c)*+ (c+a)(c—a)
+ + > .
b c a a? 4+ b2 + c?
Ta tim dudgc cac hé s6 trong phan tich co s6 S.0.S 1a
g _1__a+b o 1 bte o 1 cta
CTh @21+ @21+ 4 21+
hay
a’+c2 —ab a’? + b — be b2+ —ac

Se =

(a® + b + 02)b; “ (a2 402+ cz)c; b= (a®> + 0%+ A2)a’
Do tinh hoan vi clia cac bién nén ta phai xét ca 2 truong hop
i) a > b > c. Khi d6 dé thay S, > 0,5, > 0. Phan con lai ra sé chitng minh
S, 4+ 2S5y > 0 v S, + 2S5, > 0. Hai bat ding thtc nay ching minh kha dé.
ii) a < b <c Khido S, >0,S. > 0 va ciing khong may khé khan ta ching
minh thém S, + S, > 0.

Nhu vay bat déng thitc da duge ching minh. O

Vi du 3.1.2. (Viet Nam MO 2006) Chiing minh v6i a,b, ¢ 1a do dai ba canh ctia

mot tam giac, ta c6 bat dang thic

1 1 1 b
(a—i—b—l—c)(a—l—g—i—E)Z 6<bic+c+a+ajb>‘

Chaing minh. Truée hét ta chi ¥ cac dang thiic sau

(a+b—|—c)(% 4 % n %)_9 _ (a ;bb)2 N 260)2 e ;aa)z’
o b ey gl o (= (e
6<b+c+c+a+a+b>_3_(@+C)(b+0)+(b+a)(c+a) T

Bét dang thtc can ching minh c¢6 thé viét lai dusi dang

Sa(b—c)? + Sy(c —a)* + Se(a—b)* >0

trong do
Sa:l_ 3 )
be  (a+0b)(a+c)
1 3
5= T ot a)
Gl




Khong mat tinh tong quat gia st a > b > ¢, khi d6 S, > S, > S,. Ta sé ching
minh S, + .S, > 0, that vay

Sb+SC:1(1+1)— ; ( L )=0

a\b ¢/ b+c\a+b a+c/™
<:>l+1> 3 < a n a )
b ¢ “b+c\a+db a+c/

Do a, b, c 1a do dai ba canh clia mot tam giac nén a < b+ c. Dé thay

3 a a 3 b+ c b+ec
<
b—i—c(a+b+a—i—c>_b—f—c(2b—|—c+20—i—b>
hay
3 ( a n a )< 3 n 3
b+c\a+b a+c/~ 2b+c 2c+b

Phan con lai ta chi can chiing minh

1_{_1 3 n 3

b _2b+c 2c+b

Bat dang thic trén hién nhién ding vi

1 2 9
S cS>_=
b ¢~ 2¢c+b
1 2 9
>

c b7 2b+c

Do d6 S, + S. > 0. Mat khac S, > S, nén S, > 0. Suy ra
Sa(b—¢)* + Sp(c —a)* + Se(a — b)* > (Sp + Se)(a — b)* > 0.
Ding thic xay ra khi @ = b = ¢ hoiic a = 2,b = ¢ = 1 hoic cac hoan vi. ]

Vi du 3.1.3. Cho a, b, c 1 cac s6 thyc khong am tity y. Chiing minh béat dang thitc

(a+b)? (b+c)*  (cta)

> 0.
2+ ab a? + be b2 4+ ac —

Chimg minh. Vi (a + b)* — 2(c? + ab) = (a® — ¢2) + (b* — ¢?) nén

(a+b)? (b+c)? (c+a)?

—6
2+ ab a? + be b2 + ac
Z (a® — b?) + (a® — ?)
_sym a? + be
1 1
2 2
— iy _
WZ;(G )(a2+bc b2—|—ac)
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(a=b)2(a+b)(a+b—rc)
(a® +be)(b2 4+ ac)

sym

Xét bicu thitc:

S, = (b+¢c)(b+c—a)(a®+ be),

Sy = (c+a)(c+a—b)(b*+ ac),

Se=(a+b)(a+b—c)(c*+ ab).

Ta phai chitng minh S, (b — ¢)? 4+ Sp(a — ¢)* + Se(a — b)* >
D

Khong mat tinh tong quat, gid st a > b > c. Dé thay S;, S, > 0 va

(a—c)® _ a®
b2 =%
= (a—c)*Sy+ (b—)*S, = (c—b)2<ia_3 Sb—i-S)
> (C - b)2 (aQSb + bQSa).

b2
Mat khac
a?Sy +b*S, = a*(a+c)(a+c—b)(b* +ac) + b*(b+c)(b+ c— a)(a* + be)
> a(a —b)(a*(b? + ac) — b*(b* + ac)) > 0.
Ta c6 dpem. Dang thitc xay ra khi @ = b = ¢ hodc a = b,c¢ = 0 hoiic cac hoan
vi. []
Vi du 3.1.4. Gia st a, b, c 13 do dai 3 canh ciia tam giac. Chitng minh rang

a n b n c +ab—kbc—i—ca<5
b+c a+c a+b a2+b24+c2 2

Chiing minh. Xét hai hang dang thiic sau:

2a 2b 2¢ ~ (a—=1b)? (b—c)? (c—a)?
b—|—c+a+c+a+b_3_ (a+c)(b+c) * (b+a)(c+a) (b+c)(b+a)

_ 2(ab+bctca) (a—b)2+(b—c)2—|—(c—a)2'

a? + b + 2 a? + b% + ¢?
Ta chiing minh S, (b — ¢)? 4+ Sp(a — ¢)? 4+ Se(a — b)? > 0, véi

24 12 1 2 2 12 4 2 212 4 2
S—1- LI HE g AU AC g g @A
(a+0b)(a+c) (b+a)(b+c) (c+a)(c+ D)

Khong mat tinh téong quat gid st a > b >c= S, > 0.

Do a, b, c la 3 canh ctia mot tam giac nén

a(b+c—a)+c(b—c)
(a+0)(b+c)

c(b—c)
(a+0b)(b+c)’

Sy = >
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_alb+c—a)+b(c—D) b(c—b)
S = T et S (at(etd)
a—c_b_a+bd
> - >

a—b "¢ a+c
Tit ca bat dang thic trén suy ra
Sa(b—c)* + Sp(a —¢)? + Se(a —b)? > Sy(a — ¢)* + Se(a — b)?
b2
> (a— b)2(c—25,, + sc)

(a—0)?/ b?c(b—rc) c2b(c —b)
= )
c? (a+b)(b+c¢) (a+c)(c+D)
B (a—b)g(b—c)b@_ a—{—b)
 (a+b)(b+c) \¢ a+tc
Diang thiic x4y ra khi va chi khi a = b = ¢ hodc a = b, ¢ = 0 hoac cac hoan vi. [

> 0.

Vi du 3.1.5. Chting minh ring v6i moi a, b, c khong am ta c6 bat déng thitc

4 4 4
a N b N c >a—|—b—|—c‘
G+ B+ S4ad T 2
Chiing minh. Ta c6
2a* L a(a® = b*)  ala —b)(a*+ ab + b?)
a3+b3 o a3+b3 - a3+b3
Do do
94 _ 2 2 2 2
a _a_3(a b):(a_b)(a(a +ab+b)_§>:36 + ab a(a—b)2.
a4+ b3 2 a® 4+ b3 2 2(a® 4+ 03)

Vay bat déng thitc duge viét lai duéi dang tuong duong 1a
Sa(b—¢)* + Sp(c — a)? + Se(a — b)* >0,

trong dé cac hé s6 S,, Sy, S. dude xac dinh béi

g _302—1—bc—b2. _3a2—|—ca—02. _362+ab—a2
TS YT T s e T T B

i) Truong hop a > b > c. Khi d6 dé thay

3a? +ca—c*  2(3b* + ab — a?)

2S5, > >
S +25. 2 0(e A +ad a’ + b3 20)
2(3a® 4+ ca — c®)  20%(3c% + be — b?)
2 2b2 > a ( > .
a”Sy +2b°S, > 0(& o EE >0)

Do dé6
2

25, (b—c)?+28y(c—a)?+2S.(a—b)* > (Sb+2sc)(a—b)2+(b—c)2(25a+z—25b) > 0.
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ii) Trudng hop ¢ > b > a. Hoan toan tuong ti, ta co

30 +ab—a®>  2(3a®+ ca — c?)

Se+25 >0 >0),

25 2 0(e ad + b3 3 +a? 20)
3¢ +bec— b 2(3a%+ ca—c?)

Sa+25,>0 > 0),

25 2 0(e Pre A +ad 20)

Do do6

25,(b—c)*+2Sy(c—a)*+2S.(a—b)* > (Su+25p) (b—c)*+(2Sy+S,) (a—b)? > 0.

Chu y rang do tinh hodn vi clia cdc bién nén ta chi can xét hai truong hgp nhu
trén la di. Bat dang thiic duge chitng minh xong.
Dang thitc x4y ra khi va chi khi a = b = c. ]

Doc giad c6 thé tu minh ren luyén thém ki ning st dung phuong phap S.0.S

qua mot s6 bai toan sau

Vi du 3.1.6. Chiing minh ring v6i moi a, b, ¢ duong ta c6 bat diang thitc

ot

a . b n c n abc S
b+c ct+a a+b 2ad+b+3) 3

Vi du 3.1.7. Chitng minh rang v6i moi s6 thuc khong am a, b, ¢ ta luon cé

a’ + b3 + A + 3abe > abyv/2a2 + 202 + ben/ 202 + 2¢2 + can/ 22 + 2a2.

Vi du 3.1.8. Chiing minh rang véi moi s6 thyc khong am a, b, ¢ ta c6

a® + b + 3 54abc
> 5.
abe (a+b+c)3 —

Vi dy 3.1.9. Chiing minh réng véi moi a, b, c duong ta c6

abc(a + b+ c) 12(a® + % + 3)
a* + b4 + ¢t (a+b+c)(a®+b2+c%) ~

Vi du 3.1.10. Chitng minh réng véi moi s6 thiyc duong a, b, ¢ ta c6

at+ b+t 3abc 2,
> Z b2 2‘
b bt Tatpreo 3@ )

Vi du 3.1.11. Chitng minh rang v6i moi s6 thuc khong am a, b, ¢ ta c6

31 134 3 212 | 12,2 | 2.2
T(a> +0°+¢*)  4(a”b* + b°c +Ca)22(a+b+0).
a’? + b2+ 2 ad + b3+ 3 3

Vi dy 3.1.12. Chiing minh réng véi moi a, b, c khong am ta c6

a? N v? N c? - (a® + b% + 2)? - (a+b+c)?
V42 24a?  a®+0? 7 2(a?b? + b2+ c2a?) T 2(ab+ be+ca)
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3.2 Ung dung trong sang tao bat ding thic

Thé gidi toan hoc con vo van nhitng diéu k¥ tha, nhitng cau héi chua c6 10i giai
dap, nhitng gid thiét ma bé ngoai tudng chitng don gidn nhung lai thach thic cac
nha toan hoc hang tram nam. Chung ta, véi von kién thitc con han ché ctia minh,
khong nén chi biét gidi cac bai toan do ngudi khac dat ra ma sé tét hon néu ta c6
thé tu phat trién cac van dé da c6 hodc dit ra cac bai toan méi trong tam kién
thitc cia minh. Day 1a mot viéc rat tha vi va bd ich.

T truée dén nay, viec sang tao bat déng thiic cht yéu di theo con duong tao
ra nhitng bat ding thiic méi dya vio nhitng két qua biét trude.

Ta hay xem xét mot s6 vi du sau
Vi du 3.2.1. Chitng minh ring véi a, b, ¢, d 1a cac s6 thiyc duong tity v thi ta c6 bat
déng thc

2a? n 3b° n 2c? n d? >6a+3b+20+d.
2a+b  6b+4c  6¢c+3d  6d+ 36a — 12

Chitng minh. Cach phat biéu clia bai toan kha 1on xon va ric roi, nhung ban chat

ctia n6 thi rat don gidn. Bat ding thic trén dude suy ra truc tiép tit két qua sau

2 2 2 2
a n b n c 4 d 2a+b+c+d‘
a+b b+c c+d d+a 2
b e d L X
Sau d6 thay a,b,c.d b a, 7, g  ta 6 bt ding thic cin ching minh. O

Viéc thay doi cac bién s6 bang cac ham s6 don gian da lam bai toan khé hon vi
da che giau di ban chat that ciia bai toan.

T mot bat dang thic tiy ¥, ta c6 kha nhidu bién doi dé tao ra dugc mot bat
déng thic méi ma ki thuat doi bién cang khé thi van dé cang khé duge tim ra.

Bing phuong phap st dung dang thiic, Dao Hai Long (HCV IMO 1994,1995)
c6 mot nhém cac bat dang thic kha tha vi sau
Vi du 3.2.2. Chitng minh rang véi véi moi s6 thuc z,y, 2 phan biét thi ta c6

22 2 2

+ > 2.
(z —y)?

Chitng minh. Dit a = ——bp = —J . . khi d6 ta c6
y—z z—x T —y

(14+a)(14+b)(14+¢)=—(1-a)(l=0)(1—c¢)

Suy ra ab+ bc + ca = —1.
Mit khac ta c6 a? + b* + ¢ > —2(ab + be + ca) = 2.
Bat ding thic dudc chitng minh. O
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Vi dy 3.2.3. Chting minh ring véi véi moi s6 thuc a, b, ¢ ta ludn c6 bat déng thiic
(atb)* (b+of  (cta)
(a=b)* (b—c)*  (c—a)

a-+b b+c c+a
Yy = 2=

> 2.

Ching minh. Dat x =

; khi do6 ta co

a—>b b—c’ c—a
xy+yz+ze = -1
Tuong tu vi du trén ta c6 bat ding thic duge ching minh. ]

Bé6t di 1 6 mbi hang tit vé trai ta duge bat dang thic méi
ab be ca —1
> —. (1
G2 o= e—apz1 W

Bét dang thic & vi du 3.2.3 sé tréd thanh bat déng thitc sau néu ta them vao 1

& mdi hang t1t vé trai
a’ + b? b? + 2 2+ a? 5

@t "o T emaz 2y @

Két hgp véi bat dang thic 6 vi du 3.2.2 ta duge bat dang thitc

1 i 1 n 1 S ot
(=0 (b—c)? (c—a)®> = 2(a®+ >+ %)

Cong hai két qua (1) va (2) ta duge bat dang thiic

&+m+w+w+m+é+§+m+&
@02 -0 | (c-ap

9
> —.
o

C6 thé thay viéc sit dung lien tiép cac hing dang thitc va thém bét cac bicu
thitc mot cach hgp 1i da gitap ching ta tao ra nhitng bat dang thic méi kha dep
mat.

Bay gio ching ta sé xem xét mot cach xay dyng khéac cho bat ding thic phit
hop véi hién nay. N6 khac v6i phuong phap cit vé co ban, dé 1a bat déng thic c6
trude con 1oi giai cho bat dang thic sé duge tim ra sau.

Chinh vi bat dang thiic dugce tao ra truéc ma phuong phap chitng minh sé ti
nhién hon, ban dau ching ta khong biét phai lam thé nao ca (khac v6i phuong
phap cii 1a 151 gidi bai toan c6 trude so véi bat dang thitc). Nhung ciing vi thé ma
ching ta gip nhiéu khé khan hon.

Ta xét vi du sau
Vi du 3.2.4. Chiing minh hoac phan bién

1 1 1 2a 2b 2c

> :
2 rta _b3+c3+c3—|—a3+a3+b3
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Chiing minh. Ta coi nhu bat dang thic la dang va thi di tim céch chiing minh
cho né. Dang ctia bat dang thitc goi ¥ cho chiing ta nghi dén phuong phép phan
tich binh phuong S.0O.S.

Ta c6 dang thic sau

Suy ra
2a n 2b n 2c 1 1 1
B+t S+ad a3+ o b2 2

, 1 1
=D (¢’ =0 )<a2(b3+c3) - bQ(a3+c3)>

a,b,c

Z (a3 —b%)(a — b)[a®V? — *(a + b)]

o a2b2 Cl3 + 03)(b3 + 03)

B Z (a+0b) — a®v*](a® + ab + b?)
B a2b202(a3 +03) (0 + A) (3 +a?)

a,b,c

Khi cho b = ¢, ta phai ¢6
b*(a+b) > a®b? < bla+b) > a?

Tuy nhién bat dang thic nay khong thé ding néu ta lay a kha lén so véi b,
chéng han a = 5,b = 1. Nhu vay néu cho a = 5,b = 1,c = 1 thi bat dang thic
ban dau khong dung. O

Viéc tao ra bat dang thitc & vi du trén da khong thanh cong? Khong han nhu
thé, vi bing mot thay doi nhd ta cé két qua sau day
Vi du 3.2.5. Cho a, b, ¢ 14 do dai ba canh clia mot tam giac nhon. Chitng minh bat
déng thic sau
1 1 1 2a 2b 2¢

> )
a2+b2+02 _b3—i—c3+c3—|—a3+a3—i—b3

Chiing minh. Ta dung chiing minh hoan toan tuong tu nhu trén

Ta co

3 272]( .2 2
B 5 [?(a+b) — a®b?](a* + ab + b?)
VI —VP =3 (a-b) a2022(a3 + 03) (03 + ) (3 + ad)’

a,b,c
Gia st a > b > ¢, dit Sy, Sp, Se 1a he 86 tuong ting v6i (b—c)?, (¢ —a)?, (a — b)?
trong khai trién 6 trén. Do a,b, ¢ 1a do dai ba canh clia mot tam gidc nhon nén
b2 4 ¢ > a?. Suy ra
b3 (a+c) > a’c?® < (* + A)cP.
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Vi a, b, c la do dai ba canh cia mot tam giac nén

a—c _ b
> 2
c

S

S

Do dé ta chi can ching minh 625y + ¢2S, > 0.
Trude hét ta sé chiing minh

b[b*(a + ¢) — a*c*] + c[c*(a + b) — a*b?] > 0.
That vay, bat dang thic tuong duong véi
b*(a+ c) + c*a+b) > a*be(b + c),
Nhung vi a, b, ¢ 1a do dai ba canh cta tam giac nhon nén
bia+c) + cta+b) > 2be(b® + ) > be(b+ ¢) (b2 + ) > abe(b + ¢).
Do dé dé c6 b?Sy + %S, > 0 ta chi can ching minh
b3 (a® 4 A)(a® + ac + ) > A(a® + %) (a® 4 ab + b?).
Bat dang thic trén tuong duong véi

(a0 + 033 (a® 4+ ac + ) > (a3 + b2c?)) (a® + ab + b?)
& a’(0® — &) + a'be(b? — ) + a’b*P (b —¢) > ab*cP (b — ¢) + b’ P (b — ?)

Diéu nay hién nhién ding vi ¢ > b > c¢. Bat dang thic dudce chitng minh
xong. [

Ca qua trinh xay dung bat déng thic nhu trén 1a mot qua trinh rat tu nhién va
hop 1i, di tit cai khong ding dén cai ding. Bat dang thic co trude va 1oi giai theo
sau bat dang thic ay. Bang cach nay ta c6 thé tao ra rat nhiéu nhitng bat déng
thitc hay va tht vi, va tat nhién quan trong la ta sé gidi né nhu thé ndo. Phuong

phép phan tich tong binh phuong S.0.S 1a mot cong cu rat hitu ich trong viéc nay.
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KET LUAN

Khoa luan bao gom ba phan: mdé dau, noi dung va két luan. Phan noi dung

dugc trinh bay trong 3 chuong: chuong 1, chuong 2 va chuong 3.

Trong chuong 1, ching t6i hé thong hoéa cac kién thitc da biét vé phuong phap
phan tich tong binh phuong S.0.S. Céc kién thitc nay dudce tong hop tit nhidu tai
licu khac nhau ciia cac tiac gid Tran Phuong va Pham Kim Hung. Trong cac tai
lieu d6, dinh 1i S.0.S chi dugc phat biéu ma khong chitng minh. 0 day, ching toi
da trinh bay chitng minh mot cach day du va tron ven dinh 1i S.O.S.

Trong chuong 2, ching t6i trinh bay biéu dién co sé ctia phuong phap phan
tich tong binh phuong S.0.S va céc ki thuat phan tich. Muc "Céc déng thiic thuong
duge stt dung trong phan tich" dudce ching toi tim toi va bo sung kha nhicu két
qud so véi cac két qua cia tac gid Pham Kim Hung. Mot s6 bai toan khong c6
161 gidi trong cac tai lieu ctia Pham Kim Hung dugc chitng toi gidi quyét kha triét
dé va da dugc trinh bay trong chuong nay. Dic biét trong chuong 2, ching toi da
tim ra mot ki thuat mdéi dé biéu dién co s6 S.0.S cho 16p cac bai toan da thrc
doi xting. Véi ki thuat nay, cac bat déng thitec déi xiing ba bién c6 bac bé hon hay
bang 3 dudc gidi quyét mot cach dé dang.

Trong chuwong 3, ching toi trinh bay hai ing dung quan trong ciia phuong
phap phan tich tdng binh phuong S.0.S; d6 la tng dung trong ching minh bat
déng thitc va tng dung trong sang tao bat dang thic. He théng cac bai tap dugc
chiing toi chon loc khé ki cang sao cho thé hién dugc ¥ tudng ctia phuong phap

mot cach ro rang va mach lac.

Tuy nhién do nang lyc ban than han ché, thoi gian nghién ctu khong nhieu
nén c6 mot s6 van dé ma ching toi van chua giai quyét duge. Chang han ching toi
mudn tim mot thuat toan don gidn dé dua vé biéu dién co sé cho 16p cac bai toan
da thitc hoan vi ciing nhu 16p céc bai toan phan thitc nhung ching toi chua thé
thuc hien duge. Vi thé viec ap dung phuong phap S.0.S dé giai cac bai toan nay
con gap nhiéu kh6 khan, doi héi nhiéu thoi gian va cong stic. Hy vong rang cong

viéc nay sé dugce gidi quyét trong tuong lai khong xa.

Mot lan nita ching toi xin gdi 10i tri an sau sac dén thay gido Hoang Tron da
hét long gitp dd ching toi trong sudt qua trinh nghieén ctu. Chiung toi da ¢ gang
dé hoan thanh khéa luan mot cach tét nhat c6 thé. Tuy nhién khong thé tranh
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khéi nhitng thiéu s6t. Ching to6i rat mong nhan dugce sy nhan xét gép ¥ clia quy
thay co va ban doc dé ching toi ngay cang tién bo hon. Ching toi xin chan thanh

cam on.
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