Chuyén dé tb hop-
THPT chuyén KHTN

PHUONG PHAP XAY DUNG CAU HINH TRONG GIAI TOAN TO
HOQP

I. Giéi thi¢u

Trong cac ki thi VMO; VNTST, hay IMO thi cac bai toan vé to hop thudng dong vai tro
quan trong. Ta c6 thé thdy viéc xay dung cdu hinh cho bai toan chinh 13 mau chét trong
cac cudc thi Ié6n & khu vuc va quéc té, phuong phap nay da dugc st dung mot cach rong
rai (nhu trong ky thi IMO 2013, bai toan 2). Vi vay, nhom hoc sinh 16p 10A1 Tin ching
em viét chuyén dé& nay dé néu ra cac ¥ kién, kinh nghiém va mot sd trao ddi vé phuong
phap nay.

Phuong phéap xdy dung cau hinh va mot sé ing dung

-C6 thé néu y tudng chinh cua phuong phap nay chinh 1a thay d6i cach tiép can trong dé
bai bang mot con dudng khic, mot cach nhin khac c6 dic diém twong dong voi gia thiét
ban dau, ma vdi no, ta ¢ thé xir Iy bai todn mot cach dé dang hon.

Céac mo hinh ta thuong dung c6 thé 1a bang 6 vudng, d6 thi, dudng tron, bao 16i,...
I1.Mot s6 bai toan ng dung
Chung ta sé bat dau véi mot vi du don gian:

VD1: C6 bao nhiéu cach chia tdp hop S c6 n phan tir thanh hai tdp con(bao gdm ca tap
rdng) sao cho hop cua chiing bang S

Giai:

+) Ta thay rang van dé & day dit ra khé tong quat va cac ¥ tudng dém bang truy hoi, chimg
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minh bang quy nap xuat hién dau tién trong truong hgp nay. Tuy nhién, néu ching ta vé ra
mot mo hinh dé hinh dung thi van dé c¢6 vé sang to hon.

+ Ta co6 thé biéu dién hai tdp A;B nhu trén boi cic hinh tron va cong viéc can lam 1a Gng
v&1 moi phan tor x € S, xép nod vao cac vong tron do. RO rang ta cd bon cach dé sap xép:

e x€EAxEB(1)
e XEBxZA(2)
e x€EAx€EB@A)
o x¢&A; —~¢B(4)

Nhung vi yéu cau cua bai toan 1a “hop ctia hai tp con 1a S” nén khéng thé tinh trudng hop
(4) duoc. Do @6, tmg v&i mdi phan tir, ta c6 dung 3 cach sap xép vao 2 tap hop.. Tu day, ta
3"+1

2

c6 thé c6 dap s6 bai toan 1a 32—_1 +1=
Bay gio chiing ta s& dén vi mot vi du khé hon.
VD2 (Chon déi tuyén PTNK-09) :

Cho A = {1; 2; ... 2n}. Mét tap con cua A dugc goi la “tdt” néu co ding hai phf‘?m to x,y va
lx — y| € {1;...n}. Tim s6 tap {A; Ay; ... A,} thoa mén 4; 1a tap con “tot” va |A; UA, U
..UAn=A4

Giai:

Bai toan nay hoan toan c6 thé sir dung hé thirc truy hoi dé gidi nhung 1ap luan s€ dai va rac
101, ta chuyén vé md hinh sau dé de hinh dung:

n+1 n+2 2n—1 2n

D@ thay bai toan duge chuyén vé trén bang 2 X n, danh s cac s6 nhu trén bang, s6 tap con
“t5t” chinh 1a sb cach lat bang bang cdc domind 1 x 2. Ngoai ra vdi n 1é, ta duoc bo sung
mot quan dé6mind dic biét dé c6 thé phu kin hai 6 n va n+1.
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Gio thi ban chét cia bai toan di duoc 10 rd, viéc xtr 1y bai toan bang hé thirc truy hdi gio
day kha don gian:

+ Goi S,, 14 s6 cach lat thoa méan dé bai

+ Gia sir ta da lat dugc hinh chir nhat 2 X (n + 1) bang cic quan démind phu 1én 6 vudng
n. Co ba truong hop:

(1) O (n,2n) duoc phi, 16 rang phan con lai 1a mot hinh chit nhat 2 X n, sé chach lat: S,

(2) O (n+ 1,2n) duoc phi 1én, nhu vay 6 (2n-1,2n) ciing bi phu, phan con lai s& 1a mot
hinh chit nhat kich thudc 2 x (n — 1), sb cach lat théa man S,,_,

(3) (n,n+1) dugc phu (n 18). Khi d6, phan con lai chi c6 thé dugc lat bang cic quan
d6mind nam ngang (néu c6 modt quan démind nim doc thi hinh chit nhat s& bj chia
thanh hai phan, mdi phan mot s 1é 6 chua 14t), tic 1a trudng hop nay chi cé6 mot cach
lat.

Vay ta c¢6 cong thuc truy hoi:

{ SZk = SZk—l + SZk—Z -1 (bé’t mét cach lat caa SZk—l)
Sok+1 = Sz2x + S2k-1

Quy nap, ta ¢ Sy = Fop Va Sapi1 = Faps1, voi F, 13 s6 Fibonacci tha n.
(Fo =F =1 Fpyp = Fpyq + Fy), vy ta co:

1
S =72

1+v5\" [1-+5) 1+ (-1)"
(75) -(57) 5

Tiép theo, chiing ta xét mot vi du khé ¢ cach phat biéu kha gidng VD2, nhung viéc xay
dung cong thirc truy hoi lai khong hé don gian.

VD3 (VMO 2009, PS) :

Cho n nguyén duong. Ki hiéu T 14 tap gdm 2n sd nguyén duong dau tién. Hoi ¢6 bao nhiéu
tap con S ctia T c6 tinh chat: Trong S, khong 3 a,b ma |a — b| € {1,n}.

C6 thé thiy viéc xay dung mo hinh 13 bang vudng 2 X n nhu trén chinh 1a giai phap duy
nhat dé “tan cong” bai toan nay. Nhung nhiing diéu kién ¢ day da khién ching ta phai lap
nhiéu cong thirc truy hdi méi thu duge két qua.
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Giai:

+) Xét bang 2 X n:

n+1 n+2 2n—1 2n

Goi |A,,| 1a so tdp con théa man dé bai, ndé twong duong vdi s6 cach chon mot sd 6 cua
bang ma khong c6 hai 6 ké nhau hay c6 hai 6 (n,n + 1) goi la 2 6 “xau”.

+ D@ thdy |A,,| = |B,| — |C,,| trong d6:

| B, | 1a s6 cach chon ra mét s6 6 cia bAng ma khong c6 hai 6 ké nhau, c6 hodac khong c6 hai 6
|C,,] 1a s6 cach chon ra mot s6 6 vuéng ctia bang ma hai 6 ké nhau, dong thoi c6 hai 6 xat

+Pém |B,,| :

- Xét hai 6 (n; 2n) dé thay hai 6 d6 khong cung dugc chon.
- Xét (n, 2n) khong dugc chon, sb cach chon |B,, — 1].

- Xét (n, 2n) c6 mot trong hai sé duoc chon.

- Goi |D,,| 14 s6 cach chon trong bang 2 x n khuyét don.

— S4 cach chon 14 2|D,,_4 |

Ta duoc cong thire truy hdi cua |B,| = |By_1| + 2|Dp—1| (1)
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+Dém |D,,|:

- Néu 6 X khong duoc chon — s6 cach chon: |B,,_4].
- Néu 6 X duge chon — s6 cach chon: |Dyy—_1].
- |Dn| = |Bn—1| + |Dn—1| (2)

Tir (1) va (2) két hop v6i |B;| = 1; [B;] = 7 = |By| = 2|B __1| + |By_,.

1+V2)"+(1-V2)"
—>|Bn|=( ) 2( )

Goi |E,,| 14 s6 cach chon trén bang khuyét kép 2 x n, vy |C,,| = |Ep_5|.
Xét hai 6 A,B:

- Néu A,B cung khong dugc chon — sb cach chon |B;,_|.
- Néu A,B cung dugc chon — s6 cach chon |E,,_,|.
- Néu A,B chi c6 1 sb duoc chon — sb cach chon 2|Dy—5].
— |En| = |Bn—2| + |En—2| + 2|Dn—2|

= |Bn—1| + |En—2|

Ma |Bn| = 2|Bn—1| + |Bn—2| A 2|En| - |Bn| = 2|En—2| - |Bn—2|
o 2[E,| =By = (=1)"

(=D)"+|By|

« |En| = 5

« |Cn| = |En—2| = (_l)n_z + |Bn—2|

VT: |A,| = |B,| — |Gyl
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2|Bn|_|Bn—2|+(_1)n_3
2

L d |An| =

2[(1 VD" AV (VD) 2+ (VD2 (D"
2

— |An| =
Qua 101 giai bai toan trén, chiing ta c6 thé d& dang giai bai toan sau
VD5 (Chon d6i tuyén KHTN nim 2014) :

Cho m, n 1a cac sO nguyén duong va S = {1;2;...;2014}. Bém s0 tdp con A cua S thoa
man n6 ¢d m sO chan, n s6 1¢ va khong co6 hai so lién tiép.
Lo giai bai todn trén xin danh cho ban doc.

Chung ta s& tiép tuc véi mot bai toan trong ky thi chon doi tuyén Viét Nam nam 2001 ma
néu khong xay dung mé hinh thi rat kho ma tim ra mét cach tiép can bai toan.

VD6 (VNTST 2001) : Cho diy {a,,} thoa min 0 < a,,,; — a,, < 2001. Chimg minh rang
3 vo sb cap s6 nguyén duong (p,q) thoa man néu p<q thi ap | aq.
Giai:

Tir cach xéac dinh day, ta thiy rang sé hang tiép theo s& khong 16n hon s dung lién trudce
n6 cong thém 2001 don vi. Nhu thé, chi can xét 2002 sé nguyén duong lién tiép thi s& co it
nhat mot s6 hang thudc day, dat tén s6 dolaa. Ta xay dung bang:

a(1,1)=a a(l,2)=a+1 | ... a(1,2)=a+1

a2,1) = a(1,1) 4(2,2) = a(1,2) a(2,2002) = a(1,2000)
2002 2002 2002

+ 1_[ a(1,i) + 1_[ a(l, i) + 1_[ a(l, i)
i=1 i=1 i=1

a(2002,1) = a(2001,1)/a(2002,2) = a(2001,1) a(2002,2002) = a(2001,2002)

2002 2002 | 2002
+ 1_[ a(2001,i) | + 1_[ a(2001,1) + 1_[ a(2001,1)
i=1 i=1 i=1
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Bang nay cho tat ca 2002 cot va 2003 hang. Trong d6 mdi sé hang ¢ hang th hai tro di
bang tich cia tat ca cac sd hang & hang lién trude nd cong vai s hang ciing cot voi nd. RS
rang, trong mdi hang, ¢ it nhit mot sd hang thudc diy di cho. Tiur 46, theo nguyén Iy
Dirichlé, ta ¢ diéu phai chimg minh.

Poi khi viéc xdy dung mé hinh két hop véi nguyén 1y dém bang hai cach sé tao nhimng 10i
giai vo cung doc dao.

VD7 (Vo dich Toan sinh vién qudc té 2002)

Hai tram sinh vién tham dy cuc thi toan va tham gia gidi 6 bai todn. Biét rang moi bai
toan dugc gidi bdi it nhat 120 sinh vién. Chirg minh rang c6 hai sinh vién sao cho moi bai
toan dugc giai it nhat boi mot trong hai sinh vién nay.

Giai: Gid st nguoc lai, vd1 moi hai sinh vién, c6 mot s6 bai toan ma khong ai giai duoc.
Tir d6 dan dén y tuong dém cac cap sinh vién véi bai toan khong giai dugc.

+ Xét bang gém 6 hang, mdi hang biéu dién mot bai toan va 200 cot, mdi cot biéu dién cho
mot sinh vién. Ta dién sd 1 vao bang néu sinh vién tuong ting v4i cot khong giai duoc bai
toan twong ung voi hang, ghi sb 0 cho trudng hop khac. Goi T 1a tip céc cap sd 1 cung
hang. Chiing ta dém T theo hai cach:

- Céach 1: Pém theo cot: chiing ta gia sir ring mdi cip 2 sinh vién c6 bai toan khong ai
trong d6 giai dugc. Do d6, mdi hai cot, c6 it nhat mot cap sb 1, trong hai cgt nay thude
cing mdt hang. Nén chiing ta ¢6 thé tim phéan tir ciia T trong mdi cap cot. Co CZ,q cap
ctia cot — |T| = CZ,, = 19900 (1).

- Céach 2: Pém theo hang: vi mdi bai toan dwoc giai boi it nhat 120 sinh vién; diéu dé cé
nghia 14 nhiéu nhat 80 s6 mot trong mot hang. Vay mdi mot hang chtra nhiéu nhat 1a
CZ, cip s6 1. C6 6 hang — |T| < 6CZ, = 18960 (2).

Tir (1) va (2) ta ¢6 19900 < |T| < 18960 (v6 1Y) — ta ¢6 didu phai chimg minh.

Luu y: Trong nhiing bai toan, can danh gia mot cach xap xi cac dai luong, ta thuong ding
mot nhan xét:
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1) Ham f(n) = €2 = "2 1a mft ham 18i (day 1a mot s6 ham xudt hién rit thuong

xuyén trong cc bai toan to hop)
Theo bat dang thirc Jensen, ta co:

: 5(5 n)
2. (%)

i=1

(ai,ay, ...a, nguyén duongva S = a, + a, + - +a,)
Vi danh gia trén chi mang tinh chinh x4c 13 xap xi nén dé danh gia dung mot dai luong
nao do, ta sir dung nhan xét:

2)

n
Z (Oéi) >71.Cép+ (n—71).CE
i=1
(ay,ay, ...a, nguyén duong va S =a, +a, + - +a, =nk+r; k,r € Z* thoa man
0<r<n)
Chung ta xét bai toan:
VD8 (Chon déi tuyén PHSP 2014) :

Co so dit liéu cta thu vién Qudc gia co dung 2016 loai khac nhau. Thu vién nay cho phép
2013 thu vién dia phuong duoc phép khai thac it nhat 1008 loai tap chi khac nhau va hai
thu vién dia phuong bat ky co toi da 504 loai tap chi ma cd hai thu vién dia phuong do
cung dugc khai thac. Chimg minh rang c6 khong qué 2 loai tap chi trong co so dit liéu cta
thu vién qudc gia ma ca 2013 thu vién dia phuong déu khong thé khai thac do.

Ta thdy viéc xay dung mo hinh & bai nay khong con giéng cac bai trudc nita ma ta s& di
xay dung bai toan dudi dang tap hop.

Giai: Gia sir phan chimg c6 hai loai tap chi ma khong c6 bat ky mot thu vién dia phuong
nao khai thac nd. Ta chuyén bai toan vé dudi mé hinh tap hop:

Chtirmng minh 3 2013 tdp con A4, 4,, ... A, € X = {a4, a,, ... Ayp14} thod man
i.|4;| = 1008

ii.|4; N 4] < 504
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Goi d; 13 s6 tip con ma phan tir a; thudc vao (i = 1,2014).

2013

o Y4 N4 =X ( l) < 504.(“".7) (theo diéu kién i) (2).

d. 2201461_ 2013.1008
Ma Y201* ( 5 ) = 2014.( i=122014)22014.( 20214 ) (3).

2013.1008

2013)22014.( 2012 ).
2

Tu (2) va(3) —» 504.(
D@ kiém tra diéu nay vo 1y nén bai toan duoc chimg minh.

Chung ta lai xét mot bai toan véi viéc xdy dung mo hinh két hop v6i phuong phap dém
bang hai cach, nhung ¢ day danh gia “chit” 1a rat can thiét nén nhan xét 2 liic nay duoc st
dung thay vi nhan xét 1.

VD9 (Trudong dong Toan hoc 2013):

Cb gido c6 2013 vién keo gdm 11 loai khic nhau . C6 chia cho mdi hoc sinh ctia minh mdi
ngudi mot sb vién keo va khong ¢6 hoc sinh nao nhan nhiéu hon mot vién keo & cung loai
keo. Co yéu cau hai hoc sinh khac nhau bat ki so sanh cac vién keo minh nhan dugc va
viét s loai keo ma ca hai cung c6 1én bang. Biét mdi cip bat ky déu duoc 1én bang dung
mét lan. Goi téng cac sb duge viét 1én bang la M.

a) Tim min M

b) Tim min M khi c6 gido c6 9 loai keo

Nhén xét: Mot 1an nira, mé hinh tap hop lai xuat hién va xay dung cho bai toan.

Giai:

a) Gid str co m hoc sinh dugc danh s6 thtr tu 1,2,...m va 11 loai keo la
aq,ay, ...a,. Pat X = {aq,a,, ...a,} va A4, A,, ... Ay, 1a tap hop céc loai keo ma cac hoc
sinh 1,2, ...m nhan duoc 1an lugt. Theo giai thiét thi A, 4,, ... Ay € X
Véimdi i =1,2,...11, goi d (g, 14 s6 luong keo loai a; = ¥j2; d(q,) = 2013.
Taclingcd M = Yi1<icjem |4; N 4] (1,11).

d 1
DEcOM = Ticicjam A N4 = X144 <2“0 = . Ziz1((dg)? — deayp)-
Theo bat dang thirc BCS, ta c6:

Zl a
M=l (M 2013) = 1. %% — 2013)
A 3 2013
Dau =" & dq,) = de@, = = d@,,) = 7 = 183




b)
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1 ,20132
- Mpin = E'( 1 —2013)

Lai 1ap luan tuong tu, goi by, by, ... by 1a cac loai keo ad ;i = 1,9 1a sb vién keo mdi

loai. Ta cling co:

9
M=) dg,=2013
i=1

Ta can tim min Y7_,( dp) )?

Ta thay rang néu c6 hai gia tri: d,) — d(bj) =21 <1ij<09)thitathay d(,, giam I
don vi, tang d(bj) 1én 1 don vi, ta co:

(¢ )+ Wpp)? = dpy) —D* = ([dpy + D* = 2.[dpy —dppl >0

Do d6 dé %.7-1(dp,y )* min thi ta can d(p,y) — d ) S 1V i,j € {1,..9}

Ap) < A,y < - S dpy) tu diéu kién trén, ta thdy cac so d(p,) chi nhan mot trong hai
giatrilak,k + 1 (k € Z%). Gia st c6 t s6 k thi c6 9-t s6 k+1.

Cin tim min M = %[tk2 + @ —-t)(k+1)2—-2013] v6i tk+ (9 —t)(k+1) =
2013

-t = 9k — 2004. Thay vao M, ta co:

1
M=3 [ (9k — 2004)k? + (2013 — 9k)(k + 1)? — 2013]

Do0<t<9 — 0s9k—2004s9—>$}s1cs¥—>k=223

> My =5 (3.223% + 6.224% — 2013)

Dau “=" ¢ ¢6 3 gia tri 223 va 6 gia tri 224.

Tiép theo chung ta s& xét mot dinh 1y rat kinh dién véi cach ching minh rat dep bang
viéc xay dung mo hinh.

VD10 (Pinh ly Erdos-Ko-Rado) :

Cho F 1a mét ho cac tap con c6 k phan tir cua {1,2,...n} thoéa ma 2 tdp bat ky cua F

giao nhau néu K < [g] Chtng minh rang |F| < (Z : 1)

Giai:
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Ta xét mo hinh:

Xanh

Ta xép n diém trén vong tron thoa ma mdi doan gém k diém thi c6 hodc khong cé diém
chung. Ta chia cac tap k phan tir (mdi doan k diém) lam hai tap:

+ A: gdm céc doan k diém ma véi mdi cach xép n diém trén vong tron ma thudc F.

+ B: gdm céc doan k diém bat ky.

, n
Tacé: |A| = |F|; |B| = (k)

. k.n n—1 N , . k
Tachuy: ;(k) = (k _ 1) — Bai toan can chiing minh tuong duong |A| < ;|B|,

Ta chi cn ching minh néu k < [g] thi A c6 nhiéu nhat k phan ttr (k doan ). Vi mbi
doan thudc A, ta td6 xanh phf‘?m tir cudi cung cua nod va to do phf‘?m tr dé‘mg sau phf‘?m tr
dau tién cia no.
Nhan xét: Tap cac diém xanh nhan duogc tir cac diém do qua mot phép quay.
Vay sau 1 diém xanh, n — 2k diém con lai khong thé 1a do vi gia sa mot diém do, thi
nhitng doan chtra n6 s€ d61 mot ro1 nhau vdi cac doan chira diém xanh ma ta dang xét. Tu
do, ta c6 thé tim duoc moét doan dd dai n — 2k ma khong co diém xanh, di chuyén doan
nay theo chiéu kim dong hd dén khi nao diém dau tién ciia doan ndy 13 xanh, khong chua
diém do nao — cac diém xanh va doé chi nam trong 2k diém con lai.
Khoéng c6 diém nao duoc td bai hai mau, vi cac doan nd thudc sé khong giao nhau.
— Sb diém xanh va d6 1a nhu nhau — Mbi loai ¢6 < k diém.
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Moi doan giao nhau chira nhi€u nhat 2 diem xanh, d6 — ¢6 < k diém € A.
Pé két thac bai viét nay, chung ta s& dén véi bai toan 2, IMO2013, mot bai toan dién hinh
cho phuong phap xay dung cau hinh.

VD11 (IMO2013,P2) :
Mot tap hop gom 4027 diém trén miat phang duoc goi 1a tap “Colombia” néu khéng co ba
diém nao trong sd d6 thang hang, dong thoi c¢6 2013 diém dugc t6 do va 2014 diém to
xanh. Mit phang dugc phan chia thanh cac mién khi ta ké mot s6 dudng thang. Mot cach
ké mot s6 dudng thang duoc goi 1a “cach ké tot” néu thoa mén hai diéu kién sau:

1) Khong c6 duong thang nao di qua di chi mot diém thudc tap hop do.

2) Khong mién ndo chira ca diém mau do va diém mau xanh.

Tim k nho nhét sao cho voi tap “Colombia” tiy y gdm 4027 diém, 3 1 cach ké k dudng
thang 14 “cach ké tot”.

Giai:
+ Loi gidi I(cua Ta Ha Nguyén — 1041 Todn)

- Trudc tién ta chimg minh bd d& 1: Cho a diém xanh va a diém d6 cich déu nhau trén
dudng tron va sip xép xen k& (tc 1a mot xanh lai mot do) thi sé dudng thang it nhat dé
chia cac ving thoa man diéu kién dé bai 1a a.

- Chung minh:

Néu ta coi mot diém xanh va mot diém d6 ké nhau 1a mét “cum” thi tén tai mot duodng
th:fmg di qua gitra hai diém xanh d6 cta cum d6 ma ta tam goi la di qua cum, khi d6 do céc
cum nam trén dudng tron nén c6 mot dudng thang di qua tdi da 1a 2 cum. Mit khac tong
sd cum 13 a+a=2a nén s6 dudng thing it nhat thoa man 1a 2a/2=a.

- BO d& 2: Hai diém bét ky ciing mau trong cac diém da cho co6 thé cung dugc nam trong
mot mién tao bdi hai dudng thang song song sao cho mién chtra hai diém cing mau dé
khong chira bat ky diém khac mau nao con lai.

- Chung minh:

Xét hai diém A, B cling mau, gia sur 1a xanh. N6i A, B. Xét & hai nira mat phang by AB ¢6
hai diém X, Y mau do sao cho X, Y gin AB nhét (X, Y ¢ hai nra mit phiang khac nhau bo
AB). Khi d6 v& hai duong thang song song AB ma ta goi 1a S sao cho khoang cach tir S
dén AB nho hon khoang cach tir X dén AB (X khong nam trén AB do khong c6 ba diém
th:fmg hang). Lap luan tuong ty vé nira mat phéng bén kia S’va'Y
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Tu do A, B ndm trong mién gilta hai duong thang S, S’ khong chua bat ky diém d6 nao

khac, dpcm.
Quay lai bai toan, & ddy 2013 d6 va 2014 xanh, rd rang viéc thém mot diém xanh vao thi

24X A X , Al A \ . A1y 2013420
bo dé trén van ding, nhu vay so duong it nhat bang [M] = 2013

Ta chiing minh 2013 duong thoa man.

That vay, xét bao 161 tAt ca cac diém trén:

+ TH1: Trong bao 16 (hay tam goi la céc da giac 16i) ton tai mot dinh do goila C.

Khi d6, xét hai dinh lang giéng véi dinh do d6 (tirc 2 dinh ndi v6i C bang canh ciia da giac
bao léi) goiching la E, F.

T C, ké duong thang [ // EF. Goi d; 1a khoang cach EF dén 1, d, 1a khoang cach tir diém
xanh gan C nhat. Khi do, vé I'//1 vad(l' - 1) < min{d;; d,}. D& thiy I’ chira toan diém
d6 va né chira it nhat mot dinh d6. Do d6, con lai 2012 dinh dé khac, a4p dung bd dé 2 cho
tung cdp dinh, ta thu dugc %. 2 = 2012 duong.

Cong thém I, ta c6 tat ca 2012+1=2013, chu ¥ do cic dinh dé duoc co lap va cac mién
chira diém do khong chira bat ky diém xanh nao nén do6 12 mot cach chia théa mén, dpcm.
+ TH2: Trong bao 16i, khong c6 dinh dé tirc 1a dinh ciia bao 18i toan xanh.

Khi d6, goi hai dinh xanh lién tiép 1a M, N va hai dinh lang giéng (véi M,N tuong tmg) 1a
U, V.

Goi d; 14 khoang cach tir U dén MN, d, 13 khoang cach tir V dén MN, dj 1a khoang cach
cta dinh d6 gan nhat dén MN.

Khi d6, v& duong thang k/MN va co khoang cach dén MN du nhé dé nhé hon
min{d,, d,ds}. Khi 46 & nira mit phiang bd k khong chira toan diém xanh va chira it nhat
2 diém xanh.

Con 2014-2=2012 diém xanh, thuc hién tuong tu voi bo dé 2, ta duoc sb duong la

%. 2 4+ 1 = 2013 (dpcm). Vay sé dudng it nhét 1a 2013.
+Loi gidi 2(cia Nguyén Tudn Anh — 1041 Tin) :
Ta chimg minh v&i N diém do, N+1 diém xanh thi min k=n

+ Ching minh k > N

Xét cau hinh 12 mot dudng tron gén N d6, N+1 xanh xép xen k& nhau (nhu hinh duéi), 1
dudng thang di qua khoang trong giira hai diém xanh d6 1a mot duong thang “dep”. D&
thiy mot dudng thang “dep” chi di qua nhiéu nhat 1a 2 khoang tréng.
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Chuyén dé tb hop-
THPT chuyén KHTN

Vay s6 luong dudng thang “dep” it nhét: [

N+N+1 2N+1

ZE =N,

]
do

xanh

do

xanh

Budc 2: Ta xdy dung quy nap 1 tip hop N d6, N+1 xanh thi ton tai [21\/2+1

] = N duong

thang chia cic mit phang 1am cac dudng thang thoa dé:
N=1 (ding)
Gia sir dung v6i Vk < N. Ta chimg minh ding dén N.

Goi d 14 s6 cac mién mat phang c6 chira cac di€ém khac mau. Lap bao 161 cia 2N+1 di€ém
da cho.

Xét 1 diém A 13 dinh bao 16i va B 1a dinh ké n6. Xét 1 duong thang di qua A va khoang
cach cac diém khac — AB (xét A; B cling mau, gia sir 1a do)

+ Xét 1 duong thang di qua A, qua duong thang d6 theo chiéu kim dong hd va dimg lai khi
né “cham” dén mot diém xanh c6 khoang cach — AB Ia nho nhét vi diém xanh dé nam
trén 1 nén phan ma dudng thang d6 quét qua s& khong chua bat ky diém xanh nao hay né
chi chta toan diém d6 — d giam di 1.
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Chuyén dé t6 hop-
THPT chuyén KHTN
Tiép tuc qué trinh, van chon truc quay la A nhung xét 1 duong thiang m khac va xét

khoang céach cta cac diém khac dén duong thang & trén.

Ta thay d ludn giam vi d 13 diy s6 nguyén duong giam v6 han — ton tai mot thoi diém ma
d=0.

+Véi truong hop (A; B khiac mau) ta lai xét mot dinh C ké A hoic B. Gia st k& A vi C
phai cung mau voi1 hodc 1a A va B. Gia st C cung mau véi A, lai chon truc quay nhu trén
v6i duong thang AC.

Vay ta c¢6 két ludn: ludn ton tai cach chia ma cac diém thudc mién khong chira di€ém nao
khac mau
r -2 , o 1 oK r o .oy o N \ N
Ta co: N diém do, theo gid thi€t quy nap, nd s€ dugc chia boi [;] duong thang.
N+ 1]
2

N+1 diém xanh, theo gia thiét quy nap, n6 s€ duoc chia bdi [ duong th:fmg.

Ma [Z] + [*--] = N nén ta c6 diéu phai chimg minh.

I11. Mt sb bai toan ap dung (ban doc tu lam);

1. (IMO 98)
Trong mot cudc thi, co a ngudi du thi va b cau tra 1oi, trong d6 b 1é > 3. Mdi cau tra loi
ciia mot ngudi du thi hodc 1a “dung” hodc 14 “sai”. Gia st k 13 s6 sao cho bat ky hai ciu tra
161 tring v&i nhidu nhat k nguoi du thi.

4 . M k b_
Chting minh rang: — > =

a 2b

2. (Olympic 30/4/2008)
Cho n s6 thuc aq,a,, ... a, bat ky. Ching minh ton tai sé thuc x théa min a; + x,a, +
X, ..., + x déu 1a cac s6 vo ty.

3. (Nga 1996)
Cho biét c6 16000 ty ban dugc tao boi 1600 ty vién. Mdi ty ban ¢ dung 80 uy vién.

Chung minh rang 3 2 uy ban c6 it nhat 4 Gy vién chung.

4. (Ba Lan 1995)
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Chuyén dé t6 hop-
THPT chuyén KHTN
C6 bao nhiéu tap con cua tap gom 2n s6 nguyén duong dau ti€n sao cho trong d6 A 2 so

a,b ma atb=2n+1.

5. (Chon ddi tuyén VN 2013)

Cho khbi 1ap phuong 10 x 10 x 10 gdm 1000 6 vudng don vi mau tring. A va B choi mot
trd choi. A; chon s dai 1 X 1 X 10 sao cho hai dai bat ky khong c6 chung dinh hodc canh
roi doi tit ca cac 6 sang mau den. B thi dugc chon mot s6 6 bat ky cua hinh 1ap phuong
rdi hoi A cic 6 nay mau gi. Hoi B cn chon it nhat bao nhiéu 6 dé moi cau tra 10i cta A thi
B luon xac dinh dugc nhiing 6 nao 1a mau den.

6. (IMO 2001)

C6 21 nit X 21 nam tham gia thi toan, biét:

M&i mét ngudi du thi giai nhiéu nhat 6 bai toan.

Vi mdi cip nit va nam, c6 it nhat mot bai toan duogc giai boi ca nir va nam

Chung minh c6 mot bai toan duoc giai béi it nhat 3 nam va 3 nil.
7.(Secbia 2011)

Cho tip T gdm 66 diém trén mat phang , va P gdm 16 dudng thang trén mat phang .Mot
cip(A,D1atét nfuAET,ELEPvAAEL.CM s cip tt nhidu nhat 1a 159 , hiy xay
dung mot truong hop déu bang xay ra.

IV.Tai liéu tham khao:

102 combinatorial problem from the training of the USA IMO team: Titu Andreescu,
Zuming Feng.

Problems from the book: Titu Andreescu, Gabriel Dospinescu.

200 bai thi vé dich Todn té hop: Nguyén Quy Dy, Vii Duwong Thuy, Neguyén Vin Nho.

Mot s6 kién thirc co sé vé graph hitu han: Vii Dinh Hoa.

Ly thuyét t6 hop va cdc bai todn iing dung: Vii Pinh Hoa.
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