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CLB Toan hoc xin chén thanh cam on cc thay ¢6 di déng gop dé bai va 16i giai!

1. Tacoa; = %, a, = 12, as = 2%, Béng quy nap ta chting minh rang, véi moi n > 1
Ll (1
n = n n+l 2n’

Thét vay, dé thiy v6i n = 1,2, 3, ddng thiic (1) 1a ding. Gia st (1) ding véi n = k, titc 1a
. 1 1 1

Ta chiing minh (1) cling ding véi k + 1. Ta ¢6

3k+2 1 + 1. + 1 3kt2

Q1 = = q— 2k(k+1)(2k+1) k+1 2kt 1)(2k+1)
= L+ttt L L __3ki2 )
k+1 k+2 2k+1 2k+2 T2k+1 2k+2  2k(k+1)(2k+1)
mitmt tatan tae
Vay theo nguyén ly quy nap thi (1) dudc chiing minh. (2d.)

Ta nhéic lai b4t déng thiic quen thudc n%l <In (1 + %) < Tll, Vn > 1, hay

1 1 1
ln(1+—)<—<ln(1—l——),‘v’n22.
n n n—1

Tit d6 suy ra
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Nhu vay,

2n+1 2n—1
In ( ) <a,<lIn ( ) .
n n—1
Chuyén qua gi6i han khi n — oo, do tinh lién tuc ctia ham sb In va dinh ly giéi han kep ta
dugc

lim a, =1n2.
n—o00



(3d)

Nhan xét.

(a) Viéc phat hién cong thiic tong quat (1) ¢ thé dudc suy ra tit cac thao tac don gian sau
day. Trudc het,

n—1
3k+2
an:al—z

£iok(k+ D2k + D)’
By gid, ta biét ring
3k+2 a b c
Ak + D@k Kk k1 2kt1
Hon nita, cac l4p luan don gidn don gidn cho thAy a =1,b = —%, ¢ = —1. Thé céc gi4 tri

ndy vao téng va bang cac gidn udc don gian ta thu duge (1).

(b) Viéc chting minh lim,_,., a, = In2 c6 thé dudc suy ra qua ki thuit so sanh "téng roi
rac-tich phin": lim, ., >/, n%l = lim,_,, % . 17% = fOl 1J%cdx = [In(1 + x)]j = In2.
Ngodi ra, ta ciing c6 thé qui vé "chudi diéu hod" nhunsau:

e a,=(14%++2)=(1+1++ 1) Tng1+L+--+ con dugc biét dén
duéi tén goi "sb diéu hoa".

e Tht nhién, déy cac sb diéu hoa tién t6i v6 cling khi n — co. Tuy nhién ta c6 uéc luong
sau: 1+%+-~-+%~lnn. Cu thé hon, 1+%+-~-+%—lnn tién t6i mot gia tri hitu
han (héng sb Euler) khi n — oo, va su kién nay ciing gitp ta két thiic chiing minh.

(c) Ta c6 thé chi ra rang: néu a;,a,, ... 13 mét diy cac sb thuc sao cho lim,_,, a, = a (hitu
han) thi

li ( Do, ® +a”) In2
im oo+ — | =aln2.
n—~\n+1 n+2 2n

Ban hay thtt chiing minh xem!
2. Bai toan con ding véin >3 sb ay, ..., a, bat ki (con sb 14 chi don thuin dén tit viéc a,,, hay

tbt hon 14 A 14, 14 ma cda toa nha chinh clia Vién Toan hoc trong Vién Han 1am Khoa hoc va
Cong nghé Viét Nam!).

Theo bét dng thtic Trung binh céng-Trung binh nhén, ta c6

n
a;+a

' dit1 T Aiqo B

s, . . 7, . /\7 A
(V6i qui udc hién nhién a,, ;1 = a;,a,42 = ay.) (1d.)
Noi cach khac,

n n n n
( a; + a1 _1)>0(:} a; — Qito >0(:}Z a; S a;
= \dit1 T iy = Aip1 T g = i1+ H a1t
Dé thay dau’ =" xé}yra khi va chi khi a; = a3 =--- =a,_;,ay = a4 = -+ = a, néu n chan va
n 2
a; =a,=---=a, néeun le. (4d)



Luu y: Khong chi ra hodc xac dinh sai ddu ” =7: trit 1 diém.

Nhén xét. Bit dang thitc trén c6 thé dudc st dung dé€ dua ra mét chitng minh ngén gon cho
mot truong hgp ctia bat dang thitic Shapiro: néu a; > ay > --- > a, (hodc a; <a, <--- < a,)
thi

a; as an

>

n
+ T -
a2+a3 a2+a3 a1+a2 2

Ban hay thi siic xem!

3. (@) Tacod ABK = AFK. Mait khac, ta lai c6

KBD = BDE-BKD

— BED - BAE
— BED-BEA
AEK.
Suy ra ABK = KBD. Do ABAD cAn tai B nén diéu nay din dén BK 1 AD. (2d.)

(b) Kéo dai BO cit AC tai M’. Ta chitng minh M’ € (DEF). Luu ¥ rang ti day ta suy ra
M = M’ va nhu viy M thudc dudng thing BO cb dinh.
That vay, d€ y rang AE 1a diy cung chung cta hai dudng tron (0) va (B) nén OB L AE.
Theo phrfm a) thi BK 1L AD nén F chinh la truc tAim cia AABM’. Do d6

FM’'D = ABK = FED.

Suy ra M’, D, E,F cung thuéc mot dudng tron. Viy M’ € (DEF) va bai toan dudc chiing
minh. (3d.)

4. Ta dé dang lap dudc 7 cAu lac bd thod mén cac diéu kién dé ra. Diéu nay cho ta danh gid
n=7.
Goi P 14 tAp hop gom tit ca cac tip con clia N := {1,2,...,n}. Ta lin luot danh s cac cau lac
bd tir 1 dén n va goi A; 1a tip cac hoc sinh cta ciu lac bd thit i. Ky hiéu S 1a tip tat ca cac hoc
sinh ctia truong. Xét anh xa f : S — P, xac dinh béi f(x) = {i € N|x ¢ A;}.



Ta nhan thiy ring v6i moi tdp con I € N gbm 7 phan ti thi theo ii) lubn ton tai u € N;A;.
Noi cach khac, f (u) € N \I. Thé nhung, diéu kién i ndi rang moi hoc sinh khong thudc it nhat
n — 7 cau lac bo. Néi cach khac |f(u)| >=n—7=|N \I|. Tu d6 suy ra f (u) = N \ I. Nhu vay,

800 = |S| > |Im(f)| > G)

Tl d4y, do ham s6 n — (7) 1a khéng gidm va do (172) =792 < 800 < (173), tasuyran<12.
(2d.)

Cubi cling, ta sé chitng minh trudng hop n = 12 c6 thé xay ra. Trude hét, ta chi ra mot tap c6
khéng qué 800 phan tt ma tit d6 c6 thé chon ra 12 tdp con thda man dau bai. Piéu nay dudc
goiytiranhxa f & trén. Tadit S;,1 <i < 12, 12 tp gdm tit ca cic tip con gdm 5 phan tit ctia
{1,2,...,12} ma khong chita sb i. Nhu vdy | U2, S| = (152) =792 va 12 tip con S; théa man
diéu kién dau bai. Xay dung nay cho ta mét "trusng" c¢6 792 hoc sinh, dude danh "s6" béi 792
tap con 5 phﬁn tir cia 1,2,...,12 va sao cho hoc sinh 13" {a,b,c,d,e} khong thudc cac cau
lac b a, b, ¢, d, e nhung thudc tit ca cac ciu lac bd con lai. Cudi cing, ta bd sung 8 hoc sinh
va cac hoc sinh méi nay khéng tham gia bat ki cAu lac bd ndo. Ta dé& dang kiém tra dugc ring
800 = 792 + 8 hoc sinh clia trudng cting véi 12 cdu lac bd nhu trén thod man cac diéu kién dé
ra. (3d)

Bai toan dudc chiing minh hoan toan.
Cach khac. Loi giai bing ngdn ngit d6 thi dudi day, c6 thé gitp cac ban dé& hinh dung hon.
X4y dung do thi 2 phan trén tdp dinh X U S trong d6 X 1a tp hop cac hoc sinh cta trudng va
S 1a tap hop cac cau lac bd. Cac canh dude xay dung mot cach hién nhién: x < s néu x €5,
ndi cach khac, khi hoc sinh x thudc cdu lac bo s. Ki hiéu .« 1a tip hop cac tdp con 7 phan tit
cua S. Cac gia thiét bai toan noéi rang:

e |X|=800;

e VxeX,[seS;x —s|<7;

e VA€ .o/, dx sao cho x «— s vGi moi s €A.
Dé théy rang, dudi diéu kién thi 2 thi diéu kién cubi ¢ thé dugc thay thé béi:
e VA€ .o phan biét, 3! x sao cho x <~ s v6i mois €8S.

Tt d6 suy ra 4nh xa .o — X, gti mot tip con 7 dinh cta S dén dinh duy nhit ciung ké véi 7
dinh d6 1a don anh. Ta suy ra
n
( ) < |X| = 800.
7

Do ham s6 n — (7) 1a khéng gidm va do (172) =792 < 800 < (173) nén ta phai cé n < 12.

D€ két thic, ta chi ra ring n = 12 14 gia tri cAn tim bang cach x4y dung 12 cau lac bd trén
trudng hoc 800 hoc sinh thod mén cac diéu kién dé ra. Ki hiéu tip cac ciu lac bd bdi S. Ta
"d4nh sb bao danh" 792 = (172 ) hoc sinh béi cc tip con 7 phén tit clia S va ta tuyén bb rang
hoc sinh (sy, .. .,s,) thudc mbi mét trong cac cau lac bd sy, ...,s, (va chi 7 ciu lac bd d6). Cubi
cling, 800 — 792 = 8 hoc sinh con lai khéng tham gia bat ki cAu lac bo ndo. D& thiy x4y dung
nay thod mén cac diéu kién dé ra.



5. Thé y = —2x vao ding thic ban diu ta c6
g (=x))=f(x) €3]

Tu do
fl=x—y)=f(x)+2x+y)g(y). (2)

Va do dd, thé x = 0 vao biéu thitc trén ta cb

f=»)=f0)+ygy). 3

Thé (3) va (2) vao (1) ta thu duoc

(x+y)glx+y)=(2x+y)g(y)— xg(—x). 4

Biéu thitc nay, v6i y = 0, cho ta

xg(x)=2xg(0) — xg(—x). (5)
(2d.)

Nhu vay, v6i x # 0 thi
g(x) + g(—x)=2g(0) (6)

Chti ¥ rang ddng thitc nay tit nhién ciing ding véi x = 0.
bét h(x) = g(x) — g(0). Khi d6 h(0) = 0 va theo (6),

h(—=x) = —h(x). 7)

Theo (4) va (7) ta co
(x + y)h(x +y) = (2x + y)h(y) + xh(x) (8)

Dbi chd clia x va y trong (8) va so sanh ta suy ra

xh(y) = yh(x) 9

Ta suy ra h(x)/x = h(y)/y, v8i moi x,y # 0, vd do d6 h(x)/x = ¢ (x # 0) vi c 1 mot hing
sO nao do. Nhu vay,

h(x)=c-x Vx.

(bang thitc v6i x = 0 cling diing vi h(0) = 0.) Ta suy ra g(x) = cx + b. (2d.)

bit f(0) = a, theo (3), ta c¢6 f(x) = a — bx + cx2. Tit ddy ta kiém tra dugc b = 0, rdi hoic
¢ =a=0hodc c = 1. N6i cach khéc, f(x) = g(x) =0 hodc f(x) = x?+a, g(x) = x. (1d)

Thit lai, ta thiy cac bo (f (x), g(x)) = (0,0) v (f(x), g(x)) = (x? +a, x) v6i a 1a hing 56, thod
man diéu kién yéu cau. (1d.)

Luu ¥: Khong dé cip dén viée thtt lai cac nghiém: trir 1 diém.



6. Ki hiéu I,,I;,I. tuong ting la tAm dudng tron bang tiép cac gbc A, B, C. Thé thi II_, I, chinh
la duong kinh cac dudng tron (IAB), (IAC). Do BE = CF = Al nén

EIB = II.A=90°—IIA=90°—CII,.

FIC = II,A=90°—TI,IA=90°—BII,.
Suy ra EIB + BII, + CII, + FIC = 180°. Viy E, I, F thing hang. (2d.)
DE ¥ rang I chinh 13 truc tdm cta AI I, nén ap dung "BS dé cac dudng thang d6i xting" ta
suy ra giao diém D clia d; va d,, phai thudc dudng tron (I,1,1,). (2d.)

Ma duong tron (ABD) chinh 1a dudng tron Euler ctia AILI,I,.. Theo tinh chit quen biét vé
duong tron Euler: "véi moi diém P thudc dudng tron ngoai tiép, trung diém I ctia doan HP
nbi P véi truc tAm clia tam gidc ABC thudc dudng tron Euler”. Ta suy ra trung diém cta ID
phai thudc dudng tron (ABC). (3d)

Hoc sinh tu chitng minh két qua sau.



BG dé vé cac dudng thezmg dbi xﬁng Cho tam gidc ABC va d 1a mét dudng thing di qua truc
tam H. Goi dl, d,,d; la cac duong thang dbi x1mg vGi d qua BC, CA,AB. Khi @6, d,,d,,d; dong
qui tai mot diém K thudc dudng tron ngoai tiép AABC.

Luuy:
e Khong chting minh B8 dé cac duong thing dbi xing: trit 2 diém.
e Néu 13 tinh chét clia duong tron Euler nhung khéng chitng minh: trit 0 diém.

Nhén xét. Cé thé chi ra ring K = A. VA quan sat nay ciing din dén mét trong cac cach gidi
quyet bai toan mot cach nhanh gon.

. Ta chiing minh bang phan chiing. Gia st ton tai cc sb nguyén ay,...,a; (k > 2) thod man
cac tinh chat da néu. Vé phai cta dang thic trong dé bai chia 5 du 1, do d6 ta phai ¢6 ay = 1.
o ; Y , A 2. 2. k—1 __ k-1 i i _A. \ s A Je 2
h}/[lg}t khac, bang cach thay vé phai béi (5+1)“"' = >~ C{ |5' r0i trit hai vé cho 1 ta c6 dang

thuc

k k-1
Dlacist=> "¢l 5 €
i=1 i=1

Xét d@)ng du modulo 5 ding thiic (1) ta suy ra ka; = k — 1 (mod 5). Do a; = 0 hodc 1, déng
du nay chi xay ra khi a; =0va k=1 (mod 5). (14.)

Nhu véy, (1) tré thanh

k k-1
Dlacist=>"ci 5" (2)
=2 i=1

Ta chitng minh bang quy nap rang k = 1 (mod 5") v6i moi n > 1. Piéu nay hién nhién kéo
theo k =1 va do dé m4u thudn v6i gia thiét bai ra.

Nhu dé chi ra 6 trén k = 1 (mod 5), nghia 14 khang dinh diing cho n = 1. Gia st khing dinh
dtng tdi n. Viet k = 5"m + 1 (m nguyén duong). Nhan xét rang

Cl . 5n+2—i

Lomin - va Cl, 5™V 2<i<n+2. (3)

Thét vay, khang dinh 1 hién nhién khi 2 < i < 4. Ta gid st i > 5. Ta biét rang l{iy thita ctia 5
trong i! bang



NEIE IR

j=1 j=1

Mat khac, v6i moi n > 2 thi 5" | (5"m + 1) -5"---(5"m — i + 2). Ta suy ra luy thua cta 5

trong Cl., ., = (5"m+1)~5nnzl...(5nm_i+2) khéng it hon n — [i] Tuong tu, luy thtta cia 5 trong
Clupyyy = 2= khong it hon n — | £ ]. Nhung d& thy néu i > 5 thi

i
n-— [—] >n+2—1.
4

Va (3) dudc chiing minh. (3d.)
Trong (2) xét ddng du modulo 5"+! ta c6 ngay, theo (3), vé trai chia hét cho 5"+ va do dé

k—1: 5"
N6i cach khac, k = 1 (mod 5™+!) va khang dinh 13 ding cho n + 1. Bai toan dudc giai quyét
hoan toan. (3d.)

Luu y: Néu chi chiing minh dudc ay = 1 (mod 5) ma khéng thiét 1ap dudc ay =1 (mod 5),a; =
0 (mod 5),k =1 (mod 5): cho 0 diém.

Cach khac. Ta trinh bay tém tit cac bude clia mot cach giai khac.

e D& thdy a, = 1. Viét lai ding thic thanh: Zle a;,C{5" = 68"1 — 1. Do 6k751_1 =k-1
(mod 5)néna; =1va5|k—1;

e Theo mét ding thitc quen biét, "b8 dé nang luy thira", vs(6~1 — 1) = n+ 1, trong d6
n=vg(k—1)>1.

e Trong vé trai & trén, moi hang ti a;,Ci5' v6i i > n+2 hién nhién chia hét cho
Mt khéc, bing mot két qua dang chi ¥, "Pinh 1y Kummer", ta c6 vs(CL) = n véi moi
2 <i<n+2. Tit d6 suy ra mbi hang ti ctia vé trai, ké tlt i = 2, déu chia hét cho 5"*2.
Nhu vay, dang thiic trén c6 dang 5k +5""2B = 5""1C, véi k khong chia hét cho 5. Nhung
dang thitc nay hién nhién khéng xay ra vi n > 1.

5Tl+2

Nhén xét. Lé di nhién, bai toan con ding cho moi sé nguyén t6 1é thay vi 5.




