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Chuong 1

CONG THUC MU VA LOGARIT

CAN NHOG

1.1 Coéng thic mu va lay thiwa

V6i a va b 1a cac s6 thuc duong, x va y 1a nhitng s6 thyc tuy ¥ thi

1. a" =a.a.a...a

=)

—
n
2. a*Y = a%.a¥
a” 1
3.a"V=—=a"=—
a¥ am”

7. Va" =av
8. u(@)’=1=2"=1, zu#(?

9. Va.V/b= Va.b

5. a%.b" = (a.b)”

10. Vam = (/a)™ = a™

1.2 Cong thic logarit

llog,b=2=0b=a"

b
6. log,— = log,b — log,c
c

2. 1gb =logb = log;,b

(logarit thap phan)

7. log,b% =
alog, |b| khi oo = 2k

3. Inb =log.b, (e =2,718...)

(logarit tu nhién hay logarit neper)

1
8. log,.b = —log,b
a

4. log,1 =0,log,a =1

9. b =log,a’

5. log, (b.c) =log,b + log,c

10. b = @'°8<®

alog,b khi o =2k + 1




CONG THUC DPOI CO SO

log,b = log b alo8ve = (logve
log_ a
Inb 1
log,b = ——,log,b= | log,¢ =~
1 b Ina log,c + logy,c

1.3 Ham sé mil — logarit va dao ham

1. Ham s6 mit: y = a”,(a > 0,a # 1)
- Tap xac dinh: D =R

- Tap gia tri: T =

- Tinh don diéu:

(0; +00)

+ Khi @ > 1: ham s6 dong bién

+Khi 0 < a < 1 : ham s6 nghich bién

- Nhan truc hoanh lam tiém can ngang

2. Ham sé logarit y = log,x

- Tap xac dinh: T = (0; +00)

- Tap gia tri: D =

- Tinh don diéu:

R

+ Khi @ > 1: ham s6 dong bién

+ KhiO<ax1

: ham s6 nghich bién

- Nhan truc tung lam tiém can ding

3. Dao ham ctia ham s6 ma va ham so logarit

Dao ham ham s6 so cap | Dao ham ham s6 hgp
L (%) = a2 (2 >0) | = (u*) = autu
2. (a*) =a".Ina = (a") = a"u'Ina
3. (e") =e" = (") = e
L og el = | = (o, luly =
8a : zlna 8a _ulna
u
5. (1 =—, (>0 = (1 =—
may =L @>0) | = muy="




Chuong 2

PHUGNG TRINH VA BAT
PHUONG TRINH MU

2.1 Giai bang cach dua vé cung co s6 hoic logarit
héa
2.1.1 Ly thuyét

1. Phuong trinh mai:
Diing céc cong thitc mi va liy thita dua vé dang o/@ = 9@,
Véia>0,a#1 thi /@ =™ & f(z)=g(z) .
Truong hop co s6 a c6 chia an thi: ¢ = ¢ & (a—1)(M -N) = 0 &
a=1

M=N

2. Bat phuong trinh mii:
Diing céc cong thitc mi va liy thita dua vé dang of@ > @9@
Néu a > 1 thi o/@ > 9@ < f(z) > g(x).
Néu 0 < a <1 thi o/ > 9@ & f(z) < g(z).
Truong hop co s6 a co chita an thi: ¢ > a” < (a — 1) (M — N) >0 .
Logarit hoéa: o/@ = 1@ < log,a/® = log,b"® & f(z) = g(z).log,b.
Luu ¥: Khi giai phuong trinh va bat phuong trinh can dit diéu kien dé phuong
trinh c6 nghia. Sau khi giai xong can so sanh nghiém (tap nghiém) véi dicu kien

dé nhan nghiém (tap nghiém) thich hop.



2.1.2 Cac vi du

1. Giai phuong trinh: z'°8% = 12 lo8” v—Bloga+2
Giai.
o8 — 10210g2 x—3logz+2
Diéu kién: z > 0 .
Phuong trinh da cho tuong duong véi:
& log 28" = 2log? z — 3log x + 2
& log?z = 2log?z — 3logx + 2
s logzr —3logz +2=0
logz =1 2=10

-
logr =2 << =100

2. Giai bat phuong trinh: 422 + 3V%x 4+ 3"7V*F < 222.3V® + 22 + 6

Deé thi thit Dai hoc nam 20183 khoi B,D - THPT Sam Son - Thanh Héa

Giai.
4a? + 3V 4+ 31VE <2423V L 90 4 6
Dieu kién: z > 0

Bat phuong trinh da cho tuwong duong véi:
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& 2223V% 4+ 25 + 6 — 42 — 3VF - 3VE > 0
& =222 -z —3)+3VF(222 -2 —3) >0
& (20 —2-3).3V=2)>0

22 —1r—-3<0
VT _92 <0
22 —x—-3>0

3VE_2>0

(—1<x<g Két hop dk: z > 0

3\/5<2<:>\/E<10g32<:>x<10g§2
\

(

< T

N

-1

x 2

N N W

\3\/52 & Vx> logy2 & x> logs 2
—1<x<10g§2
=
3
2_
|72

Vay z € [O; logg 2] U E, +oo)

2.2 Giai bang cach dat an phu

1. GiAi bat phuong trinh: V9 + 8.3V4= — gvi—= 4 3V&2 5 5 (3 € R)

Dé thi thit Dai hoc 2012 — THPT chuyén Ngoai Ngit - Dai hoc su pham Ha Noi

Ciai.
V9 +83Viz _gvi—z 4 3ViT o 5

Diéu kien: x < 4
Bat phuong trinh da cho tuong duong véi:
= \/9 +8.3VAmr — (3VA—2)2 L 3VATT 5 5 ()

Dit t = 3V4* (¢t > 0)
(%) ©VI+8t—12+t>5



S9+8t—t*> (h—t)°
S 9+ 8t—t2>12—10t+25
S22 —18t+16< 0

S1<t<8

¢>%9+&—¢2>5—t

5—t=20
VI8t — 12> (5 —1t)
5—t<0

VI8t —12>0

t<5
=1<t<H
2 —18t+16<0=1<t <8

t>5
=5<t<9

(948t —? 20 -1<t<9
Vay 1 <t <9
& 1<3Vir 9

S0<vV4d—a<2

S0<4—-—x<4

<0<z <4

Vay z € [0;4)

. Giai phuong trinh:  2.27° + 18" = 4.12" 4+ 3.8"

Deé thi thi Dai hoc nam 2010 lan 1 khoi A — THPT Phan Chau Trinh — Da
Ning

Giai.

Phuong trinh da cho tuong duong véi:

227" + 18" = 4.12% 4+ 3.8

& 2.3% 42732 43722 —3.2% = (%)
Chia 2 vé cho 2%

(*)¢¢2-(;>3Z+—(S)Qx—-4.<;)z—-3=:0 (%)

Datt::(g)z(t>(b



(**)<:>2t3—{—t2—4t—3:0
3 3\* 3
tl==-n)&e (] =zr=1
- 5 () (2) 2 7
Vay x = 1 la dap so.

2.3 Giai bang cach s dung tinh don diéu ctia ham

Pd
~

SO

1. Giai phuong trinh: eVl 2attael 02 g 9

Giai.
6x2+1 _€2x2+x71 :SL’2+LL’—2 (1)
u=22*+z-1
Dat:
v=a’+1
Ta co:
(e —e"=u—wv
sSe'+v=e"+u (¥
Xét ham s6 f (t) = €' + ¢t tren R
ff)=e+1>0, VteR

Ham s6 dong bién tréen R
(#) e flu)=fl)eu=u
2 +r—1=2>+1



Chuong 3

PHUGONG TRINH — BAT
PHUONG TRINH LOGARIT

3.1 Giai phuong trinh logarit bang cach dua ve

cung co so

1
1. Giadi phuong trinh: 3 log, 3z —4)° .log, 2° = 8 (log, \/5)2 + [log, (3z — 4)2] ?

Giai.
3z —4)°>0 A
3z —4)° >0 3r—4#0 TF

PKXD: (xs) o 70 3

z” >0 x>0 x>0
V>0

Phuong trinh da cho tuong duong;:
6 1 ?
3 log, |3z — 4| .3log, © = 8 (5 log, x) + [2log, |3z — 4/

& 6log, |3z — 4| . logy = = 2 (log, 2)* + 4 (log, |3z — 4])°
& (logy z)* — 3log, |3z — 4] .logy x + 2 (log, |3z — 4))* =0 (1)
a = log,

Dit , pt (1) trd thanh: a® — 3ab + 26> =0, (2)
b = log, |3z — 4]

Vi b = 0 khong la nghiém ciia pt (2), chia hai vé ctia pt (2) cho b* , ta dugc:
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a
- =1 1 = log, |3z — 4
2 0g, r = log, |3z
(5) =3(5)+2=0e b & 2| |
b

b b =2 log, = = 2.log, |3z — 4| = log, (3z — 4)
(a:>0
x>0 rz=1
r=3xr—4
< r=|3x—4] <« & |lx=2
x:—(3x—4) 16
x = (3 —4)° r=—
922 — 252+ 16 = 0 9

\

16
Vay phuong trinh da cho c¢6 ba nghiém phan biét:z =1, xr =2 va x = 9

. Giai phuong trinh: log, x 4 logs x + log, = = logy, «
Giai.
DKXD: z > 0.

Pt da cho tuwong duong:
logox  logywr  logyw

1 =
082 logy 3 log,4  log, 20

1 1 1
&1 ! - =0
082 ( * log, 3 - log, 4  log, 20)

Slogyr=0&2=1.

Vay phuong trinh da cho c¢6 nghiém duy nhat la z = 1.

Nhan xét: Trong cach giai trén, ta da st dung cong thic bién doi co s6:

1 . . .
%8c? 18 1am xuat hién nhan tit chung la log, x.

log, x =
log.a

. Giai phuong trinh: log, © 4 logs x + log; = log, x. log; x. log;
Giai.
DKXD: z > 0.

Phuong trinh da cho tuong duong:
log, = + log, 2. log, x + logs 2. logy  — log, . logs x. logs x = 0

< log, . (1 + logs 2 + log; 2 — log, . logs; x) = 0
logox =0 2=1

1+ logs 2 4 log; 2 — logg z.logs v =0 (%)

11



(¥) & 1 +log, 2 + logs 2 — (logs 5. logs x) . logs . = 0

(:>1+log32+log52—log35.log§x:O
1 +1logg2 + logs 2

& logiar = log, 5
3
1+ logs 2 + logs 2
<:>log5x:i\/ + oig;g—g 085
3

+ 1+logg 2+logy 2
Sar=5V" s

So v6i DK, vay phuong trinh da cho c¢6 cac nghiemlaz =1vaxz =5 logs 5

log . x ,
B , cu the

. Nhan xét: Trong bai giai trén ta da st dung cong thiic: log, v =
og.a

dé dua vé log, z nham xuat hién nhan tt chung.

.1 1
4. Giai phuong trinh: 3 log gz (v + 1) + =03 logg; (2 — 3)*™ = 5logyys [4 (x — 2)]

Dé thi thit Dai Hoc nam 2013 — THPT Luong Ngoc Quyén — Thdi Nguyén

Giai.
r+1>0
T > 2

DKXD: { # - 340 < .
x#3

r—2>0
Pt da cho tuwong duong:

1 1
3 log1 (z+1) + 503 logss ( — 3)*°" = 5logys [4 (x — 2)]

< logs (x + 1) + logg | — 3] = logs [4 (x — 2)]
S@+l)]jz-3=4(x—2)

r=1
[ [ (x+1)(x—3)=42—38 (=5
r—3>0 (>3
= =4 o
(x41)(z—3) =8 —4a r=—-1+2V3
| |z-3<0 r=-1-2V3
| (z <3
r=25
<~
r=—-1+2V3

So v6i DK, vay pt da cho ¢6 hai nghiem: z =5 vaz = —1 + 2V/3 .
5. Giéi phuong trinh: (z — 1) log; 3 + log; (3°*! + 3) = log; (11.3" — 9)
Dai hoc Su pham Vinh khoi D, G, M nam 2000

12



Gidi.
3*H4+3>0
DKXD:

113° - 9>0
Phuong trinh da cho tuong duong:
log; 3"~ + logs (3" 4 3) = logs (11.3° — 9)

& logy [3°71 (3" + 3)] =log; (11.3° —9)
& logs (3% +3%) =log; (11.3° — 9)
&3 43 =11.3"-9
& (3% =103 +9=0

3 =1 r=0

= = .
3*=9 T =2

So v6i DK, phuong trinh da cho c6 hai nghiém: x =0 va z = 2.

. Giai phuong trinh:
(z — 1) logs 3 + logs (3! + 3) =log; (11.3" — 9)

Hoc vién Quan Hé Quoc Té khoi D nam 2000

Gial.

)
24+rx4+1>0
22—z 4+1>0

DKXD: = Tap xac dinh D = R.
242 +1>0

(2t =2 +1>0

Phuong trinh da cho tuong duong:

log, [(2* +1) +a] [(2* +1) — 2] = log, (¢! +2° +1) +log, (+* —2* + 1)
e log (0717 =] = g 5+ #+1) gy (=41

& logy (% + 2% + 1) =log, (2 +2* + 1) +log, (¢* —2* + 1)

& logy (¢ —2° +1) =0

sttt 1=1

x=0

st =0s .
r ==+l

Vay phuong trinh da cho ¢6 ba nghiém: x =0, z =1vaz = —1.

13



3.2 Giai phuong trinh bang cach dat an phu

3.3 Giai bang cach st dung tinh don diéu ctia ham

Oon

S
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Chuong 4

HE PHUONG TRINH VA HE
BAT PHUOGNG TRINH MU -
LOGARIT

Ta phai can ctt vao dic diém ctia hé phuong trinh dé phan tich va tim ra 15i giai. Mot
s6 ¥ tudng dé giai he la:

- Phuong phéap thé, phuong phép cong (bién ddi tuong duong).

- Phuong phap dit an phu.

- Stt dung tinh don diéu ctia ham sb.

- St dung bat dang thc.

4.1 Giai hé mii va logarit biang phuong phap bién

d6i tuong duong

4.1.1 Ly thuyét co ban

Stt dung cac cong thiic mit va logarit dé bién déi he da cho thanh nhitng hé co ban.

Sau dé, diing phuong phap thé, phuong phap cong,... dé giai.

4.1.2 Cac vi du
2% = 5y* — 4y (1)

1. Giai h¢ phuong trinh:q 4o 4 ga+1
- @@ = 2
212 7 @)

15



Giai.
. 5y? — 4y > 0
Diéu kién: Y Y Sy> <
y>0 5
Ta cb )
(27)" +2.27
2 S ek
)& =3
27 (27 + 2)
2T 4+ 9
& 2" =y.

T do suy ra:
(1) & (2" = 5y° — 4y
&y’ =5y° — 4y

y=0 (L)
& y:l
y=4

Voiy=1=2"=1&12=0.

Voiy=4=2"=4x=2.

Vay hé da cho ¢6 2 nghiem (z;y) = {(0;1),(2;4)}

2 +y? =25
. Giai hé phuong trinh:

Giai.
>
pk{ V77
y>0
2%+ y* =25
(%) < 1
—log (y —x) —logy — =1
? +y? =25
VRN _
log4y Yo
Y
2 +y* =25
- y—xil
y 4
14x
y=—
3
= 2
16
r? + ’ =25
r=-3 (L
" (L)
r=3=>y=4

Vay hée da cho ¢6 nghiem duy nhat (x;y) = (3;4)

16

1
logs (y — ) —10g4§ =1

(Dai hoc khoi D nam 2002)
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log, (z° 4+ y*) = 1 + log, (zy
3. Giai hé phuong trinh: 22 ( , ) 2 (1) (%), (z;y € R).
got—avts® — g1

Dai hoc khoi A nam 2009

Giai.
bK:zy > 0.
He

Qu

a cho tuong duong véi:
log, (2° +y?) = log, (xy)
3x2fmy+y2 _ 34

2?4y = 2xy

2 —ay+yt =4
(x—y)*=0

(x—y)’ +ay=4

3
——

r—y=20
=

ry =4

T =2 r=—-2
= V

y=2 y=—2

So véi diéu kién, nghiém ctia hé da cho 1a (z;y) = {(—2;-2),(2;2)}

2?2y =4dr—1
4. Giai hé phuong trinh: ()

2logy (x —1) —log 5(y+1)=0

Dai hoc khoi B nam 2013

Giai.
r—1>0 x>1
DK: & .
y+1>0 y>—1

Hé da cho tuong duong véi

17



2?42y =4dx —1
logs (z — 1) = logz (y + 1)

242y =4r—1

¢

r—1=y+1
y=x—2
=
2’ =21 —3=0
r=-1 (L)
<~
r=3=>y=1

Vay hé da cho c¢6 nghiem (x;y) = (3;1) .

4.2 Giai hé mi va logarit bing phuong phap dat an

s6 phu

4.2.1 Ly thuyét co ban

Thong thudong ta lia chon mot phuong trinh ctia hé dé bién doi va dit an phu dé
tim ra mdi lién hé gitta x, y va két hop v6i phuong trinh con lai déi véi bai toan dat
mot an phu.

D6i véi bai toan dit hai an phy, ta tim méi lien hé bing cach ding cong thic mi,
logarit hay sy bién ddi don gian dé dua vé hé dai s6 co ban (déi xiing, déng cap,... ).
Sau khi dat an phu, ta can di tim diéu kien cho an phu, tic 1a di tim mién xac
dinh cho bai toan méi. Ty vao muc dich ctia an phuy ma ta phai di tim diéu kieén cho
hop 1y (dé, it gay sai s6t). C6 hai cach tim diéu kien: tim diéu kien ding va tim diéu
kién thita nhung dac biét doi véi bai toan chita tham s6, ta can tim diéu kién cho that

chinh xéac.

4.2.2 Cac vi du

2" +logyy + 2%. log,y =5
1. Giai hé phuong trinh: ? ? (%)
4" 4 log2y =5
Giai.
DK:y > 0.

18



u=2">0

Dat . Hé da cho tré thanh:
v =log,y
u+v+uv=>5
u? +v? =5

2(u+v)+2uv =10 (3)
(u+v)° —2uv=>5 (4)
Cong (3) va (4) vé theo vé:

)2

(u+v)"+2(u+v)—15=0

u+v=3 u+v=-5
& v (vo nghiém).

2" =1 29 =2
log, y =2 log,y =1
T =2 r=4
= V
y=4 |y=2
So véi diéu kién, nghiém ctia he da cho 1a (z;y) = {(2;4),(4;2)} .
32x+y+2 + 3x+2y = 977ty +9

2. Giai hé phuong trinh: ()
logg (z +1) +1logg (y+1) =1

Gial.
r > —1
DK: .
y>—1
3‘32x+y+1 + 3.31+2y71 _ 33(m+y) +9
(x)
logg (z4+1) (y+1) =1
3_321‘—&-1/—&-1 + 3.3x+2y—1 — 33x+3y + 9 (1)
=
(z+1)(y+1)=3 (2)
a= 3" >0
Dit = aq.b = 33T

=371 >0

(1) ©3a+3b=ab+9

< (a—3)3-b)=0«<
b=3

Voia=3=3"""1=3o20+y+1=1«cy=—22 .Thé vao (2) dugc
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(x4 1) (—2x +1) =3 (PTVN)
Voib=3=3"""1=-3o24+2y—1=1&2=2—2y.Thé vao (2) dugc
1
y=0 y=5
B-2)(y+1) =3 -2°+y=0s Vv 2
T =2 1

xr =
P A . . N 1
So vé6i diéu kién, nghiém cta hé 1a (z;y) = {(25 0), (1; 5)} '

4.3 Giai hé mi va logarit bang phuong phap don

diéu ham sbé va bat dang thic

4.3.1 Co sé ly thuyét

Xem lai Iy thuyét gidi phuong trinh va bat phuong trinh mi — logarit stt dung tinh
don dieu va bat déng thic.

Thong thuong, ta chon mot phuong trinh dé thuc hién tinh chat don diéu ctia ham
s6, roi két hgp véi phuong trinh con lai dé tim nghiem. Dé giai phuong trinh con lai,
ta can nam vitng cac phuong phap gidi phuong trinh mi, logarit va thuong giap nhat

13 phuong trinh dai sb.

4.3.2 Cac vi du

1. Giai he phuong trinh: For=ly-owry O
2?4y =2 (2)
Giai.
Thay (2) vao (1) ta duge:
(1) 2" -2V = (y—z) (zy + 2° + y°)
&2 — W =y — g3
&2 420 =2+ (%)
Xét ham s6 f (t) =2' +¢° tren R .
f'(t)=2"1n2+2t* > 0,vt € R = f(t) dong bién tren R .
Tit () = f(2) = f (y) = v =y. Thé vao (2) duge: 222 =2 < 2 =y = £1
Vay hé da cho c¢6 nghiem (x;y) = (£1; £1).

2log, (2z + 3y) =logy (24 22 + 3y) (1)

2. Giai hé phuong trinh:
In (42® + z + 1) +2° + 21 = 9y (2)

Giai.
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DK: 2z +3y >0 .
Dat log, (22 + 3y) =t & 2z + 3y = 7"
(1) & logs (2+7") =2t
S24+7 =9
INNAAN
< 2.( = -] =1 3
() () =@
1 t 7 t
Xét ham s6 f (t) = 2. (5) +(§) tren R .
, 1" 1 (7\" 7 o
fri)=2. 3 .ln§—|— 3 .ln§<0,Vt€]R.:>f(t)nghlchb1entren]R.
Do d6, phuong trinh (3) ¢6 nghiém duy nhat tren Rva f () = f(1) =1 &t = 1.
Thé vao (2) duge:
In (42® + z + 1) +2° + 21 = 3(7 — 22)
(4’ +r+1)+2°+62=0 (4)

Xét ham s6 f (z) =1In (42° + 2 4+ 1) 4+ 2° 4 6z tren R.

S8x +1 24x% + 142 + 7
/ — 32 6:32
(@) 4x2—|—x+1+ v v 422 +x+ 1

> 0,Vz € R.

= f(z) dong bién trén R = (4) ¢6 nghiem duy nhat va
7
f(x)zf(O)@sz:y:§.
7

So véi dieéu kién, nghiém ctia heé da cho 1a (z;y) = <O; §) .

, Y+ et =2(x+1)
. Giai hé phuong trinh: J(z,y €R) (%)
V=g —y+1

Giai.
eV=xty+1
(%) &
etV =g —y+1
e’ =u+1 u=x+y
& ,VO1
e =v+1 v=x—y

Se' —e"=u—v
Se'tv=¢c"+u
Xét ham s f (t) = €' +t tren R .

f'(t)y=¢"+1>0,Vt € R = f(t) dong bién tréen R .
y=0
Taco f(u)=fv)esu=rvert+y=c—y<
x =0
Vay hé da cho c¢6 nghiém duy nhat x =y =0 .
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r+vVr2—2r+2=3""14+1

4. Giai hé phuong trinh: (v,y eR) (%)

y+Vyr—2y+2=3""1+1

Du bi Dai hoc khoi A nam 2007

Giai

) (x—1)+y/(x -1 +1=23" utVui+1=3" (1) [u=a2-1

*) <= = vO1
(y—1)+/(y—1)7+1=3" v+ VR 1=3" (2) v=y-1

Lay (1) trit (2) vé theo vé:
u—v+vui+l—vVov2+1=3"—3"
Su+vVut+1+3*=v+vV2+1+3"

Xét ham s6 f (t) =t + V12 + 1+ 3" tren R.

t t+VE2+1

P =1 gy LEYETT
V241 Vi2+1

= Ham s6 f (t) dong bién tren R.
Ta c6: f(u) = f(v) ©u=nwv.
Thay u = v vao (1) ta dugc:

Wed=utVuz+1

& u = logy (u—kx/ﬁ)

< u — logs <u—|—\/r+1> =0.
Xét ham s6 f (u) = u — logg <u—i—\/u27—i-1) tren R.
) =1 - — Yo

+3.In3>0,VteR

1
11— S 0VueR
(u+Vu2+1).In3 Vu? +1.In3
= f (u) dong bién trén R .
u=x—1=0 r=1
Talaico: f(x)=f(0)=0u=0=>v=0< &
v=y—1=0 y=1

Vay hé da cho ¢6 nghiem duy nhat (x,y) = (1;1).
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