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Ta co6:
x =711 (mod my) (r — 1) — kid:dd;
z=ry (modms (¢ — 1) — kadidds
T  — gy (mod dy)
e .2, (6.13)
d = k‘g (mod dg)
Do (dy,d2) = 1 nén theo dinh 1i Thing du Trung Hoa, ton tai mot s6
duong T sao cho T = k; (mod di); T = ka2 (mod dg). Vi T va x ; "
C o, . r=k (modd)) _ z—71  _
la hai nghiém cta phuong trinh { 2= ky (mod dy) nén 7= T

(mod didg) hay x = Zd + r (mod dd;ds).
Do m = LCM (my, ma) = ddydy nén theo dinh 1i Thing du Trung Hoa,
hé c6 nghiém duy nhat module m.

Gia st dinh 1f ding dén n — 1. Ta sé ching minh dinh 1i ding dén n.
Diat m; = LOM (my,ma,....;mp_1); mhy = mp; 7y = . Virg =
r;(modGCD (m;,m;)) v6i moi 1 <14 < j < n nén theo gid thiét quy
x =r; (mod m;)

nap, hé phuong trinh { T

¢6 duy nhat nghiem z = r

(mod mj).
Mat khac tit r; = r;(mod GCD(m;, m;)) v6i moi 1 <i < j < nsuyra
ry =1y (mod GCD(m),my)).

Theo ching minh trén cho truong hgp n = 2 ta ¢6 hé phuong trinh
{ x =7} (mod m})

2=} (mod mb) ¢6 nghiém duy nhat theo module

m=LCM (m’l,m’Q) = LCM (my1,ma,...,my)
. Theo nguyén li quy nap ta c6 diéu phai chiing minh. |

Nhan zét. Day chinh 1a dinh i Thing du Trung Hoa dang mé rong,
n6 hoan toan chiing minh dya trén co sé dinh li Thing du Trung Hoa.
Trong bai viét nay, ta sé khong di sau vao tim hiéu dinh 1i dang mé
rong ma chi di sau vao cac ung dung cta dinh 1i Thing du Trung Hoa
(dang thuong).

DIEN DAN TOAN HOC Chuyén dé Sé hoc

Chuong

Phuong trinh dong du

5.1 Phuong trinh déng du tuyén tinh 89

5.2 Phuong trinh dong du bac cao 90

5.3  Hé phuong trinh déng du bic nhit
mét 4n 90

5.4 Bac cla phuong trinh dong du 95

55 Baitép 95

56  Ung dung dinh Iy Euler dé giai
phuong trinh dong du 96

5.7 Baitap 101

Tran Trung Kien (ISPECTORGADGET)
Nguyén Dinh Tung (TUNGC3SP)

5.1 Phuong trinh dong du tuyén tinh

Dinh nghia 5.1 Phuong trinh dong du dang ax = b (mod m) dugc goi
la phuong trinh dong du tuyén tinh véi a, b, m la cac s6 da biét.

xo 1a mot nghiém ciia phuong trinh khi va chi khi axg = b (mod m).
Néu o 1a mot nghiém ctia phuong trinh thi cdc phan tit thuoc I6p Tg
cting 14 nghiém. A

Vi du 5.1. Gidi phuong trinh dong dv sau: 12x =7 (mod 23)

L&i gidi. Do (12;23) = 1 nén phuong trinh luon cé nghiém duy nhat.
Ta tim mot s6 nguyén sao cho 7 + 23k chia hét cho 12. Chon k = 7
suy ra 12x = 7.24 (mod 23) = x = 14 (mod 23) |
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90 5.2. Phuong trinh dong du bac cao

Vi du 5.2. Gidi phuong trinh 5z =2 (mod 7) A
Loi gidi. Vi (5;2) = 1 nén ton tai s6 k = 4 sao cho 2 + 7k chia hét cho
5. Khi ay 5z = 2 + 6.7 (mod 7) ta dugc nghiem z = ? =6 (mod 7)
hay © =6 + 7k [ |

Vi du 5.3. Gidi phuong trinh: 5x =4 (mod 11) A
Loi gidi. Ta c6:

5z =4 (mod 11)

4=4 (mod 11)

Ap dung tinh chat bic cau ta c6: 5z =4 (mod 11) = 5z = 11t + 4
Ta c6 thé 1ay t = 1; 2 = 3. T d6 phuong trinh c6 nghiém duy nhat 1a
x =3 (mod 11) [ ]
Nhan zét. Cach xac dinh nghiém nay 1a don gian nhung chi dung dugc
trong truong hop a 14 mot sd6 nhé hoac dé thiy ngay so k.

5.2 Phuong trinh dong du bac cao

Vi du 5.4. Gidi phuong trinh 223 +4 =0 (mod 5) A
Lai gidi. Ta thiy z = 2 suy ra 223 = —4 (mod 5).
Nén x = 2 1a nghiém duy nhat ctia phuong trinh da cho. |

5.3 Heé phuong trinh déng du bac nhit mét an

Dinh nghia 5.2 Hé phuong trinh c¢6 dang sau dugc goi la hé phuong
trinh dong du bac nhat mot an

x=b (mod my)
x =by (mod my)

x =br (mod my)

V6i m1; ma; ...my, 1a nhiitng s6 nguyén 16n hon 1 va by; by; ...; by, 1a nhiing
s6 nguyeén tiy y. A
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diéu kién quan heé, chia hét,..., hay dém s6 nghiém ctia phuong
trinh dong du. Viéc stt dung hgp 1y cac bo va (trong dinh 1y) cho
ta rat nhiéu két qua tha vi va tit d6 c6 thé dua ra nhiéu bai toan
hay va khé.

Vi du 6.12. Cho my,ma,...,my, la cic s6 nguyén duong, r1,72,...,7n
la cdc so6 nguyén bat ki. Chimg minh ring dieu kién can va di dé hé
phuong trinh dong du

x = r1 (mod mq)
r = re (modme)
x = 1, (modmy)

c6 nghiém la r; = r; (mod GCD (my,mj)); V1 <i < j < n.

Néu zg va x1 la hai nghiém théa man hé phuong trinh trén thi vo = x1
(mod m) vdi m = LCM(my,ma,...,my). Tic la hé phuong trinh da
cho c6 nghiém duy nhat theo module m. A

Ldi gidi. Tru6c hét ta gid sit hé phuong trinh da cho c6 nghiém zg. Dat
GCD (m;, m;) = d, ta cé:

To—1i =0 (mod my)
o —1; =0 (mod my)

Suy ra r; = r; mod (GCD (m;, m;)). Do 4,j tuy chon nén r; = r;
(mod GCD(m;,m;)),V1 < i < j < n. Day la diéu kién can dé he
phuong trinh cé nghiém.

Ngudc lai, ta sé chiing minh bang quy nap theo n ring néu diéu kién
trén dudc théa méan thi hé phuong trinh luén c6 nghiem duy nhat theo
module m véi m = LCM (my, ma, ..., my).

Véi truong hop n = 2, dat GCD (mq, mg) = d = my = ddy; mo = dds
véi GOD (dy,ds) = 1.

Suy rar; =rj =r (mod d). Dat ri =7+ kid; ro =1 + kad.

Chuyén dé Sé hoc DIEN DAN TOAN HOC



118 6.3. Dinh Ii thang du Trung Hoa

S6 nguyén b théa man b = a; (mod n;),Vi = 1,k khi va chi khi b = a
(mod n) vdi n = ning...ny. O
Loi giai. e Dit n = ning..n; va dat N; = n
n;
Do (n;,n;) = 1,Vi # j nén suy ra (N;,n;) = 1 Vi = 1; k.
Do (Nj,n;) = 1,Vi = 1;k nén v6i mdi i(1 < i < k) ton tai b; sao
cho
Nib; =1 (mod n;) (6.10)

Nhu vay ta c6 bo by, b, ...,b,. Do Nj =0 (mod n;) khi i # j, tit
do6 di nhién suy ra

Véi méi i (1 <i<k)tacod

k
a = N;bja; + Z ijjaj (612)
J=L#

Tt (6.10),(6.11),(6.12) suy ra a = a; (mod n;),Vi =1, k.

e Dé thay, vi ny,na, ..., n; doi mot nguyén t6é ctiing nhau nén ta cé
ket luan sau: S6 nguyén b théa man b = a; (mod n;),Vi = 1,k
khi va chi khi b = a (mod n) véi n = nina...ng. [

Nhan xét. 1. Ngoai cach chiing minh trén, ta con cé thé st dung
phép quy nap dé chitng minh dinh i thing du Trung Hoa.

2. binh li Thang du Trung Hoa khing dinh vé su ton tai duy nhét
ctia mot 16p thing du cac s6 nguyén théa mian dong thoi nhicu
dong du tuyén tinh. Do d6 c6 thé duing dinh Ii dé gidi quyét nhing
bai toan vé sy ton tai va dém céac s6 nguyén théa man mot hé cac
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Nhan xét. e Trong trudng hop tong quét, ching ta c6 thé ching
minh duge ring: Diéu kién can va dit dé hé phuong trinh (5.2) c6
nghiem 1a UCLN (m;;m;) chia hét b, —b; v6ii # j(1 <4,j < k).

e Gid stt m = p{pd?..p2* 1a phan tich tiéu chuan ctia m. Khi

ay phuong trinh dong du f(x) =0 (mod m) tuong duong véi he
phuong trinh dong du f(z) =0 (mod p¢t),i = 1,2,....k. T d6
suy ra rang néu x = b; (mod p¢!) 14 mot nghiém ctia phuong
trinh f(x) =0 (mod p;),7 = 1,2, ...,k thi nghiém ctia hé phuong
trinh ctia hé phuong trinh dong du

x = by (modp?)
x = by (modp5?)

x = by ('I‘?;lOdp;:k)

cho ta nghiém ctia phuong trinh f(z) = 0(modm).

Vay trong e Truong hop tong qudt gidi mot phuong trinh dong
du dan dén gidi hé trén. Vi cic module my, ma, ..., my doi mot
nguyén to cung nhau.

Phuong phap chung dé giai:

e Truong hop 1: hé 2 phuong trinh

x=b; (mod mq)
x =by (mod my)

V6i gid thiét d = (my, mso) chia hét cho by —by. Trudc tién ta nhan
xét rang, moi s6 x = by +mqt,t € Z la nghiém ctia phuong trinh
thit nhat. Sau d6 ta tim cach xac dinh t sao cho x nghiém ding
phuong trinh thi@ hai, nghia l1a hé hai phuong trinh trén tuong
duong v6i hé phuong trinh

x =by +mt
by + mit =be  (mod mg)
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92 5.3. Heé phuong trinh dong du bac nhat mot an

Vi gi& thiét d = (my, mg) 1a wéc by — by nén phuong trinh: by +
mit = b (mod my) tuong duong véi phuong trinh:

mi b2 — b1 mo
—t= d —
d g (wod =)
Nhung (%, %) = 1 nén phuong trinh dong du nay cho ta
nghiém ¢ = tg (mod @), 13 tap hop tat ca cac sd nguyén

d
m
t=1ty)+ —2u, u € 7
d
Thay biéu thic ctia t vio biéu thite tinh x ta duge tap hop cac
gia tri clia x nghiém dung c hai phuong trinh dong du dang xét
la:

m
T = by +my(to + 7271) = b1 + matog + "2 u, hay = 29 +my

v6i g = by + mytg, m = BOCNN(my, mg).

Vay x = 2o (mod m) 1a nghiém ctia h¢ hai phuong trinh dong du
dang xét.

e Truong hop 2: Hé gdm n phuong trinh. Dau tién gidi hé hai
phuong trinh ndo dé ctia hé da cho, roi thay trong hé hai phuong
trinh da giai bang nghiém tim thay, ta sé dugc mot he gom n — 1
phuong trinh tuong duong véi v6i he da cho. Tiép tuc nhu vay
sau n — 1 budc ta sé duge nghiém can tim.

x =26 (mod 36)
x =62 (mod 60)

Vi du 5.5. Gidi hé phuong trinh: =92 (mod 150) A
x =11 (mod 231)
Loi gidi. Heé hai phuong trinh:
x =26 (mod 36) x = 26 + 36t te7
x =62 (mod 60) 26 + 36t = 62’ '
26+ 36t = 62 (mod 60)
<36t = 36 (mod 60)
<t = 1 (modb)
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e Truong hop 3: ¢ 1a s6 chén, p 1a s6 1é. Tuong ti truong hop

2, ta co:
{ p=2m+1(m e P)
q=2
g=n+1nc€P,n22 (mod 3))
Tu (6.8) va (6.9) ta c6 cic cdp sb p,q can tim. [

Vi du 6.11. Cho a,b,c la cic s6 nguyén duong théa man a < b < c
va (a,b,c) = 1. Chitng minh ring néu n > ac + b thi phuong trinh
n = ax + by + cz c6 nghiém nguyén duong. A
Ldi gidi. Goi (a,¢) =d = (b,d) =1= A= {bi}{_, 1a HDD mod d

= Jy e {1,2,...,d} sao cho by = n (modd) < (n — by):d.
Do (a,¢) =d = a = a1d; ¢ = cid (ar,c1 € Z7; (a1,c2) =1) = B =
{a15}5L, 1a HDD mod c;.

—b
= Jdz € {1,2,...,c1} sao cho a1z = i

(mod ¢1) = 3z € Z sao cho
n — by

d
Mat khac, ta co:

=a1x+ c12.

ca; — b
d

n—by>ac+b—by_

d ] +aicr > aic; >ar=z2€Z"

(d-1)

Tu day suy ran — by = ax 4+ cz & n = ax + by + cz.
Vay néu n > ac+b thi phuong trinh n = ax +by + cz c¢6 nghiém nguyén
duong. |

6.3 Dinh li thang du Trung Hoa

6.3.1 Kién thi’c cg ban

DINH LY 6.1- Cho k s6 nguyén duong ni,na, ...,n; doi mot nguén to
cung nhau va k s6 nguyén bat ki a1, as, ..., a,. Khi dé ton tai s6 nguyén
a théa man a = a; (mod n;),Vi =1,k.
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That vay, nguge lai, gid st 3 4,5 € {1;2;..;p—1},i < j ma

TP =T
1<j—i<p—2 <j—i<p—2
=94 9 (vo Iy)
(j—i)gp j—ip
Ta co
r r Tp—_ 1+2+...+p—1 —1
D D D 2
—1)(g—1

b. Tt (6.7) suy ra dé S la sd nguyén t6 can c6 p,q > 1 va it nhat
mot trong hai sb p, ¢ 18.

e Truong hdp 1: p,q cing 1é = p,q > 3,p # q (do (p,q)=1),
két hgp v6i (6.7) = S 1a s6 chén 16n hon 2 = S khong phéai
14 s6 nguyén to.

e Truong hop 2: p 14 s6 chin, ¢ 1a s6 1&

(p,q) =1
p—1=1
-1
1~ cp
ScP« 2
(p,q) =
p—1leP
g—1
L 2

p:
{ q=2h+1(heP) (6.8)

=
q=3
{ p=t+1(te P, t=22 (mod 3))
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Vay nghiém ctia hé 1a: x = 26+ 36.1 (mod 180) hay =z = 62 (mod 180)
Do dé hé phuong trinh da cho tuwong duong véi hé:

x =62 (mod 180)
x =92 (mod 150)
x =11 (mod 231)

Vi du 5.6. Gidi hé phuong trinh

x =62 (mod 180) x = 624 180t teT
=92 (mod 150) 62 4 180t =92 (mod 150)’ '
Loi giai. Ta co:
62 + 180t = 92 (mod 1)50)
<180t =30 (mod 150)
<6t=1 (mod5b) < t=1 (mod 5)

Vay nghiém ctia hé la:
x =624 180.(14) (mod 900) < x =242 (mod 900)
Hé da cho tuong duong véi:

x = 242 (mod900)
x =11 (mod231)

Hé nay c¢6 nghiem = = 242 (mod 69300) , va day ctng la nghiém cta
hé da cho can tim. [

Vi du 5.7. Tim s6 nguyén duong nhé nhat théa tinh chat: chia 7 du 5,
chia 11 du 7 va chia 13 du 3. A
Loi gidi. Ta c6: ny = 7; N7 = 11.13 = 143;ny = 11; Ny = 7.13 =
91;n3 =13; N3 =711 =177.

Ta c¢6 N1by =3b; =1 (mod 7) — by = —2. Tuong tu by = 4;b3 = —1
Vay a = 143(—2)5+ (91)(4)(7) + (77)(—1)(3) = —1430 + 2548 — 231 =
887 vay cac sd can tim c¢6 dang b = 877 + 1001k.

Vay 877 1a s6 can tim. [ |
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Vi du 5.8 (Chon d6i tuyén KHTN). Xét hé dong du gom 3 phuong

trinh:
xy = —1 (mod z2) (5.1)
yz = 1 (mod x) .
zz = 1 (mod y) (5.3)

Héy tim s6 bo (z,y, z)nguyén duong phan biét vdil trong 3 s6 la 19./\
L&i gidi. Tt ba phuong trinh, theo tinh chat dong du ta lan lugt c6

xy + liz vi yz — iz vz — Ly
Suy ra

(xy +1)(yz — 1) (22 — 1):zy2
:x2y2z2 - x2yz — a:y2z + :Uyz2 +ay —yz — 2x + Lizyz

=xy —yz — 2z + lizyz

Nhan thay do z,y, 2 nguyén duong cho nén xyz > 1. Suy ra zy — yz —
zx +1 < 2zyz

Mat khac yz 4+ zz — 2y — 1 < 2zyz = —(yz + 22 —zy — 1) > —2zy2
Do d6 ta c6 bat phuong trinh kép —2zyz < 2y —yz — 2o + 1 < 22yz

Ma zy—yz—zz+1lizyz = xy—yz—za+1 = 2xyz, loyz, 0, —1loyz, —2xyz
e Trudng hop 1: zy —yz —zx + 1 =22yz = 2y = —1 (mod 2),yz =1
(mod z),zx =1 (mod y)

Cho nén ta chi can tim nghiém ctia zy — yz — 2o + 1 = 2xyz 1a xong.

Vi 2,9,z ¢6 mot s6 bang 19 nén ta thay 1an lugt vao.

Néuz =19 = 19y —yz — 192+ 1 = 38yz = 39yz — 19y + 192 = 1
= (39y + 19)(39z — 19) = —322 V6i y = 19 hoac z = 19 thi tuong tu.

e Truong hop 2,3,4,5: zy—yz—zx+1 = layz,0, —1lxyz, —2xyz lam hoan
toan tuong t, ta day dude vé phuong trinh c6 dang au+bv = ab+uv+z
véi x 14 hdng sb.

Dua vé (a — v)(b — u) = x va giai kiéu phuong trinh u6c sb6. Bai toan
hoan tat. [ |
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Do B =1{1,3,5,7,9} la mot HDD mod 5 cho nén
B*={1.2"+4+1;3.2" 4 a;5.2" +a;7.2" + a;9.2" 4+ a}

ciing 12 HDD mod 5 nén ton tai duy nhat mot sd trong B* chia hét
cho 5.

= Trong 5 s6 ay; ag; as;ag; as c6 duy nhat mot s6 chia hét cho 5(n+1)
ma s6 nay gom n + 1 chit 6 18. Vay meénh dé dang véi n + 1.

Theo nguyeén i quy nap, ménh dé ding véi moi n nguyén duong. Vay
v6i moi s6 nguyén duong n, luoén ton tai mot s6 tir nhién gom n chit s6
déu 1& va chia hét cho 5n. [ |

Trong mot sé dang toan S6 hoc khac

Ngoai cac tng dung néu trén, hé thang du con duge ding trong nhicu
dang toan sé hoc khac, don biéu nhu trong cac bai toan lien quan téi
tinh tong, gidi phuong trinh nghiém nguyén (phuong trinh Diophant
bac nhat). Sau day xin néu ra mot sé vi du.

Vi du 6.10. Vdi moi cip s6 nguyén to cung nhau (p,q), dat

o[ [ 52

N -1 -1
a. Ching minh rang: S = (17)2((1)
b. Xdc dinh gid tri cia p,q dé S la sé nguyén to A

k .
Loi giai. a. Ta cb {q} = E, G day ri la so0 du trong phép chia ¢
p q
chop (0<r; <p-1).

Ta co:

S==+—=+..+ +—+...+—

7, 2% @—Dq_(ﬁ ry 'f‘p—l)
p b b b p b

Vi(p,q) =1=ry#0Vk=1,2....,p—1, tit d6 ta thay tap A =
{r1;72;...;7p—1} chinh la mot hoan vi ciatap A = {1;2;...;p — 1}.
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e Vi &(p) =p—1=|A]| nén diéu kién (ii7) théa man. [ ]
Vay A la mot HTG mod p.

b. Vi B={1;2;3;...;p— 1} 1a mot HTG mod p. Ma A ciing la mot
HTG mod p (theo phan a.) nén ta co:

@ =1=@-1! (modp
& i (i?+i+1)=1 (mod p)
i=2
& lg[(iQ—i-i—i—l)E?) (mod p)
i=1

Nhan zét. Ta c6 thé mé rong Vi du 6.7 nhu sau:

Vi du 6.8. Cho p la s6 nguyén t6 1é c6 dang mk + 2 (m,k la cic s6
nguyén duong, m > 2). Tim s6 du ctia phép chia
T=]]@E" '+t 24+ . +t4+1)

p
=1

¢
cho p. A

Vi du 6.9. Chitng minh rdng vdi moi s6 nguyén duong n, ton tai so tu
nhién n gom n chit s6 déu lé va né chia hét cho 5n. A
L&i giadi. Xét s6 x, = a1az...a, = 5".a théa man (v6i a; € Z*T 1& vé6i
moi i =1,2,...,n vaa€Z")

Ta sé chitng minh bai toan bang phuong phap quy nap toan hoc.

V6i n =1 = Ja; = 5:5'. Vay meénh dé diang véi n = 1.

Gia st ménh dé dung véi n < x,, = a1az...a,, = 5".a, can chitng minh
ménh dé diang vé6i n + 1.

Xét 5 s6 sau day:

a1 = lajag...a, = 5" ( )
az = 3ajas...an = 5" ( )
ag = bajaz...an = 5" (5.2" + a)
ay = Ta1as...an = 5" ( )
a5 — 9a1a2...an = n( )
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Nhan zét. Bai toan nay ma khong cho diéu kién mot s6 bang 19 thi
khong dua duge dang au + bv = ab+wv + = <> (a —v)(b—u) = x lic
do6 suy ra vo han nghiém.

5.4 Baic cia phuong trinh dong du

Dinh nghia 5.3 Xét phuong trinh dong du f(x) = 0 (mod m) vdi
f(x) =apz™ + a1zt + ... +an,a; €N,i=0,1,....n

Néu ag khong dong dur 0 (mod m) thi ta néi n la bac ctia phuong trinh
dong dur. A

Vi du 5.9. Xdc dinh bac ctia phuong trinh 1525 —82* + 22 +62+8 =0
(mod 3) A

L&i gidi. Ta thay 15 = 0 (mod 3) nén bac ciia phuong trinh khong
phéi 1a bac 6. Phuong trinh trén tuong duong véi —8z + 22 +2 =0
(mod 3)

Vi —8 # 0 (mod 3) nén bac phuong trinh la n = 4. |

5.5 Bai tap

BA1 1. Giai cac phuong trinh sau: a) 7z = 6 (mod 13) b) (a + b)z =
a? +b? (mod ab) véi (a,b) =1 ¢) 17z = 13 (mod 11) d) 2? +
x—2=1 (mod 3)

z =1 (mod 3)
\ L - x =4 (mod 4)
BAI 2. Giai cac hé¢ phuong trinh: a) =2 (mod 7)
=9 (mod 11)
5z =1 (mod 12)
b) S50 =2 (mOd 8)
7z =3 (mod 11)

BAI 3. Tim a nguyén dé hé phuong trinh sau c6 nghiém
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x =3 (mod 3)
2) x=1 (mod 4)
x =11 (mod 7)
x =a (mod 11)

2z = a (mod 3)
b) { 3z =4 (mod 10)

BA1 4. Mot 16p gom 40 hoc sinh ditng thanh vong tron va quay mit
va trong vong tron dé choi béng. Méi hoc sinh nhan dugce bong
phai ném qua méit 6 ban & bén tay trai minh. Chiing minh rang
tat ca hoc sinh trong 16p déu nhan dugc béng ném tdi minh
sau 40 lan ném bong lién tiép.

5.6 Ung dung dinh Iy Euler dé giai phuong trinh
dong du

Qua bai viét nay toi xin giéi thieu mot phuong phap dé giai phuong
trinh dong du bang cach khai thac dinh 1y Euler

Trude hét, xin nhac lai vai kién thic quen thuoc.

Dinh nghia 5.4 Ham Euler ¢(m) vdi s6 nguyén duong m la cac sb tu
nhién nhé hon m 1a cac s6 nguyén té véi m. A

5.6.1 Dinh ly Euler.

DiNH 1Y 5.1 (EULER)— Cho m la s6 nguyén duong va (a,m) = 1 thi
a?™ =1 (mod m)

Ham ¢ c6 tinh chat sau:
o o(mn) = p(m)p(n) véi (m;n) =1

e Néu p nguyén t6 p(p) =p — L;p(p") =p" —p"(n > 1)
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Tu hai diéu trén suy ra ton tai chi s6 j(1 < j < k) sao cho agby; ¢
{br,1,br,2, -5 b 1 }-

Xét tap {br,1,bk,2, s Ok, arbi j }-

Sau khi danh sb lai cac phan tit ta thu duge tap

{0k+1,1, 064125 -+, Okt 1 ko D1 41}

. Ta thay tap nay c6 k + 1 phan tit théa méan hai tinh chat trén nén
theo nguyeén li quy nap, bo dé duge chiing minh. [

Quay lai bai toén, 4p dung b dé 6.3, x6t tap {bp—1.1, bp—1.2, -, bp—1,p—1}
ta thay tap nay 1a mot HTG mod p nén né chita ding mot phan ti
dong du v6i 2 mod p. Vi phan tit nay khac 1 nén né phai dong du véi
tich ctia mot s6 ag. Suy ra dpem. |
Trong tap con tap sd nguyén duong, bai toan sé hoc chia hét

Vi du 6.7. Cho p > 3 la s6 nguyén to cé dang 3k + 2.
a. Ching minh ring tap A = {23 —1;3% - 1;4% — 1;..;p* — 1} la

HTG mod p.
p
b. Chitng minh rang [ (i* + i + 3) = 3(modp). A
i=1
L&i gidi.  a. Ta sé chiing minh tap A théa man 3 diéu kién da néu

6 Dinh nghia 6.2.
e Hién nhién mdi phan ti ctia A déu khong chia hét cho p
(théa man diéu kien (4)).
e Gidsttton tai 1 <i < j <p— 1 sao cho
i’—~1=3—-1 (mod p)

= 3 =33 (mod p)
= ?* =43 (mod p)

Mit khéc, theo dinh 1i Ferma, ta c6: i3*+1 = 53+ (mod p)
Tw d6 suy ra ¢ = j (mod p) = ¢ = j (mau thuan). Vay A
thoéa man diéu kien (44).
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Ta chitng minh da thic Q(z) = R(z)+p™(1—e) 1a da thitc can tim.That
vay,
an = (p+1)" +Qn) = (p+1)" + R(n) +p™(1 —¢)
=u, +p"(1—e)p™, Yn=1,2,3... (6.6)

Mat khac

ar=pP+1)+Q(1)=p+1+R1)+p"(1—e)=ep™ +p"(1 —e)p™
Do d6 p™ 1a UCLN cta a, véi moi n =1,2,3... [ |

Vi du 6.6. Cho p > 3 la mot s6 nguyén té va ay, as, ..., ap—2 la mot day
cdc sb6 nguyén duong sao cho p khong la wdc sé cia ay va ap® — 1 vdi
moik =1,2,3,...,p—2. Chitng minh rang ton tai mot s6 phan ti trong
day ai,az, ...,ap—o c6 tich dong du vdi 2 module p. A
Loi gidi. Ta c6 bd dé sau:

BO bk 6.3~ V&i mbi sb nguyén k =1,2,...,p— 1 toén tai mot tap cic sb
nguyén {by.1,br.2, ..., bix } thda man hai diéu kién sau:

1. Méi by ; hodc bang 1, hodc bing tich ciia mét sb phan ti trong day
at, a2, ..., Ap—2,
2 by =bg; (modp) véil<i#j<k. O

Chitng minh. Vé6i k=2 chon by = 1;b92 = a; 2 1 (mod p) (do a} — 1
khong chia hét cho p).

Gia st voi 2 < k < p — 2 ta da chon dudc tap {by 1,bk2,..., b} thoa
méan hai tinh chat trén.

Vi aj, /p nén hai phan t& khac nhau bat ki trong tap

{arbi1, arbi 2, ..., arby i}

la phan biét theo mod p.

af = 1(modp) = (arbr1)(arby2)...(arbrx) = by 1be2..bex  (mod p)
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% k Sz % ~ % N
o Néu m = p{'p5?..p% , pi 1a céc s6 nguyen to thi

s =m (1= 1) (1= 1) (1= 1)

Bay gio ta xét m = a.b trong d6 (a;b) = 1 thi c¢6 cac két qua sau

DiNH LY 5.2—
a?® + 7@ =1 (mod ab) (5.4)

Chirng minh. Theo dinh Iy Euler ta c6: a¥® =1 (mod b) ma b¥(® = 0
(mod b)

Neén a?® + b9 =1 (mod b).

Tuong tu ta c6:a?® + 9@ =1 (mod a)

Theo tinh chat dong du thi : a®® + b#(®) =1 (mod ab) ]

DINH LY 5.3~ Gid st ¢6 k(k > 2) s6 nguyén duong my;ma;...my va
chiing nguyén té vdi nhau tung doi mot. Dat M = mq.ma...my = mgt;
voi1=1,2,3...,k ta cé

() yelma) @) =1 (mod M) (5.5)

Chitng minh. T gia thiét ta c6 (mg,t;) = 1 v6imdii = 1,2,...,k nén
theo dinh ly Euler thi

tf(ml) =1 (mod my) (5.6)

Mit khéc véi i; 5 thuoe tap 1;2;...:k va ¢ # j thi ¢; chia hét cho m;
nen (t;;m;) = m; hay

t}p(mi) =0 (mod my) (5.7)
Dat § = 170" 4 45m2) | qgflme)
T (5.6) va (5.7) c6 S =t =1 (mod m;)
Vi my;ma;. .. my nguyén to6 v6i nhau titng doi mot, nén theo tinh chat
dong du thiic co
S —1=0 (mod mi.my..mi) < S =1 (mod M), tic la c6 (5.5). M
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Khi mé rong (5.4) theo huéng nang lén liy thita cac s6 hang ta c6 két
qué sau.

DINH LY 5.4— Vdi (a,b) =1 va n,v la hai s6 nguyén duong nao dé thi
a™?®) 4 pv2(@) =1 (mod ab) (5.8)

Chiéng minh. Dé tien lap luan dat z = a®®.

Theo dinh 1y Euler thi z = a¥® =1 (mod b) & 2z —1 =0 (mod b)
Dong thoi z = a¥® =0 (mod a).

T décoz(xz—1) =0 (mod a) vaz(z—1) =0 (mod b) nén z(x—1) =0
(mod ab)

Tt d6 22 = 2%2.2 = 2.2 = 22 = = (mod ab) va cit 1ap luan nhu thé c6
2" =z (mod ab) hay a™® = a#®) (mod ab)

Tuong tu ta co: b*7(@) = b¥(@ (mod ab) nén theo (5.4) c6 a™(®) +
boe(@) = pe(@) 4 q#() =1 (mod ab).

(5.8) duge chitng minh. [

2

HE QUA 5.1- Vdi (a;b) =1 thi a™® + 594 =1 (mod ab) O

Hé qué nay c6 thé ching minh truc tiép khi nang hai vé ciia hé thic
(5.4) len lity thita bac n (stt dung khi trién nhi thitc Newton) va chi y
rang ab = 0 (mod ab). Nén luu ¥ riang trong dong du thic thi a # 0
(mod ab)!

V6i ki hieu nhu 6 dinh 1y 5.3 ta c6 ¢;.t; = 0 (mod M) v6i i khac j va moi
i;j thuoc tap 1,2,...k (nhung ¢t Z 0 (mod M) véi moi i = 1,2,3,...k)
Tu d6 khi nang hai vé ctia (5.5) len liiy thita bac n ta c6 két qua sau.
DINH LY 5.5~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
gretma) g gnetma) oy @) = 1 (mod M) (5.9)
Véi céc ki hiéu nhu trén ta dat a = m; va b = t; thi theo (5.4) c6
m?‘p(ti) + t;w(mi) =1 (mod M) (5.10)

Cong timg vé ciia k dong thitc dang (5.10) va st dung (5.5) ta duge
két qua sau:
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L&i gidi. Ta c6 bo dé sau:

BO DE 6.2— Vk € N,k < m thi tén tai b, € Z sao cho bip™ + p*'k! [

Chdng minh. Gid st k! = p® My, v6i (My;p) = 1.
Khi e chay trong tap {0;1;...; My — 1} thi cac s6 {epm*k} lap thanh

mot HDD modMj, thanh thi ton tai by € Z sao cho byp™ F = —1
(mod My,)
= (bkpm_k + 1)Mk
& (bpp™ + pF)ipF. My
Mat khéac
[k >k
Vay (bpp™ + p*)ip™ . M;, = k!. Bé dé duge chiing minh. [

Tré veé bai toan. .
- 1 —1 1 (3 A > .
bat fi(z) = z(z ) Z(‘:lc i+ 1) thi f; (n) = { OC'n (neu n > z)

(néu n < z)

m—1 ) ..
bat R(x) = — > fi(z)(bip™ + p") thi theo Bo de 6.2, R(z) la da thrc
=0

c6 hé s6 nguyen.

Ta co:
n o m—1 ) m—1
up =@+ 1"+ R(n) = ZC}1 b — Z filn)p* —p™ Z fi(n)b;
i=0 i=1 i=0
00 . om—1 .
= ;fi(n)pl— 21 fi(n)p®  (mod p™)

3 filn)p' =0 (mod p™) Vn =1,2,3...
=0

Dac biet uy = (p+ 1)+ R(1) = ep™
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Theo dinh li Ferma.:
Pl =231 =1 (mod p)

351 =1 (mod p)

= 3 = 3L (mod p)  (6.5)

yl=y

Ma theo gia thiét, 23 = > mod p = %% = ¢ (mod p).

Tit d6 suy ra o =y (mod p). Vay bo dé duge chitng minh. W
Tré lai bai toan, ta sé ching minh P(n;) = P(ng) (mod 191) véi
ni;ng € Z thi ny = ny (mod 191).
That vay, vi
27P(ny) = (3n1 — 11)> — 11.191.ny + 113 + 27m
27P(ns) = (3n2 — 11)° — 11.191.ns + 113 + 27m

nén
P(nq) = P(na) (mod 191)
<27P(ny) = 27P(ng) (mod 191)
&(3n; — 11)° = (3ny —11)®  (mod 191)
&3n; — 11 =3ny — 11 (mod 191)(suy ra tit bo de)
&ng =ng (mod 191)

V6i moi nq,no = {1;2;3;...;1991} (A la mot HDD mod 191),
ny # ng ta cod P( ) é P(ng) (mod 191)

= A* ={P(1); P(2);...; P(191)} 1a mot HDD mod 191.

T d6 suy ra In € A = {1;2;3;...; 191} sao cho

P(n) =191 (mod 191) < P(n):191
[

Vi du 6.5. Cho p la mot s6 nguyén to. Chitng minh rdng vdi moi s6 m
nguyén khong am bat ki, luon ton tai mot da thic Q(x) c6 hé s6 nguyén
sao cho p™ la wdc chung lén nhat cia cac s6 a, = (p+1)"+Q(n); n =
1,2,3... A
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DINH LY 5.6— Vdi cdc gid thiét & dinh ly 5.5 ta co:
mf) ) o) = (mod M) (5.11)
1 5 . = .

Khi nhan 2 vé caa (?7?) véi m; ta duge

L+e(ts)

my + mi.tf(mi)+ =m; (mod M) (5.12)

Do mi.tf(mi) = mi.ti.t;p(mi)_l = M.tz(mi)_]L nén

mitP) = (mod M),i =1,k (5.13)

(2
Cong ting vé k dong thic dang (5.13) ta dugc két qua sau:
DINH LY 5.7 Véi cdc gid thiét nhu dinh lij 5.3 ta co:

2+p(t2)

14+p(t

+ ..+ 1+¢(tk)_m1+m2+...—|—mk (mod M)
(5.14)

Khi nhan 2 vé ctia (5.10) v6i t; ta duge

my TP o Zbelta) ) = oy by (mod M)
(5.15)
= t7°M) =4 (mod M),i=1,k (5.16)

Cong timg vé clia k dong du dang (5.16) ta dugc két qua sau
DINH LY 5.8~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
prelm) itelme) g e — g oty (mod M) (5.17)

Cha § réng ¢;.t; = 0 (mod M) nén khi nang lén liy thia bac n cla
tong t1 + to + ... + 3, ta c6 két qui sau.

DINH LY 5.9~ Véi cdc gid thiét nhu dinh lij 5.3 ta co:

T +ty+ ..+t =0 +ta+ ... +t)" (mod M) (5.18)
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Kha niang tim ra cac hé thic dong du mdi chua phai da hét maoi ban
doc nghién citu thém. Dé nim 16 dudc nhitng phan trén ta tim hiéu
qua mot s6 vi du sau day.

Vi du 5.10. Tum it nhdt bon nghiém clia phuong trinh dong du:
22 +9y7=1 (mod 30) (5.19)
1

Lai gidi. Do 30 = 5.6 va (6;5) = 1 nén theo (5.4) c6 57(0) + 6¥0) =
(mod 30)

Vi (6) = ¢(2).0(3) = 2 va p(5) = 4;6% = 6 (mod 30).

Tuong tu ta c6: 257 = 25 (mod 30) va 63 = 6 (mod 30) nén 63+ 257 =
2646 =1 (mod 30)

Néu phan tich 30 = 3.10 véi (3; 10) = 1 thi theo (5.4) c6 3910 410¢3) =
1 (mod 30). Tinh toan twong ty nhu trén ta c6 3*+10%2 = 1 (mod 30).
Vi 3% = 81 = 21 (mod 30) va 102 = 10 (mod 30) nén theo (5.8) c6
(393 +(10%)" = 1 (mod 30) va (3*)7 + (10%)> = 1 (mod 30)

Suy ra phuong trinh trén c6 it nhat bén nghiem (z;y) 1a (25;6); (6;25);
(21;10); (10;21). [ |

Vi du 5.11. Chiing minh rang phuong trinh dong du sau cé nghiém
(x;y; 2;t) khac (0;0;0;0):

st oyt + 2+t =13 (mod 60).

Loi giai. 60 = 3.4.5 va (5;3) = 1;(5;4) = 1;(3;4) = 1 nén ddt m; =
3;mo = 4;mg = 5yt = 15;t9 = 1;t3 = 20 theo (5.18)

15 412 420" = (15 +20+12)* =1 (mod 60)

Vi du 5.12. Tum it nhat mot nghiém cia phuong trinh dong du x'7 +

y¥ =1 (mod 35) A
L&i gidi. Ta c6: 35 = 5.7 ma (5;7) = 1 nén theo (5.4): 5" + 79" =1
(mod 35))

Vi ¢o(5) = 4;(7) = 6 nén 5* + 7 =1 (mod 35)
Theo (5.8): 1417 +30'9 = 144+ 30 = 1 (mod 35)
Vay phuong trinh dong du ¢6 it nhat mot nghiem (z;y) = (14;30) MW
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Két hop véi (6.4) suy ra
(w—v)((p—1DpuP™t —1)=0 (modp?) =u—v=0 (mod p?)

Diéu nay mau thuin véi gid sit v = v (mod pP). Vay nhan xét dugc
chiing minh.

e Tu nhan xét trén suy ra H = {Q(1); Q(2);...; Q(pP)} 1a mot HDD
mod pP. Tt do6 suy ra trong tap s6 {1;2;...; pP} gom p? s6 thi ton

2
tai duy nhat mot s6 a sao cho Q(a) =0 (mod pP) hay Q(a):p”.
e Ta xét diy s6 hang ar, = a + k.pP v6i k = 0,1,2..., dé thay rang:

Q(a”) = Qa) =0 (mod p”).

Nghia la ton tai vo han s6 a (k= 0,1,2,...) théa man Q(ay):p”.
|

Vi du 6.4. Cho da thiic P(z) = 23 — 1122 — 872 +m. Ching minh ring
vdi moi s6 nguyén m, ton tai s6 nguyén n sao cho P(n) chia hét cho
191. AN

Ldi gidi. Y tudng ciing tuong tu Vi du 6.3, ta sé st dung HDD. Trudc
hét ta dua ra bd dé sau:

BO DE 6.1~ Cho p I3 sb nguyén t6, p = 2 (mod 3). Khi dé,véi moi sb

nguyén x, y ma 3 = y® (mod p) = z =y (mod p) O

Chdng minh. That vay:

e Néuz =0 (modp) = 4y>=0 (mod p) =y =0 (mod p) & z =
y(modp)
e Néu z,y cung khong chia hét cho p, do p = 2(mod3) = p =
3k + 2(k € 7).
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Tuong t, ton tai duy nhat a € A dé x = na (mod m).

Tw d6 suy ra * = na + mb (mod n) va x = na + mb (mod m).
Tu d6 két hop véi (m,n) =1 suy ra x = na +mb (mod mn). B

Nhan zét. Tt day, ta c6 thé suy ra cong thitc tinh ham Ole ®(n).

6.2.2 Ung dung
Trong cac bai toan vé da thic, day sb

Vidu 6.3. [THTT, s6 340] Cho p la s6 nguyén to 1é va da thic Q(x) =
(p— 1)aP — x — 1. Chitng minh rdng ton tai vo han s6 nguyén duong a
sao cho Q(a) chia hét cho pP. A
L&i gidi. Thay cho viéc chiing minh ton tai vo han sé nguyén duong a
sao cho Q(a) chia hét cho pP, ta s& ching minh tap

H ={Q(1);Q(2);..;Q(r")}

la mot HDD mod pP.

Ta c6 nhan xét sau: trong tap s6 {1;2;...;p} gom pP so, gia sit ¢6 hai
s6 u,v khac nhau thi Q(u) £ Q(v) (mod pP).

Ta chiing minh diéu nay bang phan chiing. Gia st ¢6 Q(u) = Q(v)
(mod pP)

sp-HuP—u—-1=(p-1)w"—-v—-1 (mod p?)

< (-1 —v?)—(u—v)=0 (mod p) (6.3)
Theo dinh 1i Ferma nhé thi v = v (mod p) va vP = vp (mod p) véi p
1a 86 nguyén t6 nén u? — vP = u — v (mod p).
T (6.3) suy ra
p—2)(u—v)=0 (modp)=u=v (modp) (6.4)
Cung tur (6.3) ta co:

(u—v)((p— )W, +uP 20+ .. +urP 2 +0P" 1) —1) =0 (mod pP)
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5.7 Bai tap

BA1 1. Chitng minh rang phuong trinh dong du sau c6 nghieém (z;y; 2; t)
khéc (0;0;0;0):
a) 2% +y3 + 22 =13 (mod 210)
b) 2% 4+ y° + 25 =5 (mod 1155)

BAI 2. Tim it nhat mot nghiém citia phuong trinh dong du sau:

498 =1 (mod 45)

BAI 3. Chitng t6é rdng moi phuong trinh sau c6 nghiém nguyén duong.
a) 2% 4+ 3Y +5° + 7' = 3 (mod 210)

b) 3% +5Y + 77 = 2 (mod 105)
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Vi du 6.2. Cho hai s6 nguyén duong m,n vdi (m;n) = 1. Gid st A =
{a1,a9,...;ap}; B = {b1,ba, ..., by} tuong dng la cic hé thu gon mod m
va mod n. Xét tap hop C = {an+bym};1 <i < h;1 < j<k.. Ching
minh ring C la mot hé thu gon HTG mod mn. A

L&i gidi.  + Ta ching minh (a;n +bjm,mn) =1Vi=1,h; j =1,k

+

(didu kien (7).
Gié st ton tai 4,7 va s6 nguyen t6 p la uée chung ciia a;n + bjm
va mn.

Ta ¢6 a;n + bjm:p va mn:p.

Do mn:p ma (m,n) = 1 nén c6 thé gia st nip, suy ra

anip = bjmfp = bjfp

Vay p la uéc nguyeén t6 chung ctia n va b;. Dieu ndy mau thuin
v6i gia thiét. Nen diéu gia st la sai. Vay (a;n+bjm,mn) =1 Vi =
Lh; j=1,k

Chiing minh diéu kién (ii).
Gia st ton tai @ € A; b € B sao cho an + bm = a'n + b'm
(mod mn)

=an=an (modm)=a=d (modm) (do (m,n)=1)

(diéu nay mau thuén).

Vay an + bm £ a/n + b'm (mod mn).
Chiing minh diéu kien (ii7’).

Gia st (z,mn) =1= (x,m) = 1;(x,n) = 1.

Vi (m,n) =1 nén tap B = {mby, mba, ..., mbi} 1a mot HTG mod
n.

Vay ton tai duy nhat b € B dé o = mb (mod n).
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b. Xét khi n 1é: Lic nay chua thé két luan gi vé tinh chéat ctia he
A+ B.

That vay, ta xét n = 3; A ={1;2;3}; B = {4;5;6}.

Khi d6 A+ B = {5;7;9} 1a mot HDD mod 3.

Nhung, xét he A = {1;2;3}, B = {5;4;6}.

Khi d6 A+ B = {6;6;9} khong phai 13 mot HDD mod 3. [ |

Hé thang du thu gon

Dinh nghia 6.2 Cho tap B = {by;bs;...;bx} 1a mot tap hop gom k s6
nguyén va (bj;n) =1 véi moi i = 1;2;...; k.

Gid sit: b; = gin +r; véi 1 < r; < n. Khi dé dé thay (r;;n) = 1.

Néu tap {ri;ra;...;rn} bing tap K gom tat ci cdc s6 nguyén duong
nhé hon n va nguyén tb cing nhau véi n thi B dugc goi 1a hé thing
du thu gon mod n, goi tiat la HTG (mod n). A

Nhan zét. Ta c¢6 thé rat ra hai nhan xét:

> D@ thay tap B = {b1;ba;...;br} gom k s6 nguyén 1ap thanh mot
HTG khi va chi khi

i. (bizm) =1
ii. by #bj (modn) véil<i#j<k
iii. |B| = ®(n)

Diéu kien (4i7) tuong duong véi (ii’): v6i moi x € Z; (z;n) = 1
ton tai duy nhat b; € B sao cho z = b; (mod n).

> Tu dinh nghia ta suy ra: cho tap B = {b1; be; ...; br} 1a HTG mod
nvac € Z;(c;n) =1 thi tap ¢cB = {cby; cbe; ...; cby } cing 1a HTG
mod n.
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Chuong

Hé thang du va dinh ly
Thang du Trung Hoa

6.1 Mot sb ki hiéu st dung trong bai
viet 103

6.2 Hé thang du 104

6.3 Dinh Ii thang du Trung Hoa 117

6.4  Baitap dé nghi & goiy — dap s6 125

Nguyén Dinh Tung (TUNGC3SP)

Bai viét nay trinh bay vé Hé thang du va dinh 1y Thing du Trung Hoa.
Mot so ki hieu st dung dude phac hoa trong Phan 6.1. Phan 6.2 gidi
thiéu dén ban doc mot sd kién thic co ban vé Hé thang du day da
va Hé thing du thu gon kem theo bai tap tng dung. Dinh 1y Thang
du Trung Hoa kém tng dung ctia né gitp gidi quyét mot sd6 dang toan
duge trinh bay trong Phan 6.3. Phan 6.4 két thic bai viét bao gom
mot s6 bai tap dé nghi kém goi ¥ hodc dap so.

6.1 Mbét sb ki hiéu sit dung trong bai viét

[z,y] : boi chung nhd nhat clia hai s6 nguyén duong x,y (néu
khong noi gi thém).

(x,y) : u6c chung 16n nhat ctia hai s6 nguyén x, y.

r 2y (mod p):  khong dong du véi y theo module p.

HDD: hé thing du day du.

103



104 6.2. Hé thang du

HTG: hé thang du thu gon.

e PP: tap cic s6 nguyén to.

®(n): ham Ole cta n.

|A|: s6 phan tit clia tap A.

{z}: phan 18 ctia s6 thyc z, duge xac dinh nhu sau: {x} = = — [z],
trong do6 [z] 1a phan nguyen clia s6 thyc z (1a s6 nguyén 16n nhat
khong vugt qué x).

)

n
i Pi = P1P2---Pn
=1

6.2 Heé thang du

6.2.1 Kién thic co ban
Hé thing du day da

Dinh nghia 6.1 Cho tap A = {aj;a9;...;a,}. Gidsttr;, 0 <r; <n-—1
la 56 du khi chia a;cho n. Néu tap s6 du {ri;ra;...;r,} trung vdi tap
{0;1;2;...;n — 1} thi ta néi A 1a mot hé thang du day dua (goi tat la
HDD) mod n.

Nhan zét. Tu dinh nghia, dé thay:
> Néu A = {ay; ag;...; an} lap thanh HDD (mod n) néu va chi néu:
i # j = a; #aj (mod n).
> Néu A = {a1;a9;...;a,} 14 HDD (mod n) thi tit dinh nghia dé
dang suy ra:
— Véi moi m € Z, ton tai duy nhat a; € A sao cho a; = m
(mod n).

— V6i moi a € Z, tap a + A = {a+aj;a+ag;...;a+ay} la
mot HDD  (mod n).
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— V6i moi ¢ € Z va (¢;n) = 1; tap cA = {cay;cag;...;cap} 1a
mot HDD  (mod n).

Cha y: tap A* = {0;1;2;3;...;n — 1} 1a mot HDD (mod n) khong am
nho6 nhat. S6 phan ti clia tap A 1a |[A| = n.
Vidu 6.1. Cho hai HDD (mod n): A = {a1;a2;...;a,} va
B = {b1;b;...; b, }.
a. Ching minh rang: Néu n chan thi tip A+ B = {a1 + by;as +
ba; ...;an + by} khong hop thanh HDD (mod n)

b. Két lugn J cau a. sé thé nao néun la so lé A

Loi gidi.  a. Tac6 mot dieu kién can sau day doi véi HDD  (mod n),
khi n chan. Gid st C' = {c1;¢2;...;¢p } la mot HDD  (mod n). Khi
d6 theo dinh nghia ta c6:

nin+1)

cat+e+..+ep=04+2+...+(n-1)) 5

(mod n)
Do n chén nén n = 2k, suy ra:

1 .
”(”;) —k2k+1) n = k(2k+1)20 (mod n)
=c+ct..tc, 20 (modn) (6.1)

Ta c6:

A+B = {a1+bi;az+bo...;an + bn}
= {(mta+.+a)+(br1+ba+..+by)} (modn)
{n(n+1) n(n+ 1)

5 + 5 } (mod n)
= [n(n+1)] (modn)

= A+B=0 (modn) (6.2)

(O day ta ciing sit dung gia thiét A va B 1a hai HDD mod n).
T (6.1) va (6.2) ta suy ra dpem.
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