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MOT SO BAI TOAN HINH HOC NOI TIENG

1. Puong thang Euler )

Cho tam giac ABC c6 H la truc tdm, G la trong tam, O |a tim duong tron ngoai ti€p.

Chtrng minh rang H, G, O thang hang.

Chuing minh 7

Goi E, Flan luot la trung diém cua BC, AC. Tacéd EF la duong trung binh ctia tam

giac ABC nén EF // AB. Talai co OF // BH (cung vuong goc voi AC). Do do

7~ P

OFE = ABH (gdc co6 canh tuong trng Song
] N N

song). Chirng minh twong tu OEF = BAH .

Tir d6 ¢6 AABH «» AEFO(g.g)

= AH_AB_ 2 (do EF la duong trung binh
OE EF

cua tam giac ABC). Mat khac G la trong

tam cia tam giac ABC nén ? =2.Dodo

AG AH—Z lai co HAG OEG (sole

EG OE
trong, OE // AH).
PERS S S S

= AHAG «» AEOG(c.g. c) = HGA =EGO. Do EGO + AGO =180° nén

e P
HGA + AGO =180° hay HGO 180°.

VéyH, G, 0 thing hang. 7
buong thang di quaH, G, O duoc goi la dwong thang Euler cua tam gidc ABC.
Ngoai ratacon co OH =30G.

2. Pwong thang Simson , o
Cho tam giac ABC ndi tiép duong tron (O), M la mot diém bat ki trén duong tron. Ké
M!—I, MI, MK lan lugt vuong goc vai AB, BC, AC. Ching minh rang badiém H, I, K
thang hang.
Chizng minh

_ A~ N _
Tu gidc MIBH c6 BHM +BIM =90° +90° =180° nén la tr giac

N~

ndi tiép = MIH = MBH (cung chin cung HM), ma ti giac

S S N S
ABMC noi tiép nén MBH = KCM,, do do MIH KCM.

Mat khac tir giac KCMI noi tlep (vi MIC MKC 90°) nén
A~ N A~
KCM + MIK =180° = MIH +MIK =180° = HIK 180°.
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Vay H, |, K thang hang.

Puong thang di quaH, |, K duoc goi |a dwong thang Simson cia diém M.

Chui yp : Taco bai toan dao vé dudng thing Simson nhu sau : Cho AABC va mot diém
M nam ngoai tam giac. Chimg minh rang néu hinh chiéu caa M |én ba canh caa
AABC la badiém thang hang thi M nam trén dudng tron ngoai tiép AABC.

3. Puwong thang Steiner

Cho tam giac ABC noi tiép duodng tron (O), M la mot diém bat ki thudc duong tron.
GoiN, P, Q theo thir tu 1a cac diém dbi xing voi M quaAB, BC, CA.

Ching minh rang N, P, Q thang hang.

Chirng minh

Goi H, I, K theo thir tu Ia hinh chiéu cia M Ién AB, BC, AC, thé thi H, |, K thang
hang (dudng thang Simson). D& thay IH 14 dudng trung binh caa tam giac MNP nén
IH // NP. Twong tu IK // PQ. Theo tién dé& O-clit va do H, I, K thiang hang nén suy ra
N, P, Q théng hang.

Puong thang di quaN, P, Q dugc goi |a dwong thang Steiner ciia diém M.

Chu y

a) Taco thé ching minh badiém N, P, Q thiang hang bing cach ding phep vi tu

Cac diém N, P, Q lAn luot la anh cua H, |, K trong phép vi tu tam M ti s6 2, ma H, |,
K thang hang nén N, P, Q ciing thang hang. Nhu vy duong thang Steiner 13 anh caa
duodng thang Simson trong phép vi tu tam M ti s6 2.

b) Puong thang Steiner di quatruc tim cia tam giac ABC. That vay, goi D 14 truc
tam cua tam giac ABC; BD, CD cit (O) lan lugt ¢ E, F. D& dang chirg minh duoc E
dbi xtmg voi D quaAC, F ddi xtng véi D quaAB

Taco FDMN 1a hinh thang can nén F = N1 ma Fi =B = I/-i1, do do 1/\\11 = I/-i1.
Suy raND // HK. Tuong tw QD // HK.
Vay N, D, Q thang hang hay duong thang Steiner di quatruc tam cua tam giac ABC.



Cach khac
Goi AS, BJ, CR la cac duong cao cua

tam giac ABC, D la truc tam. Taco
P P , ..
ANB = AMB (tinh chat doi xung).
N S ,
Lai c6 AMB = ACB (cung chan cung
N N .
AB) va ACB=ADJ (cung bu véi goc
SDJ).
NN
Suy ra ANB=ADJ nén ADBN la ta
giac noi ticp, do d6 NAB=NDB.
N~ A~
Ma NAB=MAB = NDB=MAB.
_ AN N N N N
Chung minh teong ty CDQ = CAM. Tacé NDB+ CDQ = MAB + CAM =BAC.

N N N N N S
= NDQ =NDB + BDC + CDQ = BAC + BDC =180°.

Vay N, D, Q thang hang hay dudng thang Steiner di quatruc tam cua tam giac ABC.

4. Pwong thing Gauss

Cho tt giac ABCD ¢6 E la giao diém caa AB, CD va F |a giao diém caa AD, BC.
Ching minh rang trung diém cia badoan AC, BD, EF |4 badiém thang hang.
Chizng minh

Goi M, N lan luot |a trung diém cia AC, BD. Tacd

Semn = Sgap ~ SEMA? ~Senp ~Samp ~ Spmn (1)

Do M, N la trung diém ctia AC, BD nén

1 1 1
SEMA = ESECA’ SEND = ESEBD’ SAMD = ESACD’ SDMN = ESBMD (2)

. R 1 1 1 1
Tu (1) va (2) suy ra Sgyn = Sgap _ESECA _ESEBD _ESACD _ESBMD
1 1

= E(SEAD - SECA o SACD) + E(SEAD - SEBD - SBMD)

1 .
= E(SEAD —Sgpp —Spwmp) (VI Sgap =Sgac =Sacp =0do Sgap =Sgac +Sacp)

1 1 1(1 1 1
= E(SABD —Spmp) = E(SABM +Sapm) = E(ESABC + ESACDJ = ZSABCD
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Chtrng minh tuwong ty Spyy =%S ABcD - D0 A0 Spyn =Spun - Ké EH, FK vudng goc

v6i duong thang MN thi EH = FK , goi | 1a giao diém cua duong thang MN véi EF.
Ta chimg minh dugc AEHI = AFKI (goc nhon ké canh goc vuéng)nén IE = IF hay |
la trung diém cua EF. Vay trung diém caa badoan AC, BD, EF thang hang.

Puong thang di qual, M, N dugc goi 1a dwong thang Gauss.

5. Pwong tron Euler

Cho tam giac ABC c6 cac dudng cao AD, BE, CF dong quy tai H. Goi M, N, Plan
luot 14 trung diém caa BC, CA, AB ; S, R, Q lan luot |a trung diém cia HA, HB, HC.
Chuang minh rang chin diém D, E, F, M, N, P, S, R, Q cing nam trén mot dudng tron.
Chutng minh

Trong tam giac ABH thi PR la duong trung binh nén PR // AH va PR = %AH .

Trong tam giac ACH thi NQ la duong trung binh nén NQ // AH va NQ = %AH :

Do d6 PR // NQ va PR =NQ nén PNQR |4 hinh binh hanh.

Mat khac PR // AH ma AH 1L BC nén PR L BC, lai c6 PN // BC (PN la duong trung
binh ciia AABC). i

Suy ra PN L PR, do do PNQR la hinh chir nhat. Goi | 1a giao diém cia PQ va RN thi
IP=IN=1IR =1Q. Chirng minh twong tu tacé IS=IM=IN=1IR.

Taduoc IP=IQ=IN=IR=IS=1IM.

Tam giac FPQ vuéng tai F 6 | |a trung diém cia PQ nén IF = IP =1Q . Tuong tu
IE=IR=IN; ID=IS=IM.SuyralD=IE=IF=IM=IN=IP=IS=1R =1Q.

Vay chin diém D, E, F, M, N, P, S, R, Q cing nam trén dudng tron tam .

Puong tron di quachin diém trén duoc goi 1a duwong tron Euler ciia tam gidc ABC.

A
E
I AN
7, \ N
’ \
F \ | \\
H ! L N
\
P' >~ > \I /’// \
I~ l
I\ ,,f’ﬂﬁ\\‘~\\ )
- / \ =
\ / \\ 1
R\\ ! \ ,/Q
\
\\ // N //
B ¥ C
D ~---"" M



Chu y :
a) Tam dudng tron Euler ndm trén duong thang Euler. ,
That vay, goi G va O theo tht tu la trong tam va tam duong tron ngoai tiép tam giac

ABC. Tachimg minh duge OM =%AH — SH, lai c6 OM // SH = OMHS |2 hinh

binh hanh. Ma | |a trung diém ciia SM nén ciing |a trung diém cia OH.
Nhu vay bon diém H, I, O, G thang .

hang, tirc 1a tim duong tron Euler nam .
trén duong thang Euler. .

b) Ban kinh duong tron Euler bang %

(v6i R 12 ban kinh duong tron ngoai tiép
AABC). That vay, taco IS la duong

trung binh cia AAHO nén
5=24_R
2 2 B

6. Puong tron Miquel

Cho tr giac ABCD ¢6 E 1a giao diém cua AB va CD, F 1a giao diém ctia AD va BC.
Goi M 1a diém Miquel va Oy, O,, O3, Oy lan luot 1 tAm dudng tron ngoai tiép cua cac
tam giac EBC, CDF, EAD, ABF. Chirng minh rﬁng nam diém M, Oy, O,, O3, O, cung
nam trén mot dudng tron.

Chutng minh

Goi H, I, K theo thir tu 1a trung diém cua FM, BM,
CM. Cac dudng tron (O1) va (O,) it nhau tai M va C
nén 0,0, la duong trung truc cua MC, do d6 0,0,
vuong goc voi MK tai K. Tuong tu 0,0, vudng goc
vaoi Ml tai I, 0,04 vuong géc vaoi MH tai H.

N6i cach khac H, I, K theo tht ty 1a hinh chiéu ctia M
trén cac canh 0,04, 0,04, 0,0, cta tam giac 0,0,0,.
Dé thiy IK // BC va IH // FB ma F, B, C thing hang
nén H, L, K thing hang.

Theo bai toan dao vé dudng thing Simson (xem muc
2) taco M, O,, O,, O4 Ciing nam trén mot duong tron. Tuong tu M, O4, O3, O4 Cling
nam trén mot dudng tron.

Vay nam diém M, Oy, O, O3, O3 cliing nam trén mot dudng tron.

Duong tron di quanam diém M, Oy, O,, O3, O, dugc goi 1a duong tron Miquel.




7. Hé thirc Euler
Cho tam giac ABC. Goi (O ; R) va (I ; r) lan luot 1a dudng tron ngoai tiép va duong
tron ndi tiép tam giac. Pat OI =d. Chang minh rang d* =R? —2Rr.

Chirng minh

Goi D |a hinh chiéu cua | trén AB, v& duong kinh
EF di quaOva |, M la giao diém cua Al véi (O),

AN A~ A
v€ duong kinh MN. Tacd IBM =By + Bz,
P A N A~ A~
BIM = A; +B3. Mat khac B> =B3 va
A~ AN N
B1 = Az = A1 nén BIM =1BM = ABIM can tai M,

dodo MB=MI. i
Do Al la tiaphan giac cia goc BAC nén M la diém
chmh glu’a cua cung BC do d6

MB MC:>MB MC = MC =MI.

Tacdo AAEI «» AFMI(g.g) nén E:&

IM IF

— IEIF =1A.IM .
Laico IE=R-d,IF=R+d =

IAIM =R +d)(R—-d)=R*-d* (1)

Xét hai tam giac vuong IAD va MNC, chiing c6 A1 =N2(=A»)
IA 1D

= AIAD v» AMNC(g.g) > —=——-=>IAMC=MN.ID. Do MN =2R, ID=r va
MN MC

MC =MI nén tacé IA.IM =2Rr (2)

T (1) va (2) suyraR? —d* =2Rr=d* =R? - 2Rr.

Chii y: Do d* >0 nén tir dinh |i Euler tasuy ra R >2r. Xay ra R =2r khi d =0, lac
d6 O =1 hay tam giac ABC déu.

8. Hé thirc Van Aubel

Cho tam giac ABC c¢6 AD, BE, CF ddng quy tai K (D, N A M
E, F theo thir ty thudc cac canh BC, CA, AB).

. E
Chung minh rang AK AE AF F

KD EC FB' K

Chitng minh 9 ) B C
Qua A vé duong thang song song véi BC cat BE, CF tai D
M, N. Tacod
AK AM AN _ AM+AN_AM+AN AM AN AE AF
KD BD CD BD+CD  BC ~ BC BC EC FB'



9. Cong thurc Carnot
Cho tam giac ABC nhon ¢6 (O ; R) la dudng tron ngoai tiép. Goi X, y, z theo thi tu 1a
khoang cach tir O dén BC, CA, AB, r 14 ban kinh duong

tron noi tiép tam giac. A

Ching minhrang x +y+z=R +r.

Chizng minh

Ké OD 1L BC,OE L AC,OF L AB thi

OD =x, OE =y, OF = z. Tt giac OECD noi tiép nén ap
dung dinh li Ptolemy (muc 18) taduoc

OE.DC + OD.EC = OC.DE B D C
:>y.3+X.E:R.£:>ay+bx:cR.
2 T2

Tuong ty az+cx =bR, bz+cy=aR.

Doddé a(y+z)+b(x+z)+c(x+y)=(a+b+c)R. (1)

Mat khac

ax + by + ¢z =255 +2S,0c + 25205 =2Sppc =(@+b+0)r. (2
Tu (1) va (2) taco
ax+y+z)+b(x+y+z)+c(x+y+z)=(@+b+c)R+(a+b+o)r
=>@+b+c)x+y+z)=(R+r)(a+b+c)=>x+y+z=R+r.
Chui y - Néu goc A tii thi cong thire Carnot c6 dang y+z—x =R +.

10. Pinh li Céva

Cho tam giac ABC va cac diém D, E, F lan luot nam trén cac canh BC, CA, AB.
Chutng minh riang diéu kién can va du d¢é AD, BE, CF dong quy 14 ta c6 hé thirc

DB EC FA | *)

DC EA FB

Chitng minh

Piéu kién can : Taching minh rang néu AD, BE, CF d6ng quy thi c6 (*).

Goi K 1a dlem ddng quy cia ba doan AD, BE, CF. Qua A v& dudong thang song song
véi BC cit BE, CF 6 M, N. Theo dinh li Ta-let tacé

DB_AM EC_BC FA_AN .. DB EC FA_AM BC AN _

DC AN EA AM FB BC' DC EA'FB AN AM BC

(dpcm).

Piéu kién dii : Taching minh rang néu c6 (*) thi

AD, BE, CF dong quy. That vay, goi K Ia giao diém A M
cua BE va CF, AK cat canh BC ta1 D'.
Thé thi theo chimg minh & diéu kién can ta ¢6 B E

D'B EC FA:1:>DB=E Hai diém D va D' K

D'C EA FB D'C DC ,
déu chia trong doan BC theo cung mdt ti s0 nén D
D'=D. Vay AD, BE, CF dong quy.




Chui y : Bai toan van dung trong trudng hop cac diém D, E, F ndm trén cac dudng
thang BC, CA, AB, trong d6 c6 dung hai diém nam ngoai tam giac.

11. Dinh li Menelaus i . i
Cho tam giac ABC va cac diém M, N, P theo thtr tw nam trén cac dudng thing BC,
CA, AB. Chirng minh rang dicu kién can va du dé M, N, P thang
MB NC PA
——=1 (**)
MC NA PB P

hang 1a ta c6 hé thirc

dén cat tuyén MNP.

. MB b NC ¢ PA a ,
TacO6 —=—, —=—, —=—.Dodo
MC ¢ NA a PB b

MB NC PA:E.E.Ezl (dpcm).

MC NA'PB cab , B v c
Diéu kién @i : Gia st ¢b (**) va PN cét canh BC tai M'. \(
Thétmi MB NCPA | MB_MB_ \iom.

M'C NA PB M'C MC
Vay M, N, P thang hang (dpcm).

Chitng minh A
Diéu kién can : Goi a, b, c theo thtr ty 1a khodng cach tir A, B, C A \
N

12. Pinh li Bramagupta
Cho tr gidc ABCD noi tiép c6 hai dudng cheéo vudng
gbc voi nhau tai I. Ching minh rang duong thang di qua

A
\ B
| va trung diém ctia mot canh cua tir gidc vudng goc véi \
canh dbi dién.
Chitng minh
Khong mat tinh tong quat, gia St E 13 trung diém cia
BC, taching minh rang IE vudng goc véi AD. c
s

That vay, goi F 1a giao diém cua IE véi AD.

Tam giac BIC vuodng tai I ¢6 E 1a trung diém cua BC
nén I = C1.Mit khacCi =D va Ii =1, do d6

Dy =i2 =D +i3 =i2 +i3 =90°

N
— IFD =90° = IE L AD (dpcm).

13. Pinh li Blanchet o ‘
Cho tam giac ABC c¢6 duong cao AH, | 1a mot di€ém bat ki nam trén doan AH. Céc tia
Bl, Cl cat AC, AB ¢ E, F. Ching minh rang HA 1a tia

phan giac cua goc EHF. A
Chutng minh 7 ,
Qual v& duong thang song song voi BC cat AB, HF, HE, £
AC oM, N, P, Q. Theo dinh 1i Ta-let tacod cac ti so sau :
F
P
M Q
8




IN_HC IQ_BC I™M_HB _ . INIQIM_HC BC HB _
IM BC IP HB IQ HC IM IP IQ BC HB HC
3%—1311\1 IP. Laicé IH L NP nén tam gidc HNP can tai H.

Vay HA 1a tia phan gidc cuia goc EHF.

14. Pinh li Napoléon
Cho tam giac ABC. V¢ phia ngoai tam giac tavé cac tam giac déu BCD, ACE, ABF.
Goi M, N, P theo thir tw |a tAm cua cac tam giac déu
d6. Chimg minh raing MNP |a tam giac déu.

Chizng minh

Goi | la giao diém tht hai caa hai duong tron (N) va
(P). T& giac AIBF néi tiép c6 F =60° nén

PN S

AIB=120°. Tuong ty AIC =120°. Do d6

N

BIC =120° = tt giac BICD néi tiép hay | nam trén

duong tron (M). Cac dudng tron (M) va (P) cat nhau
&1 vaBnén IB L MP; cac dudng tron (N) va (P) cit
nhau & | va A nén 1A L PN.

N ~
Lai c6 AIB=120° nén tinh dugc P =60°.

Tuong tu N=60°.

Vay tam giac MNP déu.

Chii yp : Céc dudng thang AD, BE, CF dong quy tai I
That vay, taco tir giac BICD noi tiép nén

AN N P ‘
BID =BCD =60°, dodo AID =120° +60° =180°. Vay AD di qua L.

Chung minh teong ty BE, CF cling di qua 1.

15. Pinh li Lyness

Cho tam giac ABC noi tiép dudng tron (O). Buong tron (0" tiép xtc trong voi (O)
tai D va tiép xtc v6i AB, AC ¢ E, F. Chimg minh ring EF di qua tim dudng tron noi
tiép tam giac ABC.

Chizng minh

V& tia phén giac ctia gbc BDC cat EF tai I ; goi M, N |a giao diém caa DF, DE véi

T T /7
duong tron (O). Tacdé O'FD =OMD (=ODM) nén O'F//OM ma O'F L AC =
" . S 17>
OM 1L AC= M la diém chinh gitra cua cung AC, do d6 FDC = EABC D



N

Tam giac AEF can tai A nén Ei =F) = % , mat khac
~ ~ BDC 180°_A
IDC =IDB = = " nén

AN N A A ~ ~ 1 —
IDB=IDC=E; =F:. Ma EDF =F; (=§sdEF)

N N S P
— IDC=EDF=IDE=FDC (2

A N ,
Vi E; =1DB nén |EBD la tu giac ndi tiep
S N
= IDE =1BE 3
A )
Tu (1), (2) va (3) taco IBE :EABC, dodo IB latia

phan giac cua goc ABC.
AN AN AN N AN N
Do IDC =1IDB ma IDE = FDC nén BDE =IDF . Tu

, ~ PN
giac IFCD noi tiep (vi F1 =IDC)
N N N P
= IDF=ICF = ICF=BDE (4)
Mat khac, do N la diém chinh gitra ciia cung AB (chirng minh tuong tu nhu & trén)
T
= BDE = EACB (5).

P 17> . .
Tu (4) va (5) suy ra ICF = EACB , do do IC la tiaphan giac cia goc ACB.

Vay | [a tam dudng tron ndi tiép tam giac ABC (dpcm).

Cach khac

V& tia phén giac cua goc ABC cit EF tai L, ta ching minh

IC la tia phan giac cua goc ACB.

V& tiép tuyén chung Dx caa (O) va (O"). Tuong tu nhu

cach trén, goi M 1a giao diém cua DF véi (O) thi M 1a

diém chinh giira ciia cung AC, do d6 B, I, M thing hang.
AN N ,

Taco IED =IBD(=xDM)nén tir giac IEBD ndi tiép

N A o _ P N
:>IDB=E1=%, ma BDC =180° — A, do do

PN o _ N A ,
IDC = % =F, = ta gidc IDCF noi tiép

AN AN .
= ICF =IDF. Talai c6
AN N

N AN N o _
iDF = ib¢ - Fpe =18 A A];C = ASB
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S

-~ ACB , e A .,
= ICF= — do do IC la tia phan giac cua goc ACB (dpcm).

16. Pinh li Lyness mé rong (b6 dé Sawayama)

Cho tam gidc ABC ndi tiép dudng tron (O), M la mot diém bét ki B
trén canh AC. DBuong tron (O)) tiép xtc trong vdi (O) tai D va tiep
xac voi MB, MC lan lugt ¢ E, F. Chirng minh rang tam duong M

tron noi tiép tam giac ABC nam trén EF.

I
Dé ching minh dinh |i ny, ta cin hai bd dé sau: ‘
Bo dé 1 : Cho AB la day cua dudng tron (O). Pudng tron (O) )
tiép xic trong vai (O) tai T va tiép xic véi AB tai K. Chimg minh A
rang TK di quadiém chinh gitra cia cung AB va T
MA? = MK.MT (v6i M la diém chinh giita cia cung AB).
Chuang minh M la diém chinh giita cia cung AB nhu muc 14 ¢ trén.
Bay gio taching minh MA? = MK.MT.

T S /7
That vay, tacé MTA = MBA = MAK A

M
— AMKA > AMAT (g.9) = 2K _ MA . MA? = MK.MT. \

o MA MT
Bo dé 2 : Cho tam giac ABC ndi ti€p duong tron (O) va M la
diém chinh gitra cua cung AB khong chira C. Trén MC lay |
sao cho MI =MB. Chung minh rang | |a tim dudng tron noi
tiép tam giac ABC. , B
Thait vay, goi I' la tam duong tron ndi ticp tam giac ABC thi I
nam trén MC. Taching minh dugc MI'=MB (xem muc 7),
doddé MI=MI' hay I=I". Vay | la tim
duong tron ndi tiep tam giac ABC.
Chirng minh
Goi N giao diém cia DF véi (O) thi N Ia
diém chinh gitra ciia cung AC va
NC? =NF.ND (theo b6 dé 1).
Goi Dx la tiep tuyén chung cua (O) va (O)
tai D, | la giao diém cua BN va EF. Taco
N N N .
IED = IBD(= xDN) nén |EBD la tir giac
noi ticp = DIB = DEB. Ma DEB = DFI
N PR P P

nén DIB = DFI, do d6 NID =NFI (cing
ké bu vai hal goc bang nhau). Tur do6
ching minh duge ANFI o» ANID(g.g)

NF NI
> —=—

NI ND ,
Theo bo dé 2, taco | la tam duong tron ndi ticp tam giac ABC (dpcm).

— NI’ = NF.ND = NC? = NI = NC

11



17. Mot hé qua ciaa dinh i Lyness mé rong

Cho dudng tron (O), hai diém A va B nam trén dudng tron, diém C nim trong duong
tron (O). Pudng tron (O') tiép xtc trong véi (O) tai R va tiép xtc voi CA, CB theo
thir tu & P, Q. Goi | 1 tAm dudng tron ndi tiép tam giac ABC. Chtrng minh rang |
nam trén dudng tron ngoai tiép tam giac APR.

Chizng minh
Goi D la giao diém cua BC véi (O), K |a tam dudng tron ndi tiép cua tam giac ADB.
Taco B, |, K thang hang va K nam trén PQ (theo bd dé Sawayama).
Dé thiy A, P, K, R ciing ndm trén mdt duong tron (xem muyc 8). D
P

N LA \ \ Ac ot A sy A <N 0 ACB

Do | la tam duong tron noi tiep tam giac ABC nén AIB=90" + >
S A 180° — ACB ACB
Talai co APK =180° — CPK =180° —%:90(’ +—

AN N .
Dodo AIB=APK nén A, P, K, | cing nam trén mot duong tron. (2)

Tu (1) va (2) suy raA, P, R, K, | cung trén mot dudng tron.
Vay | thuoc duong tron ngoai tiep tam giac APR.

18. Pinh li Ptolemy cho tir giac noi tiép
Cho tr giac ABCD ndi ti€ép trong duong tron (O).

Ching minh rang

AB.CD + AD.BC=ACBD.

Chitng minh S

Trén duong chéo BD lay diém E sao cho
7~ 7~ T~ P

DAE =BAC. Tacé DAE =BAC va
A~ ,

ADE = ACB (cung chan cung AB) nén
AADE - AACB(g.g)

12



AD DE

== -—"— AD.BC=AC.DE (1)
AC BC
N P S 7~ . 7~ S ,
Do DAE =CAB nén DAC = EAB, lai c6 ABE = ACD (cing chén cung AD)
— AABE v AACD (g.g) = AB _BE
AC CD

= AB.CD=ACBE (2)
Tu (1) va (2) suy ra AB.CD + AD.BC = AC.(BE+DE)=AC.BD.

19. Pinh li Ptolemy cho tir giac bét ki

Cho ta giac ABCD. Chung minh rang AB.CD + AD.BC > AC.BD.

Chizng minh

Bén trong tir giac ABCD lay diem M sao cho MAD = CAB va MDA = ACB.

Tacs AADM o AACB(ge) = 22 - PM _ \pBC-ACDM (1)

AC BC
A~ N N

Do MAD =CAB nén DAC =MAB.

Xét tam giac ADC va tam giac MAB, ¢o:
N _
DAC =MAB (chimg minh trén) B

AD _AM 1 AADM > AACB) nén
AC  AB

AADC «» AAMB(c.g.c)
DC AC

=>—=—
MB AB

Tu (1) va (2 suyra b C

AB.CD + AD.BC = AC.(BM + DM) > AC.BD.

Xay radang thirc khi M nam trén dudng chéo BD, luc d6 ti giac ABCD néi tiép.

— ABCD=ACMB (2)

20. Pinh li Mique

Cho tam giac ABC, cac diém D, E, F lan lugt nam trén
cac canh BC, CA, AB. Chtrng minh rang dudng tron
ngoai tiép cua cac tam giac AEF, BDF, CDE dong
quy.

Chitng minh

Goi M la giao diém khac D ctia duong tron ngoai tiép A M
. . P S
hai tam giac BFD, CDE. Taco AFM =BDM va

S S .
AEM =CDM (do BFMD, DMEC la céc t gidc noi
S S S

L L , T A B C
tiep). Do d6 AEM + AFM =BDM + CDM = 180° nén
tor giac AEMF néi tiep hay M ciing thuoc duong tron

ngoai tiép tam giac AEF. ‘
Vay duong tron ngoai tiép cua cac tam giac AEF, BDF, CDE dong quy tai M (dpcm).
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21. Dinh li Viviani ‘ o
Cho tam giac déu ABC ¢6 canh bang a, M la mét di€ém bat ki
nam bén trong tam giac. Chirng minh rang tong cac khoang
cach tir M dén ba canh cta tam giac bang do dai duong cao
Cua tam giac.

Chutng minh

Ké MD, ME, MF vudng goc véi BC, CA, AB. Ta co

Semc +Scma +Spam =Sapc  Nén

%a.MD + %a.ME + %a.MF = %ah (hla do dai duong cao cua
tam giac ABC) = MD + ME + MF =h (dpcm).

22. Pinh li Gergonne-Euler 7 ‘
Cho tam giac ABC va cac doan thang AD, BE, CF dong quy tai O (D, E, F theo thu

tu nam trén cac canh BC, CA, AB). Chtrng minh rﬁng OD + OE OF _
AD BE CF

Chutng minh
Vé AH, OK vuong géc voi BC. Ta ¢6 OK // AH nén A
OD OK SBOC

AD AH S ABC
OE _Sjpoc . OF SAOB
BE S,sc  CF  Supe
Cong timg vé cac dang thirc trén ta dugc E
OD N OE N OF _ Sgoc +Saoc +Saos
AD BE CF

Tuong tu

S =1. ,
ABC :
|

Chui y 1 C6 thé ching minh Ob_ SBi theo cach B H K D C
ABC

khac nhu sau : Hai tam giac BOD va ABD c¢6 cung chiéu cao ké tir B nén

OD _ Spop Tuong tu OD _Socp _, OD _ Spop _

_Scop _ Seop +Scop _ Seoc _
AD  Sg.p AD  Scap AD SpAD

Scap  Spap tScap  Sasc

23. Dinh li con bué¢'m véi dwong tron
Cho duong tron (0), diy AB. Goi I 13 trung diém cua day AB, vé cac day CD, EF di
qual (C va E nim vé mot phia ciia cung AB). Goi giao
diém ctia CF, DE voi AB 1a M, N. Chitng minh rang

E E
IM=IN. C/N\ 1/
Chitng minh ) ! '.
Cach 1. V& day E'F' d6i xtrng vai day EF qua OL Tu giac /1 B
o /7~ A A M I N
CE'F'F ndi tiep nén MCE'+ F'=180°. Ma FF' // AB nén [ {
N 7 |
F' MIE do @6 MIE'+ MCE'=180° o!
D
14 |



= tir giac MCE'I noi tiép = Ci1 = E;. Mt khac E; = Ci nén E; =E;. Talai co

IE =1E', MIE' = NIE (tinh chat d6i xing). Ttr d6 chirng minh dugc
AMIE'= ANIE(g.c.g) = IM =1IN.

Cdch 2. Ké OH L CF,OK L DEthi H, K lan luot 13 trung diém cta CF, DE.
Tacd AICF o AIED(g.g) ¢6 IH, IK 14 cac trung tuyén twong (g nén
IH_IC_ CF_HC

IK IE DE KE

Céc tir giac OIMH, OINK noi tiép (tong hai goc d6i) nén O; = Hi, 02 =K. (2)
Tu (1) va (2) c6 O1 =02 nén tam gidc MON can tai O. Vay IM =1IN.

= AICH «» AIEK (c.c.c) = H1 = K1 (1)

Cach 3. K¢ MM,,NN, L CF ; MM,,NN, L DE.
Taco:

AIMM, o AINN, = M _ MM, (2) C E
IN NN,

N
Ml
AIMM, o> AINN, = M _MM, 2) N,
IN NN, VAR

ACMM, o AENN, = M _ €M 3)
NN, EN

MM, FM
NN, DN

Tir (1), (2), (3), (4) suy ra:

IM> MM, MM, CMFM AMMB
IN> NN,NN, ENDN BNAN'
Pit IM=m,IN=n,JA=IB=a.

AFMM, <> ADNN, = (4)
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m> _(21—m)(a+m)_212—m2 _m2+212—m2

n? (a—n)(a+n) a’-—n’ n®+a’-n?

Taco =1.

—m?’=n’=m=n.Vay IM=IN.

I A«\\;\‘

Chui > : Néu goi P, Q 1a giao diém cta CE, DF vé6i dudng thang AB thi ta ciing co
IP =1Q. That vay, ké OS L DF,0J 1 EC va chirng minh twong tu nhu cach 2.

24. Dinh li con buém mé rong voi duwong tron
Cho duong tron (0), ddy AB va I 1a mot diém bat ki thudc day AB. V& cac day CD,
EF di qua I (C va E ndm vé mot phia cua cung AB). Goi giao diém cta CF, DE véi
AB |a M, N. Chirng minh ring 1 L:L-l-L.

IA°-IN IB IM
Chitng minh
Trudce hét ta chimg minh rang AM.IB _ BN.IA *)

IM IN

That vay, v& duong tron ngoai tiép tam giac CMD cit AB ¢ K. Theo hé thic luong
trong duong tron, tacoé IM.IK =IC.ID va IC.ID =IA.IB nén IM.IK =1A.IB

AM.IB

— IM(IB + BK) = (AM + IM)IB = IM.BK = AM.IB = =BK (1)

Vi Ki =Ci =E; nén tir giac EIDK noi tiép, twong ty nhu trén ta co
IN.NK = EN.ND = AN.NB = IN(NB + BK) = (IA + IN)BN
BN.IA

= IN.BK =IA.BN = =BK (2
AM.IB BN.IA
Tu (1) va (2) suyra = , (*) da duoc
(1) va (2) suy ™ N *) :

chirng minh.
Dit 1A =a,IB=b,IM =m,IN =n, tir (*) taco

(a—m)b _ (b—n)a

m n
= (a—m)bn = (b —n)am = abn — bmn = abm —amn
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Chia hai vé cho abmn taduoc - -+ =11

m a n b

1 1 1 1 1 1 1

—+—=— —hy— —=—t—.

a n b e IN 1B IM
Ghi chu : Bo ()du’qc goi la bo de Haruki.

25. Pinh |i con buém véi cip dwong thiang

Cho tam giac ABC c¢6 I 1a trung diém ctia canh BC. Qual v& duong thang thir nhit
cit AB, AC 6 M, P; duodng thang tht hai cit AB, AC ¢ Q, N. MN, PQ cit BC lan
luot tai E, F. Chirng minh rang IE =1IF.

Chirng minh
Ap dung dinh li Menelaus cho tam giac ABC véi cat M
tuyén |PM va NIQ, ta co:
IB PC MA PC MA PC MB
———=l=— =l=— (1)
IC PA MB PA MB PA MA
IBNCQA_  _ NCOQA_ QA _NA
IC NA QB NA QB QB " NC A
Lai ap dung dinh [f Menelaus cho tam giac ABC vdi cat
tuyén MNE va PFQ, ta duoc: P
FB PC QA _, @)
FC PA QB
EC MB NA
. . = (4) B F
EB MA NC '

Tu (1), (2), (3) va (4) suy ra
FB_EC FB_EC o oo

FC EB BC BC
Lai co IA=1IB nén IE =1F. Q

26. Pinh |li Newton

Cho tr giac ABCD ngoai tiép dudng tron (O ; R). Goi |, K theo thir ty |a trung diém
ciia AC, BD. Ching minh ring |, O, K thang hang.

Chizng minh

Truomg hop AB // CD, bai toan duoc chimg minh dé dang.

Xét truong hop AB cit CD tai M. Ly E trén tiaMA, F trén tiaMD sao cho
ME = AB, MF = CD.

Do ABCD la tir giac ngoai tiép nén AB+CD = AD + BC, do dé

SaoB +Spoc = ESABCD (1)

17



D

Do, K lan lugt |a trung diém cia AC, BD nén
1 1
Sa = ESABC , Spic = ESACD = S +Spic = ESABCD (2

1 1 1
SAKB = ESABD’ SCKD = ESBCD = SAKB + SCKD = ESABCD (3)
Céc tam giac IEM va AIB c6 canh day bang nhau va co cung chiéu cao ké tir | nén
Siem *+ Siem = SiemE = Sigr + Smer NeN SAIB +Spic =Sigr + SumEr ‘ (4)
Cac tam giac AOB va OEM c6 canh day bang nhau va c6 cung chi¢u cao ké tir O nén
SaoB =Sopm» trong tw Spoe =S = Saos +Spoc =Soem +Sopm M2
Soem *Sorm =Soemr = Sorr +Smer M0 Saop + Spoc = Sokr + SmEr ©)
Chtrng minh tuong tu taco: S, kg +Sckp = Sker + SMmEF (6)
Tu (1), (2), (3), (4), (5), (6) sUy ra Sizp = Sor = Sker = |, O, K cach déu duong
thang EF = I, O, K cung nam trén mot dudng thang song song véi EF.
Vay I, O, K thang hang.

27. Pinh li Pascal

Cho luc giac ABCDEF ndi tiép trong mot dudng tron. Goi giao diém cua AB va DE
la G, BCva EF la H, CD va FA la K. Ching minh rang G, H, K thang hang.

Chirng minh

V& duong tron ngoai tiép tam giac DFK va BGD, chiing cat nhau tai | (khac D).

N N N A A
Taco FIB =FID + BID =K + G;. Mat khac :

o sd AC —sdFD (sd AB+ sdBC) - (sd EF + sd ED)
1 = =
2 2
&, _SIAE—sdBD _ (sdFA +sdEF) ~ (sdDC +sdBO)
1 = =
2 2

A~ A AR EAY— («dED DO FR_<dEC -~~~
—Ri+Gi = (sd AB +sdFA) 2(sdED+sdDC) _ sdFB —sdEC _fuB

N N . o N N
= FIB=FHB = tu giac FBIH nji ti¢p = BFH + BIH =180°.

18



Talai co6 BIG = BDG (cung chan cung BG) va BDG =BFH (do tir giac BDEF néi
tiép) nén BIG =BFH. Do d6 BIG + BIH =180° hay H, I, G thang hang. Q)

AN N N N ,
Taco FIK =FDK =FBH = FIH nén |, H, K thang hang. (2
Tur (D) va(2)ta co G, H, K tl:léng hang. ’ 7
Chui y : Bai toan van ding néu thay "luc giac ABCDEF ndi tiép” boi "sdu diém A, B,
C, D, E, F cung nam trén mot dudng tron”. That vay, ta cling v& dudng tron ngoai
tiep tam giac BGD va DFK, chang cat nhau tai |
(khac D) ; BI, DI, FI cat duong tron (O) lan luot
tai P, Q, R.

A~ AN ,
Tacoé BGD =BID (cung chan cung BD) ma

PN RD PO RD AR
BID - SdBD;-SdPQ’ BGD - SdBD;SdAE (goe

c6 dinh ¢ bén trong duong tron (O)) nén

PQ=AE (D)
) N ,
Talai c6 AFR =CDQ (cung chan cung IK) nén

CQ=AR ®)

Tu (1) va (2) suy ra PC =RE, do d6
IBH =IFH = t& giac BFIH ndi tiép.

N S 7~ PR .
= BIH = BFH =BDG =BIG nén |, H, G thang

hang.

AN N N AN N AN N
Talai ¢ FIK =FDK =FBH ma FIH + FBH =180° nén FIK + FIH =180°. Do d6

K, 1, H ciing thang hang. Vay G, H, K thing hang.
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28. Pinh li Carnot

Cho tam giac ABC c6 M, N, P theo thtr ty nam trén cac canh BC, CA, AB. V& cac
duong thang dy, d,, d3 vudng goc véi BC, CA, AB theo thir tu
tai M, N, P. Chttng minh rang diéu kién can va da dé dy, d, ds
ddng quy la taco hé thic

MB? + NC? + PA> =MC? + NA? + PB”. 1)
Chizng minh

Piéu kién can : Goi O la diém ddng quy cia dy, d,, ds.

Ap dung dinh |i Py-ta-go ta co:

MB? = OB> —-OM?, NC? =0C? —ON?, PA? =0A? - OP?.
— MB? + NC? + PA? = (OB? - OM?) + (OC? — ON?) + (OA? — OP?)

=(0C? —OM?) + (OA? —ON?) + (OB* - OP?) = MC? + NA? + PB? (dpcm).

Diéu kién di : Gia str ¢6 (1). Goi O |a giao diém cia dy, ds.

V& OM' L BC (M'eBC). Thé thi theo chirng minh ¢ diéu kién can ta co

M'B? + NC? + PA2 =MC? +NA%? +PB> = M'B>’=MB’=MB=M'B=>M=M".
Viy dy, d,, d; ddng quy tai O (dpcm).

A
29. Pinh li Morley
Cho tam giac ABC c6 A =3a, B=3p, C =3y. V& cic tia
chiabacac goc A, B, C ciatam giac. Tiachiabagoc B
va goc C ké canh BC cit nhau & D, tiachiabagoc A va
goc C ké canh AC cit nhau & E, tiachiabagoc A va goc F
B ké canh AB cit nhau ¢ F. Ching minh ring tam giac
DEF |a tam giac déu. D
Chirng minh
Tia chiabagoc B ké canh AB va tiachiabagoc C ké
canh AC cat nhau tai K. LAy E trén KC, F trén KB sao

S P S

cho EDK =FDK =30°. Tacd AEDK = AFDK (g.c.g) = DE = DF, ma EDF = 60°
nén ADEF la tam giac déu. Tas3 chimg minh AF, AE la cac tiachiaba goc A.
Goi M, N theo thtr tu [a cac diém ddi xtng cua D qua KC, KB. D& dang ching minh
dugoc M e AC,N € AB va DM =DN.
Tacd DK L EF, DK 1L MN (DK la dudng phan giac cia tam giac déu DEF va ciing 1a
dudng phén giac ciia tam giac cin DMN) nén MN // EF.

P P S P
NFE = 360° — DFE — NFD = 300° — 2BFD (1)
BFD = FKD + FDK =—BKC + 30° (goc ngoai ciia AKFD) )

P
BKC =180° —2B -2y =180° —2(B +7) =180° —=2(60° — ) =60° + 20, (3)
(via+B+y=60° do 3a+3B+3y=180°)
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N S P
Tur (1), (2) va (3) tacd NFE =300° — (60° + BKC) = 240° — BKC = 240° — (60° + 20.)

P
=180° — 20 . Tuong tw MEF =180° — 20, .
Do d¢6 MEFN la hinh thang can. A

_ N
Tam giac EFN céan tai F c6 NFE =180° — 2«

N o _ o_
nén FEN = 180" — (180" —2a) o
2 M

S
= MEN =180° —2a. —a =180° —3a
P N E
= MEN + MAN =180 -3a + 30 =180°, do do

tr giac AMEN noi tiép. MEFN la hinh thang
can nén cling la te gidc ndi tiep. B D Y
= Nam diém A, M, E, F, N cung nam trén p

2

mot dudng tron. B
DOFN = FE = EM nén EN = FE = EM

= A1 =A2=A3.
Tu day taco dpcm.

30. Pinh li Bottema
Cho tam giac ABC c6 BC ¢b ~~. N
dinh, A thay d6i trén mot nira

mit phang bd BC. Vé phia

ngoai tam giac ABC, vé

AABD vuong can tai B,

AACE vuong can tai C. D
Goi M la trung diém cuaa DE.

Chutng minh rang AMBC luén

la tam giac vuong can. B C

Chizng minh

L4y diém N ddi xtng voi B quaM. Tacé BDNE la hinh binh hanh nén BD = EN va
BD // EN. Do BD L AB nén EN L AB, lai c6 EC L AC — BAC = CEN.

Xét hai tam giac NCE va BCA, ta c6 : EN = AB(=BD), CE = AC, lgA\C = C/ET\I ,do do

N N . N
ANCE = ABCA (c.g.c) = NC =BC va NCE =BCA . Talai c6 NCE + ACN =90° nén

A~ o~ A~ _ -
BCA + ACN =90° hay BCN =90° = tam giac BCN vuong cén tai C, ma M la trung

diém ctia BN nén AMBC vudng can tai M.

Do tam giac NBC vudng can tai C ma BC ¢6 dinh nén diém N ¢b dinh, suy radiém
M ¢ dinh. Viy AMBC luén |a tam giac vudng can.

Cach khac

V& DD', AA', MM', EE' vudng goc véi BC.

Tacé DD'// MM' // EE' va MD =ME nén M'D'=M'E".
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D& dang chirng minh dugc ABDD' = AABA'(Canh huyén — géc nhon)= BD'= AA".
Tuong ty CE'=AA'.Dod6é BD'=CE',suyraM'B=M'C (1)
Taos MM,:DD;EE :BAJ;CA :BZC )

Tu (1) va (2) suy ra tam giac MBC vuodng can tai M. Diém M’ cb dinh vi 1a trung
diém cua canh BC ¢ dinh. Tir d6 dé dang suy ra duge M ¢ dinh. Tacé dpem.

31. Pinh li Shooten

Cho tam giac déu ABC noi tlep duong tron (O). Chirng minh
rang v6i mdi diém M bét ki ndm trén duong tron (O) thi mot
trong badoan MA, MB, MC c6 mot doan ¢6 d6 dai bang tong
do dai ha doan kia

Chizng minh .
Xét diém M nam trén cung nho BC.

Ap dung dinh |i Ptolemy cho ti giac noi tiép ABMC, tacd B C
MA.BC = MB.AC + MC.AB. w
Vi AB=AC =BC nén MA =MB +MC. M

Tuong tu, néu diém M nam trén cac cung nho AC va AB thi ta

lan luot c6 MB=MC + MA va MC = MA + MB.

Suy radpcem.

Cdch khdc dé chirmg minh MA = MB +MC (trudng hop diém A
M nam trén cac cung AC, AB thi tuong ty).

Trén MA |4y diém | sao cho MI = MB, tacan chimg minh
N P
MC = AI. That vay, tacé BMI=ACB=60° ma MB=MI

3 N
nén tam giac BMI déu, do d6 Bl =BM va IBM =60°. Talai e
N N A~ N
co ABC 60° nén ABC =1BM, suy ra CBM = ABI.

B
Dé dang ching minh duoc W
ABCM = ABAI(c.g.c) nén MC = Al. M
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32. Pinh |i Steiner-L ehmus ‘
Chirng minh rang néu tam giac ABC c6 hai duong phan giac BD va CE bang nhau thi
A ABC |a tam giac can.

Trugce hét ta chimg minh bo dé sau day : Néu hal tam gidc c6 hai canh tuong tmg
bang nhau timg d6i mot nhung cac goc xen gitra khdng bang nhau thi cac canh thir ba
cling khong bang nhau va canh nao doi dién véi goc 16n hon la canh 16n hon.

~ A .
That vay, xét hai tam giac ABC va DEF c6 AB=DF, BC=DE, B> D, can chirng

minh rang AC > EF . Trén nira mit phang bo BC chira A, vé& diém K sao cho
N A ,
KBC =D va KB=DF, th¢ thi AKBC = AFDE (c.g.c) = KC =EF.

V& tiaphan giac cia goc ABK cat AC tai |, taco AABI = AKBI(c.g.c) nén Al =KI.
= AC = AI+IC =IK +IC > KC = EF. B6 d& dugc ching minh.

F
A K
[
B c D E
Chirng minh
Gia st B> C thi By > C1, B, > Ca. Xét hai tam giéc BEC va A
CDB, tacé: BD = CE, BC 14 canh chung, B; > C; nén CD > BE. i
V& hinh binh hanh BEKD.
Tacd CD > BE va BE =KD nén CD > KD. Trong tam giac E b
KCD taco CD >KD nén Ko > C3. Talai ¢6 K; =Ba >Ca nén
A A A A S S 3
Ki+ K2 >Cz+C3 hay EKC>ECK (1). 2 2
A~ o~ _ 1 L
Do EK =BD = CE nén EKC = ECK , mau thuan véi (1). B

Viy khong thé xay ra B> C. Tuong tu khong thé xay ra B<C.
Do d6 phai c6 B =C, tirc |3 tam gidc ABC can tai A.
Céch khdc. Gia sir B> 6 thi ]53?) > 61 , do d6 ton tai mot
diém F nim trén doan CE sa0 cho FBD = Ci , thé thi ti
gisc BFDC néi tiép.

~ A P A
Taco B1 >C,, FBD =C; nén

P ~ A A S A
FBD +B; > C, +C; hay FBC>C.
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A~ R O AiBLC A N
TalaicéFBC:§+%<#:90°nénC<FBC<90°

— CF > BD = CF > BD. Mit khac CE > CF, dodé CE > BD, trai véi gia thiét

CE =BD. Tuong ty néu gia sit B<C thi ciing dén
dicu trai véi gia thiét.
Vay phai c6 B=C hay tam gidc ABC can tai A.

33. Bai toan cua Gergonne

Cho tir giac ABCD. Goi E, F, G, H, M, N theo thir tu
la trung diém cua AB, BC, CD, DA, AC, BD. Ching
minh ring EG, FH, MN déng quy.

Chutng minh

Taco EF l1a duong trung binh cta tam giac ABC nén

EF // ACva EFz%.

Twong tw HG // AC va HG:%. Do dé EF // HG va EF = HG = EFGH Ia hinh

binh hanh = EG va FH cit nhau tai trung diém cua méi duong. 7 N
Taciing co MFNH Ia hinh binh hanh nén FH va MN cat nhau tai trung di€ém ctia moi
duong. Vay EG, FH, MN dong quy.

34. Pinh li Brocard

Cho tr giac ABCD noi tiép dudng tron (O). Goi M la giao diém cia AB va CD, N |a
giao diém cia AD va BC, | 1a giao diém ciia AC va BD. Ching minh rang | 1a trec
tam cuia tam giac OMN.

Chirng minh

Goi E 1a giao diém khac I cia hai duong tron ngoai tiép tam giac AID va BIC.

A~ AN N P AN

Tacd DEC =360° — (DEI +IEC) =360° — (180° — DAI +180° — CBI)
AN N

— DAI+CBI =sdCD = DOC do do tur giac DOEC noi tiép.

AN N N N AN
Tacd AEB=AEI + BEI = ADI + BCI =sd AB = AOB

nén AOEB ciing 12 tir giac ndi tiép.

Goi E' 1a giao diém ctia OM véi dudng tron ngoai tiép tam giac DOC.

Thé thi ME'.MO = MC.MD, ma MC.MD = MA.MB nén ME'.MO = MA.MB.

Tir d6 chimg minh duoc tr giac AOE'B ndi tiép. Nhu vay E' 1a diém chung khac O
ctia hai dudng tron ngoai tiép tam giac AOB va DOC. Do d6 E=E' hay M, E, O
thang hang.

Tuong ty N, I, E thang hang.

Taco:

e N N N N

IEO = AEI + AEO = DAI + OBA D
AN N N N

IEM =1EB + BEM = BCI + OAB (2
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. P P S S
Lai c6 DAI=BCI va OBA = OAB 3)
N N N N N S
T (1), (2) va (3) ta c6 IEO =1EM, ma IEO + IEM = 180° nén IEO = IEM = 90°

hay NI L OM.

Tuong tu, goi F 13 giao diém khac I ciia hai dudng tron ngoai tiép tam giac AIB va
DIC thi M, L, F thing hang va MI L ON.

Vay I 1a tryc tam cua tam giac OMN.

35. Pinh li Johnson
Cho badudng tron (A), (B), (C) déu ¢6 ban kinh bang R va cing di quadiém I. Goi
M, N, Pla cac giao diém khac | caa badudng tron (A), (B), (C). Chirmg minh rang
duong tron ngoai tiép tam giac MNP ¢6 ban kinh bang R.

Chizng minh

Dé& thiy IA =IB=IC =R nén (I ; R) la dudng tron ngoai tiép tam giac ABC.

Tacoé BMCI la hinh thoi vi
BM=MC=CI=IB=R. Tuong tu APBI ciing la
hinh thoi = CM = AP(=BI) va CM // AP (// BI).
Do d6 AMNC la hinh binh hanh nén AM va CP cit
nhau tai trung diém caa mdi duong.

Taciing c6 BPNC la hinh binh hanh nén BN va CP
ddng quy tai trung diém cia mdi dudng.

Suy raAM, BN, CP dong quy.

Goi O diém ddng quy caa AM, BN, CPthi O la
trung diém cua cac doan thing do.
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Noi cach khac, A va M déi ximg véi nhau qua O ; B d6i xtmg véi N quaO ; C ddi
xung véi P quaO = AABC = AMNP (tinh chat dbi ximng)

— Ban kinh duong tron ngoai tiép tam giac MNP ciing bang R.

Vay taco dpcm.

36. Pinh li Archimedes v )

Cho duong tron (O) va hai diém A, B ¢6 dinh trén (O). Goi

M la diém chinh gitra cia cung AB, C la diém chuyén dong M

trén cung AB chira M. Tir M ké MD L AC. Chang minh

rang AD=BC+CD.

Chirng minh ,

L4y diém E ddi xung véi B quaMC va MC cét BE tai F.
N T . L

Taco BCF =MAB (do tir giac ABCM nai tiep) nén

N P P P P

BCE =2BCF =2MAB, lai c6 ACB=AMB B

P N P S .

= ACB +BCE = AMB +2MAB =180 (vi tam giac MAB

can tai M), do dé A, D, C, E thang hang.

Do MA =MB =ME nén tam giac MAE can tai M, ma MD L AC nén

AD=DE=CE+CD=BC+CD.

37. Piém Brocard

Cho tam giac ABC. Dyng diém | va K nam bén trong tam giac ABC sao cho
S S PN P S S
IAB=IBC=ICA va KBA =KCB=KAC.

Phdn tich. Gia s tada dyng dugc diém | bén trong
) AN AN AN ]
tam giac ABC sao cho IAB=IBC =ICA. V¢ tia

Bx // AC Cévt Cl tai D thi IDB =ICA (Bx nam trén
Nira mat phang bo BC chira A), do d6
IDB=IAB=1IBC nén AIBD la tir giac ndi ti€p va
BC la tiep tuyen cua duong tron ngoai ticp tu giac AIBD.
Cdch dyng. Dung duong tron tam O di qua A va tiép xic voi BC tai B. Ve day BD
song song voi AC. Goi | 1a giao diém cua CD vaéi (O). Biém | 1a diém can dung.
. AN AN

Chitng minh. Duong tron (O) di qua A va tiép xuc voi BC tai B nén IAB=IBC. Do

AN N AN AN AN N AN
BD // ACnén IDB=ICA ma IDB=IAB. Vay IAB=IBC =ICA.

Bién lugn. Bai toan luon c6 mot nghiém hinh.
Tuong tu doi véi diem K.
Hai diém | va K dugc xac dinh nhu trén duoc goi la diem Brocard cua tam giac ABC.
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38. Piém Miquel
Cho tr giac ABCD ¢6 E 1a giao diém cua AB va CD, F 1a giao diém ctia AD va BC.
Chutng minh rang dudng tron ngoai tiép cia cac
tam giac EBC, FCD, EAD, FAB dong quy.
Chutng minh:

Goi M 1a giao diém thir hai cua hai dudng tron
ngoai tiép tam giac EBC va FCD.

Taco

TN TN TN N

EMD = EMC + CMD = ABF + AFB
N N S

=180° —EAD = EAD + EMD =180°.

Do d6 ttr giac EMDA ndi tiép hay M thudc
duong tron ngoai tiép tam giac EAD. Chimg
minh twong ty M cling thudc duong tron ngoai
tiép tam giac FAB.

Vay duong tron ngoai tiép ctia cac tam giac
EBC, FCD, EAD, FAB ddng quy tai M.

Diém M duoc goi 1a diém Miquel.

39. Piém Gergonne

Cho tam giac ABC, duong tron ndi tiép tam giac tiép A
xuc voi BC, CA, AB lan luot tai D, E, F. Chirng minh

raing AD, BE, CF dong quy.

; . E
Chitng minh
Taco DB=FB, DC =EC, EA =FA nén F
%E% =1. Theo dinh li Céva thi AD, BE, CF
DC EA FB B 5 c
dong quy.

Giao diém G cua ba doan AD, BE, CF dugc goi 1a diém Gergonne.

40. Piém Nagel ) )

Cho tam gidc ABC. Dudng tron bang ticp trong goc A, B, C tiep xtic vdi BC, CA,

AB theo thu tu ¢ D, E, F. Chung minh rang AD, BE, CF dong quy.

Chitng minh: Goi H, K theo tht tu 1a tiép diém ciia duong tron bang tiép trong goc A

voi AB, AC. Goi p 1a ntra chu vi ctia tam gidc ABC, BC=a,CA=b,AB=c. Taco

AH+AK=AB+BK+AC+CK=AB+AC+BC=2p=AH=AK =p.

Dodé DB=BH=p-¢,DC=CK=p-b.

Chirng minh tuong tu ta dwoc EC=p—-a,EA=p-c, FA=p-b, FB=p-a.

- DB EC FA _p-cp-a p—b
DC EA FB p-b p—-c p—a

Giao diém N cua ba doan AD, BE, CF dugc goi 1a diém Nagel.

=1=AD, BE, CF dong quy (theo dinh li Céva).
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