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Lo1 no1 dau

Heé phuong trinh Pai s6 néi chung va hé phuong trinh Pai s6 hai an néi riéng la mot phan
quan trong cia phan Dai s6 gidng day ¢ THPT . N6 thuong hay zuat hién trong cdc ki thi hoc
sinh gioi va ki thi tuyén sinh Dai hoc - Cao ding.

Tat nhién dé gidi tot hé phuong trinh hai an khong phdi don gidn . Can phdi van dung tot
cac phuong phdp, hinh thanh cac ki nang trong qud trinh lam bai. Trong cac ki thi Dai hoc, cau
hé thuong la cau lay diém 8 hodc 9.

Day la mot tai lieu tuyén tap nhung khd day nén toi trinh bay né dudi dang mot cudn sdch
c6 muc luc 16 rang cho ban doc dé tra cttu. Cuon sdach la tuyén tap khodng 400 cau hé dac sdc,
tic don gidn, binh thuong, khé, tham chi dén danh dé va kinh dién. Dac biét, day hoan toan 1o
hé Dai s6 2 an. Toi mudn khai thdc that sau mot khia canh cia Dai s6. Néu coi Bit dcfng thice
3 bién la phan dep nhat cia Bat dang thic, mang trong minh su uy nghi ciia mot ong hoang thi
Heé phuong trinh Dai s6 2 an lai mang trong minh vé dep gidn di, trong sdng cia co gdi thon
qué lam say dam biét bao ga si tinh.

Xin cdm on cdc ban, anh, chi, thay co trén cac dién dan todn, trén facebook da déng gop va
cung cap rat nhiéu bai hé hay. Trong cuon sach ngodai viéc dua ra cdc bai hé toi con long them
mot s6 phuong phdp rat tot dé gidi. Ngodi ra toi con ¢idi thiéu cho cdc ban nhiing phuong phdp
ddc sdc clia cdc tac gid khdac . Mong day sé la mot nguon cung cap tot nhing bai hé hay cho
giao vién va hoc sinh.

Trong qud trinh bién soan cuon sdch tat nhién khong tranh khéi sai sot. That nhat, khd nhicu
bai todn toi khong thé néu 16 nguon goc va tdc gid ctia nd. Thit hai : mot sé 16i nay sinh trong
qud trinh bién soan, c¢é thé do 16i dinh mdy, cdch lam chua chuéan, hodc trinh bay chua dep do
kién thiic ve BTEX con han ché. Tac gid zin ban doc lugng thi. Mong rang cudn sdach sé hoan
chinh va them phan do so. Moi § kién dong gop va stta doi xin giti vé theo dia chi sau day :
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Chuong 1

Mot s6 phuong phap va cac loai hé co
ban

1.1 Cac phuong phap chinh dé giai hé phuong trinh
I. Rat x theo y hoac ngudgc lai tt mot phuong trinh
II. Phuong phap thé
1. Thé hang s6 tit mot phuong trinh vao phuong trinh con lai
2. Thé mot biéu thic tit mot phuong trinh vao phuong trinh con lai
3. Stt dung phép thé déi véi ca 2 phuong trinh hosic thé nhicu lan.
III. Phuong phap hé sé bat dinh
1. Cong trit 2 phuong trinh cho nhau
2. Nhan hang s6 vao cac phuong trinh roi dem cong trit cho nhau.
3. Nhan céc biéu thiic ctia bién vao céc phuong trinh 16i cong trit cho nhau
IV. Phuong phap dat an phu
V. Phuong phap sit dung tinh don diéu ctia ham sb
VI. Phuong phap lugng giac hoa

VII. Phuong phap nhan chia cac phuong trinh cho nhau

VIII. Phuong phap danh gia
1. Bién doi vé tong cac dai lugng khong am
2. Danh gia su rang budc trai nguge clia an, ciia biéu thitc, ctia mot phuong trinh
3. Danh gia dya vao tam thic bac 2
4. St dung cac bat dang thic thong dung dé danh gia

IX. Phuong phap phiic héa

X. Két hop cac phuong phap trén



6 Mot s6 phuong phdp va cdc logi hé co bin

1.2 Mot sb loai hé co ban

A. Hé phuong trinh bac nhéit 2 an

by = 210240
I. Dang ar +by=c (a®+b*#0)
dr+by=c (a?+V?+#0)
II. Cach giai
1. Thé
2. Cong dai s
3. Dung d6 thi
4. Phuong phap dinh thic cap 2

B. Hé phuong trinh gom mot phuong trinh bac nhat va mét phuong trinh bac hai

ar’ + by +cxy+dr+ey+ f=0

I. Dang
adr+by=c

I1. Cach giai: Thé tu phuong trinh bac nhat vao phuong trinh bac hai

C. Hé phuong trinh déi xiing loai I
I. Dau hiéu
Dai vai tro clia # v y cho nhau thi hé da cho khong doi
II. Cach giai:
Thuong ta sé dat an phu tong tich z +y = S,zy = P (5% > 4P)
D. Hé phuong trinh déi xing loai II
I. D4u hiéu
D6i vai tro clia « va y cho nhau thi phuong trinh nay bién thanh phuong trinh kia
II. Cach giai:
Thuong ta sé trit hai phuong trinh cho nhau
E. Hé dang cap
I. Dau hiéu
ax® 4+ bay +cy? =d
a’x2 + b,l'y + c/y2 — dl
ax® + bxy + cxy? +dy = e

Déng cap bac 2 {

Diang cap bac 3 {

II. Cach giai:
Thuong ta sé dat x = ty hoac y = tx

Ngoai ra con mot logi hé nita toi tam goi né la ban dang cap, tic la hoan toan co thé dua
ve dang ding cap duoc .Loai hé nay khong kho lam, nhung nhin nhan ra duge né can phdi
khéo léo sdp xép cdc hang ti cia phuong trinh lai. Toi lay mot vi du don gidn cho ban doc
2 —y3 =8z + 2y

22 -3y’ =6

V6i hé nay ta chi viec nhan chéo vé vé6i vé sé tao thanh ding cap. Va khi do ta c6 quyen
chon Ita gitta chia ca 2 vé cho y* hosic dat x = ty

Giai hé : {
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Chuong 2

Tuyen tap nhing bai hé dic sic

2.1 Cau 1 dén cau 30

- (z—y)(®+y*) =13
(Cau 1] {<x+y><x2—y2>=25

Giai

Dé dang nhan thay day la mot hée dang cap bac 3, binh thudng ta c nhan chéo lén roi chia 2
vé cho 2% hodc y3. Nhung hay xem mot cach gidi tinh té sau day:

Lay (2) — (1) ta duge : 2xy(z —y) =12 (3)

Lay (1) — (3) tadugc: (x—y)P =1l r=y+1

Vi sao ¢6 thé c6 huéng nay ? Xin thua dé la dia vao hinh thitc déi xitng clia hé. Ngon lanh
roi. Thay vao phuong trinh dau ta duge

2 2 Yy =
(y+ 1) +y" =13 < {y——3

Vay hé da cho ¢6 nghiem (x;y) = (3;2), (—2; —3)0

‘CéuZ‘

3 — 8x = y3 + 2y
2 —3=3(y*+1)
Giai

Dé ¥ nhu sau : Phuong trinh 1 gom bac ba va bac nhat. Phuong trinh 2 gom bac 2 va bac 0
(hdng s0).

R6 rang day 1a mot hé dang nita dang cap. Ta sé viét lai n6 dé dua vé dang cap

Hé da cho tuong duong :

22—y =8x+ 2y
2 =3y =6

Giv ta nhan chéo hai vé dé dua né vé dang ding cap

S 6(2°—y*) =Bz +2y) (2* —3y*) © 203y — ) (dy+2) =0



8 Tuyén tap nhiing bai hé dic sdc

THI1 : 2 = 0 thay vao (2) vo nghiém
TH2 : x = 3y thay vao (2) ta co:

6 6
=)=z =4y~

— = =4 =

y 13" 13

6 /6 6 6
ay he da cho ¢6 nghiem :(z;y) = (3;1), (=3; =1), | =44/ =4/ — 4] == /= | O
Vay hé da cho c6 nghiem :(z;y) = (3;1), (=3; %( 3 13>,( 3 13>

2+ —-3r+4y=1
32?2 —2y? — 92 — 8y = 3

Cau 3 {

Giai

Dé ¥ khi nhan 3 vao PT(1) roi trit di PT(2) sé chi con y . Vay

3+VT
PI() - PT@) oy tay—0e | 1 0T8T
3PT(1)-PT2) ey +dy=0« 3o 7
y=-4r=——
2
+ +
VaYhédéchocénghiém:(a:;y):(3 2\/7;0>,(3 2ﬁ;—4>D

2 2 _ PAY”
Cau 4 { xz—l—xy+y2:$9(x_ y)
? —xy+y=T(x—y)

Giai

Nhan xét vé trai dang c6 dang binh phuong thiéu, vay ta thit them bét dé dua vé dang binh
phuong xem sao. Nén dua vé (z — y)? hay (z + y)2. Hién nhién khi nhin sang vé phai ta sé
chon phuong 4n dau

(z —y)* + 3zy = 19(z — y)
(¢ —y)* +ay=T(x—y)
bat x —y =a va xy = b ta c6 hé mdéi

Hé da cho tuong duong {
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2.1 Cau 1 dén cau 30 9

xrT—yY =
Y T I G R T
a2—|—b:7a a:ljb:6 x_y: _7y—
$—2,y:—3
Yy =6

Vay hé da cho c6 nghiem :(z;y) = (0;0), (3;2) (—2;—-3) O

‘Céuf)‘

23+ 23y oy =17
rT+Ty+y=>5

Giai
Heé ddi xtng loai I rdi. No problem!!!
(v +y)* = 3wy(x +y) + (zy)’ =17
(r+y) +ay=>5
bat 2+ y = a va xy = b ta c6 hé méi

Hé da cho tuong du’dng{
rT+y=
a® — 3ab+b® = 17 a=2"b=3 xy =3 r=2,y=1
= = =

Ty =
Vay hé da cho c¢6 nghiem (x;y) = (1;2),(2; 1)0

‘Céu6‘

r(r+2)2z+y)=9
2 +4r4+y==6

Giai
Day la loai he dat an tong tich rat quen thuoc
(x4 2x) 2x+y) =9
(22 4+ 22)+ 2z +y) =6
Dat 22 + 22 = a va 2z + y = b ta c6 hé méi

ab=9 b3 22+ 22 =3 o r=1y=1
a+b=26 “=v= 2r +y =3 =

Hé da cho tuong duong {

Vay hé da cho c¢6 nghiem (z;y) = (1;1), (—=3;9)0

_ rT+y—Jry =3
Cau 7t {\/x+1+\/y+1:4

Giai
Khong lam an gi dudce & ca 2 phuong trinh, triuc giac dau tién clia ta la binh phuong dé pha su
khé chiu ctua can thtc
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10 Tuyén tap nhiing bai hé dic sdc

e rt+y+2+2y/ryt+a+y+1=16
Ma tt (1) ta c6 x +y = 3+ /Ty nén

rzy =9

(2)@3+\/xy+2+2\/:cy+\/a:y+4:16<:>\/1:y:3<:>{ t 4y =6 Sr=y=3

Vay hé da cho ¢6 nghiem (x;y) = (3;3)0

‘CéuS‘

{ Ve+b+/y—2=7
Vr—24+Vy+5=17

Giai

Déi xiing loai II. Khong con gi dé néi. Cho 2 phuong trinh biang nhau 16i binh phuong tung
tée dé pha su kho chiu ctia can thic

Diéu kién : z,y > 2

Tt 2 phuong trinh ta co

\/x+5+\/y—2:\/x—2+\/y—5
Sr+y+3+2/(+5)(y -2 =2+y+3+2/(xr—2)(y+5)
SV(E+5)y-2)=V(-2)(y+5 er=y

Thay lai ta c6

Vr+b+Vr—2=Tez=11

Vay hé da cho ¢6 nghiém : (x;y) = (11;11)0

Cau 9] Va2 +y? + 21y = 8v2
VTt Yy =4

Giai

Hé da cho c6 vé 1a nita déi xiing nita déng cap, dé y bac ctia PT(2) dang nhé hon PT(1) mot
chit. Chi can phép bién d6i binh phuong (2) sé vita bién he trd thanh dang cap vita pha bd
b6t di can

Diéu kién : z,y > 0

Heé da cho

V2(2? +y?) + 2/zy = 16
2 2 2 — —
@{$+y+2 7= 16 & (2+y?)=cx4+ysax=y

Thay lai ta c6: 2y/r =4 & =4
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2.1 Cau 1 dén cau 30 11

Vay hé da cho c6 nghiem (z;y) = (4;4)0

'Cau 10|

622 — 3oy +x=1—y
4y =1

Giai
Mot cach trire gidc khi nhin thay he chita tam thitc bac 2 d6 1a thit xem liéu ¢6 phan tich ducc
thanh nhan t& hay khong ? Ta sé thit bang cach tinh A theo mot an cé chinh phuong hay
khong. Ngon lanh 1a PT(1) A, dep nhu tién.
Phuong trinh dau tuong duong (3z —1)(2z —y+1) =0

1 2v/2
V6i —=>y=+t—
iz=2=y 3
r=0y=1
Voiy=2r+1=22+2r+1)?2?=1¢& 4 -3
r=—=,Yy= —
5 5
1 2v2 4 3
Vay hé da cho ¢6 nghiém (z;y) = —;ii (0,1), | —=;== | O
3 3 5 H
A T —2y—/ry =0
Cau 11 {\/x—1+\/4y—1—2
Giai

Phuong trinh dau la dang ding cap roi
N 1
bieu kién x > 1,y > 1

Tu phuong trinh dau ta c6 : (\/5 + \/y) (\/_ — 2\/@ =0 2=4y
Thay vao (2) ta c6

Ve—14+Vr—-1=2c1=2

1
Vay hé da cho c¢6 nghiém (z;y) = (2; 5) O

{ Y+ +y = 2% — 2>

T2y —yvr —1 =22 — 2y

Giai

Diéu kien : 2 > 1,y > 0
Phuong trinh dau tuong duong

T =y

(x4+y)2y—x+1)=0< v =2+ 1

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



www.VNMATH.com
12 Tuyén tap nhimg bai hé dac sdc

Véi x = —y loai vi theo diéu kién thi z,y phai cing dau
V6i z = 2y + 1 thi phuong trinh 2 sé tuong duong

Qu+ 12y —yv/2u=2y+2< V2yly+ 1) =2y +2y=2=x=5

Vay hé da cho c6 nghiem (z;y) = (5;2)0

Cau 13

Ve+1l+Vy+2=6
r+y=17

Giai

Diéu kien z,y > —1

Ve+14+y+2=6
(x+1)+(y+2) =20
bat Ve +1=a >0,y +2=1>02>0. Hé da cho tuong duong

a+b=206 a=4,b=2 o r=15,y =2
a?+b* =20 a=2b=14 r=3,y=14

He da cho tuong duong {

Vay hé da cho c6 nghiém (x;y) = (15;2), (3; 14)0

y? = (bx +4)(4 — )
y? — 52?2 — 4oy + 162 — 8y + 16 = 0

Giai

Phuong trinh 2 tuong duong

2 A Qe — 2 _ Qe — y=0
'+ Gr+4)4d—a)—dry —8y=0& 2y —doy —8y=0& Y — 20 + 4
r=4
Véiy=0thisuyra: (be+4)4—2)=0« x——é
5
V6iy =2x+4 thisuyra (22 +4)? = bz +4)4d—x) < 2=0

4
Vay hé da cho c6 nghiém (x;y) = (4;0), <—g; O) ,(0;4)0

Cau 15

22 —2zy+x+y=0
ot — 4%y + 322 + 2 =0

Giai

Hé da cho tuong duong
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2.1 Cau 1 dén cau 30 13

24y =2y — 1
{x“/ (2y —1) = 22y — 1) +32°Q2y - 1) =0 222y — 1)(2y — 4) =0

(z2 +y)* + 322 (1 — 2y) = 0

r=0,y=0
1
= = —(L
Y 2()

y=2,x=10U2
Vay hé da cho ¢6 nghiem (z;y) = (0;0), (1;2), (2;2)0

Cau 16 {x+y+xy(3x—y):4xy
Giai
_ N xzy =0
PT(1) — PT(2) & wy(2y x)_xy@{x:zy_l
Véizy=0=>2+y=02r=y=0
Véix=2y—1
=lLzr=1
C9—VAT 14V
C9+VA4AL VA1
O T R T)
1 41 9 —v41 41—-1 9 41
Vay hé da cho cé nghiem (z;y) = (0;0), (1; 1), (_ +15/_; 2(\]/_>7<\/_10 ; +2(\)/_>[|

2 —ay+y*=3
22% — 9y® = (x — y)(2zy + 3)

Giai

Néu chi xét ting phuong trinh mot sé khong lam an dude gi. Nhung dé ¥ 2 ngudi nay bi rang
buoc v6i nhau béi con s6 3 bi an. Phép thé chiang ? Ding vay, thay 3 xudng dudi ta sé ra mot
phuong trinh déng cap va két qua dep hon ca mong doi

Thé 3 tur trén xudng duéi ta co

20° —9y° = (v —y) (P +ay+y°) e =8 =2

) e3y=3cy==+lz=142
Vay hé da cho c6 nghiém (x;y) = (2;1), (=2; —1)O
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14 Tuyén tap nhimg bai hé dac sdc

{ Vity+yr—y=1+ /22—y
Vi+yy=1

Giai

Diéu kién :x >y >0
Phuong trinh dau tuong duong

o — B r+y=1 rT=+/1-y
Vity—-l=yr—yKWzFty-1)« =1 | o= vty
VIZy+yi=1 | Y21

Tu dé =1, =0(L
O:ﬂ\/er\/y_l = zzo’iz(i()

Vay hé da cho c6 nghiem (z;y) = (1;0)0

23—y =7

{Qx—yzl—l—\/:c(y—irl)

Giai

Diéu kién : z(y+1) >0

Tu (2) dé thay 2 > 0=y > —1

e (Vr—vy+1) 2vVe+vy+1)=0sz=y+1
= y+1)pP -y =Tey=1r=2

Vay hé da cho ¢6 nghiem (x;y) = (2; 1)

Tir cau 20 trd di téi xin gidi thiéu cho cac ban mot phuong phap rat manh dé
giai quyét gon dep rat nhiéu cac hé phuwong trinh hiu ti. D6 goi hé s6 bat dinh
(trong day t6i sé goi né bang tén khac : UCT). Sé mat khoang hon chuc vi du dé
dién ta tron ven phuong phap nay

Trudc hét diem qua mot meo phan tich nhan ti ctia da thic hai bién rat nhanh bang may
tinh Casio. Bai viét ctia tac gia nthoangcute.

Vidul: A=2%+ 2y —2y* + 3z + 36y — 130

Thuc ra day la tam thitc bac 2 thi ¢6 thé tinh A phan tich ciing duge. Nhung thit phan tich
bang Casio xem .

Nhin thay bac ctia x vd y déu bang 2 nén ta chon cai nao ciing duge

Cho y = 1000 ta duge A = x? + 1003x — 1964130 = (x + 1990) (x — 987)

Cho 1990 =2y — 10 va 987 =y — 13

A= (r+2y—10)(x —y+13)O

Vidu 2 : B =62y — 132y? + 2y® — 1822 + 10xy — 3y> + 87z — 14y + 15
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2.1 Cau 1 dén cau 30 15

Nhin thay bac ctia x nhé hon, cho ngay y = 1000
B = 59822% — 12989913z + 1996986015 = 2991 (22 — 333) (z — 2005)

1
Cho 2991 = 3y — 9 ,333 = y’T 2005 = 2y + 5

BeGy-9(2-Y"1 )25 = (-3 Gr—y+1)(@—2y—5)0
3

Vidu3:C=a23—3xy? —2y° — 722 + 10ay + 17y? + 8z — 40y + 16
Bac cta z va y nhu nhau

Cho y = 1000 ta dugc C = 23 — 72 — 29899922 — 1983039984

Phan tich C= (z — 1999) (x + 996)°

Cho 1999 =2y —1va 996 =y — 4

C=(@x—-2y+1)(z+y—4)°0

Vidu4: D =222+ 23+ 23 + 42% + zy + 69° + 3x + 4y + 12
Bac cua x va y nhu nhau

Cho y = 1000 ta dugc D = (x + 2000004) (22 + 1003)

Cho 2000004 = 2y? + 4 va 1003 =y + 3

D= (z+2y*+4)(z* +y+3)

Vidu 5 : E =23y + 22%y* + 622 + 112y — xy? — 622 — Tay — y?> — 62 — 5y + 6

Bac cua y nho hon

Cho = = 1000 ta duge E = 1998999y? + 1010992995y + 5993994006 =
2997 (667y + 333333) (y + 6)

Ao héa E=999 (2001y + 999999) (y + 6)

Cho 999 = x — 1,2001 = 2y + 1,999999 = 2> — 1

E=(x—-1)(y+6)(2*+2zy+y—1)0O

Vidu 6 : F =62ty + 1203y? + bady — 5x?y? + 62y® + 23 + 7oy + doy? — 3y® — 222 — 8wy +
3y? — 22+ 3y —3

Bac ctia y nhé hon

Cho z = 1000 ta duge F' = 5997y + 119950040032 + 6005006992003y + 997997997

Phan tich F= (1999y + 1001001) (3y + 5999000y + 997)

Cho 1999 = 2z — 1,1001001 = 2% + x + 1,5999000 = 62% — 2,997 = x — 3
F=@+2ry+a—y+1)(62%y —ay+3y>+2—3)0

Lam quen dudgc roi cht ? Bat dau nao

'Cau 20

Giai
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16 Tuyén tap nhiing bai hé dic sdc

Loi giai gon dep nhat ctia bai trén 1a

25.PT(1) 4 50.PT(2) < (152 4 5y — 7)(15z + 5y 4 17) = 0

. ~ 21 11 2
Dén day dé dang tim duge nghiém cta heé : (z;y) = <5, 5) , <%, 2—5> O

142? — 21y? — 62 + 45y — 14 =0
3522 + 28y + 41w — 122y + 56 = 0

Cau 21 {

Giai
Loi giai gon dep nhat clia bai nay 1a
49.PT(1) — 15.PT(2) & (161z — 483y + 218)(x + 3y —7) =0

Va dén day ciing dé dang tim ra nghiem (z;y) = (—2;3), (1;2)0

Qua 2 vi du trén ta dat ra cau héi : Vi sao lai thé ? C4i nhom thanh nhan ti thi toi khong
néi béi &t han cac ban da doc né & trén roi. Vi sao ¢ day la tai sao lai nghi ra nhitng hing s6
kia nhan vao cac phuong trinh, mot sy tinh ¢ may man hay 14 cd mot phuong phap. Xin thua
d6 chinh 1a mot vi du ctia UCT. UCT la mot cong cu rat manh c6 thé quét sach gan nhu toan
bo nhitng bai hé dang 1a hai tam thic. Cach tim nhiing hing sé nhu thé nao. To6i xin trinh
bay ngay sau day. Bai viét clia tac gia nthoangcute.

a2+ biy® +ezy +diz + ey + fr =0

Tong Quat: { as2” + boy? + 2wy + dox + €2y + fo =0

Giai

Hién nhién nhan xét day 1a he gom hai tam thiic bac hai. Ma nhic dén tam thiic thi khong
thé khong nhic t6i mot déi tuong dé 1a A. Mot tam thitc phan tich duge nhan tit hay khong
phai xem A, hodc A, clia n6 ¢6 chinh phuong hay khong. Néu he loai nay ma tit ngay mot
phuong trinh A ra ki diéu thi chédng noéi lam gi, thé nhung ca hai phuong trinh A déu ra rat
ki cyc thi ta sé lam nhu nao. Khi d6 UCT sé lén tiéng. Ta sé chon hing s6 thich hgp nhan vao
mot (hodc ca hai phuong trinh) dé ép sao cho A chinh phuong.

Nhu vay phai tim hing s6 k sao cho PT(1) + k.PT(2) c6 thé phan tich thanh nhan ti
Dat a = ay +ka2,b:bl +l€b2,C: Cl—|—]€02,d: d1 +kd2,€: €1 +l€€2,f = f1 +l€f2
S6 k 1a nghiém ctia phuong trinh sau véi a # 0

cde + 4abf = ae* + bd® + fc?

Da vang c6 hdn mot cong thitc dé giai hé phuong trinh loai nay. Tac gid ctia né kha xuat
sdc 1. Thit kiem ching lai vi du 21 nhé
a =14+ 35k, b= —21+28k,c=0,d = —6+ 41k, e = 45 — 122k, f = —14 + 56k
S6 k sé 1a nghiém ctia phuong trinh
15

A(14-4-35k) (—21-+28K)(—14-+56k) = (14-+35K) (45— 122k)° +(—214+28k) (~6-+41K)° & b = — 5
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2.1 Cau 1 dén cau 30 17

1
Nhu vay Ia PT(1) — £.PT(2) hay 49.PT(1) — 15.PT(2)
Mot chit luu ¥ 14 khong phai hé nao cling day di cac hing s6. Néu khuyét thiéu phan nao thi
cho hing s6 d6 1a 0. Ok!!
Xong dang nay roi. Hay lam bai tap van dung. Day la nhitng bai hé toi tong hop tit nhiéu
nguon.

1{ 22+ 8y? —6xy +x — 3y — 624 =0
| 2122 — 24y% — 302y — 83z + 49y + 585 = 0
?+y? —3r+4y=1

3a% —2y? — 9z — 8y = 3

y? = 4z +4)(4 —x)

y? — 5x? — 4oy + 160 — 8y + 16 =0
xy —3x — 2y = 16

2?2 +y? — 22 — 4y = 33

4+ ry+y? =3

2?2+ 22y — T — 5y +9=0

e+ 1) +y*+y=2r+3
xy+r=-—1

2?2+ 2% =2y — 2zy + 1

3224+ 2xy —y? =2x —y+5

(x —1)2+6(x — 1)y +4y* =20
2+ 2y +1)% =2

20 + 4wy + 2y + 3z +3y —2=0
2?2+ 12 4 day +2y =0

N

b

=

ot

\]

*

(@)
——

Ne)

10{2x2+3xy:3y—13
1 3y + 2xy =22 + 11
11{4x2+3y(x—1):7

| 3y +4x(y—1)=3
12{$2+2:$(y—1)

Ny —-T=ylx-1)
13{x2+2xy+2y2+3x20

N\ ay+y*P+3y+1=0

R 23—y =35

e {2x2 +y3y2:4x—9y

Giai
Loi gidi ngan gon cho bai toan trén do 1a
PT(1)-3.PT(2) & (z—2°=(y+3) r=y+5

Thay vao (2) ta dé dang tim ra nghiém (z;y) = (2; —3), (3; —2)
Cau héi dit ra 6 day 1a stt dung UCT nhu thé ndo ? Tat nhien day khong phai dang trén nita
roi. Trude hét danh gia cai he nay da
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18 Tuyén tap nhiing bai hé dic sdc

- Bac ctia x va y 1a nhu nhau

- Cac bién x,y doc lap v6i nhau

- Phuong trinh mot c¢6 bac cao hon PT(2)

Nhitng nhan xét trén dua ta dén y tudng nhan hing s6 vao PT(2) dé PT(1) + a.PT(2) dua
duge vé dang hing dang thic A% = B3

PT(1) +a.PT(2) & 2* + 2ax? — 4ax — y> + 3ay® + 9ay — 35 =0

Can tim a sao cho vé trai c6 dang (z +a)® — (y+ 8)> =0

o — 3% =-35 a=-3
Can bang ta dude : { 3a = 2a S a=-2
30% = —4a g=3

Vay PT(1) —3.PT(2) & (v — 2)® = (y + 3)®
OK 7?7 Thit mot vi du tuong tir nhé

3 +y* =91

Glal he { 41,2 + 3y2 = 162 + gy

Goi ¥ : PT(1) —3.PT(2) & (z —4)* = (y + 3)?

= 2’ +y? = (z—y)(ay — 1)
‘Cau23‘ {xS_x2+y+1_$y(x—y+1>

Giai

Hay cling toi phan tich bai toan nay. Tiép tuc sit dung UCT

Danh gia he :

-Bac clia x cao hon bac cta y

-Céc bién x,y khong doc lap v6i nhau

-Hai phuong trinh c6 bac cao nhat clia x va y nhu nhau

Vi bac x dang cao hon bac y va bac cia y tai 2 phuong trinh nhu nhau nén ta hay nhan tung
roi viét lai 2 phuong trinh theo an y. Cu thé nhu sau :

V(@E+1)—y@®+1)+2°+2=0
v’r—y(i+r—1)+2°—224+1=0
Bay gio ta mong uéc rang khi thay x bang 1 s6 ndo dé vao hé nay thi sé thu dude 2 phuong
trinh tuong duong. Ttic 1a khi d6 cac hé s6 ctia 2 phuong trinh sé ti lé v6i nhau . Vay :
r+1  2?+1 v’

— = =r=1
x 24r—1 a3—a224+1

Rat may man ta da tim duge x = 1. Thay x = 1 lai hé ta c¢6

2 (y2 - y + 1) - 0 ~ P2 ~ 2
{yQ—y—l-l:O = 2.PT(2) — PT(1) sé ¢6 nhan tit z — 1
Cuthée dola (z —1) (1> — (z+3)y+22—2—-2)=0
TH1 :z = 1 thay vao thi vd nghiém
TH2: Két hop them véi PT(1) ta duge hé méi :

Pty tat e -2-0 (3)
P+’ —yt+r+ayt—y=0
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2.1 Cau 1 dén cau 30 19

Nhan xét hé nay c6 dic diém giéng véi hé ban dau do 1a bac y nhu nhau. Vay ta lai viét lai he
. 1 .

theo an y va hi vong né sé lai dung v6i x nao d6. That vay, do la x = —5 Tiep tuc thay no

vao hé va ta sé rat ra :

2PT(2) — PT(1) & 2z +1) (y* — (z = 1)y +2° —z+2)

1 +
THl::(::—§:>y:54—3\/5

TH2 : Két hop vdi (3) ta duge

y¥—(r—-1Dy+a2*>—z+2=0
v —(x+3)+22—x—-2=0

V6i he nay ta chi viéc trit cho nhau sé ra y = —1 = 2% + 2 = 0 (V6 nghiém)

1 5+3v5 1 5-3V5
Vay hé da cho c¢6 nghieém :(z;y) = <—§; +T\/_> , <_§; T\/_) N

Py 20 —2y=7

{ 2 (z +y) (25 — xy) = 4 + 17y> + 105

Giai

Hinh thiic bai hé ¢6 vé kha gidng v6i cau 23

Mot chiat danh gia vé hé nay

- Cac bién x va y khong doc lap véi nhau

- Bac cao nhat ctia x ¢ 2 phuong trinh nhu nhau , y ciing vay

V6i cac dac diém nay ta thit viét he thanh 2 phuong trinh theo an x va y va xem liéu hé ¢
ding véi x hogic y nao khong. Céch lam van nhu cau 23. Viét theo x ta sé khong tim duge vy,
nhung viét theo y ta sé tim dugc x = 2 khién hé luon dung. Thay x = 2 vao hé ta dudc

{ 21y — 42y +21 =0

_ _ 2 B B _
2 ooyr1=o . = PTW)=21PT(2) & (2 —-2) (2" + 2oy + dy — 172 — 126) = 0

THl :z=2=y=1
2yt 4 2xy + 4y — 172 — 126 =0
THZ: { 2y 2% 2 —T=0
Heé nay da co cach giai roi nhi 77
3.PT(2) — PT(1) & (x —y+5)* + 22> + 2 + 80 = 0 (Vo nghiem)
Vay hé da cho c6 nghiem : (z;y) = (2;1)0

Tiép theo ching ta sé dén véi cau VMO 2004.
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23 + 3zy? = —49
r? — 8ry +y? =8y — 17z

Cau 25 {

Giai
Loi gidi ngan gon nhat ciia bai trén do 1a :
PT(1)+3.PT(2) & (z+1) (z+1)*+3(y —4)*) =0

Dén day dé dang tim ra nghiem (x;y) = (—1;4), (=1; —4)0

Cau héi duge dat ra la bai nay tim hang s6 nhu thé nao ? C6 rat nhiéu cach giai thich nhung
to1 xin trinh bay cach giai thich ctia toi :tuzki:
Lam tuong tir theo nhu hai cau 23 va 24 xem nao. Viét lai heé da cho thanh

3xy? + 23 +49=0
Yy +8(z+ 1)y +a?— 17z =0

Mot cach tryc giac ta thit v6i x = —1. Visao 7 Vi véi z = —1 phuong trinh 2 sé khong con
phan y va c6 vé 2 phuong trinh sé tuong duong. Khi thay z = —1 hé da cho trd thanh

—3y*+48=0
y?—16=0

Hai phuong trinh nay tuong duong. Troi thuong roi !! Vay o = —1 chinh 13 1 nghiém clia
hé va tit hé thi hai ta suy ra ngay phai lam do la PT'(1) 4+ 3.PT(2). Viéc con lai chi la phan
tich n6t thanh nhan ti.

Tiép theo day ching ta sé dén véi mot chum hé di ban cia ¥ tudng trén. Toi khong trinh
bay chi tiét ma chi goi ¥ va két qua

3 2
- y® + 3xy” = —28
‘Cau26‘ {z2—6xy+y2:6x—10y

Goiy: PT(1)+3.PT2)< (y+1) Bz —3)*+(y+1)%) =0
Nghiém ctia hé : (z;y) = (3; 1), (=3; -1)0

\Cau 27‘ { 622y + 2y> + 35 =0

5% + 5y? + 2xy + 5x + 13y = 0

Goi ¢ : PT(1) 4+ 3.PT(2) < (2y +5) (3 (;p n %)2 n (y N g)2> _
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2.1 Cau 1 dén cau 30 21

23 + bry? = =35
202 — bxy —5y* + 2+ 10y — 35 =10

Goi v : PT(1) + 2.PT(2) & (z —2) (5(y — 1)+ (x + 3)%) = 0

Cau 29

23 + 3zy? = 62y — 3x — 49
22 — 8xy +y? = 10y — 252 — 9

Goi ¥ : PT(1)+3.PT(2) < (2 +1) (x+1)2+3(y —5)%) = 0

Diém qua cac cau tit cau 23 dén cau 29 ta thay duong nhu nhitng cau hé nay kha dic biét.
Phai dac biet thi nhitng hé s6 kia mdi ti lé va ta tim dugc 2 = a hay y = 3 la nghiém clia
hé. Thé véi nhitng bai hé khong c¢6 duge may man nhu kia thi ta sé lam nhu ndo. Téi xin gidi
thicu mot phuong phap UCT rat manh. C6 thé ap dung rat tét dé gidi nhicu bai he hitu ti (ke
ca nhitng vi du trén). D6 la phuong phap Tim quan hé tuyén tinh gitta x vA y. Va ta sé
khong chi nhan hing s6 vao mot phuong trinh ma tham chi nhan cd mot ham f(z) hay g(y)
vao né. Toi sé dua ra vai vi du cu thé sau day :

203 — 200 — 2%y — 20y = 0

{3x2+xy—9x—y2—9y:()

Giai

Bai nay néu thit nhu cau 23, 24, 25 déu khong tim ra ndi x hay y bang bao nhiéu la nghiém ctia
hé. Vay phai diing phép dung quan hé tuyén tinh gitta x vd y. Quan hé nay c6 thé xay dung
bang hai cach thuong dung sau :

- Tim t6i thiéu hai cap nghiém ctia hé

- Stt dung dinh Iy vé nghiém ctia phuong trinh hittu ti

Trude hét t6i xin phat biéu lai dinh 1§ vé nghiém ctia phuong trinh hitu ti :
Xét da thic : P(z) = apa™ + ap_ 12" + ...+ a1 + ag
Da thic co nghiém hau ti — < p la wdc cua ay con q la wdc cua a,

OK 16i chit ? Bay git ta hay thit xay dung quan hé theo cach dau tién, d6 1a tim t6i thiéu hai
cap nghiém ctia he ( Casio len tiéng :v )

Dé thay he tren c6 cip nghiem 1a (0;0 va (2; —1)

Chon hai nghiem nay lan lugt tng véi toa do 2 diém, khi dé phuong trinh dudng thing qua
chingséla:x+2y=0&2x=—2y
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Nhu vay quan hé tuyén tinh & day 14 o = —2y. Thay lai vao hé ta dugc

{ 9y (y+1) =0
—20y(y+1)(y—1)=0

Sau dé ta chon biéu thiic pht hgp nhat nhan vao 2 phuong trinh.
O day s¢ 1a 20 (y — 1) .PT(1) + 9.PT(2)
Nhu vay

20 (y — 1) .PT(1) + 9.PT(2) & (x + 2y) (182® 4+ 152y — 60z — 10y> — 80y) = 0

TH1 : x = —2y thay vao (1)
TH2 : Két hop thém v6i PT(1) nita thanh mot hé gom hai tam thitc da biét cach giai
Nghiém cua hé :

(#59) = (0:0),2: ~1), (10;13), (% - m) , (% 1+ m) =

Stt dung cach nay ching ta thiy, mot hé phuong trinh hitu ti chi can tim duge mot cap
nghiém 1a ta da xay dung dudc quan hé tuyén tinh va gidi quyét bai toan. Day chinh 1a uu
diém ctia né. Ban doc thit van dung né vao giai nhing vi du tit 23 dén 29 xem. Toi thit lam
cau 25 nhé : Cap nghiem 1a (—1;4), (—1; —4) nén quan hé xay dung 6 day 1la x = —1. Thay lai
vao hé va ta c6 huéng chon heé s6 dé nhan.

Tuy nhién cach nay sé chiu chét véi nhitng bai hée chi c6 mot cap nghiém ho#ic nghiem qui
1¢ khong thé do bang Casio duge. Day 1a nhuge diém 16n nhat ctia no

Nao bay gio hay thit xay dung quan hé bang dinh 1y nhé.
V6i hé nay vi phuong trinh duéi dang cé bac cao hon trén nén ta sé nhan a vao phuong trinh

trén roi cong v6i phuong trinh duéi. Vi bac ciia x dang cao hon nén ta viét lai biéu thitc sau
khi thu gon duéi dang mot phuong trinh bién x. Cu thé dé la

22° 4+ (3a — y) 2* + (ay — 9a — 20) z — y (ay + 9a + 20) = 0(x)
Nghiém ctia (*) theo dinh 1y s& la mot trong céc gia tri {+1,+3, £% +y, ...}
. . 1
Tat nhién khong thée c6 nghiem x = j:§ hay x = +1 dugc. Hay thit v6i hai truong hgp con lad.

. . N 3y? — 18y =0
* _
V6i z = y thay vao hé ta dugc { U — 40y = 0
Khi d6 ta sé phai lay (y* —40).PT(1) — 3(y — 6).PT(2). Ro rang 1a qua phiic tap. Loai céi nay.
2
e\ - y? =
V6i ¢ = —y thay vao hé ta dugc L3t =0

Khi d6 ta sé 1ay 3y.PT(1) + PT(2). Qua don gian rdi. Khi d6 bieu thic sé 1a

(z +y) (22° + 6zy — (3y° + 27y +20)) =0
Céch s6 hai rat tot dé thay thé cach 1 trong truong hop khong tim ndi cap nghieém. Tuy nhién
yéu diém ctia né la khong phai hé nao dung dinh 1y ciing tim dugc nghiem. Ta phai biét két
hop nhuan nhuyén hai cach véi nhau. Va hay thit dung cach 2 lam cac cau tiur 23 dén 29 xem.

N6 sé ra nghiem 13 hang so.

Lam mot cau tuong tu nita. Toi néu luon hudng giai.
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2.2 Cau 31 dén cau 60

2P +3x+3y—3=0
2’y —doy — 3y’ +2y—x+1=0

Cau 31 {

Giai

PT(1)—(y—1).PT(2) < (z+y—1) 3y +zy —2y+2) =0

TH1:x=1-—1vy . No problem !!!
[ 3PP tay—2y+2=0
Tha: { 22y —day — 3y +2y—x+1=0
Day lai 14 hé dic biet, ta tim dude z = 3 14 nghiém ctia he. Thay vao va rut ra két qua

PT(1)+PT(2) < (z—3)(x2y—1) =0

Vay hé da cho c6 nghiém (x;y) = (0;1), (1;0)0

Bai viét vé phuong phap UCT hay con goi 13 hé s6 bat dinh két thic ¢ day. Qua hon chuc
cau ta da thay : sit dung phuong phap UCT nang cao (tim quan hé tuyén tinh giita cdc an) 1a
mot phuong phap rat manh va rat t6t dé giai quyét nhanh gon céc hé phuong trinh hitu ti. Tuy
nhién nhuge diém ciia né trong qua trinh lam 13 kha nhi¢u. Thit nhat : tinh toan qué trau bo
va hai ndo. Hién nhién roi, dung quan hé tuyén tinh da kho, sau dé con phai nhoc cong phan
tich mot da thitc hon don thanh nhan t. Thi hai, néu stt dung n6é mot cach thai qua sé khién
ban than trd nén thuc dung, may moéc, khong chiu may mo suy nghi ma ctt nhin thay 1a lao
dau vao UCT, c6 khac gi lao dau vao da khong ?

Mot cau héi dat ra. Lieu UCT ¢6 nén stt dung trong cac ki thi, kiém tra hay khong ? Xin
thua, trong nhitng dé VMO, cling lam y tudng ctia ho 13 dung UCT dang co ban, ttic 1a nhan
hing s6 thoi. UCT dang co ban thi toi khong néi lam gi chit UCT dang nang cao thi tot nhat
khong nén xai trong cac ki thi. Thit nhat mat rat nhicu thoi gian va sitc Iye. Thit hai gay kho
khin va tc ché cho ngudi chadm, ho hoan toan c6 thé gach bd toan bo mic dit c¢6 thé ban lam
dtng. Vay nen : CUNG DUONG LAM ROI MOI DUNG NHE I :D

Day c6 1& 1a bai viét 16n nhat ma toi kém vao trong cudn sach. Trong nhitng cau tiép theo
toi sé cai nhitng bai viét nhé hon vao. Dén xem nhé. Nhitng cau tiép theo c6 thé con mot sb
cau stt dung phuong phap UCT. Vay nén néu thac mac cit quay tré lai tit cau 20 ma xem. Tam
thoi gac lai , ta tiép tuc dén vdi nhitng cau tiép theo.
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o+ =1
204y = 2t 4yt

Cau 32 {

Giai
Nhan thay ré rang day la loai hé ban dang cap. Ta nhan chéo hai vé véi nhau dugc
22+’ = (2t +yH (@ +°) & 'yt (@ +y) =0

THl:z2=0=y=1

TH2 :y=0= =1

TH3 : x = —y thay vao (1) ro rang vo nghiém
Vay hé da cho c6 nghiem (x;y) = (1;0), (0; 1)O

Cau 33

8y? + 22 =12

{ 3+ 22y% = 12y

Giai
Lai thém mot hé cling loai, nhan chéo hai vé cho nhau ta dudc
23+ 20y = y(8y? +2%) & x =2y

Khi d6 (2) sé tuong duong
12 =12 y=41,0=42

Vay hé da cho c¢6 nghiém (x;y) = (2;1), (—2; —1)0

'Cau 34 ety

Giai

Diéu kien : 2 +y > 0
R6 rang khong lam an duge tit phuong trinh (2). Thit bién d6i phuong trinh (1) xem

2zy
De(x+y)? -1+ "L — 22y =0
(1) (o 49)* =14 = =20y
2ey(x +y — 1)
s+y+D(z+y—1)— =0
(r+y+D)(r+y—1) prar

C6 nhan tit chung r6i. V6i 2 + y = 1 thay vao (2) ta duge

l=(1-y)’-yey=0y=3
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2xy

Gio ta xét truong hgp con lai. Do lax +y+ 1 = n
rTy

srt+y+l=1-2>—y* o>+ +x+y=0

R6 rang sai vi tit diéu kien da cho ngay z +y > 0
Vay hé da cho c6 nghiem (z;y) = (1;0), (—2;3)0

23—y =3(x —y?) + 2
22+ V1 —22 —3/2y — 12 +2=0

Giai

Dicukien: —1<2<1,0<y<2
Thuong thi bai nay ngusi ta sé lam nhu sau. Dé ¥ phuong trinh (1) mot chit

(1) e a®=3r=(y—1)7°-3(y—1)

Xét f(t) =t =3t v6i —1 <t < 1thi f'(t) =3t* -3 <0
Suy ra f(t) don diéu va tit d6 suy ra x = y — 1 thay vao (2)
Céch nay én. Tuy nhién thay vio lam van chua phai la nhanh. Hay xem mot cach khac rat méi

mé ma toi lam
2) &2 +V1—22+2=32y — 1> & f(z) = g(y)

N 13
Xét f(x) trén mien [—1;1] ta sé tim duge 3 < f(x) < —

9 _
Ta lai c¢6 : g(y) =3 y(2—y)§3w:3

Vay f(x) > g(y). Dau bang xay ra khi
y=1
r=+1,2=0

Vay hé da cho c¢6 nghiém (z;y) = (0;1)0

Thay vao phuong trinh dau chi ¢6 cip (z;y) = (0;1) 14 thoa man

23 =3 =1y — 3y
20+ 8 =1

Cau 36 {

Giai
D@ thay phuong trinh (1) can xét ham roi, tuy nhien f(¢) = 3 — 3t lai khong don diéu, can phai
b6 thém dicu kien. Ta sé diing phuong trinh (2) dé c6 diéu kien. T (2) dé thay —1 < z,y < 1.
V6i diéu kien d6 1o rang f(t) don dieu gidm va suy ra duge x =y
Thay vao (2) ta dugc
200 =1 2=+

2

1 1 1 1
Vay hé da cho ¢6 nghiém :(x;y) = (—; — |, ——=:;——= 0O
V2 V2 V2' V2
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32+ 3y)=1
r(y?—2)=3

Cau 37 {

Giai

Nhan thay x = 0 khong 1a nghiem. Hé da cho tuong duong

1
y+1=— 1
3

T

Thay lai (1) ta c6

2x3+3x2—1:()<:)[

1
Vay hé da cho c6 nghiém :(z;y) = (—1; —1), (57 2) 0

P+ +ry+1=4y
y(r +y)? =22 + Ty + 2

Cau 38 {

Giai
Stt dung UCT sé thay y = 0 1a nghiém ctia hé. Thay lai va ta sé c6
2PT(1)+PT2) s ylzx+y+5)(z+y—3)=0& | x=-5—y
r=3—y

Vé6i y = 0 thay lai vo nghiém
Véi x = —5 — y khi d6 phuong trinh (1) sé tuong duong

(y+5)2+9° —y* —by+1=4y < VL

Tuong tu v6i z = 3 — y cling vd nghiém
Vay hé da cho vo nghiém [
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{

Dieu kien : y < min{+z}

Ta khong nén dat an tong hiéu vi vAn con sot lai g sé lam bai toan khé khan hon. Mot cach

27

Y
\/x+y—\/x—y:§
$2—y2:9

'Cau 39

Giai

truc giac ta binh phuong (1) lén. T (1) ta suy ra

y2

4
Dén day nhin thay /22 — y? theo (2) bang 3. Vay suy ra

y?
2x—6zz<:>y2:8x—24

20 — 2¢/x? —y? =

Thay vao (2) ta duge

z=3=y=0(TM)
x=5=y=A4(TM)
z=5=y=—4TM)

2 —8r+15=0<

Vay hé da cho ¢6 nghiem (x;y) = (3;0), (5;4), (5; —4)O

Wa+1

DO | Ot

r—Vy+1
y+2(z—3

Giai

Diéu kién : z,y > —1
Khong tim duge méi quan hé cu thé ndo. Tam thoi ta dat an dé dé nhin
bat vx+1=a>0,y/y+ 1 =>b2> 0. Hé da cho tuong duong

g
2
b* — 1+ 2a(a® — 4)

a?—1-b=
3

4
3 7 2 x N < 2
Tathebzi—a ti (1) vao (2) va ¢ :

i 11
a=-3=b=—(L)

a=-2=b=—(L)
= 3
a:1:>b:—§(TM) y——Z

1
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Vay hé da cho c¢6 nghiém : (z;y) = (0; —2) O

Cau 41 (22 + 2y + y?) /22 + y2 = 185
au 2 ) 5 7 _ 65
(22 =2y +y* )22 +y

Giai

Thoat nhin qua thi thay day la mot he ddng cap bac 3 ré6 rang. Tuy nhién néu tinh ¥ ta dem
cong 2 phuong trinh cho nhau sé chi con lai 2% + 32
Cong 2 phuong trinh cho nhau ta co

222 + y*)V/a2 + 2 =250 & at+y2 =5

Khi do6 thay lai hé ta co

r=3y=4
(25 + zy).5 = 185 N xy =12 o r=4,y=3
(25 — zy).5 = 65 2> +y? =25 r=-3,y=—4

r=—-4y=-3

Vay hé da cho ¢6 nghiem (z;y) = (3;4), (4;3), (—3;—4), (—4; —3)0

O A
Cau 42 T y_,/xy

/Ty + y\/ Ty = 78

Giai

Diéu kién : 2y > 0

Hé da cho tuong duong
r+y T+ /ry
NG NG
VTy(r +y) =78

bat v+ y = a, /ry = b. Hé da cho tuong duong

a=13

a—b="7 o b=6 N r+y=13 o r=9y=4
ab =178 {a:—6 =4,y =
b

Vay hé da cho c6 nghiem (x;y) = (9;4), (4;9)0
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22—y =9
22 +2y —x+4y=0

Cau 43 {

Giai
Dung UCT
PT(1)=3.PTB) e (z—-1P°=(y+2)°cr=y+3
Dén day dé dang tim nghiem (z;y) = (1;—2),(2; —1)0

Cau 44

8x3y3 + 27 = 183
4oy + 62 = o>

Giai

Day 1a mot he hay. Ta hay tim cach loai bé 18y* di. Vi y = 0 khong 1a nghiém nén (2) tuong
duong
722%y* + 108zy = 18y°

Dén day ¥ tudng ro rang roi chit ? Thé 18y3 tir (1) xubng va ta thu duge

[ 3
TY = ——
8z%y® — 722%% — 108zy +27 =0 & xy:21_4—9\/5
21+ 95
ry=——
L 4
Thay vao (1) ta sé tim duge y va x
y =0(L)
8(xy)’ +27 3 1
= T - (g = (5
138 2 4
8 +27 3 1
y=1 (xy) == (B+Vv5)=2=-(3+5)
18 2 4
N ., o 1 3 1 3
Vayhedachoconghlem:(x;y):(Z—l(i%—\/g),——(\/g—fi)),(Z(3+\/3);§(3+\/3))D
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(x+y) (1+i) =5
'Cau 45 &

Giai
Diéu kién : zy # 0
Ta cit nhan ra da. Hé tuong duong
1 1 1 1
r+y+—+-=95 r+—-)+\y+-| =
Tz Yy N Z Y
, o, 1 1 112 1\ 2
rty+—S+5=9 v+~ +|ly+-) =13
Z Y T Y
1 1
r+—-=2y+-=3 x:1y:3i\/3
= 313 % = 3’:;:\/3 2
x y o ; v=1
3++V5 3++5
Vayhédéchocénghiém:(:c;y):<1; 2\/_>,< 2\/_;1>D
\Cau46\ 24+ +aot+y=18
r(x+Dy(ly+1) =72
Giai
Mot bai dit an tong tich cling kha don gian
Dat 22 + 2 =a,y* +y =0b. Ta co
{x2—|—x—6 r=2,r=-3
a+b=18 a=12,b=6 v +y =12 y=3y=—4
{ab:72 “Tla=6b=12 | (22+2=12 | (2=3,0=—4
v +y=56 y=2,y=-3

Vay hé da cho ¢6 ca thay 8 nghiém [

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



2.2 Cau 31 dén cau 60 31

3+ 4y = y® + 162
1+ y*=5(1+2?)

Cau 47 {

Giai

Hé da cho tuong duong

3 — 162 =y (y* — 4)
y? — 4 = ba?

Nhu vay phuong trinh (1) sé la

r=0,y==£2
3 — 162 = 52’y & 2 — 16

y= 5

Truong hop 2 thay vao (2) sé la

(22 — 16)°

2 __
2512

— — 2
4 15%5 <=>[ 2__2_41L x:—l,y:3

Vay he da cho ¢6 nghiem (z;y) = (0;2), (0; =2), (1; =3), (=1; 3)0

Giai

Diéu kién : y? > 22
Dé ¥ x1/y? — 22 sinh ra tit viéc ta binh phuong (1). Vay thit bam theo huéng d6 xem. Tir (1)
ta suy ta
2?4y — 2?4 2012 — 22 = (12 — y)?
Sy +224=(12-y)?ey=>5
Thay vao (2) ta c6

V22— =12 x=3,x=4

DAéi chiéu lai thay thoa man
Vay hé da cho ¢6 nghiem (z;y) = (3;5), (4;5)0
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rt— 42+ 92 -6y +9=0
2y +a’+2y—22=0

Cau 49 {

Giai

Dé ¢ néu dat 22 = a thi hé da cho bién thanh hé tam thic bac 2 ta hoan toan da biét cach
gidi. Cu thé & day sé la

PT(1)+2.PT(2) & (2*+y)* —2(x*+y) —35=0
THL : 2> +y=T7<¢ 2> =7 — y thay (2) ta c6

_ _ oo y=3=>x==2
T—yy+T-y+2y-2=0s| o _ 5
TH2 : 2% +y = —5 < 2% = 5 — y. Hoan toan tuong tu thay (2) sé cho y vo nghiem
Vay he da cho 6 nghiem : (259) = (2:3), (~2;3), (VZ 5), (—v/Z 5)0

2 3 2 5
r+yt+ryt+rxyt+yr=—-
Cau 50 4

5)
ot +y? + oyl +2z) = -1

Giai

Day la cau Tuyén sinh khéi A - 2008. Mot cach tu nhién khi gip hinh thiic nay 1a ta tién hanh
nhém céac s6 hang lai
Hé da cho tuong duong

5

(@* +y) +ay + (@* +y)ry = —
5

(¢® +y)* +ay = —7

Dén day huéng di da ro rang. Dat 22 4+ y = a, 2y = b ta co

'{x2+y:O
5)
5) N
a+b+ab=—- a=0,b=—- Y 4 x:?’iy:_?’%
s b e 1, & , 1 < 4 16
a?+b=—— a=—=b=—- TrY=-3 r=1 _ 3
4 ’ 2 B 3 - 7y_ 2
(YT e

2
Vay hé di cho c6 nghiem (z;y) — (ﬁ —{’/1—2> , (1; —g) 0
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2 +1+y(y +z) =4y
@+ D)(z+y—2)=y

Cau 51 {

Giai

Hé gan nhu chi 1& cau chuyén ctia 22 + 1 va 2 + y. Tuy nhién y chen vao da khién hé tré nén
khé chiu. Hay diet y di da. Cach t6t nhat d6 1a chia khi ma y = 0 khong phai 1a nghiém ctia
hé. Hé da cho tuong duong

2 +1

+r+y—2=2
Y
2 +1

(x4+y—2)=1

e+ 1

Huéng di ro rang. Dat =a,r+y—2=>

Heé da cho tré thanh

a+b=2 a= ?+l=y r=11y=2
{abzl ‘:){b:1 <:>{aj—|—y:3 ﬁ[ _

Vay hé da cho c6 nghiem (z;y) = (1;2), (—2;5)0

y + xy? = 622
1+ 2%y? = 52

'Cau 52 {

Giai

Loai he nay khong khé. Y tudng ta sé chia dé bién vé phai tré thanh hing sb
Nhan thay z = 0 khong 1a nghiem. Hé da cho tuong duong

2 y (1 B
£_|_y_:6 =({—+y) =6
:L,Q T PN xXr xr
= Liy) —2¥=s
x? X Y r

1 .
Dat L = a,~ 4+ y = b. He trd thanh
T xXr

ab =16 a= y1:2x lel,y:2
P—20=5 T\ b=3 oty = Tlaotyo

1
Vay hé da cho c¢6 nghiem (x;y) = (1;2), (5, 1) O
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2%+ 2% = 2y + 2y
223 + 3zy? = 2y% + 32y

Cau 53 {

Giai
Dé ¥ mot chat day 1a hé ban déng cap. Néu ta viét lai nhu sau

22+ 2% — a2y = 2y
223 + 3zy? — 322y = 2°

Tu do ta co
2% (2% + 2y* — wy) = 2y (22° + 3ay® — 32%y) © Ay (y —z) (2* —ay +y*) =0
TH1 :y=0=2=0
TH2 : 2=y =0
TH3 : x = y thay vao (1) ta duge

=0

xr =
2y2:2y<:>{$:z:1

Vay hé da cho c6 nghiem (x;y) = (0;0), (1;1)0

2 3 _ 9,4 6
‘Céu54‘ {wa—i-y =2r" 4+

(x+2)Vy+1=(z+1)>

Giai

Diéu kien : y > —1
Khai thac tit (1). C6 vé nhu 1a ham nao d6. Chon chia cho phu hop ta sé duge muc dich, 6 day
sé chia cho z* vi z = 0 khong 1a nghiém ctia he. PT(1) khi d6 sé 1a

3
2<Q)+<E> :2x+x3(:)y:x<:)y:x2
x x x

Thay vao (2) ta sé dugc

(T'M)

@+ V2+l=(z+1)"=> (@+2)° (®+1)=(@+1)" & i;[?\))gy’y_jg,(TM)

Vay hé da cho c6 nghiem : (z;y) = (+/3;3)0

Ta sé dén mot cau tuong tu nod
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'Cau 55

Vidr +5+/y? +8=6

{ 25+ yt = y10 4

Giai
Diéu kién : z > 1

Thay y = 0 khong la nghiém ctia he. Chia 2 vé ctia (1) cho ¢° ta duge

X > Xz 5 X 2
) Y Yy

Thay vao (2) ta duge

Vir +5+Vr+8=6or=1=y ==+l

Vay hé da cho ¢6 nghiém (z;y) = (1;£1)0

‘Cﬁu56‘ {xy+:c+1:7y

22y? +xy + 1 =13y

Giai

Day 1a cau Tuyén sinh khéi B - 2009. Céc gidi thong thusng nhat dé 1a chia (1) cho y, chia (2)
cho y? sau khi kiém tra y = 0 khong phai 1a nghiém. Ta sé& dugc

x 1 1 =z
oI R
Tty =T A at+b="7 o=4b=3
Yy oy o Y PN N
x2+£+l:13 (I—i-l) _ T _ 3 a*>—b=13 a=—5,b=12
y oy y y
r+-=4
g 1
€r = = = —
2 1y I 1,y 3
r+—=-5 513:37?/:1
)
r =12y

1
Vay hé da cho c¢6 nghiém : (z;y) = (1; 5) ,(3; )0

Tiép tuc ta dén them mot cau tuyen sinh nita
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ot 203y + 2%y? =22 + 9
22 + 22y = 62 +6

Cau 57 {

Giai
Dé y that ki néu ta thé khéo léo zy lén (1) sé chi con lai phuong trinh an x. Di1 sé 1a bac 4

nhung liéu thi dn nhiéu. He viét lai

t 4 202 (zy) + 2%y =20 4+ 9
_ b6z +6—2a”

T do6 (1) sé tuong duong

6z +6— 22\’ -
x4+$2(6x+6—$2)+(¥> :23:+9<:>[i_04 =

1
Vay hé da cho c¢6 nghiém (x;y) = (—4; —7) O

Cau 58

Vitr+/I—y=2
=yt +9y=29+y -y’
Giéai

Diéu kien : y < 1
Khong lam an gi duge tit (1). Xét (2). Dé y 1 teo thi (2) c6 thé phan tich duge thanh

_ o a3) — r=1Y
o) O-a-i)=0e | 120
Véi x = y thay vao (1) ta sé duge
a+b=2 a=1,b=1 y=20
l+y+y/l-y=2a d+¥=2 < a=-1-V3,b=3+V3 & | y=6/3-11
b>0 a=vV3-1,b=3-+3 y=—6v3—11

V6i x = 9 — y3 thay vao (1) ta sé duge

V1I0—yPp+/1—y=2

Ta co

V10— 13 +/1—y>V9>2
Vay hé da cho c6 nghiem : (z;y) = (0;0), (6v/3 — 11;6v/3 — 11), (—6v/3 — 11; —=6+/3 — 11)0J
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'Cau 59 {\/x_w Loy=vy

Giai

Dicukien : 2 >1,0<y <1

Thoat nhin bai toan ta thay nhu lac vho mé cung nhitng can thiic. Tuy nhién chi v6i nhitng
danh gia kha don gidn ta c6 thé chém dep bai toan

Viét lai phuong trinh (2) nhu sau

2/yvVe — 1=y -1

Tit diéu kien dé thay VT > 0> VP
Dau bang xay ra khiz =y =1
Vay hé da cho c¢6 nghiem (z;y) = (1;1)0

'Cau 60

V17 — 422 +yy/19 — 92 =3
V1T — 42?2+ /19— 9y? = 10 — 22 — 3y

Giai

Diéu kién : r<x<ﬂ—£<y<\ﬁ

Bai toan nay xuét hien tren Dé thi thit lan 2 page Yeu Toan hoc va toi la tac gid ctia no. Y
tudng ctia n6 kha don gian, phit hop v6i 1 dé thi tuyén sinh

Dé ¥ ov/17 — 422 lien quan dén 2z va /17 — 422, y4/19 — 9y2? lien quan dén 3y va 19 — 9y
Va tong binh phuong ciia ching 13 nhitng hing s6. Day 1 co sé dé ta dat an

Diat 22 + V17 — 42?2 = a , 3z + /19 — 9y? = b. Hé da cho tuong duong

a+b=10

[ TSNS B o
4 6 ’
1
= -
— A2 — 2
THl:{2x+V17 4x2_5 o [3::2
3y + /19 -9y =5 5413
y:
6

i | 20+ VIT—4a? =3 (Loai)
"\ 3y+/19-9y2=7 "

Vay hé da cho c¢6 nghiém : (z;y) = (%, %) (%, %) (2; %) (2; %) O

Va day 1a y tudng gbc ctia né. Hinh thitc don gian hon mot chut

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



www.VNMATH.com
38 Tuyén tap nhiing bai hé dic sdc

2.3 Cau 61 dén cau 90

V5 —a?2+yy/b—4y?=1
Vh— a2+ /b — 42 =12y

Cau 61 {

1
Nghiém : (z;y) = (1; —1), (2; —§> O

3 2, ,3
~ > —xy-+y =1
Cau 62 {4x4—y4:4x—y
Giai
R6 rang 1a mot hé dua vé duge dang dang cap bang cach nhan chéo vé vé6i vé. Tuy nhién, bai
nay néu st dung phép thé tot ta sé dua vé mot két qua kha dep mat

Phuong trinh (2) tuong duong
dr(a® = 1) = y(y® — 1)

Dén day ta rat 2% — 1 va y® — 1 tit (1). Cu theé tit (1) ta co

m3—1:y3—y2:17
v} —1=ay? — 23

Thay tat ci xudng (2) va ta thu dugc

—1
—0 Y
;:: rz=1

day'ly —o) = —wy(@® —y) & | L e lr=y=1
= 1 3
dy=y+ux = , L= -
=y 5T /25

1 3
Vay hé da cho c6 nghiem (x;y) = (0;1), (1;0), (1;1), ; O
i I shie (s5y) = (0:1), (150}, (151), (i

‘CQUGZ)" T —/x2—y?2 x4+ a2 —y? 4

z(x+y)+ /22 +zy+4=>52

iy B R

Giai

Dicu kien : o # £y/a2 — 92, 22 — > >0, 2> +ay +4 >0
Hinh thtc bai hé ¢6 vé kha khiing bé nhung nhitng ¥ tudng thi da 16 hét. Ta c6 thé khai thac ca
2 phuong trinh. Pt(1) c6 nhicu cach xit Ii : dang cap, dat an, lien hgp. Toi sé xit 1 theo huéng
s6 3. (1) khi do sé 1a

2

<x+ xz_y2>2 (:v— G:z—zP) 17 2022 —¢?) 17 A

2 — (22 — y?) + 2 — (22 — y?) 4 y? 4 y 5
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Tiép tuc khai thac (2). Dé thay dat \/2? + zy +4 =¢ > 0 thi (2) tr6 thanh

t="17

2 _
t = —8(L) = x° +xy =45

t2+t:56<:>{

Két hop lai ta dugc

4 r=-5,y=—4
r =10,y = —12

Vay hé da cho c¢6 nghieém : (x;y) = (—5; —4), (5;4), (—15;12), (15; —12)0

{ VI VY + T — Y =2
VY + Ve Vy— V=1

Giai

Dieu kien : z,y > 0, /y < min{xz} , Vz < min{ty}
Khong tim duge méi lien hé gi tit ca hai phuong trinh, ta tién hanh binh phuong nhiéu lan dé
phé v& toan bd can thitc khé chiu. Phuong trinh (1) tuong duong

2/t —y=4deVrl—y=2—ar=2’—y=a’—do—4dodr—y=4
Lam tuong tu phuong trinh (2) ta sé c¢6 : 4z — 4y = —1. Két hop 2 két qua lai dé dang tim
duge x,y

17 5
Vay hé da cho ¢6 nghiém : (z;y) = (ﬁ’ 5) O

o 2xy _ 2y
‘Céu65‘ Va2 —2x +9 Y
xy )

Giai

Hinh thitc ctia bai he 1a déi xitng. Tuy nhién biéu thitc kha cdng kénh va lai nhan xét thay
x =y =1 la nghiém cua hé. C6 1é sé danh gia
Cong 2 phuong trinh lai ta c6

1 1
2 2
r+y =2 +
Y y({’/x2—2x+9 $/y2—2y+9>

Tit d6 ta nhan xét dé co nghiem thi xy > 0 va dé ¥ 1a /12 — 2t + 9 > 2 nén ta danh gia

1
x2+y2§2xy<§+—)<:>(:v—y)2§0
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Dau bang xdy ra khi (z;y) = (1;1)0

Cau 66

{ 6% —2— Br—y+3y
Y
2¢/3x 4+ +/3x —y =06x+ 3y —4

Giai

Dieukien : y#0,3x >y, 3x ++/3x —y >0
Phuong trinh (1) khi d6 sé tuong duong

VI = —y
60— 2y =y\/3r—y+30 =20Br—y) —y /3 —y -3 =0 m:%y

THI1 : /32 — y = —y. Tt day suy ra y < 0 vd 3z = y* + y thay tat ca vao (2) ta duge

21 —4=
2\/y2+y—y:2(y2+y)+3y—4<:>{yy<g7y 0 Sy=-4=zr=414

TH2 : 3z —y = 32_3/ T day suy ray > 0 va 3x = QTQQ +y thay tat ca vao (2) ta ciing sé tim
duge y = § = r = §

' 9 9
Vay hé da cho c6 nghiem (x;y) = (—4;4), (g, g) O

B—z)V2—2—2y2y—1=0
{ Yr12+2/5F2=5

Giai

\ 1
Dieu kién : z < 2,y > 3
Phuong trinh (1) tuong duong
2—2)V2—2+V2—1=02u—-1)\/2y—1+ /2y —1& f(v2r—1) = f(/2y — 1)

V6i f(r) = 23 + x don diéu tang. T d6 suy ra v/2 — x = /2y — 1 & x = 3 — 2y thay vao (2)
ta co

a=1,b=2
_ -3-v65 | 23+65
f/5—2y+2\/y—|—2:5<:>{Z3++2§b2__59 a=—"Frb=——71
V-3, 23-V65
4778
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y=2
2334 23V65
<7 32
233 — 23/65
Yy=——5""

32
Vay hé da cho ¢6 nghiém

23165 — 185 233 — 2365 23165 + 185 233 + 23/65
(z;9) = (—=1;2), G ; 2 — G ; 2 O

St dung tinh don diéu ctia ham s6 ciing 14 mot huéng kha pho bién trong giai hé phuong trinh.
Chi can khéo 1éo nhin ra dang ctia ham, ta c¢6 thé rat ra nhimg diéu ki dieu tit nhitng phuong
trinh khong tam thuong chut nao

Vitzy+J/1+r+y=2
2?2y —ay=2+y +ar+y

Cau 68 {

Giai
Diéu kien : oy > —1 , 2 +y > —1
Mot chiit bién d6i phuong trinh (2) ta sé dugc

rT+y=2zxy
rTH+y=—-ay—1

P tay=(r+y)itrtye (y—cv—ylytrz+ty+l)=0& [
THI1 : xy = x + y thay vao (1) ta duge
2V/14+rzy=22y=052=9y=0
TH2 : x +y = —zy — 1 thay vao (1) ta duge
VI+ay+/—zy=2VL)
Vay hé da cho c6 nghiém : (z;y) = (0;0)0

'Cau 69| vy

Giai
Toi khong nham thi bai toan nay da xuat hién tréen THTT, tuy nhin hinh thitc ctia hé kha dep
méat va gon nhe nhung khong hé dé giai mot chat nao. Huéng lam to6i wu ciia bai nay d6 1a phiic
héa. Diya vao ¥ tudng he kha déi xiing dong thoi dudi mau nhu 14 binh phuong ctia Modun ma
ta sit dung cach nay. Huéng giai nhu sau
PT(1)+i.PT(2) ta sé dugc
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Dat z = x + yi khi d6 phuong trinh tré thanh

3z — 1z 3Z — 1z
Z+T:3<:>Z+
z

3 — 94
SN el N

2.z z z=1—1

Vay hé da cho ¢6 nghiem (z;y) = (2; 1), (1;—1)0
Hinh thic ctia nhitng bai hé nay kha dé nhan thay. Thit lam mot s6 cau tuong tu nhé.

( 52 4+ 7vV/5y B

‘ ‘ x+ o 7

Cau 70

at 7\/3:6—53/
U ey Y

16x — 11
x+—x2—|— 2y =7
Cau 72| 1z + oy
\y $2+y2 -

~ (6 — z)(2? + y*) = 6x + 8y
Cau 73, {@—wuuwaz&—@

Ggi y : Chuyén hé da cho vé dang

6z + 8y
=6
x2_|_ 2
8x—gy
=3
x? 4 2

Nghiém : (z;y) = (0;0),(2;1), (4;2)0

Phitc héa 1a mot phuong phap kha hay dé giai he phuong trinh mang tinh danh dé cao. Khong
chi véi loai hé nay ma trong cudn sich toi sé con gidi thieu mot vai cau hé khéc cling sit dung
phiic hoa kha dep mat.
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42°y* — 6y — 3y? = —9
622y —y* — 92 =0

Giai

Day 14 mot bai toan ciing kha dep mat. Thay x = 1 1a nghiém ctia hé . Ta suy ra
PT(1)+ PT(2) & (x — 1)(4y*(x + 1) + 62y —9) =0

THl:z2=1=y=3

TH2 : dy*(x + 1)+ 62y —9=0

Vi z = 0 khong 14 nghiem. Suy ra 4y*z(x + 1) + 62%y — 92 = 0 (¥)

Vi sao nhan x vao day. UCT chang ? Téi chi gidi thiéu cho cadc ban UCT nang cao thoi chi
toi cha dung bao gio. Li do chi don gidn t6i mudn xuat hién 6x%y — 9z = 32 tit (2) thoi

Vay (*) @ 4y*z(z+ 1)+ =0 y*2r +1)* =0
TH1 : y = 0 v0 nghiém

1 3
TH2 :2 = ——~=y=3,y=—=
Z 9 Y Y B

1 1 3
Vay hé da cho c6 nghiem : (z;y) = (1;3), (—5;3) , (—5; —5) O

x? 1> 1

Cau 75 W12 (wr12 2
dzy=x+y+1

Giai

Diéu kien z,y # —1
Bai toan nay c6 kha nhiéu cich giai. Toi xin gidi thieu cich dep dé nhat ciia bai nay
Ap dung Bét déng thiic AM — GM cho vé trai ctia (1) ta c6

2zy 2y 2zy 1

T+ D)w+1) ay+ar+y+1l xy+3zy 2

AN 11
Dau bang xay ra khi (z;y) = (1;1), (_§; —§) O

2 N
Cau 76 {By +14+2y(x+1) =4dy/22 +2y+1

yly —x) =3 -3y
Giai

Diéu kien : 22 +2y +1>0
Khong lam an gi duge tit (2). Thit bién ddi (1) xem sao. PT(1) tuong duong

2
dy? —dyn/22+ 2y + 14+ 22 +2y+1=2" — 2oy +¢° < <2y—\/:z72+2y—|—1> = (z —y)?
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Vi +2y+1=3y—=x
Vei+2y+l=x+y

C6 vé hoi 4o nhi ? Nhung dé ¥ mot chit thi (1) c6 voc dang ciia cac hang ding thitc nén ta
nghi dén huéng nay

Bay gio xtt Ii hai truong hop kia thé ndo ? Chac binh phuong thoi. Tét qua ! Phuong trinh sé
chi con lai zy va y ma nhiing cai dé6 thi (2) da c6 ca

THI : /22 +2y+1=3y—=x

{3y>x 3y > [le,yzl(TM)
- =

6zy = 9y? — 2y — 1 415 17
2 2 2 C
x4+ 2y+1=9y* —b6ay +x Ty =y + 3y — 3(2) x = ,y=—(TM)

TH2 : /2?2 +2y+1=x+y

> Y
{x+y_0 & 2zy=—y*+2y+1 @[

2?2+ 2y +1 =2+ 22y + 12 = y=—(L
415 17
Vay hé da cho ¢6 nghiem : (z;y) = (1; 1), (5—1, §>

Nhu chiing ta da biét. Tam thiic bac hai c6 kha nhiéu ting dung trong giai toan va hé ciing
khong phai la ngoai lé. Chi v6i nhitng danh gia kha don gidn : dat dicu kien ctia A dé tam
thiic c6 nghiém ma ta c6 thé tim ra cuc tri ciia cac an. Tit d6 danh gia va giai quyét nhing
bai todn ma cic phuong phap thong thuong cing bé tay. Loai hé st dung phuong phap nay
thuong cho dudi hai dang chinh. Thi nhat : cho mot phuong trinh 1a tam thiic, mot phuong
trinh 1a tdng hogc tich ctia hai ham f(x) v& g(y). Thit hai : cho cd 2 phuong trinh déu la
phuong trinh bac hai ctia 1 an nao dé. Hay thit luét qua mot chiim hé loai nay nhé.

698
4 2 __
r+vy =1
2?4y —3r—4y+4=0

Giai

Hinh thtc ctia hé : mot phuong trinh la tam thiic bac hai mot c¢6 dang f(z) + g(y) va mot s6
khéa khing b6. Ta hay khai thac phuong trinh (2) bang cach danh gia A
Viét lai phuong trinh (2) duéi dang sau

{ 2+ (y—3)z+ (y—2)? =0(x)
vP+ (v —4)y + 2% — 3z +4 = 0(xx)

Tit didu kien chat ciia hai an gio ta xét (1) va c6 mot danh gia nhu sau
e (D)L (1Y 0T o
Y= 3) T 81 T8I
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Vay hé da cho vo nghiém [

Thit mot cau tuong tuyr nhé

, 20
3, .2 _ %Y
x°+y 97
?+ay+yt—y=1
Giai
49 50
Lam tuong tu va tit (1) ta sé rat ra 2° + y? < 77 <37

(202 — 3z +4)(2y* — 3y +4) = 18
4y +ay—Ter—6y+14=0

‘Cau 79 {

Giai

Hinh thiic kha quen thuoc nhung phuong trinh dau cho 6 dang f(z).f(y). Cha sao ! Ct lam
nhu ban nay.
T phuong trinh (2) bang déanh gia quen thuoc ta rit ra

10

?
3

2

IN

Zz

IA

1

IA
IN

Y

Diéu kien trén di dé f(x) va f(y) don diéu tang vi f/(z) = 4z — 3 > 0 véi x nhu trén
Vay ta co

7 10366
<

F@W <t < () (3) 218 < fla)st) < T

Dau bang x4y ra khi z = 2 va y = 1 thay lai vao (2) thay khong thda.
Vay hé da cho vo nghiém [

7
(222 = 1)(29* = 1) = Qazy
4y faoy—Tr—6y+14=0

Giai

Mot chiit bién dbi ta sé dua vé gibng cau 79
Nhan thay = y = 0 khong 13 nghiém ctia he. Chia ca 2 vé phuong trinh (1) cho xy va ta sé
ducc
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Quen thuoc r6i nhi. Bai nay van vo nghiem [

2?2 =2+ =0
20 —dr +3+y> =0

Cau 81 {

Giai

Hinh thitc bai hé ¢6 vé kha gon nhe nhung khong dé gi giai duge bang cac cach thong thuong.
Nhung dé § ca hai phuong trinh déu la bac hai véi an x. Vay nén gia si ¢6 nghiém x thi 16

rang A, > 0
Nhu vay tit ca hai phuong trinh ta co
1—-y'>0 -1<y<1 _
{4—2(3+y3)20 {y§—1 Zy=-1

Thay lai va ta sé tim dugec x =1
Vay hé da cho ¢6 nghiem (z;y) = (1; —1)0

OK ? Toi sé dua them 3 vi du nita dé cac ban test

2 =2r+2—9y*=0
22y — 22 +y =0

22y? —2? +4y? — 120 =4
202 + 2y —8x +9y + 18 =0

Cau 83 {

Nghiém : (z;y) = (2; —2)0

Cau 84

22y? —8r 4+ 12 =0
22% — 42+ 10+ 13 =0

Nghiém : (z;y) = (1; —2)O

Nam 16 roi chit ? Tiép tuc dén véi cac cau tiép theo.
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'Cau 85

{ (x+Dy+D)+1=(2+z+ )2 +y+1)

43+ (23 —y+4) /P —y+1=0

Giai

Diéukien : 23 —y+1>0

Thoat nhin bai toan c6 vé dé dang khi dé y mot chit thi (2) c6 dang ham s6. Tuy nhién day
van chua phai 1a nat that. Day 1a mot bai todn yéu cau kha ning xit i phuong trinh bac cao
tot. Tam thoi ta xi 1i (2) trude da.

bat /22 — y + 1 =t khi d6 phuong trinh (2) sé la

PP +3r+ P+t =02 +3r=(—t)’ +3(~t) & t=—x

N <0
y=a°—a2>+1

Diéu kién z < 0 kh4 quan trong. N6 gitp ta c6 danh gia tot hon sau day

PT(1) & 1= 2%y + 2> + v’z + 12 + 2%)°
Sl=2*0" -2 +1)+2° +2(2® — 22 + 1)° + (2° — 2* + 1) + 2°(2® — 2% + 1)°
e —" 422+t + =0
THl:2=0=y=1(TM)
TH2 : 2" + 22+ 2 =251

salet 41 = (- )+ e | 1T 7Y T

1 1 1
(*)<:>x4+x—|—1:x3<:>x4—x2+zl+x2+x+z+§:x3

, o 1\? NN 1,
<:>:c—§ +x—|—§ —|—§:x

Do VT > 0 > VP nén vo nghiém
Vay hé da cho c6 nghiém : (z;y) = (0;1), (—1; —1)O

Cau 86

Ay +1)+2(2*+1)y/z=6
Py2+ 24+ 1) =z + Va2 +1
Giai

Dieu kién : >0

Hinh thitc ctia bai hé r6 rang 1a kha réc r6i. Tuy nhién, dé ¥ ¢ (2) néu ta chia ci 2 vé cho 22
thi sé co lap dudc o va y va hi vong sé ra dude diéu gi.

Nhan thay z = 0 khong 14 nghiegm. Chia 2 vé ctia (2) cho z? ta dugc

1 1 /1
2y+2y\/4y2+1:5+5\/ﬁ+1
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RG rang 2 vé déu 6 dang f(t) =t + tv/t? + 1 va ham nay don diéu tang. Vay tit d6 ta suy ra
1

duge 2y = — thay vao (1) ta 6
x

1
z? (—2+1) +2(2* +1)y/r =6
T

St 4r+202®+ 1)V =6
RO rang vé trai don diéu tang véi dieu kién clia . Vay z = 1 13 nghiém duy nhat

1
Vay hé da cho ¢6 nghiém : (z;y) = (1; 5) O

~ Vic+y+2e+y=>5
Cau 87 {\/m-i—x—y:?
Giai
Day la cau trong dé VMO 2000-2001. Khong han 14 mot cau qué khé
Diéu kieén : y < min{—2x; -7z}

Xuat hién hai can thic vay tht dat /72 +y =a , 27 +y = b xem
Nhung con z — y thi thé nao ? Chic sé lien quan dén a?, b?. Vay ta st dung dong nhét thic

3
x—y:k(7x+y)+l(2x+y)<:>k::g,l:——

Vay hé da cho tuong duong

+b0=5 15 — 151 —1

a 2.2 QB2 a:%ﬁ 7.1/:—1—3/:5#5\/ﬁ r=10— 77
bt -5 =2 ® NG 51-5VTT ) o VT
a,b>0 b:T 2:6+sz 2

O

11 —
Vay hé da cho c¢6 nghiém : (z;y) = (10 — VT T\/ﬁ>

Mot cach khae ciing kha tot. Dit /72 + y = a, /27 + y = b va ta xay dung mot hé tam sau

a+b=5 - a+b=>5 - 5—1x
a’® —b? = 5x a—b==x 2

Thay vao (2) va ta duge
S—uw
2

+r—-—y=2&r=2y—-1
Dén day thay lai vao (2) va ta ciling ra két qua

Mot vi du tuong tu ctia bai nay

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



2.8 Cau 61 dén cau 90 49

_ Vile —y—yy—x =1
Cau 88 {7\/y—x+6y—26x:3

o 37 81
Nghiém : (z;y) = (%, 1—0) OJ

'Cau 89 vy

Giai

Day 1a cau trong dé VMO 1995-1996. Mot ¢ tuéng kha dep mat ma sang tao
Diéu kién : z,y > 0,2 +y >0
Hé da cho tuong duong

et 2 11 22
thy Vol ewy VAR Vg oo L (L 2v2) (1 V2
A S Y% Lo L 2 t+y \V3z VTy) \V3r  VTy
r+y Ty V3z Ty
1 1 8

& =——— & 2lzy = Ty—3
iy 3% T ry = (z +y)(Ty — 3z)

& (y—6z)(Ty +4x) =0 < y = 62

Thay vao phuong trinh dau ta dugc

1 2 114+ 47 22 8
=— =

4+ —=——=&2

7z 3z 21 V=Tt

Mot cach khac c6 thé sit dung trong bai nay dé la phitc héa. N6 méi xuéat hien gan day
bat vz =a >0, /y =b> 0. Ta c¢6 hé méi nhu sau

a B 2
e
- b :4\@

a? + b2 &

a—bi 2 42
PT(1 .PT'(2 b —_ = — 4+ —
(1) +i.PT(2) & (a+ Z)+a2+b2 \/g—l—ﬁz

Diat z = a + bi phuong trinh da cho trd thanh

1 2 42,
—i=z=a,b=1xy

PRV R
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11+4 22
Vay hé da cho c¢6 nghiém : (z;y) = <Z—1\ﬁ, - + %) O

Bai hé nay c6 kha nhiéu di ban phong pha. Téi xin gi6i thiéu cho cac ban

Cau 90

2.4 Cau 91 dén cau 120
Vil 12 );2

_y+3x

12
1 =6
' +y+3x>

Nghiem : (z;y) = (4 + 2v/3;12 + 6/3)0

Cau 91

Cau 92

Nghiém : (z;y) = (5;4) O

1 2
%<Z+M) =9
'Cau 93| Tty

Tiép theo ta dén mot vai vi du vé sit dung phuong phéap lugng gidc hoa trong gidi hé phuong trinh
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'Cau 94 { /1=y +yVI—a? =1

1-2)(1+y)=2

Giai
Dicu kien : |z| <1, |y| <1
Diéu kién nay cho ta ¥ tudng luong gidc héa. Dat © = sina , y = sinb v6i a,b € [—g; g}
Phuong trinh dau tuong duong
sinacosb + sinbcosa = 1 & sinfa+b) =1<a+b= %
Phuong trinh (2) tuong duong
™ b=
a=—= =TT
(1 — sina)(1 + sinb) =2 < (1 — sina)(1 + cosa) =2 < [ 2 & [ po T
a=10 )

r=—1,y=0(L)
< {zz(),yzl

Vay hé da cho ¢6 nghiém : (z;y) = (0;1)0

3z — x% = y(1 — 32?%)

_ a2
Cau 95 {Qy_x(l v)

Giai
Thoat nhin ta thay c6 vé hé nay ciing xoang, cha c6 gi khi viét né dusi dang

Ty’ =1 — 2y
2 —32%y =3x—y

Dua n6 vé dang ding cap, nhung cai chinh & day la nghiém né qua 1é. Vay thit huéng khac
xem. Viét lai hé da cho sau khi da xét

2y
T =—
1—y2‘
_3x—x5
Y= 13,2

Nhin biéu thitc vé phai c¢6 quen thuoc khong ? Rat gidng cong thiic lugng gidac nhan doi va
nhan ba cta tan. Vay y tuéng da nay ra
Dat x = tana véi o € (—g; g) Tu PT(2) ta sé ¢

3tan a — tan®«

= = tan 3
y 1 — 3tan2a anoa
Ma nhu thé theo (1) ta sé c6
2tan 3« tan 6
r=-————— = tanba
1 — tan?3a
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T do suy ra

t tan 6 km 27 7TO7TQ7T
ana =tanba & = — S =4 ———_-(: —:
5 57 57 757 5

+2 +6 + +3
Vay hé da cho c6 nghiém : (z;y) = (tan Tﬂ; tan 7T) , (tan FW; tan —t

). oo

Lam mot bai tuong tu nhé.

3 — a3

YT T2

Cau 96 3 L
Yy—y

St dung phuong phap lugng giac héa trong gidi hé phuong trinh can phai nim ro cdc hing
déng thic, ding thic, cong thic luong giac, va can mot nhan quan tét dé phéat hien mot biéu
thiic nao d6 gidng véi mot cong thitc lugng giac.

Cau 97

PBy(l+y)+2%y*2+y) +2y* —30 =0
P?y+x(l+y+y?)+y—11=0
Giai

Day 1a mot hé kha manh nhung hay. Nhin vao 2 phuong trinh ta thay cac bién "két dinh" véi
nhau kha tot va hing sé ¢6 vé nhu chi 1a ké diing ngoai. Vay hay viit hing s6 sang mot bén va
thuc hien bién ddi vé trai. He phuong trinh da cho tuong duong

zy(x +y)(z +y+2y) = 30
zy(z+y)+to+y+ay=11

Dén day y tudéng da ro rang. Dat a = zy(x +vy) , b= xy + x + y va hé da cho tuong duong

{xy(x+y):5
ab = 30 a=50b=6 xy+r+y==6
{a+b:11 <:>[a:6,b:5 < zy(x+y) =06
ry+xr+y=>5
[ [ zy=2
THI - zy(xr +y) =6 o r+y= N r=2,y=1
ry+xr+y=>5 xy =3 (L) r=19y=2
|z +y=2
W=5 ) 5—421 54421
ry+a+y=06 zy =1 _5+V21 5—421
[ La+y=5 STy VT T
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+ 21 21
Vay hé da cho c¢6 nghiem : (z;y) = (1;2),(2;1), (5 2\/_; ) :F2\/_> u

Tac gia clia né da rat khéo léo tron nhiéu lan cach dat an téng tich vao mot he, gay nhiéu khé
khan cho ngusi lam

1
sin’x + —5— + \/6082y +— \/
sm-x Cos“y r+y

9 1 ) 20z
sin“y + ——— + 4/ cos“x + 3
sin“y cos“x T+y

Cau 98

Giai

Bai toan xuat hién trong dé VMO 2012-2013. Hinh thtc bai hé c¢6 sy khac la khi c¢6 cd ham
lugng giac chen chan vao. Vé6i kiéu he nay danh gia la cach tot nhét

Ta sé cong hai phuong trinh v6i nhau va sé ching minh VT > 2v/10 > VP

Ap dung Bét déng thic Cauchy — Schwarz cho vé phai ta duge

20 20 20 20
\/ y+\/ v < 2( Yy 4 z)=2\/1o
T +y T4y rT+y T+Y

Gio ta sé chitng minh : VT' > 24/10 ttic 1a phai chting minh

1 1
\/sin2x+ — —|—\/cos2:c+ — > V10
sin’z cos2z:

VT = \/(sinx 3 Shlm)Q + (\/§>2 + \/(Cosx— Colsxf + (\/5)2
> \/(Sirlm + Colsx - (sinx+cosx))2 + (2\/5)2

Hién nhién ta c6 sinz + cosx < \/5 nén

1 1 4 4
+ —(sinz+cosz) > ——— —V2> — —V2=12

sinz  cosT sinz + cos V2

Vay VT > /2 + 8 = /10. Tuong tu vdi bién y va ta c6 dieu phai chiing minh
Déng thitc xay ra khi z =y = % + k27
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T—Y=295

Cau 99 { WE V=YY 8V

Giai

Diéu kién : z,y > 0

O hé nay cho mot phuong trinh don gian qua. Thé thing len (1) chang ? Khong nén ! Bién déi
1 teo da roi hay thé. Huéng bién doi kha don gian la lam phé v& can thic

Phuong trinh (1) tuong duong

Va(z —1) = /yly +8) = z(z — 1)* = y(y +8)*
Dén day thyc hién thé =y + 5 len (1) va ta duge
(y+5)y+4° =yly+8)2? ecy=4=2=9

Vay hé da cho c¢6 nghiem (z;y) = (9;4)0

1y 2y
cautoo| { LT, T2

Yy
VETI-1) =32 13

Giai

Diéu kién : 2 > 0,y # 0
Ro rang vdi didu kién nay thi tit (2) ta thay ngay dé c6 nghiém thi y > 0
Phuong trinh (1) tuong duong

vity _2(aty) { VI +y=0(L)

x y y =2

Véi y = 2x thay vao (2) ta dugc

2
21’(\/.762—1-1—1): 3w2+3<:>(Qx—\/g)\/x2+1:2x<:>\/x2+ :2—“”\/g
l‘_

RO rang vé trai don diéu tang va vé phai don diéu gidm nén phuong trinh nay cé nghiem duy
nhétx:\/§2>y:2\/§
Vay hé da cho c6 nghiem (z;y) = (v/3;2v/3)0
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= -2+ 30 +4
=23 — 6y — 2

Cau 101 { y
X

Giai

Hinh thitc bai hé kha gon nhe nhung ciing du khién nhiéu ngudsi phai ling ting. Nhan xét
r =y = 2 la nghiém. Ta tién hanh tach nhu sau

{y—Qz—(as+1)2(aj—2)
r—2=(y+1)>*y—-2)

Dén day nhan chéo vé véi vé ta ducgc
2y =20y + 1)* = — (v + 1)*(z — 2)*

Dé thay VT > 0> VP. O day déng thiic xay ra khi z = y = 200

23 — xy® + 2000y = 0
Y3 — yx? — 500z =0

Cau 102 {

Giai

Dé dang dua dugc vé hée ding cap. Nhung ta bién déi mot teo dé né téi wu.
Hé da cho tuong duong

r=1y
x (v? — y*) = 2000y 20,2 2\ 2,2 2 rT=-Y
{y($2_y2):_500$ = 500x°(z° — y°) = 2000y~ (z° — y°) & v =2
r= -2y

Thay lai v6i mdi truong hgp vao (1) va ta duge

y=0,z=0
10 10
=104/ =,z = —204/ —
Yy 3,$ 3
10 10
= —104/—,2 = 204/ —
Y 3 3

/10 /10
Vay hé da cho c6 nghiém : (x;y) = (0;0), (iQO 3 F10 §> O
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Cau 103 2 +y? -1

Giai

Y tudng dat dn phu da ro rang. Dat 22 + 2 —1=a , Yy Hé da cho tuong duong
x

2 2
3 2 T +y =8
—+2b=1 a=70b= = {2x—7 _ 2 _ 2
a ’ =1y y=2d/—,x=+144/—
4 = I = {x2+y2:10 53 53
3

a+ - =21 a=9b= r=43,y==+1

b x =3y

2 2
Vay hé da cho ¢6 nghiém : (z;y) = (£3; 1) (j:14\ / el +4, §) O

1
T+ —-+Vr+y—3=3
Cau 104 v

Giai

. 1
Dieukién : y #0, 2+ - >0,z +y > 3
Yy

Y tudng dat an phu ciing da kha ro rang.
1

bat /o +-=a2>0,y/z+y—3=02>0.He da cho tuong duong
Yy

1
v, =1 r=14— 10,y =3+ 10
a+b=3 a=1b=2 r+y—3=4 r=4++10,y =3—+10
Q2+ =5 a=2b=1 1 Tl r=3y=1
r+-—-=41 Y
Y r=>5y=-—1
rTH+y—3=

Vay hé da cho c6 nghiem : (z;9) = (3;1), (5; —1)(4 + v10; 3 F v10)O
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- 3(24 3y) =8
Cau 105 { 2P —2) =6
Giai
Day 1a mot cau kha giéng cau sb6 37
Nghiem : (z;y) = (=2; —1), (1;2)0
_ 222y + 3xy = 42 + 9y
Cau 106 { Ty +6 =222 + 9z
Giai

Bai nay néu ludi nghi c6 thé ding mén vo6 thé than chudng y vao PT(1). Nhung hay dimg UCT
4 day sé tot hon.
Nhan thay y = 3 la nghiem (cai nay gid lai nhé, toi khong giai thich nita), thay y = 3 vao he
ta co
202 + 91 — 27 =0
{ 27 —22° + 92 =0

Nhu vay huéng ctia ta sé cong hai phuong trinh ban dau lai va nhan tit y — 3 sé xuat hién. Vay

PT(1)+ PT(2) < (3—y) (22° +32—2) =0

) ~ , 1 11 +
Dén day dé dang giai ra (z;y) = (_2; _76) , (5’ ?) 7 (_3(3 4\/@);3) ]

2+ 3y=9
y* 4+ 422 — 3)y? — 48y — 482 + 155 = 0

Cau 107 {

Giai
Day 1a mot cau khéa héc, khong phai ai ciing c¢6 thé dé dang gidi né dudc.
Thé 3y = 9 — 22 tir (1) xudng (2) ta duge
4 2 2 2 _
y* + 8xy” — 12y* — 16(9 — 2°) — 48z + 155 =0

y? +4x =1

4 2 2 2 _
&yt 4+ 8xy® + 16y° — 12(y° +42)+ 11 =0 & [y2+4x:11

THI :
9 — g2

2
) +4r =11 2* — 1822 + 362 — 18 =0

2_3y2r+3v2=0
4 —18(x —1)2 v
& 8(r—1)" < 22 4 3v/3r — 33 — 0

y2+4x—11<:><
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3v2+ 118 — 122 _ 12v/2 F 64/36 — 242
xr = y g
2 12
=
—3vV2++/18 — 12V2 _ —12v2 F6/36 — 24v/2
xr = Yy
2 12

TH2 :
2

2
T ) bdr =142 1822+ 362+ 72 =0

y2+4x:1<:>(
& (27 =62 +12) (2 +62+6) =0 r=-3+£V3=>y=-1+2V3
Vay hé c¢6 ca thay 6 nghiém nhu trén [

Mot thac méc nho la § TH2 vi sao z* — 1822 + 36z + 72 = (2* — 6z + 12)(2? 4+ 62 + 6). Tach
nhan t kiéu gi hay vay ? Casio truy nhan ti chang ? C6 thé 1dm. Nhung thyc ra phuong trinh
bac 4 da co cach giai tong quat bang cong thic Ferrari. Déi v6i vi du trén ta lam nhu sau

zt — 1827 4+ 362 + 72 = 0 & 2* — 2a2® + a® = (18 — 2a) 2* — 367 + a* — 72
Ta phai tim a sao cho vé phai phan tich dugce thanh binh phuong. Nhu thé nghia la
18° = (18 — 2a) (a® — 72) & a = —9
Nhu vay
' — 1827 + 362+ 72 =04 (2 +9)? = 9(22 — 1)? & (2% — 62 + 12)(2® + 62 +6) =0

Chi tiét vé giai phuong trinh bac 4 cac ban ¢6 thé tim dé dang trén google. Gid ta tiép tuc céc
bai he. Tiép theo 1a mot chiim hé sit dung tinh don diéu ctia ham s6 kha dé nhin.

(z+ Va2 +1) (y—f—\/y?—l—l) =1
Cau 108/ ) 35
vy 132—1_5

Giai

Diéu kién : 22 > 1

Khong thé lam an duge gi tit (2). Tit (1) ta nhan xét thay hai ham giéng nhau nhung ching
lai dinh chat v6i nhau, khong chiu tach roi. Vay ta dit ching ra. Phép lién hgp sé gitp ta
Phuong trinh (1) tuong duong

(24 Ve 1) (y+ V2 +1) (VP T 1-y) = VP H Ty a4V + 1= —y+ V2 + 1

Tach duge roi nhung c6 vé hai bén khong con gidong nhau nita. Khoan !! Néu thay 3* = (—y)?
thi sao nhi. Qua tot. Nhu vay ca hai vé déu c¢6 dang f(t) =t + v/t2 + 1 va ham nay don diéu
tang. Tu do6 ta rat ra x = —y

Thay lai vao (2) ta dugc

Y 35

V-1 12
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Day thyec ra 13 mot phuong trinh kha kho chiu. Thoat tién khi thay loai nay ta sé binh phuong
2 vé len. Diéu kién binh phuong 14 y > 0 khi d6 ta c6

22 2 352 4_2+2 22 352
S Y :()(:}y vy % :(>

1/y2—1 y2—1 E y2—1 ,/yQ—l E
2
Dén day da kha ré rang . Dat o =t > 0 va phuong trinh tuong duong

Y2 —

49 5

35\ ° t=—-—(L) y? 25 y==7

pon (B) coe [T o B v

12 -z VTR RS

D6i chiéu diéu kién binh phuong chi 1ay 2 gia tri duong.

Vay hé da cho c¢6 nghiém : (z;y) = (—Z; Z) , (-2; g) 0

R (42 + Dz + (y—3)v5—2y =0
Cau 109 { 4?4+ 23 Ao =T

Giai

ot
w

Diéu kien : y < 37 < 1 Viét lai phuong trinh (1) nhu sau

e+ Dz = (3—y) /5 -2y (4e? +1)2z = (6 — 2y)\/5 — 2y & f (22) = f <\/5 - 2y>

V6i f(t) = t3 +t 1a ham don dieu tang. Tu d6 ta c6 2x = /5 — 2y = = > 0 thay vao (2) ta c6
5 2
42* + (5 — 29:2) +2V3—dx =7
LN ~ (PN 2 N 2 ~ N S S s. ~ 3 ~ . . ~ N .9
Gio cong viéc cua ta la khdo sat ham so ve trai trén | 0; 1 va chiing minh n6 don diéu giam.

Xin nhuong lai ban doc

V6i ham so ve trai don diéu giam ta c6 x = — la nghiém duy nhat = y = 2

1
Vay hé da cho c¢6 nghiém : (z;y) = (5, 2) |

Hay dé v ki mdi tuong quan gitta cac biéu thiic trong mot phuong trinh va ta sé dat muc dich

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



www.VNMATH.com
60 Tuyén tap nhiing bai hé dic sdc

Cau 110

{ v 4+y=a2+32% +4x+2

VI—Z - =Ty 1

Giai

Dicukien: 0 <y <2,-1<z2<1
Phuong trinh (1) tuong duong

Pry=@@+1P+@+)ey=a+1

Thay vao (2) ta c6

Vi—-22—Vi+z=V1-z-1

t?—2
Phuong trinh nay khong qua kho. Dat t = V1+ 2+ V1 —2 = V1 — 22 = . . Thay vao
phuong trinh ta duge
2 -2 t=0 Vi—-z+V1+2=0
5 —t—1<:>[t_2 <:>[\/1—x+\/1+x:2 Sr=0y=1

Vay hé da cho ¢6 nghiém :(z;y) = (0;1)0

Nhitng bai nay thuong sé ning vé gidi phuong trinh vo ti hon.

Vi+1+vVe+3+Ver+5=y—1+Vy—-3+y—5
r+y+a?+y? =80

Cau 111 {

Giai

Diéu kien : o > —1,y > 5
Phuong trinh dau c6 dang
fle+1)=fly—5)
Vé6i f(t) = vVt +t+ 2+t + 4 1a ham don diéu tang. Tit d6 ta c6 y = = + 6 thay vao (2) ta
co

o9Vo — 7 5VH + 5
x+x+6+x2+(x+6)2:80<:>x:—\/_2 :>y:—\/_jL

2

Vay hé da cho ¢6 nghiém : (z;y) = <5\/_— 7; 5v/5 + 5) -

2 2

O day toi da dua ra mot s6 cau he st dung tinh don diéu ctia ham s6 kha don gidn. No6i 13 don
gian vi tit mot phuong trinh ta nhin thay ngay hosic mot chit bién doi dé nhin ra dang clia
ham can xét. Toi sé con gidi thieu kha nhiéu nhing bai can bién doi tinh té dé nhin ra dang
ham, & nhitng cau sau ciia cudén sich.
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NI P
vVr+4/32—x+ 6y =24

Cau 112 {

Giai

Diéu kien : 0 < x < 32
Co6 vé day 1a mot he khéac rac roi khi xuat hieén cin bac 4. Ta sé ding cac danh gia dé giai
quyét cai hé nay
Cong 2 phuong trinh cho nhau ta dugc

VI+V32 -1+ Vo +V32—z=y"—6y+21
Hién nhién ta c¢6 : VP > 12
Gid ta tién hanh danh gia vé trai. Ap dung bat dang thic Cauchy — Schwarz cho vé trai ta c6

VI+V32 -2 < /1+1)(z+32—2)=38
Vi V3Z—z <A+ 1)(Va+ VB2 —a) <4

Vay VT < VP
Dau bang xdy ra khi (x;y) = (16;3)0

Toi con mot cau y tudng giéng bai nay nhung hoi khé hon mot chiit. Ban doc c6 thé giai n6

Cau 113

V2r + 26—z —y? = 20/2
V21 +2v6 — 2+ 22y =8+ 2

Nghiem : (z;y) = (2;v2)0

Py+1)(z+y+1) =322 —4dr+1
ry+ax+1=2?

Cau 114 {

Giai
Bai nay c6 1& khong can suy nghi nhiéu. Cit thé y + 1 lén (1) coi sao
Nhan thay z = 0 khong 1a nghiém. Phuong trinh (2) tuong duong

2
—1
x(y+1):x2—1(:)y+1:x

Thay lén (2) ta sé dugc

x?—1

X

5
x:—2=>y:—§

r(z? — 1) (m +

>:3x2—4x+1@
r=1=y=-1

D
Vay hé da cho c¢6 nghiém : (z;y) = (1; 1), (—2; —§> O
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Cau 115 ) (z +y)?

Giai

Diéu kién : oz +y # 0
Day 1a mot bai he khong don gian chit nao. Tuy nhién ta c6 mot nhan xét kha tot sau day :

a(x® +y?) +bry = k(z +y)* +(z —y)?

Gis hay phan tich 422 + 4y + 4oy = k(z +y)? + [(z — y)?
Can béang he s6 ta thu duge : 422 + 4y> + 4oy = 3(z + y)? + (x — y)?
Nhu vay ¥ tudng sé 1a dat an phu tong-hiéu chang ? Cang c6 co sé khi 22 = v +y+ 2z — y. Nhu
vay ¥ tudng so bo la thé. Bién déi hé thanh
Ma+ 9+ (@—yft——s =7
(x +y)°

1
r+y+ ——+r—y=3
rT+y

. 3 1\’
Ditng voi dat ngay. Dé ¥ mot chat 3(x +y)? + —— =3 <ZE +y+ —) — 6. Nhu vay
(x+y)? r+y

cach dit an cta ta sé triet dé hon.

1
bat t +y+ —— = a,x — y = b ta thu dugc hé méi
r+y

2 2 _ . 1
a+b=3 s 1b—7L & T+y “Var—y=1 T\ y=0
a] > 2 1=mpb=h e —y=1 T T

Vay hé da cho ¢6 nghiem (z;y) = (1;0)0

OK chua ? Tiép tuc them mot cau tuong ty nhé

1 9
x2+y2+6xy——2—|—§:0
Cau 116 . - (z —y)
Y- ——+5=0

r—y 4

Giai
Diéu kién : z # y
Hé da cho tuong duong
1 9 25
2@ +y)’—-(y-2)? - —5+5=0 2(x +y)? — —a:+— +—==0
X (y—l‘)5 8 - 8
1 5
J— _— —:O p— —_— —_ =
(y $+y_x)+(x+y)+4 (y x+y )+(x+y +7
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1
batz+y=a,y — 2+ —— =1b,|b| > 2 ta c6 hé méi
y—x

i )

5) 5) 13 3
1 e i, = 5 & B0, 8
8 2 ) Y78

v

1
Vay hé da cho c¢6 nghiém : (z;y) = (g, g) 7 <—3 _§> O

Toi sé dua thém 2 cau nita cho ban doc luyén tap

_ 2
Cau 117 1 (z =)

Nghiem : (z;y) = (2;1), (4—\/ﬁ;\/ﬁ—3> : <4+\/ﬁ;—3—\/ﬁ) O

3 3 3 3

(4% — 4oy + 4> — 51)(x —y)? +3=0
2r—T)(z—y)+1=0

Cau 118 {

Thit dong ndo mot chit xem vi sao lai dua duge vé giong 3 cau trén ?

Nghiém :(z;y) = (5_\/3;1+\/§) ’ <5+\/§;1_\/§>D

2 2 2 2

Cau 119

Giai
Diéu kién : y # 0
Phuong trinh (2) tuong duong véi
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1 . .
bat a = — ta chuyén hé ve

[ z=—-1,a= -1
r=1,a=1
202+ —a =2 —1-3 V3-1
{2a2+a—x:2 < e
Lo V33—l -1-V3
L 2 2

-1+
Vay hé da cho ¢6 nghiém : (z;y) = (£1;£1), (T\/g, 1 \/§) O

Cau 120

4a? + oyt —day =1
4x% + 2% — 4oy = 2

Giai

Hinh thic kha gon nhe nhung ciing rat khé choi. Mot chat tinh ¥ ta nhan thay y? = 1 1
nghiém cta hé. Thay vao va ta rut ra

PT(1) — PT(2) & y* — 4wy — 22 +4aoy+1=0< (v — 1)(y* — 4oy — 1) =0

Véi y = 1 thay vao (2) ta tim duge x = 0 hodc z =1

Véi y = —1 thay vao (2) ta tim duge z = 0 hodic x = —1

V6i y? = 42y + 1. Khong can nghi nhiéu, thé trau bo vao cho nhanh !!!
2

-1

Ta rit ra = 2 thay vao (2) ta ¢6

[y=—1=2=0
) 9 y=1=2=0
4(y — > + 2+ 1 -y’ =25 -6/ +1=0< y:—i;sx:i
W & vp
= —=r=——
YT V5
Vay he da cho ¢6 nghiem : (1 y) = (15 1), (—1: —1), (0: 1), (0 1)(1 1)( 1 1)5
ay hé da cho c6 nghiem : (z;y) = (1;1), (—=1; —1), (0; 1), (0; — i I
Ay NE gnie Yy G G 3 \/5
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2.5 Cau 121 dén cau 150

ot + 23y + 9y = 32 + 2%y + 9x
oy’ —a®) =17

Cau 121 {

Giai
Khong can biét T qubc noi dau, chién phuong trinh dau da

PT(1) & (z—y)(z(z+y)*—9) =0

V6i o = y két hop v6i (2) ro rang khong thoa
Con lai ta két hgp thanh mot hé méi

{ w(yP —a) =T

x(x + y)2 =

Day 1a mot bai toan kha quen thuoc va hap dan da timg xuat hién trén bao THTT, cach lam
pho bién nhat van 1a "trau bo"

. _ 7 . )
Trude hét c6 danh gia x > 0 va rat ra y = (/23 + —. Thay xudng ta c6
T

2
x(x—i— 2 x3—|—z> :9<:>x3+2x\3/x6+7a:2+f/x(x4+7)2=9
V x

Dt vé trai 1a f(z). Ta c6

65 + 1422 1 928 + 702* + 49
fl(x) =322 + 2 Vb + 722 + PR e L e
34/ (20 + Tx2)? 3 Ya(zt+7)*

Vay f(x) =9 ¢6 nghiem duy nhat z =1=y =2
Vay hé da cho ¢6 nghiém : (z;y) = (1;2)0

Tiép theo to6i xin gidi thiéu cho caAc ban mot s6 cau hé st dung Bat déng thic Minkowski dé
gidi. Bat déng thic Minkowski 1a mot bat déng thic khong kho va ciing thuong dude ding,
bat déng thitc dé cap dén van dé do dai clia vecto trong khong gian ma sau nay hoc sinh quen
goi n6 la bat dang thiic Vector

V6i hai veeto i, ¥ bat ki ta luon c6

)+ |V > |+ 7

Néu toa do hoa 2 vecto nay ta sé thu duge

\/a12 + 0% + \/(122 + by* > \/(a1 + a2)2 + (b + b2)2

Dang thitc x4y ra khi (a1, az) va (by, by) 18 2 bo ti 1e

Day la mot hé qua hay dung trong giai hé

Thi khi ndo nhin vio mot bai hé ta ¢ thé nghi dén stt dung Bat ding thic Minkowski. Thuong
khi nhin thiy tong hai can thitc ma bac clia biéu thiic trong can khong vudt qua 2 thi ta co
thé chon huéng nay. Toi sé néu 3 vi du dé ban doc hiéu 16 hon
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Cau 122

3+ 4y = 26
Vat+y? —4x + 2y + 5+ /22 +y2 — 202 — 10y + 125 = 10

Giai

Y tudng st dung da hien ré roi. Bude dau tien ta lam dé 1a phan tich biéu thic trong can
thanh tong cac binh phuong da. Vé trai ctia (2) khi d6 sé 1a

V(e =22+ (y+1)? + /(z — 10)2 + (y - 5)2

Tuy nhién néu ta st dung Bat dang thic Minkowski ngay bay gio thi né sé la

VT >\/(x—2+2—102+ (y+1+y—5)2

Khong phai 10 nita ma la mot biéu thic kha phitc tap. Khi doé ta phai xem lai cach viét céc
binh phuong ctia minh

Dé ¥ néu la hing s6 vé phai thi khi cong vao ta phai lam triét tieu an di. Vay can phai viét
nhu sau

VI =(x—22+@y+1)24+/10 =22+ 5 -9)2> /(2 +2+10—2)2+ (y+1+5—5)2 =10

10—z 55—y
r—2 y+1
Két hop (1) dé dang giai ra (z;y) = (6;2)0

Ok roi. Dang thitc x4y ra khi & 3 — 4y =10

Nhu ta da thy, st dung khong khé. Tuy nhién cai khé ¢ day chinh 1a nghé thuat doi dau va
S&p xép cac hang tit ctia binh phuong dé ta dat dude muc dich

Cau 123

2?2 — 2y — Ty =6
Va2 +20 45+ 2 =2y +2= /22 + 42 + 22y + 9

Giai

Xét phuong trinh (2) ta c6

VT:\/(x+1)2+22+\/(y—1)2+122 (x+y)?+32=VP
Dang thic xdy rakhiz +1=2(y— 1) & 2 =2y — 3

~ 5 1
Thay vao (1) va ta dé dang giai ra (z;y) = (—5; Z) (=1, 1O
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|Cau 124/

rt 4+ 252 —2=0

{ V222 + 62y + 5y + 5 = /222 + 62y + 5y? + 1da + 20y + 25

Giai
Bay gio néu chuyén can sang vé trai, hiing sé sang vé phai la chét dg. Mau chét ¢ day 1a gi ?
S6 5 chang ? Dung vay, ta phan tich 5 = /32 + 42 dé sit dung bat ding thic Minkowski. Tuy
nhién cac doi dau va sip xép sé hang nhu thé nao. Cai d6 ta phai quan tam dén vé phai dé
chon lya cho phu hgp. o) day sé la

VT:\/(x+y)2+(x+2y)2+\/42+322 \/(x+y+4)2+($+2y+3)2=VP

r+y x+2y

Diang thitc xay ra khi 1 3 T = —5Y
. x 1 1
Thay vao (2) va ta dé dang giai ra (z;y) = (1; —g) , <—1; S) O
- 2y(2? — y?) = 3z
Cau 125 { 2@+ 12) = 10y
Giai

Mot hé dua vé dang dang cap ro rang. Tuy nhién, ta hay xi li s6 bo hé nay dé loai mot s6
truong hop

T (2) dé thay z.y phai cing dau, ma néu thé 6 (1) 2% > y?

Trude hét z = y = 0 14 mot nghiém ctia he

Nhan chéo 2 phuong trinh cho nhau ta duge

207 (2 — ) = 32 (2* +*) & (v —2y)(2y +2)(5y* — 32%) =0

. 5
Vi x va y cung dau nén nén tit day ta suy ra x = 2y hodc x = /-y

3
Dén day chi viée thay vao (1). Xin nhuong lai cho ban doc

Vay hé da cho c¢6 nghiém :
V30375 /135 V30375 /135
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Vitx+/11—y=6
Vity+VIl—z=6

Cau 126 {

Giai

Cong 2 phuong trinh cho nhau ta c6

Vitz+VIl—z+/T+y+ /11—y =12

Ap dung bat ding thic Cauchy — Schwarz cho vé tréi ta co

VI<V/A+D)T+z+1l—2)+/(1+D)(T+y+11 —y) =12
Dau bang xdy ra khi (z;y) = (2;2)0

2,2 2 —
‘Cﬁu 127‘ {23:3/ + 2t + 20 =2

222y — 22y? + 2zy = 1

Giai

Bién ddi 1 ti, he da cho tuong duong

202 + (z + 1) =3 5 ry=1—=x
{2xy(a:+l)—x2y2:1 ey terl)=de ry=-3—2x
V6i zy = 1 — x thay vao (1) ta c¢6
x=0(L)
21l —a)’ + 2+ 21 =2 & 2 1
r=-=y=-
3 2
Véi xy = —3 — x thay vao (2) ta co
8:> 1
xr= —— y:—
2z +3)2+22+20=3 & 3 I

21 1 1
Vay hé da cho ¢6 nghiém : (z;y) = (5’ 5) , (—§ —) , (—2; —) O
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2 +y?—20—-2y—3=0

Cau 128 { (—Dy—-1)(z+y—2)=6

Giai
Bai nay ¥ tudéng dit an phu da ro rang
Dat 2 — 1 =a,y — 1 = b ta dua vé heé sau
ab(a +b) =6 a=1,b=2 r=2,y=3
{a2+b2:5 <z>[az2,b:1 <:>[x 3,y =2

Vay hé da cho c6 nghiem (x;y) = (2;3),(3;2)0

Cau 129

(x—y) (2> +axy+ 13> +3) = 32> +y?) +2
4o +2+ /16 =3y = 2° + 8
Giai

N 16
Dieu kien : . > -2,y < 3

Phuong trinh dau tuong duong
x3—y3+3(x—y) :3(x2+y2)+2@(x—1)3: (y+1)3(:)y:x—2

Thay vao (2) ta dugc

AINT+24+V22 -3z =22>+8

Day la mot phuong trinh vo ti khong hén 1a dé xoi. Cai hay ctia bai nay & day
Phuong trinh da cho tuong duong

4 14—
4<\/m+2—x;r )+(\/22—3x— . I) — 22

9(x+2) —2?—8x — 16 9(22 — 3z) — 2> + 28z — 196 9
&4 1 + 11 =" —x—2
x —x
9(\/x+2+ 5 ) 9<\/22—3x+ 3 )
4 1 - _
@(ﬁ—x—?) 1+ o + - —0<:)[i_ !
9<\/m—|—2—|— 3 ) 9<\/22—3x+ 3 )

Vay hé da cho c¢6 nghiém (x;y) = (2;0), (—1; —-3)0

Cau héi dat ra la vi sao lai chon duge nhimg biéu thitc kia dé lien hop. Mot su tinh ¢ ching?
Khong ! La cd mot phuong phap d6 ! Toi xin viét 1 bai nhé & day tiép
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D6i mot phuong trinh vo ti, phuong phap hay dung nhat d6 1a nhan lugng lien hop. Tuy
nhién, nhan lién hop cling can mot chat ki thuat. Ddi véi bai nay ta tién hanh nhu sau
Nham hozc Casio ta thay phuong trinh c¢6 nghiém z = —1;2 = 2
D6i véi phuong trinh ¢6 2 nghiém trd nén thi cach thém b6t hang sd vao mdi can 1di lien hop
1a khong phit hop, ¢ day ta khong them b6t hing s6 ma thém hin mot biéu thiic az + b ndo dé
Trude hét v6i /a + 2 nhé
V6i = —1 thay vao ciin c6 gia tri bang 1, thay vao biéu thiic them ta c6 —a +b =1
V6i x = 2 thay vao can c6 gia tri bang 2, thay vao biéu thiic thém ta c6 2a + b = 2

Giai hé nay ra ta c6 a = §’b:§

Vay biéu thitc can chen vao dé la
Tuong tu véi 22 — 3z . OK 777

T+ 4

Vei+ao+y+l4+a+/yP’+a+y+1+y=18
Vat+ao+y+l-z+/y2+a+y+l—y=2

Cau 130 {

Giai

Y tudng dat an ciing da 1o roi
Dit /22 +2+y+1+/y2+rx+y+1=a>0,2+y=0>btacohe mdi

{ a+b=18 @{ a=10 (:){ r+y=38

a—b=2 b=3 Va?+ 9+ /y>+9 =10

Day 1a mot hé kha don gidn va c6 nhiéu cach. Téi wu nhat do 1a
Va2 + 32 4+ /i + 2 >/ (z+y)?+ (3+3)2=10

Dang thtic xay ra khi (2;y) = (4;4)0

VAz +54+/y+5=06

‘Cﬁu 131‘ { 122 4+ 3y — 4 /zy = 16

Giai
. 5
biéu kién : x > —Z,y > —=b,zy >0

Tu phuong trinh dau ta thiy ngay =,y > 0
Phuong trinh dau tuong duong

120+ 3y =16+ 2\/doy <16 + (4o +y) 4o +y < 8
Tt phuong trinh (2) ta lai c6
Var +54+/y+5< /(1 4+ 1)4a +y +10) <6

dr =y o r=1
dr+y =38 y=4

Vay hé da cho c6 nghiem : (z;y) = (1;4)0

Déng thiic xay ra khi
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2z + (3 — 2xy)y* =3
202 — 23y = 22%y* — Tay + 6

Cau 132 {

Giai

Day 1a mot hé can kha ning bién doi tuong déi tot.
Tt phuong trinh dau ta thiy ngay

22(1 —y°) = 3(1 - y*)
THI1 : y = 1 thay vao (2) ta c6
P —Tr+6=0sr=12r=31=—2
TH2 : Két hop véi phuong trinh (2) ta gay dung mot hé mdi

2 + 2xy + 2zy? = 3 + 3y(x)
202 — 23y = 22%y® — Tay + 6

Nhung ma phuong trinh (2) lai tuong duong : (zy — 2)(2zy + 22 —3) =0
Sao ma phan tich hay thé ? Casio than chuong ching. Cé thé, nhung ta hay viét lai phuong
trinh (2) mot chat

(2) & 20%° +ay(x® —7) =22 +6 =0
Apy = (2 =7)" =8 (222 +6) = (2 +1)”

Thay 16i chit ? Coi xy la an chinh, tinh A ra dugc két qua my méan va tit d6 c6 huéng phan
tich nhan ti nhu trén
THI : zy = 2 thay lai (*) ta c6

—1—y

20 +4+4dy=3+3y=z= 5

=y(l+y)=—4

Phuong trinh nay vo nghiém nén truong hop 1 vo nghiém
TH2 : 2zy = 3 — 22 thay lai (*) ta c6

2
2r+3—2°+y(B3—-12°)=3+3y=>y=--1
T

T

2
:>2x<——1):3—x2<:>x:1,y:1

Vay hé da cho c6 nghiem : (z;y) = (1;1),(3;1),(—2;1) O
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o 133 x(w—l—y)+\/ﬁz\/@<\/_2y3+l>
2y -5+ T(x+y) —4=6yry —x + 1

Giai

Dieukien : y > 0,2 +y >0
Xuat phat ti phuong trinh dau, st dung phuong phap lién hop

PT(1) & 2 +ay —20° =2y — V2T +y

o (e—y) (@t2y) = 2=

CV2y+Tty

< 0Omnén tuw dé tasuy rax =y

Rorangrz+2y=ao+y+y >0

-1
"2y +TFy

Thay vao phuong trinh (2) ta duge
od —b5r? + 14wy —4=6Va2 -2+ 1

Day 1a mot loai phuong trinh vo ti kha quen thudc. Cach gidi tot nhat van 1a them bét va xét
ham. Tuy nhién néu y do clia ta la them b6t 22 — 2 + 1 vao 2 vé dé xét ham 3 + 6t c6 vé khong
thanh cong vi vé trai khong phan tich dugce vé dang dé. Ta hay khéo 1éo bién déi mot chit nhu
sau

Phuong trinh da cho tuong duong

22+ 322+ 60 +4=8x>—8r+8+3V8x2—8r+8

o (@+1)°+3(x+1) =82 —8r +8+3V/8s2 — 8z +8
Nhin thay ham can xét roi chi ? f(¢) = t* + 3¢ va ham don dieu tang. T d6 ta c6

Sr+l=vV82—-8r+8cr=1y=1

Vay hé da cho ¢6 nghiém : (z;y) = (1;1)0

Stt dung lién hop cling 1a phuong phap kha tha vi. Néu ta da st dung né tot trong gidi phuong
trinh vo ti roi thi khi déi mét véi hé phuong trinh, chi can mot chtat nhan xét hinh thic clia
hé va cac ki nang tung ra, c6 thé ta sé thanh cong. Hay canh gidc v6i nhitng bai hé ma mot
phuong trinh chita nhiéu can thic, c6 thé lien hop sé 1a don danh t6t nhat dé chém dep né

Tiép theo ta dén véi mot cau hé sit dung lien hop kha khé. Mong ban doc thit 16i vi toi khong
thé dién dat ndi vi sao toi lai lam vay. Mot kinh nghiém khi tinh gi6i han ctia ham s6 da gitp
toi gidi quyét duge no.
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Cau 134

Y
Ve Y=y
2(22+y?) —3v2x—1=11

Giai

N 1
Diéukién:m#y,xz§,m2—:p—y20
Phuong trinh dau tuong duong

Vt—z—yJr—y=yesVal-o—-y{r—y—-1)+Va2—z—-y—y=0

2 _ _ —u—=1 2 a2

?—r—y(@—y )+x2x V-y
P+ y=g+1 VE-Touty

22—z —y T4y

+ =
Je—y)’+yr—y+1 VT-Toyty

Thanh qué ciing c6 chat it roi. Gio day ta chi mong em trong ngodc luon duong hodc am
Tu phuong trinh (1) ta thay ngay y va /= — y phai cung dau.

=

S (x—y—1) 0

. T .. 1
Giésﬁ’y<0thisuyrax—y<0¢x<y<0.Réréngvéliv‘ldléuklénlaxz5.

Nhu vay suy ra y > 0 = 2 > y > 0 va hién nhién nguoi dep trong ngoic sé luon duong
Thdé phao nhe nhom duge roi. Gio hudng thu thanh qua ! V6i y = z — 1 thay vao (2) ta ¢6
3

5
2(2* +(x— 1)) =3V — 1=l o= &y="(TM)

5 3
Vay hé da cho ¢6 nghiém : (z;y) = (5, 5) O

x4+ 2oy + 6y — (7+ 2y) 22 = -9
2yx? — a3 =10

Giai

Phuong trinh (1) tuong duong
vt —T2? + 9 —2y(a? — 2 —3) =0
S @ —z-3) (" +2-3) -2y (x> —2-3) =0
1-+/13 79+13
t= S Y= g
:1+\/ﬁ;s _T9-V13

2 Y 36
TH2 : 2y = 2> + 2 — 3 thay vao (2) ta c6

TH1: 22 -2 —-3=0<
x

5
:1::\/5:>y:1—£
(x2+x—3)x2—x3:10<:> 2\/5
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Vay hé da cho ¢6 nghiém

@w)—<1_;ﬁ?7gggﬁv,<1+;q?79;gﬁv,<v31—3§>,<—¢51+%§>5

Giai

Diéu kien : 2 > 0,y > 0
Ctt quy dong (2) len da. Phuong trinh (2) tuong duong

1+ zy/zy = x + 3z /ry & 1+ xy/ry = (1 + 3/zy)x
& 1+ zy/ry = (14 3y/xy) (1 + 2y + /2Yy)

Dén day 1a mot phuong trinh an /7y . Giai phuong trinh nay ta tim dugce

Vey=0=zx=1y=0

Vay hé da cho c6 nghiem : (z;y) = (1;0)0

2y +y =2
1

? + — + 2%y =3
X

Giai

Diéu kién : o # 0
Bai nay néu thé trau bo y xudng dudi no sé ra bac 4 an x2. Hoi vat va. Tuy nhién, chi véi mot
vai bién doi don gian nhung vo ciing tinh té, ta sé dua vé mot phuong trinh kha dé giai
Hé da cho tuong duong
{ y(a? +1) =2

1
2(,.2 _
Lay phuong trinh dudi chia cho trén ta sé thu duge

32— 1
22

y:

Ma theo (1) ta lai ¢c6 y =

nhu vay ta co

22 +1
32— 1 2 9
572 :x2+1<:>:c:1:>y:1
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Vay hé da cho c¢6 nghiem : (z;y) = (£1;1)0

1
A r 2
Cau 138 1 7
x

Giai

Diéu kién : z,y # 0

Dang thay tong va hiéu ctia 2 d6i tuong. Theo ban nang ta sé lan lugt cong trit 2 phuong trinh
dé dua vé mot déi tugng.

Vay lay (1) + (2) va (1) — (2) ta gay dung mot he méi

z—?>2+9172 :
=Y - 2 = 3yx + 23
R QR 1 =3z%y + ¢*
Y

Limg litng mot hé ding cap truéec mat. Nhung doi khong nhu la mo. Néu dat x = ty sé ra
nghiém ¢ xau nhu mot con gau. Véi loai nay ta lam goi bang cach cong hodc trit cic phuong
trinh. Néu 1é thi hén phai c6 dang nao dé dic biet.

Coi hai phuong trinh sau cting 1a (3) va (4). Lay (3) + (4) va (3) — (4) ta ¢6 hé mdi

, _VB+1
23+ 32y + 3xy? +y3 =3 D (r+y)" =3 N ="
¥ =32y + 3y —yP =1 (z—y)P=1 V3-1
2

3 1 3 _ 1
Vay hé da cho c¢6 nghiém : (z;y) = <\/§2+ ; \/§2 ) O

1L 2z z+./y
Cau 139 50 3y 22ty

22z +/y) = V2 +6—y

Giai

Bai toan da tiung xuat hién trong ki thi vong 2 hoc sinh giéi thanh phé Ha Noi va nhanh chéong
lan téa. Dé ¥ mot cach tinh té ta sé nhan ra sy thuan nhat ctia phuong trinh dau véi 2 bién
va /Yy

Dicukien : y >0,-3 <2 #0

Dit /y = te = y = t>2® thay tat ca vao (1) ta dugc

1 2x T+ tx

— 4 —
3x  3t2z2 232 4 242
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Rut gon bién x ta dua vé phuong trinh an ¢. Cu thé la
=2 T +t+1)=0t=2s /y=22>0

Thay vao (2) ta duge
47 + 81 = /2x + 6

25 1
<:>4x2+10czz+z:2x+6+\/2x+6+zl

2

o) - (e

V17 -3 _13-3V17

Dén day don gian roi ! Cha § dieu kien z > 0. Ta sé gidi ra o = =Y >

\/1_7—3‘13—3\/1_7>D

Vay hé da cho c¢6 nghiém : (z;y) = ( e 5

r+8y=+r—y—9

{3—<y+1>2=m

Giai

Mot chiit nham nghiem dua ta dén ¥ tuéng danh gia cho bai nay
Diéu kién : o —y > 9
Tu phuong trinh (1) ta thay ngay

Vi—y=3—-(y+1)P<3er—y<9

Diang thitc xay ra khi x = 8 vay = —1
Vay hé da cho c6 nghiém : (z;y) = (8; —1)O

Day 1a mot vi du diing phuong phap danh gia néi chung 13 don gidn. Tuy nhién déi véi nhicu
ngudi, day van la mot cau kha hoc néu khong tinh ¥ nhan ra. Hién nhién rdi ! Danh gia luon
14 phuong phap thuoc loai khé nhat trong gidi hé phuong trinh. Viéc st dung danh gia hoan
toan la kinh nghiém va ki nang trong qua trinh lam bai chit n6 khong c6 mot cong thic hay
phuong phap nao cd. Danh gia thuong hay sit dung nhat thuong la : dua phuong trinh vé tong
cac dai luong khong am, danh gia su rang budc trai nguge ctia cac an, biéu thic (vi du trén),
hoiic st dung cac Bat ding thic thong dung. Danh gia tot trude hét phai ndm chic cac bat
déng thic thong dung, nhin bao quat toan bd hé dé phac ra su rang budc ctia cac an. Trong
cudn sach toi sé con gi6i thieu kha nhiéu nhitng cau danh gia rat kho.
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22y +yt + 1 = 3y?
2yt + =2y

Cau 141 {

Giai

Thay y = 0 khong 1a nghiem. He da cho tuong duong

1\ 2
=3 3:2+<y—|——) =5
Y RN )

2

(+3)
rly+—| =2
Y

1
bat a =y + —, |a|] > 2 . Hé da cho tuong duong
Y

r=—1l,a=-2
> +a®=5 r=-2a=-1(L) r=—1y=-1
{xa: < r=1a=2 < r=1y=1
x=2,a=1(L)

Vay hé da cho ¢6 nghieém : (x;y) = (1;1), (—1; —1)O

Cau 142

Giai

Diéu kién : z,y # 0
Dé ¥ néu ta binh phuong (1) rdi thé xudng (2) sé chi con lai an xy
T (1) ta suy ra

St = GmmP e St =Bt - —
Thay xudng (2) va ta thu dugc
RS T
(3—$y)2—£:7—3xy—£(:) v j%Jr%_ @{le
Y Y xy:2:>5+§:1 y=1

Vay hé da cho c¢6 nghiem : (x;y) = (1;1)0
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Cau 143/ v Y 1

Giai
Mot bai toan toi danh gid I hay. Trude hét c6 18 ct khai trién cai (1) ra da
PT(1) & 2%y* + 6oy + 9+ 2> + 20y +y* =8
sl +2+y  +1= -8y

& (2*+1)(y* +1) = —8zy

Dén day chic han da nhin ra roi nhi ? Nhan thay = 0 hay y = 0 déu khong 1a nghiém ctia
hé. Phuong trinh (1) khi do sé 1a

?+1 241 .
r oy
Dén day dat x2+1:a,y2311:b. Hé da cho tuong duong
- 1 (w1
a:1_§ ngj_l_12 =1
a+b=—3 b= 211 4 { =243
1 N 4 o | Syl 4 & y=
{E:_8 >ox:1 F :1 {$:2i\/§
4 241 4 =—
L U7 2 L U241 2

Vay he da cho c6 nghiem : (z;y) = (—1;2 — v/3), (=1;2+ v3), (2 — v3; 1), 2+ V3; -1)0

?(y+1)=6y—2
ohy? + 2022 +y(2? +1) = 129% — 1

Cau 144 {

Giai

Rat khé dé tim duge gi khi xét timg phuong trinh, hodc ca hai, t6t nhat hay dimg sy trau bo
deé lam
Hé da cho tuong duong

vV(?+ 12 +y(2?+1) =13y* — 1
. Ty—1
Thé 22 +1 = y+1 xuong (2) ta c6
Y
-1\ Ty-
y? Y Y — 132 -1
y+1 y+1
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y=1 2 _ _
4 _ qa 3 g 2 _ “+1=3 =42
& 36y° — 33y 5y+y+1—0<:)[y:1:>[xz+1:1 {x:
3
1
Vay hé da cho c6 nghiem : (z;y) = (—=v/2;1), (v2;1), (O; g) O

> +y*=5

Vy—lz+y—-1)=(y—-2)y/r+y

Cau 145 {

Giai
Dieukien: y > 1,z +y >0
Khong lam an gi duge tit (1). Ta sé phan tich (2)
bat vz +y=a>0,y/y—1=>b2>0. Phuong trinh (2) sé tuong duong
ba*—1)=alb®*—1) & (a—b)(ab+1)=0a=ber=-1=y=2

Vay hé da cho ¢6 nghiém : (x;y) = (—1;2)0

Cau 146

{ 20(z+1)(y+1)+2y=—6
y(y+ )(z+1)+zy =6

Giai

Hé nhin c6 vé kha déi xing nhung heé s6 lai d6i nhau. Théi quen khi thay kiéu bai nay la ta
cong 2 phuong trinh lai.

PT(1)+ PTQ2) & 2@ +y)(ey+z+y+1)+2ey=0s (z+y+ D)z +y+ay) =0
TH1 : 2 = —(y + 1) thay vao (2) ta c¢6
20 (y+1)—yly+1l)=6oy=-—2=z=1
TH2 : 2y + x+y = 0 . Két hgp thém v6i phuong trinh (2) nhu sau
2)e2yzyt+r+y+ ) +ay=6=2y+ary=6<2y—(r+y) =6 y=6+z

Thay lai vao trudng hop 2 va ta tim thém (z;y) = (V10 — 4; V10 + 2), (—4 — V/10; 2 — v/10)

Vay he d cho c6 nghiem : (z;y) = (1; —2), (V10 — 4;v/10 + 2), (—4 — V10;2 — v/10)0J

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



www.VNMATH.com
80 Tuyén tap nhiing bai hé dic sdc

Cau 147 {

Giai

Nhan thay x = 0 khong 1a nghiém ctia hé nay
Chia ca hai phuong trinh cho z? ta c6

6 1 1\’ 1
oo (e[t (o)
5 1\2 g e 74y
2 2 1 L\
Sx +—2—(x——>y—11=0 5(3&——) —(m——)y—le
x T x x

. 1
bén day dit © — — = a. Hé tré thanh
x

i 11 [ 1417
r——== T=—F
6a2—ay2—y=0 azl)y;l {y::f y:]_
52— a2t —1=0 = 2 d 1 y 145
y - a:]-ayZQ {I__:]' xr =
T 9

Nhiéu ban sé ban khoan 1a hé kia giai ra a va y thé nao. Thi toi goi ¥ 1a chia ca 2 phuong trinh
N 1
cho a? roi daty—l——:X,g:Y
a a

1+ 17 1++/5
Vay hé da cho c¢6 nghiém (x;y) = (T\/—’ 1) ; ( 2\/_§ 2) O

- r—2yy+1=3
Cau 148‘ { 2% = 42y + 1 — 9z — 8y = —52 — day

Giai

Diéu kien : y > —1
Nhin thay v/y + 1 é phuong trinh (2) cho ta lien tudng dén phép thé ¢ day. Co 1& sé phai choi
trau bo véi hé nay

26 ) L .
Tfr(l)tasuyra?x/y—l—lzx—ZSVéy:%.Thaytatcéxuéng(Z)tadUQc
3 00200 N O 2 ko 2 x = -3(L)
r° —22°(x —3) — 9z — 2(x* — 6 +5) = =52 —z(2z”* —6x + D) & =T y—3

Toi loai * = —3 vi tit phuong trinh dau dé c¢6 nghiem thi z > 3
Vay hé da cho c¢6 nghiém : (z;y) = (7;3)0
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P4y’ +x=3
2xy

22— =

v y+:c—|—y—1

Cau 149

Giai

Diéu kién : x + y # 1 Phuong trinh (2) tuong duong
(> —4)(z+y—1)+22y=—(z+y—1)
Phan tich nhan t ta duge
(z+2y —1)(2* = 20> —zy +y+1) =0

TH1 : x4+ 2y — 1 = 0 thay vao (1) dé dang tim dugc

L [-1-2V14 34+ V14 (2V14-1 3- V14
(5[;,3/) - < 5 ’ 5 ) ) ( 5 ) 2 >
TH2: Két hop vé6i (1) ta thiét 1ap mot he méi

22 -2 —ay+y+1
2?2+’ +x=3

He nay da c6 cach giai bang phuong phap UCT toi néu ¢ khoang cau 20. 0 day sé la

PT(1)—PT(2) 3y +ay+r—y—4=0& (y+1)(z+3y—4) =0

Dén day dé dang roi
Hé da cho ¢6 nghiém

(z;y) = <_1 — 2\/ﬂ; = \/ﬁ> : (Nﬁ_ Ls- \/ﬁ> , ( M. 17) (1;1), (1;—1), (-2, —1)O

5 5 5 2 10710

N 202 — 2zy + 3x — 2y — 1 =3/(22 — 1)(x — y)
1
Cau 50‘ {\/:U—l—l—i—\/x—y:\/Qx—y—i—Z

Giai

Dieukien : 2 > 1,2 >y
Phuong trinh (1) cho kha réc réi nén thit khai thac (2) xem sao. V6i hinh thiic nhu trén c6 18
binh phuong 1a gidi phap to6t nhat. PT(2) khi d6 sé tuong duong

20—yt 142/ D —y) =20y + 26t D —y) = 5(+)

That tinh y thi vé phéi ctia (1) sé 1a

3V (@+ Dz —y)(r—1) = ;.\/a: —1
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Kha gon dep, nhung ta muén gon hon ntta co. Tt (*) ta lai ¢6

9 1
x —xy—i—x—yzz

Mot chit bién doi vé tréi ctia (1) ta duge

2 _ _ 1 L _1
2@ —zy+ar—y) +x 1—§+x l=ux 5

Vay phuong trinh (1) sau khi két hgp duge tit (2) sé 1a

23
20 —1=3Vr—1 5 L2
T = — —_— —

1797 36

2 41
Vay hé da cho c¢6 nghiém :(x;y) = (2; 1—2) : (5' ) O

2.6 Cau 151 dén cau 180

8x% + 18y* + 36xy — 5(2x + 3y)/6ry = 0
222 + 3y? = 30

Cau 151 {

Giai

Diéu kien : zy > 0

Nhan thay ngay sy thuan nhat clia phuong trinh dau, dit y = ¢tz hoac chia cho 22 luon chang
? Khong nén. Hay bién doi dé giam sut cong kénh da.

Phuong trinh dau tuong duong

2(2x + 3y)? + 12zy — 527 + 3y) /67y & (20 + 3y — 2+/62y) (42 + 6y — \/62y) =0

TH1 :

_ z,y 20 _
2x+3y—2\/6xy<:>{ 42 1 122y + 9% = 2y & 2 =3y

Thay vao (2) ta duge
9y?

7+3y2:30<:>y:2:»:;5:3

TH2 :

_ z,y >0 7,y 20

Vay hé da cho c6 nghiem : (z;y) = (3;2)0
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22 + y? 22 4 ay + 12
Cau 152 \/ 5 3 =Tty

/22y + 5 + 3 =4ry —Sr — 3

Giai

Diéu kién : /22y +5x +3 >0

Nhan thay ngay su thuan nhat ctia phuong trinh (1). Tuy nhién néu dit y = tz sé ra mot
phuong trinh an ¢ khong phai 1a d& choi. Tuy nhién nhan xét § day x = y > 0 théa man (1).
C6 thé c6 danh gid ndo ching ? Néu ban con nhé kiéu tach nhu cau 115 thi sé kha don gian.

Ta lam nhu sau
% + 2 1 1
\/ 2y = —(:U+y)2+1(x—y)22

4
2 + xy + 32 1 1
S N e 24 = (a2 >
\/ 3 @yl —y)? =

Vay VT > |z +y| > x +y. Dang thiic xdy ra khi 2 = y > 0 thay vao (2) ta c6

V222 + bx + :4352—53:—3(:)(2x2+5x+3)+x\/2x2+5x+3—6x220

N (\/2x2—|—5x+3—2x> (\/2x2+5x+3+3x> 0 V2t t3=2r o1 =3,y=3
Vay hé da cho c6 nghiem : (z;y) = (3;3)0

Tty
2

r+y
2

Giai

Diéu kién : y # 0,y # 5,22 > 1>
Mot cau hé thuoc loai khé khé choi. Ta sé khai théc ti (2). Suy ra

30 30
EINF Y S

B 9r Oz
9245 Y 5

Y

Thé lén (1) dong thoi chit it bién ddi ta dugce

2
(l"i‘ $2_y2> :6x—y

= 20 —y2+2x\/:c2 —y? = 6xy—y2

z? — (22 — y?) Y
r=0 x:05(L)
x+ /22 —y? =3y = 2?2 -y = 9y? — 6oy + 2 <~ z= 3y

5 .
Véi x = Y dé dang gidi ra x = 5,y = 3 (TM)
Vay hé da cho c¢6 nghiém : (z;y) = (5;3)0
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Cau 154

V3 + 222y — x4y? + 22(1 — 22%) = o
L+/1+(x—y)?2+2%(z* — 222 — 209> +1) =0

Giai

Trur 2 phuong trinh cho nhau ta duge

VA= (@Y =12 =1+ 1+ (z —y)>+ (2* —*)°

Dé thay VT <2< VP
Dau bang xdy rakhiz =y =1
Vay hé da cho c6 nghiem : (z;y) = (1;1)0

I I 2
—+ =
Cau 155 { VI+228 1+2p2 V1+2wy

Va(l —2x) +/y(l —2y) = g

Giai

Bai toan xuét hien trong dé VMO-2009. Bai nay yéu cau can mot chit kién thic vé bat ding
thitc m6i c6 thé gidi quyét duoc

N 1
Dieu kién : 0 < x,y < 5

1
Dat a = v2z,b=+2y , a,b € [O;—].Tacé

V2

1 1 1 1
V1+a? \/1+b2_\/ <1+a2 1+b2)
Ta st dung bd dé véi a,b > 0 va ab < 1 ta c6 bat ding thic

1 . 1 < 2
1+a2 14062~ 1+ab

(@ —b)*(ab—1) )
(1+ab)(1+ a?)(1+ b?) < 0 (Dtng)

That vay bat dang thiic trén tuong duong

Vay

2
VI< —— =VP
T V14ab

Dang thitc x4y ra khi # = y thay vao (2) va ta dé dang tim ra

<9—\/7_3 9—@) <9+\/7_3 9+¢ﬁ)
(z;y) = ; , ; O

36 36 36 36
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ry—xr+y=3
43 + 1222 + 92 = —> + 6y + 5

Cau 156 {

Giai

Bai toan xuat hién trong mot dé thi chon doi tuyén hoc sinh gidi ctia Dai hoc Vinh. Day 1a
mot bai toan kha khé va mang tinh danh dé cao vé y tudng. C6 thé sit dung UCT dang nang
cao dé gidi quyét né nhung toi khuyen khong nén ding. Ta lam nhu sau. Hé tuong duong

3zy — 3z +3y =9
4o +122° + 92 = —y> + 6y + 5

Trir 2 phuong trinh trén cho nhau ta dugc
4o 41202 + 120 + 4 = —y® + 32y + 9y

& 4(x 4+ 1) +49° = 39 + 32y + Uy
S4z+1+y[z+1)? = (@+ Dy +y3 =3y +z+3)
Budc then chot 1a day. Ta thé x = xy + y — 3 thay vao vé phai ta ¢6

S4rz+y+D(z+1)* = (z+Dy -+ =3y@* +ay+y—3+3)

SAz+y+D[z+1)>—(z+Dy+ v’ =3y +y+1)
s @@+ty+1)2r+2—y)?*=0
V6i y = —z — 1 thay vao (1) ta duge 2° + 3z + 4 = 0 (Vo nghiem)

L 3V
L. :2 2 h < 1 2 2 _1: o 4
Véi y = 2z + 2 thay vao (1) ta duge 22° + 3z 0 3T
T
—3+V17 1417 —3—V17 1 —-+/17
Vay hé da cho ¢6 nghiém:(m;y)z( Z ; +2 )7< 1 ; 5 )D

That khé dé nghi dugc mot phép thé kha 4o nhu thé kia phai khong ? Bai toan nay cé kha
nhiéu phién ban khac, that ngac nhién 1a cach gidi gan nhu gidng hét phién ban nay. Toi sé
gidi thieu them maot s6 cau cho ban doc.

4o — 1222 + 92 = —y> + 6y + 7

Cau 157 {”’y_aj_y:l

Giai

3xy —3r —3y =3
4o — 1222 + 92 = —> + 6y + 7
Trit 2 phuong trinh trén cho nhau ta dugc

Hé da cho tuong duong : {

4(x —1)* = —y® + 3zy + 3y

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



www.VNMATH.com
86 Tuyén tap nhiing bai hé dic sdc

& 4(x — 1) + 4y* = 3y° + 3zy + 3y
SAr+y—Dlr—1)° (@ - Dy+y’] =3yy* +x +1)
Sde+y—Dz -1 - (z-Dy+y’] =3y@y° +ay —y—1+1)
Sdlat+y-D{e -1~ (z-y+y’] =3 +y—1)
s@t+ty—1)02r—-2-9)%*=0
V6i y = 1 — x thay vao (1) ta duge 22 — x + 2 = 0 (Vo nghiem)

5— V17

r=—

Véi y = 22 — 2 thay vao (1) ta dude 222 — 5z 41 =0 < 5+4\/—
xr =

— V17 1— 1
Vay hé da cho c6 nghiém;(x;y):<5 4\/_7; ) < —l-\/_ +\/—>

R ry—r+2y =4
‘Cau 158‘ { 423 + 2422 + 45z = —1® + 6y — 20

Giai
6y — 3z +3xy —12=0

423 + 2422 + 452 = —1® + 6y — 20
Trir 2 phuong trinh trén cho nhau ta dugc

Hé da cho tuong duong {

4a® + 242% + 48x + 32 = —y® + 3wy + 12y
S d(x+2)% + 4y° = 3y° + 3zy + 12y
Sdz+y+2) [(+2)° - (@+2y+v] =3y +a+4)
Thé z = zy + 2y — 4 vao vé phai ta dugc
Sdr+y+2) [(+2° - (2 +2y+v2] =3y + 2y +ay —4+4) =3y (r +y +2)
S @+y+2) (A +2)° —4@+2y+y°) =0
V6i y = —x — 2 thay vao (1) ta duge 2% — 5z + 8 = 0 (Vo nghieém)

x_\/ T—7
61y = 2 2 th ao (1 202 — 4=
V6i y = 2x + 2 thay vao (1) ta duge 22° — Tz + 0& . \/—+7
V1 1 \/ V1 1-+1
Vayhédéchocénghiém:(x;y):( 1 7 + ) ( +7 5 7)D
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(dr+13)Vr+1=—y3—6(2x—y) -7

{ (y—1DvVer+1=3—y

Goi ¥ : Dat vz + 1 = a sé dua vé cau 156

(e — )’ =3

4_ o, _ 4 _
Cau 160 {x 2=y -y

Giai

Bai toan xuét hién trong mot dé thi chon doi tuyén cta truosng THPT Chuyeén - Dai Hoc Su
Pham Ha Noi. Thoat nhin qua hinh thic cia hé nay khé gon nhe. Tuy nhién day la mot cau
thuoc loai rat khé, yeu cau kha nang bién doi cao, diic biet 1a su xuat hién kha bi an ctia con
s6 3 6 phuong trinh (2).

Dat r+y=a,z —y=>btasuyra (ab)® =3

Phuong trinh (1) tuong duong : (22 — y*)(2? + 9?) =2z — y

Gio hay dua hét vé a va b. Thi ta co6

b\ 2 —b\? b
x2+y2:(a+ ) —|—<a ),Qx—y:a+3

Thay tat ca vao (1) va ta dugc

b\> -b\’ b
ab((a;— ) +(a2 >>:a+23 & ab(a® + b?) = a + 3b

Dén day c6 vé chua sang stia gl hon ? Thé nhung, con s6 3 bi an kia xuat hién. Ta thit thay
3 = (ab)? vao xem sao. Khi d6 (1) trd thanh

ab(a® 4+ b*) = a + (ab)®b < a(a®b + 0> — 1 — a**) =0 < a(b® — 1)(1 — a®b) =0

Thanh qui da dén. Gio da don gian hon rat nhiéu roi
V6i a = 0 hién nhién vo 1i

N 1++/3
P 3 C(]—y:1 - 2
leb—1:>a—\/§<:>{w+y:\3/§® V31
Y= 5
2
Véia%zl@(ab)a:l@a:?éb:(\3/5)2@ V3 e \/31
3 x—y=(V3)? y=—

1++/3 V31 2 1
Vay hé da cho c¢6 nghiém (x;y) = ( : N = ——= )0
2 2 3 V3

Toi sé dua thém mot cau y tudng tuong tur nhung mic do khé hon mot teo.
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Cau 161

Giai
Diat x +y = a,z — y = b thi (ab)® = —5. Phuong trinh dau tuong duong

day(z* —y*) = 30 — 2y & day(z® — y*)(2® +9?) = 3z — 2y

Ta co
1 1 + 5b
dry = (a +b)(a —b), x2+y2:§((x+y)2+(x—y)2):§(a2+bz), 3x—2y:a2
Thay tat ca vao (1) ta duge
1 5b
(a+b)(a — b)ab5(a® +17) = “2
& ab(a® — b*) = a + 5b < ab(a* — b*) = a — (ab)®b
s ala’d — b —14+a*’) =0 ad® +1)(a*b—1) =0
TH1 : a = 0 hién nhién vo Iy
5 oL
:55 T =
T b= — = Ty 2
H2:b=-1=a \/5:>{x_y:_1 & a1
Y= B
1
4 3 5/5 3 1 15 T+Y=—7
TH3:ab=1% (ab).a®=1& —Vb*=1a=——=b= Vil & /5
V5 vy = 5!
V57— 1
r=——
o 2V/5
 VE 41
25

Vo—1 V5 +1 /55 -1 V5541
Vayhédéchocénghiém:(:v;y):<\/_ ;\/_+ >’<\/_ . V55 + ]

2 2 25 2%

zt —y* =240
23 — 2% = 3(2% — 4y?) — 4(x — 8y) =0

Cau 162 {

Giai

Day 1a cau VMO-2010. Loi gidi ngan gon clia no sé 1a

PT(1) —=8.PT(2) & (x —2)' = (y — 4)*
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Dén day dé dang tim nghiem : (z;y) = (4;2), (—4; —2)0

Cau héi dat ra 6 day la st dung UCT. To6i xin trinh bay 2 cach sau day.
Cach 1 : Tim quan hé tuyén tinh dya vao nghiém
Dé thay cap nghiem ctia hé 1a (4,2) va (-4,-2) nén ta nghi quan hé 6 day 1a = = 2y. Thay vao
hé va ta rat ra
5(y*+4).PT(1) — 2y.PT(2)

Tuy nhien, nhin vao diy dé dang thiy day 1a mot cdch kha trau bo. O day ta dat © = +y+¢
dé giam bac clia (1) xudng bac 3 dong thoi (2) van 1a bac 3.
Vi cdp nghiém 1a (4,2) va (-4,-2) nén ta nghi dén z = 6 — y hosic z = —6 —y Véi x = 6 — y thi
hé tré thanh
—24(y—2)(y* =Ty +22)=0
{ -3(y—2)(y* —Ty+22)=0
& PT(1) —8PT(2) ¢ (x+y—6) (z —y+2) (- 2)* + (y — 4)%)

V6i & = —6 — y ta khong tim ra k 13 hing s6 nén loai.

Cach 2 : Nhan xét cac bién z,y doc lap véi nhau nén ta hi vong dua vé dudgc hang
dang thic

Nhu vay ta sé tim s6 k sao cho

PT(1)+ kPT(2) & (v +a)* —(y+B)* =0

k= -8
Can bang hé s6 ta dudc o= -2
f=—4

Vay PT(1) — 8PT(2) & (x — 2)* = (y — 4)*.

OK 106i chit ? Téi lai duwa théem mot vi du nita cho ban doc

Cau 163

xt —yt =1215
223 — 4o = 9(x? — 4y?) — 18(x — 8y)

Goi ¢ : PT(1) = 6.PT(2) & (z — 3)* = (y — 6)*
Nghiém : (z;y) = (—6;—3), (6;3)C

R zy—xr+y=2
‘Cau 164‘ {x3—4x2+x+18_2y3+5y2—y

Giai

Dé méi mé mot chit toi xin dung phuong phap chan qué nhat cé the, dé la thé trau bo.

Tu (1) thay ngay # = —1 khong la nghiem va ta suy ra y = x—j;l thé xudng (2) ta dugc
T

2\? 2\ 2 2
P od?prr1s—o(E2) p(EtE) _rt
r+1 x4+ 1 x+1
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Riat gon ta dua vé mot phuong trinh bac 6 nhu sau
2% — 2% — 8x* + 42% 4+ 2002 — 4 — 16 =0

Mot phuong trinh bac 6 day di. Chi it ta mong ring sé tim ra it nhat 2 nghiem dé c6 thé rut
gon xuong bac 1.0 day diing Casio sé rit ra duge 2 nghiem x = £+v/2. Vay da c¢6 nhan ti la
22 — 2 16i. Phuong trinh tré thanh

(22 —2)(z" —2° — 62 + 20 +8) =0

Gid ta xét phuong trinh 2* — 23 — 622 4+ 22 + 8 = 0. T6i sé trinh bay coi nhu 1 phuong phap
giai phuong trinh bac 4 téng quat luon cho ban doc.

Truée hét hay dua cac phan tit 2% — 23 tong hét vio trong mot binh phuong, phan con lai day
sang phai. Ttc la

2512 22
x4—x3+%: 5436 —2x—8<:><x2—£> = e —2r—8

2 2572
<:><JI2—§+/€> :k2+2/€<x2—£)+ 54‘76 —2r—8

y T 2 25\ , 9
o (a: —§+k> = 2%+ ) o~ (h+2Dr+4* -8
Ta phai tim k dé vé phai tré thanh binh phuong. Tic la A, > 0

25 17

@(k+2)2:4(2k+z) (K> -8) e k=-3k=+ Y

Tat nhién ta chon gia tri dep nhat 14 & = —3. Thay vao phuong trinh ta c6
2

2_ T _ )2:x__ 1
<a: 5 3 1 T+

(230" (5o

, ) 1+ V17
Dén day dé dang tim ra z = {+/2; T\/—}

1£V17 1£v1
Vay hé da cho c6 nghiem : (z;9) = (£v/2; £v/2), < 2\/_7; 4\/_7) O

Giai

Diéu kien : z,y > 0,z # y
Tu (1) tacé v = (\/y+ 1)2 thay vao (2) tuong duong

[2(\/§+ 1)° - 531}2
(Vi+1)" —y
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bat 2,/y + 1 = a,3y = b thl phuong trinh da cho tuong duong

a=5b

2 _ (o 7\2 2 2
a® = (2a —b)* < 3a° —4ab+ b* < 3q — b

Vila=body=2/j+loy=1=x=41
Véida=bey=2/+1cy=3+2V2=0=06+4V2
Vay heé da cho c6 nghiem : (2;9) = (4;1), (6 + 4v/2; 3 + 2v/2)0

Cau 166

162%y% — 17y? = —1
doy + 22 — Ty = —1
Giai
Ta thyc hien bién ddi (2) nhu sau

(2) & day + 1 =Ty — 2z = 162%y* + Szy + 1 = 42 — 282y + 49y*

& 17y* + 8wy = 42 — 28xy + 49y° < 4(2® — 9y + 8y°) & [iizy
r=1=y=1TM)
V6i x = y thay vao (2) taco 42®> —br+1 =0 x:i y:}l(TM)

V6i x = 8y thay vao (2) ta c6 32y*> — 9y + 1 =0(VL

11
Vay hé da cho c6 nghiem : (z;y) = (1; 1), (Z’ Z) 0

Cau 167

{2_\/$294+2wy2—y4+1=2(3—\/§—x)92

\/ry2+:c:3

Giai

Diéu kien : z > 9%, 2%y* + 2292 —y* +1>0
RS rang khong lam #n duge g tu (2). Cung lam khai thac duge cai diéu kién. Ta sé khai thac
(1). Bién doi ta sé& dugc

V(y? +1)2 —y* =2[zy” + 1 - (3— vV2)y?

@\/wq:z(w?l—(:&—\/ﬁ))

) Y
xy? +1 .
Dat 5— =t > 0. Phuong trinh da cho tr¢ thanh
)
1
VE2—1=2t-2B83-V2)et=3e )’ +1=3> =y’ = e
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Thay xudng (2) ta dugc

1 r=2=y==+l1

3, 1T L:zx—\/ﬁ:»y:i\/\/ﬁﬂ
Vayhédéchocénghiém:(x;y):(2;1),(2;—1),(4—\/§;v\/§+ 1),(4—\/_;—V\/§+1>D

xr —

4y tay—3r—4y+4=0
17(z* + y* — 14y* +49) — (v + 2y)* = —8(zy + 7)(2? + 22y + 4y* — 14)

Cau 168 {

Giai

Hinh thitc cia bai hé qua khiing b6. Thoat nhin ta thay hé c6 1 phuong trinh & tam thiic bac
2. Vay ta thit xem liéu c6 thé phan tich thanh nhan tit duge khong ? o) day khong duge, A,
qué xau. Vay phai quay sang (2)

Phuong trinh (2) tuong duong véi

17 (1:4 + (y? — 7)2) = (v +2y)* — 8(zy + 7) ((x +21)% — 2(zy + 7))
S 17 (2 + (> = 7)) = (z +2y)" — 8(zy + T)(z + 2y)* + 16(zy + 7)?

& 17 (x4 + (y? — 7)2) = ((m +29)* — 4(zy + 7)2)
& 17 (2 + (v — 7)) = (2% + 4y* — 28)?

Ap dung bat ding thic Cauchy — Schwarz cho vé tréi ta c6
VI = (1" +4°) (2" + (> = 7)%) > (2 +4(y* = 7)*) = VP
Dang thitc xay ra khi 422 = y? — 7 két hop véi (1) ta lap mot hé méi

>+t +ay—3r—4y+4=0
Y T

Thoat nhin day ding 13 hé gom 2 tam thiic bac 2 va ta sé gidi bang hé s6 bat dinh. Tuy nhién,
hing s6 k ¢ day tim dugc qua 1é, va ta sé xoay sang huéng khac dé 1a danh gia.
Viét lai phuong trinh dau nhu sau

4
{$2+x(y—3)+y+(y—2)2=0 j{AxZO - 031‘5
v+ (r—4)y+a*—3r+4=0 A, >0 lﬁyﬁg

. 7\
V6i dieu kién kia thi ro rang y? — 7 < (§) —7 <0< 422

Vay hé da cho vo nghiém [
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2

2xy + y/a? — y? :\/x+y+\/x—y
14 2

e N TR

Giai

Diéu kién : y < min{+z}
V6i hinh thite bai hé nhu nay ta thdy ngay can phai dat an phu

o Jx+y [z —y x =a®+b?
=qa > — =) >
Dat 5 a>0, 5 b_0:>{y:a2_bz

Nhu vay thay vao (1) ta co

2(a® +0?) (a* — b*) + 2 (a® — b*) ab
(1) & 11

& T(a+b) = (a®+b%) (a® = b*) + (a® — b%) ab

=a+b

at—b =7
@7:(a—b)(a2+ab+b2):>{ @b —0 @{

S Q
DO
()

—N
S
ot

Vay hé da cho ¢6 nghiém : (z;y) = (5;3)0

Cau 170 4a3y? + 4x® — 8xy — 170 = —8

{ pBy+d+ay+r=1

Giai
Mot bai hé yéu cau kha nang rat thé tuong doi tot.

By+1)+zy+1)=1
423(y? +1) — 8z(y + 1) =9 — 8
Tu PT(1) ta thé z(y+1) =1 — 23(y + 1) vao PT(2) va ta c6

Hé da cho tuong duong {

(2) 43 +1) —81 -2 (y+ 1) =97 — 8

S 43P+ 142y +2) =92 < 4a?[(y + 1) + 2] = 9(x)
Vi dé thay z = 0 khong la nghiém nén ta rat gon ra (*)

Ma tt phuong trinh (1) ta lai rat ra dugec y + 1 = . Vay (*) tré thanh

z2(22 + 1)

1

1

1= y=——

v 4 ! Y=
22(22 4 1)

s+8P =9 =1¢s

+2} =9«

1 3
Vay hé da cho ¢6 nghiém : (z;y) = (1; —5) , (—1; ——) O
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Cau 171

Giai

Diéu kién : o # 0
Phuong trinh (2) tuong duong

I
Yy
~
no
|
[\
~
N—
w

1 P11 12\’ 3 1
——1 —es= (52 e (P®-1)+t—=
<x2 >+:c 2 (:c2 x) ( )+ 2
& (2t —1) (6t —126° + 2t + 4t +3) = 0

1 3
THl:t:§:>x:2:>y:__

4
TH2 :
6t — 123 + 282 + 4t +3 =0

Stt dung phuong phap t6i néu & cau 164 sé dua vé
2\ 1
6(t°—t—=) =—=(VL
(#-t-3) =300

3
Vay hé da cho c¢6 nghiém : (z;y) = (2; _Z) O

Cau 72| { 2 —v)Fa®=2y(a )
762% — 20y* + 2 = /4z(8z + 1)

Giai

Diéu kién : o > y?> > 0
Phuong trinh (1) tuong duong
2+ x(r—y?) -2 (z —y2)3 =0
bat \/x — y? = w thi phuong trinh (1) tré thanh
2

B2 =0sr=usyy=v—1

Thay xudng (2) ta dugc

9622 — 202 + 2 = v/3222 + 4z
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Néu do6i véi nhitng ai giai tot phuong trinh vo ty thi sé nhan ra ngay dang bai nay thuong st
. 1
dung phuong phap danh gia. Nhan thay x = 3 la nghiém va cha § x > 0 . Ta c¢6 huéng tach

nhu sau. 292% 1 4 )
0622 — 20x + 2 = /3207 + 4z = /1.1.(3242 + 4z < %

2 2 2 ]. \/7

© 3962~ 200 +2) <320 +dr 426 (160 - 2P S0 o= 5y =+

1 7
Vay hé da cho c6 nghiém : (z;y) = (5, j:%) O

To6i gi6i thieu thém mot cau gan tuong tu nhung khé hon.

Cau 173 y? + (4o — 1)? = /4x(8x + 1)
4022 4+ 2 = y/14x — 1

Giai

Dieu kién : z > —

14
Vé6i diéu kién nhu thé thi tit (2) hién nhién y > 0. Ta c6 danh gia sau day
2 4 142 — 1
40:62—1—1::3/ M4z —1< y++<:>y2 >80z —12x + 1

TU (1) ta lai c6
Vaz(8z + 1) = y* + (4o — 1)* > 802° — 122 + 1 + (4o — 1)* = 2(482° — 10z + 1)

Dong thoi
141+ 3222 + 4z
3

Vda(8z +1) = §/1.1.(3222 + 4z) <
T do6 suy ra

3222 + 42 + 2
—_— =

2(482% — 10z + 1) < 3

1 v3
Vay hé da cho ¢6 nghiém : (z;y) = <§, g) O

Cau 174 { VIi—yVe—y-T=1

v+ x4+ 2y/r — yPr =0

Giai

Dieukien : 2 > 0,2 >y + 1
Phuong trinh (1) tuong duong véi

Vi—l=yz—y—1=r-2yz+l=20—y—1y=2yr—-2
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Thay vao (2) tuong duong

SR
I

4V -1+ +4(Vr—DVr—4(Vr -1 o =0«

Il
© B
<
Il
)

I
0]
;
-3

1 9 — V17 , N
Nghiém z = 7%= T\/— khong théa mén dieu kién binh phuong (1).

Vay hé da cho c6 nghiem : (z;y) = (4;2)0

2 I S
Cau 175 {\/x +2y+3+2y—3=0

202¢° +23) +3y(x +1)* +6z(z + 1) +2=0
Giai

Diéu kien : 22 +2y +3>0
Phuong trinh (2) tuong duong

227 + %) +3y(x +1)* + 62> + 60 +2=02(x+1)* +3y(z +1)* +4y° =0

R6 rang day 1a mot phuong trinh thuan nhat gitta y va o + 1. o) day ta sé rut ra 2y = —(z +1)
thay vao (1) ta co

14 5
m:x+4<:>x:—§:>y:1—8

14 5
Vay hé da cho ¢6 nghiém : (z;y) = (—3; 1_8> O

Cau 176

Vi+2=3/14d—23—2y+1

{2x3—4x2+3x—1:2x3(2—y) 3—2y

Giai

. 3
bicu kién : z > =2,y < 3
Hinh thiic bai he qua that khong don gian. Dé ¥ phuong trinh (1) chia ca 2 vé cho 2% # 0 sé
6 lap duge x va y, ta hi vong sé ra duge diéu gi do6

() e2-245 - o =(1-2)/3-2

x  x? 2
1\’ 1 3
= (1——) + (1——) - (\/3—2y) +/3 -2y
T x
~ ) ) 1
Dé dang thay 2 vé c6 dang f(t) =t + ¢ 1a ham don diéu tang. T dé suy ra /3 — 2y =1— —
x
thay vao (2) ta duge

r+2-vV15—2=1
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Lo . . . . . 111
R6 rang ve trai don diéu tang nén phuong trinh nay c6 nghiém duy nhat x =7 =y = 8

111
Vay hé da cho c¢6 nghiém (x;y) = (7; %) OJ

Giai
. 3 2P
Dieu kién : y#O,x+y%O,3—+Z >0
Y
Phuong trinh (2) tuong duong véi
$_2+4l’+3y:2 x_3+x_2<:>x_2+4x+3y:2 x_24_x $_23_y
8y 6 12y 16 8y 6 8y 6 8y 6

2 P 2 g 4 3
Nhin vao bieu thiic trén ta thay de c6 nghiém thi g— >0, Ty
Y

> 0. Vay ta co

a—i—sz@@azb@—— 2

52 _4x+3y® r = by
8y 6

THI1 : = 6y thay vao (1) ta ¢

28 168()
y:—_ e

37+ —y =16 _43:7> Y 37
TR TR

2
TH2 : z = —3Y¥ thay vao (1) ta co

12
4 - __=
iyt —ley=16< | Y 13(L)

Viéc loai nghiém nay dua vao diéu kién dé (2) c6 nghiém ma toi néu ¢ doan trén.
24 4
Vay hé da cho c¢6 nghiém : (z;y) = (7, ?) ,(—8;12)0
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A 23(3y + 55) = 64
Cau 178 { ry(y* + 3y +3) =12+ 5lx
Giai
Hé da cho tuong duong
64 4\°
3y +55=— S(y+1)+52= (-
— +51=93+3y*+3 = — 3
=T Y+ oy” + 9y 3.x+52—(y+1)

. 4 4
R6 rang 1a mot hé doi xing. Tu d6 tasuy ray+ 1= — < y = — — 1 thay vao (1) ta ¢
T x

12
xS(—+52):64<:>x:1:>y:3
xXr

Vay hé da cho c6 nghiem : (z;y) = (1;3)0

Cau 179

Giai

Bai toan xuat hién trong 1 dé hoc sinh giéi Thai Nguyén. Thoat nhin c6 vé kha d6i xing nhung
khong dé nhu vay. Cong 2 phuong trinh cho nhau ta duge

1
x4+2x3—x+y4—1—2y3—y:—§

1 1
<:>(x2+x)2—(x2+x)+z+(y2+y)2—(y2+y)+1:0
1\? 1\?
o (22 — = 2 —=] =0
<:c +x 2>+(y +y 2)
1 —1++/3
~ =
2 E—— _—1:l:\/§
Yty 9 y_—2
—1—-+3 -1 3
Thit lai va ta tim duge nghiém théa man 1a (z;y) = 2\/_; ;f>D
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r+6/ry—y==06

Cau 180 6(x? 3
au x+M_ 2(2® + y?) = 3

22 + xy + 12

Giai

Day 13 mot bai toan ting xuét hién tréen bao THTT. Y tudng ciia né la danh gia. Sau nay né
xuat hién kh4 nhiéu trén dién dan va cé nhiéu 10i giai khac. Toi xin trich dan 1 phan 10i giai
trong to bao.

Diéu kien : 2y > 0,22+ y*> #0

Néu z,y < 0 thi o rang vé trai ciia (2) sé < 0 va bai toan vo nghiem.

Vay z,y > 0.

Xét (1) ta c6 danh gia sau

6=x+\bry—y<z+3x+y)—y=22r+y) < 2x+y>3x)

Ta lai c6 cac danh gia sau

2 4,2 2, .2 3 .3 3, .3
<THY Ly < ST EY) 523(96 er)222(962 +y2)
2 T+ Yy +y T +y
2 3 3
Gid ta lai chiing minh A +v) > \/2(22 + y?) & 2(2% + °)? > (2 + y?)

I‘Q + y2 -
Theo bat dang thiic Holder ta c6
2(2° +y°)° = (I’ + 1) (@” + ¢*)(«* +4°) = (2 +y°)°
3, .3 3, .3
3(z% + y?) >2(x +y)>
2?2 +aoy+y? T 22+y: T
Gio xét phuong trinh (2) ta c¢6

6(x® + 32
3:x+m—\/2(3¢2+y2Zx+2\/2(x2+y2)—\/2(x2+y2)
=r+\2024+ ) >r+r+y=2x+y
Vay ta lai ¢6 2z +y < 3(x)

N ] 22 4y=3
k) (¥

T (*),( )taco{x:y
Vay hé da cho c¢6 nghiem : (z;y) = (1; 1)

Vay ta co : 2(x% 4+ y?)

Sr=y=1

2.7 Cau 181 dén cau 210

4
2 _ - =
'Cau 181 {23’ W= =2
dIvr+1+zy/y2+4=0

Giai

Day 1a 1 bai toan ma ¥ tudng xét ham dugce giau kha kin.

Diéu kien : —1 < x #0

Nhan thidy z = —1 hodc y = 0 khong 1a nghiém ctia phuong trinh. Phuong trinh (2) tuong
duong
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r 4 <:>:1:+1—1_y2—(y2+4)
ve+1l  y/y?+4 vae+1 Y y:+4
1 Viyr+4
S Vr+1-— J i

Vitl JP+4 oy
. . N 1
Dén day ta thay ngay ham can xét 1a f(t) =t — " va ham nay don diéu tang. T d6 suy ra

—4 —4
Y =z+1= i S r = & —=y"+4

r+l=—2
V2 + 4 Y2 +4 y?> 44 x

Thay lai vao (1) ta duge

39—y +6=0s

4 1
Vay hé da cho ¢6 nghiém : (z;y) = (—5; 1) 7 (__; 2) 0

r? 4y =82

3/03 __ _
Cau 182 {Vy I+ve=3

Giai

Diéu kién : y > 0
Hé da cho tuong duong

O i 3 SNCET

3+ = 09—-2)9+2)Vy —1=(y —1)

v —1=(9—a)(9+x) +
THl:y=1=2=9
TH2 :z2=9=y=1

2

TH3 : (9+2)(3+ Vz) = («3/343 - 1)
R6 rang vo nghiem vi VT > 27 con /y? —1 <3
Vay hé da cho ¢6 nghiem : (z;y) = (9;1)0

~—

B

19 1
o€y — o —1) = —
x+2(y r—1) 5+y2—|—1

V2re+y—2+Vy—xz+1=3

Cau 183

Giai

Dieukien : 20 +y—2>0,y —x+1>0,2>1
Phuong trinh (1) tuong duong
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(VoTi-1)P =2, 1

5  y?+1
Néuy >2thitaco VI >4 >VP. Vay y <2
Ta danh gia phuong trinh (2) nhu sau

1 / 1
VI=\2z24+y—24+ —4/2y—2x+2< (1—|——)3 <3
Y V2 Y 5 Y

Diang thitc xay ra khiy =2 =1 =2
Vay hé da cho ¢6 nghiém : (z;y) = (2;2)0

Trai qua kha nhiéu nhitng cau hé sit dung danh gi4, ta méi thay phuong phap nay khoé va can
ki nang bién doi t6t nhu thé nao.

202 +ay =1

Cau 184/ 002 . 3wy

2(1 — x)* 2(1 — x)?

Giai

Diéu kién : o # 1
Mot bai toan kha dic sic va 1oi gidi cling sang tao.

3
Dt — 2% _ — 4 ta lap thanh mot hé méi.nhit sau
2(1 — x)?
{ 202 +yr —1=0

202 +yu—1=0

Dén day c6 vé ddi xiing r6i. Nhung ta khong trit 2 phuong trinh cho nhau ma c¢6 danh gia nhu
sau

R6 rang x va u 1a 2 nghiem phan biét clia phuong trinh X? 4+ yX — 1 = 0. Hién nhién vi tich
c.a 1a trai dau. Theo hé thie Vi — et ta ¢

c o —3x 1 N —14++3 N 9
UW=—Er———=—— = ———— =
a U122 2 2 Y
—1 3 —-1—-+v3
Vay hé da cho ¢6 nghiém : (z;y) = <+\/_7 2> , (T\/_’ 2) 0

4x2y? + xy? + 4oy — 3y3 + 1 = Ty?
B3zy — 3y —y+1=0

Cau 185 {

Giai
Mot chat bién déi ta dua hé da cho vé thanh

{ (2zy + 1)? = Ty + 3y® — zy?

2 _ 2 _ 7,2 3 2
2oy + 1=y +3y*> —ay = (y+3y" —ay)” =Ty +3y” —zy
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o =0
(1+3y—2)°=7+3y—=x
THI : y? = 0 vo nghiém
‘ o2 B 3y —xr = -3 r=3y+3
TH2 : (1+3y—2)" =743y x(:){gy_x_z (:)[:U—?)y—Q
Véi moi truong hop nay thay vao (2) va ta dé dang tim ra nghiém

1 —4+
Vay hé da cho c6 nghiém : (z;y) = (1; 1), (—;; 6) , (1 + \/g 6\/_>

3 T8 _
‘Cﬁu 186‘ {x\/:c +6+yvai+3="Try

eVa? 4+ 34+ y\/y? +6 =27 +y° +2

Giai

Day 1a mot bai toan tong hop khé nhiéu céc ki nang vao lam mot.
Hé da cho tuong duong

I(\/?J2+6+y>+y(\/x2+3+x):9xy Vy2—|—6+y+ vx2+3+x:9
T

& Y
z $2+3_x)+y<vy2+6_y):2 z ( x2+3—x)+y<\/y2+6—y>:2
6 n 3
N y( y2—|—6—y> z (Va2 +3 —z)

x(\/m—x —i—y(\/m—y):Q

Datx(\/x2+3—x):a,y( Y2+ 6 — y)zb Hé tré thanh

=9

6 3 =1,b=
{g+5—9 @{ ) 4
i z(Va?+3—2) =1 IZ%
=
y(\/y2+6—y)=1 v=5
2
2 —
x(\/m—az):— x——15
TH2 3 = 5
0Tt B FEEN
Vay hé da cho ¢6 nghiém : (x;y) 11 2 2 2 O
nghiém : (z;y) = | 1;= — —
y g 7y 72 Y 157 15
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Cau 187

(x+y)?+32+2y+4=3y4x — 4
2y +1)2 (y+1— V18 — %) =17 (Vo —2)” — 35 — 102

Giai

Diéu kien : z > 2

Nhin vao ta thiy phuong trinh (2) qua khiing b6, gan nhu khong thé lam an duge mot chit
nao. Nhung hay dé ¥ mot chit, ¢c6 mot phan tit kha dic biet do 1a 17 (\/x — 2)2. Da can lai
con binh phuong !! Phai ching téc gia ¢d ¥ dé vay nhim tao diéu kién cho = dé danh gid mot
céi gl d6 chang 7 Co6 1€ 1a tit phuong trinh (1).

Ta thuc hién danh gia phuong trinh (1) nhu sau

(z+y)?+3r+2y+4=322.(z—-1)<2+24+z—-1=2+3

e @+y)?+20+2y+1<0s (z+y+1)2<0

Dang thtic xay ra khi = 3 va y = —4. Thay lai vao phuong trinh (2) thay théa man
Vay hé da cho c¢6 nghieém : (x;y) = (3; —4)0

22— (y+3)r+y?+2=0
Cau 188 z\* 7\* r\> 4-3x 4 — 6x
-] =2—=] +{—-) — —-1- =0

Yy y?

Giai

Hudng giai clia n6 kha gidng cau 185.
Diéu kién : y # 0
Hé da cho tuong duong

22 —ay =3x —y? — 2 22 —xy =3x —y? -2
{ ot — 203y +2%y? = (4 - 32)y* + y* + 4 — 62 { (22 — 2y)? = (4 — 32)y2 + y* 4+ 4 — 62 (%)
(*)@(3x—y2—2)2:(4—3x)y2+y4+4—6x
S92yt +4—6ry* — 120+ 4y = (4 —32)y* + 9yt +4 — 62
922 31y —6r =0« 3203z —y* —2) =0
Dén day ta thé lai 3z — y* — 2 = 2% — zy tu (1) vao phuong trinh trén sé dugce :

r=0=y>+2=0(VL)

2 — — e e
sri(r—y) =0« x:y:>y2—3y+2:0<:>[z:§:1

Vay hé da cho c6 nghiem : (z;y) = (1;1),(2;2)0
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Cau 189

{ P +ay+r+3=0

(:U+1)2+3(y+1)—|—2(:vy—\/:B2y+2y> —0

Giai

Diéu kién : y > 0

PT(2) —2.PT(1) & —(2* +2) + 3y = 2/ (22 + 2)y
Dat Va2 +2=a > 0,,/y = b > 0. Phuong trinh tré thanh

a=b=y=2a>+2
a = —3b(L)

Thay trd lai (1) ta dé dang tim ra dugc nghiém.

Vay hé da cho c6 nghiém : (z;y) = (—1;3)0

—a? 4+ 3b? = 2ab & [

- 2y =9
Cau 190 {3:15—|—y:6

Giai
Hinh thtic bai hé qua don gian. Ta c6 thé chon cach thé tit (2) len (1) dé giai phuong trinh bac
4. Tuy nhién, chi véi danh gia kha don gian, ta c6 thé giai quyét nhanh bai nay.
Nhan thiy gia st hé c6 nghiem thi z,y > 0. Ap dung bat déng thitc AM-GM cho phuong trinh
(2) ta co
3x+y:x+x+x+y24m:4\/§>6
Vay hé da cho vo nghiém [

2 2 B
\Cau191\ (9;’ +?J)(5H;y+1)—25(y+1)
v Aay+2y° +r—8y=9
Giai
Hé da cho tuong duong
2 2
ZL’2—|— 2 - +y B
Y @ty+1)=25 1 (z+y+1)=25
y+1 ) & ng
Py’ tay+)+(y+1)"=10(y+1) o 4y 1) =10
2 2
Dt =Y gty +1=btaco
y+1
ab = 25 aeb_se 24+ =5(y+1) - x:ggzl .
a+b=10 T x+y= r=-ty=1
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'Cau 192/

{ 42 4 4y = 32y + 2/ 3y + 2z

Giai
Day 1a mot cau thuoc loai khé. Mang tinh danh dé6 mot chiat. Dé ¥ mot chiat phuong trinh
(2) nhin kha giéng mot hing dang thic lugng giac do 1a 1 + tan?z = 5= Vay ta dat
cos?y
T = = y = tana vdi a € [0;7]. Thay tat ci vao phuong trinh (1) ta duge
cosa
1
+ 4tana = tana + 2v/3 .tana +
cos?a cosZa cosa cos a

& 4+ 4sin®a = 3sina + 2\/5 sin a cos a + 2cos®a

& 3= sin3a+\/§sin2a+0052a(:)3 = sin 3a + 2sin <2a+%>

R6 rang VT > V P va dang thiic xay ra khi a =

2 1
Vay hé da cho c¢6 nghiém : (z;y) = (—; — | O
V3 V3

y> + 3y — 17T + 18 = 2 — 322 + 13y — 9
>+’ +ay— 6y —52+10=0

Cau 193 {

Giai
Stt dung phuong phap hé s6 bat dinh ta sé rit ra
PT(1)-3.PT(2) & (y—1)P2+2(y—1) =2 +2r s x=y—1

Dén day dé roi !
P/S : Thuec ra véi bai nay ta nhan 3 vao PT(2) 16i trit di ¢6 thé do 1 chiit kinh nghiém nhim
loai bé zy di chit khong nhat thiét phai sit dung dén hé sé bat dinh.

5 8
Vay hé da cho c6 nghiem : (z;y) = (1;2), (5, 5) O
(x +y—3)° =4y° $2y2+azy+§
Cau 194 4

T+ 4y — 3 = 2z9°

Giai

Tt phuong trinh (2) ta rat ra: x +y — 3 = 2xy? — 3y
Thay vao phuong trinh (1) ta duge

) ) ) 45
y*(2ry — 3)° = 49° (x2y2 +xy + Z)
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THl:y=0=>2=3

45 4
TH2 : (2:vy—3)3:4(:c2y2+:vy+z> Sry=4 0= -
Y

Dén day thay lai vao (2) dé dang tim ra nghiém.

3—\/3—3—\/%) <3+\/ﬁ,—3+\/ﬁ>m

Vay hé da cho ¢6 nghieém : (x;y) = (3;0), ( 5 3 5 5

2r+\2—x+y—a2—yr=1
223 = 23 + 1

Cau 195 {

Giai

Chuyén vé va binh phuong (1) ta suy ra hé méi sau

{5x2—3x—1:y—y2

2% — %P = 1 :>2x3—2y3:5x2—3x+y2—y

S @—-—y—1)22° -3z + 2y +2y* —y) =0
TH1 : z = y + 1 thay vao (2) dé dang tim dugc nghiém.
TH2 : Két hop véi phuong trinh (1) sau khi binh phuong ta 1ap mot hé méi

202 — 3+ 20y + 2> —y =0
512 =3ty —y=1

Day 1a hé gom 2 tam thiic va ta da biét cach giai bang phuong phap UCT.
3—V3 —3-3

: 0
6 6

Vay hé da cho c¢6 nghiém : (z;y) = (

VIFVI—a? =z (1+2/1-¢)
2

Cau 196 S B
Vitz Ity

1+ /xy

Giai

Dicu kien : |z| < 1,|y| < 1,2y > 0
Véi dieu kién trén ta tién hanh danh gia

1 1 2
v () <
1tz 14y 1+ /2y

Dang thtic xay ra khi = y. Thay vao phuong trinh (1) ta dugc

\/1+m:x(1+2m)
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Véi loai phuong trinh vo ty nay luong giac hoa 1a cach tot nhat.
T
bat z = sint,t € [0; 5} . Phuong trinh tré thanh

t t t t

V14 cost =sint(l + 2cost) & 20085 = 281H§COS§ <3 — 4sin2§)
3t 2 s 1
& 3sin - —4sin’ - = — & 2 e g 5
2 2 2 t e 0;5} t=§:>x:1

11
Vay hé da cho c6 nghiem : (z;y) = (1; 1), (_; _> -

Cau 197

208 +20v/1 -2 =31 -2 —y
y=22%—1+2zyV/1+x

Giai

Dieu kien —1 <z <1

Dé ¥ ki thi phuong trinh (1) ¢6 dang f(v/1 —x) = f(y) véi f(t) = t3 +t don dicu tang. Tuy
nhién, dén day chua phai la hét. Nhu to6i da noi ¢ trude, nhitng hé kiéu nay thudng khé ning
ve gidi phuong trinh vo ty phia sau.

Thay y = v/1 — x tit (1) xubng (2) va ta thu duge

V1—2=22%—1+22V1 — 22
Dat x = cost, t € [0; 7] phuong trinh d& cho tuong duong

V1 =cost = 2cos’t — 1+ 2costv/1 — cost

¢ T 3 x COSSW

" L ™ — °or
& V/2sin — = cos 2t + sin 2t < st sm(2t—l—4> @t:—ﬂ(:) 10377
2 t € 10;7] 10 y=VIsin -

3 3
Vay hé da cho c¢6 nghiém : (z;y) = (cos %; V2sin %) O

3 _,3) —
Cau 198 {igxz y’) = dzy

Giai

Mot bai he khong qua khé khan, chi can cht ¥ mot chit trong phép thé
T (2) suy ra xy = 3 hoac zy = —3.
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3 .
Véi xy = 3 = y = —, thay tat ca vao (1) ta duge
x

‘ 3
P =2-V3l=r=V2-V3l=y=—rx

3
5 <§) YN \/2—3\/31
z B =2+V31=0=V2+V3l=oy= —ce
2+ /31

Tuong tu véi truong hop zy = —3. Tuy nhién truong hgp nay vo nghiém.

. 3 5 3
Vay he da cho c6 nghiem : (z;9) = | V2 — V31, — | , 2+ 3, — | O
V2 — /31 V2 + /31

Cau 199

Giai

Phuong trinh dau khién ta lién tudng dén phuong phap luong gidc hoa.
Dat z =sint,y = cost,t € [0; 2n]. Thay vao phuong trinh (2) ta duge

(sint — cost)(1l + 2sin2t) = \/76
<:>sint—cost+2sin2tsint—2sin2tcost:?
<:>sint—cost+cost—(:osf-it—s.inf-it—s.int:\/76
o cos3t+sin3t:—§ <:>t€{7_7T;317r;5’5)7r;117r;357r;397r}

t € [0;2n] 36° 36 36 36 36 36

S , . N e - 7r. 3lm. 557, 1lw. 35m. 397
Vay hé da cho c6 nghiém (z;y) = (sint;cost) v6i t € {555 565 36 365 363 g} O

Cau 200

{ oyt —at —6(2? —y?) — 22y =0

1
5(5y2 +2%)? — 18 = Jay(6 — 5y? — 2?)

Giai

Diéu kien : zy > 0,5y* —2* >0
Mot he kha hay. O day xét phuong trinh (2) ta coi 22 4 5y2 la an chinh.
Hé da cho tuong duong

(5y* + 2*)? + 2/zy(5y* + 2%) — 12\/zy — 36 = 0

Asy2 2 = zy + 12 /7y + 36 = (/7Y + 6)?
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Qua tuyét voi khi n6 chinh phuong. Tt do ta sé tinh duge

22+ 52 =6
x? + 5y? = -2, /7y — 6(L)

Dén day thay 6 = 22 + 5y vao (1) ta duge
VYt — ot — (2% 4 5y?) (2 — y?) = 22y & /Byt — 24 + (5y* — 2t) = 4ay? + 22y
Ro6 rang 2 vé déu c6 dang f(t) = t> +t,t > 0 va ham nay don di¢u tang. Tu d6 rit ra

Voyt—art=2zy s x =y

Thay vao x2 + 5y? = 6 ta sé gidi ra x = £1,y = £1
Vay hé da cho c¢6 nghiém : (z;y) = (1;1), (—1; —1)O

/2y — 2+ yv2x — 2 = 2y

Cau 201 { (= 1y+(y— vz =2y

Giai

Mot he kha ddi xing nhung khién nhiéu ngudi ling ting vi can thiec.
Diéu kién : z,y > 1
Phuong trinh (2) tuong duong

—1 —1
ve-l vy=1_
x y

1

L(x—1) < 1+x—1
T - 2x

r =y = 2 thay vao (1) théa man.

Vay hé da cho c¢6 nghiem : (z;y) = (2;2)0

1 . )
R6 rang =5 tuong tu véi y. Vay ve trai < 1. Dang thic xay ra khi

Tiép theo chiing ta sé dén mot chiim hé st dung cac phép bién doéi dang thic. Day 1la mot
ki thuat kha kho tuy nhién né rat hitu dung dé gidi mot s6 loai hé phuong trinh. Chi bing
mot vai phép bién doi xuat phét tit nhimg déng thiic quen thuoc ma ta c6 thé quét don duge
bai hé. Tuy nhién phuong phap nay kha kho bdi né yéu cau kha nang hiéu biét vé dang thic
tuong do6i tot dong thoi can kinh nghiém va 1 chit tinh quai. Bai viét nay toi trich mot phan
trong cubén "Tuyén Tap Phuong trinh - Hé phuong trinh" do dién dan Mathscope bién soan.

22+’ =1+uay

Céu202‘ x 2+ Yy 2_1
y+1 r+1)

Giai

Diéu kién : z,y # —1
Ta st dung két qua sau : Néu 22 — xy +y> = 1 thi

y+1 o+1
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Ching minh :
Y

2 2 x
— =1 1 1) = 1= 1 1) & —— =10
zt—zy+y rle+)+yly+1l)=ay+ar+y+1l=(x+1)(y+1) y—|—1+x—|—1
Ap dung vao bai toan trén . Dat v = a, Y = b ta c6 hé mdi
y+1 r+1
a+b=1 o a=0,b=1 o r=1y=0
a?+bv =1 a=1,b=0 r=0,y=1

Vay hé da cho c6 nghiém : (z;y) = (1;0), (0; 1)

2
Cau 203 y v .,y

Giai
Diéu kién : z,y # 0,1
A ) . 1 1
St dung két qua sau : Neu zy = 1 thi o —i—mzl
Ching minh:

1 1
vy =1 zy+r+y+1l = (z+1)+(y+1) & (a+1)(y+1) = (z+1)+(y+1) < x—Her =10
Ta sé dung két qua nay vao bai toan trén.

Phuong trinh dau tuong duong
1 1
—1)(2? N=0erwy=1c —+ — =10
(zy — 1) (2" + 2y +y°) y P

Phuong trinh (2) khi d6 sé tuong duong

1 . 1 _xz—xy+y2<:>1:(x—y)2+xy:(x—y)2

+1-— = +1
x+1 y+1 xy Ty Ty

Vay suyrax =y két hop zy = lsuyraxz =y =1
Vay hé da cho c6 nghiém : (z;y) = (1;1)0

~ xy?
Cau 204 vy +y 4

Giai
1 2

Ta st d két qua sau : Né =2 ——+—— =1
HHE KO qiia sat - e vy r+1 y+2
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Ching minh :

1 2
ry =2 & zy+2x+y+2 = 2(v+1)+(y+2) & (z+1)(y+2) = 2(z+1)+(y+2) & $—‘f‘1+m =

Phuong trinh thi nhat tuong duong

1 1 2
—Nl=+1l)l=lew=2c —+ ——=1
(zy )<y2+ ) vy x+1+y+2

1 2
a =btacod

cr1 Ty +2
a+b=1 o |
a2+ =1 a

Ta loai c& 2 truong hop vi a,b # 0
Vay hé da cho vo nghiém [

Vay dat

I
_ o
|
o~

S o

10

ry+r+y=3

Cau 205 4 4 1 r+1
+ +

S5y+9 46 (z+1)(y+2)

Giai

Ta stt dung két qua sau

1 1 1
bc =1« =1
2 1+a+ab+1+b+bc+1+c+ca

Ching minh

VT 1 a ab 1 a

ab

Diéu kien : y # %937 46+ 1)y +2) £ —1

1
Défca:x—l—l,b:y—l—l,c:A—l thi hé da cho tuong duong

abc =1
{ R SR SR S éxglz
1+b+bc l14+a4+ac 1+a+ab 2

Vay hé da cho ¢6 nghiém : (z;y) = (1;1)0

- 1—|—a+ab+a—|—ab+abc+ab+abc—|—a260: 1—|—a—|—ab+a+ab—|—1+a+ab+1 -

ler=1Ly=1

10
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?+ry+y* =3
2% +y° + 15zy(z + y) = 32

Cau 206 {

Giai

Ta st dung dang thitc : (z +y)° = 2° +9° + day(x +y) (2 + 2y + v?)
Stt dung déng thiic trén véi (2) ta c6

4+ +hay(r +y)(tay+ ) =R (r+y) =R ty=2
Két hop véi phuong trinh (1) ta dé dang giéi ra (z;y) = (1;1)0

Ta sé stt dung dang thic nay déi véi mot bai sau day.

?+ary+y? =3
Cau 207 a®+y> 31
w37

Giai

Bai nay hoan toan c6 thé dua vé dang thuan nhat bac 5 duge. Tuy nhién, gidi mot phuong
trinh bac 5 thoi nghe thay da khién nhiéu ngusi ngan ngam. Ta st dung mot s6 két qui sau
2?4+ 90 = (2 +9)* - 3zy(z + )
2 +y° = (x +9)° - Szy(x +y)(2* + 2y + %)
Dicu kién : z # —y
St dung két qua tren vao (2) ta duge

(x+y)'—15zy 31

(x+y)?2—3zy 7

Tiép theo tut (1) ta thé (z + y)* = 3 + zy vao (2) ta duge

3 2 _ 15 31 Ty = —2
3+ zy) zy _ 31

15

3 — 2zy 7 Y = —

7
r=2,y=-—1
Voioy= 2=z ty=+l= | L 0Y= 3
ixy = rH+y= -2y =1
r=—-1y=2

15 36

V(’iixy:7:(x+y)2:7(LoaiViS2<4P)

Vay he da cho ¢6 nghiem : (z;y) = (2; 1), (1;-2), (=2;1), (=1;2)0
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Ty —r =2
Cau 208 S R
(+1)*  (y+1)*

Giai

A ) 2
Tasﬁdungkétqué:xy:x+2<:>$+1+m:1

Chtng minh
ry=cs+2<ay+r+y+1=2a+1)+(y+1)
2

— + —— =10
:c—|—1+y—|—1

Sa+)y+)=2@+1)+@y+1) <

2
=a#0,—— = b # 0. Hé trd thanh

Ap dung déi vé6i bai toan trén ta dat
p dung x4+l y+1

a+b=1 a=1,b=0(L)
at+ v a=0,b=1(L)

I

Vay hé da cho vo nghiém [

Tiép theo diém qua mot vai vi du vé phép thé hing s6 dé dua vé phuong trinh dong bac.
Loai nay thyc ra to6i da c6 néu mot vi du dé 1a cau 17. Gid ta nghién cttu mot chit vé ki thuat nay.

- 22+t =2

Giai
2+2zy  (v+4y)?

2 2
Phuong trinh (2) trd thanh (z +y)? =2z +y =2
Dén day két hop véi (1) dé dang gidi ra (z;y) = (1;1)0

Déy1+ay= . Dén day bai toan kha don gian.

Cau 210
{ (z+y)(4—2y® — 2zy) = 2¢°

Giai

Nhan xét phuong trinh (2) c6 vé trai la bac 5. Vé phai gom bac 1 va trong ngodic cao nhat bac
4 nhung khong phai hang tit nao ciing c6 bac 4. Vay ta tién hanh thé hing s6 bang bicu thiic
tit (1) xudéng dudi dé tao nén sy thuan nhat.

Thé 2 = 22 + y? v 4 = (2® + y?)?. Vi sao khong thé 4 = 2(2? + y?). Don gian toi mudn tat ca
déu la bac 4. Thay tat ca vao (2) ta duge

(z+y) (P +9°)? =2 —ay(@®+97)) =2 2"+ =2 Sz =y
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Dén day két hop véi (1) va ta dé dang giai ra (z;y) = (1;1), (=1; —=1)O

2.8 Cau 211 dén cau 240

Cau 211 T4y
2

Giai
Diéu kién : z # —y
Phuong trinh (1) quy dong sé 1a bac 4. Vay ta nghi cac két hgp v6i phuong trinh (2) dé tao
thanh mot phuong trinh thuan nhat xem, nhu thé phuong trinh (2) sé phai la bac 4 va dé lam
duge diéu do ta binh phuong 2 vé lén. Nhu vay ta sé ducge
(B32* —y*)(w +y) = (2* + 7))
& 20t + 308y — 2272 — 2P — 20t =0 & (v —y)(z +29)(22° +zy + %) =0
TH1 : 222 +ay+y* =0 2=y = 0(L)
TH2 : x = y thay vao (2) ta duge
W —lor—y—t—
Y Y 32
TH3 : x = —2y thay vao (2) ta duge
, 1 2
W =leoy=—=>a=

NG G

2 1 2 1 1 1 1 1
Vay hé da cho cé nghiem : (z;y) = (—; — ) -——=—=),|—=—=|,|——=;——= U
V5 V5 5 V5 2" V2 V2 V2

8lady? — 81x%y? + 33xy? — 29y* = 4
2593 + 92%y® — 62y — 4y? = 24

Cau 212 {

Giai
Nhan thay y = 0 khong 13 nghiém ctia hé. He da cho tuong duong
4 4
812° — 8122 4 337 — 29 = — 3(3$—1)3+2(3x—1)=24+ﬁ
) u 4 e 2\* .2
25+92° —b6r = — + - 3(=] +2-=24+ 3z —1)?
) ) Y )
2
bat 3x — 1 =a,— = b. Hé da cho tré thanh
Y
3a® +2a = 24 + 1?
{ 3P 42 =24t a® O
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2.8 Cau 211 dén cau 240 115

Thay vao mot trong 2 phuong trinh ta co
36> —a*+20—24=0a=2=>2=1y=1

Vay hé da cho c¢6 nghiem (z;y) = (1;1)0

\Cau 213/

2(2% + ) + 622 = 3(2? + y*) +5

{x2+y2+2x:3

Giai
Hé da cho tuong duong

2 +y? + 20 =3 o =
203 +y3) + 622 =3(3—22)+ 5 (z+1P+y*=38

bat £+ 1 = a,y = b hé da cho tuong duong

a’?+ b =4 a=2b=0=>x=1,y=0
a3+b3:8 = = =

Vay hé da cho ¢6 nghiém : (x;y) = (1;0),(—1;2)0

2+ oyt ay =20yt + 7
—2%y + dzy + 2y + 11(x — y?) = 28

Cau 214 {

Giai
Hinh thiic bai hé gom 2 da thitc thugc loai khiing bo. V6i kinh nghiém gip loai nay, thi thuong
chi ¢6 2 huéng chinh dé 1a phan tich nhan t hodic dat an phu. Huéng thi 2 ¢6 vé ding khi ma
phuong trinh (1) chuyén vé xuat hien (y?> — 2)? ma n6 c6 & phuong trinh (2). He da cho tuong
duong.

(y*—x)’ =7—ay
11(z — v?) + 2y(y* — z) = 28 — day

Dit 42 — 2 = a, xy = b ta lap hé mé6i nhu sau

{yQ—x:()

a?=7-b a=—2,b= xy =17 y =7,z =49

{ab—lla:28—4b é[a—o,b:7 < Y-z =2 < y=1,2=3
Ty =3

Vay hé da cho ¢6 nghiem : (z;y) = (3; 1), ({VE’ \3/7) ]

O cau tiép theo toi s& cai them mot bai viét ngin khé hay.
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Cau 215

43 +dr+2=y+ Yy
23— V322 + 3¢y —3-V3=0

Giai

Bai nay cha c6 gi dic biét néu nghiém ciia né khong 1é toac.
Tu PT(1) ta rat ra ngay ¢y = « + 1 do ham f(t) = ¢t* + ¢ don diéu tang. Thay vao (2) ta thu
duge phuong trinh sau :

2* = V32t + 32 —-V3=0
Thit biang Casio ta sé thiy phuong trinh nay c6 1 nghiém rat xau. Vay phai lam nhu thé nao
bay gid. Trén thic thé ta c6 thé gidi phuong trinh nay bang cong thitc Cardano. Tuy nhien day
1a cong thitc kha khé nhé va cling khong phit hop cho 1am. Vay con cong cu nao khac khong
? Van con, dé la dit an bing ham lugng gidc Hypebolic. Yéu diém clia né do la chi giai dugc

. 1) .
nhiing phuong trinh bac 3 ¢6 nghiém duy nhat. Ta sé dat x = k (a + —) roi sau do6 thay lai
a

dé ra phuong trinh trimg phuong. Gio thit 4p dung véi bai nay.
. R . . . v 1z b 1
Trude het hay dua noé ve dang khuyet thieu bac 2 bang cach doi bien z = x + 30 T — % =
a
1
x = z + —. Thay vao phuong trinh ta thu dugc

V3

2+ 22 _A =0
3v3
Dé ¥ gitta bac 3 va bac 1 1a dau cong nén ta sé dit z = k (a — 1) Thay vao phuong trinh ta
duoce ‘
k3a3—3k3a+ﬁ—5—2+2k <a—1) =0

a a

X , . . 1
Gio ta tim k sao cho dua dugce ve dang trung phuong. Ttc la phai lam mat phan a va —. Vay
a

2
Suyra3k3:2k::>k:\/;.

2 1
Vay dat z = \/; (a — —) thay vao phuong trinh ta dugc
a

3
2 9 1\° 2 1 2 1 a* =2
S et P nila—2)-—“——0ev2(df-=) = 1
(a a) - 3(a a) 3v/3 f(a a3> S =

—_

SRR Ho- D)=\ (1 g5) = L0 12000 0A

Vay hé da cho ¢6 nghiém : (z;y) =

3

L-V2+ VA (1-V2+VA+V3) ) 4
V3 3

Phuong phap dit nay cé thé gidi duge mot sé phuong trinh bac 5 dic biet. Toi sé néu mot vi

du cho ban doc.
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2.8 Cau 211 dén cau 240 117

Giai phuong trinh : 2° + 1023 + 202 — 18 = 0

; V11 44/2
Nghiém:xzx/ﬁ((/9+ S_ o V2 )D

4/2 94113

Cau 216 { VErve+ty+3
20/T +4+ 3y F8=13

Giai
, . . vV 4/ 8
bé y nhanh 1a hé nay c6 nghiém (z;y) = (0;1). Néu nhu theé thi x2 e y3—|— . R0 rang

c6 mot chiat tu tudng danh gia 6 day la dung Cauchy — Schwarz
St dung bat dang thiic Cauchy — Schwarz cho phuong trinh (2) ta duge

W +4+3y+8< /(2 +3)(z+y+12) o 13< 13z +y+8) oty >1

Dén day chua thé ra dugce gi. Ta hi vong tit (1) sé cho ta rang budc trai nguge dé 1a x +y < 1.
Binh phuong (1) ta c6

vttty +3+2ya(x+y+3) =4d=a+y=1-2"-2/2(@>+y+3<1

Vay la ¢6 thanh qué. Gio chi viéc cho cac dang thic xay ra.
Vay hé da cho ¢6 nghiém : (z;y) = (0;1)0

.1:11 + xyl() — y22 + y12
Tyt + 132+ 8 = 2y*. 3/ (322 + 3y2 — 1)

Cau 217 {

Giai

C6 vé bai nay huéng di rat ré rang khi ma phuong trinh dau cho dang kha quen thuoc. Tuy
nhién nhin vdo sy khiing khiép ctia phuong trinh (2) ta sé thay hé nay hay ¢ do.
Nhan thiy y = 0 khong 1a nghiém. Chia ca 2 vé clia phuong trinh (1) cho y!! ta duge

X 1 T
©)' )
Y Y

Hai vé déu c6 dang f(t) = t'1 + ¢ va ham nay don diéu tang. Tt d6 suy ra z = y* > 0 thay
vao (2) ta duge

7o? + 132 + 8 = 222 /2 (322 + 3z — 1)
Day 1a mot phuong trinh vo ty khong tam thuong mot chit nao.

. 1 N
Chia c& 2 vé cho 23 > 0 va ddt t = — > 0 ta sé dua nd vé phuong trinh
x

8% + 132 + 7t = 2v/3 + 3t — 12
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Day la dang phuong trinh vo ty kha quen thuoc ma cach t6i wu van 1a st dung tinh don dieu
ctia ham s6. Mot chiut khéo 1éo ta dua ve

8t3 + 122 + 10t +3 =3+ 3t — 1> + 2v/3 + 3t — t2

& (e + 1P +220+1)=3+3t — 2 +2V3 + 3t — 12
Hai vé déu c6 dang f(t) = t* + 2t va ham nay don diéu tang. T d6 ta c6

t=—1(L)
—5—/89
A+1=V3+3t-e | 1= (6 (L)
V89— 5
t=~""""(TM)
6
6 G
>r=——=y==

V89 —5 V89 —5

6 6
Vay hé da cho c¢6 nghiém (z;y) = (—; +,/—— |0
V89 —5H V89 —5

Cau 218

Giai

Mot he déi xting. C6 1é khi gap bai nay ta thuong c6 nhiing huéng sau : Cho 2 phuong trinh
bang nhau, ho#c 13 tién hanh chia 2 phuong trinh cho nhau. Tuy nhién, véi bai nay, mot chut
tinh quai ta sé c6 mot 10i gidi ngdn gon va dep dé.

Diéu kién : z,y # 0

Nhan 2 phuong trinh v6i nhau ta dugc

(1422 (1447 (1+ %) <1+%) — 64

Dén day ta stt dung mot hé qua ciia Bat déng thic Holder nhu sau:
V6i day s6 duong ai, as, . . . a, ta c6 bat ding thiic

I+a)(1+a)...(1+ay) > (1+ Yaras. .. ay)"

Ap dung vao bai toan trén véi vé trai ta co

6
1 1 1 1
(14 2)(1 + 2?) (1 + E) (14+*)(1+ 97 <1 + E) > (1 + f/x?:c?;.y?.y?_j) =64

Y

Déng thitc xay ra khi z = +1,y = £1
Vay he da cho c6 nghiem (z;y) = (1;1), (1;—1), (=1;1), (=1; -1)0
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2.8 Cau 211 dén cau 240 119

2 3
36 742_724_36:___
Cau 219 vy iy oy = oy

(22— ) +7=0

Giai

Day la bai toan toi sing tiac hoan toan dya vao ¥ tudng clia cau 160 va 161. Néu 2 cau trén &
phuong trinh (2) 1an lugt 1a mi 3 va 5 thi cau nay to6i da nang né thanh mi 7. Day 1a mot bai
hé thuoc loai cyc manh va day tinh danh do.

Diéu kién : z,y # 0. Phuong trinh dau tuong duong

4o — 3y
(28 — o8 - T2 (22 — o) =
(2" —y°) + To*y* (2 — y7) 27y
4r —3
& (2® = y*)(3x" + 327 + 3y!) + T2ty (2% — yP) = xQxy :

& 2zy(2? — y*)(32% + 102%y? + 3y*) = 42 — 3y
& 2zy(2® — y*)(32% + ) (3y® + 2*) = 4z — 3y

b —b
Datx+y:a,x—y:b:>x:a; ,y:a2 thi (ab)” = —7 . Khi d6 s& c6
2 p? A —b\?
2xy:a 5 ; $2+392:<%> +3(a2 > =a’—ab+V?
b\ > A — 7b
3x2+y2:3(a; ) +<a2 ) =a*+ab+ b, 4x—3y:x;y+7.x2y:az

Thay vao phuong trinh (1) ta c¢6

2_b2 b
¢ 5 .ab.(a® + ab + b*)(a* — ab + b*) = atT

& ab(a® 1) | (® +47)° = 02| = a+ 70

e ab(a® — %) = a+ 7b < ab(a® — %) = a — (ab)".b
sab—ab’'=a—ab® < ad +1)(a’b—1)=0
TH1 : a = 0 hién nhién vo Iy

v vV7-1
=7 T =
TH2 : b= —1 — Tty 9
b =a \ﬁ@{x—y:—l 2N _\7/7+1
2
1 1 T
TH3:aﬁb:1(:)(ab)a5:1(:)a5:—7—@a:_?ib:3576@ Y= /7
v v vy = Y7
VT -1 YT 1
Sr= = —

oxfr VT T T owm

Vi1 Y1\ (W71 9T
> 2 )\ v T avn

Vay hé da cho c¢6 nghiém : (z;y) = <
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120 Tuyén tap nhiing bai hé dic sdc

‘ Vit 1l+yy+1l=2

a 72

SAu 220 297 = = 4
Y

xr —

Giai

Dicukien: o > -1,y > -1,z #vy
Ro rang kho lam #n duge gl tu phuong trinh (2). Ta sé xuat phét tit phuong trinh (1). Binh
phuong 2 vé ta dugc

r+y+2y/rytrt+y+l=2=4d(zy+z+y+1)=(r+y)’ —4(z+y)+4
& (r—y)* =8(z+y)
Dén day ¥ tuéng gan nhu da sang t6. Chi § khi binh phuong lan 2 thi dieu kien d6 1a x+y < 2.
Lat ta sé diing diéu kien nay dé loai nghiem.
Gis ta bién déi (2), dua n6 vé an tong va hiéu. phuong trinh (2) tuong duong

18[(z+y)* — (v —y)? t
r—y
4

18 —(:E v) — (x —y)?
o 64 +29( ) =4
—(xx — —

T —y 2 5
Dit  — y = t. Phuong trinh chuyén vé

rty)=4

[ - r—y=4 =3
t_4:>{$+y:2 {y:—l (TM)
( 8 ( 8
8 rT—y=—= r=—=
93 — 112t — 108 = 0 < 3 Tty =- y=—
> ) > )
4 5
4 rT—y=—= rT=—=
_ SR
8 16 5 7
Vay hé da cho ¢6 nghiém : (z;y) = (3; —1), (—5; 5) , (—5; §) O
R 2yt tay+20="Ty
Cau 221 {x3+x2y—x2+2xy—6x+3y=0
Giai
Xét y = 0 thi hé ¢6 nghiém x = 0 hodc x = —2
V6i y # 0. Hé da cho tuong duong
22 + 27
v’ 42 =y(T—z—y) PN y Tlety) =T
o3 + 2%y + 222 + 20y — 3(2? + 22) = -3y (v +22) (r+y) 3x2 +2c 3
Y Y
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2
2
Data:x + x,b:x—l—y. Heé da cho tuong duong
[ x? 4+ 2x
;YT
a+b="7 a=2—VT,b=5+7 T4+y=5+7
~ 2
ab—3a=—3 a=2+VT7,b=5-7 o’ + 2 _ _
Y
r+y=5—7
. I
—4 — T —/5(7T +4V7)
x:
2
14 — /T + 1/5(7+ 4V7)
y:
2
< | op
—4 — T+ 4/5(7T+4V7)
e 2
14 — 7 —\/5(7 + 4V/7)
S 2

Vay hé da cho ¢6 nghiém :

—4 = VT =[BT+ 4VT) 14— VT4 /57 +4V7)

(z;y) = ;

; 2
_4_\/7+\/m_14—ﬁ—\/m (0;0), (—=2;0)0
2 ’ 2 o

vV +r+ry—6y+1=0
vir -8y + iy +ax=0

Cau 222 {

Giai

Day la mot bai toan kha tha vi. Huéng rat quen thudc dé la dit an phu tong tich. Tuy nhién
cai hay ctia né d6 la vé phai khong phai 1a hiang s6 ma la mot biéu thic theo an. Nhin nhan
loai hé nay kha kho, can mot chit tinh quai va may méan.

Hé da cho tuong duong

v +ar+ay+1=06y (zy+ 1)+ (y? + z) = 6y
yir+y° + 2ty + = 9y (y* +x)(zy + 1) = 9°

R6 rang y? + z va oy + 1 14 2 nghiém cta phuong trinh X? — 6yX + 9y? = 0 & X = 3y. Tu

do ta ¢o :
y? +x =3y r =3y —y> y=1
ry+1=3y By —v*)y+1=3y r =2

Vay hé da cho ¢6 nghiem : (z;y) = (2;1)0
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N > +ay+yP=3y—1
Cau 223 {x3+x2y:x2—x+1
Giai
Nhan thay y = 0 khong 1& nghiém ctia he. He da cho viét lai :

—1-+5 54+5
1ty +y—1)=2y 4+ 1=y LT T YT
(@ +1Dylr+y—1)=¢? y(x+y—1)=y —1+v6  5—-6

r=——9y=——
2 Y 2
—1—+5 5 5 —1 5 5—+b
Vay hé da cho c6 nghiém:(w;y):< 2\/_; +2\/_>,< —;\/_7 2\/_>D

1
Cau 224 ff
z

Dang nay giéng véi cau 138.
Diéu kién : z,y # 0
Hé da cho tuong duong

2 4 4 4 4 2,,2
= =2yt — 22* + 32 + 3y* + 1022y {2:5y4x+x5+10x3y2

= = 30t 4 3yt + 1022y? — 2y* + 22 1 = b5zty + y° + 102?y3
Y

Lan luot cong trit hai phuong trinh trén cho nhau ta c6

( v _3 e x_\5/§+1

r+y) = r+y=+v3 - 2

{(fv—y)5:1 ﬁ{w—yzl < 3 -1
y=7

V3+1 v3—1
Vay hé da cho c6 nghiém : (z;y) = <\/_2+ ;\/_2 )D

22+ 22y +y =0
x3+3:€y+2\/y—|—1(x+ x2y—|—2) =4

Cau 225 {

Giai
Day 1a mot bai hée kha kho6 va danh do.
Diéu kién : y > —1, 2%y > —2
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Tt phuong trinh (1) ta ¢6 22 + y = —2xy. Gio hay khéo léo sit dung no.
Phuong trinh (2) tuong duong

234y + 20y + 20y + 1+ 2y + I\ /22y +2—4=0

Sa@®+y) — (@ +y) F 2y 1+ 20y + /22y +2—-4=0

S (=2zy) — 2 —y+22Vy F L+ 20y + /22y +2—-4=0

& —(2y+2+y+1-2yy+1/a2y +2) — [23(y+1) — 22y +1+1] =0
@—(W—W)Z—(x\/gm—l)%o

Dé dang thitc xay ra thi

2y +1)=1
VyTi=1
{igyjz_ L o =yl =2+ — 1) =2y
Y —Y x>0
TH1:2=0=y=0 (Vo ly)
y_1+\/5:m_ 1 W/5-1
T2 CVy+1 2
TH2:¢y* —y—1=0¢
v RGN S E
Y= e

Ta phai thay lai vao phuong trinh (1) va chi ¢6 cap s6 2 1a thoa.

ﬁ;l;l—\/%)m

Vay hé da cho c¢6 nghiém : (z;y) = < 5

Cau 226

2+ 3xy? =2+ 9> +2

Giai
Phuong trinh (1) tuong duong x (22 + 3y?) = 22 + y? + 2 = dé c6 nghiém thi x > 0 He da cho

tuong duong

w4y 2= (2 +y?) + (20y) y

Ta c6
2
(22 +y* +2)" = [2(2® + %) +y(22y)] < (2° +¢°) (2% +y°)* + (229)%)
S @+ +22 <8P+ e (P +yP—2)2 <0
Dau bang xay ra khi

2?4 y? =2

2 2 2 2

Ty _ S -—=2rr=1y==+1
x Y T

x>0

Vay hé da cho ¢6 nghiem : (z;y) = (1;1), (1, —1)O
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20+1 |2 +a+1
Cau 227 2y o y2—|—3

r+y+1=3

Giai

Dicu kien : =1 <y #0
Nhin vao phuong trinh (1) ta thiy dé c6 nghiém thi 2z + 1 va 2y cling dau.
Phuong trinh (1) tuong duong

2+z+1 2+3 ?+z+1 243
v +‘/y & +4/2
2z + 1 2y 4?2 +4x + 1 492

1
2

P I SR L @\/1+ 3. _ T3

1y V4 42 4 4@2e+ 12 Va a2

4(z2+x+1> Y (2 +1) Y

syr=02+1) ey=2r+1

Thay vao phuong trinh (2) ta duge
rT+V2r+2=3r=1=y=3

Vay hé da cho ¢6 nghiem : (z;y) = (1;3)0

Cau 228

r+3y —2y=0
{ 36 (xv/ +3y°) = 27(4y° —y) + (2v/3—-9) Vz —1=0

Giai

Day 1a mot cau trong dé Olympic 30/4 nam 2013. TAt nhién 13 mot cau rat kho néu khong tinh
¥ nhan ra.

Dieu kién 12 < 0

Phtong trinh (1) tuong duong : 3z + (3y — 1)2 =1 & (v3z) + By —1)2 =1

Vay ta dat 3y — 1 = cost, 3z = sint, t € [0; 7]

Thay hét vao phuong trinh (2) ta dugc

362y + (23— 9)vz + 43y —1)° =33y —1) =0

36sin’t sint
— + 2\/§—9 —— 4+ 4cos’t —3cost =0
3v3 ( ) V3

& 44/3sin®t — 3v/3sint 4+ cos 3t = —2sint
& \/gsin?)t —cos3t = 2sint < sin (375 — %) =sint
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T

t:E—Fka

t_77r+k77 @te{i;ﬁ;lg—ﬂ}

T 94 2 127247 24

t € [0; 7]
. 9
t1 t 7w 19

Vay hé da cho c6 nghiém:(m;y):(ﬁg : +BCOS )Véite{%;ﬁ;Z—Z}D

Cau 229

24+ 42 =1
1625 — 2023 + 5z + 512y° — 160y3 + 10y + /2 =0
Giai

Dé ¥ mot phan clia phuong trinh (2) biéu thiic rat gidng cong thitc nhan 5. Va biéu thiic dau
cang khién ta c6 co s lugng gidc héa cho bai nay.
Dit z = sint, 2y = cost, t € [0;27]. Thay tat ca vao (2) ta dugce

16sin’t — 20sint 4+ 5sint 4 (16cos”t — 20cos’t + 5cost) + V2=0

- . 3r k27
sin5t+6085t:—\/§<:>sin<5t+—)=—1<=> __2_0+ 5
4 t € [0; 27]

o ¢ 7T.137T.217T.297T.377T
47207207 207 20

cost m 137 217w 297 377w
av hé da cho ¢6 nehiem : (z: S e 4 . . . . 0
Vay hé da cho c6 nghiém : (z;y) <smt, 5 )V01t€{4, 50" 20 30 20}

20x+y)3 +4dry —3=0
(x+y)t =222 —doy+ 2>+ -3y +1=0

Cau 230 {

Giai

Hé da cho tuong duong

{ 20 +y)* +4zy—3=0
x4+ =2@+y)?+(x+y) +2y—1>%=0

bat zr +y =1 ta co
0=2844ay —3<22+t—-3=t>1

Phuong trinh (2) tuong duong
=2 +t+ (2y—1)*=0

Taco: t* =202 +t=t(t—1)(*+t—1)>0v6iVt>1va (2y—1)2 >0
Vay vé trai ctia phuong trinh (2) luon khong am.
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126 Tuyén tap nhiing bai hé dic sdc

2y—1=0 PR 1
r+y=1 Y75

11
Vay hé da cho c¢6 nghiém : (z;y) = (5, 5) O

Déng thiic xay ra khi {

Cau 231

2z —y+2)(2x +y) + 6z — 3y = —6
V2r+1+y—1=4

Giai

. 1
biéu kién : x > —E,y >1

bata=v2x+1>0,b=+y—12>0taco6 he

at+b=4 a+b=4
{ (a®> = ") (a®> +0*)+3(a®> —b* —2) = —6 @{ (a®>=0*) (a®*+b*+3) =0

O | w

@azbz?@{

S
I

3
Vay hé da cho ¢6 nghiém : (z;y) = (—; 5) O

2 — e —
Cau 232 Via? + (dz — 9)(z —y) + /7y = 3y
4Ws+2 )y + 22) = 3(z + 3)

Giai

Day 14 mot loai he kha thua vi. Ban sé con gap khodng 2,3 cau nhu nay nita trong cuén sich.
Dat diéu kién cho hé phuong trinh.

Dé thay 2 dieu kién noéi bat nhat dé he cé nghiem la z,y > 0

Phuong trinh (1) tuong duong

(VA + (e —9) (e —y) — 29) + (VaG — y) =

422 + (4o — 9)(x — y) — 4y? Ly y?

T iR+ (e 0@y 2y Ty

8z +4y —9
Va2 + (4o — 9)(x — y) + 2y \/_+y

Dén day ban mong dgi nhat diéu gi ? Bay gid chi uéc sao 8x + 4y > 9 nita thoi 1 xong tran
roi nhi ? Vay ching minh kiéu gi ? Lay ¢ dau ra ? O phuong trinh (2) chit dau nia | Dé § mot

=0

& (x—
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2.8 Cau 211 dén cau 240 127

9(x + 3)?

22T Gig eo
Azt 2y Oms

teo la sé lam xuét hien 8z + 4y. T phuong trinh (2) ta rit ra 8z + 4y =
viéc cua ta la phai chiing minh

9(x + 3)* 5
Hora 20e - 1P20

Nhu vay ta da c6 thanh qua. T d6 rat ra = = y thay vao phuong trinh (2) ta c6

_ g,
44/3x(x +2) = 3(x + 3) = x__l_S()
r=1=y=1TM)

Vay hé da cho ¢6 nghiém : (z;y) = (1;1)0

Tiép sau day chung ta dén v6i mot chuim hé st dung phuong phap nhan 2 phuong trinh
v6i nhau dé déi an. Tic la ta sé khéo 1éo sdp xép lai hé mot chit roéi nhan 2 phuong trinh
v6i nhau tao thanh mot phuong trinh an méi (thuong 1a an xy). Day la mot hudng lam
kho, né yéu cau sy tinh té va tinh quéai trong viéc nhin bao quat hé va siap xép cac phuong trinh.

y?+ 2%y + 22 =0

— 9} _ 2.2
Cau 233 {y(“’y 2) =3z

Giai
Hé da cho tuong duong

{ y(zy — 2) = 322

922 B
By +2) = —y? = —3z7y” = zy(zy — 2)(xy + 2)

THl : 2=y =0

1

ry =1 Ty

. P— 2_ B y
TH2 : —3zy = (zy) 4©{wy=—4 < s 4
y

1 3
Véix:—thay(2)tadu’dcy2+—:0<:>y:—\?/§:>x:—3—
Y Y

élH

4
V6ix=——tuong tuvatatimray = -2 = =2
1 .
V3
Loai hé nay hinh thic cho thuong kha gian don nhu vay. Mot 161 khuyén nhé ctia toi la hay
duwa nhitng phan ti don doc nhu x, 22, 23, y, y2... sang mot vé, nhitng phan tit két dinh v6i nhau

nhu zy, 2%y, y%z, ... sang mot vé. Tat nhieén né sé ¢6 nhicéu yéu t6 khéac, can phai dong nio dé
tim hudng giai quyét. Gio tiép tuc dén mot s6 cau cung y tudng.

Vay hé da cho c6 nghiém : (z;y) = (0;0), (2; —2), (—

)
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128 Tuyén tap nhiing bai hé dic sdc

P 4ry—2=0
Y’ +3zy+3=0

Cau 234 {

Giai

Day la mot cau trong dé thi thit ctia truong THPT Chuyen - DHSPHN. Y tudng clia né cing
nhu trén.
He viét lai nhu sau

{x?’:Q—xy

3_ o _ _
= 3wy — 3 = (zy)’=(2—2y). —3(zy+1)=0

(i)(xy)3—3(a:y)2+3xy—1:7<:>(xy—1)3:—7<:>xy:1—\3/7

Tat nhién dén day chd ai dién ma rat z theo y va thay vao phuong trinh (2). Tt 2 phuong
trinh dau ta hoan toan cé thé tinh duge x,y roi. T (1) ta co

x3:2—my:1+\377(:>x:\3/1+\3/7
y3:—3a:y—3:3\?/?—6(:)y:\3/3\?ﬁ—6

Vay hé da cho ¢6 nghiém : (z;y) = <§°’/1—|—\3/7; {’/35/7—6)5

Tu (2) ta co

53 + 3y® — 22y =6
323 + 2y + 3xy =8

Cau 235 {

Giai

Day 1a mot hé rat hay 1a phat trién hon ciia cau 234. 0 day la khong thé ap dung nhan tao an
mdéi ngay duge. Mudn duge thi phai dua né vé dang gidng nhu trén, titc 14 mdi phuong trinh
khong ton tai cd 2 phan tit 2° va 3%, Lam cach nao ? Rat don gian d6 1a coi 22,4 1a an chinh
con zy 1a hang s6. Nhu thé ta dige mot he ctia 16p 9, rat don gidn ta rit duge 22, y3 theo xy.
O day sé la

52 + 3y = 6 + 2zy 3 =132y — 12 (3)

323 +2y° =8 — 3zy Y= —2lzy +22 (4)

3,3 — — — S !
= oy = (13zy — 12)(=21ay + 22) < { zy = —137 + /19033

V6i zy =1 tu (3) va (4) dé dang gidirtaxr =y =1
V6i zy = —137 + V19033 tu (3)(4) suy ra xz = '\3/13(—137 +19033) —12 =

{3/13\/ 19033 — 1793 va y = {'/—21(—137 +19033) + 22 = {3/2899 — 21+/19033
Véi xy = —137 — /19033 tit (3)(4) suy ra x = v/ —13/19033 — 1793, y = v/2899 + 211/19033
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2.8 Cau 211 dén cau 240 129

Vay hé da cho c6 nghiém : (x;y) = (1; 1), ({’/13\/ 19033 — 1793; {’/2899 — 21/ 19033)
(%/—13\/19033 — 1793; /2899 + 21\/19033) O

23 — 8y =1+ 3y — 32%y?
8y® — 32% =1 — 3zy + 92292

Cau 236 {

Giai

Téc gia bai toan 1a thay Lé Trung Tin bén BoxMath. Nhin thi c6 vé kha giéng cau trén nhung
thite ra bai nay 6 level cao hon rat nhiéu. Trude hét ta hay cit lam quen thuoe da
Hé tuong duong

{—x3 =3z%y*+1 (1)
-8y =3zy+2 (2)
Lay (1) nhan (2) vé theo vé, ta dugc
23 4+ 62%y* + 32y +2=0 (3)
Day la mot phuong trinh bac 3 an zy tuy nhién nghiem kha xau. Hay thit két hop véi céc

phuong trinh khac xem.
Lay (3) tru (1) vé theo vé, ta dugdc

(zy+ 1P = say=0-1 (4

Thé (4) vao (1), ta duge
43 =124+1=0
& 30’ = (v —2)3

S V3r=1x—-2
sr=-1-+3-+9
1 Y3
Thay lai vao (4) va ta tim ra y = +2\/_
1 V&)
Vay hé da cho ¢6 nghiém : (z;y) = <_1_\3/__\3/§; +2\/_)D

\Cau 237

(x —y)t =13z — 4
VIFY+V3r—y=v2
Giai
Diéu kién : y < min{—x;3z}
Phuong trinh (2) tuong duong

ct+y+3z—y+2y/(z+y)(B3z—y) =2

x <
(2x

|l\:>||—

el -20=2/(z+y)(3z —y) &
1)? = 32% + 2zy — ¢*

S@—y)P=4r-1
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130 Tuyén tap nhiing bai hé dic sdc

Thay vao (1) ta duge

3
5 | v=—1
—1)2 = _ _ 1
(o1 =13r—deor= o y:EG
16
5 3 5 13
'~ h,\ ~ h Z h"\ . . — —_— - |:|
s oo ) (5-2). (51
~ 2?y? — 9r +4y* =0
‘Cau238‘ {x3+3x2—24x+2y+31:0
Giai
Phuong trinh (1) tuong duong
Oz r 20
2
by =73 :>{ 2<9_x:9 _§< <§
v VS T1 T 253

St dung két qua nay két hgp véi phuong trinh (2) ta dugc
P32 —Ur+3l=-2<3s (2-2>(2+7) <08z =2

3
Vay hé da cho ¢6 nghiém : (z;y) = (2; —5) O

Toi dua thém 1 vi du nita cho cac ban lam. Va tir rat ra nhan xét vé hinh thic ctia ching.

Cau 239

2y =20 +y> =0
223 4+ 322 + 6y — 122 + 13 =0

Nghiém : (z;y) = (1; 1)

23 —3zy? — 2+ 1 =19*—2xy — 22
Y3 — 3y’ +y —1=19%+ 2zy — 22

Cau 240 {

Giai

Hé kha dbi xting. Tuy nhién day ma mot bai toan kha kho choi.
Hé da cho tuong duong

r(x? —y?) =2z + (22 —yH) + 22y —2+1=0
y(y* —a?) = 22%y + (2 —¢y*) — 20y +y —1=0
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2.9 Cau 241 dén cau 270 131

Lay PT(1) —i.PT(2) ta dugc
(22 —y?)(z +yi) — 2zy(xi —y) + (22 —y?) (1 —4) + 22y(1 +4) — (x +yi) +1+i=0
& (z+yi)(2? —y?) + 2zyi(z +yi) + (22 —y*) (1 — 1) = 22yi(i — 1) — (x+yi) + 1 —i =0
S (z+y)(a® 4+ 2zyi — )+ (1 — i) (2? +22yi —y°) — (z+yi) +1+i=0
S@+y)P+1—d)(z+yi)—(r+yi)+1+i=0
SB2+1-iz—2z+1+i=0 (z =a + yi)
S (z—i)(P+2-1+i)=0
TH1: z =i & (x;y) = (0;1)
TH2: 22 +2—-1+i=0
1
a2 _ b =5 a==x 5(5+\/ﬁ)
4

A:5—4i:(a+bi)2<:>{
2ab = —4 b:q:i(\/4_—5) %(5+\/ﬁ)

) —2—/2(5+V41) 1
Dén day ta tim dugc z = 1 —|—i.§(\/4_—5) 5(5+\/ﬁ) hoic
—244/2(5 + V/41) 1 1
z= 1 —@'.g(\/4_—5) 5(5+\/ﬁ)

—2 —1/2(5 4+ /41)
4

ST =5) /564 VD) ),

Vay hé da cho c¢6 nghiém : (x;y) = (0; 1),

—244/2(5 4+ v41)
4

;—é(\/4_—5) %(5+\/ﬁ) O

2.9 Cau 241 dén cau 270

x n vy o 2\/xy
Cau 241 y—|—51 ZL‘—|—13 Vaoy +1

+ =4
Vr—1 y—1

Giai

Diéu kién : z,y > 1
Chinh vi diéu kién nay ma ta c6 bat dang thitc kha quen thuoc sau

1 1 2
>

_|_
r+1 y+1~ Jey+1
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132 Tuyén tap nhiing bai hé dic sdc

Phuong trinh (1) tuong duong

2\/x
SR (R A —
y+1 r+1 Vay +1
1 1 2(2y/ry + 1
<:>(:L'+y—|—1)< + ):( i+l (*)
r+1 y+1 Voy +1

r+y+1>2/zy+1
Ma ta c6 1 1 2 Vay (*) suyra VI > VP

+ >
r+1 y+1~ Jey+1
Dang thitc x4y ra khi # = y thay vao (2) ta dugc

(
8
z—1

=d&r=y=>5

Vay hé da cho c6 nghiém : (z;y) = (5;5)0

22420 —2=/—y? — 4y —2
Cau 242
au 242 {6w—y—11+\/10—4x—2x220

Giai

Diéu kien : 42 +4y +2<0,10 — 42 — 222> 0

Mot hé khé khé chiu. Khong lam #n gi ndi tit 2 phuong trinh. Danh gid c6 16 1a gidi phap cudi.O
day c6 can nen c¢6 18 sé duing AM — GM. Ta lai mo ra duge nghiem (x;y) = (1; —3). Day 1a co
s§ dé ta nhan chia hiang s6 phit hgp. Ta ¢6

—y? — 4y —1

(e r?+22-2=/1(-2—4y—2) < 5

2% o +y +4y —3<0 (¥)

Tuong tu véi (2) ta ¢

1
(2) & y—6x+11 =10 —4r — 222 = 5\/4(10 — 4z — 222)

14 — 4z — 242
§#@z2—10x+2y+2y+15§0 (%)
Cong (*) v6i (**) ta co

3r2 —6x +9y* +6y+12<0&3(x—1)2+(y+3)2<0

r=1
=

Thay lai vao he thiay théa méan.
Vay hé da cho c¢6 nghiém : (z;y) = (1; —3)O
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|Cau 243/ { v = y6d—aty

(x> +3)° =y +6

Giai

Ta co
y+6=(2+2)">2 =8 y>2
Xét (1) ta co
Y3+ 22 >8> /64 — a2y
Ding thitc xay ra khi y = 2,z = 0 thit lai thay théa man.
Vay hé da cho c¢6 nghiém : (x;y) = (0;2)0

2Vr —4—\y—1=2
x4+ /120 +y?> =19

Cau 244 {

Giai
Dicéu kien : o >4,y > 1
Phuong trinh (1) tuong duong
20 -8  y-—5
2V —4+4  VJy—1+2
Xétrx>8=y>5 . Khido VI =x+ /12 +9y*> >8+ V121 =19=VP
- Xétr<8=y<5H.Khido VI'< VP

Vay x = 8,y = 5. Thit lai thay thda man.
Vay hé da cho c6 nghiem : (x;y) = (8;5)0

Wr—d—d=y—1-2&

Cau 245

Giai
Dicu kien : o > -2,y > 0
Vi y = 0 khong la nghiém = y > 0. Vay ta suy ra

Vi+2>1 3(7 — V/33)
1 1 1 «!l%” 5
: 6 T Vm y>0
Gidasty <z —1 thi
3(7 — /33)
(1) ta duge v 2 S >2
vVe+2<l4++vz—1
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134 Tuyén tap nhiing bai hé dic sdc

3(7— /33
(2)tadu’dc r= ( 2 ) <:>3<7_—\/3_3)<37<2
' 1 1 1 2
E>6+x+1

R6 rang la vo ly. Tuong tu véi y > x — 1
Vay y = x — 1 thay vao (2) ta ¢
1 1

P

cr=2=y=1 (TM)

Vay hé da cho c6 nghiem : (z;y) = (2;1)0

Cau 246

{ Vr—5+\2y—4d=z—y+1

8v/y(x —2) +4 — 8y = (y — x)?

Giai

Diéu kién : z > 5,y > 2
(2) & 8yr — 2y + 4 — 8y = 2% — 2zy + ¢*
& vy — 2y) + 8wy = 2y +4 = 2 + 2vy + ¢
o BV T4 = (z )

2Vrzy —2y+2=z+y (3)

2Vxy —2y+2=—(z+y) (4
(4) loaivi VT > 0> VP
B)e2yylz—2)=(z-2)+y< (Vo — —\/§)2:0(:)x:y+2
Thay lén (1) ta co6

Vi—3+2y—4=3cy=4=2=6 (TM)
Vay hé da cho ¢6 nghiém : (z;y) = (6;4)0

Y+ /32— 2y + 6+ 322 =30+ V722 + 7+ 2
3y? — 42’ -3y +3x+1=0

Cau 247 {

Giai

Diéu kien : 3y — 2y +6 + 322 >0
Thay hé nay chita mot tam thic bac 2. Vay thit tinh A xem sao. Khong dude roi | Qua xau.
Nghi huéng khac. Nhan thay phuong trinh (1) chita mot can thitc kha bat on. C6 1é né lien
quan dén phuong trinh tht (2). Thit dung phép thé xem sao.
Tu (2) ta rat ra

3y — 2+ 64322 =T +y—3z+5
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Thay lén (1) ta dugc

y—30—2+/Ta2+y—3x+5=VT2+7
Dén day lieu di tiép dugc chit ? Dat /722 +7 =u > 0,y — 37 — 2 = v ta c6 phuong trinh
vHEVUWEtv=us vVuitv=u—uv

=u'—2w+v'=v'+v s vu—v+1)=0

Taco:2u—v+1l=u+(u—v)+1>0
Vay suy ra v = 0 < y = 3z + 2 thay vao (2) ta duge

3(3x—|—2)2—4x2—3(3x—|—2)+3x—|—1:0<:>[x [N 25

2
Vay hé da cho c¢6 nghiém : (z;y) = (—1;—1), (—%; 2—2) O

z N y :\/ 2+ V2
Cau 248 VI-y)(1-22)  O0-2)1-y) J0-22)1-y)

Dieukien: —1 <z <1,-1<y<1
Phuong trinh (2) tuong duong

/11—y +yv1—a2=1

Ta cb :

P42t -yt

V1 -y yVl—a? < /(a2 +32)(2 - 2% — y?) < 1

2
Diang thiic xay ra khi

Sr=y=+t—
yv1—y?2 =21 — 22 2

2
Thay vao (2) chi c6 z =y = > théa man.

24)

Vay hé da cho c¢6 nghiém : (z;y) = ( 5
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2 —_ =
Cau 249 23\/x+;y +y+3 3\/53 VI +2
Y4y —3y—>H=3r—vr+2

Giai
Diéu kien : y > 0,2 > —2
Chéc chan sé xuat phat ti (1). Tuong duong

2v/r+ 2 +y+3=3/y+Va+2

Ta co

3y +Vr+2=V3./B3y+1Vr +2<2\/3y +x+2
Gio ta chitng minh
2By +r+2<2y/z+y2+y+3e (y—1)2>0 (Right)

Déngthfrcxéyrakhiyzlva\/@: r+2=>x=-1
Thay vao phuong trinh (2) thay thoa méan.
Vay hé da cho c6 nghiém : (z;y) = (—1;1)0

z(2? + 1) + 2y (2 — 3y) + y(z — 2) = 2y°(1 + 5y)
(22 + 17y + 12 =4(x +y + 7)(2* + 3z + 8y + 5)

Cau 250 {

Giai
Van gitt nguyén tu tudng khi gap loai hé nay. Hodc nhém nhan tit duge hodc dat an phu. Néu
nhom nhan it ¢6 1& s& xuat phat tir (1) vi (2) qua do so.
Phuong trinh (1) tuong duong

(x = 2y) + (2% + 22%y — 3zy?* — 10y3) + 2y — 29> =0
& (x—2y) + (v — 2y)(z* + 4oy + 5y?) + y(z — 2y) =0

& (v —2y)(@? + 4oy + 592 +y+1) =0

. 1\* 3
Hiénnhiénx2+4ajy+5y2+y—|—1:($+2y)2+(y+§) +Z—L>O.Vaytarﬁtdu’ch:2y

thay vao (2) ta duge
(4y* 4+ 17y + 12)* = 4(3y + 7) (49> + 14y + 5)

Ta c¢6 thé nhan tung no ra roi giai phuong trinh bac 4, tuy nhién dé ¥ mot chat thi bai toan
gidi quyét nhanh hon kha nhiéu.
Dat 4y? + 14y + 5 = a, 3y + 7 = b. Phuong trinh tuong duong

—11 — 317 —11 — 317
y=—=r= ————

2 _ _ 12 2 9 _ 3 1
(a+b)*=4dab= (a—-0)* =04y +1ly—2=0< Ty R i
= — x:
8 4
—11 - 3VI7 —11-3y1 —11 4317 —11+3V17
Vay hé da cho c¢6 nghiém : (z;y) = ( 43 : 83 7) ’ < ‘23 7; —;3 7) 0
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y?+2

2 _
Cau 251 y - =2z -2

T
VyE+14+2e—1=1

Giai
Dieu kién : z > 0
Phuong trinh (1) tuong duong
2
2
syP+2-—x Vs g,
xr
2 2
2
PN Y DN SR g
x X

St=2&y*=4r -2

Thay vao (2) ta dugc

Vidr —1+ 2 —-1=1

Ta dat 2 can va dung mdot hé tam sau

at+b=1 a=1 1
{a2—2b3:1 (:’{b:o & 4I—1—1<:>£C—§:>y—0

1
Vay hé da cho c¢6 nghiém : (z;y) = (5, 0) O

2?2 —43r -2+ 10 =2y
P — 64y —3+ 11 =12

Cau 252 {

Giai

. 2 3
Dieu kién : z > 3y > 1
Cong 2 phuong trinh v6i nhau ta dugc

22— 438r -2+ 10+ > -6/ Ay —3+11 =2y +x
S Br—2-4/3r—-2+4)+(?—4dr+4)+(dy—-3-6yAy—3+9) + (y* —6y+9)=0

e (WBr—2-2 " +(@-22+(VIy—3-3) "+ -3?2=0

r=2
=

Thay lai vao hé thay thoa man.
Vay hé da cho c6 nghiém : (x;y) = (2;3)0
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138 Tuyén tap nhiing bai hé dic sdc

Cau 253 20 —-2)Vr+6=6—y
(r=2Vy+2=y+1va2 -4z +5
Giai
Diéu kién : o > —6,y > —1
Phuong trinh (2) tuong duong
r—2 7\/y—l—1<:> r—2 - y+1
Va2 —4dr+5 Vy+2  J(zr—2)2+1 \/(m)2+1
t 1
Xét f(t) = —=. Taco f'(t) = > 0. Vay f(¢) don diéu tang va tit do rat ra
f() \/m f() t2+1(t2+1> Yf() s g
> 2
r—2=\y+1l& t= . Thay lén (1) ta duge
y=x*—4r+3

2(r —2)Vr +6=—2* +42 + 3

=2 —2) (x/x—6—3> = 2?2 +15
r—3
T+6+3
RO rang véi dieu kién khi rat thi phuong trinh nay chi c6 nghiem z = 3 = y = 0.
Vay hé da cho c6 nghiém : (z;y) = (3;0)0

< 2(x —2) —(x —3)(x+5)

23y + 31yt — TP =1
22+ 2z + (zy — 1)? = 22%y

(Cau 254 {

Giai
Phuong trinh (2) tuong duong
w2+ 2oy +1-20%y =0 (zy —2—1)*=0

zy=x+1
Sry—r—-1=0& x+1
y:
x

Thay hét len (1) ta c6

1 1\°
(x—i—l)?’—i—?)(x—kl)x;— —7(93:; ) =1

S B3x+1P3+32%(x+1)2 = T7(x +1)3 =23
S 3(r+1)P2+32%(z+ 1) +3z(z+ 1) +1=2*+3z(x+ 1)+ 1+ 7(z + 1)3
S (@ +r+1)pP=8x+1)=(2z+2)3

$:1—\/5 1-+/5

=y =

s?-2r-1=0& 2 2
o V5145
2 Y=
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2.9 Cau 241 dén cau 270 139

Vay hé da cho c¢6 nghiém : (z;y) = <1 _2\/5; L _2\/5> , (1 +2\/5; L +2\/5> O

Ty?

2:52—%—(\/%1)(9;\/5_1)———0

2,,2 -
Cau 255 ) vy +1

Giai
Tac gid bai toan 1a anh Nguyén Binh. Day tat nhién 14 mot bai toan rat kho, doi hoéi nghe
thuat bién do6i kha tot.
Diéu kién : y # 0
Hé da cho tuong duong

(

zﬁ_%_(ﬁﬂ)xﬁ_ﬂ@—_(ﬁﬂ)

2$2+—2
Yy
V2
V2. X2 /3
22 U (i) o
Yy

\

V2

Dat 2z = a, — = b. He da cho tuong duong
)

ag—bQ—(\/i—i-l)a—a;/EC;ﬂ:—(\/ﬁqu)

V2b
2+b2:O

Qab—(ﬂ+1)b+a

Lay PT(1) —i.PT(2) ta dugc

(a2—b2+2abi)—(\/§+1)(a+bz’)—@Jr(\@Jrl):O

a?

Dat z = a + bi. Thi phuong trinh da cho tuong duong

27 2
2o (Vi) - a1 06 2 - (VI 1) L (V1) <0
2 =12
<:>_(z—\/5)(;:2—2+1):0<:> z:%—i-?i
: 1 V3
z2==——1
2 2
Véiz=v2=a=+v2,b=0 (L)
1 B 1
L1 V3 Je=35 W
VGIZ—§+TZ:> bzﬁ = y:&
2 V3
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140 Tuyén tap nhiing bai hé dic sdc

1 2V2 1 2V2
Vay hé da cho c6 nghiém : (z;y) = ; , ;— O
iy he ghiem : (2;y) (2\/5 \/§> (2\/5 \/§>

r—y=2y*+1
Vet+y+vr—2y=3y

Cau 256 {

Giai
Dicukien : v +y > 0,22 —y >0
R6 rang dé c6 nghiem thi y > 0
Phuong trinh (2) tuong duong

ViTut Vo= (it - (Vi)

SVrty=+/r—-2y+1
X1t i cai nay tot nhat ta sé sit dung he tam. Dat /z +y =a,/r — 2y = b. Ta c6 :

-b=1 —-b=1
a2 9 < ¢ S20=3y+1le2y/rty=3y+1ledr=97+2y+1
a®—b* =3y a+b=3y
Thay lén (1) ta co6
9y? + 2y + 1 9 y=3=x=22
A =2 le
1 gy y=-1 (L)

Vay hé da cho c6 nghiem : (z;y) = (22;3)0

a+yt o Y 3
Cau 257/ (T+y), z+y 8

Giai

Diéu kién z,y > 0.
Thoat nhin thay phuong trinh (1) kha thuan nhat. Dit 2 = ¢y chiang. Tuy nhien khi d6 ta sé
ra mot phuong trinh an ¢ khong dé choi mot chiit nao. Dé ¥ : dau bing xay ra tai x = y. Vay
phéi chang la diing bat déng thic ?
Ap dung bat ding thitcc Cauchy — Schwarz cho vé tréi cia (1) ta co
4 4 2 2)2 4
t+y >(a: +vy°) S (z+y* 1

(x+y)* = 2@ +y)* T 8 +y?t 8
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Ap dung bat ding thic AM — GM cho vé phai ta c6

/Ty 3<,/$y 3 1
r+y 8~ 2/zy 8 8

Dang thtic xay ra khi = y. Thay vao (2) dé dang gidirar =y = 1
Vay hé da cho c¢6 nghiem : (z;y) = (1; 1)

: e W RV
Cau 258 {&—El)(y—k%/@\/—?x(l—x)):zly vy

Giai

Doc huéng giadi va thit xem loai hé nay da roi vao cau nao roi nhé !
Phuong trinh (1) tuong duong

wrle—y(wm-2 -y oy _,
\/xy+(l‘—y)(\/@—2)+y VIV

y+ Ty —2 ? 1 0 ()
\/xy+(93—y)(\/@—2)+y VIV

Gid ta mong rang y + /Ty > 2. That vay, tit (2) ta c6

& (r—vy)

4
y+ﬁ:m+$2—$

Gio phai chiitng minh

2_g>2 —1)*(z+2) > '
x+1+x r>2& (r—1)(x+2)>0 (Right)

Vay tit (*) suy ra « = y thay vao (2) ta dugc

r=1
1+ /17
(z+1) 3z —2%) =4& | T 7
1—+v1
P LT
4
1 17 1 1
Vayhédéchocénghiémi(ﬂﬂ;y):(151)’< +4\/_7; +4\/_7)D

Mot cau gan tuong ti
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142 Tuyén tap nhimg bai hé dac sdc

r—3Vr+3=3/y—5—y
Vat+16(y —z) +y = 2,/7y

Cau 259 {

Giai

Phuong trinh (2) tuong duong

x — 16
(x_y)<\/x2—|—16 (y — ) + /7y J_y+y> o

Gio ta mong riang x < 16.
Phuong trinh (1) tuong duong

Yy—90—-3Vy—-5S+z+3-3ve+3+2=0

Am20®9—4($+3—3\/$+3+2)>0

6 2\/
S4(r+3)—12vVe+3-1<0&sVer+3< ———— p= & x <16

Vay tur (*) suy ra z = y thay lai vao (1) ta duge

2x:3(\/x+3+\/x—5) et - 923 1922 +324 =0

S ((@—-6722"+3x+9)er=y=6 (TM)
Vay hé da cho c6 nghiém : (z;y) = (6;6)0

~ (xy +1)P +z(y—1) =23 -1
Cau 260 {933—4:vy—420

Giai

Phuong trinh (1) tuong duong
(zy+ 1P+ (y+ )= +reayt+l=2

Thay xudng (2) ta dugc
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(x+6y+3)vrzy + 3y = 8y + 3z +9)y
V12481 — 24y + 417 = (y + 3)\/y — 1+ 3y + 17

'Cau 261 {

Giai

Diéu kien : y > 1,2 > —3, —22 + 8z — 24y + 417 >0
bat vz +3=a2>0,,/y =0b> 0 thi (1) tuong duong

(a* + 6b%)ab = b*(8b* + 3a?) & a® — 3a®b + 6ab® — 8b> = 0
& (a—2b)(a* —ab+4b*) =0 < a = 2b
Sr+3=4y

Thay xudng (2) ta dugc
AWVy+4)6—-—y) =wy+3)Vy—1+3y+17

Ta co :
od\/(y+4) (6 —y<2y+4+6—y)=20

o(y+3)Vy—1+3y+17>3y+17>3.14+17=20
Ding thic xdy rakhiy=1= 2 =1
Vay hé da cho c¢6 nghiém : (z;y) = (1;1)0

y = i
Cau 262 S VitV VT

Giai
Diéu kién : z,y > 0
Phuong trinh (1) tuong duong
1 1 2
—t+-——-2 —VY) +zy=0
T o 2 VE V)
1 1
S|l—=——) +2 (———>+:)3y:0
(5 @) (57
2
—I—xy) =0
(\/_ \/_
1
CFE

S Vr— Jy=zy=1r+y=71y+2/7y

Thay tat ca vao (2) ta duge

VIy+ 2y — (ay)? -4 =0 ay=1<r+y=3 <& 3_2\/5
z>y>0 Z/:T
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144 Tuyén tap nhimg bai hé dac sdc

C6 vé ban khusn vi sao x > y nhi ? Nhé lai phép bién ddi trén (1) c6 mot dang thic 1a
Vi—\y=zy. Vizy>0=>1x>y

Vay hé da cho ¢6 nghiém : (z;y) = <

3+\/5‘3—\/5>D
> 2

P+ 3y +y+4a? — 20+ 21 = 20+ 1)y2r — 1
222 — 11z +9 = 2y

Cau 263 {

Giai
Dieu kién : z >

Phuong trinh (1

S

tuong duong

v +3y+y+22y—9)+21 =2+ 1)vV2r -1

(y+1P+2y+1) =02z - 1DV2r —1++22 —1
Hai vé déu c6 dang f(t) = 3 + 2t va ham nay don diéu tang. T d6 ta c6 y + 1 = 22 — 1
thay xudng (2) ta dugc

r=1=y=0

2 _ _ —5)2 = ,— ?
20 =z +11=2V2z - 1& 2z -5 = (V22— 1+2) & =5y =2

Vay hé da cho c6 nghiém : (z;y) = (1;0), (5;2)0

=2
_ 1 — %+ y?
C 264 \/7
au Yy — x\/ 2% — 12 7

Giai

Dicu kien : 0 < 2?2 —¢y? < 1
Lay (1)+(2) va (1)-(2) ta dugc

'(1_¢T_yz)<x+y> 15

1 — 2%+ y? T )
< y
L K

Lay (3).(4) ta dugc
(wz—y2)(1—x2+y2):E@mz_ QIE
1— a2+ 42 16 Y " 16
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Thay lai vao (1) va (2) ta thu duge hé méi sau

V15 1 W15
IS S (TM)
y_ VI8 _ T — 74215
116

Vay hé da cho ¢6 nghiém : (z;y) = ( 7\/_ 7+ 2\/_>

9zy> — 24y + (2722 + 40)y + 3z — 16 =0
y>+ (92 — 10)y +3(z +3) =0

Cau 265 {

Giai
Y tudng bai toan gibng cau 222 nhung hinh thitc cong kénh hon.
Hé da cho viét lai

9zy> + 272y + 3z + y* = 25y — 40y + 16 - (9zy + 1)(y* + 3x) = (5y — 4)*
v+ 92y +3x+1=10y —8 (9zy + 1) + (y* + 3x) = 2(5y — 4)

R6 rang 2 s6 92y + 1 va y? + 3z 1a nghiém ctia phuong trinh
X225y —4H)X + 5y —4)?=0< X =5y — 4

T do suy ra

y=1=2=0
y? +3x =5y —4 3y(by —y*> —4)+1 =5y —4 - RN
Y SO
3 9
—1—4/21 7 -1 21 7
Vay hé da cho c¢6 nghiém : (z;y) = <T\/_;2_ §> , <+T\/_;2+\/;> ,(0; 1HO

3
T
Cau 266 =7 =WV (y+1)

4oy +1+8x = (4% — 4z — 3)Vr + 1

Giai

Diéu kien : z > —1,y > —1
Dé ¥ khi chia 2 vé cta (1) cho vz + 1 ta sé co lap duge 2 an va hi vong né sé c6 gi dé dic biét.
Thure hién phép chia va ta thu ducgc

2

Vil @anvern UTHVET
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146 Tuyén tap nhiing bai hé dic sdc

Ma ta co

7 T ?+at+r P rae+l) 7’ T

\/m+1+(x+1)\/x+1 4+ DVr+1l (e+DVr+1 (:E+1)\/$+1+\/x+1

Nhu vay phuong trinh (1) sé 1a

3

T T 3 T
—_— —i——:(\/ +1)+ +1< +1=
(\/:c—l—l) var+1 Y Y Y var+1

Hién nhién vi f(t) = 3 + ¢ don diéu tang. Thay xudng (2) va ta dugc

42
\/%+8a::(4x2—4x—3)\/x+1(:)4m2+8x\/x—|—1: (42° — 4o — 3) (z + 1)
x

2 _ 2 2e+2yr+1=2x—1)vVor+1
S4r”+8rvr+1+4(x+1)= (20 —1) (x+1)<:>[233+2\/x—+1:(1—2x)\/1:—+1

TH1 :
5
x:3:>yzzl
2t =2x -3)Vr+1&
4
po Y3 L 4433
2 2
TH2 :

270 = (=1 —22)Vo + 1 =42 + 42 + 52+ 1=0

Phuong trinh bac 3 nay c¢6 nghiém duy nhat nhung kha 1é. Cach gidi loai nay toi da néu & cau
215. )
Déi an o = 2z — 3 Thay vao phuong trinh va ta dua né vé

10822 +992 —10 =0

V11 1
bat z = r (a — —) thay vao phuong trinh ta dugc
a
5 10—3v159 4= /10— 3v159
11y/11 T TV C11VID
<a3 - —3> =10 & Hvil o 11vil
2 a & — 10 + 3+v/159 ,[10 + 3\/F
1111 11\/_

2 nghiém nay luon c6 dic diém la tich ctia ching bang —1. Vay nén 2 trusng hop thay vao z
déu ra mot két qua. Tt do suy ra

_ Jﬁ(@_l _ V11| 4/10 + 3159

Z P — R
6 .10+ 3/159
1 (s 11
== | v/10 4+ 3v/159 —
6 ( Y 10+3\/159>
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T do suy ra

x—é<\3/10+3\/15 — 1 )-%

V10 + 3v/159
4 2
Vay hé da cho c¢6 nghiem : (z;y) = (3; §) , (—£+—3\/§> , (a; ¢ —1) v6i

4 27 2 a+1
1 11 1
a= - <\3/10+3\/15 — > -

6 v/ 10 + 3v/159 3

N r+y*+9=06y7+ 5y
Cau 267
{ 2y —vVr—4)Vr=y+4

Giai
Dieu kién : z >0
Hé da cho tuong duong
2

(Vz—=3)"=y(B-y) )

=2y —-2)vVz+y+4 (4
T (3) ta c6 ngay y(5 —y) >0
T (4)taco Ao =y* =5y >0y —y) <0
T 2 diéu trén ta thay ngay diéu kieén rang budc da trai nguge nhau. Vay dang thitc xay ra khi

{y:O:x:9 (L)
y=5=x=9 (TM)

Vay hé da cho ¢6 nghiem : (z;y) = (9;5)0

Cau 268

vVr+2y+3+ 92+ 10y +11 =10
V122 F 13y + 14 + /282 + 29y + 30 = 20

Giai
Day 1a mot loai hé ciic ki khé chiu chit ¥ tudng khong khé may. Xuat hién kha nhiéu can thic
va dieu kien khong thé goi gon duge. Vay tam thai bo qua bude nay.
V6i loai nay thuong ta sé dit an dé c6 ging dua né ve thuan nhat. Tiic 1a nghi cach dat sao
cho hang s6 mat hét di.
bat u=x+4+y+1,v=y+ 2. Ta c6 hé méi nhu sau

Vu+v++v9u+ov =10
V12u + v+ v/28u + v = 20

:>\/12u+v+\/28u—|—v:2<\/u+v—l—\/9u+v>

Can thiic van kha nhiéu. Tuy nhién né dang thuan nhat. T d6 ta c6

5
\/12t+1+\/28t+1:2(\/t+1+\/9t+1)<:>t:Z
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)
T d6 rit ra u = 7 Thay vao (1) va ta tim duge

U=29 r+y+1=5 T =2
<~ 54
v=4 y+2=4 y =2

Vay hé da cho c6 nghiem : (z;y) = (2;2)0

- Vi—r+ay/T—y=1
Cau 269 {3(1_\/@(1+\/5)y:2

Giai
Diéukien : 0 < z,y <1
T (2) ta suy ra

1+\/_:1_2\/§

Ma ti dieu kien : z < 1. Tudésuyraz=1=y=0 (TM)
Vay hé da cho c6 nghiém : (z;y) = (0;1)0

>2&02>1

r+3=2y/By—xz)(y+1)

Cau 270: 5
\/&yi__,/x;_ =y — 2y — 2

Dicukien:y > 22> —53y >z

(1)@4(3/—#1):3y—x+y+1+2\/(3y—x)(y+1)

@ (VIT D) = (Va4 VT D) e | YUIT VI T ey

Thay xudng (2) ta dugc

V3y —2—y+2=2y> -3y —2

2(y —2)

\/3y_2+\/y+2=(2y+1)(y—2)

Ta co /3
2 3 7
<—7=2y+12>5
V3y—24+Vy+2 = 2 3
Tacla VP >VT vaytudosuyray=2=z=1

Vay hé da cho ¢6 nghiém : (z;y) = (1;2)0
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2.10 Cau 271 dén cau 300

4
6va? —6x+5= (x+2—§) (x2+—)
x x
VT4 V10 — z = y?

Cau 271

Giai

Dicukien : 0 < 2 <10, 2 =62 +5 >0
Phuong trinh dau tuong duong

6% Va3 — 62 + 5 = (v° + 21 — 6)(2° + 4)

Déyad—6x+5=(x—1)(2>+x—-5)vaa?+22—6=(r—1)+ (22 +2 — 5). Dya vao diéu
kien thi hién nhien x — 1 va 2% + 2 — 5 ciing dau. Két hgp théem phuong trinh (1) 2 dbi tugng
trén phai > 0. Ma nhu trén ta tach duge vé tong-tich. C6 vé sé diing AM — G M. Nhan thay
x = 2 la nghiém, ta dua vao d6 dé tach cho phit hop. Ta ¢

(@2 + 20 —6)(2° +4) = (@ + 2 —5) + (x — 1)) <%+‘%+4)

>2.4/(r — 1)(22 + 2 —5).322 = 62°.Vad — 6 +5
Ding thiic xay ra khi 2 =2 = y = £/3v2

Vay hé da cho c6 nghiem : (2;9) = (2; v 3v/2), (2; —/3v2)0

y+ay=5+z
2 (aty® —y® +2y) = 5+ 2

Cau 272 {

Giai

Dit 23y = a, 2 — 2y = b . Hé tuong duong

2y — (v —2y) =5 a—b=5 a= 3y = r=1
g g =g <~
25y — (x —ay)? =5 a? - =5 = -2 T —ay=—2 y=3

Vay hé da cho c¢6 nghieém : (x;y) = (1;3)0

Giai

Hinh thic bai hé kha cong kénh, diéu kién lai rac roi nén tam thoi ta bé qua bude nay.
V6i 3y > z. Hé da cho tuong duong
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8 6y
4 _ _
s (LR LI R S (R
(3y —z)*+ = do — 3zy 23 + 2793 = 4z ~ 21y° 4
T+ 3y I =n
3 2
Dat—y:a,—zzbtathudu’ochéméi
x x
Itat=2 3y 2 2
a = _— = — = —
1+ b =2a z 22 YT %
Thay vao (3) ta duge
[ 2
2
2 _ x:—\/§:>y:—£
x6—4x4+820<:>[x_2 & 3 2
2 =1++5 r=V1+V/5=y=
3 1+é§
r=—V1+Vb=y=—
I 1++5

Cht ¥ céac diéu kien ban dau dé loai nghiem.
TH3 loai vi 3y < x

TH2 loai vi khong thoa can

Chi ¢6 TH4 thoa.

2
Vay hé da cho ¢6 nghiém : (z;y) = <— 1++/5; —

— |0
3 1+\/5>

Cau 274

{ (x—y+272%+ (> +4x+3)(y* — 1) =81
VIV —2=/(z+1)(y—1)

Giai

Diéu kien : 2 > 0,y > 2
Phuong trinh (2) tuong duong

r+y—24+2y/x(y—2)=axy—z+y—1
& (xy —22) — 2¢/zy —2x+1=0

1
(:)(\/xy—Qx—1)2:O<:>a:y—2x:1(:)y:—+2
T

Thay lén (1) ta dugc

1\? 1 ?
(x——) +(:E2+4x+3)<(—+2> —1):81<:>4(x+1)4:81:v2
x T
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1
r=-=y=4
2 5t
= x:2:>y:§
—13 + 317
T = (L)

4
1 2 . o 1 5
Vay hé da cho ¢6 nghiém : (z;y) = (—;4) , (2; 5) O

N}

[ 2
1/91:+Q+2 Y+ =4
Cau 275 & 4
2z Y
(?_1)(5_9):18

Giai

Mau chét & day c6 18 1a tim cach bién ddi khéo 1éo phuong trinh (2) béi (1) cho nhu kia c6 16
chi goi ¥ cho chiing ta huéng dat an phu.
Phuong trinh (2) tuong duong

(22 — y*)(y — 92°) = 182%y* & 92%y® + 182° +y° = 2zy

922 183 3 182 2
PN e e I DY S Y
X

Ty
2 2 2
m(w_x)ﬂ(yi) _4s (004 Y) (y+ﬁ) .y
Yy T Yy x Yy

3
Nhit vay diit /92 + 2 = a, [y + — = b ta ¢6 he
z y

9$+—:4 2
2b=14 9 =4
ot sSa=2b=1s ok o f+y v
ab =2 y+=— =1 VP A2r =y
)
= 4 — 972 r=0 (L)
g JU=do o = 1 1
(4z — 922)% + 2z = 4z — 922 $:§:>y:§

11
Vay hé da cho c6 nghiém : (z;y) = (5, 5) O

2 2
Cau 276 -y Tyt
i

Giai
Thoat nhin c6 vé don gian nhung day 14 mot bai tuong déi. Can chd y that tét trong bién doi
déng thic dé dat duge muc dich.

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



152 Tuyén tap nhiing bai hé dic sdc

Dieu kien : z,y # 0,2 # —y%,y # 22
Phuong trinh (2) tuong duong

5 2 2 _
R P N A il
Y x
2 2
Déndaydatx y:a7m+y = b ta c6 hé méi
T Yy
3
1 5 , =gy
4= 1 5 22 —y) == 1
a b Sa=—-,b=-& ) Slr=1y=-
b+ 5a = 22 2(z +y?) = by A
r=ZYy=3
2 2

Cau 277 (x+y+1)+(x—y+1)2:

Giai

Diéu kién : y # £(x + 1)
T phuong trinh (2) ta c¢6
(e+1)? -y’ =1le@—y+)(z+y+1)=1
1 1
:a,’
r+y+1 r—y+1

ad + b =2 a= r+y+1= =0
<~ <~ <~
ab=1 b=1 r—y+1=1 y=0

Dat

= b ta ¢6 hé mdéi

20 —y — xy? = 2xy(l — )

1 2
(22 + 2y%) (1 = —) =12

Cau 278

Ty
Giai
Diéu kién : z,y # 0
Hé da cho tuong duong
(22%y — 2y?) + 22 —y = 22y 2v(zy + 1) —y(zy + 1) = 2y
1 2 <41 2 1 2
(2 + 2% +—+1)=12 ——|——x—|-x2_|_2 __|__y_|_y2 - 12
vy wy yv: oy r?
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1 1 1 1
()= () =2 [ (o) - (G) -
Yy x Y x
= 1 2 1 2 =4 1 2 1 2
<x+—> +2<y+—> =12 (JJ+—) —l—2(y+—) =12
Y Y Yy x

1 1
bat —+x =a,— +y =0 ta ¢6 hé mdéi
x

Y
r (
{
29 —b=2 a:2,b:2 —+y=
! & 2 22 & | b 5
a? + 2b* = 12 a=-—=b=—— l4r=-=
9 9 x
Y 9
1 S22
L \T S 9
TH1 : Dédang gidiraz =y =1
TH2 : Hé da cho tuong duong
2
=< 1 22
xy+1=——2:B —+11x:—§ (VN)

9 X

Vay hé da cho ¢6 nghiem : (z;y) = (1;1)0

2+ 102* + 4223 — 120 — 56 = 3° — 2¢°
2322 + 297 + 26 = 93

Cau 279 {

Giai

Trude hét nhin vao phuong trinh (1) thay s6 mii kha cao. C6 18 n6 gan 1a mot hiing dang thiic
nao dé. Ta sé& phai them mot lugng phit hop tit (2) vao. Tiép tuc dé y vé trai phuong trinh (1)
c6 x5 + 102t C6 vé sé 1a (z + 2)°. Vé phai c6 y° vay ta thit cho y = x + 2 thay vao hé xem. Ta
s€ cO
—4x3 + 682% + 681 + 72 =0
23— 1722 — 172 — 18 =0
Vay ta lay PT(1) + 4.PT(2) vé v6i vé va ta thu dugc
(x+2)°+2@+2)P° =y’ +2 @ y=0+2
Thay vao (2) ta duge
22— 1722 = 1T — 18 =0 =18 =y =20

Vay hé da cho ¢6 nghieém : (x;y) = (18;20)0
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154 Tuyén tap nhiing bai hé dic sdc

- 491522 + 16394y® = 1
Cau 280 {3x+y:1
Giai
Thé y =1 — 3x len (1) ta thu duge
37% +3(1 — 31)° =

214

Mot phuong trinh bac khé cao. Loai nay ¢6 1é chi danh gid méi diét duge. Nhin hinh thic cé
16 sé dimg Cauchy — Schwarz dé danh gia.

Ta co
1 1
VT:Z(1+1+1+1)($8+l‘8+1’8+(1—3$)) Z(l‘ + 2t + ot +(1—3x)4)2
1 4 4 4 2 1
64(1+1+1+1) (z* +2* + 2" + (1 — 32)*) L

Déang thiic xay rakhi z = ~ = y =

4
(z;y) =

Vay hé da cho ¢6 nghiém :

/\,z;u—n

11
i Ny
4’4)

a 1
X

Giai

Diéu kien : o # 0,y > 0
Xét phuong trinh (2) gia sit c6 nghiém thi hién nhién o > 0. Ta c6

1 / /
(l’—i—y) (xy+—) > 2 x.g.2 ﬁ:él
x x x x

Dau bang x4y ra khi

Thay vao (1) thay thoa man.
Vay hé da cho ¢6 nghieém : (x;y) = (1;1)0

Cau 282

(\/x2+y+\/x2+3>$:y—3
Val+y+Jr=x+3

Giai

Diéu kien : o > 0,22 +y > 0
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2.10 Cau 271 dén ciu 300 155

Phuong trinh (1) tuong duong véi

(y —3)x _
V2 +y— Va2 +3

y—3

TH1 : y = 3 thay vao (2) ta dugc
??+3+Vr=2+3
Tién hanh binh phuong 2 1an ta thu duge phuong trinh sau :
4o — 252 — 487 — 36 =0

Phuong trinh bac 3 nay c6 nghiém duy nhat 1é. Phuong phap to6i da néu & cau 215. Coi nhu
mot bai tap cho ban doc.

1 . .
Nghiem : x = - (25 + /45001 — 1080v/251 + /45001 + 1080\/251> 0

TH2 : /22 + y — V22 + 3 = x thay xudng (2) ta dugc
V2 +3+Vr=3cr=1=y=38

Vay hé da cho ¢6 nghiém :

1
(z;y) = (1;8), (E (25 + /45001 — 1080+/251 + v/45001 + 1080@) ;3> 0

=

Y.

y —=
423 + y* 4 322./x) (15 + y) = 3V (y /Y + 2/y + 4a/x)?

Cau 283 {

Giai

Tac gia bai toan la Hoanghail195, mot Smod trén dién dan k2pi. Nhitng bai hé ctia anh thudng
la ciic manh, ¥ tudng day tinh danh dé va théach thiic.
Diéu kien : z,y > 0
Dit /x = a, \/y = b hé viét lai thanh
a* + 2a%b = b°
(4a® + b6 + 3d5)(15a + b%) = 3a (b* + a2b + 4a3)’

Ta c6 : a = b =0 1a mot nghiém cua he.
Gio xét a,b > 0. Dat b = ka. Phuong trinh (1) khi d6 tré thanh

1+ 2k
=

142k =ak’ = a=

Phuong trinh (2) tré thanh

(4a6 + aSk® + 3a5) (15a2 + k2a2) = 3a (k3a3 + a’k + 4a3)2
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156 Tuyén tap nhiing bai hé dic sdc

Thé a tu (*) vao ta duge

3% 1+ 2k
4+ kS = (K 4+ k+4)?
( - +1+2k:) (5+ 3% ) (Wt kt4)

Ap dung bat ding thic Cauchy — Schwarz cho vé tréi ta duge

2

3k 142k
14 2k" 3k3

VT > 5(4+k6)+\/ = (\/(22+12)(4+k6)+k>22(4+k3+k:)2:VP

Ding thic xdy rakhik =1 a=b=3 oz =1y =09.
Vay hé da cho ¢6 nghiem : (z;y) = (0;0),(9;9)0

41 1
9\/7<x2—|—2 >:3—|—40x
Cau 284 Ty
22 + by + 6y = 4y> + 92+ 9
x,y >0

Giai

Tiép tuc 1a mot cau cyc manh va hai nao ctia Hoanghail195.

Phuong trinh (1) tuong duong
1 6 + 80z
82 | z? =
\/ (x + 2z + y) 9

Ta cb

6
9x +

1 1 3
VT = /(124 92) | 22 + >+ ——| > — > _
\/( >( 2x—|—y>_' 2x+y'_ VI2z +y) 20 +y+9
:>6+80x> 6
9 T 2x+y+9
Lay (*) cong véi PT(2) ta thu duge

&3z -2 —zy+6y>0 (%)

—? tdry — 4P+ 12y —62-9=0>0 —(2 -2y +3)2 >0 2+3=2

Dé cac dau bing trén xady rathiz =y =3
Vay hé da cho c6 nghiém : (z;y) = (3;3)0
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2:()

Y
T e+
, Vitattu Y
x—2+2\/m+y2:3
Y

Cau 285

Giai

Diéu kién : y # 0
Hé da cho tuong duong

Y

vy (VIT —a) 442 =0 (E+y)+(m_l~)—o
GHJ) P2V -2) =3 (§+y)2+2(m—x):3

Dt ~ +y=a,vI+a2—x=>b>0. He da cho tuong duong
y

xr
a+b=0 a=-1,b=1 —+y=-1 x=0
=4 S Y =
a?+2b =3 a=3b=-3 (L) VEFl=z+1 y=—1

Vay hé da cho ¢6 nghiém : (x;y) = (0; —1)O

(x —y)? <\/3x2—xy+2y2+2+1> =3
202 + P +ay =1

Giai

Mot kinh nghiém nhé : khi nhin thady mot can thic v6i biéu thitc kha dai nhu kia, thuong thi
tac gia c6 y dé vay nham khién ching ta st dung phép thé tit phuong trinh con lai.
T phuong trinh (2) ta c6

32 —axy + 22 =1+ (x —y)?

Thay lén (1) ta dugc

(2 -y (Ve —yP+3+1) =3t (Vit3+1) =3 —(@—y)* >0

— )2 =1
st=10{@7Y
202+ +ry =1

Day 14 mot he dang cap bac 2 khéa don gidn, viéc giai né xin nhuong lai ban doc.

1 1
Vay hé da cho c6 nghiém : (z;y) = (—Z; Z) , (%; _Z> ,(0;=1), (0; 1)
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158 Tuyén tap nhiing bai hé dic sdc

2 2
Cau 287 54y
| y@®—1) _

Ol = Ot W

Giai

Dieu kién : 22 +y?> # 0
Mot bai toan kha hay va dic sic vé mit y tudng.
Hé da cho tuong duong

2y +a° 3z

-

2+y2 5
y2:€2—y2_4y )
ST - @
ety )

Lay (3)-(4) ta co6
3r 4y a2+ 9P
— — = =——"=13r—4y=5
5 5 22+y° e

. 4
Dén day rat x = Y thay vao (1) ta c¢6

1

5+4 5+ 4y e _ _ =

5.ﬂ.(y2+1):3( i y) Y3 e | VT Tlm =g
3 3 y=1=x=3

1
Vay hé da cho c¢6 nghiém : (z;y) = (g, —1) ,(3; )0

422 + 1

22% + 3 = (42 — 2yx?)\/3 — 2y +
Cau 288 T
V2B -2y—

20+ 1

Giai
N 1 1 3
Diéukién:x%O,m#—§,—§§y§§
Chia 2 vé ctia (1) cho 2? ta dugc
1 4 3
——3——2+—+2:(4—2y)m
22z
1\* 1
e(1-2) 4+ (1-)=6-20v3—+/3- 2y
T T
Sl—-—=43-2y

Thay vao (2) ta c6

L+ I V22 + a3+ 1+ 2
r o0 + 1
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1
& 2z +1)/14+ = = (z+2) + V222 + 23
xXr
1L 1 2 .[2
e R RV
xr
1 1
Sq/1+ \/—+1<:>\/t+1—\/2t+1 (—:t)
xr X

1

0A4t>—= 14++/5 V5—1 3+5
= 2 St= < xr = =Yy=
(t+1)% = (2 +1)2 2 2 1
5—1 3 5
Vay hé da cho c¢6 nghiém : (z;y) = <\/_2 ; +4\/_> O

x+1—6y
Cau 289 y T

33 — dx?y® + 2y + 5yd =1

Giai

Diéu kién : z,y # 0
Hé da cho tuong duong

22y + 2 = 6y>

(zy —1)° = =By’ + 2%y* + 2y
Ta c6 : —by® + 2%y* + xy = =5y + (6y? — 2)y + 2y = ¢°

Vay (2) tuong duong
1
zy—l=y&sy=——
r—1
Thay 1én (1) ta c6

6
—l=—r=2=y=1
r+x =1 x Y

Vay hé da cho ¢6 nghiem : (z;y) = (2;1)0

A 1—|—xy:2—
Cau 290 $_y_1_§/x

Giai

Thoat nhin thi hinh thitc ctia bai hé cha c6 gi to tat ca. Tuy nhién, day la mdt hé cuc
manh, mot sieu hé dich thuc. Tac gia ctia né han da sang tac dua vao cac phép toan clia ham
Hypebolic. Toi sé gidi thiéu cho ban doc 2 cach ctia bai nay. Mot cach hoc duge con mot cach
1a lam duogc.

Dieu kién : oy # £1,2 # 3,y # 2
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160 Tuyén tap nhiing bai hé dic sdc
Cach 1
-1 -1
bat z = Z+1,y: Z+1. Hé da cho tuong duong
u—v  2—u
u+v, 2+4u
w—1 3—-v
w+1  3+v

Ap dung tinh chét ti le thitc cho phuong trinh (1) ta c6

u—v_2—u 2—w _2+U—2u

u+v 24u 2u4v+2 2—w
= 2-v)>2+R2+v) - u=20 ()

Tuong tu ap dung cho (2) ta c6

uv—l_S—v 3u — uv 3u—1 _3u—|—1—2uv

w+1 3+v 3utuww 3u+14+2uv 3u—1
= (3u—1)%= (Bu+1)* — 4u*® & 3u=u*? ()

T (*) va (**) ta c6 hé méi

2=2 9
{u2 ! s u=12ueu=vVI12,v= i/;
u

: (e
V12 -1 2

T\ W
V12 +1 </§
5+1

Céach 2:

Phuong

trinh (1) tuong duong
1-2 1 1 — —1
r+y 4 1-2 +Dy+1) _ =3F-1
1+ zy 2—2’g o 1+ 2y 2—y
vty o, _1=2% —(@-1D-1) —(y+1
1+ zy 2—y 1+ zy o 2—y

(z+1)y+1) 14y

el WD BT -1 =) ()
y+1 :2—y

Tuong ty véi phuong trinh (2) ta cing c6

x—y+1:1—3x —(z+1)(y—1) —4(x—-1)

+1 =

11—y - 1—ay 3—x
vy _1-3c  T) (@-DE+1)_-2@+1
1—uay 3—x 1—2xy - 3-=z

& 2Ae 1P+ =(@+1 -1 ()
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161

—1
Tit (*) va (**) ta dit a = —

+1 .
i va ta lap mot hé méi

s +17  y—1

\s/§_
9 r—1 . 1 2
—3a = b? b=¢/—2 T y =
2 r+1 12 9
1 & & & 5/
{—2&:5 1 y+1 [ 9 5 1
a = _— _— = ——
12 y—1 2 V121
Y12+ 1
/9
o yi2-1 \z 7!
Vay hé da cho c6 nghiem : (z;y) = | - , O
12+1 /9
§+1

2?2 + 1)+ 2y + 2 +1)=3
(x> +2)(y* +y) =1

Cau 291

{

Phuong trinh (2) khong tu nhién khi vé trai khong day nhan ti chung ra ngoai. C6 1& néu dé
nhu vay c6 kha ning sé 1o ¥ tudng dat an phu. Ta da mudong tuong ra mot phan ¥y tudng, gic
chi can bién doi nita thoi.

Hé da cho tuong duong

Giai

(wy +a) + 2y +y) =3  _ Jy+a)+20@y+y)=3 _ Ja®+20=3
zy(x+1)(y+1)=1 (xy +y)(zy+2x) =1 ab=1
[ zy+ar=1
a=1,b=1 zy+y=1 T = :_1;\/5
1
< a=—-2,b=—= < Y+ = -2 < V5 —1
| (T T
—1—-—+v5 —1—-+/5 5—1 v/o—1
Vayhédéchocénghiém:(x;y):< 2\/_; 2\/_>,<\/_2 ;\/_2 )D

20+ (x+y+ NSy + 7+ + T2 =0

3z% + 35x + 98
& Sxf7 +3@+T) =y (Vo +7—2)

Cau 292

Giai

Hinh thitc ctia bai hé kha cong kénh. Nén dit an dé giam b6t cong kénh.
Dieu kién : x # —7
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162 Tuyén tap nhiing bai hé dic sdc

bat /x + 7= a,y = b. Hé da cho tuong duong

2a° 4+ a% — 7a® 4+ 2a%b + 20 = 0
3a% — 7a® + 3a* — 2ab* —a*b =0 (%)

Hé nay bac kha cao. Tuy nhién mot cach hoi ban nang dé la ta trit 2 phuong trinh cho nhau,
1§ do kha hai hudc va hién nhien dé 1a lam mét 7a® di. Trit 2 phuong trinh cho nhau ta dugc

a® — 2a® + 3a* + 2ab® — 3a*b — 203 = 0 & 2(a® — b*) — 2a(a* — b*) + 3a*(a®> — 1) =0
& (a® = b) (2(a’ + a®b + 1) — 2a(a® +b) + 3a®) =0
& (a® = b) ((a* — 2a® + a?) + (a* + 2a%b + V*) + (a* — 2ab + V*) + a®) =0
& (a®>=b)((a*>—a)* + (a®>+ b2+ (a—b)*+a*) =0 b=d?
Thay lén (*) ta thu duge
3a® = 7a® + 3a* — 2a° —a* =0 3a® + 20> + 20 — 7 =0

Sa=1=>b=1r=-6,y=1
Vay hé da cho ¢6 nghiém : (x;y) = (—6;1)0

Cau 293‘ { (1’ - y)2 + 4<$ + By) =28 + 8‘\/ y(as - 2) + 8\/(y - 2)(33 — 4)
V=2 —4)+2/(y=3)(x =5) = (y — x)

Giai

Ban doc c¢6 nhan xét thay rang nhitng hang ti trong can c6 vé rat khiéu khich ngudi lam khong
? Chiing khac nhau nhung déu tuan theo 1 quy luat. C6 vé nhu la = y + 2. Vay c6 kha nang
sé rat dugce bang cach lién hgp hoac danh gid mot phuong trinh nao dé. Néu lién hgp thi chac
chan phai xuat phat tir (1). Ta chuyén 28 sang 16i lien hop 2 cin xem duge gi khong? C6 vé
khong ra. Vay phai dimg danh gia dé diet, tat nhién bai nay danh gia kha kho.

Phuong trinh (1)

S22 +y? -2y +4r+ 12y +4 =32+ 8/y(xr —2) + 8/ (y — 2)(z — 4)
Sal+(y+2)2=2 :xy—Qx—4y+16+4m+4\/(y—2)(m—4)}
St (y+2? =2y -2 -0+ 4y - D@ — 1) +8+4/y(e - 2)|
S+ (y+2)?=2 _<\/(y—2)(:v—4)+2)2+4\/m+4}

Ta thyc hién cac danh gia sau

4 (y+2)?>22(y+2) =2 —2+2(y+2)
Z2<«/y(x—2)+2>2:2[(y—2+2)(x—4+2)+4\/y(x—2)+4}
> 9 {(\/(y—2)($—4)+2>2+4\/y(x—2)+4] — VP
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Déng thiic xay ra khi

rT=1y+2
r—2 2
y 2 ©r=y+2
r—4 2
y—2 2

Thay xudng (2) va ta thu dugc

Yy
ly —2|+2y—3|l=4< [y

10 4
Vay hé da cho c6 nghiém : (z;y) = (6;4), (—O, —) O

3
(x —2) 1+—x:2x—y
Cau 294 y

Giai

. 3
Diéukién:y%o,—x—l—lzo
Y

Hé da cho tuong duong

Dit £ =, = = b. He da cho tré thanh

< | =

—2b)v/1+3a=2a—1
{(CL ) +oa a :>1/1+3a<a—26—|—1):2a(a—2b+1>

V1+3a = 2a% — 4ab+ 1
THI1 : 2a =+/1+3a < a=1<%< x=y. Thay vao (1) ta c6

2@ —-2)=cerx=y=1

2
TH2:a+1:2b@§—|—1:—@x—ky:Q.Thaylén(l)tacé
Y Y

3(2—y)

—y4/ 1+ =22—y)—yecy=2=2r=0

Vay hé da cho c6 nghiem : (z;y) = (4;4),(2;0)0
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Cau 295

yS + 3+ 2202 = /oy — %y?
1
8xy3+2y2+§ =42t + 322 + .+ 2\/1 + (22 — y)?

Giai

Diéu kien : 0 < 2y < 1
Ta c6 cac danh gia sau

1-— 1
Yo+ + 227 = xy(l—wy)SLgxy_2
20 +2 +422 <1 1>20%+29° +42% ()

1
8a:y3+2y3—|—524a74+3x2+x—1—2 (k)

Cong (*) v6i (**) vé v6i vé ta duge
3 5, 3 6 3 2 4 2
8zy® + 2y +§22y + 2y° +4x” +42* + 3x° + v + 2
1
<:>2y6—81:y3+4x4+7:c2+:1:+§§0

1
& 2(y° — day® + 42%) + (4m4 — 272 + —) +

x2+x+1 <0
4 4 ) —
1\? 1\?
<:>2(y3—2x)2—|—(2x2—§) +<x+§) <0

1
@{"’3:_5 (TM)
y=—1

1
Vay hé da cho c¢6 nghiém : (z;y) = (—5; —1> O

Trude khi dén cau tiép theo ta cling xem xét bai toan sau :
Xét s6 phiic

z=a+bi=(z+yi) = 2*+ 32%i + 3wy*® + *i* = (2% — 3xy?®) + (32%y — )i
Can bang phan thic va 4o ta duge hé sau
2 —3xy’ =a
322y — P =10

Chon a,b va ta duge nhitng hé ding cap bac 3 vo ciing danh dé. Toi sé néu mot vai vi du cho
ban doc.
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2.10 Cau 271 dén ciu 300 165

3 — 3xy? =

Cau 296

U | ot
1\3%
w

3r%y —y* =

Giai

R6 rang 14 mot hé déng cap bac 3 tuy nhién nghiém thudc loai siéu xau, don gidn vi né ché tit
bai toan kia ra. Ta sé suy nguge lai dé giai no.
Nhéan phuong trinh (2) véi i ta duge

5v/3
3a2yi — 2% = %_z

Bién ddi mot chit dong thoi cong véi phuong trinh (1) ta duge

23 + 3xy%i® + 3ayi + %% = = +

| Ot
ot
L\:)QI
w

1 V3 T .
<:>Z—5<§—|—2.7>—5<COS§+ZSH1§> (2 =2+ yi)

Theo cong thitc Moivre ta thu duge cac nghiém sau

[ z = f’/g(cosg—i-ising)
22\3/5 (:057—7r—|—z'sir17—7r
9 9
1 1
z = \3/3 cos%v%sin%)

Vay hé da cho c¢6 nghiém :
. 7 7 , 13 13
(r;y) = <\3/gcosg; /5 sin g) , (\3/5005 g; /5 sin ?ﬂ) , (\“/gcos Tﬂ; /5 sin Tﬂ) O

~ % — 3zy? =
Cau 297 { 302y — 1 = 1

Giai
Lam tuong tu ta sé dugce

(I+yi)3:1+i:\/§<cos%+isin§)

T do ta tim duge nghiém :
177

. T T . 3T 3T . 17
) = (V2 —-°2'—) U2 cos s /2sin 2 ) | (/2 cos ——; §/2sin — | O
(x;y) <\/_cos 127\/_sm 3 ,(\/_cos 47\/_sm 4),(\/_008 12,\/_Sln 12)

Mot vi du nita la bai tap cho ban doc
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166 Tuyén tap nhiing bai hé dic sdc

3_ o2 _
Cau 298 {x sy =1

Néu bai toan gbc phia trén ta nang thanh bac 4,5 thi ta sé dudc nhitng hé déng cap bac 4,5
khéa danh dé. Mot 15i khuyén nhé cho céac ban : khi gip nhitng hé ding cap nghiem qué 1é, hay
nh6 dén bai toan trén, rat cé thé ¥ tudng ciia né la thé.

Cau 299

{ r+y)(z+1D)(y+1)=bzy+ (z+y+1)3

V2—z)z-1)=/B-yly—1)

Giai

Mot bai toan hap dan. Hay cting toi phan tich né.

Truée hét nhan thay su bat on trong phuong trinh (2). Tai sao lai la /(2 —2)(x — 1) =
V(3 —y)(y — 1) chtt khong phai la (2 — z)(x — 1) = (3 —y)(y — 1). Phéi chang tac gia ¢6 ¥ dé
nhu vay hong tao diéu kién ctia an dé danh gia mot cai gi do ?

Tiép theo ching ta dé y phuong trinh (1). Néu tinh ¥ ta sé nhan ra sy thuan nhat ctia 3 bién
x,y, 1. Dac biét nghiém ctia heé lai 13 # = y = 1. Phai chang 13 3 bién bang nhau ? C6 vé mii
bat dang thitc da thoang thodng dau day. Dé dua vé 3 bién ta khong ngai dat thém an.
Dicukien: 1 <2<2,1<y<3

bat z=1thiz > 2,y > 2

Phuong trinh (1) tuong duong

S (z+y+2?>+dryz =4x+y)(z+2)(y+ 2)
s+ + 2 +5ryz= (v +y)(y+2)(r+2)
S 23+ + 22+ bryz = xy(r 4+ y) +y2(y + 2) + 22(x + 2) + 27Y2

S+ P+ 22+ 3y = xy(r 4+ y) +y2(y + 2) + xz(x + 2)

Dén day nhiing ai yéu mén bat ding thiic khong thé khong nhan ra day la mot dang ciia bat
dang thic Schur. Ta c6 VT > V P. Dang thiic xay ra khi 3 bién bing nhau hodc 2 bién bing
nhau, bién con lai bang 0. Tat nhién truong hop (2) khong xay ra do diéu kien.

Vay hé da cho c6 nghiém : (z;y) = (1;1)0

3
VI+\y+20—y =2

(x+y+my+1)(2x—y+1):6—4

Giai

Tiép tuc dén mot bai hé thuoc loai kha di.
Dé ¥ mot chit thi phuong trinh (2) sé 1a
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2.10 Cau 271 dén ciu 300 167

125
64
Nhu vay phuong trinh (2) xuat hién binh phuong 3 cai cin ctia phuong trinh (1). Vay ta thi
dit Vo =a,\/y=b2x —y=c a,b,c > 0. He khi do6 sé 1a

(z+D)y+1DHRr—y+1)=

at+b+c=
(@®>+1)(* +1)(c*+1)

NN NGV]

125
64

Dé y nhing dic diém sau :
e Ba bién khong am

—_

e Hé nay lai ¢6 nghiém khia=0=c= =

[\)

C6 vé nhu lai 1d mot bai bat dang thiic nita 16i. Vay ra bai he nay chi 1a hinh thitc dé che giau
mot bai bat dang thic thuc su.

. 3
Ta sé ching minh. Neu a,b,c > 0vaa+b+c= 5 thi
125

(@®+ 1)+ 1)(+1) > X

Cach chitng minh "chan qué" nhat van 1a don bién.
Dit vé trai 1a f(a,b, ¢). Trude hét ta sé chitng minh

F(a,b,¢) > fla,t,t) (t _b ; C>

Ta co
f(a,b,c) — f(a,t,t) = (a* + 1)(b— c)? [8 —(b+c)? — 460} > () (%)

Vi (b+ ¢)? + 4bc < 2(b+ ¢)* < 8 nén (*) la dung.
Gio ta phai chitng minh

3 3
125 9 4 5T 125
tt) > — > 2t = =
3 2\’
5 ¢ 125
41 2 1 >=
< (a”+1) 5 + > 61

& (a* +1)(4a* — 12a + 25)* > 500 < (2a — 1)*(4a* — 20a® 4 694 — 100a + 125) > 0
Bat dang thitc cudi ding vi 4a —20a® +69a% — 100a+ 125 = (242 —5a)? +34a* — 100a+125 > 0
1

) 1
DémgthfrcXé’mylrakhia:b:c:§:x:yzé_l

11
Vay hé da cho c¢6 nghiém : (z;y) = (Z’ Z) O
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168 Tuyén tap nhiing bai hé dic sdc

2.11 Cau 301 dén cau 330

'Cau 301/ zy y

\/(:v+1)2+zy+3x+2y+5—2x\/x(y+3):\/E+\/y~|—3

Giai

Hinh thic bai hé qua khing bd, dieu kién ciing kha nhiéu.

Nhan xét thay s thuan nhat tit phuong trinh thit nhat. Mic dit né phic tap nhung chic chin
khai thac tot ta sé rut ra dude z = ty nao do.

Phuong trinh (1) tuong duong

2t +ay+ 4yt =42z —3y)z (x +y)y

& (4y? + day) + (227 — 3zy) = 24/ (222 — 3wy) (doy + 4y?)

2 4.2 r =4y
& 227 — 3oy = 4y” + 4oy & y = —2z (%)
Thanh qua da cé chit it, thé nhung thay vao phuong trinh (2) van kha phiic tap. Han né phai
rat gon dugc.
Phuong trinh (2) tuong duong

@\/x2—2x r(y+3)+zy+3)+2(@x+y+3)=vVr+Vy+3

o (s VFTTD) 420ty 48 = VE+VETI 2 VIETYT
Srt+y+3+2/2(y+3)>2@+y+3) e (Vi—VvyT3) <0 ar=y+3 ()

Két hop (*) v6i (¥*) dé dang ra nghiem y = 1,z = 4 1a théa.
Vay hé da cho ¢6 nghiém : (z;y) = (4;1)0

Cau 302

r+2y+2y/4dr+y=1
2(z + 3) = \/46 — 2y(3 + 8z + 8y)
Giai

Dieu kieén 4z +y > 0,y(3 + 8z + 8y) < 23
Phuong trinh (2) tuong duong

& 4x? + 241 + 36 = 46 — 6y — 16y(z + )
& 422 + 162y + 16y% + 242 + 6y = 10

& 4(x +2y)* +6(4x +y) = 10
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Dén day dat x + 2y = a,v/4x +y = b > 0. He da cho tuong duong

3

4a’ + 6b* = 10 a=—1 T+ 2y=—1 T=5
54 <~

a+2b=1 b= dr+y=1 y=—2

¢

3 5
Vay hé da cho c¢6 nghiém : (z;y) = (?, —?) O

(Va?+1 =322y +2) (VA7 +1+1) =82y
y—z+2=0

Cau 303 {

Giai

Hé nay gom mot phuong trinh kha phitc tap v mot phuong trinh lai kha gon nhe. Dé ¥ chit
4y?2 + 1 + 1 lién hop sé c6 4y? rit gon dude v6i bén phai. Phan duéi mau ta nhan chéo lén
dong thai thit thé con 86 2 = x — 22y lén (1) xem. Bdi vi né hien kha bi an ¢ phuong trinh (1).
Nhu vay ta sé ¢6 phuong trinh (1) 1a

<\/ 22 +1— 322y + o — :U2y> Ay = 8x%y? (\/43/2 +1-— 1)

TH1 : y = 0 khong la nghiém.
TH2 : Do # = 0 khong la nghiém nén ta c6 bién doi sau

Va2 + 1+ x — 42y = 222y (\/4y2 +1-— 1)
S Va2 + 1+ ax =222y <\/4y2+1+1)

1 1 1 1
syt =yt AR Fl ey = —
:17+x x2+ yrayvays 4 2x

1
;—x—l—2:0©a§:4,y:§

Vay hé da cho c6 nghiém : (z;y) = (4; —) O

=

Thay tré lai (2) ta duge

2 2
Cau 304 7ty

Dicu kien : 0 < 2?2 +92 < 1
Hé da cho tuong duong
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170 Tuyén tap nhiing bai hé dic sdc

x<y2\/1—x2—y2+1>

3
== =z>0 = 3
l’2+y2 5 v o x2+y2 5 ()
y<x2 /1—:1:2—3/2—1) A 222 1—x2—y2—y2:4y n
21 =3 =y<0 22 + 92 5
. 3 4
Lay(?))—(ll)(:)%—?y:l
Ma ta lai c6
3 4 3\’ 2
T3 ° k%)*(%) @) <1
Diéng thic x4y ra khi
4 =3z
>0,y <0 Y775

3 4
Vay hé da cho c6 nghiém : (z;y) = (g, _5) O

‘ x—l—y:\s/ﬂ
Cau 305 1 1
- - =2
(Ve V) (\/:c+3y \/y+3x>

Giai
Nhan xét mot chit he nay. Phuong trinh (2) 1a dang thuan nhat roi. Phuong trinh (1) cho s6

xau thé kia c6 16 cha lam #n duge gi. O phuong trinh (2) biéu thitc vé trai kha déi xting. Ma
r = y lai thda man. Vay cé 1& ding bat déng thiic.

Ta co
N4 oy v zty VY . 1+ 2y
Ver+3y " 2\z+y x+3y Ver+3y —2\2 x+3y
Vetvy 1 e 3
Ve+3y —2\z+y 2

Tuong tu ta co

\/§+\/§<1 Yy +3

Vi3dr+y ~ 2\x+y 2
Cong 2 bat dang thtc lai thi ta c6 VT < 2

V24

Diang thitc xay ra khi z =y = 5

Vay hé da cho c¢6 nghiem : (z;y) = <
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1 35

1
+ = —
\/1—{E2 «/1—y2 12
T Y _l
V1 —2? \/1—3/2_12

Cau 306

Giai

Dicukien: —1<z2z<1,-1<y<1
Lay (1) + (2) va (1) — (2) ta ¢o

1+ 11—y 7
+ =
11—z 1+y 2
\/1—x 1+y 7
+ =~
1+ 1l—y 3
1 1
bat —HE:a, ﬂ:b a,b>0taco
1—2z 11—y
r 4
1+x:3 [ ( 1
1—=x r=z
1 l+y %
a+—: a/:3, :2 - y:§

Q|
+
>~ o
Il
W 0| ~3
1
IS
I
DN | —
“Q.. —
Il
Wl
‘»—w—t e
| I‘
RLRIR | R I
Il
Wl = N
N
8
Il
|
|

—_
I
<

11 1
Vay hé da cho ¢6 nghiém : (z;y) = (5’ §) : (_§

|
DN | —
~_

J

Cau 307 Pyt +yt=4

{ (5—a)(1+aty!) = (1+2%y*)°

Giai

Day 1a bai toan toi sang tac ra. Thuc ra ciing cha khé 1dm néu dé y mot chit.
Phuong trinh (2) tuong duong

PPy A l=5—ase5—r=("+ 1) +1)

Thay lén (1) ta duge

(L+2°) (1 + 7)1 +2'y") = (1+2%)°
Dén day ta sit dung mot bat déng thitc quen thudc.
V6i a, b, c > 0 ta luon c6 bat déng thic

A+a)+b)i+eo> (1+ M)g
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172 Tuyén tap nhiing bai hé dic sdc

Ap dung vao bai tren ta 6
3
(4221 + )1+ a'yh) 2 (14 a5%0) = (1+2%?)°
Dang thitc x4y ra khi 22 = 9? = 2%y* & 2 = 41,y = 1. Khi thay lai xuéng (2) chi c6 z = 1

la thoa.
Vay hé da cho ¢6 nghiem : (z;y) = (1;1), (1; —1)O

Cau 308

Giai

Day 14 mot bai kha khé choi béi hinh thiic cong kénh ciia né da che gidu di ¥ tudng ctia bai
toan. Mot lan tinh co xem lai cau VMO 95-96. Toi vo tinh da phét hién ra sy tuong dong gitta
né va bai nay, tit d6 da giai thanh cong né. Hién nhien bai nay ¢ level cao hon.

Dieu kien : 23 + 4% > 0,2 # 0,1?;3+5y6 #0

Ta chia phuong trinh (2) cho y_4 va lap mot hé mdi sau day
x

5 xt N 2212
+ 3 5 6 3 6
T2 +0oy”  5\/z3+y
xt 9x2

9 -
23+ 5y 10y3

Dén day hén ciing c6 ngudi nhan ra y tudng quen thuoc ciia VMO. He da cho tuong duong

1122 92
2= +
5¢/x3 + 46 20y
xt 1122 9z

P50 5. /B4y 205
Nhan 2 phuong trinh vé v6i vé va ta suy ra

224 B 12124 81z?
o3+ 5y 25 (23 4+y8)  400y6

Hién nhién riat gon duge z* # 0. Con lai mot phuong trinh thuan nhat gitta 2 bién 2 va 5.
Nhu vay ta nén chia ca 2 vé cho 2® # 0. Phuong trinh trd thanh

1

2 121 81 y° =1
- - t=2 )&
1+5¢t  25(1+¢t) 400t 2 po 81
565
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3

Nghiém ¢ thit hai loai do diéu kién can thitc. T d6 suy ra y% = ~— thay len (1) ta duge

15
3 4 222 4 22
15 . T 5 \/15 4 5
e
3
Phuong trinh nay khong khé. Binh phuong giai bac 3 thoi. Ta sé giai ra
4 | 64
xr = — y = :i: 6 —_—
15 50625
80 102400
= — — = :l: 6
T Y 81
4 64 80 102400
Vay hé da ch h +{/ —— — Y O
ay he da cho c6 nghiem : (z;y) (15, 5()625) (3 : a1 )

Cau 309

2y 1
{ (x+y)2+;y+ﬁ+2y:5+4x

x2—|—a:(y—\/2x—y):2x—1

Giai
Diéu kién : o # 0,22 —y > 0.
Hé da cho tuong duong
2(z + 1 1\?
(x+y)2+M+—2—2(2x—y):7 ($+y+—) —2Q2r—y) =7
x 3 PN 133
x+y—\/2x—y:2—5 x_i_y_{_g_ng

1
batz+y+—=a,v2xr —y=0>0. Taco
x

a—b=2 a=3,b=1
~
a’? -2 =7 a=50b=3

TH1 :a=3,b=1taco

TH2 : a=5,b=3ta co

1 7— /46 13 4 21/46
:c—i—y+5:5 o $:T>QI—T
% —y=9 L_THVI6  2V46 13

3 YT T3
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174 Tuyén tap nhiing bai hé dic sdc

Vay hé da cho ¢6 nghiém :

() = (1;1), (1 _1) , <7—\/4_6;_13+2\/E> | <7+\/4_6;2@—13> -

373 3 3 3 3

Cau 310

223 + 32%\/y = 5 — 3a?
VU(y + 122 4 3) + 3y(1 + 22) = 6(1 — )

Giai

Diéu kién : y > 0
Hé da cho tuong duong
{ 8% 41227 (\/y +1) = 20
(Vi+1) +6z(ym+1)° =7

Thay lén (1) ta dugc

=20+ y+1)’ =21 Jy+1=3-2z

xr =

(5 4+ V105)

20% + 322 (3 -22) =5 & [x—

0| =

(5 +v/105).

ol =

Tuy nhién 6 phép rit \/y = 2 — 2z thi x < 1. Vay ta loai b6t x =
Véiz=1=y=0
1 3
Véi v = < (5—V105) =y = 3 (19 4+ v105)
y

1
Vay hé da cho c6 nghiém : (z;y) = (1;0), <§ (5 —+105) ;

ool w

(19 + \/ﬁ)) O

1\? 1 1
v—=) +a(=+-]=0
Cau 311 x ¥y

Giai
Hé da cho tuong duong
4 2
x2+—2~|—z:2 2z2+—2+—x:4
T Y o T Y
Y Y

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén
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Thay (3) vao (2) ta dugc
2\? — —
3x2+<x——) =4 & [x_1:>y _1
Thay (4) vao (2) ta duge
9\ 2
3% + <x—|— ;) =4 (VN)

Vay hé da cho ¢6 nghieém : (x;y) = (1;—1), (—1; 1)

(dz? +y)/a2 +y+ 322z —1) =3z(1 —y) + 1

Cau 312 2
( 1y +1) ={Jzx(l—y)+2
— X

Giai
Diéukién:x#l,li >0,2(1—y)>-2,22+y>0
-

Phuong trinh (1) tuong duong
x+y\/x27+3x\/r+3xx +y)+ 2P =23+ 32> +3x+1
(:)( x2+y+x>3:(x+1)3<:) PHy=lsy=1—1°
Thay vao (2) ta duge
(\/H——I+1>2:m®x+2+2\/x+1:\‘7x3+22x+2

S6(r+1)P<0er=-1
Vay hé da cho c¢6 nghiém : (z;y) = (—1;0)0

1 T
£U2—|——2+ y2+—2=
Cau 313 o 7 y
1

@:

r+y

Giai

Diéu kién : z,y # 0
Hé da cho tuong duong

/7—\/7—f -2 w2 (1) 2m2wt
B -3)+(-3)-
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a+b=206
& VN
{\/a2+2+\/b2+2:2\/7 (V-N)

Vay hé da cho vo nghiém [

Cau 314

V522 + 2zy + 2y2 + \/5y? + 2xy + 222 = 3(x + )
V2r+y+14+2.y7e+12y +8 =22y +y+5
Giai

Nhan thay ngay sy thuan nhat ctia phuong trinh (1) va dé thiy x = y thi phuong trinh (1)
ding, vay ta tién hanh tach cho pht hop. Ta c6

VT:\/(x—y)2—|—(2x+y)2+\/(:U—y)2+(2y+z)22 22 +y| + 2y + x| > 3 (x +y)

Dang thic xay ra khi z = y > 0. Thay vao phuong trinh (2) ta dugc

V3r+ 1429192 +8=22>+2+5

Ta tim duge 2 nghiém 13 0, 1. Tt d6 ¢6 huéng thém b6t luong lien hop cho tot. Phuong trinh
tuong duong

S (VBr+1—(z+1)+2(V192+8 = (z+2)) =22 — 2z

1 7
& (v —2?) + 2. T +2] =0

VBEF Lo 41 0 100 4 8) 1 (04+2) YT T8 + (0 + 2

Hién nhién em trong ngodc luén duong do diéu kién ctia (1).
Vay hé da cho c6 nghiém : (z;y) = (0;0), (1; 1)

502+ 6z +3zy+y+5=0
923 + 2122 4+ 272 + 243+ 7 =10

Cau 315 {

Giai
Hé da cho tuong duong

{ Az +1P2+ @z -1 +yBz+1)=0
8(z+ 1)+ (x—1)>+22 =0

bat 2(x+ 1) = a,z — 1 = b. Hé da cho tuong duong

@+ +y(atb) =0 (a+b)°—2ab+y(a+b)=0 (%)
a®+ b3 +2y° =0 (@a+b)° —3ab(a+b)+2° =0 (%)
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Thé ab tu (*) xudng (**) ta duge

1
—(a+ b - g(a+ D2y + 257 =0 (5 5 4)

a+b

Dé dang nhan ra day 1a mot phuong trinh thuan nhat. Set t (y#0). Khido (***)

tuong duong
s 3, . t=leoy=at+b=3r+1
_§t_§t+2—0@ t=-2¢ 2y=3z+1

Thay ting truosng hop vao (1) va ta dé dang tim ra nghiém.
Vay hé da cho c6 nghiém : (z;y) = (=3;4)0

Cau 316

Giai

Diéu kién : z,y # 0 Hinh thic he 1a d6i xing. Tuy nhién véi hinh thitc nhu thé nay trir (2)
phuong trinh cho nhau la khong nén. Ta sé bién ddi khéo léo nhu sau. Hé da cho tuong duong

y\N2 T [z
(x—l——) =-|-+ty
T 2 \y
2
7
<y+z> S
Y 2 T
« Y T ~ A
bat 4+ = =a,y + — = b. Hé da cho tuong duong
T Y

( 7

aQI—b a=b=0
7 & LT
b2:_ = = —
S 2
THI :
(x—l—g:O
x
T Sr=y=-1
y+—-=0
\
TH2 : -~ 5
:3 = —
T+ =5 5 5
Pg e |a=50=3
y+-=3
y 2 _3 .3
_x_Q’y_
55 3 3
Vay hé da cho c6 nghiém : (z;y) = (—1; 1), (5, 5) , (3; 5) , (5;3) O
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d4+r+y—1=vVr+1++3y+6
Va3 + a2 +4r+4=8— V22 +4./3y+6

Cau 317 {

Giai

Phuong trinh (2) tuong duong

\/x2+4<\/x+1+\/3y+6) —8

Ma theo (1) ta ¢

Ve+1+3y+6>4 Va24+4>2

Vay VT' > 8
Diang thitc xay ra khi

Vay hé da cho ¢6 nghiém : (z;y) = (0;1)0

2 (Ve +1+1)" = /2 + 4y + 16
4

2?4 L = 29z — 1)\/223 —y
T

Cau 318

Giai

Day 1a mot loai hé ciing kha kho chiu néu khong that tinh ¥ nhan ra.
Dieu kién : 223 —y >0, -1 <2 #0
Phuong trinh tha 2 tuwong duong

23+ dy = 22(9z — 1)y/223 — y
Dat t = /223 —y > 0 = y = 22® — t? thay vho phuong trinh trén ta co
23+ 4(22% — 1) = (1827 — 22)t & 92° — 1822t + 20t — 44> = 0

S (922 +2t)(x —2t) =0 2 =2t > 0 < 4y = 82 — 22
Thay vao (1) va ta co
2
(\/:v +1+ 1) = Va3 +2
Phuong trinh nay toi da giai & cau 312. Rax = -1 (L)
Vay hé da cho vo nghiém [

Toi sé gidi thieu thém cho ban doc mot cau hinh thiic kha tuong tu.
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3 —y = 2y
~ z(dr — 1)

Giai

N . 1
Diéu kién : 23 > y,x # —1,0, 1

Phuong trinh tht nhat tuong duong

(42% — 22)/a% —y = 2y
Dit /a3 —y =1t > 0=y = 23 — t? thay lai vao ta co
(42 — )t = 2(2® — #*) & 22° — 42t + ot — 262 =0
S@—2)22° +1) =0 =2t >0 4y = 42° — 2°
Thay xudng (2) ta duge

_7—4x3—|—x2

/] 13
S z(x +1)

3
<=>2x2(:17—|-1):7—4x3—i-11:2<:>3(::1:>y:Z—l

Vay hé da cho c¢6 nghiém : (z;y) = (1; Z) O

5(z2 + y?) (1 + ;2) + 2xy (1 — ;2) =35
Cau 320 (2% — y?) (22 —y?)

Giai

Day 1a bai toan toi sang tac. Hinh thitc c6 vé hoi cong kénh. Mudn gidi duge bai nay can ki
nang bién déi twong doi tot.

Diéu kien : 22 > /2

Hé da cho tuong duong

5(2° +y°) — 2wy

CETECE

5% + y?) + 22y +

2 —y)+r+y o
&= @+y) +2r+y)+r—y=9
2 ole )2 3@ —y)+2@+y)? _
" 3(x +y)?+2(x —y)* + CEECETE 35

1 1
2{x+y+—}+{x—y+—] =9
T+y r—y
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180

P
3

< 1
2lvty+——|+|lz—y+—
L Tty
( T 1 72
Jlet+y+—— ~|—2{x—y+

N i T+ Y|

1

2z +y+—— —|—[x—y+
L | T+ Y] T

1 1
Dita=x+y+——b=x—y+——, lal,|b|] > 2. Hé da cho tuong duong
Tty r—y

302 4 207 = 45 a=3b=3
{;‘ +b . = [ 0, 2
= a = — [e—
at 1
(T 34+ 5
TH+y= 2\/_
1 3—+5
& Ty - 2
1 5 3+5
r—y—+ = g =
z—y 4 2
Y
(LTTY T T
Nhu vay sé xay ra 4 truong hop. V6i moi truong hgp sé ra mot nghiém. Xin nhuong lai cho
ban doc.
3 5 3 V5 3—vD 3 5
Vay hé da cho ¢6 nghiém : (z;y) = (5,—§) , <§,§) ,< 2\/_;O> ,( +2\/_;0) O

Viz+y—+\2x+y=4
2\/2x +y—/br+8=2

Cau 321

{

Giai

Hinh thitc bai he kha gidng cau 87, titc 1a cau VMO 2000-2001. Tuy nhién, bai nay & level cao
hon. g
Dieu kien : y < min{—2z, —7x}, x > ~F
Phuong trinh thi nhat tuong duong
Vix+y=4+2x+y
S Tr+y=2v+y+8/2x+y+16

Sor+8=82r+y+24
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Dén day két hop véi (2) ta dat 2z +y =a > 0,4/52 + 8 = b > 0. He da cho tuong duong
56

20 —b=2 a=2> 2x +y =25 T ==

; & & & 3

b* = 8a + 24 b=38 5r + 8 = 64 y=—

5)

56 13
Vay hé da cho ¢6 nghiém : (z;y) = (E’ F) O

< (7 +y)(3ry — 4y/x) = -2
Cau 322 { (x4 y)(Bry +4/y) =2
Giai

Déi véi loai hée "suyt soat" ddi xing thé nay. Ta thuong cong hodc trit hai phuong trinh cho
nhau.

Diéu kién : z,y > 0

Lay (1) + (2) va (1) — (2) ta dugc he mdi

(z+y)(Bry — 2y/x +2,/y) =0 3vy =2(Vr —y) (%)

<~
(z+y)(Vr+y) =1 1= (z+y)(Vr+Y)

Dén day tinh ¥ ta hoan toan dua né vé thuan nhat duge. Nhan vé véi vé ta duge
By =2 +y)(r—y) e (r—2y)2x+y) =02 =2y

Thay lén (x) ta duge

6y2:2\/§<\/§—1><:>{3

1 1 2
401+ — - 2 1
\/ +$2+(x+1)2+5y (V¥ +2vy+1)

1 1 2
41+ = + +b5r = +2/y+1
\/ RN CES IR (Ve t+2vyT1)

Cau 323

Giai

Hinh thitc bai he ra rang 1a d6i xiing. Tuy nhién véi hinh thitc nhu thé nay cic phuong phap
thong thuong kho c6 thé choi duge. Tuy nhién néu ai chi ¥ thi ding thic trong can thitc kha
quen thudc.
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Diéu kien : o,y > 0
Trude hét ta bién doi bicu thic trong can da

- 1 N 1 2@+ 1)+ (+1)2+2? 2P+ 1)2+2z(r+1)+1
22 (r+1)2 2?(x +1)2 B 22 (x +1)2
C(z(x+1)+1) I+ 1 2
oz +1)2 z(x+1)
Vay hé da cho tuong duong
1 1
414 —— ) +5y=>0y+4+4/ 1 —_— = 1
+x(z+1))+ y=>5y+4+4\/yly+1) N x($1+1> y(y +1)
1
4(1+—-r |+ =50+4+4/x(z+1 —— =yz(r+1
y(y+1)) e we+1) yly +1) W
Dat y/z(x +1) =a,\/yly+ 1) =, a,b > 0. H¢ da cho tré thanh
1 ~1++/5
a=-3 =1 r=——0
¥ sa=b=1¢ (z+1) & 2
ho L yy+1) =1 _-1+V5
22 y=—>

-1 5 —1 5
Vay hé da cho c¢6 nghiém : (x;y) = < _g \/—; —g f) O

11 292 . )
Cau 324 5 — 5+ VIH2e=y' — 1027 — 240 — 14
2yV/3z + 4(22 +3) = 2zy® + 3y® + 62% + 172 + 12

Giai

V6i hinh thiic bai he thé nay, gan nhu phuong trinh (1) chd lam an duge gi. Ta sé khai thac ti
phuong trinh (2).
1

N 11
Diéu kien > —§,y2 <

2
Phuong trinh (2) tuong duong
2031 + 422 +3) =y’ (22 +3) + 22+ 3)(3r +4) & 22+ 3)(y — V3r + 4)?* =0

Dén day rit ra y* = 3z + 4 thay vao phuong trinh (1) ta c6

V1-22++1+22=2— 2>
S 2421 —4dxt =2t — 42?2 + 4
Satrt -8 +20)=0r=0=>y=2

Vay hé da cho ¢6 nghiém : (z;y) = (0;2)0
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Cau 325 { L+ Vay’ —yt =yl —z)

VA + iy =y ¥ 1=

Giai

Tac gia bai toan la mot ngudsi ban ctia toi trén facebook : Ha Lan Tam Nhu - Lép 12C1 THPT
Dang Thic Hta, Thanh Chuong, Nghé An.
V6i hinh thic hé nhu nay ¢6 1é chi ¢6 danh gid méi diét dugc
Hé nay c6 nhieu diéu kién, trong d6 c6 mot diéu kien d6 1la y — axy < 1.
T phuong trinh (1) ta c6
y—ay=1+\/Vay —y*>1

Déng thiic xay ra khi

1
Vay hé da cho c¢6 nghiém : (z;y) = (5, 10

{ Qr+y—1) (Vo +3+ /ay+ /1) =8/7
(Vz+3+ \/x_y)2+xy:2x(6—x)

Giai
Nhan xét z = 0 khong 1a nghiém. Hé da cho tuong duong

Vi3

(2x—|—y—1)< \/53—1—\/@4-1):8
( “3+¢g> by =2(6—2)

T

/ 3
bat 2z +y = a, i—I—\/gzb>Otacc’)héméi
%
(a—1)(b+1)=38 a=3 r=1
-~ 54
a=12—-1? b=3 y=1

Vay hé da cho c¢6 nghiém : (x;y) = (1;1)0

422 =3y =0
(222 + y)[42* — 322 + y(42® + y + 6)] =8

Cau 327 {

Giai
Bai nay tat nhién c6 thé giai bang cich rit y tit (1) xudng (2) tao phuong trinh an % c6 the
giai duge. Tuy nhién néu bién doi tinh té mot chit thi bai toan sé dep hon nhu sau.
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He da cho tuong duong véi

202 + y + 2(2? — 2y) = 2
(22° +y) [(22% +y)* — 3(2? — 2y)] = 8

Dit 222 4+ y = a, 22 — 2y = b ta c6 hé mdi

a-+2b=2 a=2 202 +y =2 r == 5
= = =
a(a? — 3b) = 8 b=0 2 =2y =0

y =
4 2 4 2
Vay hé da cho c¢6 nghiem : (z;y) = <\/g7 g> , (—\/g; 3) O

o] DN

2
Cau 328 x2+\/x+2y—y +y+2
y*+3zy+r+y—10=0

Giai

Diéu kién : o + 2y > 0
Phuong trinh thi nhat tuong duong

x+2y+M—y2—3y—2:O
Ta c6: A oy = 1+ 4(y* + 3y +2) = (2y + 3)?
Qué tuyét voi khi n6 chinh phuong. Tt d6 ta ¢é ﬁmzy_?ji 9
TH1 : /r+2y =y + 1= 2 =y*+ 1 thay vao (2) ta c6
b+ 44y —9=0y=1=>1=2

TH2 : /x +2y = —y —2 = x = y*> + 2y + 4 thay vao (2) ta c6

. 1
:),gﬁ+8y?+15y—6=0<:>y=g (L)

Vay hé da cho ¢6 nghiem : (z;y) = (2;1)0

Cau 329

1022 + 5y — 22y — 38 — 6y + 41 =0
V3 +ay+6y— B+ a2 —1=2

Giai

Phuong trinh (2) khé c¢6 thé lam an dugc gi. Nhin thay phuong trinh thit nhat dang la tam
thitc nén thit khai thac n6 xem.
Phuong trinh (1) viét lai nhu sau
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2.12 Cau 331 dén ciu 360 185

102° — 22(y + 19) + 5y* — 6y +41 =0
Ta c6 : Al = —49(y — 1)
Gia sit hé nay c¢6 nghiém thi suy ra y = 1. Thay lén (1) ta c¢6
1022 — 402 4+40 =0 2 =2

Thay vao phuong trinh (2) thiy théa man.
Vay hé da cho ¢6 nghiem : (z;y) = (2;1)0

N 302 +4r —5=+/—y>—6y—1
Cau 330‘ { r+1=17—4y — 16z

Giai

V6i kiéu hé kho chiu thé nay cé 16 danh gia sé 1a don danh tét nhat.
Tt phuong trinh thit nhat ta co
1—y*—6y—1
30 4 dr —5= /-2 —6y—1<-—"2 ) i
& 62" 4+8r—1049y°+6y <0 (%)
T phuong trinh thit hai ta lai ¢6

e+ 1=/1T—4dy+ 16 = 2>+ 18z +4y —16=0 (%)

Lay (%) — (»*) ta dugc

—1
5(x—1)2—|—(y+1)2§0<:>{x 1
y=-

Thay lai hé thay khong thoa man.
Vay hé da cho vo nghiém [

2.12 Cau 331 dén cau 360

1223 + 1222 + 3672 — 5493 — 54y% — 18y = —144
> +yP+ay—Tr—6y+14=0

Cau 331

Giai

Nhan xét phuong trinh (2) 1a tam thiic, phuong trinh (1) 1 hai ham riéng biét ctia an. Chéc
nhan ra loai nay roi chit ? Mai ban doc xem lai tit cau 77.
Ta viét lai phuong trinh thit hai nhu sau

[\

<

[\
—o | =3
o

2 _ 2 _ _ 1
try—T) 4y —6y+14=0 - A, >0 o
vV +ylr—6)+ 22 —Te+14=0 A, >0

)
IA
8
IA
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Gio quay lén xét phuong trinh thit nhat. N6 c6 dang

f(x) —g(y) = —144

V6i f(z) = 122% + 1222 + 367z don dieéu tang, va g(y) = 54y® + 54y? + 18y don dieu tang. T
do ta co

F(r) > F2) =878, gly) <g (g) — 1022

= f(z) —g(y) > 878 — 1022 = —144

T

Déang thtic xay ra khi . Thay lai vao phuong trinh (2) thay thoa man.

W I N

Y

Vay hé da cho ¢6 nghiém : (z;y) = (2; g) O

Cau 332

) 8 100
x3—y3—|—§(x—|—y)2—5x2—§xy+13x:T
>+ +ay—3r—4y+4=0

Giai

Dang rat giéng cau trén, tuy nhién 6 phuong trinh dau cac bién x, y khong hoan toan roi nhau
nita ma bi rang budc bdéi xy. Vay c¢6 cach nao diit duge bon nay ra khong ? Xin thwa la co6.
That khéo 1éo ta thé xy tir (2) len (1) 1a ta sé tach hoan toan duge z,y. Nhu vay thé zy ti (2)
len (1) va ta dung mot hé méi sau day

323 + 1822 + 45z + 2y% — 3y® + 8y = 108
>+ oy —3r—4y+4=0

Dén day qua quen thuoc ngay trén roi. Xin nhuong lai cho ban doc gidi nét. Bai nay lau hon

bai trén ¢ chd ta phai lap bang bién thien ham g(y) vi n6 khong don dieu.

4 4
Heé da cho ¢6 nghiem : (z;y) = (5’ §) O

y(ry — 1)

Cau333| ¢ gytll)

241

N | — Ot N

Giai

Dua vio phuong trinh ta thiy dé c6 nghiem thi zy(zy — 1) # 0.
Hé da cho tuong duong
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( 1
x__
y _ 2
1
1+E 5
1
Yy T 1
I 2
14+ —
. +$2
1 1 .
bat — =a,— = b ta c¢6 hé méi
x Yy
1—ab :2 a(b2+l)_5
a(*+1) 5 1—ab 2
l—ab 1 T \pla2+1) 1
b(a®>+1) 2 1—ab 2

Trit 2 phuong trinh trén cho nhau ta dugc

1
=a==-+b
a 2—}—

a—b=

N | —

Thay lai va ta dé dang tim dugc

Vay hé da cho c¢6 nghiém : (z;y) = (1;2

In

T +y =4xy

2z + 3)VAzr — 1+ (2y + 3)/Ay — 1 = 24/(22 + 3)(2y + 3)

|Cau 334/ {

Giai
X 1 1
bieu kién : z > —;y > =
ieu 1ef1 T2 Y 2
Cha y dang thitc sau
r+y=kry<s (kx—1)(ky—1)=1
Ap dung vao phuong trinh (1) ta c6 : (4o —1)(4y —1) =1
Ap dung AM — GM vao phuong trinh (2) ta c6

(2z+3)V4r — 14+ (2y+3)\ /4y — 1 > 2\/(2x +3)(2y + 3)v/(4x — 1)(dy — 1) = 2/ (22 + 3)(2y + 3)

Dang thtic xay ra khi (20 +3)V4r +1= 2y +3)/dy— 1o =y
Thay vao phuong trinh (1) ta c6

1
2x:4x2<:>x:§

Vay hé da cho c6 nghiem : (z;y) = (1;2)0
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{ Vity+1+1=4(x+y)*+ /3(x+v)
3

2x—y:§

Giai

Diéu kién :  +y > 0 Phuong trinh thit nhat tuong duong

4z +y)?—1+3@x+y) —Vr+y+1=0

o Qe+r2y+1)20+2y—1)+ oyl 0
r+2y T+ 2y — =
V3 +y) +vVrt+y+1
S2r+2y=1

Két hgp phuong trinh (2) qua dé dang.

2 1
Vay hé da cho c¢6 nghiém (x;y) = (5’ _6) O

- = 3i =34y
cansse| {7 ORI

Giai

Dat t = \/y > 0. He da cho tuong duong

Y12 =3r+3t
{x v =o' -t =t —pt e (z—t) [z(®+at+1*) +t] =0 ()

xt? — xt = 3z + 3t
Gio ta tam thoi xét phan kho trude. Két hop véi (2) ta c6 he mdéi sau

r(@?+at+t))+t=0  (3)
o3 —at — 3z —3t=0 (4)

Ta cb

wt(x? + at +t2) + 12 at(a? 4+ at + ) + 2 — (at® — at — 3z — 3¢)

v(2? Fat+17) +t =

t t
()@@t +t+3
B t
Vay (*) 6 thé viét lai 1a
(2 =) (2°t+t+3) =0 &z = £t (Dot > 0)

Dén day gidi ra x,t va tra lai bién y
Vay hé da cho ¢6 nghiém : (x;y) = (0;0),(—1;1), (2;4)0

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



2.12 Cau 331 dén ciu 360 189

2% — 622y =8y — 6

doy  +r =2+ 2y —x+1+1

Cau 337 {

Giai

Diéu kien : 2y —2+1 >0
Hé da cho tuong duong

23 — 62y — 8y3 = —6
Rry* =32y +1—2)+3 /2y +1—x

Cong 2 phuong trinh vé vé6i vé ta duge
—(2y—2)* =302y —2)+3/2y—x+1-3

bat 2y — x =t phuong trinh da cho tuong duong

3
—t3:3t+3\/t—|— -3t t2+3+—> =
( VEiti41

T d6 suy ra x = 2y thay vao phuong trinh (1) ta ¢6

1 1

3 3

1

Vay hé da cho ¢6 nghiém : (z;y) = (%, \3/5) O

x4+ 22% — 522+ — 62— 11 =10
3\ y2—7—06

Vi

Cau 338

ZL‘2—|—1‘:

Giai

Diéu kien : 42 > 7
Phuong trinh thit nhat tuong duong

(2°+2—6)(2* +2)+ (¥ —7) =4

Vay dit 22 + 2 = a,/y? — 7= b > 0. He da cho tuong duong
ala—6)+b* =4 a=0b=2

30— 6 @[a Lb=3

THI :
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TH2 :
?+r=1 x:_li\/g
Vyr—=T7=3 < 2
yr=1r= y=+4

Tt d6 két luan nghiém (nhiéu cap qua !)

2 4 _ 2(,3 _
\cauggg\ {(x + Dyt +1 =222 (> — 1)

vy 3yt — 2) = ay'(z +2y) + 1

Giai
Lay (1) — (2) ta dugc
y*(1 — 22y) = 2y°(2 — 3wy)
Vi y = 0 khong 1a nghiém. Tw d6 suy ra

rzy =1
3zy)? —dry +1=0« 1
Ty ==
3
1 N
TH1 : zy = 1 & & = — thay vao (1) ta dugc
Y
1£++5 —1£+5
v =y+1)ey= 2\/_;%_%

1
TH2 : zy = - = x = — thay vao (1) ta dugc

1
3 3y

Byt =—(y+3? (L)
145 li\/5> -

Vay hé da cho c¢6 nghiém : (z;y) = < 5 5

2r —y+ 1 —1=/20 — 2422z — y)?

y? +dxv/r —1=17

Cau 340 {

Giai

Bai toan xuat hién trong dé thi thit cia Chuyeén Nguyén Hué. Mot bai toan kha dac sic.
Diéu kién = > 1
bat 2z — y = a,v/x — 1 = b phuong trinh (1) tuong duong

a+b=+/2(a?+0)<=a=0>
Sr—Vr—l=y&sdr*+z—-1=9*+4o/x -1

T do suy ra
bt +r—1=1Ter=2=y=3

Vay hé da cho c6 nghiem : (z;y) = (2;3)0
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4+ y*+ay=3r—2
(2% + 2y)* + (4> +2)" = 172"

Cau 341 {

Giai

Phuong trinh (2) kha phiic tap khi hing dang thitc bac 4. Tu tuéng van giit nguyén khi gip
loai nay : phan tich nhan tit hoic dit an phu.

Nhan thay z = 0 khong 1a nghiém clia he.

Hé da cho tuong duong

4+ 242
y+y .

P +ay+y*+2=3z - T L@ ,
4 2 2
(a2 + ay)* + (y2 +2)* = 1724 (”f ”y> +(y ”) 7
X xr

{a+b:3 {azl,b:2
@ pr— p—

at+ bt =17 a=2b=1
THI :

P tay=u r=1,y=0

y?+2 =2 r=3y=—2
TH2 :

2% 4 2y = 22 <:>{x:2,y:O
Vv +2=u

Vay hé da cho c¢6 nghiém : (z;y) = (1;0), (3; —2),(2;0), (3; —1)O

2o T N
Cau 342] {335 20 — 542222 +1=2(y+ 1)/12 + 2y + 2

2?2+ 2y =22 — 4y +3

Giai

Trit 2 phuong trinh cho nhau vé vé6i vé ta duge
P taval 1= (y+ 1)+ (y+ 1)V (y+ 1) +1

Cong viec ctia ta 1a xét ham f(t) = t> + /12 + 1 va chitng minh né don diéu ting, xin nhudng
lai cho ban doc.
T d6 ta c6 x = y + 1 thay vao (2) dé dang tim ra nghiém.

25
Vay hé da cho c6 nghiém : (z;y) = (—1; —2), (g, §) O
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Cau 343 Yy =5

—1)=y*+ 22y — 2

Giai

1 .
Thay y2:§—x2 tir (1) xudng (2) ta c6
4 3 2 3
4" — 42° + dx —4x:2xy—§ (%)
’ 2,2 1 av (*
Ta c6 2y < 2° +y =3 Nhu vay (*) suy ra

4ot — 4 4527 —dr +1<0e 22 - 1)} (2* +1) <00 =

11
Vay hé da cho ¢6 nghiém : (z;y) = (5, 5) O

Cau 344

Giai

Nhin tong quan hé ta thiy cac biéu thiic kha gidng céc cong thiic lugng gidc. Vay ta dit
T
x = cost,y = sint voi t € [—E;ﬂ'].

Thay vao phuong trinh (2) ta duge
m
& 2sin3tcos3t =1 & sinbt = 1 < 3 12

=k=0,1,2

N\ 1z g SN T .m S . 5w 3m 3w
Vay hé da cho ¢6 nghiém : (z;y) = <cos 13’ sm12> , (cos 12,sm 12) , (cos 1 ) 1 ) O

VI—y+vVr—2=2
Va2 —ay(e —y) + oy —y? = 2V2(x —y — 1)

Cau 345 {

Giai

Hé da cho tuong duong

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén
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{ -y Vr—y+@-—yvo-2=20-2
V222 +2y2 —2xy (z —y) + 22y — 22 =4 (x —y — 1)

@{ a9+ -9 @ -2 =2 -2

V222 + 22 —2xy (z —y) + /22y — 22 =4 (v —y — 1)

:>\/(x—y)3—\/2x2+2y2—2my(x—y)+\/(:U—y)Q(:c—Q)— 2ey — 2y? =4 — 22+ 2y

2

<:>(13—y—2) (\/( x2+y2 + Te—xy +2) :O

)P+ 2024292 2xy(z—y) /(@) (2—2)++/20y—2y2

Sr—y—2=0

> V24 Ve —2=2=2=8-4/2=y=6-—4V2

Vay hé da cho c6 nghiem : (z;9) = (8 — 4v/2;6 — 4v/2)0

Cau 346

ot 4 8y = 4(2® — 1) — 16V/3
y! + 8r = 4(y> — 1) +161/3
Giai

Bai toan nay c6 ciing 1 ¥ tudng vé6i 1 bai toan khac toi da néu & phan gitta cudn sach He phuong
trinh da cho tuong duong véi:

ot — 423 + 8y = —4—16V/3
Yyt — 4y +8xr = —4+16V3

Cong hai phuong trinh ctia hé, ta duge:
(334 —42® + 895) + (y4 — 4y + Sy) = -8
e (@?-2w-2)"+ (@ -29-2)"=0

- r=1+3
y=1+3

Thay lai vao hé thi.
Vay hé da cho ¢6 nghiem : (z;y) = (1+/3;1—+/3) O
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Ve+1+y+1=3
ey+t1+yve+1+vVe+1+y+1=6

Cau 347 {

Giai
Lay PT(2) — 2PT(1) ta dugc

Ve+1+y+1)(Ve+1/y+1-2)=0

ve+1l=1
Vet Iy +1=2 VyF+1=2 r=0y=3
d -~ -~
Vi+l+y+1=3 Vi+1=2 r=3y=0
JyFi=1

Vay hé da cho c6 nghiém : (z;y) = (0;3), (3;0)0

/2% — 18y — 27x — 29

w(2d+ 20y —204+2)+ (y—2)2+7=6/4(zx —y+1)

Giai

Mot bai toan ting xuat hién trén diendantoanhoc.net . Hinh thic kha khiing bo.
V6i loai hé ki¢u nay huéng di thuong la it, phuong trinh (1) chic cha khai thac duge gi. Thit
xét phuong trinh (2) xem nao.

x4 r—y—120 r>y+1
Dleuklen{x2+a:—220 {x2+x—220

Phuong trinh thi (2) tuong duong
x4+2x2y—2x2+2x—|—y2—4y—|—11:6€/m
(@ 4y -2 +y)+2r—y+ 1) +8=6Ydz—y+1)
S (@ +y—17242@—-—y+1)+8=6y4(zr —y+1)

Ta co

6v/4(x —y+1) =332 —y+1)44 <20z —y+1)+4+4
T do suy ra
(> 4+y—12+2x—y+1)+8<2x—y+1)+4+4 (22 +y—-12<0
Déng thitc x4y ra khi
> +y—1=0 r=1y=0
&
2(z—y+1)=4 r=-2,y=-3

Sau d6 thay 2 cap vita roi vao (1). Lam n6t di nhé ! Lic viét khong c¢6 Casio :sad:
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> +axy—2y° =0
3y + 3y +1=0

Cau 349 {

Giai

Liéu ban doc con nhé day 13 loai hé ndo khong ? Chic cha nhd, day cting chiing loai v6i nhitng
bai hé st dung phuong phap nhan 2 phuong trinh v6i nhau tao an méi.
Thay > tit phuong trinh (2) lén (1) ta c6 hé méi sau day

—3zy — 1
x3+xy—2(L>:O <:>{3353:—9acy—2 (3)

3
3P = —3ay — 1 3y? = —3xy — 1 (4)

Nhan (3) véi (4) vé véi vé dong thoi dat xy =t ta ¢
9 = (9t +2)(3t +1) & 9* — 27t — 15t — 2 =0
Phuong trinh nay c6 1 nghiem duy nhat 1é, cach giai ban doc xem lai 6 cau 215. Tu day ta sé

giai ra
L 33V + VA9
3
Dén day ta thay lai (3) va (4) tra lai z,y (kha 1a khiing khiép)
~9a—2 —3a—1\ 3+ 337+ V49
5 : 3 ) vli a = 5 [

Vay hé da cho c¢6 nghiém : (z;y) = (

43l — 2_1_'_33:4-4
Cau 350 AU S Y |

VIy =24+ JTr+2y+2=2y+3

Giai

N 2
bieu kién : z > —1,y > 9
Phuong trinh thtt nhat ctia hé tuong duong:

1 1
r+3y+1=9y —=-4+3Vr+1+
Y Y Yy vao+1
sr+l1-3Vz+1-— ! =y2—3y—1(*)
ve+1 Y

D 1
Xét ham s6 f(t) =t? — 3t — J tren (0; x) ta c6

1 28 —-324+1  (t—1)%(2t+1
Fl)=2t—3+— = 3t +1  (E-1)*(2t+1)

t2 12 12 20
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196 Tuyén tap nhiing bai hé dic sdc

Vay ham dong bién trén (0; <) suy ra phuong trinh (x) tuong duong y = Vo +1 &z =y> -1
Thé vao phuong trinh (2) ctia he, ta duge:

VIY =2+ YT+ 2y — 5 =2y +3

“(y+2-voy—2)+ (y+1- TP T2y —5) =0

y> —5y+6 v -4yt +y+6

& 0
y+24 9y —2 A
1 y+1
& (P —5y+6 + =0
e )(y—|—2+\/79y—2 A )

Voi A= (y+1)2+ (y+ 1)/Ty2+2y =5+ I/ (Ty2 +2y —5)2> 0
1

. y+1
Doy > =
oY =2 A

> (0 Tu do suy ra

y=2=x=3

2— —
Yy =5y +6 O@[y:3:>a::8

Vay hé da cho ¢6 nghieém : (x;y) = (3;2),(8;3)0

Cau 351 { a1y +yv/1—a2=1

302 —xy? +4r =1

Giai

Néu tinh § thi dang ctia phuong trinh thit nhat kha quen thuoc.
Ap dung bat ding thic Cauchy — Schwarz cho vé tréi ta duoe

VI < (@2 +1-a?)(y? +1-y?) =1
Diang thitc xay ra khi 22 4+ y? = 1 thay vao phuong trinh thit 2 ta dugc
P43 43r—-1=0s (z+1)P=202=v2-1

Tt d6 tim not y
Vay hé da cho ¢6 nghiem : (z;y) = (V2 - 11— (V2 - 1)2)D

\Cau 352 { 207 — 2y =y —du

V1222 4+ 3y + 84 =22 +2yz + 2+ /20— y

Giai
Bai nay néu nhin qua thi cha c6 gi dac biet khi ma phuong trinh (1) da la

Yy =2x

2r—y)(zr+2)=0& [$:_2
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Nhung kich hay & phia sau, cti lam di da.
TH1 : x = —2 thay vao phuong trinh thi 2 ta dugc

V132 +3y = —44 20—y = y=—26—6V5

TH2 : y = 2z khi d6 (2) sé la

V1222 4+ 62 + 84 =22+ 2v/z + 2+ V20 — 2z (3)

Phuong trinh nay ta nham duge nghiem x = 2 tit d6 ¢6 thé c6 hudng nhan lien hgp. Tuy nhién,
gidi quyét phan con lai kha kho khan. Mot cach tinh té ta tién hanh danh gia phuong trinh
nay.
Ta c6 1 1 .

VP =21+ 4(x+2)—|—§ 16(20 — 22) §x+1(6+x)+§(36—2x)

Nhu vay

1 1
V1222 4 62 + 84 < 27 + 1(6 + )+ §(36 — 21)

15 9
<:>12x2+61’+842(7+1x)2
111

Vay hé da cho c6 nghiem : (z;9) = (—2; =26 — 6v/5), (2;4)0

Cau 353 { .

Giai

Mot bai toan kha hay. Ta c6 danh gia sau
(1) & (2?2 = 1)* + 9 =4day + 2y + 8
Ap dung bat dang thic AM — GM ta c6
2?4y 2+ 8 > 4oy +2y+8 = (27— 1)2+9>6(2® —1) = 22 + 4> + 2y +8 > 6(z? — 1) (»)
Thay 72 = 3 + 4% tu (2) vao (*) ta duge

53497 —4y* —2y—14<0=(y—- 132 <0=y=1

Thay vao hé ta c¢6 x = 2
Vay hé da cho c6 nghiem : (z;y) = (2;1)0
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3
Cau 354 y
y

Giai

Mot bai toan mang tinh "lita tinh" kha cao duge dé xuat béi thay Lé Trung Tin. Dé ¥ ki khi
nhan 2 phuong trinh vé véi vé sé chi con lai x. Ta thuc hién bién ddi nhu trén thu duge

3= (a*—1) (VaT+2+1)

Ditt=vVa3 +2=23=t>-2,t>0
Khi d6 phuong trinh tré thanh

B=(t+1)(-3) (-2 (P +3t+3)=0=>t=2=2=172

Vay hé da cho c6 nghiem : (z;y) = (V2; V4 + V2 +1)0

r(2? +y?) = —42
202 + o — P + 2y + a2y = —11

Cau 355 {

Giai

Lau lam khong lam hé s6 bat dinh nhi ? Quay lai 1 bai cho vui.
Viét lai he da cho theo bién y (vi bac ctia n6 thap hon)

oy + a3 +42=0

-4yl +2)+22°+2+11=0
Néu hé nay c6 nghiém x 14 s6 o nao d6 thi khi thay o vao hé ta phai thu duge 2 phuong trinh
tuong duong an y.
Mot sy tinh quai ta nghi dén ngay = = —2 vi khi thay vao (2) sé mét y, nhu thé méi mong 2
phuong trinh tuong duong duge. Thay thit vao ta thu duge

{—2y2 +34=0

—y2+17=0

Oi givi oi tuwong duong roi. Troi thuong ta ! Nhu vay hing s6 can nhan 6 day la 2. Vay
PT(1)—2PT(2) & (z+2) [(x —3)*+ (y— 1)’ =0

THl : 2= -2 =y =+/17

TH2 : x = 3;y = 1 thay lai hé thay khong thoa.
Vay hé da cho c6 nghiem : (z;y) = (—2; £v/17)0
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ot —22% — 119> + 12y +41 =0
Yyt — 23 — 1122 + 122 +31 =0

Cau 356 {

Giai

Tré tréu thay ! Hinh thitc kha déi xting thé ma hang s6 chét tiet kia da khién hi vong tré thanh
that vong. Khi ban doc nhiitng cau c6 hinh thtc kiéu na na déi xing thé nay thi 15i giai thuong
lam gi. Con gi nita ! Cong 2 phuong trinh lai cho toi.

Lay PT(1) + PT(2) ta dugc

(* —22% —11? + 120 +y* — 2 — 11y + 12y + 72=0< (2* —2—6)*  + (> —y — 6)> =0

2?2 —2-6=0 r=3x=—-2
54
y¥—y—6=0 y=3,y=—2
Tat nhién ta phai thay lai hé dé xem cip ndo théa man
Vay hé da cho c¢6 nghiem : (z;y) = (3; —2)0

Nhu vay tic la

~ 22y +y =2z
‘Cau 357‘ { y4—x2:2(1—x)

Giai
Hé da cho tuong duong
2
Y7 + a2
yvr=(z—-1)2+1

Hay dé v ki dén dang buoc ctia .
T phuong trinh (2) ta c6 ngay y* > 1< ¢y > 1

<1= —1<y <1 Vay rang budc cua y trai

Tt phuong trinh (1 dé chitng minh —1 < T S

+x
nguge. N6 théoa man khi y =1,z =1
Vay hé da cho c¢6 nghieém : (z;y) = (1;1)0

Cau 358 { 1+4/y(x —1) =4y + (z — y)?

VYy+r—-3=0

Giai

Diéu kien : y > 0,2 > 1
Phuong trinh thi nhat tuong duong

(r—y)?—2e—y) + 142 —1+2/ye - D+y) =0 (x—y—12+2(/F-Va—1)° =0
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Nhu vay tic la suy ra z = y + 1 thay vao (2) ta duge
y+Vy—2=0y=1=x=2

Vay hé da cho c6 nghiem (z;y) = (2;1)0

rt = 22%y + 3y
y? = 4a? — 323

Cau 359 {

Giai
Hé da cho tuong duong ) ) ,
(e
Cong 2 phuong trinh vé vé6i vé ta suy ra
= (2? —y)? +32(2* —y) —42® =0

R6 rang 1a phuong trinh thuan nhét gitta 2 an 22 — y va 2. Tit d6 ta c6

?—y=xy=1>—1
P —y=—dr s y=1a>+4x

Vé6i méi truong hop trén thay lai vao phuong trinh thi nhat.
Vay hé da cho c6 nghiém :

() = (0:0), <%1—3;4+ m) | (@;4_ m) | (—11 i) 53+7m>

2 2
<\/ﬁ—11.53—7\/ﬁ)m
T2 T 2

Cau 360 {IV4_y2:yv4_$2

y?— a3+ 3z =2

Giai

Diéu kien : —2 < z,y < 2
Phuong trinh thit nhat ta suy ra

4% — g2 = 4y — a2y ey = o
Thay vao (2) ta duge
‘ T =2
?—1*-3r+2=0& ~1£+5
r=———
2
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Véix=2=y=22

—1 5 —1 5)
vmq:%f;x :i#
—1 -5 —1—+/5
Véiw:Tij:iT\f

Tat nhien phai loai nghiém ngoai lai do phép binh phuong (1)

—1+¢5—1+\/5> (—1—\/3—1—\/5>D

Vay he da cho c6 nghiem : (z;y) = (2;2), (2; —2), ( 9 2 2 72

2.13 Cau 361 dén cau 390

- 993 — 2% = -8
Cau 361 { V2 — oy + 8z = —8

Giai

Hé da cho tuong duong
B -y 8P+ 1) =0 (1)
9,2
v —zy+8(x+1)=0 (2)
Thay (2) vao (1) ta duge
(@ =) + (wy =) (@ —2 +1) = 0% (2 —y)(y + 1)(2° +y) =0

THl 2 =y=83 = -8 r=y=—1
TH2 : y= —1= =1
TH3 : y = —2? thay xudng (2) ta dugc

st 8+ 8=002=-2y=—4

Vay hé da cho ¢6 nghiem : (z;y) = (—1; 1), (—2; —4)0

Cau 362

423 + 93 — 3zy? = -8
322 + 24z + 3zy = —24
Giai

Hé da cho tuong duong
4x3 + 3 — 3zy? = —8
33 + 2422 + 322y = —24x

Cong 2 phuong trinh trén cho nhau ta dugce

T3+ —3xy® + 327y + 2407 = 24r -8 & (r—y)P =8(r+ 1) P e y=—2 -2
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Thay xudng (2) ta c6

4 2
3$2—24$—3$(I+2):—24®1‘:—§@y:_g

4 2
Vay hé da cho c6 nghiém : (z;y) = (_5; _§> 0

Cau 363 Yy

Giai
Diéu kién : z,y # 0
Phuong trinh (1) suy ra

(z 4+ y)(a? — zy + y* — zy)

=1 — )2 =
0 (z+y)(r—y) =2y

Thay vao (2) ta dugc
(z+y)P =y’ srty=ay (¥
Nhu vay (2) sé la
(z—y=ler—y==+1
Thay vao (%) dé dang tim duge nghiém
Vay hé da cho ¢6 nghiém :
(my)_<1—\/5'3—\/5> (3—\/5'1—\/5> (1+\/5.3+\/5> <3+\/5'1+\/5>D

2 2 2 2 2 2 2 2

1 1
Cau 364 x+y+;+§:2(\/1—2x+\/2y—|—1)

?—Try+y*+1=0

Giai
Mot bai toan kha hoc bia ctia thay Lé Trung Tin.
1
. r<—-;x#0
Dieu kién : 2_1
y 2> oY # 0

Phuong trinh (2) khong thé lam an duge gi. Mau chét c6 1& 1a tit (1). Nhan thay biéu thic
chita 2 bién r5i nhau hoan toan, nhu vay c6 thé sé xét ham s6 hodc nhém chiing lai dé ra cai
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gl d6 dac biét.
Thuc hieén phép bién doéi (1) ta c6

1 1
T+ —-——2V1-204+y+-—-22y+1=0
x Y
1 1
&= (=201 —-20+1—-22) +— (1P =22y + 1+ 2y+1) =0
y

T
1 2

o Lo VT— ) +§(y—\/m)2:0

Nhung mot diéu chua lam ta théa man 1a chua biét o,y c6 cing dau hay khong ? Néu né cling
dau thi t6t qua, khi dé (1) sé la tong clia cac dai lugng khong am hosic khong duong, con trai
dau thi....C6 cach nao biét né ciing hay trai dau khong ? Cing dau hin la zy > 0, vay phuong
trinh (2) dé lam gi ? Ding n6 vao lic nay thoi.

Xét (2) néu xy < 0 thi vé trai luon duong (vo 1y). Vay x,y cuing dau. Tiic 1a ddu bang 6 (1)

xay ra khi
r=+1-2z _ r=—-1++2
y=+2y+1 y=1£2

r=—-1++2 fz=—1-V2
hoac
y=1+2 y=1-+/2

Vay hé da cho c6 nghiem : (z;y) = (=1 + v2;1 +/2), (=1 —v/2;1 — /2)O

So véi diéu kién thi ta suy ra {

Cau 365 (r+y)(2* +47%) =15
Yy ty=ua
Giai

Day la mot dang quen thudc nhung kha dep mat nén t6i van mudn gidi thieu cho ban doc.
Viét lai hé nhu sau

{(az +y)(a +y?) =15

yi=z—y

Héan 13 nhan ra c¢6 thé dua vé dang déng cap roi phai khong ? Nhan chéo len ta dugc
(z—y)(xz+y)(2® +9°) = 15y o 2* —y! = 15y & 2 = £

Véix =2y, PT2)eyy?-1)=0=y=1=1=2

Véiz =2y, PT2) =y’ +3)=0=y=—V3=1=2V3

Vay hé da cho c6 nghiem : (z;y) = (2;1), (2v/3; —v/3)0
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'Cau 366

(x+y—1)y+1=10

{ 222yl =2y +y+1

Giai

Diéukien : y > —1,22 4+ 2y +1>0
Phuong trinh thi nhat tuong duong

2 (r—y)+ /2 +2y+1—(y+1)=0

22 — o2

=0
Vri+2y+1+y+1

S (x—vy) |22+ vy =0
Vi r2y+1l+y+1

D& thay y + 1 > 0 dong thoi dé (2) c6 nghiém thi z +y > 1
Vay suy ra z = y thay vao (2) ta dugc

2y -1y +1l=10cy=3
Vay hé da cho ¢6 nghiém : (z;y) = (3;3)0

s 22 (z—y)+

Cau 367

4a?y? + 8xy — 3y* = —1
bry + 4 +y=—3

Giai

Day 1a bai toan do thay Lé Trung Tin ting ding trén Boxmath. Day 1a mot dang ciing kha
quen thuoc trong cudn sach toi ¢6 gidi thieu 1 cau nhung quén khudy mat chd nao 1di :sad:.
Bai toan nay thay Lé Dinh Man c6 mot huéng giai kha hay. D6 1a

Nhan thay y = 0 khong & nghiém ctia heé.

V6i y # 0 chia PT(1) cho y? va PT(2) cho y roi trit vé véi vé ta dugc

2+1 3\? 25
rT+—-—=] =—
y 2 4

Tat nhién day 13 mot huéng kha dep mat nhung khong phai dé nghi, hoan toan duya vao kinh
nghiém. To6i xin gidi thiéu cho ban doc mot y tudéng khéac ctia t6i cho bai nay.
He viét lai

4a2y? + 1 = 3y — 8xy

32y +1)=—y—4z

Binh phuong phuong trinh (2) ta suy ra 9(42?y* + 1) + 36xy = y* + Szy + 1622
Thé luong 42%y? + 1 = 3y? — S8zy tir trén xudng ta dude

9(3y? — 8zy) + 36xy = y* + Sy + 1622
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Day 1a phuong trinh thuan nhat bac 2 kha don gidn. Ta rat duge x theo y. Viéc gidi n6 xin

nhuong cho ban doc.
4—\A2 \/@—4) <4+\/ﬁ —4—@) .

Vay hé da cho ¢6 nghiém : (z;y) = < 4 13 4 13

- Voir—y—\2y—x=1
Cau 368‘ { 22y —x +3zy =222 + > + 32 — 1

Giai

Diéu kieén : % <y <bz

Hé chita 2 can thitc. Ban doc xem 2+/2y — x n6 sinh ra tit dau ? D6 la chuyén vé va binh phuong
(1).Nhu vay phuong trinh (1) tuong duong

Vor—y=14+2y—zebr—y=14+2y—0+2/2y —x 22y — 2 =62 — 2y — 1
Thay xudng (2) rut gon ta dugce
20 —3(y+ Nz +y*+3y=0= (r—y)2x—y—3)=0
Véi x = y thay (1) ta dugec Vidr —/r =1 x=1

22
V6i y = 2z — 3 thay (1)taduoc\/3x+3—\/3x—6:1(:>x:?

22 35
Vay hé da cho c¢6 nghiem : (z;y) = (1; 1), (_ ) O

3'3

Vi—2—\y—1=1
r+4/8r+y*=38

Cau 369 {

Giai

Mot loi giai dep cho bai nay.

Diéu kien : y > 1,2 > 2

T (1)taco Vr—2=1+y—1>1<x>3
Tu (2) taco VI >3++/83+1=38

Diang thitc xay ra khi z =3,y =1

Vay hé da cho ¢6 nghiém : (z;y) = (3;1)0
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(2% +9)(2® + 9y) = 22(y — 1)?

2 =24y Jy+1=0

Cau 370 {

Giai

Diéu kién : y > —1
Dit 224+ 9 = a,y — 1 = b. Phuong trinh thit nhat tuong duong

o2 a=—11b 2?2 =11y + 2
a(a+9b)—226<:>[a:2b {x2:2y—11

Thay vao phuong trinh thit (2) dé dang tim ra nghiém.
Vay he dé cho c6 nghiem : (z;y) = (v2;0), (=v/2;0)0

(z —2y) (32 + 8y + 4\/22 — dzy + 492 — 16) = —6
(y — 4x) (3y + 22 + 2\/22 — 4oy + 492 — 16) = —10

Cau 371

Giai

Bai todn xuat hieén trong 1 dé thi thit clia page Hoi nhitng ngudi on thi dai hoc trén
facebook. Khong hicu tén nao nghi ra thé loai hé nay ?
Cong 2 phuong trinh vé véi vé ta co

(2 — 2y)(3x + 8y) + (y — 42)(3y + 22) — 2(2x + 3y) /22 — day + 4y? — 16 = —16

& —b? — 10zy — 13y — 2(22 4 3y) /22 — 4oy + 4y% — 16 = —16
& (2% — dzy + 42 = 16) +2(22 + 3y) /a2 — 4oy + 4y? — 16 + (22 + 3y)* = 0

2
= (2x+3y+\/x2—4xy+4y2—16> —0

& /a2 —dzy + 4y? — 16 = — (22 + 3y)

Thay lai vao ca 2 phuong trinh ta co

(x —2y)(bx +4y) =6
(y — 42)(3y + 2x) = 10

Hé déng cap ré rang roi nhé. Ty giai nét nhé !

Vay hé da cho c6 nghiem : (z;y) = (—v2;v2), (vV2; —v/2)0
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4 1210 — 122y

A 4z
Cau 372 Y 1920 4121y

Giai
Diéu kién : z,y # 0
Hé da cho tuong duong
121z — 122y
doy(@® —y?) = —5—— (1)
N T4y
1222 + 121y

ot + 14a?y? +yt = (2)

2+ y?
Dang nay néu ai chd v thi t6i da néu 1,2 cau kiéu nay roi. Ta thuc hien
(1).x + (2).y y° + 10223 + bty = 121 (z+y)° =3
5 3,2 4 A 5
(2).x — (1).y x° 4+ 102°y” + bay* = 122 (r—y)’ =1
=3
@{x%—y Sr=2y=1
r—y=1
Vay hé da cho c6 nghiém : (z;y) = (2;1)0

ZEZ . yQ — 1
200/7 — 2oy = (2035 — P/T) (x + y + xy + 2014)

Cau 373 {

Giai

T phuong trinh (1) tacé6 —1 < z,y <1
Thé thi z +y +zy +2014 = (1 +2)(1 +y) + 2013 > 0
RG rang nhu thé tit phuong trinh (2) ta phai suy ra x = y thay vao (1) va ta tim dugc

1
aj:y:—
V2
1

1 1 1 1
Vay hé da cho c¢6 nghiém : (z;y) = (—; — |, ——=;——= 0O
V2 V2 V2 V2

210 4 y10 = =

Cau 374 1

Giai

Li¢u c6 thim nao choi mii 5 phuong trinh thit nhéat roi dua vé dang déng cap bac 10 khong ?
Chéc cha ai dién. Ta bién ddi phuong trinh (1) thanh

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



208 Tuyén tap nhiing bai hé dic sdc

1 1 .
Tt d6 suy ra 22 = 5t y: = 5~ a thay hét vao (2) ta duge

1+ 5+ ! 5—14:)5 +5 1—0
g ¢ 2 ) T @ T T T

/1
<:>Cl—:|:— 5 \/% 5

Dén day thay trd lai dé dang tim dudc z,y

C)‘(
a
@]

1
Vay hé da cho c¢6 nghiém : (z;y) = <_ o (

i (- ) s (o W)
56 ) 3 o)
\/%(5— 5(@—5));\/%(“ /30 )
\/110(5+ 5(@—5));\/—1—10(5— 5(%—5))

5) \/ ( 5<¢3_—5>))

‘Cau 375‘ { 202+ azy+y=>5

By + a2t (y+ ) +ry+y=9

Giai
Hé da cho tuong duong
o (22 + 1)+ (*+ay+y)=6 N ?+1=3 - rT=-V2=y=-1-+2
(> + 1) (2> +ay+y) =9 oy +y= r=V2=y=+v2-1

Vay he da cho c6 nghiem : (z;y) = (=v2; -1 - v?2), (v2,v2 -1)00

Nguyén Minh Tuén - K62CLC Toan Tin - DHSPHN. My facebook : Popeye Nguyén



2.18 Cau 361 dén ciu 390 209

Cau 376

22y + 4y — 3wy + 2% +y? = 2oy + 3x — 4y + 1
322 — 2y =92 + 8y + 3

Giai

Ta st dung phuong phap hé sé bat dinh cho bai nay. Viét lai hé da cho theo an «
(P +4y+1) =3z +4y+ 1)+ +4y—1=0
302 — 92— 292 -8y —3=0

Thtt cho cac hé s6 ti lé v6i nhau. Tic &

y2+4y+1_y2+4y+1_ v 44y —1
3 N 3 22—y —3

e y=-20—4

Thay y = —2 lai vao hé dugc
—3224+92-5=0
322 —92+5=0

Nhu vay ta can lam 1a lay PT(1) + PT(2). Sé dugc
22y? + 4ay — 3xy? + 42% — y? = 120y + 120 + 4y + 4
S (22 -3z-1)(y+2)? =0

Don gian nhieu roi.

+ v21 + V1 + V1
Vay hé da cho ¢6 nghiém : (z;y) = (%_, —2) , (%;O) , (%, —4) O

P/S: Thay y = 0,y = —4 ta ciing dugc nhiing cach khac dep mat tuong tu. Hiém lam toi méi
thay mot bai hé nghiém dtng nhiéu nhu nay.

22+ + oy + 20 = 5y
2+ a2’y —a® + 22y —6x+3y =0

Cau 377 {

Giai
Cong 2 phuong trinh vé vé6i vé ta dugc
PT(1) + PT(2) = (2* + oy + 22%) + (y* + 2%y + 229) — (2y + 227 +42) =0
S@+ty—2)(2*+2x+y)=0

TH1 :y=2—-2x

=PT)e®+2—2)+22—2)+22-52—2)=0< (- 1)(z+6)=0

r=lLy=1

< r=—6y=28
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TH2 : y = —2% — 22

= PT(1) & 2® + (—2® —22)* + o(—2> — 22) + 22 — 5(—2° —22) =0 & z(z +2)(z +4) =0

r=0y=0
S| r=-2y=0
r=—4y=-8

202 /7y + 22 + 3 = 4oy
Y+ VT =/—222+ 14y — 9

Giai

Diéu kién : z,y > 0
Ta c¢6 danh gia sau

2y + 22 oy + 2 +° > 4</x2w/xyx2\/xyx3y3 = 4z%y

Tic 1a VT > VP dang thic xay ra khi z =y
Thay vao phuong trinh (2) ta c6

TH+Vr=vV-2r2+1dr -9 2 +2x/r+r=—-22"+14x -9 32+ 22z — 132+ 9 =0
Dit t = \/r > 0 nhu vay ta dugc
3+ 20 — 13 +9=0& (3P —t—-3) (*+t—3) =0
o LRV 194 VAT

6 13
< 1413 7 V13
t —ﬁsz

2
Vay hé da cho c6 nghiém : (z;y) = (19 4;8@; 19 ﬁg/ﬁ) , <7 _2\/ﬁ; ’ _2\/ﬁ> O

1
cauaro] {V©
VY

Giai

Diéu kién : z,y > 0
Ta thuc hien phép bién déi sau dé dua vé hé maéi
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2 1 2 1
4 =3 3=—"— 4+ —
2.PT(1) + PT(2) NN T 7
_ = 18 1 4 = 18 4 1
PT(2) — 4.PT(1) I S _ 4L
Tt—y Y T Tx —vy T Y

Nhan vé v6i vé ta dudc
54

B ( 2 n 1 ) ( 4 1 )
Tr—y \Vr V) \Vr Vi
R6 rang 1a mot phuong trinh thuan nhat, dit = ty, ¢t > 0. Phuong trinh tré thanh

54 8 2 t=1=x=y
_+_

o 1
-1t Vi <z>[tz4:>:v:4y

Véi & = y thay vao (1) ta dugc

! ! ! & 1= 1
VY oo2y o 2
Véi x = 4y thay vao (1) ta dugc
1 1 1 « 4 N 16
_— = = — r= —
205 9y 2 7709 9

16 4
Vay hé da cho ¢6 nghiem : (z;y) = (1; 1), (56, 5) 0

Giai

Day 13 mot bai toan kha kho va mang tinh danh d6 vé mét § tudng. Toi xin gi6i thieu cho ban
doc mot cach giai tot trén Boxmath.
Diéu kién : 23y > 4
T diéu kién suy ra x,y cing dau, nén néu (z;y) 1a nghiém thi (—z, —y) cling 14 nghiem. Vay
nén ta chi can xét dai dién truong hop y <2 < 0. Dat t = ¥ > 1. Tu (2) suy ra

x

4t + 12

32
+ 3 +1

<= ({t-1DEBt+3 -8 -t —1) <0

Tu day suy ra t < 2. Vinéu t > 2 suy ra

(t—1)Bt* +33 82 —t—1) =t - )2 -+ (" =)+ (2 —1) >0. (VL)
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Nhu vay ta co
T 12(2? + 2 11 11
3<_+£) Rty 11
2 +y 'y Yy
= (z —y)?(32* — 5y — 8a%y? — Hay® + 3y*) <0
= (v —y)2z'.(3t* — 5t3 — 81> — 5t +3) <0
Cong 2 phuong trinh vé v6i vé ta dugc
x 12(2? + 92 11 11 xy3 a3
(B 2) B NN (F )

y? -

B4y oz Yy

11 11 11 11 . ,
Nhu vay ta c6 VT (3) < — + — trong khi VP(3) > — + — (do z,y > 0). Dau bang xay ra
Z Y Y

x
khi

3 —4 = 3
{$3/ gy <:>a::y:\4/1_l

r=y
Vay hé da cho ¢6 nghiém : (z;y) = ((4/4_1, \4/4_1), (—(4/‘_1; —(4/4_1)5

ry+r+y=3
Cau 381 N
2422 Yy +2y 3

Giai

Day 14 mot bai toan khong khé nhu dep mat.
Diéu kién :z,y # 0,2
Hé da cho tuong duong

(z+D(y+1) =4 ab =4 a=20b=2
1 1 2 & 1 1 2 &
N == + == a=—2,b=-2
(x4+1)2-1 (y+1)2-1 3 a?—1 -1 3
y=1
~ y__3

Cau 382

Giai

Hé da cho tuong duong
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(22 +1422)(y* + 1+ 2y) = -9y
(x> +1)(y* +1) = —10zy

Vi z,y = 0 khong & nghiém ctia hé nén tuong duong

2 1 2
(x i +2> (y +1+2):—9
r y
2 11X (2 +1
(=) (57) o
z y

2 +1 v+ 1
=a

Dat , = b ta ¢6 hé mdi
T Yy
5
{(a+2)(b+2):—9 a=—4b=g
A 5
ab=-10 a=-,b=—4
2
TH1 :
2+ 1=—4x r=-24++3
. Tly=2vy=1
Y =Y y=2Vy=g

Truong hop 2 tuong tu chi 1 hoan doi gia tri nghiem.
Nhu vay hé c6 tat ca 8 cap nghiem [

P+t —ay=1

{x+\/a:2+1=y+\/y2—1

Giai

Diéu kién :|y| > 1
Phuong trinh thi nhat ctia hé duge viét lai nhu sau:

TP —1l=y—Va2+1
Binh phuong 2 vé ta thu dugc:
=2/ —1=1-2V2+1ley/el+1=1+212 -1
<:>x2y2+y2:1+x2y2—x2+2x\/ﬁ

s-Vrr-1P2=0er—y=-1

3(x—y)?  (v+y)?

Chay 2?2 — a2y + 9% = 1 +
Nhu vay hé sé la
fa=-1,b=1
(=) ty) =1 P a= Lo
< 3($—?/>2+($+?J)2:1 {3a2+b2_4 = a:_ﬁbe\/g
4 4 -
L V3
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[ r—y=-—1
r+y=1
r—y=1 [ =0,y =1
r4+y=—1 r=0y=-1

I PR S [ .
e AT

= - LN
x—y:%

i x+y=—\/§

Tat nhién ta phai déi chiéu diéu kién binh phuong nita.
2

1
Vay hé da cho c¢6 nghiém : (x;y) = (0; 1), (_; “Z\0
V3 V3

Cau 384

2 + P +y? — 32 —3=0

{ P+ yfr+ 32 +y? =2y —3r—1

Giai

Heé da cho bién doi thanh

- (z4+1)° +2(x+1) =2y
20 +y? (x+1)=3(z+1)

Dé ¥ ki hoan toan dua vé déng cap ducc. Nhan chéo phat ta dugc
3+ 1) ' +3@+ 1)y =4t +20° (2 + 1)

=3@+1)" +3@+1)2—2@+1)y° -4yt =0

Xét y = 0= x = —1 la mot nghiém cua he.
Xét y # 0, chia ca 2 vé cho y* ta duge

1\* 1\2 1
3<:p—|— ) +3<x—|— ) _2x+ 40
y Y y

m—{—l_

1 @{y:x%—l
—1-43 x:y(l—\/§)—1

Y
= r+1

Dén day viéc thay lai xin nhuong ca cho ban doc :brick:
Vay hé da cho c6 nghiém : (z;y) = (—2;—1),(—=1;0),(0; 1)
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Cau 385

Giai

Dé ¥ ki khi nhan vé v6i vé sé rit gon hang loat.
Nhu vay nhan vé véi vé suy ra

P—yf=2—1l=y=1vy=—-1
Véi y = 1. Thay vao phuong trinh (2) ta duge
(z+D@*+1)=2"+12=0
Véi y = —1. Thay vao phuong trinh (1) ta duge
(z+ D@+ ) =2*-1or=-1Vr=2
Vay hé da cho ¢6 nghiém : (x;y) = (0;1),(—1; —1),(2; —1)0

Cau 386

r2y? + 2% + 16 = 1lzy
2% + 2y% + 12y = 3zy?

Giai

Nhan thay y = 0 khong & nghiém ctia hé. Chia phuong trinh (1) cho y?, phuong trinh (2) cho
2
y* ta dugc.

16 11z 4\ 2
:172+—2+2:— <x——) —1-2:3E
- Yy y

x;/ 12y 7\ 2 4
(5) r2r e ;) +2=3(=-})

a2_3b:_2 a,:b:l
< < a=b=2

Dén day dé dang thay lai tim nghieém.

1—v17 1 —+/1 1 17 1 1
vayhédachocénghiém:(:c;w=<—2;—1>,(4;2>,( Qﬁ; 2ﬁ>( +2ﬁ; +f>m

224+ 2y* + 32y +3=0

A —yt1
(z +y)

Giai

Nhin hinh thitc ¢6 1& bai nay dua vé dit an tong hicu la t6t nhat.
Dicukien : 2 —y > 0,2 +y #0
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bat /r —y=a(a>0); b:x+y(b7é0):>:>{

Suy ra :

r—y=a’ 20 =a®+b
r+y=> 2y = b — a?

21 p\? b—a?\? a2+ b\ (b—a?
24902 4 30y = (& 9 3
et = (7)) w5 (7)) (550)
_at+2ab+ 02 42 (b — 2ba* +a') + 3 (b —a') 6% — 2ba’
N 4 N 4

Tu do6 ta c6 hé phuong trinh :

362 — ba? + 6 = 0 9b? — 3ba? + 18 =0 (1)
a’ + 18 = 9b%a a> —9%a+18=0 (2)

Trit (1) cho (2) theo ting vé sé c6 :

3b—a=0

2 2 — _ =
(96° — a®) +3ba (3b—a) =0 (3b—a) (3b+a+ 3ba) =0 < 3+ 4+ 3ba — 0

Ta xét truong hgp khoé trude, mong cho noé vo ly.
Vé6i 3b + a + 3ba = 0 thay vao (1) ta dugc

9> +3a(3b+a)+18=0< 36> +3ba+a* +6 =0

RS rang vé trai luon duong. Vay chi con a = 3b thay vao (1) sé tim duge

-3 —y=9
¢ & N Sr=5y=—-4
b=1 r+y=1

Vay hé da cho ¢6 nghiém : (x;y) = (5; —4)0

Cau 388

w3y ay® + oyt = day® — 1
22y +2? +y? =4y — 1

Giai

Phuong trinh thit (2) bién do6i sé thanh
Pty =day—1e (zy—1)°+@z—y)*=0

r=y=1
r=9y=-—1

Thay lén phuong trinh (1) chi c6 cap thit nhat 1a théa man.
Vay hé da cho c6 nghiém : (z;y) = (1;1)0
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2 __ 2 _ 1 =
Cau 389 {m’ L+ VY = 1= Vay +2

1 1
H+E=1

Giai

Dicu kien : |z|, |y| > 1
Phuong trinh thi nhat tuong duong

2yt —d—ay+ 2222 — (22 +y2) +1=0
Dit a = xy, b = 2% + y? ta thu duge hé mdi

{b—4—a—|—2\/a2—b+ =0 o [a=—1,5:1

b=a? a=2b=4
Ty = —1

Vay hé da cho ¢6 nghiém : (z;y) = (\/5, \/5) , (—\/_; —\/5) O

- oy =9 +vy—1+1=0
Cau 390 { y(182% + 1) = 3z + 22 + (xy + 1)?

Giai

Diéu kien y > 1
Phuong trinh thtt nhat suy ra

(z(y -9+ 1) —y+1=0< 2%y* — 18yz* + 2xy + 812> — 18z +2 —y =0
Phuong trinh thi hai thi :
18yz? +y — 30 — 23 — 2%y — 22y =0

Cong 2 cha lai ta dugce
74+ /805

122 —2lx — 21 =0 o =
e i i 54

Thay lai tim y (khéa 18)

Vay hé da cho c¢6 nghiém : (z;y) = = -

(7 — V05327 + 3v/305 + /36782 + 842\/805) -

7+ /805 327 — 3v/805 — /36782 — 842\/805>

o4 28
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218 Tuyén tap nhiing bai hé dic sdc

2.14 Cau 391 dén cau 410

r=(y—-1)(y+2)+1
zy(zy — 1)+ 222 = (x+1) (a2 +x+1)

'Cau 391

Giai

Bién ddi phuong trinh (2) trd thanh

vy(2®y? —ay+1) =@+ D[x+1)?* - (z+1)+1] & flay) = f(x +1)

1
V6i f(t) = t3 — t* + ¢ don diéu tang, tit d6 ta co ngay ry =z + 1 &z = S thay len (1) ta
y g

dugc.
1 ) y=0
— 1:(y ~-NDHy+2)+1s 1413
_ Y=
2

Tu d6 tra lai bién z

—v13 -1 —-+/1 1 13—-1
VayhédachoC(’)nghiém:(Jc;y):(—l;O),<3 \/_3 \/_3;>7<3+\/_3;\/_3 >D

2 7 2 2 2

Cau 392

2 —?y=a*—x+y+1
23— 9y? 4+ 6(x — 3y) — 15 = 3v/622 + 2

Giai

Phuong trinh thit nhat tuong duong
(+Dr—y—-1)=0y=0—1
Thay vao (2) ta sé dugc
(x—1)°+3(x—1) = 622 + 2+ 3V622 + 2
Do f(t) = #3 + 3t don diéu tdng nén suy ra
r—1=V6r2+2&2° 92 +3-3=0

Phuong trinh nay nghiem duy nhat kha 1é, ta c6 thé lam bang dat an kiéu Hypebolic toi da
giéi thieu & cau 215. Tuy nhién, tinh té ta sé bién doi né vé

(x+1)3:2(x—1)3<:w+1:\375(93—1)‘:)33:%

V2 + 1 2
Vay hé da cho c¢6 nghiém : (z;y) = <\/_+ : )D

V2-1"v2-1
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2.14 Cau 891 dén ciu 410 219

2
y2—|—3:c:—y

'Cau 393/ .

4y =——
Y

Giai
Diéu kién :x,y # 0
Hé da cho tuong duong
2
yly——)==3z (1)
P
rz+-)=-y (2
)
Nhan (1) véi (2) vé véi vé ta dugce
Ty =
- = -)=3&ry——=3¢&

Dén day don gian 1r6i !

2
Vay hé da cho c6 nghiém : (z;y) = (—1;1), (—%; —2\3/3) O

4+ (52 + 2y — 1)y fy = 52° + y (2 4 32?)
3 2 (322 +5 5
Cau 394 Az 455+ (32" +5) 5z

VY VY

Giai

Diéu kién :y > 0
Phuong trinh thit nhat ctia he tuong duong

32%y — (5a* + 2y — Day/y + 52° + 2y — 4 =0, (1)

Ay = (522 + 2y — 1) —12(50%+2y—4) = (527 + 2y — 1)*~12(502+2y—1)+36 = (52> + 2y — 7)°

) 3y —ba® —2y+4=0 (2)
2 _ —
Do d6 (1) < (3wy/y — 52> — 2y +4) (15— 1) =0 & s i—1=0  (3)

Phuong trinh th hai ctia hé tuong duong
dx\/y + by + 62° + 10 = 5z, (4)

Thuyc hién 4.(2) — 3.(4) duge =38z + 15z — 14 =23y >0 vo Iy vi A, = —1903 < 0
Xét (3) « /y = * thay vao (4), duge f(z) = 6z* — 5a® + 142° +5 = 0

Dé thay phuong trinh nay vo nghiem.

Vay hé da cho vo nghiém [
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220 Tuyén tap nhiing bai hé dic sdc

V2re+1—\2y+1=y—ux

1622%y? + 5 = 63/422y +

Cau 395 {

Giai

Nhiéu ngusi nhan xét cau nay chang c6 gi dic biet khi tit phuong trinh (1) da rit ra duge
x = y roi. Tuy nhién cai hay 6 sau

Diéu kién : z,y > 5
Phuong trinh thit nhat tuong duong

2
1) & (z— +1)=0&2x=
(1) & ( y>(\/2x+1+\/2y+1 ) J

Thay vao (2) ta duge
162" +5 = 6v4a3 + x
1 p

D6i v6i hinh thiic hé nay danh gia la cong cu t6t nhat. Nham duge nghiem = = 3 va ta tien

hanh tach ghép phu hop.
Dé phuong trinh ¢6 nghiém hién nhién z > 0
Ta co

6vVA4z3 + 2 = 3{/2.4z. (422 + 1) <2+ 4w+ 42% + 1
& 1622 +5 <42 +4x+ 3

1
@(21—1)2(2x2+2x+1)§0¢)x:§

11
Vay hé da cho c¢6 nghiém : (z;y) = (5, 5) O

2 | ¥ 2 — 2
Can 396 {Sx 20 =5+ 20vV22 +1=2(y+ 1)/42 + 2y + 2

2?2+ 292 =22 — 4y +3

Giai

Trit hai phuong trinh vé véi vé ta duge
) 2
[\/x2+1+:c} —{ (y+1)2+1+y+1]

D@ thay ham s6 can xét la f(t) = (\/t2 +1+ t)2 va ham nay don diéu tang. Tu do6 suy ra
x =y + 1 thay vao (2) ta dugc

y=-2=ux=-—1
(y+1)2+2y2:2(y+1)—4y+3<:>[ 2 5
y=3=7=3

5 2
Vay hé da cho c6 nghiém : (z;y) = (—2; 1), (5’ §) O
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(z +2)? +2(y 4)2 =

'Cau 397 {7V16 y*=(z=1)x+6)

Giai

1

3 >
Tt phuong trinh dau ta ¢6 (x — 1)(x +6) > 0 < {;;__6

Tt phuong trinh (2) ta lai ¢6

(z+2°<9e -5<z<1

Vaysuyrax=1vay=4
Vay hé da cho c¢6 nghiém : (x;y) = (1;4)0

VT +2y —xr—2y=2
vao+3+ —4y2 =5

Giai

Diéu kién : o > —3,2 > 2y
Dé ¥ ¢ phuong trinh (2) c¢6 lugng /22 — 4y? sinh ra tit viéc binh phuong (1). Vay binh phuong

(1) suy ra
x— 2= /22— 4y?
Thay xuéng dudi ta dugce
Vi+34+r—-T=082=5=y=242

Chu y dén diéu kién binh phuong (1) ta loai y = —2
Vay hé da cho c¢6 nghiém : (x;y) = (5;2)0

Pay+yi ot —— =
Cau 399 E r+1
2 — =2
T+y+ 1

Giai

Hé da cho tuong duong

y
1 =2
(x+y+ )($+12+$)

)
1
@ry+1)+ (s

+z)=3
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222 Tuyén tap nhimg bai hé dac sdc

2
Ditz+y+1=a,—2— +z=btacohe méi
A

+1
- {L‘_'_y:O -xzo’yzl
Yoo r=1y=0
ab =2 <:){a:Lb:Q@ 11 ' - 1—+/17 V1T -1
J— —_ rT=—— =
a_|_b:3 a—2,b—1 gj+y:1 4 ) 4
y? . 1+17 -1 —17
= r=—1y=—
L $+1+$ - 4 Y 4
1—VI17 V17 -1 1 17 —1—= /17
Vayhédéchocénghiém:(:c;y):(0;1),(1;0),( 4\/_;\/_4 );( +4\/—3 4\/_>D

Cau 400 x° — 3
Giai
Didu kia 7& 1
ieu kien : x # —
V3
Dat y + 1 = a thi hé da cho tré thanh
2
2a + z(a® — 1) T= a2
_ =3 g x3_—a3x
4= ———0o
3x2 -1 372 — ]

Dén day han phai nhin thay tu tuéng luong giac héa roi nhi ? Xin nhuong lai cho ban doc lam
not.

\%yhédéchocén@ﬁ@n:@my):(Op—D,(i: 5——2v%;—1¢:(2 5-—2v%4-\ux5-2v%{>>

(i 5—2¢&—1¢(mﬁﬁiﬁF—vE@t§;5)>D

_ P l—y T y—y

Giai

Diéu kien :  +y > 0
Nhan thay y = 0 khong 13 nghiém ctia hé. He da cho viét lai thanh

22 +1

—vrty=1 - a—b=1 - a=3
2
x-+%x+y_m:6 a(b®> —2) =6 b=2
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2.14 Cau 891 dén ciu 410 223

—3—-+53  11++/53

Slrty=4 T T 2
22 +1=3y VB3 -3  11-53
T = Y =
2 2
—3—v53 11+ +/53 vb3—3 11 — /53
Vay hé da cho ¢6 nghiém:(m;y)z( 5 ; +2 ,( 5 7 )D

r—4y+1
— 2022 +9) = 18(2® + ) +212(7T —y) +3

Cau 402

——
8
)
+
w@M
I
w

Giai

Hé da cho tuong duong
zxr—3)+yly+4) =1
322 (x — 3)? — 2% (y +4)* =3
L Jatb=1 @[a b=0 _3+V13
3a® — 20> =3 a=-5b=6 VN 2

1+ VI 4+ VI
3 2\/_3;0),<3 2\/_3;4>D

=1,b

Vay hé da cho c¢6 nghiém : (x;y) = <

85
Cau 403| (VW Ti=—T4 5

2
16(2% — y) + 62(3 — 4x) = 16y + 21 + 6y + 1

Giai

. 4
bieu kién : y > —3
Phuong trinh th 2 tuwong duong

& 162° — 2427 + 182 = 16y + 63/y + 1 & 160> — 242 + 182 + 16 = 16(x + 1) + 6/y + 1

Nhin vao hinh thic nay c6 18 sé xét ham. Tuy nhién vé phai c6 dang khuyét thiéu bac 2 trong
Z 2 Z b 1
khi vé trai lai c6. Vay ta doi bien z = u — 3= U+ 5 t = /y + 1. Nhu vay phuong trinh
a
(2) sé la

1
16u3+16u:16t3+16t<:>u:t<:>x:§—|— vy + 1

Thay lén (1) ta dugc

5
8V3y+d+{y+l=2ey=T=r=_
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224 Tuyén tap nhimg bai hé dac sdc

Vay hé da cho c¢6 nghiém : (z;y) = (g, 7) O

Cau 404 \/22x—1—y(1+2\/2x—1) = -8
v +y2y—1—4dx -2z +y =13

Giai

Day la mot bai hé kha kho, tuy nhién anh Nguyén Xuan Nam, mdt ngudsi ban clia téi trén
facebook da choi n6 bang 5 cach khac nhau. Toi xin gi6i thieu cho ban doc cach la dé hiéu nhat
d6i v6i bai nay. Dung nhu 10i &nh nhan xét : day 1a mot vi du cho cau néi "Can cut bu thong
minh"

N 1 3
Diéu kién : x > §,y > 5
biat 2z — 1 =a > 0. Tu phuong trinh (1) ta rit ra
_a+38
v= 1+2a

Thay vao phuong trinh (2) ta duge

a+8\° [a+8 —4a® —2a* —4a+13 _, a+8
+ —2a” + =14
1+ 2a 14+ 2a 1+ 2a 1+ 2a
Dit vé trai 1a f(a). Ta co6
—16a3—16a%—4a—30

’ _ —30(a+8)(2a+1) 15 —4a3—2a2—4a+413 a+8 (1+2a)2 _ _ _15
f'(a) = (2a+1)* (1+2a)%" 1+2a T (1+2a) 2 \/4*4“3*%2*4%13 da Tr2a? < 0
. 142a

Vay phuong trinh nay c¢6 nghiém duy nhita =1=2 =1,y =2
Vay hé da cho c6 nghiem : (z;y) = (1;2)0

220 =3y ++S5—z+y="7
3WVHh—x+y—V2r—y—-3=1

Cau 405 {

Giai

Bai toan trén xuat hién 3 can thitc kho chiu. Néu ta dit ching lan luot 1a a, b, ¢ > 0 thi da c6
2 phuong trinh, can tim thém mot phuong trinh nita biéu dién méi quan hé giita 3 an.

bat 2z -3y =a,\/2x —y—3=0,\/b—x+y=c, a,b,c > 0 hé da cho tuong duong

2a+c=17 20 — 3y =9
3c—b=1 Sa=3b=2c=1(2r—y—-3=4 S ar=3y=-1
a?+b* +4c? =17 5—x+y=1

Vay hé da cho c6 nghiém : (z;y) = (3; —1)O
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2 _
cau406] YT Eiati
22+’ —3zy—ax+3y—1=0

Giai

Phuong trinh (2) A khong dep. Sé phai khai thac tit (1). V6i hinh thitc thé kia ¢6 1& vé phéi sé
rit gon dude. Vi mau khong thé phan tich duge nén du doan trén tit sé c6 nhan ti 2?4+ + 1.
Tién hanh nhom ta s6 duge 2° +2* + 1= (2* —z + 1) (2 + z + 1)

Nhu vay hé sé la

V=23 —z+1

> +yP—3zy—ax+3y—1=0
Thay y? tit (1) xudng duéi ta dugc

(x—1)(2* +22x—3y) =0

2
2 ..
Voi 2= 1=y = +1 Véi y = =27 thay vao (1) ta gidi ra
r=3=>y=>5
1- V13 3 /13
1+V13 3+ 13
rT=—""=y=—"T""

2 % 2
Vay hé da cho c¢6 nghiém :

(z;9) = (1;1), (1;=1),(3;5), <

1—¢1_3.3—\/1_3) <1+\/1_3-3+\/ﬁ>m
2 2 T2 T

~ Va2 —2x4+2+ Yy —2y+2=2
407
Cau 407] {\4/5+¢yT:3

Giai

Phuong trinh thit nhat tuong duong

VE—124+14+(y—1)2+1=2

Dé thay VT >V P.
Dang thtic xay ra khi 2 = y = 1 thay vao (1) thda man.
Vay hé da cho ¢6 nghiem : (z;y) = (1;1)0
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V2 —y+ /3x—2y=2
2/3x =2y +dr+y=8

Cau 408 {

Giai

bat a = V22 —y, b= /3x — 2y
St dung dong nhat sau
Se+y =132z —y) — 7(3x — 2y)

Vay hé da cho tuong duong

2b — Tb® + 13a® = 8
2 —y =1
& Ly Sr=y=1
dr—2y=1
Vay hé da cho c6 nghiém : (z;y) = (1;1)0

b=2
{a—|— Sa=b=1

Cau a0o] | 22+ D@+ VAT T I d) 43y (2+ Voy7+3) =0
40 — 3y +3yT— 3y = -5

Giai

Dé y phuong trinh (1) 2 bién z,y hoan toan tach rdi nhau va ta hi vong né sé ra dugc dicu gi
d6, v6i hinh thitc nay c6 1& 1a ham s6. Phuong trinh (1) viét lai thanh

22+ 1)(2+ /(20 + 1)2+3 = —3y(2 + /92 + 3)
Chua phai ciing 1 dang ham. Nhung dé ¥ 9y* = (—3y)%. Khi d6 2 vé déu c¢6 dang
ft) =2t +tv/12+3
Ham nay don diéu tang, tit d6 ta suy ra 2z + 1 = —3y thay vao (2) ta duge
12 + 22+ 320+ 2= -6 oo =—1
Vi vé trai dong bién nén phuong trinh nay c6 nghiém duy nhat.

1
Vay hé da cho c6 nghiém : (z;y) = (—1; §> O

27y — 322 + 9y =1

2
VI 43y = ¢ 72(%+y2>

Cau 410

Giai
Diéu kién : z,y > 0
Dé y phuong trinh thit (2)
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(VT +1/3y)* < 4(x+3y)? < 82> +9y*) = VP
Dang thic xay ra khi
VI =3y <z =3y
Thay 1én (1) ta dugc
$3—3x2+3x—120<:>x:1:>y:%

1
Vay hé da cho ¢6 nghiém : (z;y) = (1; §) O

Ré cuia su hoc tap thi ding, qua ctia su hoc tap thi ngot.
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