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. Quyén sach da dugc kiém duyét va ddng y boi ban quan tri dién dan MathScope.org va la
tai san cua dién dan MathScope.org. CAm moi hinh thitc sao chép va dan cac logo khong
hop 1é. Céc hinh thic upload file sach 1én cdc mang xa hoi, cac trang cong dong, cac dién
dan khaéc,...déu phai ghi ré nguoén dién dan MathScope.org.

. Sach duogc tong hop phi lgi nhuan. Cdm moi hinh thtc thu lgi nhuén tir viéc ban, photo
sach va cac loai hinh khac.

. Sach dugc tong hop tir ngudn tai nguyén cua dién dan MathScope.org. Do d6 sach c¢6
quyén khong néu tén céc tac gia cta 10i gidi cdc bai toan va ngudi bién soan da chinh sira
ndi dung va hinh thac dién dat sao cho hop ly.

. Moi thdc méac vé ban quyén xin lién hé véi ban quan tri dién dan MathScope.org hodc guri
truc tiép 1én dién dan.

. Néu ban khong dong y v6i nhitng diéu khoan néu trén, xin vui 1ong khong st dung sach.
Viéc str dung quyén sach chitng té ban da chap nhan cac diéu khodn trén.
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Ldi néi dau

Tt budi so khai trong xa hoi loai ngudi, toan hoc luon gén lien véi cac linh vue doi séng nhu
kién triic, hoi hoa, khoa hoc,. .. Va trong hau hét cac linh vuc clia toan hoc, hinh hoc phang
luon gitt vi tri ditng dau vi né chinh 1a nén tang xay dung nén hinh hoc khong gian, 1 co s6 clia
cac nganh kién triic, nghé thuat va toan hoc ting dung. Ciing nhu lich st phat trién, ching ta
da tiép xtc v6i hinh hoc phang tit rat sém. Céc khai niem vé diém, duong thang, doan thang
da dugce dé cap dén ngay & tiéu hoc. Hinh hoc trai dai dén tan nam cubi cap THPT va di theo
dén nhitng nam dai hoc, diéu nay khang dinh vai trd quan trong ctia hinh hoc néi chung va
hinh hoc phang néi rieng.

Dong thoi v6i st phat trién cia toan hoc, hinh hoc phéng ciing phat trién khong nging. Lién
tiép cac két qua mdi duge phat hién va nhitng ki thuat mdéi duge kham pha. Chinh vi thé, viec
bit kip cac kién thitc ctia hinh hoc phang la can thiét va quan trong. Day ciing chinh la ly
do quyén sach “Tuyén tap céac bai toan hinh hoc phing” ra doi. Quyén sach duge tong hop tit
tai nguyén trén dién dan MathScope.org va la tai san ctia MathScope.org, tac gia cac bai toan
va 1oi giai, nhém tdng hop déu 1a cac thanh vien ciia dién dan MathScope.org véi mong muén
cung cap cho ban hoc sinh, sinh vién va thay co gido trén toan quéc mot tai lieu phong phu vé
hinh hoc phing, hd tro cho qué trinh hoc tap va giang day.

“Tuyén tap cac bai toan hinh hoc phing” khong chi nhim vao déi tuong du thi Olympic ma
con 1a nguodn tai lieu cho cac em hoc sinh cAp 2 chuan bi cho ki thi tuyén sinh 16p 10. Do do,
cac bai toan duge chia thanh 2 phan : danh cho cac em o6n thi 16p 10 va cac ban thi Olympic
dé phit hop hon vé6i ban doc. Méi bai toan déu c6 nhitng huéng dan, goi ¥ trude khi néu ra 1oi
giai chi tiét dé gitp ban doc suy luan va tiép tuc gidi quyét bai toan véi nhimg gai ¥ dé. Xin
ltu ¥ rang nhitng 16i nhan xét trong phan huéng dan va ggi ¥ 1a nhitng ¥ kién chii quan ctia
ngudi bién soan. Xin cdm on ban quan tri va cac thanh vién dién dan MathScope.org da déng
g6p, ung ho va giip dé hoan thanh quyén sach nay. Va xin cam on thay Chau Ngoc Himg -
gidgo vien truosng THPT Ninh Hai, Ninh Thuan da hé trg vé BTREX dé hoan thién quyén sach.

Tuy nhién, chic chin rang cudn sich van con nhitng han ché nhat dinh, chting toi rat hoan
nghénh nhiing ¥ kién déng gop, chia sé clia ban doc dé cuén sach duge hoan thién hon. Ban
doc c6 thé gép ¥ bing cach giii email rieng t6i hom thut alephvn@gmail . com hodc gii tric tiép
len dién dan MathScope.org (http://forum.mathscope.org/index.php).

Thay mét nhém bién soan, toi xin chan thanh cam on sy quan tam ctia ban doc!

Ha Noi, ngay 31 thang 10 nam 2011

Dai dién nhoém bién soan
Chu bién
Phan Ditc Minh


mailto:alephvn@gmail.com
http://forum.mathscope.org/index.php

Cac thanh vién tham gia bién soan

No6i dung

e Phan Ditc Minh (novae) - DHKHTN, DHQGHN.

Truong Tan Sang (sang89) - Westminster High School, California, USA.

Nguyén Thi Nguyén Khoa (liverpool29) - THCS Nguyén Tri Phuong, Thanh ph6 Hué.
e Lé Tuan Linh (conami) - THPT chuyén Lam Son, Thanh Hoa.
e Pham Huy Hoang (hoangkhtn) - THPT chuyén, DHKHTN, DHQG Ha Noi.

e Nguyén Hién Trang (tranghieu95) - THPT chuyén Phan Boi Chau, Nghe An

H6 trg ki thuat BTEX

e Chau Ngoc Hung (hungchng) - Gido vién trusng THPT Ninh Hai, Ninh Thuan.

Trinh bay bia
e Vo Anh Khoa (anhkhoavo1210) - DHKHTN, DPHQGTPHCM.

e Phan Dtic Minh.



Phan mot. Cac kién thiic co ban

1. Dinh ly Menelaus
Cho tam giac ABC, céac diem D, E, F theo thi tu ndm trén cac duong thing BC,CA, AB.
Khi d6 D, E, F thing hang khi va chi khi

FA DB EC

FB DC EA

Cht y : Dinh 1y Menelaus c6 thé mé rong cho da giac 16i n canh.

2. Dinh ly Ceva
Cho tam gidc ABC, cac diém D, E, F theo thit tu ndm trén cac duong thing BC,CA, AB.
Khi d6 AD, BE,CF dong quy khi va chi khi

FA DB EC
FB DC EA

3. Pudng thiang Euler

Cho tam gidc ABC;0, G, H theo thit ty 1a tam dudng tron ngoai tiép, trong tam va tryc tam
tam giac. Khi d6 O, G, H théng hang va OH = OG. Duong théng di qua O, G, H dudc goi la
dudng thang Euler ctia tam giac ABC.

4. PDuong tron Euler

V6i moi tam giac ABC bat ki, 9 diém : trung diém cac canh, chan cac duong cao, trung diém
cac doan thang ndi tryc tam tam giac véi cac dinh cling ndm trén mot dudng tron, goi la duong
tron Euler cia tam gidc ABC. Duong tron Euler c¢6 ban kinh bang mot nita ban kinh dudng
tron ngoai tiép tam giac va c¢6 tam la trung diém doan théng néi tryc tam va tam dudng tron

ngoai tiép tam giic.

5. Dinh ly con buém

Cho dudng tron (O) va I 1 trung diém ctia mot day cung AB. Qua I dung hai day cung tiy
¥ M N, PQ sao cho MP,NQ cit AB tai E, F theo thi tu. Khi d6 I 1a trung diem EF.

6. Dinh ly Ptolemy

V6i moi t1t giac 161 ABC'D noi tiép trong mot duong tron, ta déu c6 ding thiic
AB-CD+ AD-BC = AC - BD

Tong quat : (bat ding thitc Ptolemy) Véi moi tit gidc ABC'D bat ki, ta c6 bat ding thitc
AB-CD+ AD - BC > AC - BD

Diang thitc xay ra khi va chi khi ABCD 1a tit giac 16i noi tiép.



7. Dinh ly Stewart

V6i ba diém A, B, C thang hang va mot diém M bat ki, ta co

MA?.-BC +MB? - CA+ MC? - AB+ AB-BC-CA=0

Hai hé qua quen thuoc ctia dinh 1y Stewart 1a cong thic do dai duong trung tuyén va do dai
duong phan gidc trong : Cho tam giac ABC. Dat BC = a,CA = b, AB = ¢;my, l, lan lugt 1a
do dai duong trung tuyén va do dai duong phan giac trong tng véi dinh A ciia tam giac. Khi

do ta co
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8. Pudng thing Simson

Cho tam giac ABC' va mot diem M nadm trén dudng tron ngoai tiép tam gidc. Goi X, Y, Z lan
lugt 1a hinh chiéu vuong géc ctia M trén cac dudng thing BC,CA, AB. Khi dé X,Y, Z thing
hang va duong théng di qua ching dugce goi la dudng thing Simson ciia diém M déi v6i tam
gidac ABC.

Téng quat : Cho tam gidac ABC va mot diém M bat ki trong miit phéng tam giac. Goi X,Y, Z
lan lugt 1a hinh chiéu vuong géc ciia M trén cac duong thang BC,CA, AB. Khi dé diéu kien
can va dit dé M nam trén dudng tron ngoai tiép tam giac ABC la XY, Z thang hang.

9. Pudng thang Steiner

Cho tam gidc ABC va mot diém M nam trén dudng tron ngoai tiép tam giac. Goi X, Y, Z lan
lugt 1a cac diem déi ximg véi M qua BC,CA, AB. Khi d6 X,Y, Z thang hang va dudng thang
di qua chiing dugc goi 1a duong thang Steiner ctia diem M déi véi tam giac ABC. Duong thing

Steiner luén di qua tryc tam tam giac.

10. Diém Miquel ctia tam giic, ti gidc toan phan

Cho tam giac ABC va ba diém M, N, P tuong ing nim trén cac dudng thing BC,CA, AB.
Khi d6 cac dudng tron ngoai tiép cac tam giac ANP, BPM,CMN déng quy tai diem Miquel
X ctia M, N, P d6i v6i tam giac ABC.

Khi M, N, P thing hang, ta c6 X diém Miquel ciia tG gidc toan phan ABCMNP. Khi dé6 X

nam trén dudng tron ngoai tiép tam gidc ABC.

11. Duong tron Miquel ctia t& giac toan phan

Cho t1t giac toan phan ABCDEF, diém Miquel M clia ti giac va tam ngoai tiép cac tam giac
AEF,CDE,BDF, ABC cung nam trén duong tron Miquel ctia ti giac.



12. Dinh ly Pascal

Cho 6 diém A, B,C, D, E, F cing nam trén mot conic bat ki. Goi G, H, K theo thtt tu la giao
diém ctia cic cap duong thang (AB, DE), (BC, EF),(CD,FA). Khi d6 G, H, K thing hang.

13. Dinh ly Pappus

Cho hai duong thang a, b. Trén a lay cac diém A, B, C; trén b lay cac diém D, E, F. Goi G, H, K
lan lugt 1a giao diém ciia cac cap duong thang (AE, DB), (AF,CD),(BF,CE). Khi d6 G, H, K
thing hang.

Dinh 1y Pappus la truong hgp suy bién ciia dinh 1y Pascal khi conic suy bién thanh cip dudng
thang.

14. B4t dang thiic AM - GM

Vé6i a1, as, . .., a, 1a cac so thuc khong am thi

a1~|—a2+---+an
n

Z ya1az - ay
Déng thitc xay ra khi va chi khi a1 = as = - -+ = a,.

15. Bat dang thitc Cauchy - Schwarz

Vi ai, o, ...,0, Va bl, bQ, ce ,bn 14 cac sO thue thi

(a3 4+ a2+ +a2) (B3 +03 4+ +b2) = (b + agbo + -+ + anby)’

Déng thitc x4y ra khi va chi khi % = Z—j == Z—:. Trong d6 quy uéc néu mau bang 0 thi ti
bang 0 va ngudc lai.
16. B4t dang thiic Nesbitt
Véi a, b, ¢ 1a cac sd thiyce duong thi
a b c_ S 3

b+c+c+a+a+b/§

Diéng thitc x4y ra khi v& chi khi a = b = c.



Phan hai. Tuyén tap cac bai toan

I. bé bai
1. CAic bai toan 6n tap tuyén sinh 16p 10
Bai 1.1. Tam gidc ABC vuong tai A c6 BC = 2AB. Lay D, E nim tréen AC, AB sao cho

ABD — “ABC va ACE — %A/CTB. F 1a giao diém ctia BD,CE. H, K la diém déi ximg ctia
F qua AC, BC.

(a) Chiing minh H, D, K thang hang.
(b) Chtng minh tam giac DEF can.

Bai 1.2. Duong tron (O) noi tiép tam gidc ABC(AB > AC) tiép xuc v6i AB, AC tai P, Q. Goi
R, S lan lugt la trung diém BC, AC. Giao diém ctia PQ, RS 1a K. Chiing minh ring B, O, K
thang hang.
Bai 1.3. Cho tam gidc ABC nhon nhan H lam tryc tam. Chiing minh ring, ta cé bat dang
thiec :

HA+HB+HC < g(AB+BC+CA)

Bai 1.4. Goi AB la mot day cung c6 dinh ciia dudng tron (O). P la diém di dong trén day
cung AB nhung khong trung véi hai dau mut. Vé duong tron (C) di qua A, P tiép xic trong
v6i (O) va dudng tron (D) di qua B, P tiép xtic trong véi (O). Lay N la giao diém thit 2 cia
(©), (D).

(a) Chitng minh rang AANB «~ ACPD. T d6 hay chi ra N di dong trén dudng nao.
(b) Chitng minh rang NP luon di qua mot diém c6 dinh.

Bai 1.5. Cho tam giac ABC c¢6 BAC = 120° vi cac dudng phan giac AA’, BB',CC". Tinh
BAC.

Bai 1.6. Cho hinh vuéng ABCD c6 hai duong chéo cit nhau tai £. Mot duong thing di qua
A cit canh BC' & M va cat duong thang CD & N. Goi K 1a giao diém ctia EM va BN. Chiing
minh rang CK 1L BN.

Bai 1.7. Cho AABC ¢6 BAC' = 90° (AB < AC). Dudng tron (O;r) dudng kinh AB va duong
tron (P; R) duong kinh AC' cat nhau ¢ D va A.

(a) Goi M la diém chinh gifta cung nhd DC, AM cét (O) tai N, cat BC tai E. Chiing minh
AABE can va cac diém O, N, P thang hang.

(b) Dung dudng kinh NQ ctia (O). Chiing minh @, D, M thang hang.
(c) Goi K la trung diém M N. Chting minh PK | OK.

Bai 1.8. Tam gidc ABC nhon c6 3 duong cao AA;, BB, CC; cat nhau tai tryc tam H. Goi
H,, Hy, H, lan luot 1 tryc tam ciia cic tam gidc AB,C,, BC1 A, C A, By, hay chiing minh ring
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ANABCy = ANH, H,H.,..

Bai 1.9. Cho day cung AB c6 dinh trén (O) va A/O\B = 120°. M la mot diem di dong tren
cung lén AB, duong tron noi tiép tam giac M AB tiép xtc v6i M A, M B tai E, F. Chitng minh
rang E'F luon tiép xtc véi mot duong tron ¢b dinh.

Bai 1.10. Cho dudng tron (O) va duong thing d ndm ngoai dudng tron. Goi S la hinh chiéu
vuong goc ciia O lén d. Vé cac cat tuyén SAB,SEF. AF, BE lan lugt cit d tai C, D. Chiing
minh S 1a trung diém ctia CD.

Bai 1.11. Cho tam giac ABC' vuodng tai A. Ké duong cao AH va dudng phan giac BE cua
tam giac ABC (H € BC,E € AC). Duong thing qua A vuong goc véi BE cit BC, BE lan
lugt tai M, N.

(a) Chitng minh tt giac AN H B noi tiép mot duong tron. Goi duong tron dé 1a (O).

(b) Duong thang CN cat (O) tai T (T # N). Chiing minh ring : CH - BC' = CN - CT.
’ N 1 1 1
(¢) Goi I la giao diem cia ON va AH. Ching minh rang : D~ AR + 1t
Bai 1.12. Cho tam giac ABC noi tiép duong tron (O; R) c6 duong cao AD. Goi E 1a hinh
chiéu ctia B trén AO, K 1a trung diém ctia BC, I 1a tam duong tron ngoai tiép tt giac ABDE.
Chitng minh rang K la duong trung truc cia DE.

Bai 1.13. Cho tam giac ABC nhon noi tiép duong tron (O). Cac duong cao AD, BE,C'F cat
nhau tai H.

(a) K& duong kinh AA’ ctia (O), I 1a trung diém ctia BC. Chiing minh rang ba diém H, I, A’
thang hang.

(b) Goi G 1a trong tam tam gidc ABC'. Chiing minh ring Sagg = 2S406-

Bai 1.14. Cho M 14 mot diém nadm bén trong hinh binh hanh ABCD. Khi d6, hay chitng minh
bat dang thic
MA-MC+ MB-MD < AC - BC

Bai 1.15. Cho duong tron (O; R), dudng kinh BC. A la diém di dong trén nita duong tron (A #
B, C). Trén nita dudng tron kia lay I 14 diém chinh gitta cung BC. Dung AH | BC tai H. Goi
(O1; R1); (095 Ry); (O35 R3) 1an lugt 1a cac dudng tron noi tiép cac tam giac ABH, ACH, ABC.

(a) Ching minh Al 1 0,0,.
(b) HO; cat AB tai E, HO, cit AC tai F. Ching minh AOO.H «~ AABC.
(¢) Tim vi tri diém A dé Ry + Ry + Rs 16n nhat.

Bai 1.16. Cho nita duong tron tam O duong kinh AB = 2R. C la mot diém trén ntta duong
tron (C'# A, B). Dung CH | AB tai H. E, F lan lugt 1a hinh chiéu ctia H tren C A, CB.

(a) Chitng minh EF song song vdi tiép tuyén tai C' cta (O).

(b) Chiing minh tt gidc ABFFE noi tiép.
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(c) Tim vi tri diém C dé chu vi va dién tich tam giac ABC 16n nhét.

(d) Chitng minh khi C di dong, tam I ctia dudng tron noi tiép AOCH di chuyén trén duong
c6 dinh.

Bai 1.17. Cho hinh vuéng ABCD cb dinh, canh a. E la diém di chuyén trén canh C'D. Dudng
thang AE va BC cat nhau tai F. Dudng thang vuong goc véi AE tai A cit duong thang C'D
tal K.

(a) Ching minh AF(CK —CF)=BD - FK.

(b) Chting minh rang trung diém I ctia KF di dong trén mot duong thang c¢6 dinh khi E di
dong trén C'D.

(c) Chira vi tri cia E dé do dai FK ngin nhat.

Bai 1.18. Cho tam giac ABC déu. Goi D la diém di dong trén canh BC. Goi (I1; Ry); (Iy; Ry); (I3; R3)
lan lugt 1a cac dudng tron noi tiép cla cac tam gidc ABD, ACD, ABC va (I3; R) 1a duong tron
ngoai tiép tam giac ABC. Tia AD cét (I3; R) tai E.

1 1

hii inh = .
(a) Ching min 70—~ EB T 70

;1 1
(b) Tim vi tri ctia E dé +

ED " EB + e nho nhat. Ching minh khi 8y Saggc 16n nhat.

(¢) Tim vi tri diém D dé Ry + Ry 16n nhat.
Bai 1.19. Cho (O; R) va mot diém M nam ngoai dudng tron. Tit M duyng hai tiép tuyén
MA, M B dbi v6i (O; R). Goi E la trung diém ctia BM; H 1a giao diém ctia OM v6i AB. Doan
thang AE cat (O; R) tai C.

(a) Chting minh tt gidc HC'EB noi tiép.

(b) Ching minh AEMC «~ AEAM.

(c) MC cat (O) tai D. Tinh DB theo R biét OM = 3R.

(d) OB cat (O) tai T va cit AD tai S. MT giao SA tai N. Chiimg minh N la trung diém
AS.

Bai 1.20. Cho hinh vuong ABCD canh a. E la diém di dong trén canh AD (E # A). Tia
phan giac cia EBA, EBC cat DA, DC tai M, N.

(a) Chtung minh BE 1 MN.

(b) Tim vi tri diém E dé Spyn 16n nhat.
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Bai 1.21. Cho AABC. Mot duong tron (O) qua A va B cdt AC va BC' 6 D va E. M la giao
diém thi hai cia cac duong tron ngoai tiép cac tam gidc ABC va DEC. Ching minh ring
OMC = 90°.

Bai 1.22. Cho hinh thoi ABCD c6 ABC = 60°. Mot duong thang qua D khong cit hinh thoi
nhung cit cic dudng thing AB, BC lan lugt tai £, F. Goi M la giao diém ctia AF va CE.
Chitng minh rang AD tiép xtc véi duong tron ngoai tiép tam giac M DF.

Bai 1.23. Cho dudng tron (O) va day AD. Goi I 1a diém déi xiing véi A qua D. Ké tiép tuyén
IB v6i dusng tron (O). Tiép tuyén véi dusng tron (O) tai A cit IB ¢ K. Goi C la giao diém
thit hai cia KD v6i duong tron (O). Chiing minh riang BC song song véi Al.

Bai 1.24. Cho AABC noi tiép duong tron tam O va ngoai tiép duong tron tam I . AI, BI,CI
cat (0) lan lugt tai D, E, F. DE cat CF tai M, DF cat BE tai N.

(a) Chting minh rang M N || BC.

(b) Goi Q la tam dudng tron ngoai tiép ADMN, P la giao diém ctia AD va EF . Chiing
minh cac diém M, N, P,Q cing ndm trén mot dudng tron.

Bai 1.25. Cho AABC ¢b dinh, M la diém di dong trén canh BC. Dung duong kinh BE cta
duong tron ngoai tiép AABM va duong kinh CF ctia duong tron ngoai tiecp AACM. Goi N
14 trung diéem EF. Chting minh ring khi M di dong trén BC thi N di dong trén mot duong
thing c6 dinh.
Bai 1.26. Cho tam gidgc ABC c6 BAC = 135°, AB = a, AC' = b. Diém M nim trén canh BC
sao cho BAM = 45°. Tinh do dai AM theo a,b.

Bai 1.27. Cho hinh vuéng ABCD, lay diém M ndm trong hinh vuéng sao cho MAB =
MBA = 15°. Héi tam giac MCD la tam giac gi? Tai sao?

Bai 1.28. Cho tt giac ABC'D noi tiép (O; R) sao cho tia BA va tia C'D cat nhau tai I, cic
tia DA va C'B cat nhau 6 K (I, K ndm ngoai (0)). Phan giac ctia goc BIC cat AD, BC lan
luot tai Q, N. Phan giac ctia goc AKB cat AB, AC lan luct tai M, P.

(a) Ching minh t gidc M N PQ la hinh thoi.
(b) Chttng minh IK2=ID-IC + KB - KC.

(b) Goi F la trung diém ctia AB, J 1a hinh chiéu ctia F trén OB, L 1 trung diém cta FJ.
Ching minh AJ 1L OL.

Bai 1.29. Cho tit gidc ABC'D noi tiép (O) c6 hai duong chéo AC, BD cat nhau tai M. Duong
vuong goc véi OM tai M cat AB,BC,CD, DA lan lugt tai M, My, M3, M,. Chting minh
M1M4 = M2M3.

Bai 1.30. Cho tit giac 16i ABCD vé6i E, F la trung diém ctia BD va AC. Chitng minh ring
AB? 4+ CD? + BC? + DA® = AEF* + AC* + BD?

Bai 1.31. Trén (O; R) lay hai diém B, C ¢6 dinh sao cho BC' = v/3R. A la mot diém trén cung
l6n BC (A # B;C).
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(a) Ching minh khi A di dong, phan giac BAC luon di qua mot diém cb dinh 1.

(b) Goi E, F lan lugt 1a hinh chiéu ctia I trén cac dudng thing AB, AC. Chiing minh BE =
CF.

(c) Chiing minh khi A di dong thi EF luon di qua mot diém c6 dinh.
(d) Tim vi tri diém A dé Sy 16n nhat. Tinh gia tri 16n nhat dé theo R.

Bai 1.32. Cho (O; R) va diém A ¢6 dinh v6i OA > R. Dung cét tuyén AMN ctia (O) khong
qua tam (AM < AN). Chiing minh réng

(a) Duong tron ngoai tiép AOM N luon di qua mot diém c6 dinh H (H khong trimg O) khi
cat tuyén di dong.

(b) Tiép tuyén tai M va N cla (O) cit nhau tai 7. Chiing minh 7' di dong trén mot dudng
thang c¢6 dinh khi cat tuyén AMN di dong.

Bai 1.33. Cho AABC ¢6 BAC = 60°, AC' = b, AB = ¢ (b > ¢). Dudng kinh EF ciia dudng
tron ngoai tiép tam giac ABC vuong goc véi BC tai M. I va J 1a chan dudng vuong goc ha
tit E xuéng AB; AC; H va K 1 chan dudng vuong goéc ha tit F' xudng AB; AC.

(a) Ching minh IJ 1 HK.
(b) Tinh ban kinh dudng tron ngoai tiép tam giac ABC' theo b va c.
(¢c) Tinh AH + AK theo b va c.

Bai 1.34. Cho tam giac ABC. Mot diém D di dong trén canh BC'. Goi P, () tuong tng la tam
duong tron noi tiép clia cac tam gidc ABD, ACD. Chiing minh rang khi D di dong thi duong
tron duong kinh PQ luon di qua mot diém cd dinh.

Bai 1.35. Cho tam gidac ABC' c6 phan gidc AD va trung tuyén AM. Duong tron ngoai tiép
tam giac ADM cit AB tai E va AC tai F. Goi L la trung diém E'F. Xac dinh vi trf tuong déi
ctia hai duong théng ML va AD.
Bai 1.36. Cho BC la day cung ctia (O; R). Dat BC' = aR. Diém A trén cung BC 16n, ké céc
AB + AC 2+ V4 —a?
a

ong kinh CI, BK. Da = —
duong kinh C1, at S AT+ AK

Chiing minh réng S = . Tu dé tim gia

tri nhoé nhat cia S.
Bai 1.37. Cho tam gidc ABC noi tiép (O, R) ¢6 BAC > 90°. Cac duong tron (4; Ry), (B; Rs),
(C; R3) doi mot tiép xic ngoai véi nhau.
Chitng minh rang
BC-R?+ AC-R3+ AB-R2+ 2R, - Ry - R
4R
Bai 1.38. Cho hinh thoi ABC'D c¢6 canh 1a 1. Trén canh BC lay M, CD lay N sao cho chu vi
ACMN bang 2 va 2NAM = DAB. Tinh céac goc ciia hinh thoi.
Bai 1.39. Vé phia ngoai ctia tam giac ABC dung cac hinh vuong BCMN, ACPQ c6 tam O

va O'.

Sapc =
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(a) Chitng minh ring khi ¢ dinh hai diém A, B v& cho C thay doi thi dudng thang NQ luon

di qua mot diém cd dinh.
(b) Goi I 1a trung diém ctia AB. Chitng minh ATOO’ 1a tam gidc vuong can.

Bai 1.40. Cho hai duong tron (O; R) va (O’; R') & ngoai nhau biét OO’ = d > R+ R'. Mot

tiép tuyén chung trong ctia hai dudng tron tiép xic véi (O) tai F va tiép xic véi (O') tai F.

Duong thing OO’ cit (O) tai A, B va cit (O') tai C, D (B,C nam gitta A, D). AE cat CF tai

M, BE cat DF tai N. Goi giao diem ctia M N v6i AD la I. Tinh do dai OI.

Bai 1.41. Cho tam giac ABC c6 dién tich Sy. Trén cac canh BC, C A, AB lay cac diém M, N, P
MB NC PA

sao cho M_C = k’l, m = k’g, ﬁ = ks (l{?l,l{?g,k’g < 1)

Hay tinh dién tich tam giac tao bdi cac doan thang AM, BN,CP.

2. Cac bai toan 6n tap Olympiad

Bai 2.1. (APMO 2000) Cho tam giac ABC véi trung tuyén AM va phan giac AN. Duong
thang vuong géc véi AN tai N cit AB, AM lan lugt tai P, Q. Dudng thang vuong géc véi AB
tai P cat dudng thang AN tai O. Chitng minh ring OQ vuong goéc véi BC.
Bai 2.2. (Du tuyén IMO 1994) Tam gidc ABC khong can tai A c6 D, E, F 1a céc tiép diém
ctia dudng tron noi tiép len BC,CA, AB. X la diém bén trong tam gidc ABC sao cho dudng
tron noi tiép tam giac X BC tiép xtc véi BC tai D, va tiép xtc v6i X B, XC tai Y, Z. Chiing
minh rang F, F,Y, Z dong vién.
Bai 2.3. Dyng hinh vuong DEFG nai tiép tam gidc ABC sao cho D, E € BC; F € AC;G €
AB. Goi d4 1a truc ding phuong ctia hai duong tron (ABD), (ACE). Ta dinh nghia céc dudng
thing dg, do tuong tu. Ching minh ring cac duong thing du, dg, de dong quy.
Bai 2.4. Cho tam giac ABC véi trong tam G. Mot dudng thang d di qua G cat BC,CA, AB
lan lugt tai M, N, P. Chitng minh ring, ta c6 ding thic :
111
GM  GN  GP
Bai 2.5. Cho tit giac ABC'D noi tiép dudng tron (O) c6 cac canh ddi khong song song va cac

0

dudng chéo cit nhau tai E. F la giao diém ctia AD v6i BC. M, N lan lugt 1a trung diém ctia
AB,CD. Chiing minh rang E'F 1a tiép tuyén clia dudng tron ngoai tiép tam giac EMN.
Bai 2.6. Cho tam giac ABC v6i dudng tron noi tiép (1) va E, F 1a cac tiép diém ctia (1) véi
CA, AB. Lay K bat ki thuoc doan EF, goi H, L la giao diém ctia BK, CK véi AC, AB tuong
ting. Chitng minh rang H L tiép xic véi (I).
Bai 2.7. Goi BH, BD lan luct 1a dudng cao va phan giac ctia tam giac ABC. N, L, M lan
lugt 14 trung diém ctia BH, BD, AC. Lay K la giao diém ctia M N va BD. Chitng minh ring,
AL, AK 1a hai dudng déng giac trong goc BAC.
Bai 2.8. Cho tam giac ABC vuong tai A. Trén cac tia AB, AC lay E, F tuong ting sao cho
BE = BC = CF. Chiing minh ring v6i moi diém M nam tren dudng tron duong kinh BC, ta
déu co

MA+ MB+ MC < EF
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Bai 2.9. Cho tam giac ABC ¢6 BC = a,CA = b, AB = ¢ va I 13 tam dudng tron nai tiép tam
gidc ABC. Chitng minh rang

IA+IB+IC <+vVab+bc+ca

Bai 2.10. T diém A nam ngoai dudng tron (0O), ké hai tiép tuyén AB, AC dén (O). Goi E, F
la trung diém ctia AB, AC. Lay D la mot diém bat ki tren EF, vé cac tiép DP, DQ t6i duong
tron. PQ cat BC, EF lan lugt tai N, M. Ching minh rang, ON || AM.

Bai 2.11. Cho tam giac ABC can tai A noi tiép dudng tron (O). Trén canh day BC, lay diém
M (M khéac B,C). Vé duong tron tam D qua M tiép xtc véi AB tai B va duong tron tam E
qua M tiép xtc v6i AC tai C. Goi N la giao diém thit hai ctia hai dudng tron nay.

(a) Chiing minh rang tong ban kinh ctia hai duong tron (D), (E) 1a khong ddi khi M di dong
trén BC.

(b) Tim tap hop trung diém I ctia DE.
Bai 2.12. Cho M la diém di dong trén duong tron (O,7) c6 hai duong kinh ¢6 dinh AB, CD
vuong géc véi nhau. Goi I 1a hinh chiéu ctia M len CD va P la giao diém ctia OM, AI. Tim
tap hop cac diém P.
Bai 2.13. Cho tam giac déu ABCva mot diém M bat ki trong mit phang tam gidc. Goi
x,y, 2 1a khodng cach tit M dén cac dinh A, B,C va p, q,r 1a khodng cach tit M dén cic canh
AB, BC,CA. Chting minh rang :

1

p2+q2+r2>4(x2+y2+22)

Bai 2.14. Cho da gidc déu A; A, A3 A, A5 AgA; va diém M bat ki trong miit phing. Ching minh
rang

MA; + MAg +MA5 + M; > MAy + MAy —|—MA6
Bai 2.15. Tam giac ABC khong can noi tiép (O) c6 Ay, By, C; la trung diém ctia BC,CA, AB.
Goi A, 1a mot diém trén tia OA; sao cho 2 tam gidac OAA; vd OA,A dong dang. Céc diem
By, Cy dinh nghia tuong tir. Chiing minh ring AA,, BBy, CCy dong quy.
Bai 2.16. Cho tam giac ABC véi M la trung diem BC. Vé dusng tron (O) tity ¥ qua A va
cat cac doan AB, AC, AM lan lugt tai By, Cy, M;. Chiing minh ring,

AB;-AB+ AC, - AC =2AM, - AM

Bai 2.17. Cho tam giac ABC noi tiép duong tron ban kinh R.Goi ¢ 1a chu vi tam giac c6 cac
dinh I3 tam cac dudng tron bang tiép tam gidc ABC. Chitng minh ring :

g < 6V3R

Bai 2.18. Cho tam giac ABC ¢6 : BC = a;CA = b; AB = ¢; va r va R theo tht tu la ban
kinh duong tron noi tiép va ngoai tiép tam giac ABC. Chiing minh rang

)2 2 N2
T (a—b)*+(b—c)*+ (c—a) <
R 16 R?

N | —
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Bai 2.19. Cho tam giac ABC. Cac duong phan giac BE, CF cat nhau tai I. Al cit EF tai
M. Duong thang qua M song song véi BC theo thi tu cit AB, AC tai N, P. Chting minh ring

MB+ MC <3NP

Bai 2.20. Cho tam gidc ABC nhon vé6i duong cao CF va CB > CA. Goi O, H lan lugt 1 tam
ngoai tiép va trire tam ciia tam giac ABC. Dudng thing qua F vuong géc véi OF cat AC tai
P. Chitng minh ring FHP = BAC.

Bai 2.21. Cho duong tron (O; R) va mot diém P c¢6 dinh bén trong dusng tron. AB,CD la 2

day cung di dong ctia (O) nhung luon di qua P va luon vuong goc véi nhau.
(a) Ching minh ring PA? + PB? + PC? + PD? khong doi.
(b) Goi I la trung diéem BC'. Hoi I di dong trén dudng nao?
Bai 2.22. Cho tam giac ABC va diém M bat ki nam trong tam gidc d6. Chitng minh ring :
MA+ MB+ MC +min{MA, MB,MC} < AB+ BC + CA

Bai 2.23. Tam giac can ABC nai tiép (O) ¢6 AB = AC va AQ la dudng kinh cia (O). Lay
M, N, P lan lu¢t trén canh AB, BC,C A sao cho AM N P 1a hinh binh hanh. Chting minh rang
NQ L MP.

Bai 2.24. Cho tt gidc ABCD c¢6 M, N lan luot la trung diém AB, CD va O la giao diém ctia
2 duong chéo. Goi H, K 1a tryc tam cta tam giac OAB,OCD. Hay ching minh MN 1 HK.

Bai 2.25. Cho tit gidc ABC'D noi tiép (O) ¢6 hai dudng chéo cat nhau tai I. Goi M, N lan lugt
1a trung diém ctia AB,CD. P,Q la chan dudng cao ké tit I clia tam giac IAD, IBC. Chiing
minh rang, PQ L MN.

Bai 2.26. Cho tam giac ABC va tam giac DBC' ¢6 tam noi tiép lan luot 14 H, K. Chitng minh
rang AD > HK.

Bai 2.27. Cho K la diém nam trong tam giac ABC. Mot duong thang qua K cit hai canh
AB, AC theo thit ty & M, N. Chitng minh ring :

Sapc =2 8\ Seumk - Scenk

Bai 2.28. Cho tam gidc ABC nhon v M 1a mot diém thudc mién trong tam giac. Goi Ay, By, C,
lan lugt 1a giao diém ctia M A, M B, MC v6i cac canh tam giac ABC. Lay As, By, Cy la cac
diém déi xing véi M qua trung diém cta B;C;, Cy A1, Ay By. Chiing minh ring AAs, BBy, CCy
dong quy.

Bai 2.29. Cho tam gidc ABC ndi tiép (O; R) c6 M thuoc cung BC khong chita A. Tim vi tri
ctia M dé P =2010- MB + 2011 - MC dat gia tri 16n nhat.

Bai 2.30. Cho tam giac ABC. Cac diém D, E, F ndm trén cac canh BC,CA, AB sao cho
AD,BE,CF ddng quy tai O. Qua O ké dudng thang song song véi BC cit DE, DF theo thi
tu tai H vd K. Chitng minh O 1a trung diém HK.

Bai 2.31. Cho tam giac ABC. M la mot diém bat ki trén mat phang va khong nim trén
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tam gidc ABC. Cac duong thing AM, BM, C'M lan luct cit cac dudng thang BC, CA, AB tai
D,E,F. Goi H, K lan lugt la giao diém ctia cac cip dudng thang BM véi FD; CM véi ED.
Chitng minh cac dusng thing AD, BK, CH dong quy.

Bai 2.32. Cho tit giac 16i ABC'D. Chiing minh :

VAC? + BD?

min{AB, BC,CD, DA} < 5

< max{AB, BC,CD, DA}

Bai 2.33. Cho dudng tron (O; R) va hai diém A, B ¢6 dinh dbi xing v6i nhau qua O. Goi M
la diém chay trén (O). Dudng thiang M A, M B cit (O) tai P,Q tuong tng. Chiing minh ring

2 A 2 2
gia tri bieu thic AP -+ B0 khong doi khi M di chuyen trén (O).

Bai 2.34. Cho (O) va day AB. Diém M di chuyén trén cung 16n AB. Cac duong cao AE, BF
ctia AABM cit nhau tai H. Ké (H; HM) cat MA, M B & C va D. Chitng minh duong thang
ké tit H vuong géc véi C'D luon di qua mot diém c6 dinh khi M di chuyén trén cung lén AB.
Bai 2.35. Cho tam gidc ABC ndi tiép duong tron (O). G la trong tam tam gidc. AG, BG,CG
lan lugt cat (O) tai Ay, By, €. Chitng minh rang :

GAL+GB+GC, > GA+GB+GC

Bai 2.36. Cho AABC va D, E, F lan luct 13 hinh chiéu ctia A, B, C' xudéng ba canh tuong tng.
Duong thing qua D song song v6i EF cit AB, AC tai P,Q. Biét EF N BC = R. Chitng minh
rang dudng tron ngoai tiép APQR di qua trung diém BC.
Bai 2.37. Cho ti gidc 16i ABC'D nai tiép duong tron (O). Cho AB = a,CD = b, AIB = a,
trong d6 I 1 giao diém ctia hai dudng chéo AC' va BD. Tinh ban kinh dudng tron (O) theo
a,bva a.
Bai 2.38. Cho AABC c6 truc tam H. Dudng tron qua B, C cat AB, AC tai D, E. Goi F la
true tam AADE va I 1a giao diém ctia BE va C'D. Ching minh ring I, H, F théing hang.
Bai 2.39. Cho AABC khong can, ngoai tiép dusng tron (I). Tiép diém ctia (I) trén BC, CA, AB
lan lugt 1a D, E,F. DE cit AB & P. Mot duong thing qua C cat AB, FE lan lugt & N, M.
PM cat AC 6 Q. Chiing minh rang IN vuong goc véi FQ.
Bai 2.40. Cho tit giac ABCD. Goi I, J theo thtt tu 1a trung diém ctia AC, BD. Chting minh
rang :

AC+ BD+21J < AB+ BC+CD + DA
Bai 2.41. Cho AABC ndi tiép duong tron (O). E thuoc cung BC khong chita A va khong
tring B, C. AFE cat tiép tuyén tai B,C cia (O) tai M, N. Goi giao diem ciia CM va BN la
F. Chitng minh ring EF luon di qua mot diém c6 dinh khi £ di chuyén trén cung BC khong
chia A.
Bai 2.42. Cho ttt giac ABC'D ngi tiép théa man AB - CD = AD - BC. Dudng tron (C) qua
A, B va tiép xtc véi BC, duong tron (C') qua A, D va tiép xtic C'D. Chiing minh ring giao
diém khéac A ctia (C) va (C') 1a trung diéem BD.

Bai 2.43. Cho tam giac nhon ABC, goi H 1a tryc tam ciia tam gidc. Tim diéu kién can va du
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d6i v6i cac goc cia tam giac dé 9 diém : chan cac dudng cao cia tam giac, trung diém céc canh
clia tam giac, trung diém céac doan thing HA, HB, HC la dinh clia mot da giac déu.

Bai 2.44. Cho tam giac ABC. Duong tron (I) noi tiép tam gidc ABC va tiép xic vdi
BC, AC, AB lan lu¢t tai D, E, F. Chiing minh ring ID, EF va trung tuyén AM (M € BC)
dong quy.

Bai 2.45. Cho hai doan thing AB va A’B’ biang nhau. Phép quay tam M bién A thanh A’
bién B thanh B’. Phép quay tam N bién A thanh B’, bién B thanh A’. Goi S la trung diém
ctia AB. Chitng minh rang SM vuong goéc véi SN.

Bai 2.46. Cho tam giac ABC, M la diém nam trong tam gidc. AM, BM,CM cit BC,CA, AB
theo thit tu é D, E, F. Goi H, I, K theo thit tu 1a hinh chiéu ctia M tren BC,CA, AB . Ki hieu
P(HIK) la chu vi tam gidc HIK. Hay chitng minh :

P(DEF) > P(HIK)

Bai 2.47. Tam gidc ABC nhon noi tiép (O), duong cao AH cat (O) tai A’. OA’ cit BC tai
A", X4c dinh tuong ty cho B”,C"”. Ching minh AA”, BB",CC" dong quy.

Bai 2.48. Cho dudng tron (O) va mot dudng thang d ¢d dinh. Goi H 1a hinh chiéu ctia ctia O
tren d. Lay M c6 dinh thuoc duong tron. A, B thay doi trén d sao cho H la trung diém AB.
Gia st AM, BM cét (O) tai P,Q. Chiing minh PQ Iuon di qua mot diém co dinh.

Bai 2.49. Cho duong tron tam I noi tiép tam giac ABC tiép xtc v6i BC, AB, AC tai D, E, F.
Qua E vé duong song song véi BC cat AD, DF & M, N. Chting minh ring M la trung diém
cua EN.

Bai 2.50. Cho tam gidc ABC ¢c6 AB = ¢, BC' = a, AC = b va I 13 tam dudng trron noi tiép.
Hai diém B’, "’ 1an lugt nam trén hai canh AB, AC sao cho B’,C’, I thang hang. Chitng minh

rang

a+b+c
Sapc < e “\/Sapc - Sapcr

Bai 2.51. Cho tit gidc ABCD noi tiép. E, F,G, H lan luct 1 tam dudng tron noi tiép cac tam
gidc ABC, BCD,CDA, DAB. Chiing minh rang t giac EFGH noi tiép.

Bai 2.52. Cho hinh vuong ABCD. I tuy ¥ thuoc AB, DI cat BC tai E, CI cat AE tai F.
Chitng minh rang BF 1 DE.

Bai 2.53. Cho tam giac ABC khong vuong noi tiép duong tron (O), tryc tam H. d 14 duong
thang bat ki qua H. Goi d,,dy, d. 1an lugt 1a cac duong thang ddi xting véi d qua BC, C A, AB.
Chitng minh rang d,, dy, d. ddng quy tai mot diém tren (O).

Bai 2.54. Cho hinh thang ABCD (AB || CD). AC cat CD tai O. Biét khoang cach tit O dén
AD va BC bang nhau, hdy ching minh rang ABCD 1a hinh thang can.

Bai 2.55. Cho tam giac ABC can tai A. Duong tron w tiép xtuc AB, AC, cat BC tai K. AK
cit w tai diém thi hai la M. P, Q la diem doi xing ciia K qua B, C. Ching minh ring dudng
tron ngoai tiép tam giac M P(Q tiép xic véi w.

Bai 2.56. Cho tam giac ABC vudng tai A ¢6 B= 20°, phan gidc trong BI. Diéem H nam trén



19

canh AB sao cho ACH = 30°. Hay tinh s6 do CHI.
Bai 2.57. Cho tam gidc ABC ngoai tiép (I). Goi D, E, F lan lugt 1 diém d6i xtng véi I qua
BC,CA, AB. Chting minh rang AD, BE, CF dong quy.
Bai 2.58. Cho tam gidc ABC can tai A ndi tiép (O). Diém M la trung diém ctia AC. BM cit
lai (O) tai diém thit hai 1a Q. Chiing minh rang 24Q < BQ.
Bai 2.59. Cho AABC théa man AB + BC = 3C' A. Duong tron noi tiép (I) tiép xic AB, BC
tai D, E. Goi K, L tuong ting doi xting v6i D, E qua I. Chiing minh rang tt giac ACK L noi
tiép.
Bai 2.60. Cho tam giac ABC ngoai tiép (I). (I) tiép xic BC,CA, AB lan lugt tai D, E, F.
Ching minh ring tam dudng tron ngoai tiép cac tam gidc AID, BIE,CIH thang hang.
Bai 2.61. Cho tam gidc ABC noi tiép (O). M, N lan lugt 1a diém chinh gitta cung AB khong
chita C va cung AC khong chita B. D la trung diém M N. G la mot diém bat ki trén cung BC
khong chita A. Goi I, J, K lan luct 13 tam noi tiép cac tam gidc ABC, ABG, ACG. Lay P la
giao diém thit hai ctia (GJK) v6i (ABC). Chitng minh rang P € DI.
Bai 2.62. Cho n gidc déu A Ay ... A, (n > 4) thda man diéu kien

L1

Aldy  AlAs T AA

Hay tim n.
Bai 2.63. Goi AA,, BBy,C(C] tuong ting la cac duong phan giac trong cua tam giac ABC.
AA,, BB,,CC, cat duong tron ngoai tiép tam giac do6 tai As, By, Cy theo thit tir. Chitng minh

rang :

AA, BBy CC; 9

+ + < -

AAy BBy, C(CCy 4
Bai 2.64. Cho tam giac ABC, duong thang d cit cac duong thang BC, CA, AB lan lugt tai
D,E,F. Goi O1,0, 05 lan luct 1a tam dudng tron ngoai tiép cac tam giac AEF, BDF, CDE.

Ching minh rang tryc tam tam giac 010,03 nam trén d.

Bai 2.65. Cho tit gidc ABCD, AC cat BD tai O. Goi M, N, P,Q lan luct 1a hinh chiéu cta
O tréen AB, BC,CD, DA. Biét rang OM = OP,ON = OQ. Chiing minh ring ABCD la hinh
binh hanh.

Bai 2.66. Cho tam giac ABC, phan giac trong AD(D € BC). Goi M, N la cac diém thudc
tia AB, AC sao cho MDA = ABC,NDA = ACB. Cac duong thing AD, M N cit nhau tai P.
Chitng minh rang :

AD?* = AB - AC - AP

Bai 2.67. Trén mat phang cho 2000 dudng thang phan biet, doi mot cit nhau. Ching minh

s N . . t 180
rang ton tai it nhat 2 duong thang ma goc ciia chung khong 16n hon 2000 (do).

Bai 2.68. Cho tit gidc ABC'D nai tiép (O) ¢c6 AB = AD. M, N nam trén cac canh BC,CD
sao cho MN = BM + DN. AM, AN cét (O) tai P,Q.
Chitng minh rang tryc tam tam gidac APQ nam tréen MN.

Bai 2.69. Cho tit gidc ABCD. Hai duong chéo AC, BD cat nhau tai O. Goi 71,79, 73,74 lan
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luot 1a ban kinh cac duong tron noi tiép cac tam gidc AEB, BEC,CED, DEA.
Chitng minh rang
1 1 1 1

r. T3 o 2 T4
la diéu kién can va du dé ti giac ABC'D ngoai tiép dugc mot dudng tron.
Bai 2.70. Cho tam gidac ABC c¢6 M la trung diém ctia BC' va H la tryc tam tam gidc. Duong
thang vuong goc véi HM tai H cit AB, AC tai D, E. Chitng minh ring H la trung diém ctia
DE.
Bai 2.71. Cho doan thing AB = a c¢6 dinh. Diém M di dong trén AB (M khéac A, B). Trong
cling mot nita mit phéng bo 1a duong thing AB dung hinh vuong AMCD va MBEF. Hai
dudng thing AF, BC cit nhau 6 N.
Tim vi tri diém M sao cho doan M N c6 do dai 16n nhét.

Bai 2.72. Cho tam giac ABC nhon khong can, noi tiép (O). Cac dudng cao AAy, BBy, CCy
dong quy tai H. Céac diém A;, Ay thudc (O) sao cho dudng tron ngoai tiép cic tam giac
A1 BoCy, Ay ByCy tiép xtc trong véi (O) tai Ay, Ay. By, By, C1, Cy xéac dinh tuong tu.

Ching minh ring B B, C1Cy, A1 Ay dong quy tai mot diém tren OH.

Bai 2.73. Cho duong tron (I) noi tiép tam gidc ABC tiép xiuc BC,CA, AB tai Ay, By, Ch.
Céc duong thang I A, IB;, IC, tuong tng cit cac doan thing B,Cy, C1 A1, A By tai Ay, By, Cs.
Chitng minh cac dudng thing AAy, BBy, CC,y dong quy.

Bai 2.74. Cho tam gidc ABC can tai A. Trén tia dbi clia tia C'A lay diem E. Giao diém ctia
BE va phan giac goc BAC 1a D. Mot dusng thang qua D song song AB cit BC & F. AF cat
BE tai M. Chitng minh ring M la trung diém BE.

Bai 2.75. Cho tt giac 161 ABC'D sao cho AB ko song song v6i CD va diém X beén trong ti
giac théa ADX = BCX < 90° vi DAX = CBX < 90°. Goi Y la giao diém dudng trung tric
ciia AB va C'D. Chiing minh ring AY B = 2ADX.

Bai 2.76. Cho tit gidc 161 ABCD noi tiép trong (O). AD cat BC tai £, AC cét BD tai F.M, N
1a trung diem AB,CD. Chitng minh ring :

OMN |AB  CD
EF |CD AB
Bai 2.77. Cho tit giac ABC'D noi tiép duge mot duong tron. Chiing minh rang :

AC  DA-AB+ BC-CD
BD AB-BC+CD-DA

Bai 2.78. Cho tam gidc nhon ABC noi tiép (O; R).Goi Ry, Ry, R3 tuong ting 1a ban kinh duong
tron ngoai tiép cac tam giac OBC,OC A, OAB. Chiing minh rang :

R1+R2—|—R3>3R
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II. Huéng dan va goi y
1. CAac bai toan 6n tap tuyén sinh 16p 10

Bai 1.1.
(a) Ta da c6 FHD = 20°, viéc con lai chi 1a kiém tra FHK = 20°.
(b) Goi I 1a giao diéem ctia HK, BC. Lan lugt chitng minh céc két qua sau

o DFI = 120°

e BEFI noi tiép

o EFI =120° va FIE = 20° = DIF
e ADF[ = AEF]

Két qua cudi chitng t6 tam gidc EFD can tai F.
Bai 1.2.
V6i chi ¥ ring SK = SQ, st dung cac bién doi do dai doan thang dé chi ra ring RK = RB.
Bai 1.3.
Qua H dung cac dudng thing song song v6i cac canh tam giac va cac giao diém déi véi céc
canh con lai. Hay chd y cac hinh binh hanh tao dugc va st dung bat dang thiic tam giac, ta sé
c6 dieu can chitng minh.
Bai 1.4.
(a) Tu hai tam gidc dong dang ANB,CPD suy ra ANB khong doi. Tt d6 rat ra dude quy
tich diém N.
(b) Diém c6 dinh can tim chinh la giao diém tiép tuyén tai A, B ctia O.
Bai 1.5.
Hay chitng minh rang B’ 1a tam bang tiép trong géc B clia tam giac AA’B va C’ 1a tam bang
tiép trong goc C' ciia tam gidc AA'C’ dé tit d6 suy ra B'A'C' = 90°.
Bai 1.6.
Goi S 1a giao diém ctia EM,CD. Ap dung dinh 1§ Menelaus cho hai tam gidfc ACN, BCN va
dinh 1y Thales dé rit ra :

BC®* KB

NC?2 KN
Déng thtic nay chiing t6 tam giac vuong BCN nhan K lam chan dudng cao ké tit C.
Bai 1.7.
(a) Biang tinh chét ctia tiép tuyén va cac phép bién ddi goc, hay chiing minh BAE = BEA.
Tit d6 suy ra N 1a trung diem AE va O, N, P thang hang.
(b) Hay chiing minh MDN = 90°.
(c) Chiing minh tit gidc OK P A noi tiép.
Bai 1.8.
Hay chiing minh A, B; H,H, 13 hinh binh hanh nhd bd dé sau : Véi tam giac XY Z, tryc tam
QthiQX =YZ - cot X.
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Bai 1.9. AB
Goi N la trung diém ctia AB. Dudng tron c6 dinh can tim la (N, 7)

Bai 1.10.

Dé chiimg minh két qua ctia bai toan, ta sé chi ra ring OS la phan giac ctia goc COD bang
cach stt dung cac tam gidc dong dang va tit giac noi tiép.

Bai 1.11.

Hai ¥ (a) va (b) déu la nhiing két qua don gidn va quen thuoc.

Véi ¥ (c), ta sé chiing minh AH = 2HI, sau d6 ap dung hé thiic lugng trong tam giac vuong
ABC.

Bai 1.12.

Bing cach bién doi géc dua vio cac tit gidc noi tiép, hay chimg minh ring /K la phan giac
trong cua goc DIE.

Bai 1.13.

(a) Hay ching minh BHCA’ 1a hinh binh hanh.

(b) Thuc chat day la két qua quen thuoc vé duong thing Euler : H,O,G thang hang va
HG = 20G.

Bai 1.14.

Dung thém hinh binh hanh ABMT. Tt dé hay ap dung bat déng thitc Ptolemy cho tit giac
AMDT véi chi ¥ cac doan thing bang nhau dé suy ra diéu can ching minh.

Bai 1.15.

(a) Hay chiing minh (O3) la truc tam cia AAO;0;.

(b) Dua vao cac tam giac dong dang, ta suy ra dang thiic

O.H BH AB
O,H  AH ~ AC

Tu do suy ra AO1HOy ~ ABAC.
(c) Stt dung két qua sau

AB + AC — BC
R3 =
R AH+(/ZH—AC
2:
AH+82H—AB
R, =

2

Bai 1.16.
(a) C6 2 cach chiing minh co ban nhét cho két qua nay:

e V& tiép tuyén Cx ctia O. Hay chiing minh rang tiép tuyén nay song song véi EF.

e Vé duong kinh C'C’, goi giao diém ctia CC’, EF 1a (). Hay chting minh BFQC’ noi tiép

dé suy ra két qua.

(b) Suy ra tryc tiép ti y (a).
(c) Nhan xét CA? + C B? khong doi dé danh gia chu vi va dién tich AABC. Ngoai ra, con mot
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cach don gidn hon dé danh gia dién tich nhd vao tinh chat : Do dai dudng trung tuyén tam
giac khong nhé hon do dai dudng cao xuat phat cing mot dinh.

(d) Khi C di dong trén cung AB thi I luon di dong trén cung chita géc 135° dung trén doan
OA hodc OB nam trén nita mat phang bd AB chita C' (trit hai diém A va B).

Bai 1.17.

(a) Trén tia C'D lay diém T sao cho AT = AC. Hay chiing minh CK — CF = CT.

(b) I € BD cb dinh. 2

. . AE* ) .
(c) Ap dung dang thic EK = DE dé suy ra doan EK ngan nhat khi £ = C.

Bai 1.18.
(a) Chitng minh tuan tu cdc dang thitc sau:

e FPA=FEB+ EC

1 EA
[ ] e
ED FEB-EC

(b) Ap dung ding thitc da chimg minh 6 ¥ (a).
(c) Goi do dai céc canh tam gidc déu ABC' la a. Hay chiing minh réng:

(3a — 2AD) Ry
a

Ry + Ry =

Bai 1.19.
(d) Goi I 1a giao diém ctia AT, BM. Khi d6, chitng minh tuan ti :
e M la trung diém BI.

. SN TN AN
MB TM MI

Bai 1.20.

(a) Dung MI, | BE tai I,. Hay chiing minh M, I;, N thang hang.

(b) Tu ¥ (a). hdy ching minh AM + CN = MN va suy ra gia tri 16n nhat cia Spyy dat
dugc khi £ = D.

Bai 1.21.
Goi I, K lan lugt 1a tam cta cac duong tron (CDFE), (ABC). Dung dudng kinh CP cta ().

Chitng minh tuan ty cac két qua sau:
e PM 1L CM
e POLCM
e )M,O, P thing hang

Bai 1.22.
Chitng minh tuan ty cac két qua sau day:

o AFCD «~ ADAFE
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o NACF «~ ANEAC
o NACM ~ NAFC
o AM - AF = AD?

Bai 1.23.

Chu ¥ ring ADBC la tt giac dieu hoa, hay tim cac dang thic vé ti s6 do dai doan thiang dé
c6 ABDI ~ ABCA. Tt d6 suy ra diéu can chiing minh.

Bai 1.24.

(a) Hay chitng minh TN DM noi tiép.

(b) Chitng minh PN || AB, PM || AC. Tit d6 suy ra ti giac PNQM noi tiép vi c6 tong 2 goc
déi 1a 180°.

Bai 1.25.

Goi H la trung diém BC, N di dong trén dudng thang vuong géc véi AH tai A cb dinh.

Bai 1.26.

Lay N tren BC sao cho BAM = 90°. Ap dung cong thiic duong phan giac dé tinh do dai AN
theo AM,b; AM theo AN,a. Tt do6 rat ra quan hé gitta AM véi a, b.

Bai 1.27.

Duyng tam gidc AME déu (E nam trong tam gidac ADM). T d6 suy ra DM = DA = DC.
Dap s6 : AMCD deu.

Bai 1.28.

(a) Goi H la giao diém ctia KP va IN. Hay chiing minh t& gidc M NPQ c6 hai dudsng chéo
vuong géc voi nhau tai trung diém ciia mdi duong dé suy ra dieu phai ching minh.

(b) Goi E la giao diém ctia dudng tron ngoai tiép tam giac ABK véi IK. Ching minh tuan
tu cac dang thic sau:

o ID-IC=1IF-IK
e KB-KC=KFE-IK
(c) Goi R la giao diem ctia AJ,OL. Ké AS 1. BO (S € BO). Lan lugt chitng minh:
e J la trung diém BS
e NANOLF -~ ANAJB
e AFRO nai tiép
e AJ 1 OL

Bai 1.29.
Bai toan nay 1a hé qua triyc tiép ctia dinh 1§ con buém. Hay chitng minh rang M dong thoi 1
trung diém ctia cac doan thang M; Ms va MyM,

Bai 1.30.



25

Ap dung cong thic do dai dudng trung tuyén cho cac tam giac ACE, ABD, BCD.
Bai 1.31.

(c) Goi M 1a trung diém BC thi EF luon di qua M cb dinh.

(d) SAEIF max < SABC max.

Bai 1.32.

(a) Duong tron ngoai tiép AOMN ludn di qua diém H € AO cb dinh.

(b) T luon di dong trén duong thang vuong goc v6i OA tai H c¢b dinh.

Bai 1.33.

(a) Hay chitng minh céac két qua

o AE1IJ

o AE|| HK

[0 +c* — b
(b) R = +CTC

(c) Dé y ring ABHF = ANCKF .

Dapsb: [H+IK =b+c.

Bai 1.34.

Diém c6 dinh can tim chinh 1a tiép diém ctia dudng tron noi tiép tam giac ABC véi BC. Dé
c6 duge két qua nay, ta can st dung bo dé sau :

B6 dé. Cho hai dusng tron (O;), (O,) khong cit nhau, hai tiép tuyén chung trong di,ds cit
tiép tuyén chung ngoai d tai A, B.Goi C, D lan lugt 1a tiép diém ctia (Oy), (Oy) véi d. Khi do6,
AC = BD.

Bai 1.35.

Néu AABC can tai A thi ML = AD.

Néu AB # AC, hay ching minh BE = CF. T d6 suy ra ML || AD.

Bai 1.36.
Ap dung dinh 1y Ptolemy cho ti gidc noi tiép AIBK. Sau d6, dua vao a < 2, hiy ching minh

rang:
2+ V4 —a?
S = ctva—a > 1
a
Bai 1.37.
< atb+c 2 PR . .

bat p = — suy ra Ry = p—a, Ry = p—b, R3 = p— c. Dang thiic can chiing minh tuong
duong véi :

a(p —a)* +b(p —b)* +c(p — )’ +2(p — a)(p — b)(p — ¢) = abc

Dé chitng minh dang thic nay, c6 thé diing phuong phéap khai trién rat gon hodc diing phuong
phap da thiic. Phan chitng minh danh cho ban doc.

Bai 1.38.

Dung vé phia bo AD khong chia C tam gidc ADG sao cho AADG = AABM. Hay chiing
minh ring N, D, G thang hang dé suy ra ring ABCD la hinh vuong.
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Bai 1.39.
(a) Goi L 1a trung diém ctia QN. Hay chiing minh AALB vudng can dé suy ra L c6 dinh.
(b) Chiing minh OI, O’ vuong géc va bang nhau.

Bai 1.40.
Diém mau chét ctia bai toan 1a chiing minh MN_LAD. T d6 suy ra ABIN «~ ACIM.
) &+ R* - R”
bapso: 0l = ——.
ap s 5
Bai 1.41.
Chting minh ding thiic
ko
Sprc = ——————— - S
BEC = kg + ko "

Dap s6 :

G- (krkoks — 1)2
70 (kyky + ky + 1) (kaks + ko + 1) (ksky + ks + 1)

2. Cac bai toan 6n tap Olympiad

Bai 2.1.
Dura vao nhitng quan hé vuong goc c6 6 gia thiét va quan hé vuong goc can ching minh, ta c6

thé suy nghi theo cac huéng sau :

e Dua vao hé truc toa do : Tat nhién vi 2 truc toa do phai vuong goc véi nhau, do d6 tam
toa do nén dat ¢ P hodc N. Tuy nhién, do N la chan duong phan giac trong cta tam

giac ABC' nén viéc dit tam tai N sé thuan tién hon.

e Dua vao 3 tuong truc tam : Ta da c6 OA L N, hay tim cach dyng tim K sao cho Q) la
trie tam clia tam giac AOK. Tit cach dyng diém K, giai bai toan ngudce dé ching minh
rang () chinh 13 tryc tam ctia tam giac AOK theo cach dung do.

o Su dung vector : St dung vector 1a mot phuong phap c6 su lya chon phong phi. Tat
nhién dang thic can ching minh phai 1a O@ . BC = 0. Céc vector (ﬁ, BC ¢6 thé biéu
dién thanh rat nhiéu téng clia cac vector khac nhau. Day vira 14 diém manh ciing chinh
la diém yéu clia vector, ta phai tim nhitng cip vector thich hgp dé c6 thé tinh toan. Di
nhién B? nén dugc git nguyeén, 0‘65 c6 thé tach thanh tong clia 2 vector ﬁ, @ vi 2
vector nay déu c6 thé tinh duge module theo do dai cac canh va cac goc clia 2 vector nay

hop véi BC ciing c6 thé xac dinh theo cac goc ctia tam gidac ABC.

Bai 2.2.

Hay ching minh réng FF,Y Z, BC dong quy dé suy ra két qua.

Bai2d. g L ) )

Hay biéu dién ti so Vie qua cac yeu to lien quan den tam giac ABC nho tinh chat ciia phuong
tich. Sau d6 sit dung dinh 1y Ceva cho tam giac ABC' dé suy ra diéu phai ching minh.

Bai 2.4.
Chiéu M, N, P theo phuong song song véi BC' len dudng trung tuyén xuat phat tit A clia tam
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gidc ABC dé dua heé thic can tinh toan len duong trung tuyén do.

Bai 2.5.

Dé chitng minh SE la tiép tuyén ctia (EMN) ma tam duong tron nay chua xac dinh, ta c¢6 2
hudéng co ban sau day :

o Chiing minh hé thic vé géc : Quy vé chitng minh FEM = ENM. Hay dung cac hinh
binh hanh AEBL,CEDK, tan dung cac tam giac dong dang dé rit ra ding thiic vé goc

trén.

o Chitng minh hé thic vé canh : Giad st MN cat FE tai P (dé thay rang P ciing chinh la
trung diém ctia EF), ta can chiing minh PE? = PM x PN. Goi giao diém ctia AB,CD
1a S, hay sit dung cac dinh 1y vé hang diém diéu hoa dé ching minh déng thic trén. Phan

con lai xin danh cho ban doc.

Bai 2.6.
Thuyc chat day 1a bai toan ddo clia bé dé quen thuoc ciia ti gidc ngoai tiép dudng tron : Cac
dudng chéo va cac duong thing nbi cac tiép diem ctia dudng tron noi tiép mot ti gidc ngoai
tiép lén cac canh déi clia ti gidc d6 dong quy tai mot diém.
Bai 2.7.
Hay chitng minh dang thic sau : -

KD LD AD?

KB LB AB?

Déng thiic trén di ching té6 AK, AL 1a hai duong ding giac trong géc BAC'. Hay st dung dinh
1y Menelaus va chi ¥ t6i cac trung diém dé tinh toan, rit ra ding thic trén.

Bai 2.8.

Hay chi ¥ dén 2 déng thiic sau :

a-MA=b-MB+c-MC
a’* = MB* + MC?

Stt dung 2 dang thiic trén va bat déng thitc Cauchy - Schwarz, ta suy ra diéu can chiing minh.
Bai 2.9.

Hay chi § bo dé :

be(b+ ¢ —a)

Catb+tc

Tit d6, ta c6 thé dua bai toan vé bat ding thiic dai s6 don gian hon.

IA =

Bai 2.10.
Y tuéng chinh clia bai toan 1a ching minh AM,ON cing vuong goc véi AD. Sau day la 2
huéng can chi ¥ dé tiép can két qua nay :

e Cuc va dbi cuec.

e Phuong tich clia mot diém v6i duong tron (O) va véi duong tron diém tam A.
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Bai 2.11.

(a) Goi K la giao diém ctia BD, CE. Hay st dung dinh 1y Thales dé chiing minh ring Rp) +
Rip) = BK = CK.

(b) Dé du doan trudc quy tich ctia I, ta chon 3 vi tri M khéac nhau. Tt d6 cho ta gid thuyét
I di dong trén dudng thang c6 dinh song song véi BC. Ciing chinh tit day cho ta ¥y tudng ha
dudng thing vuong géc I H xubng BC'. Ha vuong géc tuong tut cho D, E xubng BC, bang mot
s6 budc tinh toan, ta sé thiy duge do dai doan IH khong ddi, tit dé suy ra quy tich diém 1.
Bai 2.12.

Cau hinh dudng tron véi 2 dudng kinh ¢6 dinh vuong géc v6i nhau lam ta lien tudng ngay
dén he truc toa do. Néu chon A(—r,0), B(r,0),C(0,—r), D(0,r) thi quy tich clia diém P sé 1a
duong cong c6 phuong trinh y? = 2xr + r2.

Bai 2.13.

Goi A’, B',C’ lan luct 1 hinh chiéu vuong géc ctia M lén cac duong thing BC,CA, AB theo
thit tir. Ta chiing minh cac bat ding thitc, ding thic sau dé suy ra diéu can chitng minh :

1
p2_|_q2+7,2 2 g (B/C/2+C/A/2+A/B/2)

B/CI2+C/A/2—|—AIB/2 — (1:2 +y2+z2)

>~

Bai 2.14.
Ap dung dinh 1y Ptolemy cho céc tt giac :

o MAIAA;
o MA;A:A;
o MAALAg
o A1 A3ALA;

Két hop v6i mot s6 bién doi hop 1¥, ta sé c6 ngay bat dang thic can ching minh.
Bai 2.15.
Trudc tién, hay ching minh ring A, chinh la giao diém ctia hai tiép tuyén ké tit B, C' ctia (O)

va tuong tu doi véi By, Cs. Ta da dua vé bai toan quen thude va c6 thé lam theo hai cach :

e Ta c6 thé thay ngay AA,, BBy, CC, chinh la cac duong déi trung ctia tam gidc ABC nén

ching dong quy tai diém Lemoine ctia tam gidc ABC.

° Ap dung dinh 1y Ceva. That vay, do (O) tré thanh dudng tron noi tiép tam giac Ay ByCl
nén A, B,C tré thanh tiép diém ctia dudng tron noi tiép doé trén céc canh tam giac
Ay By,Cy. Tt do, ta co thé 4p dung dinh 1y Ceva cho tam gidc Ay B,Cy dé chitng minh
AA,y, BBy, CCy dong quy.

Bai 2.16.
Ta sé dua AB;-AB, AC; - AC, AM, - AM thanh cac biéu thic chita AB, BC,CA, Py, Pcyo
Paij(0)- Tt d6 bién doi déng thiic can ching minh vé mot dang thic dung theo cong thic trung



29

tuyén.
Bai 2.17.
Hay chitng minh hai bé dé sau day :
e Tam giac XY Z noi tiép duong tron ban kinh R thi :

XY +YZ+7ZX <3V3R

o Néu I,, I, I. 1a cac tam bang tiép ctia tam giac ABC thi ban kinh dudng tron ngoai tiép
tam giac I, 1,1, bang 2 1an ban kinh duong tron ngoai tiép tam giac ABC.

Bai 2.18.
Diém mau chét ctia bai toan la bat dang thitc sau day :
(b—c)
4
Trong dé D la tiép diém ctia duong tron noi tiép tam giac ABC véi BC va M 1a trung diém
cua BC.
Bai 2.19.
Bai toan duya trén bo dé sau day :
B6 dé. Goi H,I, K la hinh chiéu ctia diém M (dugce dinh nghia trong dé bai) len BC,C A, AB
thi MH =MI+ MK.
Phan con lai 1a st dung bat ding thic tam gidc dé khai thac b6 dé nay. Ta sé thu duge bat

R?2 —2Rr =0I* > DM? =

déng thitc can chiing minh.

Bai 2.20.

Lay K déi xing v6i H qua AB. Duong thang PF cat (O), BK tai M, N, Q. Hay stt dung dinh
Iy con buém cho tam gidc ABC dé chiing minh PKQH la hinh binh hanh.

Bai 2.21.

(a) Day la mot két qua rat quen thuoc :
PA? + PB* + PC? + PD* = 4R?

Mot cach nhanh nhat 14 vé dudng kinh AK ctia (O) va chit y BCDK 1a hinh thang can dé suy
ra két qua.

(b) Goi M la trung diém ctia OP. Trudc hét hay ching minh rang 10? + I P? khong doi, dé

2R —OP?%\ |
07

tt day suy ra I di dong trén (M,
Bai 2.22.

Hay chiing minh va st dung két qua sau : Véi diem M béat ki ndm trong tit giac ABCD, ta
luén o :

MC+ MD < DA+ AB + BC

Tré lai bai toan, hiy goi trung diém cac canh BC,CA, AB dé khai thac két qua trén.

Bai 2.23.
Dé chiing minh QN L M P, ta c6 hai huéng sau :
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e Goi K la diém ddi xing cia N qua MP. Ta sé& chiing minh K € (O). T d6 suy ra
N, K, Q thing hang. Véi chi y raing AK || M P. Ta sé c¢6 diéu can chitng minh.
e Su dung vector : Phan tich QN thanh tong cia Q?, Q?; M P thanh tong cia M A, MN
) L e NC
va chi y cac duong vuodng goc véi nhau. Deé cho tién cho viéc bien doi, nén dat k = B
Bai 2.24.
. N — . N
Trudc het, c6 nhan xét rang 2M N = 1@ + 55 Tt nhan xét nay, neu goi x, y lan lugt la do
dai hinh chiéu ctia HK len AC, BD; ta chi can chiing minh z - AC =y - BD.

Bai 2.25.
Ta c6 hai huéng dé giai quyét :
e Goi K la trung diém AC, hay chiing minh ring AKMN « AIQP dé suy ra két qua.

e St dung vector : Trudc hét, c6 nhan xét rang 2m = 1@ + §ﬁ Tt nhan xét nay,
néu goi x,y lan lugt 14 do dai hinh chiéu ctia PQ léen AC, BD; ta chi can ching minh
x-AC = y- BD. Va dang thiic nay c6 thé chitng minh dya vao tinh chat phuong tich ctia
diém I véi (O).

Bai 2.26.
Hay chi § dén hai bo dé sau :

e Bo dé 1 : Cho tam gidc ABC va mot diém M nim trong tam giac ay. Khi d6 M B+MC <
AB + AC.

e B6 dé 2 : Néu tam giac ABC ngoai tiép (I) thi :

aﬁ4+bf§+075:6>

Tt hai bo dé trén, hay bién déi HK dé suy ra két qua.

Bai 2.27.
Bét ding thic dau bai tuong duong véi :
Shoe 4
SpMK - SCNK
Ta thay ring ti s6 dién tich tam gidc ABC va tam gidc BM K hoac tam giac CNK khong thé
ngay tritc tiép chuyén thanh ti s6 cdc doan thang vi chiing khong cé chung dinh ciing khong cé

chung canh day. Do do¢, ta sé tim tam giac khac c¢6 quan hé "

gan gii" hon véi ca 2 tam giac
ABC, CNK. Tuong ti, ta ciing sé chon tam giac ¢6 quan hé "gan giii" hon véi tam gidc ABC
va tam giac CN K. Day chinh 1a4 mau chét clia bai toan. Tam giac can tim 1a tam giac M AN.
Phan chiing minh cu thé con lai xin danh cho ban doc.
Bai 2.28.
C6 hai huéng dé giai quyét :

o Su dung tinh chat cia trong tam : Goi S 1a diém déi xing ctia M qua trung diém P ciia

BC'. Hay ching minh G cling la trong tam cia tam giac AMS. Day chinh 1a chia khoa

cua bai toan.
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o Sit dung dinh lj Ceva : Ap dung tryc tiép dinh ly Ceva dang sin cho tam giac ABC véi
chi ¥ M By AyCy, MCy By Ay, M A,CyBs 13 céc hinh binh hanh dé c¢é céc cip canh va goc

bang nhau.

Bai 2.29.
Lay diém T trén cung BC khong chia diém M ciia (O) sao cho 2010 - TB = 2011 - TB. Sau
dé6 ap dung dinh 1y Ptolemy cho ti giac TBMC.
Bai 2.30.
Day 1a mot két qua rat dep va c6 rat nhiéu 1oi giai. Xin néu ra hai huéng giai :
e Stt dung tinh chét ctia hang diém diéu hoa.

e Qua A ké dudng théng song song BC c&t DE, DF tai M, N. Ap dung dinh 1y Thales va
Ceva dé chiing minh A 1a trung diém MN.

Bai 2.31.

St dung dinh 1y Ceva bing cach ching minh lan lugt céc ding thic :
MH MD-FA

BH ~ AD-FB

CK CE-AD

MK ~ EA-MD

AF CE BD 1
Y B . =
BF AE CD
Bai 2.32.

Ta can dén bo dé quan trong sau day : (véi cac ki hieu nhu gia thiét)

AB? + BC® + CD* + DA? = AC* + BD* + 41.J?
Hay dung hinh binh hanh thich hop nhim tao ra céc doan théng bang nhau, két hop v6i mot
s6 bién doi hop 1y dé thu duge két qua.

Bai 2.33.
Thong thuong khi gip tong ciia cac phan thiic, mot cach tu nhién ta sé ¢6 gang dua ching veé

dang c6 chung mau. Ta c6 thé lam dude diéu ay trong bai toan nay véi chd ¥ :
MA-AP ="Paj0)=Ppjo)=MB - BQ

Bai 2.34.

Dudng thang nay luon di qua diém O’ déi xiing véi O qua AB cb dinh.

Bai 2.35.

Ta c6 thé dé& dang nhan ra quan hé:

GA-GA, =GB-GB,=GC-GC, =9

Ngoai ra, can chi ¥ déng thic :

_ GA?2+GB? + GC?
n 3

J
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Khi d6, bat dang thic hinh hoc tré thanh bat déng thitc dai s6 tam thuong.

Bai 2.36.

Ta can chiing minh P, Q, R, M dong vién, diéu nay tuong duong véi DP-DQ = DR-DM (%)
Hay chiing minh ring RB - RC = RD - RM (»%). Cht y P,Q, B,C dong vién dé dung tinh
chit clia phuong tich, tit d6 c6 thé ding (%) chiing minh (%).

Bai 2.37.

Bién ddi tit dang thic :

AOB coD . AOB . COD
COS (v = COS - COS — sin - sin
2 2 2 2
Dap s6 :
R Va2 + b2 + 2abcos «
N 2sin o
Bai 2.38.

Cach quen thudc va ngan gon nhat la sit dung phuong tich : Hay ching minh rang F, H, I déu
nim trén truc dang phuong ciia duong tron dusng kinh CE va duong tron dusng kinh BD.
Bai 2.39.

Goi giao diém ctia F'Q véi (1) khong tring v6i F 14 T. Gid st TDNED = {M'}. Sit dung dinh
Iy Pascal dé suy ra M = M.

Tit N ké tiép tuyén tiép xic véi (I) tai 77. Hay chiing minh 7 = T” dé suy ra FQ la dudng déi
cyc cia N dbi véi (). Tu day ta c6 két qua can chiing minh.

Bai 2.40.

Chu ¥ dén bo dé : Trong mot ti giac 161, tong do dai hai dusng chéo nhé hon chu vi va 1én hon
tong do dai hai canh déi cia ti giac.

Bai 2.41.

Goi K la giao diém tiép tuyén tai B, C cia (O). Lay Q 1a giao diem AK, BC. Khi d6, c6 thé
diing cue-déi cuc hodc ti s6 kép dé chitng té& EF ludn di Q cb dinh.

Bai 2.42.

Ap dung dinh 1y Ptolemy dé ching minh hai két qua sau, tit d6 suy ra ngay diéu phai ching

minh :
e Duong tron ngoai tiép AABE tiép xtc véi CB.
e Dudng tron ngoai tiép ADE tiép xtc véi CD.

Bai 2.43.
Goi M,N,P,X.,Y,Z la trung diem cac doan BC,CA, AB,HA,HB,HC va D, FE,F la chan
duong cao ha tit A, B, C' cua tam giac ABC theo thit tu. Ta xét 3 truong hop sau day:

e Truong hop 1 : C6 it nhat 2 trong 3 bo (M, D); (N, E); (P, F) trung nhau.
e Truong hop 2 : C6 ding mot bo trong (M, D); (N, E); (P, F') trung nhau.

e Truong hop 3 : Khong bo nao trong cac bo trén trung nhau.
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Truong hop 1 cho ta AABC déu; trusng hop 2 cho ta A= 45°,§ =C = 67,5°; trong khi
truong hop 3 lai khong thé xay ra.

Bai 2.44.

Goi N la giao diém ctia ID va EF, ta sé chiing minh AN di qua trung diém BC. Hay dung
them duong thang qua N vuong goc véi 1D va cac giao diem ciia né véi AB, AC. Chi y cac
t giac noi tiép va ap dung dinh 1y Thales dé chiing minh.

Ban doc ¢6 thé tham khéo thém céach 1 ciia bai 2.73.

Bai 2.45.

Goi S la trung diém AB va S’ 1a trung diém A’B’. Hay sit dung tinh chat ctia phép quay dé
chting minh S, 5", M, N dong vien, tit d6 suy ra diéu phai ching minh.

Bai 2.46.

Cht ¥ hai bd dé sau :

B6 dé 1 : Cho diém M ndm trong goc :E/O\y A, B theo thit tu 1a cac diém khac O thuoc tia
Oz, Oy; H, K theo thi tu 1a hinh chiéu ctia M trén Oz, Oy. Khi d6, ta c6

P(MAB) > 2HK

Boé dé 2 : Cho tam giac ABC, M la diém n&m trong tam giac. AM, BM,CM cit BC,CA, AB

theo thu tw 6 D, E, F. Ta ¢6
AM ~BM CM

AD T BE TCF ~

2

Bai 2.47.

Bing céac bién doéi goc va ap dung dinh 1y sin, hay biéu dién ti s6

"

CA"

theo cac goc B, C'. Tu
dé6 &p dung dinh 1y Ceva dé suy ra diéu can chting minh.

Bai 2.48.

Néu M, O, H thang hang thi PQ luon song song vé6i (d). Ta xét trudng hop M, O, H khong
thang hang va (d) khong cat (O). Khi d6, dusng thang PQ luon di qua giao diem ctia (d) va
(OHR) c6 dinh.

Bai 2.49.

Qua A dyng duong thang (d) song song véi BC va cat DF tai P. V6i cht ¥ ring AP = AF =
AFE, hay ap dung dinh 1y Thales dé suy ra M la trung diém EN.

Bai 2.50.

Bai toan nay c6 thé giai quyét theo hai cach sau :

e Hay chitng minh déng thiic

bAB n cAC _1
(a+b+c)AB  (a+b+c)ACT

Tit ddng thiic trén va mot s6 danh gia, bién ddi thich hop, ta cé diéu can ching minh.

e D& thiy rang, bat dang thitc can chiing minh tuong duong véi :

4b%c2
@rbrog SAB-AC
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Chi can cht y rang :

1 A2 < AB' - AC" va 1 A? _ 4b%c?
cos2 é h cos2 é (a+b+c)?
2 2

Tt d6 suy ra diéu can chitng minh.

Bai 2.51.

Hay chitng minh cac tt gisc CDFG,CFEB, AHEB, AHGD nai tiép dé suy ra cac géc clia ti
gidc EFGH déu vuong.

Bai 2.52.

Cho BF, AC 1an hiot cit DE tai T, K = (KITE) = —1.

Goi giao diém ctia dudng tron ngoai tiép ABC'D v6i DE la N. AN cit BC tai G. Lan luot

chiing minh céc két qua sau :
e (CBEG) = —1
o (KINE) = —1
e N=T

Bai 2.53.
Hay cha ¥ rang

Spc o Sap = RiB2BAa,BO)
Trong d6 Sy 1a phép doi xing truc d, Ro . 1a phép quay tam O, goc quay .
Bai 2.54.
Stt dung bo dé hinh thang : goi H = ADN BC, khi d6 HO di qua trung diém ctia AB va CD.
Bai 2.55.
Goi D, E 1a tiép diém ctia w v6i AB, AC. Mau chét ctia bai toan la stt dung céc tinh chat ctia
ti gidc diéu hoa, hang diém diéu hoa ching minh M, D, P thang hang va M, F, Q) thing hang.
Béi vi DE || BC nén néu vé tiép tuyén tai M clia w thi d6 ciing la tiép tuyén ctia (M PQ).
Bai 2.56.
Dap s6 : CHI = 20°.

Xin néu hai huéng dé tiép can bai toan :

o S dung hinh hoc thuan tiy : Ké phan giac CK ciia goc FC'\B, goi L 1a hinh chiéu cta
K len BC. Cha y rang tam giac K BC can tai K va HI || CK dé suy ra két qua.

e Su dung cong cu lugng gidac : Dat a = CHI. Sau d6 ap dung dinh 1y ham s6 sin cho tam
gidc CHI va sau mot so phép bién doi hop 1y, ta sé thu duge phuong trinh theo a sau
day :

cos(30° 4+ ) = 2¢0s20° - sin

Cong viéc con lai chi 13 chiing minh phuong trinh trén ¢6 nghiém duy nhat a = 20°.
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Bai 2.57.

Thuc chat bai toan nay 1a mot truong hop riéng ciia dinh 1y Kariya : Cho tam giac ABC nhan
(I) 14 duong tron ndi tiép. Vé phia ngoai tam giac 1ay cac diem M, N, P sao cho IM = IN = I P
va IM,IN,IP tuong ting vuong goc BC,CA, AB. Khi d6 ta c6 AM, BN,CP dong quy. Ma
dinh 1y Kariya ciing la mot truong hgp riéng ctia dinh 1y Kiepert va dinh 1y Jacobi.

Dé chiing minh bai toan, hay ap dung dinh Iy sin v& dinh 1§ Ceva dang sin cho tam gidc ABC.

Bai 2.58.

Hay biéu dién do dai cac doan thang AQ, BM, MQ qua a,bvéi AB = AC = a, BC = b (2a > b).
Tt dé dua bat dang thic can ching minh vé mot bat dang thic dai s6 don gian.

Bai 2.59.

Goi G 1a giao diém ctia CK, AB; F 1a giao diém ctia AL, BC; M la giao diém ctia AL, CK.

Mot s6 két qua can chi ¥ dé suy ra két luan ciia bai toan :
e NAGC can tai A.
o M e (I).

Bai 2.60.
Goi Ay, By, Cy 1an lugt la trung diém EF, DE, DF. Khi d6, hay xét phép nghich dao tam I
phuong tich k = r? (v6i r 1a ban kinh dudng tron noi tiép tam giac ABC) va cha ¥ DA;, BE,
CF, dong quy, ta sé c¢6 diéu phai chitng minh.
Ngoai ra, ta c6 thé sit dung dinh I Menelaus. Tuy nhién, ta khong thé stt dung dinh 1§ Meneleus
dé ching minh 3 tam ngoai tiép ay thang hang mot cach tryc tiép. Thé nhung, chi can dé ¥
rang néu goi As, Bo, Cy 1a chan dudng phan gidc ngoai tam giac ABC thi tam ngoai tiép cac
tam giac AID, BIE,CIF chinh la trung diém ctia I As, I By, IC,. Bang dinh 1y Menelaus, dé
thay ring As, Bs, Cs thing hang, tit dé suy ra diéu phai chiing minh.
Bai 2.61.
Goi P’ la giao diém ctia DI véi (O) (P thuoc cung BC khong chita A). Khi dé, hay ching
minh rang:

PM AM P'M

PN AN PN
Déng thic nay ching t6 AMPN, AMP'N déu la ti giac diéu hoa. Va diéu nay ciing chitng t6
P=r.
Bai 2.62.
Dat z = g (O <z < %) St dung dinh 1y ham s6 sin dé c6 duge phuong trinh

1 1 1

+
sinx sin2r  sindx
T
Cong viéc con lai chi la giai phuong trinh trén [0, Z]
Déap s6 : Bai toan c6 nghiém duy nhat n = 7.

Bai 2.63.
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Hay tinh toan cac ti s6 trong dé bai theo do dai céc canh tam giac dé dua bat dang thic can
chitng minh vé mot bat déng thic dai so.
Bai 2.64.
Goi M 1a diém Miquel clia tit giac toan phan BOEFAD. Hay chiing minh rang d 1 dudng
thang Steiner ctia M déi véi (010,03) dé suy ra diéu can chiing minh (cht ¥ dudng tron Miquel
clia tit gidc toan phan va tinh chat ctia dudng thang Steiner)
Bai 2.65.
St dung phan chitng dé ching minh : Bé qua truong hgp ton tai mot cap canh déi song song,
xét truong hop ca hai cip canh déi déu song song. Khi dé, goi E la giao diém ctia AD, BC; F
14 giao diém ctia AB,CD. Hay ching minh ring, néu ABCD khong 1a hinh binh hanh thi
FO || EO, diéu nay hién nhien vo ly.
Bai 2.66.
Déng thitc can chiing minh dugce suy ra tit 4 déng thic sau :

o AD?> = AN - AC

o AD? =AM - AB

e AM -AD = AP - AC

e AN -AD = AP-AB
Bai 2.67.
Hay tinh tién cac duong thing da cho vé mot diém va chil ¥ ring géc ciia chiing van duge bao
toan. Ap dung nguyén 1y Dirichlet ta sé ¢6 didu can ching minh.
Bai 2.68.
Lay diém H trén doan M N sao cho M H = BM, NH = DN. Hay chiing minh H déi xing véi
B qua AP, déi xtng véi D qua AQ. Tu d6 suy ra AH1PQ,QH1LAP dé c6 diéu can ching
minh.
Bai 2.69.
bat AB=a,BC =b,CD =¢,DA=d,0A =2,0B =y,0C = z,0D = t. Hay tim céach loai
b cac dai lugng z,y, z,t trong dang thiic ¢6 & gia thiét. Ta can bién ddi tuong duong dé dich
cudi sé 1a a + ¢ = b+ d. Khi d6, 4p dung dinh 1y Pithot, ta sé c6 ABCD ngoai tiép.
Bai 2.70.
C6 hai cach dé tiép can bai toan :

e Cdch 1 : Cha ¥y hai cap tam gidc dong dang AADH «~ CHM va ANAHE «~ ABMH. Sau

d6 hay st dung cac cap ti 1é vé canh ctia hai cap dong dang d6 dé chimg t6 HE = HD.

e Cdch 2 : St dung tinh chat ctia ti s6 kép, hay ching minh két qua tong quat :
MB HD
MC HE

Bai 2.71.
C6 hai huéng dé tiép can bai toan :
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— BC
e Cdch 1 : Ching minh NM la phan giac ANB dé tu do suy ra MN < —~ (phan gidc
nhé hon trung tuyén).

e Cdch 2 : Hay chiing minh:
1 1 1

MN DM " ME
Nhan xét rang DM + ME khong doi dé danh gia MN.

Bai 2.72.

Goi X4 1a giao diém ctia BC, ByCy, dinh nghia tuong tu cho Xp, X¢. Hay chitng minh ring
X4, X, X 1acye clia Ay Ay, By By, C1C5. Tt d6 suy ra rang két luan ctia bai toan tuong duong
v6i X4, Xp, Xc thang hang va dudng théng di qua chiing vuong géc véi OH.

Bai 2.73.

AAy, BBy, CCy chinh 1a cac duong trung tuyén ctia tam gidc ABC.

Ngoai ra, ta cling c6 thé sit dung dinh 1§ Ceva dang sin dé chiing t6 AA,, BBy, CCs dong quy.
Bai 2.74.

Bai toan c6 thé duge gidi quyét theo hai cach sau :

e Cdch 1 : Ap dung dinh 1y Menelaus cho ABCE véi cac diém A, F, M (sau khi da tinh
cac ti 6 mot cach thich hop).

e Cdch 2 : Goi H la trung diem BC. Hay chiing minh rang M H || CE.
Bai 2.75.
Stt dung bo dé sau : Cho hai dudng tron (O;) va (O;) cit nhau tai X, Z. Lay A 1a mot diém
bat ki ndm tren (O;). Dyng tia ZB doi xing tia ZA qua ZX v6i B thuoc (Oq). Goi O la tam
ngoai tiép AABZ. Khi d6 ta c6 OO0, = 00,.
Bai 2.76.
Goi P la trung diém EF. Lay U la diém doi xting cia F qua N,V la trung diém EU. Hay
chiing minh céc két qua sau :
e AEBF «~ ANEDU,APAB «~ AVCD
PM VN PF
[ ] = =
AB cD CD

2PN CD
°* ——— — ——
EF AB

Bai 2.77.

Cach nhanh nhat 13 st dung heé thic lién quan giita cac canh, dién tich va ban kinh ngoai tiép
tam giac.

Tuy nhién, doi v6i cac ban chua biét t6i hé thiic luong trong tam gidc thi cé thé lam theo cach
ké day DE, C'F song song véi AC, BD tuong ting roi 4p dung dinh 1y Ptolemy cho cac tit giac
noi tiép ABCE, ACDF dé suy ra két qua.

Bai 2.78.

Ap dung dinh 1y ham s6 sin va bat ding thic quen thuoc cos A + cos B + cos C' <

DN o
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II1. L&i giai chi tiét

1. Cac bai toan 6n tap tuyén sinh 16p 10

Tam giac ABC vuong tai A c6 BC = 2AB. Lay D, E nam tréen AC, AB sao cho
— 1 — — 1 —— . ) £

ABD = gABC va ACE = gAC’B. F 1a giao diem cua BD,CE. H, K la diém doi xting cua
F qua AC, BC.

(a) Chiing minh H, D, K thang hang.

(b) Chtng minh tam giac DEF can.

Loi gidi

K
B
Y/
E
A T/D ¢

(a) Goi T = FHN AC,V = FK N BC. Tt giai thiét c6 thé suy ra tam giac ABC' 1a nita tam
gidc déu nén viec tinh cac goc 1a tam thuong. Ta co, FHD = HFD = ABD = 20°.

Mic khac, FHE = FTV (do TV || HK) = ACE (do CTFV noi tiép) = 20° = FHD

Suy ra H, F, K thing hang.

(b) HK cat BC tai I. Ta lan lugt tinh cac goc :

DFI =180° — DIF — IDF = 180° — 20° — 40° = 120°

BEC = 90° + 10° = 100° vi BIF = 80° nén BEFI noi tiép.

EFI =180° — ABC = 120° = DF1I
Suyra —
FIE =20° = DIF

Do d6, ADFI = AEFI = FD = FFE. Do d6, tam giac DEF can tai F. 0

Dutng tron (O) noi tiép tam gise ABC(AB > AC) tiép xic véi AB, AC tai P, Q.
Goi R, S lan lugt 1 trung diém BC, AC. Giao diém ctia PQ, RS 1a K. Chiing minh ring
B, 0, K thang hang.

Loi gidi
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Truéc tién, ta sé ching minh rang RB = RK. Goi a = BC,b = CA,c = AB, chu § rang
SK = SQ do tam gidc SQK c6 2 goc day bang nhau. Khi d6 :

RK = RS - SK

c

=5 -8Q=35-(CS-0Q)

2
:E_(lb_Lb‘C)

2 2 2
_c_ L, atb=c

2 2 2

1
:§CL:BR

Vi vay, tam giac BRK can tai R, suy ra RBK = RKB = KBA (RK || AB).
Do d6 K thuoc dudsng phan giac goc ABC hay B, O, K thang hang. 0

Cho tam gidc ABC nhon nhan H lam tryc tam. Chiing minh ring, ta c6 bat dang
thic :

2
HA+HB+HC<§(AB+BC+CA)

Loi gidi
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Qua H vé cac dudng thing song song véi BC,CA, AB cit cac canh tam gidac ABC tai
E K,)Y,I,F L sao cho FK || AC,IE | AB,LY || BC va E,K € BC;1,Y € AC;F,L € AB.
Khi dé, hién nhién cac dudng thang LY, FK, IE lan lugt vuong géc véi HA, HB, HC.

Tam giac AHL vuong tai H néen HA < AL. Tuong tu, ta ciing ¢c6 HC < CE. Ap dung bat
déng thic tam giac, ta thu dugc :

HB< HL+LB=LB+ BFE
Dau ding thitc ¢ tréen do HLBE la hinh binh hanh. T dé, ta thu dugc :
HA+HB+ HC <AL+ LB+ BE+ EC = AB+ BC

Xay dung hai bat dang thic tuong tu roi cong theo vé, ta cé ngay diéu can ching minh. O

Goi AB 1a mot day cung c¢b dinh ctia dudng tron (O). P la diém di dong trén day
cung AB nhung khong trung véi hai dau mut. Vé duong tron (C) di qua A, P tiép xtc trong
v6i (O) va duong tron (D) di qua B, P tiép xic trong véi (O). Lay N la giao diém thit 2 ctia
(€), (D).

(a) Chitng minh rang AANB «~ ACPD. Tt d6 hdy chi ra N di dong trén dudng nao.

(b) Chitng minh rang NP luon di qua mot diém cd dinh.

Loi gidi

PAN — LPCN — POD

—_— |

PBN = ;PDN = PDC

Tu day suy ra AANB «~ ACPD

Do d6 ANB = CPD. Mic khac, do OCPD la hinh binh hanh nén CPD = AOB = « nén
ANB = a khong doi.

Vay N di chuyén trén cung chita goc o dung trén doan thing AB.

(a) Nhan xét riang
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(b) Goi K la giao diém ctia tiép tuyén tai A, B ctia (O). Khi d6 K thudc truc ding phuong
ctia (C), (D) nén NP luon qua K ¢ dinh. Ta c¢6 thé chitng minh két qua nay dé phit hgp véi
kién thitc 16p 9 nhu sau :

Goi P, 1a giao diem ctia KN véi (C) va P, 1a giao diém ctia KN v6i (D). Khi do6 :

KP,-KN=KA*>=KB?>=KP,- KN

Tu day suy ra P, = P, = P. 0

Cho tam gidc ABC c6 BAC = 120° va cac duong phan gidc AA’, BB, CC'. Tinh
BAC,

Loi gidi

A B’ C

B

Goi Ax 1a tia dbi ctia tia AB. Khi do, CAz = 60° nen AC la phan giac ngoai dinh A ctia tam
gidac AA’B. Mic khac, BB’ 1a phan giac trong clia tam gidc nay nén B’ chinh 1 tam bang tiép
trong goc B cua tam giac AA'B.

Suy ra A’B’ 1a phan giac AAC.
Ching minh tuong tu, ta c6 A'C’ 1a phan giac AA’B. Vi vay B’A’C" = 90°. 0

Cho hinh vuong ABCD c6 hai dudng chéo cat nhau tai E. Mot dudng thing di
qua A cit canh BC' & M va cat duong thing CD & N. Goi K la giao diém cia EM va BN.
Chitng minh rang CK 1 BN.

Loi gidi
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B6 qua trudng hop don gian EM || C'D. Kéo dai EM c&t CD tai S. Ap dung dinh 1y Menelaus
cho tam giac AC'N v6i cat tuyén (EMS) va tam gidc BC'N véi cat tuyén (MKS) :

MA SN EC_1
MN SC EA
MC KB SN_1
MB KN SC

T day suy ra :

MA MC KB
MN ~ MB KN

Ap dung dinh 1y Thales, ta thiy ring :

MA MB AB BC
MN MC CN CN

Do do,

BC? KB
NC? ~ KN

Goi K’ 1a can duong cao ké tit C ctia tam gidc BC'N thi ta c6 két qua quen thuoc :

BC? K'B
NC?2 K'N

K va K’ chia trong doan BN theo cling mot ty s6 nén triing nhau.
Diéu nay ching t6 CK 1 BN. 0

Cho AABC c6 BAC = 90° (AB < AC). Dudng tron (O;7) duong kinh AB va
duong tron (P; R) duong kinh AC' cit nhau 6 D va A.

(a) Goi M la diém chinh gitta cung nhd DC, AM cat (O) tai N, cit BC tai E. Chitng minh
AABE can va cac diém O, N, P thang hang.

(b) Dung dudng kinh NQ ctia (O). Chitng minh Q, D, M thing hang.

(c) Goi K la trung diem M N. Chiing minh PK 1 OK.

Loi gidi
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(a) Vi cha y rang AB la tiép tuyén tai A cta (P), ta co

BAE = BAD + DEA = ACD + CAE

= BFA

Suy ra tam giac ABE can tai B.

Do d6 N vita la chan dudng cao vita la trung diem AE.
Tit day suy ra P, N, O thing hang.

(b) Tit gia thiét suy ra NDQ = 90°

Mat khéc :

DNM + DMN = DBA + DCA = 90°
Suy ra MDN = 90°. Vi vay Q, D, M thing hang.
(c) Ta c6 K la trung diem MN nén KN = KD. Lai c6 ON = OD nén KO la dudng trung
truc cia ND hay KO || MD. Do dé6

OKA=DMA=DCA=0PA

Vi vay tit gide OK PA noi tiép. Suy ra OKDP = 90° hay OK 1 PK. )

Tam gidac ABC nhon c6 3 duong cao AA;, BBy, CC; cat nhau tai tryc tam H. Goi
H,, Hy, H, 1an lugt 13 tryc tam cla cic tam giac AB,C,, BC A, CA,B;, hay chitng minh
I‘%ﬂlg AAlBlCl = AHaHbHC.

Loi gidi
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Truée hét xin phéat biéu va khong chitng minh mot bo dé quen thudc : Véi tam giac XY Z c6
truc tam @ thi QX =Y Z cot X.
Ap dung bé dé tren, suy ra :

BlHa == ACl - cot 14/31\01 == ACl . COtx@
(do AB,Cy = ABC, B,C,BC noi tiép)
Ale = BCl . BT41\01 = BOl . COt@

(do BA,C, = BAC', ACA,C} noi tiép)

AC,  AC, CC, cot BAC
3 = . = —— nén B H, = A{H,. Hon nita, B1H, || AiHy (ct 0
a BC, ~ 0C, BO, ~ e dBC nén B 1H, n nita, B1H, || A1H, (cing vuong
goéc v6i AB). Suy ra A; By H,H, 1a hinh binh hanh.
Twu d6 c6 duge H,Hy, = A B,. Lam tuong tu véi hai canh con lai, ta c6 hai tam giac H,HyH,

va A;B,C; bang nhau theo truong hop canh-canh-canh. 0

M

Cho day cung AB ¢b dinh trén (O) va AOB = 120°. M 14 mot diém di dong trén
cung 16n AB, dudng tron noi tiép tam gidc M AB tiép xtc v6i MA, MB tai E,F. Ching

minh rang EF luon tiép xtc v6i mot duong tron c¢d dinh.

L&i gidi
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Goi N la trung diéem BC va H, K, T lan lugt 1a hinh chiéu cta A, B, N len EF. Theo dinh Iy
ve duong trung binh hinh thang thi :

_ AH + BK
e

NT

Tit gid thuyét dé bai suy ra AMB = 60° nén tam giac MEF déu. Tit day ta c6 AFH, BFK
X X 1 1
deu la ntta tam giac deu. Do d6, AH = §AE, BK = éBF. Suy ra,

NT = AE + BF
4
. . AB
Nhung r6 rang AE + BF = AB nén NT = e khong doi va NT | EF.

. ABY\ |
Vay EF ludn tiep xtc v6i dudng tron (N ; T) co dinh. 0

Bai 1.10| Cho dudng tron (O) va dudng thang d ndm ngoai dudng tron. Goi S 1 hinh chiéu
vuong goéc ctia O lén d. V@ cac cat tuyén SAB, SEF. AF, BE lan luct cit d tai C, D. Ching

minh S la trung diém ctia CD.

Loi gidi

Tt O ha cac duong vuong goc xuéng AF, BE v6i H, K 1a chan cac duong vuong goc d6. Khi
dé, H, K lan lugt 1a trung diem AF, BE. Vi hai tam gidc SAF, SEB dong dang va SH, SK 1a
trung tuyén clia cac tam giac d6 nén ASAH «~ ASEK.

Suy ra SHA = SKE.

Ma OHSC,OKSD noi tiép nén SHA = S/O\C,ﬁ(\E — SOD. Do 46, SOC = SOD. Tam giac
COD c6 OS vita la duong cao vita 1a phan gidc nén can tai O. Vi thé, OS ciing chinh 1a trung
tuyén tiic S 1a trung diém CD. )
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Bai 1.11 | Cho tam giac ABC vuong tai A. Ké duong cao AH va duong phan gidc BE cua
tam giac ABC (H € BC,E € AC). Dudng thing qua A vuong goc véi BE cat BC, BE lan
lugt tai M, N.

(a) Chitng minh t giac AN H B noi tiép mot duong tron. Goi duong tron dé 1a (O).

(b) Duong thang CN cat (O) tai T (T # N). Chiing minh ring : CH - BC = CN - CT.

. N 1 1 1
(¢) Goi I la giao diem cia ON va AH. Ching minh rang : D~ AR + 10t

Li gidi

(a) Ta c6 ANB = AHB = 90° nén ti gisc ANHB noi tiép duong tron (0; ATB).
(b) CH-BC =CN -CT =Py 0.
(c) Xét tam giac ABM c¢6 BN vita la dudng cao, vita 1a dudng phan giac trong. Do d6 tam
giac ABM can tai B. Suy ra N la trung diém AM.
Lai ¢c6 AB la mot duong kinh ctia (O) nén O la trung diem AB. Vi vay I la trung diem AH
hay AH = 2HI. Tu d6 ta co

1 1

4HI? ~ AH?
Vay ta can chiing minh
1 1 1
A~ AR AC?

Ma dang thiic nay hién nhién ding theo hé thitc lugng trong tam giac vuong ABC. Ta c6 diéu
can chitng minh. 0

Bai 1.12| Cho tam gidac ABC noi tiép dudng tron (O; R) ¢6 dudng cao AD. Goi E la hinh
chiéu ctia B trén AO, K 1a trung diém ctia BC, I 13 tam dudng tron ngoai tiép tit gisc ABDE.
Chitng minh rang IK la duong trung tryc cia DE.

Loi gidi
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Tt gidc BDEA ndi tiép duong tron duong kinh AB nén tam I clia duong tron ngoai tiép ti
giac nay la trung diém AB.

Ta c6 I va K la trung diém AB, AC nén OI 1. AB va OK L BC. Suy ra ngii giac BIOEK
noi tiép duong tron duong kinh OB.

Vi vay ma EIK = EBK = EBD = %ﬁﬁ) hay I K la phan giac cua DIE.

Lai ¢6 ID = IE nén tam gidc IDFE can tai I. Do d6 I K la trung tryc cia DE. O

Bai 1.13 | Cho tam gidc ABC nhon noi tiép duong tron (O). Cac dudng cao AD, BE,CF

cat nhau tai H.

(a) Ké duong kinh AA’ ctia (O), I 1a trung diém ctia BC. Chting minh ring ba diém H, I, A’
thang hang.

(b) Goi G la trong tam tam giac ABC. Chiing minh rang Sagg = 2Sa06-

Loi gidi

(a) Ta c6 BA’ | CH (cung vudng géc v6i AB) va CA" || BH(cung vudng goc véi AC) nén ti
giac BHCA' 1a hinh binh hanh, do d6 HA’ va BC cit nhau tai trung diém moi duong hay I
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dong thoi 1a trung diém A’H. Vay H,I, A’ thang hang.
(b) Ta c¢6 H,G, O thang hang vae HG = 2G0O (duong thing Euler trong tam giac ABC) nén
Sane = 254c0. O

Bai 1.14| Cho M la mot diém ndm bén trong hinh binh hanh ABCD. Khi dé, hay ching
minh bat dang thiic
MA-MC+ MB-MD < AC - BC

Loi gidi.

p
Sy

Dung hinh binh hanh ABMT'. Khi d6 MT song song va biang AB, suy ra MT ciing song song
va bang v6i C'D nén M C DT ciing 1a hinh binh hanh.
Ap dung bat ding thic Ptolemy cho ti gide AMDT -

MT-AD < MA-DT+ MD - AT

Chi can thay MT = AB,AD = BC,DT = MC, AT = MD, ta c6 ngay diéu can chting minh. O

Cho dusng tron (O; R), duong kinh BC. A 1 diém di dong trén nita duong tron
(A # B,C). Trén nita duong tron kia lay I 1a diém chinh gitta cung BC. Dung AH L
BC tai H. Goi (O1; Ry); (O2; Rs); (O3; R3) 1an lugt 1a cac dudng tron noi tiép cac tam giac
ABH, ACH, ABC.

(a) Ching minh AI 1 010,.
(b) HO; cat AB tai E, HO, cit AC tai F. Ching minh AO1OxH «~ AABC.

(c) Tim vi tri diém A dé Ry + Ry + R3 16n nhat.

Loi gidi
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A
F
E P, 03 S
02
0, )
B I 0 C
I

(a) Goi S, P lan lugt 1 giao diém ctia 0,05 véi AOy va 0205 véi AO;.
Ta c6 B, Oy, O3 thing hang nén ABS + BAS = BAH + 2ABS = 90°. Suy ra O15 L AQOs.
Tuong tu, ta c6 O, P L AO;.
Do do6 Os la tryc tam tam giac AO105 hay AI L O10,.
(b) Ta c6 ABO1H «~ AAO>H nén
OH BH AB
O.,H AH AC

Suy ra AO1HOy «~ ABAC.

(c) Theo mot két qua quen thudc ta co :

AB+ AC — BC
Rg -
R AH—l—(/ZH—AC
2 pr—
AH—I—BZH—AB
Rl ==
2
ViVﬁyR1+R2+R3:AH<R
Do d6 Ry + Ry + R 16n nhat < A la diém chinh giita cung BC. 0

Bai 1.16| Cho nita dudng tron tam O dudng kinh AB = 2R. C' 1a mot diém trén nita dudng
tron (C' # A, B). Dung CH | AB tai H. E, F lan luct 1a hinh chiéu ctia H tren CA, CB.

(a) Chting minh F'F song song vdi tiép tuyén tai C cta (O).
(b) Chiing minh tit gidc ABF'E noi tiép.
(c) Tim vi tri diem C dé chu vi va dién tich tam giac ABC 16n nhat.

(d) Chiing minh khi C' di dong, tam I clia dudng tron ndi ticp AOCH di chuyén trén dudng

c6 dinh.

Loi gidi
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(a) Goi tiép tuyén cia (O) tai C la Cxz.
Ta ¢6 2CA = CBA = 90° — HCB = CHF.
Mit khéc ti gise CEHF 13 hinh chit nhat nén ta c6 CHF = CEF = 7CA = CEF.
Suy ra Cx | EF.
(b) Theo ching minh cau (a) ta cé CEF = CBA nen ttt giac AEF B noi tiép.
(c) Tac6 (CA+ CB)? < 2(CA? + CB?) =2AB? = 8R? Suy ra CA+ CB < 2v2R.
Vi vay
CA+CB+AB < (2V2+2) R

Lai ¢6

1 1
Sape = 5CA-CB < G(CA+CBP < ¢ -8R = R’

O | =

w_»

Trong ca hai truong hop, dau xdy ra < C la diém chinh giita cung AB.
Vay khi C' ndm chinh giita cung AB thi chu vi va dién tich tam gidc ABC' 16n nhat.
(d) Khong mat tinh tong quat, gia st CA < CB.
Ta sé chiing minh AIO = 135°.
That vay. Ké duong kinh CC’ cta (O). Ta ¢6 ACH = C'CB nén COI dong thoi 1a phan giac
ACB.
Suy ra ACT = THO = 45° nén tu gidc AHIC noi tiép.
Vi vay
AIO = AIH + HIO
— ACH +90° + HCI
= 90° + ACT = 135°

Do d6 I luén nim trén cung chita géc 135° dung trén doan OA va thudc nita mat phang bo
AB chta C.

Tuong ty véi CA > CB ta c6 I luon thudc cung chita goc 135° dung trén doan OB v nam
trén nita mat phing bo AB chia C.

Toém lai khi C' di dong trén cung AB thi I luon di dong trén cung chita géc 135° dung trén
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doan OA hoiic OB ndm trén nita mat phang bd AB chita C (trit hai diém A va B). O

Chai 9. Cau (c) ctia bai toan nay c¢6 mot cach gidi khac c6 thé ap dung cho truong hgp tam
giac ABC' khong vuong :

Bai 1.toan. Cho duong tron (O; R) ¢6 day BC' ¢6 dinh, tim gié tri 16n nhéat ctia AB + AC véi
A la diém di dong trén mot cung BC ciia (O).

Loi giai

Trén tia d6i clia tia AB léy/d\iém M sao cho AC' = AM. Suy ra AAMC can tai A

Do d6 AMC = ACM = 22

. AC

nén M di chuyén trén cung chita goc dung trén AB va
nim trén cting mot nita mat phing bs BC véi A.

Suy ra AB + AC 16n nhat < AM 16n nhat < BC LCM.

Khi d6 A 1a diém chinh gitta cung BC ciia (O).

Bai 1.17| Cho hinh vuéng ABCD cb dinh, canh a. E la diém di chuyén trén canh CD.
Duong thing AE va BC cit nhau tai F. Dudng thing vuong géc véi AE tai A cit duong
thing CD tai K.

(a) Ching minh AF(CK —CF)=BD - FK.

(b) Ching minh rang trung diém I ctia KF di dong trén mot duong thang c6 dinh khi £
di dong trén C'D.

(c) Chira vi trf cia E dé do dai FK ngan nhat.

Loi gidi

(a) Ta co

KAD = 90° — DAF = 90° — AFB = FAB

Suy ra AABF = ANADK. Do d6 AK = AF hay AFAK vudng can tai A.
Trén tia C'D lay diém T sao cho AT = AC thi AATK = ANACF.
Dodé KT =CF = CK -CF=CT.
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Vi vay
AF(CK — CF) = AF - CT
1
—KF-V2AC
V2

=BD -KF

(b) Tam giac AKF vuong can tai A c6 I 1a trung diém KF nén AILKF.

Suy ra tt gidc ADIK noi tiép. Do d6 TAD = IKD, AID = AKD.

Vi vay TAD + AID = AKF = 45° = ADB nén I luon nim trén dudng théng BD.

(c) Ap dung he thic lugng trong tam gidc vuong ta o

AE?  AC?*  2a?
< =

— =2a

DE-EK = AE? = EK = <
DFE CD a

Dau “=" x4y ra khi va chi khi F trung véi C. )

Bai 1.18| Cho tam gidc ABC deu. Goi D la didm  di dong trén canh BC.

Goi (I1; Ry); (I; Ry); (I3; R3) lan luot la cac duong tron noi tiép clia cdc tam giéc
ABD,ACD, ABC va (I3; R) 1a duong tron ngoai tiép tam gidc ABC. Tia AD cat (I3; R)
tal F.

1 1
ED _EB T EC
1 1

. 1 A P . .
(b) Tim vi tri cia E de 7D + folE] + 70 nh6 nhat. Ching minh khi ay S prc 16n nhat.

(c) Tim vi tri diém D dé Ry + R, 16n nhat.

(a) Ching minh

Loi gidi

(a) Ta chiing minh FA=EB+ EC
That vay. Trén tia déi ctia tia EB lay diéem F sao cho EF = EC. Khi d6 AECF déu nén suy
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ra ABCF = NACE.

Vivay ma FA=FB=FEB+ EF =EB+ EC.
1 EA

1
EB ;AEC’ " EB-EC
hay ED - EA = EB - EC, diéu nay dang do AEDC

Tt két qud trén ta suy ra

Ta can chitng minh
AFEBA.
(b) T chiing minh cau (a) ta c6

ED  EB.EC

1 N 1 N 1 2EA
EB EC ED EB-AC
N 8EA 8
“ (EB+ EC)?  FEA
4
2_
R

Dau “=" xay ra < EB = EC hay E la diém chinh giita cung nhé BC'.
Khi E la trung diém cung nhé BC ctia (ABC) thi khodng cach giita E va BC 16n nhat, hay
tam gidac BEC c6 dién tich 16n nhat. Khi d6 dién tich ti giac ABEC dat gia tri 16n nhat.
(c) Goi do dai canh tam gidac ABC' la a.
Ké ILH, I,K vuong géc vé6i BC (H, K € BC), goi M la trung diem BC.
Ta co
HK — DH + DI — AD+BQD—AB N AD+C’2D—AC

_2AD—a
N 2

Theo dinh 1i Thales thi

R, BH 2BH R, CK 20K
_— = T = A — = — =
Rs BM o "Ry CM a

Tt dé ta c6 cac dang thiic sau

R1+R2 _Z(CL—HK) _3&—2AD

Rs a a
—2AD
Ry Ry = 13 )Bs

a

T déng thic cudi cing suy ra Ry + Ry 16n nhéat khi AD bé nhat. Diéu dé xay ra khi va chi
khi D 13 trung diéem BC. 0
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Bai 1.19| Cho (O; R) va mot diém M nam ngoai dudng tron. Tt M duyng hai tiép tuyén
MA, MB déi véi (O; R). Goi E la trung diém ctia BM; H la giao diém ctia OM véi AB.
Doan thing AFE cit (O; R) tai C.

(a) Chitng minh tt giac HCEB noi tiép.
(b) Chitng minh AEMC «~ AEAM.
(¢) MC cat (O) tai D. Tinh DB theo R biét OM = 3R.

(d) OB cét (O) tai T va cat AD tai S. MT giao SA tai N. Chting minh N la trung diém
AS.

Loi gidi

(a) Ta c6 EH || AM nén HEA = EAM = CBA. Suy ra tit giic HCEB noi tiép.
(b) Ta ¢6
EM? = EB*>=EC-EA
Suy ra
EM FA
EC ~ EM
Mat khéc, hai tam giac EMC va EAM c6 goc E chung. Suy ra AEMC -~ AEAM.
(c) Tu cau (b), ta ¢
ADM = MAC = EMD
Do d6 AD || MB. Suy ra OBLAD hay BA= BD.
Ta c6 OB? = OH - OM, suy ra

OB> R® R

“OM 3R 3

OH

Do do6
BD =AB=2HB =2v0OB? —OH?

_2 RZ_E——ZL\/?R
—“V 9 3
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(d) Goi I 1a giao diém ctia BM vé6i AT.
Ta c6 ABAI vuong tai A ma AM = MB. Suy ra M la trung diém ctia IB. Ma M B || AD,

suy ra

SN TN AN
MB TM MI
Vivay AN = NS. 0

Bai 1.20 | Cho hinh vuong ABCD canh a. E la diém di dong trén canh AD (E # A). Tia
phan giac cia EBA, EBC cat DA, DC tai M, N.

(a) Ching minh BE L MN.

(b) Tim vi tri diem E dé Spyn 16n nhat.

Lot giai
A B
M1
I
E q
D N C

(a) Goi I 1a diém ddi xing véi A qua BM. Khi d6 I € BE va BI = a.
Tuong ti, néu goi I’l/agém @i\xfmg v6i C qua BN thi I’ € BE va BI' =a. Suyra I =TI
Vivay ma I =1’ va BIM = BIN =90°. Do d6 [ € MN va M N vuodng géc véi BE tai I.
(b) T cau (a), ta suy ra AM + CN = MN. Tt d6 suy ra
2VDM - DN < DM + DN

=2a — (AM + CN)

=2a— MN

=2a —VDM? + DN?

<2a—\/m

Do do

2v/25pun < 2a — \/4SpuN

Vi vay

Dau“="xdy ra <& DM = DN < E = D.
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2
Vay dien tich tam gidgc DMN c6 gid tri 16n nhét bing (L) khi E = D. 0
3+2v2

Bai 1.21| Cho AABC. Mot duong tron (O) qua A va B cat AC va BC 6 D va E. M la
giao diém tht hai ciia cac dudng tron ngoai tiép cac tam giac ABC va DEC. Chting minh
rang OMC = 90°.

Loi gidi
(i) Cach 1.

Goi I, K lan luot 1a tam duong tron ngoai tiép cac tam giac CDE va ABC.
Ké duong kinh C'P ctia (I) cat AB tai L. Suy ra PM L CM. (1)

Ta cb

ACL + CAB = DEP + DEC = 90°

Do d6 CL L AB hay PC || OK.

Ta ¢c6 OI L DE (tinh chat dudng néi tam cta 2 dudng tron cit nhau) va CK 1L DE (ké dudng
kinh CQ cia (K), ching minh tuong tw CL L AB)

Suy ra CTOK la hinh binh hanh. Ma I 1a trung diém C'P nén PIKO ciing 13 hinh binh hanh.
Do d6 PO || IK.

Ma IK 1 CM (tinh chat dudong ndi tam cta 2 dudng tron cit nhau) nen OP L CM (2)
Tit (1) va (2) suy ra O, M, P théng hang, do d6 COM = 90°. 0

(i) Céch 2.
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Goi I, K 1a tam duong tron ngoai tiép tam giac CDE, ABC. Duyng tiép tuyén Cx, C'y clia cac
dudng tron (ABC) va (CDE).
Ta co :

2CA=CBA=CDE

Suy ra Cz || DE. Do d6 DE1LCK hay CK || OI.
Tuong tu, ta ¢6 CI || OK nén CIOK la hinh binh hanh.
Goi F 1a trung diém OC thi F ciing 1 trung diem /K. Ma I K la duong trung tryc cia CM

nén FM = FC = 02—0
Suy ra tam giac COM vuong tai M. 0

Bai 1.22| Cho hinh thoi ABCD c¢6 ABC' = 60°. Mot duong théng qua D khong cit hinh
thoi nhung cit cac duong thing AB, BC lan luct tai B, F. Goi M la giao diém ctia AF va
CE. Chitng minh rang AD tiép xtc véi dudng tron ngoai tiép tam gidac MDF.

Loi gidi
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Tt gid thiét ta c6 AC = AD = CD. Hai tam giac FCD va DAE dong dang, suy ra

CF CD
AD AFE
Do doé
CF-AE = AD-CD = AC?

Tuong duong véi
AC  AE

CF ~ AC
Lai c6 ACF = EAC, suy ra AACF « AEAC.
Tit d6 ta c6 ACM = CFM.
Vi vay AACM ~ ANAFC. Suy ra

AD? = AC? = AM - AF

Vay AD tiép xic véi dudng tron ngoai tiép tam giac DM F.

0

Bai 1.23| Cho dudng tron (O) va day AD. Goi I la diém doi xing véi A qua D. Ké tiép
tuyén I B vé6i duong tron (O). Tiép tuyén véi duong tron (O) tai A cat IB & K. Goi C 1a giao
diém thit hai ctia KD véi duong tron (O). Chiing minh ring BC song song v6i Al

Li gidi

Ta thay rang ADBC 1a t1 giac diéu hoa.

Tt d6, theo mot bo dé quen thuoc, ta c6 AD - BC = AC - BD.

Lai ¢c6 AD = DI, suy ra
B _CB
DI CA
Chu y rang BDI = EC’\A, ta suy ra ABDI «~ ABCA.
any@:@:@hayBCHAI.
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Bai 1.24 | Cho AABC noi tiép duong tron tam O va ngoai tiép duong tron tam I . AI, BI,CT
cat (0) lan lugt tai D, E, F. DE cat CF tai M, DF cat BE tai N.

(a) Chting minh rang M N || BC.

(b) Goi @ la tam dudng tron ngoai tiép ADMN, P la giao diém ctia AD va EF . Chiing

minh cac diém M, N, P,Q cung ndm trén mot dudng tron.

Loi gidi
D
(a) Ta co
m+ngoo+37“+@+@
BAC + ABC + ACB
= 90° 4+ + 5 + = 180°

Suy ra tit gidc TN DM noi tiép.
Do d6
INM = IDM = ABE = CBE
Vivay MN || BC.
(b) Tuong tu cau (a), ta c6 PN || AB, PM || AC. Suy ra NPM = BAC.

Lai ¢6
NQM =2NDM = ABC + ACB

Do do
NPM + NQM = BAC + ABC + ACB = 180°
Vay tit giac MPNQ noi tiép. dJ

Cho AABC ¢b dinh, M la diém di dong trén canh BC. Dung duong kinh BE clia
duong tron ngoai tiep AABM va dudng kinh CF clia duong tron ngoai tiep AACM. Goi N
la trung diém EF. Ching minh rang khi M di dong tréen BC thi N di dong trén mot dudng
théng c6 dinh.
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Li gidi

Gia st AB < AC, goi H la trung diém BC, M nam gitta H va C
Tacézﬁ?\B:fl/]\J\B:@VaB/\AE:@nénsuyra

AME = ABE = AMF
Do d6 M, E, F thing hang. Tt d6 ta c6
ABC = AEF,ACB = AFE

Suy ra AABC «~ AAEF. Ma H, N lan lugt 1 trung diém BC, EF nén AAHC «~ AANF.

Do dé s
HAN = HAC + CAN + NAF

— CAF = 90°
Vay N luon nim trén dudng thang di qua A vuong géc véi AH. 0

Bai 1.26 | Cho tam giac ABC' ¢6 BAC = 135°, AB = a, AC = b. Diém M nidm trén canh
BC sao cho BAM = 45°. Tinh do dai AM theo a,b.

Lot gidi
Lay N tren BC sao cho BAM = 90°. Ap dung cong thitc do dai dudng phan gidc, ta c6
2-AM -b 2-AN -
AN — \/_—7 AM — V2-AN -a
AM +b AN +a
Suy ra

AN -AM +b- AN =+/2- AM - b, AM - AN +a-AM =+2- AN -a
Trit theo vé hai déng thiic trén, ta c6
b-AN —a-AM =V2(b- AM —a- AN)

Tuong duong véi
_ AM (a + b\/ﬁ)

AN
av/2 + b
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Do do6
b2 _a+b\/§

ab

AM =
a+bv2

0

Bai 1.27| Cho hinh vuéng ABCD, lay diém M nam trong hinh vuong sao cho MAB =
MBA = 15°. Héi tam giac MCD la tam giac gi? Tai sao?

Loi gidi

Dung tam gidc déu AME (E nam trong tam gidc ADM). Suy ra DAE = MAB = 15°.
Do d6 ADEA = AAMB. Vivay DEA = AMB = 150°. Suy ra

DEM = 360° — DEA — AEM = 150°
Tu d6 suy ra ADEM = ADEA hay DM = DA = DC.

Tuong tu ta c6 CM = CD.
Vay AABC la tam giac déu. 0

Bai 1.28 ] Cho tu giac ABC'D noi tiép (O; R) sao cho tia BA va tia C'D c&t nhau tai I, céc
tia DA va C'B cit nhau 6 K (I, K nam ngoai (O)). Phan giac ctia goc BIC cat AD, BC' lan
luot tai @, N. Phan giac ctia goc AKB cat AB, AC lan luot tai M, P.

(a) Ching minh tit giac M N PQ 1a hinh thoi.
(b) Chttng minh IK2 = ID - IC + KB - KC.

(b) Goi F 1a trung diém ctia AB, J 1a hinh chiéu ctia F' tren OB, L la trung diém ctia FJ.
Ching minh AJ 1 OL.

Loi gidi
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(a) Goi H la giao diém ctia KP va IN.

Ta co6
ﬁm+m:m+m+§@+§@
:180°—§E+%ﬁ@+%§[\0
Lai c6 e
DKC = BAD — ABK = BAD — ADC
BIC = BAD — ADI = BAD — ABC'
Suy ra

— — 1 — —
IKH + KIH = 180° — §(ADC'+ABC') =90°

Do d6 K HI = 90°.

Vi vay céc tam giac MIP va QKN can do c6 dudng cao dong thoi 1a duong phan giac.

Suy ra tit gidc M N PQ c6 hai duong chéo vuong géc véi nhau tai trung diém H clia moéi dusng

chéo nén tit giac M N P() la hinh thoi.
(b) Goi E la giao diém ctia dudng tron ngoai tiép tam gidc ABK véi TK.

Bing mot s6 bién déi goc don gian, ta suy ra duge tit giac ITEAD nai tiép.

Suy ra
ID-IC=1A-IB=1F-IK

va KB-KC=KA-KD=KF-IK
Cong theo vé hai ding thtc trén, ta cé
ID-IC+KB-KC=IK(IE + KE)
= IK?
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(c) Goi R la giao diém ctia AJ va OL. Ké AS 1. BO (S € BO) thi J la trung diém BS

Ta c6 tit gidge AFSO noi tiép nén BAS = FOJ. Do d6 AFJO « ABSA.

Suy ra BAJ = FOL hay ti gidc AF RO noi tiép.

any@:z@:%". )

Bai 1.29] Cho tt gidc ABCD noi tiép (O) c6 hai duong chéo AC, BD cat nhau tai M.
Duong vuong goc véi OM tai M cat AB, BC,CD, DA lan luct tai My, My, M3, M,. Chiing
minh M1M4 = MgMg.

Loi gidi

Khong mat tinh tong quat, gia si cac diém cé vi trf tuong déi nhu hinh vé tren. Céac truong
hgp khac ching minh hoan toan tuong tuy.

Ké OH va OK lan lugt vuong goéc véi AD, BC.

Tt gide OM H M, 1oi tiép nén MyOM = AH M. Tuong ti, ta c6 MyOM = MyK M.

Mat khdac AAMD ~ ABMC nén ANAHM -~ ABKM.
Suyram:mhaym:m.

Vi vay AM;OM, can tai O. Do d6 M la trung diém M, M,.

Chitng minh tuong ty, ta suy ra M la trung diéem M; Ms.

Tit d6 suy ra dieu can chitng minh. 0
Nhan xét. Bai toan trén 1a mot hé qua truc tiép ctia dinh 1f con buém. Dinh 1f con buém tdng
quét duge phat biéu nhu sau :

Tt gidc ABC D nai tiép dudng tron (O). P la giao diém ctia AC va BD. Mot dudng thang qua
P cét (O) tai E, F; cit AB,CD theo tht tu tai G, H; cat BC, AD theo thit ty tai I, J. Khi d6

1 11 11 1
PE PF PG PH PI PJ

Bai 1.30| Cho tit giac 16i ABCD vé6i E, F 1a trung diém ctia BD va AC. Chiing minh ring

AB? + CD? + BC? + DA? = 4EF? + AC? + BD?
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Li gidi

Ap dung cong thic dudng trung tuyén, ta c6 :

AEF? = 2AE? + 2CFE? — AC?

2
BD”_ je

BD?
:AB2+AD2—T+BC’2+CD2—
= AB?> + AD? + BC? + CD? — BD? — AC?

T do suy ra

AEF? + BD?> + AC? = AB? + AD? + BC? + CD?

Ta c6 déng thiic can chiing minh.

0

Bai 1.31| Trén (O; R) lay hai diém B,C c¢6 dinh sao cho BC = v/3R. A la mot diém trén

cung lén BC' (A # B; C).

(a) Ching minh khi A di dong, phan giac BAC luon di qua mot diém cb dinh 1.

(b) Goi E,F lan lugt 1a hinh chiéu ctia I trén cac dudng thing AB, AC. Chitng minh

BE =CF.
(c) Chitng minh khi A di dong thi EF luon di qua mot diém cd dinh.

(d) Tim vi tri diém A dé Syprr 16n nhat. Tinh gia tri 16n nhat dé theo R.

Loi gidi
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A
0,
I, F
B c
k /
I

(a) Phan giac BAC luon di qua diém [ la diém chinh giita cung BC nhd ¢6 dinh.

(b) Vil la 1 la trung d diém cung nhé BC nén IB = IC.

LaICOIEB—[FC—90° va IBE = ICF néen AEIB = AFIC.

Suy ra BE =CF.

(c) Goi M la trung diém BC thi IM 1 BC. Suy ra E, F, M thang hang (dudng thing Simson)
nén EF luon di qua M c6 dinh.

(d) Tu AEIB = AFIC, ta suy ra

Saprr = Sapic = Sapc + Spic
Vi I ¢6 dinh nén Sagrr 16n nhat khi va chi khi Sypc 16n nhat. Dieu dé chi xay ra khi A 1a

trung diém cung 16n BC ctia (O).
Khi d6 thi

4 4 BC?*/3
Sapir = §5ABC =3 "1
4 (RV3) VB
3 4
= R*V3

Vay dién tich tit gidc AEIF 16n nhat bang R2y/3 khi A 1a trung diém cung lé6n BC ctia (0).0

Bai 1.32| Cho (O; R) va diém A ¢6 dinh v6i OA > R. Dyng cat tuyén AMN ctia (O) khong
qua tam (AM < AN). Chiing minh rang

(a) Duong tron ngoai tiégp AOMN luon di qua mot diem c¢d dinh H (H khong tring O)
khi cat tuyén di dong.

(b) Tiép tuyén tai M va N ctia (O) cit nhau tai 7. Ching minh 7' di dong trén mot dudng
thing c¢6 dinh khi cat tuyén AM N di dong.

Loi gidi
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(a) Goi H la giao diém ctia duong tron ngoai tiép tam gisac OMN véi AO; AB 1a mot tiép
tuyén ctia (O) di qua A (B la tiép diém).

Khi dé6 ta c6 AH - AO = AB?> = AM - AN = AO? — R? khong dai.

Ma AO va A c¢6 dinh nén H c6 dinh.

Vay (OMN) luon di qua H ¢6 dinh.

(b) Dé thay OT la dudng kinh ctia dudng tron ngoai tiép ngi gisac OHMTN nén OHT = 90°,
tic 1a T di dong trén dudng thing vuong goc véi OA tai H 1a dudng c6 dinh. 0

Bai 1.33| Cho AABC ¢6 BAC = 60°, AC = b, AB = ¢ (b > c). Duong kinh EF ctia duong
tron ngoai tiép tam giac ABC vuong goc v6i BC tai M. I va J 1a chan dudng vuong goc ha
tit E xuéng AB; AC; H va K 1a chan duong vuong goc ha tit F xudéng AB; AC.

(a) Ching minh IJ 1 HK.

(b) Tinh ban kinh duong tron ngoai tiép tam giac ABC' theo b va c.

(¢) Tinh AH 4+ AK theo b va c.

Loi gidi
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(a) Ta thiy HK di qua M (duong thang Simson)
Goi L la giao diém ctia AF va I.J, ta c6

TAE = ECB = EBC = JAE

Do d6 ANAIE = ANAJE. Suy ra AE11J.
Mat khéac, ta co
EAC = EFC = AKH

Suy ra AF || HK. Vivay [JLHK.
(b) Do BAC = 60° nén BC? = b* + ¢* — be.
Mit khac, ta ¢6 BC = RV3. Tix do suy ra

b? + ¢ — be
R=\—F
3

(c) Taco ABHF = ACKF, suy ra BH = CK. Do dé
AH+AK =b+BH+c—-CK=b+c

Vay ta c6 dang thiic can chiing minh. 0

Bai 1.34| Cho tam giac ABC. Mot diém D di dong trén canh BC. Goi P, Q tuong tng la
tam duong tron noi tiép clia cac tam giac ABD, ACD. Chiing minh rang khi D di dong thi

duong tron duong kinh PQ luon di qua mot diém cb dinh.

Loi gidi

A\

Ta c¢6 bo dé sau (phan chiing minh xin danh cho ban doc) :

B6 dé : Hai duong tron (O;) va (O,) khong cit nhau, hai tiép tuyén chung trong di,d, ct
mot tiép tuyén chung ngoai d tai A va B.Goi C, D lan lugt 1a tiép diém ciia d trén (O;) va (Oy)
thi AC = BD.

Tré lai bai toan : Ta sé chiing minh diém c6 dinh la tiép diém F ctia duong tron noi tiép ABC
véi BC.
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Ké tiép tuyén chung trong ctia (P) va (Q) khac AD cat BC tai E. Goi U,V la tiép diém cia
(P) va (Q) véi BC.
Ap dung bd dé ta c6 :

BE=BU+UFE = BU+ DV

Lai ¢6 BU:BD+BZA_AC VaDV:DA+D2C—Aq
BC+BA- A
Suy ra BE = C+ 5 ChayEEF.

T b6 dé ta cling ¢6 EV =UD, do d6 FV =UD va FU = DV.
Ta c6 APDU «~ ADQV, suy ra

DU -DV = PU -QV

Tuong duong véi
FU-FV =PU-QV

Vi vy APUF « AFVQ. Tit d6 suy ra PFQ = 90°. Ma PDQ = 90° nén F thuoc dudng tron
ngoai tiép tam gidc PDQ. 0

Bai 1.35| Cho tam gidc ABC' c6 phan giac AD va trung tuyén AM. Duong tron ngoai tiép
tam giac ADM cat AB tai E vi AC tai F. Goi L la trung diém EF. Xac dinh vi trf tuong
déi ctia hai duong thang ML va AD.

Ldi gidi

F

R

<\

B D M C

Xét truong hop tam gidac ABC can tai A thi duong tron ngoai tiép tam giac ADM trd thanh
duong tron duong kinh AM va tiép xtc v6i BC tai M.

Suy ra hai duong théng ML va AD tring nhau.

Xét truong hop tam giac ABC' khong can tai A

Goi giao diém ctia duong thang ML véi AB, AC lan lugt 1a P, Q.

Ta cb

BE BD CD CF
BM ~ BA  CA CM

Suy ra
BE =CF
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Goi C', F'" 1a cac diém déi xtng véi B, E qua AD; M', L' 1a trung diém BC', EF'.

Dé thay rang M’, L' ndam tréen AD va CC’ = FF'. Mat khac, MM’ va LL' 1a cac dudng trung
binh trong céc tam giac BCC’ va EFF’' nén ta ¢c6 MM’ va LL' cung song song v6i AC' va ¢6
do dai bang nhau. Suy ra M M’'L’'L 13 hinh binh hanh.

Do d6 ML || M'L' hay ML || AD.

Tém lai néu tam gidc ABC can tai A thi ML trung véi AD, con néu tam gidc ABC khong
can tai A thi ML song song véi AD. 0

Bai 1.36| Cho BC la day cung ctia (O; R). Dat BC' = aR. Diém A trén cung BC 16n, ké

AB+ A N 2+ /4 — a?
cac duong kinh CI, BK. Diat S = T+ Ak :_A; Chting minh rang S = —+ a4 . Tt doé tim
a

gid tri nhoé nhat cta S.

Loi gidi

Tu gid thiét ta suy ra BCKI 1a hinh chit nhat.
Suy ra IK = BC =aR va Bl = CK = RV4 — a?
Ap dung dinh Ii Ptolemy cho tt gidc AIBK ta ¢6

Al -BK +BI-AK =1K - AB

Twong duong véi
Al - 2R+ AK - RV4—a? = AB -aR

Suy ra
2AI + AK - V4 —a?>=AB -a

Tuong tu, ta co
2AK + Al - V4 —a?=AC -a

Do do6
AB+AC_2+\/4—CL2
Al + AK a
)
\ﬁa<2nén52w>l.
a

Dau “=" xdy ra < a = 2.
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Vay S dat gia tri nhé nhat 1a 1 khi va chi khi BC 1a duong kinh duong tron (O). O

Bai 1.37| Cho tam gidgc ABC noi tiép (O, R) c6 BAC > 90°. Cac dudng tron (A; R;),
(B; Ry), (C; R3) doi mot tiép xtc ngoai véi nhau.
Chitng minh rang

BC-R}+ AC-R}+ AB-R:+ 2R, - Ry - R;

[
ABC AR

Loi gidi

bat BC=a,CA=0,AB=c,p= %M.

Dé thay rang By =p—a,Re =p—b,R3 =p —c.

Ta can chitng minh
alp —a)® +b(p = b)* +c(p—c)* +2(p — a)(p — b)(p — ¢) = abe

Dat E(a,b,¢) = a(p —a)®> +b(p — b)* + c(p — ¢)* + 2(p — a)(p — b)(p — ¢).

Ta c6 ) )
E(O,b,c):b(cgb) +C(b;c) +2.b+C.C—b‘b—C

2 2 2
b—c b+c
= —2'
(5°) (o2 25)

Tuong tu, ta c¢6 F(0,b,¢) = E(a,0,c¢) = E(a,b,0) = 0.

Suy ra E = kabe, trong d6 k 1a hang s6 thuyc.

Cho a = b = ¢, ta thay rang k = 1.

Vi vay E(a,b,c) = abe. 0

Bai 1.38 | Cho hinh thoi ABC'D c¢6 canh 1a 1. Trén canh BC lay M, C'D lay N sao cho chu
vi ACMN bing 2 va 9NAM = DAB. Tinh céc goc ctia hinh thoi.

Loi gidi
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Dung Vé/ph\ia nfra/@t phang bs AD khong chita C' tam gidc ADG sao cho AADG = AABM.
Suy ra ADG = ABM va BM = DG.
Vi MC+ NC+ MN =2 nén
MN =2—-NC—-MC
=DN+ MB
= DN + DG

Mat khac, do 2M AN = DAB nen AAGN = AAMN.
Do d6 MN = NG hay NG = ND + DG. Suy ra N, D, G thang hang.
Vi vay ABCD la hinh thoi tong hai géc déi dien biang 180° néen ABC D la hinh vuong. )

Bai 1.39| Vé phia ngoai clia tam giac ABC duyng cac hinh vuong BOCM N, ACP(Q c6 tam O

va O'.

(a) Chitng minh ring khi c¢6 dinh hai diem A, B va cho C thay ddi thi duong thing NQ

luon di qua mot diém cé dinh.

(b) Goi I la trung diém ctia AB. Chiing minh ATOO' 1a tam gidc vuong can.

L&i gidi

(a) Goi L 1a trung diém NQ, ta s& chiing minh L 1a diém c6 dinh.
That vay.
Tac6 O'L=C0O=0B,0OL=C0O =0"A va

—

LO'A=90°—COL=90°—COL = LOB
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Suy ra ALO'A = ABOL. Do d6 LA = LB vi O'LA = LBO. Vi vay ma
ALB = 360° — O'LA — OLB — OLO'
= 360° — LBO — OLB — OCO’
— 360° — 180° + (90°—(70\L> —0CO
= 90°

Tu do suy ra AAIB vuong can tai L.

Mat khac, dé thiy ring L va C' thudc cing mot nita mat phang bd AB. Suy ra L ¢6 dinh.
(b) Ta c6 APCB = AACM. Suy ra PB = AM va t1t giac AFCP noi tiép véi F la giao diém
cua AM va PB

Do d6 PFA = PCA = 90°.

Vivay AM 1 BP.

Lai c6 PB =20'I,PB | O'T va AM = 20I1.AM || OI. Suy ra OI va O'I vuong géc va bang
nhau.

Vay AOIO’ vudng can tai I. 0

Cho hai dudng tron (O; R) va (O'; R') & ngoai nhau biét OO’ =d > R+ R'. Mot
tiép tuyén chung trong ctia hai dudng tron tiép xtic véi (O) tai E va tiép xuc véi (O') tai F.
Duong thing OO’ cit (O) tai A, B va cat (O') tai C, D (B,C nam giita A, D). AE cit CF
tai M, BE cat DF tai N. Goi giao diém ctia M N v6i AD 1a I. Tinh do dai OI.

Loi gidi

Tu gid thiét ta c6 BC =d — R — R'. Do d6
[B+IC=d—R—R (1)
Ta thay tit gidc EMEFN 1a hinh chit nhat, do d6 :

[MF = FEN = EAB = IDF
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Suy ra tt gisc MIFD noi tiép. Do d6 MID = MFD = 90° hay MN L AD.
Vivay ABIN «~ ACIM.
Ap dung he thic lugng trong tam gidc vuong ta co :

IB* BN? IB-DB

Ic* CM?2  IC-AC

Suy ra
IB  BD d—R+ R

IC  AC d+R-R

_ 2 _ pr2 2 2 P2
Tfr(l)va(Z)suyraIB:(d R2)d i :>O]:OB+B]:$.
B2 2 _ pr
Vaysz#. a

Bai 1.41| Cho tam giac ABC c¢6 dién tich Sy. Trén cac canh BC,CA, AB lay cac diém

MB NC PA
M, N, P sao cho M_C =k, m = k27ﬁ = k37(k1,k2,l€3 < 1)
Hay tinh dién tich tam giac tao bdi cac doan thang AM, BN, CP.
Loi gidi
A
P
N
F
= *c

Goi EIF la tam giac tao béi 3 doan théng AM, BN, CP. Ta c6 :

Spen  CN ko W Spor  BF
Sy CA  ky+1 ~ Sgen BN

Suy ra
BF ko

BN ky+1

SBCF = SO '

Ap dung dinh 1f Menelaus cho tam giac ABN va cat tuyén PCF, ta ¢6

FB CN PA

FN CA PB !

Suy ra
BF 1+ ky

FN ~ koks
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Tuong duong véi

BF 1+ ko )
BN 1+ ko + koks
T (1) va (2), ta suy ra
ko
S =———— 5
PO T kg + kgks ™"
Chting minh tuong tu :
ks k1
Sacr = —————- 50,5 =—— 5
T ks + kiks UM T Tk ik

Tt dé ta c6 dien tich tam giac tao bdi cac doan thing AM, BN,CP la :

ey ks ks
S =5 |1— + +
”[ (1+k1+k1k2 1+ kg + koks 1+k3+k1k3>}
(kikoks — 1)2
(klkg + k1 + 1)(/€2k3 + ko + 1)(k3]€1 + ks + 1)

- S, -

2. Cac bai toan 6n tap Olympiad

(APMO 2000) Cho tam gidc ABC véi trung tuyén AM va phan giac AN. Dudng
thang vuong goc véi AN tai N cit AB, AM lan lugt tai P, Q. Duong thang vuong goc véi
AB tai P cit duong thang AN tai O. Chitng minh ring OQ vuong géc véi BC.

Loi gidi
(i) Cach 1. Stt dung phuong phap toa do.

Ta chon N 1a goc toa do va truc hoanh, truc tung nam tréen NA, NP tuong ting.

Goi y = ax + b véi a,b € R* 1a phuong trinh duong thang AB. Khi d6, phuong trinh dutng
thang AC c6 dang y = —ax — b.

Gia stt phuong trinh duong thing BC 1a y = cz véi ¢ € R*.

Tt dé c6 thé dé& dang suy ra toa do clia diem B, C la :

B< b | bc)’(j(_ b - bc)
c—a c—a c+a c+a
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, b b
Khi d6, trung diem M cia BC c¢6 toa do : M ( a ave )

2 _ a2 2 _ a2
Tit phuong trinh duong thing AB, PO, ta tinh dugc :

A <_g,0> ,O (ab, 0)

2 Z 2 N 2 b
Do do, ta c6 thé viet phuong trinh duong thang AM roi suy ra toa do diem @) la (O, a—).
c

L . . 1 .
Tu day, ta thay rang hé so goc cua duong thang OQ la ——, trong khi hé so goc cua BC' la c.
c
Suy ra OQ L BC.

(ii) Cdch 2. Stt dung hinh hoc xa &nh.

Dudng thang PQ cit AC tai H va dudng thang qua A song song véi BC tai K.

Duong thing BC || AK va cét cac duong thang AP, AM, AQ tai B, M, C théa man M la trung
diém BC. Do d6, (AP, AH, AQ, AK) = —1 hay (PHQK) = —1. NA vita la phan giac vira la
duong cao tam giac APH nén N la trung diém PH. Theo hé thitc Newton :

NQ-NK =NP?>=AN-NO
Tu day dé thay rang Q 1a tryc tam clia tam gidac AOK.
— 0Q L AK hay 0Q L BC (do BC || QK)

(iii) Cdch 3. Ta sé st dung vector dé chiing t6 ring :
00-BC =0

Trude tién, ta sé tinh doan PQ. Dat BAM = Q, CAM = B va goi H la giao diém clia PQ va
AC'. Khong mat tinh tdng quat, gia sit ring o > f.
Tam gidc APH c¢6 AN vira la duong cao vita la phan giac nén can tai A. Do do :

QP QH 2PN

sina  sinf8  sina+sinfg

Suy ra

PO - 2PNsina 2PN _2PN-AC
~ sina+sinfg 1+Sinﬁ ~ AB+ AC
sin o
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Ta bién doi :
53 50— 50 O+ 73 B
_300P 4 P55

) 2PN - AC - BC B-C
= —AC - -OP -sin A + 1B+ AC - COS 5

Do dé, ta can chitng minh

2PN - AC - BC B-C

1B+ AC - COS 5 = AC -OP -sin A
Twong duong véi
2BC A B-C A

- . — = sin

1B+ AC CoS 5 CoS S
Hay

2COS§COS ; =gsin B +sinC

Déng thiic nay 1a hién nhién vi ta c6

B-C B+ C B-C

QCOSECOS 5 = 2sin ; cos 5 =gsin B +sinC

Bai toan dugce chitng minh. 0

(Du tuyén IMO 1994) Tam gisc ABC khong can tai A 6 D, E, F I céc tiép diém
ctia duong tron noi tiép len BC,CA, AB. X la diém bén trong tam gidac ABC' sao cho dudng
tron noi tiép tam giac X BC tiép xic v6i BC tai D, va tiép xtc véi X B, XC tai Y, Z. Ching
minh rang F, F,Y, Z dong vién.

Loi gidi

Trude tién, ta sé chiing minh EF,Y Z, BC déng quy tai 1 diém.

That vay, goi S — EF N BC,S' = YZ N BC.

Do AD, BE,CF dong quy nén (SDBC) = —1.

Tuong ty, XD, BZ,CY dong quy, suy ra (S'"DBC) = —1. T d6 S = S’ hay EF,Y Z, BC dong
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quy tai S.

Do SD la tiép tuyén ctia (DEF) nén SD* = SE - SF. Mac khac, SD ciing la tiép tuyén cta
(DY Z), suy ra SY - SZ = SD? = SE - SF.

Déng thitc nay ching t6 F, F,Y, Z dong vien. 0

Dung hinh vuong DEFG ndi tiép tam gidc ABC sao cho D, E € BC; F € AC;G €
AB. Goi d 1a truc dang phuong ctia hai duong tron (ABD), (ACE). Ta dinh nghia cac dudng
thing dg, dc tuong ty. Chitng minh ring cac duong thing du, dg, dc ddng quy.

Loi gidi

Goi M la giao diém ctia dy v6i duong thing BC. R6 rang M thuoc doan thing DE, ban
doc tu kiém tra diéu nay. Hon nita, do M thugc truc dang phuong ctia (ABD), (ACE) nén
MD-MB=MEFE-MC. Tu do6 suy ra :

MB ME BE
MC MD CD
_ BD+GD

 CE+ EF
cot B+ 1

cotC +1

Suy ra
HMB_ cot B+1
MC cotC+1

Theo dinh 1y Ceva cho tam gidc ABC, ta c6 ngay diéu can chiing minh. 0

Cho tam gidc ABC véi trong tam G. Mot duong thang d di qua G cat BC,CA, AB
lan lugt tai M, N, P. Ching minh ring, ta c6 déng thic :

LS S S
GM GN GP

Loi gidi
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Ay »D
N
G
P P
M5 M C

Goi M', N’, P" 1an lugt 1a hinh chiéu ctia M, N, P theo phuong song song véi BC' len AG. Khi
d6 M’ 1a trung diém BC va dang thiic can chiing minh tuong duong véi :

1 n 1 n 1
GM'  GN' GPF

Goi D la giao diém ctia M N véi dudng thang qua A song song v6i BC. Do M’ la trung diém
BC nén A(GDNP) = —1. Tt day suy ra (GAN'P’) = —1. Stt dung hé thiic Descartes cho

hang diem nay, ta co

1 N I 1
GN' GP GA GM
Vi vay
1 N 1 N I
GM GN GP
Dang thitc duge chiing minh. 0

Cho tit gide ABC'D noi tiép duong tron (O) c¢6 cac canh doi khong song song va
cac duong chéo cit nhau tai E. F la giao diém ctia AD véi BC. M, N lan lugt la trung diém
ciia AB,CD. Chiing minh rang EF 13 tiép tuyén clia duong tron ngoai tiép tam gidc EMN.

Loi gidi
(i) Cach 1.
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Dung cac hinh binh hanh AEBL, CEDK . Goi I la trung diém ctia EF. Khi d6, I, M, N thang
hang vi chiing nam trén duong thang Gauss ciia ti giac toan phan AEBF.

Phép vi tu tam F ti s6 2 bién I — F,M — L,N — K. Do d6, F, L, K thang hang.

Do AFAB «~ AFCD suy ra :

FD CD EC DK
FB AB EB EB

Hon nita, ta co FBE = FDK.

Tit hai ding thitc tren suy ra AFDK «~ AFBE. Do 46 FEB = FKD.

Mac khac, AEAB «~ AEDC ma M, N la trung diem AB,CD nén AEBM «~ AECN.
Suyra]\jE\B:N/E\C':lﬁ. KétthVGi@:P@, ta co FEM = FKE.

Chua y raing MN || LK nén FEM = ENM.

Déng thiic nay ching té FE la tiép tuyén ctia duong tron ngoai tiép tam giac EMN.

(ii) Cdch 2.

Goi K, Q la giao diém ctia AB,CD véi EF; S 1a giao diém ctia AB,CD.

Ta can chiing minh rang IE? = IM - IN.

Ap dung he thic Maclaurin cho :

(DCQS) = —1 v6i N la trung diém CD : SQ - SN = SC - SD

(ABKS) = —1 v6i M la trung diém AB: SM - SK = SA - SB.

Do ABCD noi tiép nén SA-SB = SC - SD, suy ra SQ - SN = SM - SK.

Suy ra MNQK noi tiép hay IM - IN = 1Q - IK.

Do dé, bai todn quy vé chiing minh IQ - IK = I E?.

Phép chiéu xuyeén tam B bién hang diém diéu hoa (DCQS) thanh hang diéu hoa (EFQK). Ap
dung hé thitic Newton cho hang diém nay véi I 1a trung diem EF, ta c6 ngay I1Q - IK = IE?,
day 1a diéu can ching minh. 0
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Cho tam giac ABC v6i dudng tron noi tiép (1) va E, F 1a cic tiép diém ctia (1) véi
CA, AB. Lay K bat ki thuoc doan EF, goi H, L 1a giao diém cia BK,CK v6i AC, AB tuong
ting. Chitng minh rang H L tiép xtc véi (1).

Loi gidi

Tiép tuyén ctia duong tron (I) di qua H va cit AB tai V. Bai toan quy vé chiing minh V = L
hay tuong duong véi BH,CV, EF dong quy. Day 14 mot tinh chat quen thudc clia tit gidc ngoai
tiép, xin dugc phép ching minh lai tinh chat nay.

Goi @, P 1a tiép diém cta (1) len VH, BC. Vé dudng thang song song véi BV qua H va cit
EF tai T. EF cat BH, PQ tai K, K. Ta c6 VFK = HTE va VFK = HET. Do d6 tam giac
HET can tai H. Suy ra,

KiB BF BF BP KB
K\H HT HE QH K,H

K1, K, ciing chia trong doan thing BH véi cing mot ti s6 nén ching trung nhau. Diéu nay
chitng t6 BH di qua giao di¢m ctia PQ, EF. Chiing minh tuong tit, C'V ciing di qua giao diém
nay. Do d6, BH,CV, EF, PQ dong quy tai K, day la diéu can ching minh. Bai toan dugc giai
quyét. 0

Goi BH, BD lan lugt 1a dudng cao va phan giac ctia tam giac ABC. N, L, M lan
lugt 1a trung diém ctia BH, BD, AC. Lay K la giao diém ctia M N va BD. Ching minh ring,
AL, AK 1a hai dudng dang giac trong géc BAC.

Loi gidi
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*C

Dé chitng minh AK, AL 14 hai duong dang giac trong goc B/@', ta chi can chi ra rang :

KD LD AD?
KB LB AB?

Nhung do L la trung diém ctia BD nén déng thiic can chiing minh tuong duong véi :

KD AD? b
KB AB? (a+ c)?

Ap dung dinh 1y Menelaus cho tam gidc BDH v6i cat tuyét MNK, ta c6

KD NB MH _
KB NH MD

Suy ra
KD  MD
KB  MH
Chon huéng duong trén dusng thang AB theo chicu E, khi do6 :

2., .2 2
A :é,_D: be ,m:ccosA:—b e —a
2 a-+c 2b
Suy ra

_ 2 _ 2

m:b(c a)7—H:c a

2(c+a) 2b

MD b? KD b? s s
Vivay —= = hay — = — 5, day la dieu can ching minh.

MH (a+c)? KB (a+c)

0

ta déu co
MA+MB+MC<LEF

Cho tam giac ABC vuong tai A. Trén cac tia AB, AC lay E, F tuong ting sao cho
BE = BC = CF. Chitng minh ring v6i moi diém M nam trén duong tron duong kinh BC,

Loi gidi
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bat BC =a,CA=bva AB =c.
Ap dung dinh 1y Ptolemy cho tit giac noi tiép MBAC

aMA=bMB+ cMC
Theo bat dang thitc Cauchy-Schwarz :

1
(MA+ MB + MC)? = —5 [MBla+b)+MCa+ o]

2 2
o MB*+ MC

~X

e [(a +b)2 + (a + 0)2]

= FEF?
V6i chi ¥ ring MA+ MB + MC > 0 va EF > 0, khai can hai vé, ta c6
MA+ MB+ MC < EF

Day 1a diéu can chiing minh. 0

Cho tam giac ABC ¢6 BC = a,CA = b, AB = ¢ va I 1a tam dudng tron noi tiép
tam giac ABC. Chiing minh rang

TA+TB4+1C < vVab-+bec+ ca

Loi gidi
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Ta sé stt dung bo dé :
A — [be(b+ ¢ — a)
a+b+c
Ching minh b dé.

Goi D la chan duong phan giac tit dinh A. Theo cong thic duong phan giac :
A ID  AD
¢ BD c¢+BD

Tit cac dang thic

Bp - %
b+tec
4bc
2
AD® = CEE p(p — a)
Ta suy ra :
TA— [bc(b+ ¢ —a)
a+b+c
B6 dé dugc ching minh. 0

Theo b6 dé, ta can ching minh ring :

Vbe(b+ ¢ —a) + v/calc+a —b) + Vabla+b—c) < \/(a+ b+ c)(ab + be + ca)

Binh phuong hai vé, ta c6

Z(bQC + bc?) — 3abe + 2 Z Vabe2 [ — (a —b)?] < Z(bzc + be?) + 3abe

Bat ding thiic trén tuong duong véi

b+c—a)(c+a—0>
ShE=

Dén day ta c6 thé stt dung AM-GM nhu sau :

Z\/(b+0_aiéc+a_b):Z\/b+z_a’\/c+2_b
%Z(b—l—z—aJrc—kz—b)

=3

N

Bét dang thitc cudi duge chiing minh nén suy ra

IA+IB+IC <+vVab+bc+ca

Chitng minh hoan tat tai day. 0

Bai 2.10| T diém A nim ngoai dusng tron (0O), ké hai tiép tuyén AB, AC dén (O). Goi
E, F la trung diém ctia AB, AC. Lay D la mot diém bat ki tréen EF, vé cac tiép DP, DQ téi
duong tron. PQ cat BC, EF lan lugt tai N, M. Ching minh rang, ON || AM.

Loi gidi
(i) Cach 1.
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Xét cyce - dbi cye doi véi duong tron (O, R) : A la cuc cia BC, D 1a cie cia PQ ma BCNPQ = N
nén N chinh 1a cuc ctia AD dbi véi O.

= AD 1 ON.

Mac khac, tt ED 1L OA suy ra,

DO? — DA% = EO? — EA?
Lip - Lap

_1 2 2\
=5 (04 +0B%) —

= R?

Vi vay
DA* = DO* — R* = Ppjo0)

Déng thiic nay chiing t6 D 14 tam ciia dudng tron ngoai tiép tam gidc APQ. Xét cuc - dbi cuc
do6i véi duong tron nay : O 1a cyc ciia PQ nén M, O lién hop. Hon nita, DM 1L OA nén M la
cuc cua OA.

Do d6 AM L AD. Tu day suy ra ON || AM (diéu can chiing minh).

(ii) Cdch 2.

Theo chiing minh & cach 1, ta ¢c6 dugc DA = DP = DQ = r. Hon nita, do E, F 1a trung diém
AB, AC nén EF chinh la truc dang phuong ciia (O; R) va (A4;0). Tt d6 suy ra M A la tiép
tuyén (APQ) hay AM 1 DA.

OD cat BC,PQ 6 T,L va OA cat BC,PQ 6 K,S. Ta c6 OL-0OD = R?> = OK - OA nén
AKLD noi tiép. Dé thay rang SKTL ciing noi tiép nén AD || ST.

Tam giac STO nhan N lam tryc tam nén ST 1 ON.

Do d6, AD L ON. Tu day suy ra ON || AM. 0
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Bai 2.11| Cho tam giac ABC can tai A noi tiép duong tron (O). Trén canh day BC, lay
diém M (M khac B,C). Vé duong tron tam D qua M tiép xtc véi AB tai B va dudong tron
tam F qua M tiép xtc v6i AC tai C. Goi N la giao diém thit hai ctia hai duong tron nay.

(a) Chiing minh rang tong ban kinh clia hai dudng tron (D), (E) la khong d6i khi M di
dong trén BC'.

(b) Tim tap hgp trung diém I cia DE.

Loi gidi

(a) Goi K la giao diém ctia BD,CE. Cha ¥ ring cac tam giac DBM, EMC, BKC' can nén
DM || CK,EM || BK va BK = CK = k khong doi. Ap dung dinh 1y Thales, ta c6

DM BM EM CM

CK ~ BC'BK BC

Suy ra

R(D) +R(E) B BM + CM 1
k BC
Vivay Rpy+ Rg) = k khong déi.
(b) Goi P,Q, H, F lan lugt 1a hinh chiéu ctia D, E, I, K len BC.
bp EQ BD CF
KF KF BEK  CK

2 )\ 2 2
Suy ra DP + EQ) = KF = )\ khong doi. Tw day [H = 5 ciing khong doi. Do d6, I di chuyén

. A .
trén duong thang song song va cach BC' mot khoang 5 khong doi. )

Bai 2.12| Cho M la diém di dong trén dudng tron (O, r) ¢ hai dudng kinh ¢6 dinh AB,CD
vuong géc v6i nhau. Goi I 1a hinh chiéu ctia M len OD va P la giao diém ctia OM, AI. Tim
tap hop céac diém P.

Loi gidi
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~ S
S

Y

Chon hé truc toa do nhan O lam gbc va A(—r,0), B(r,0), C(0, —r), D(0,r) va M (r cos ¢, sin ).
Khi d6 ta 6 :
Phuong trinh dusng thang CD : x = 0.
Phuong trinh dudng thang IM : y = rsin ¢.
Tit d6 suy ra toa do diém I 1a I(0,r sin ¢).
Phuong trinh duong thang OM : i :
rcos¢  rsing
T+ Y

Phuong trinh duong thing Al : = —
r 7 sin ¢

Suy ra P ¢6 toa do thoa man hé phuong trinh :

= -7 tan(b*g
rcos¢  rsing o
r+r Y = . Y
= — sing =
r rsin ¢ x+r
.2
sin ¢
Ta lai ¢6 tan? ¢ = , Sy T4
' ¢ 1 —sin? ¢ Y
y?
v (z+r)?
x? - y?
(x +1r)?

Déng thitc nay tuong duong véi y? = 2xr + r2.
Vay tap hop cac diém P la parabol c6 phuong trinh y? = 2zr + r2. )
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Bai 2.13| Cho tam giac déu ABCvh mot diem M bat ki trong mat phing tam giac. Goi
x,y, 2 1a khodng cach tit M dén cac dinh A, B, C va p, ¢, r 1a khoang cach tit M dén cac canh
AB, BC,CA. Chiing minh rang :

1
P4+ +rt> Z(:z;2+y2+22)
Loi gidi
A
C/
Bl
B - A/' - O

Néu M tring véi mot trong cic dinh A, B, C thi dé& thay bat dang thic can chiing minh I3
ding.

Xét truong hgp M khong tring v6i dinh nao ciia tam giac ABC. Goi A’, B',C' lan lugt 13 hinh
chiéu vuong géc ciia M lén cac duong thing BC,C A, AB theo thi tu va G 1 trong tam tam
gigc A'B'C.

Theo dinh 1y Leibniz, ta c6

1
MA/2 + MB/Q +MC/2 — 3MG2 + g (Blle +C/A/2 +AIB/2)

—_

> - (B/C/2 + C/A/2 + A/Bl2)

w

Mit khéc, tam giac AB’C’ noi tiép duong tron duong kinh AM, do d6 BAC" = 60° ho#c
B'AC" = 120°. Vi vay (theo dinh 1y sin)

3
B'C' = MAsin60° (= M Asin 120°) = %

32 3y? 322
Suy ra B'C"”? = % Tuong tu, ta c6 C'A”? = %,A’B’2 = %
Do do 3
BC?+ 'A%+ AB? = 1 (® +y* + 2°)
Vi vay

P+ (P +yP 427

1=

Day chinh la bat ding thitc can chiing minh. 0
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Bai 2.14| Cho da giac déu A, Ay A3 A A5 AgA7 va diém M bat ki trong mat phang. Ching

minh rang

MAy + MA3s+ MAs + M; > MAs + MA; + M Ag

Loi gidi

Dét AlAQ = G,AlAg = b, A1A4 = C.
Ap dung dinh li Ptolemy :

° D61 Vol ta gléJC A1A2A3M .

CL(MAl + MAg) 2 bMAQ

e DG v6i tit gide Az AgAr M -
a(MA; + MA7) > bM Ag
e DO6i véi tit gidc Ay A AgM
b(MAy + MAg) > cMA,
T (1) va (2) suy ra :
a(MA; + MAs + MAs + MA7) > b(MAy + M Ag)

T (3) va (4) suy ra :
CL(MAl —|—MA3 —|—MA5—|—MA7) 2 CMA4

T (4) va (5) suy ra :

1 1
CL(MAl + MAg + MA5 + MA7) (E + —> } MAQ + MA4 + MAG
c
Ap dung dinh If Ptolemy cho tt gidc noi tiép A; A3 A4 A5, ta c6 :

ab+ac:bc<:>a(1+l> =1
b ¢
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Thay vao (6) ta dugc :
MA, + MAs+ MAs + MA7 > MAy + M A, + M Ag

Ta dugde diéu can chitng minh. 0

Bai 2.15| Tam gidc ABC khong can noi tiép (O) c6 Ay, Bi,C; la trung diém cia
BC,CA, AB. Goi A, la mot diém trén tia OA; sao cho 2 tam giac OAA; va OA,A dong
dang. Céac diém B,, Cy dinh nghia tuong tu. Chting minh ring AA,, BBy, CCy ddng quy.

L&i gidi

(i) Céch 1.

Tt hai tam gidac OAA; v OAyA dong dang suy ra OA; x OAy = OA? = R?. Do d6, A, chinh
la giao diém céc tiép tuyén tai B, C' ciia (O).

Dudng thang qua A, song song vdi tiép tuyén ctia (O) tai A cat AB, AC tai T, V. Do A,BT =
A,TB nén AyB = AyT. Mot cach tuong tu, AT = AyB = A,C = A,V. Vi thé, BOVT noi
tiép (Ag) hay AABC «~ NAVT.

Lai ¢6 A;, Ay lan lugt 1a trung diém BC, TV nén AAA,C v~ AAA,T. Suy ra C/AE = m
Diang thitc nay ching té AA; 1a duong déi trung clia tam giac ABC. Do d6, cac dudng thang
AAy, BBy, CC, sé dong quy tai diem Lemoine clia tam giac ABC.

(ii) Céch 2.

Theo chitng minh & cdch 1 thi (O) chinh 14 dudng tron noi tiép clia tam giac Ay ByCh. Do
BAy = CAy, CBy = ABy, BCy = AC, nén :

CAy, AB; B(C,

CB, AC, BA,
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Theo dinh 1y Ceva, ta c6 ngay AA,, BBy, CCy dong quy.

0

cat cac doan AB, AC, AM lan luot tai By, Cy, M;. Chiing minh rang

AB,-AB+ AC, - AC =2AM, - AM

Bai 2.16| Cho tam giac ABC véi M la trung diém BC. Vé dudng tron (O) tiy ¥ qua A va

Li gidi

Ta c6
AB, - AB = AB? — BB, - AB = AB?> — Py 0
AC, - AC = AC?* — CC, - AC = AC?* — Poy0)

2AM, - AM = 2AM? — 2Py 0) = AB* + AC? — BC? — 2Py (0)
Do d6, chi can kiém tra dang thic sau la du :
Ps/0) + Pejo) = 2Puj0) = BQC :
Ding thiic nay tuong duong véi :
B_C2

OB? +0C? —20M? =

(ding theo cong thiic trung tuyén cho tam giac OBC).
Vi vay, bai toan dugdc chitng minh hoan tat.

O

g < 6V3R

Bai 2.17| Cho tam giac ABC noi tiép duong tron ban kinh R.Goi ¢ 1a chu vi tam giac c6
cac dinh 13 tam cac duong tron bang tiép tam gidc ABC. Chitng minh rang :

Loi gidi



91

Noi dung ctia bai toan thuc chat 1a su két hop truc tiép ciia hai bo dé sau :
B6 dé 1 : Cho tam giac XY Z noi tiép duong tron (O, R).

Khidé XY +YZ + ZX <3V3R.

Chting minh.

Goi G la trong tam tam giac XY Z, khi d6 theo dinh Iy Leibniz, ta c¢6

IR? — (XY? +YZ*+ ZX*) =90G? > 0
Két hop véi bat dang thitc Cauchy-Schwarz, ta cé

2TR? > 3(XY? + Y Z? + ZX?)

>
> (XY +YZ+ZX)?

Twong duong véi
V3R> XY +YZ+7ZX

Bb6 dé 1 dugc chitng minh. O

Bo6 dé 2 : Cho tam gidgc ABC noi tiép (O, R). I,, I, I, theo thi tu 1a tam duong tron bang
tiép cac goc A, B, C. Khi d6 duong tron ngoai tiép tam giac 1,11, c6 ban kinh bang 2R.
Ching minh.

Vi Al, va [,1. la cac duong phan giac trong va ngoai ctia géc B/A\C nén I, A1ILI,.

Do d6 A, B, C' la chan cac dudng cao trong tam giac ABC nén (ABC) la duong tron Euler ctia
tam giac I,I,1.. Vi vay ban kinh dudng tron (I,1,1.) bang 2R. Bo dé 2 duge chiing minh. [

Bai 2.18| Cho tam giac ABC' ¢6 : BC' = a;CA =b; AB = ¢; va r va R theo thi tu la ban
kinh duong tron noi tiép va ngoai tiép tam giac ABC. Chiing minh réng

+(a—b)2+(b—c)2—|—(c—a)2

T 1
R < —
R 16 R? 2

Loi gidi
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Goi I 1a tam dudng tron noi tiép tam giac ABC va D la tiép diém clia duong tron noi tiép (1)
trén canh BC, M la trung diém cia BC.
Khong mat tinh téng quat, gia st b > a > ¢. Khi dé :

(b—c)?

R* —2Rr = OI* > DM?* = y

Twong duong véi

Mat khac :
(b—c)* = (a—b)*+ (c—a)*+2(a—b)(c—a)
> (a—0)*+(c—a)
Suy ra :
r (a=b0*+(0-cP+(c—a)? 1
R 16 R? T2
Chitng minh hoan tat. 0

Bai 2.19| Cho tam gidc ABC. Cac duong phan gidac BE, CF cat nhau tai I. Al cat EF tai
M. Duong thing qua M song song v6i BC' theo thi tu cit AB, AC tai N, P. Chiing minh
rang

MB+ MC <3NP

Loi gidi
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Dau tién, ta chiing minh bo dé sau day :

B6 dé : Cho tam giac ABC, c¢6 phan giac BD,CE. Lay diém M bat ki thuoc DE. Ké
MH 1 BC, MK 1. AC,ML 1 AB. Khi d6 tacé MH =ML+ MK.

Chiing minh bé dé.

Goi T la giao diém DF va M H.

Tt E,D vé EF, DO | BC;DN | AB; EP | AC. Suy ra : EF = EP; DN = DO.

Theo dinh ly Thales, ta c6

MK MD MT
EP DE EF
Do EF = EP nén MT = MK (1)
Ciung theo dinh Iy Thales, ta ¢6
ML EM FH HT
DN ED FO DO
Ma DO = DN nén TH = ML (2)
Tu (1), (2) suy ra

MT+TH=MH=ML+MK

Bé6 dé dugc ching minh. O

Trd lai v6i bai toan. Goi H, K, L theo thit tu 1a hinh chiéu ctia M léen BC,CA, AB
Qua M ké MR || AB va MS || AC. Ap dung bd dé ta c6

MH=ML+ MK =2ML =2MK

Cht § ring : AMRH «~ AMNL va AMSH —~ AMPK.
Suy ra MR =2MN va MS = 2MP.
Ap dung bat déng thic tam giac, ta c6
MB+ MC < (MR+ BR)+ (MS + SC)
— 3(MN + MP)
=3NP
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Ta c6 diéu can chiing minh. 0

Bai 2.20| Cho tam gidc ABC nhon vé6i dudsng cao CF va CB > CA. Goi O, H lan luct 1a
tam ngoai tiép va truc tam ctia tam giac ABC. Duong thang qua F vudng géc véi OF cit
AC tai P. Chiing minh réng FHP = BAC.

L&i gidi

Goi K la diém déi xiing ctia H qua AB, khi d6 K € (O). Dudng thang PF cit (O) va BK, AC
lan lugt tai M, M, Q, P, trong d6 P, N thuoc ciing mot nita mit phang bo CK khong chita B.
Xét day cung MN ¢6 OF L MN nén F la trung diém ctia M N. Do dé, ap dung dinh 1§ con
buém cho day cung M N, ta thay ring F ciing la trung diém ctia PQ. Mac khac, F' 1a trung
diem HK nén PHQK la hinh binh hanh.

Vay PHF = BKC = @, ta c6 diéu can ching minh. 0

Bai 2.21| Cho duong tron (O; R) va mot diém P ¢6 dinh bén trong dusng tron. AB,CD la

2 day cung di dong ctia (O) nhung luon di qua P va luén vuong géc v6i nhau.

(a) Chitng minh rang PA? + PB? + PC? + PD? khong doi.

(b) Goi I 1a trung diém BC. Héi I di dong trén dudng nao?

Li gidi
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(a) Ap dung dinh 1y Pythagore, ta thy ring :
PA*+ PB*+ PC? + PD* = AC® + BD* = BC® + AD?

Vé duong kinh AK cta dudng tron (O). Khi d6, BK L AB ma AB 1L CD nén BK || CD.
Hinh thang BCDK noi tiép nén 13 hinh thang can. T day suy ra CK = BD.

Ap dung dinh 1y Pythagore cho tam giac ACK vuong tai C' : AC? + CK? = AK?

Suy ra AC? + BD? = 4R? hay PA? + PB? + PC? 4+ PD? = 4R? khong doi.

(b)Trudc tién, ta sé chiing minh rang :

10>+ IP? = R?
That vay, ap dung dinh Iy Pythagore cho tam gidc OIB vuong tai I, ta thu dugc :
OB* =0I° + 1B
Tam gidc PBC vuong tai P c6 I 1a trung diem BC nén PI = IB. Do d6 :
R*=0I*+IP?
Goi M 1a trung diém OP. Theo cong thitc dudng trung tuyén (c6 thé chiing minh diya vao kién
thic 16p 9) :

2(IP? +10% — OP* 2R?— OP?
4 a 4

IM? =

2R* — OP?

Do d6 I di chuyén trén (M ; 1

) c6 dinh. n

Bai 2.22| Cho tam giac ABC va diém M bat ki nim trong tam giac d6. Chitng minh ring :

MA+ MB+ MC +min{MA, MB, MC} < AB + BC + CA

Lot gias

Trude hét, ta chiing minh bo dé sau day :

B& dé : Cho tit gidac ABCD va diém M bat ki nim trong ti gide d6. Ching minh réng :
MD+ MC < DA+ AB + BC

Chitng minh bo dé.
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Xét M niam trong tam giac DBC. Goi L la giao diém ctia DM va BC.
Ap dung bat ding thic tam giac, ta c6

DA+ AB + BC B+ BC=DB+ BL+ LC

>D
> DL+ LC =DM + ML + LC
> DM + MC

Tuong tu xét M nam trong tam giac ABD, ta chiing minh dudc :
AD+ AB+ BC > DM + MC

Suy ra diéu can chting minh. O

Trd lai v6i bai toén.

Goi D, E, F theo thtt tu la trung diém cta BC,CA, AB.

Dé thay v6i moi diém M thudc tam gidac ABC thi ton tai it nhat hai trong ba hinh thang
BCEF,CAFD, ABDE chita n6. Khong mat tinh tong quat, gid st M niam trong hinh thang
BCEF va ABDE.

Ap dung bd d8, ta c6

MA+ MB < S(AB + BC + CA)
MB + MC < S(AB + BC + CA)

Do do
MA+ MB+ MC +min{MA MB,MC} < MA+2MB + MC < AB+ BC +CA

Ta c6 diéu can chiing minh. 0

Tam giac can ABC noi tiép (O) ¢c6 AB = AC va AQ la duong kinh ciia (O). Lay
M, N, P lan lugt trén canh AB, BC, C'A sao cho AM N P 1a hinh binh hanh. Ching minh ring
NQ L MP.

Loi gidi
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(i) Cdch 1.

Lay K la diém déi xing ctia N qua MP.

Tac6 MKP = MNP = m, suy ra ti giac AMPK noi tiép.

Lai <6 MPK = MPN = AMP nén AP = MK. Do d6 MAK = PKA

Mat khac, PC'= PN = PK nén tam giac PKC can tai P hay PKC = PCK

Ta co

ABC + AKC + BAK + BCK = 360°

Twong duong véi
ABC + AKP + PKC + BAK + BCK = 360°

Tu d6, két hop véi (1), (2) va tam gide AABC can, ta suy ra
ACB + PCK + MAK + BAK + BCK = 360°

Do do6
2 (BCK + BAK ) = 360°
Vi vay BOK + BAK = 180° hay K € (0).
Cung tit (1), ta c6 AK || MP hay AKLNK.
Vay N, K, @ thing hang hay MP1NQ.
o . L3 93 . X X . . pagey 2 j
(ii) Cdch 2. Stt dung kién thitc ve vector, ta can ching minh QN - M P = 0.

2 N NC NS Z 2
Dé thyc hién dieu nay, ta dat k = B0 va cha § rang QB 1 MA,QC L MN. Bien doi nhu

sau :

ON - MP = [(1-/@@?%0?} (MA + MN)
— (1-k)QC - MA + kQB - MN
(1— k)BC - MA + kCB - MN

=(1—k)BC-MAcosB—kBC - MN cosC

V6i cos B = cos C, ta chi can chiing minh rang :
(1—k)-MA=k-MN

Tuwong duong vé6i
MA  k

MN 1—k
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Déng thitc nay dang vi ta c6
NC
k  Bo NC MA MA
1-k NB NB MB MN

BC
Bai toan dugc chiing minh. 0

Bai 2.24 | Cho ti giac ABCD c¢6 M, N lan luot 1a trung diém AB, CD va O la giao diém clia
2 duong chéo. Goi H, K la tryc tam cia tam giac OAB, OC'D. Hay ching minh MN | HK.

Lot gias
B
M
A
0
D N C
Ta sé dung vector dé chiing minh rang :
HE - MN =0

Trude hét, xin phat biéu ma khong ching minh chitng minh mot b dé quen thudc :
—
9MN = AC + BD

Tré lai bai toan, theo bd dé ta c¢6 dugc :
OMN -HE = AC'- HK + BD - K
=x-AC —y-BD
Trong do6, =,y lan luot 1a do dai tuyét doi hinh chiéu cia HK léen AC, BD. Khi d6, khong kho
dé thay rang :
x=BDsinOBK,y = AC'sin OCK

Nhung ro rang OBE = OCK nén z- AC — y+-BD = 0. T day ta c6 diéu can chiing minh. O

Bai 2.25| Cho t1t giac ABCD noi tiép (O) c6 hai dudng chéo cat nhau tai I. Goi M, N lan
lugt 1a trung diém cta AB,CD. P,Q la chan duong cao ké tit I ciia tam giac IAD, IBC.
Chitng minh rang, PQ L MN.

Loi gidi
(i) Cach 1.
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Lay K la trung diém ctia AC, khi &y K M, K N la duong trung binh ctia cac tam giac ABC, ACD
B AD
nén KM = TO,KN = T
Hai tam gidc TAD, IBC dong dang c¢6 I P, IQ 1a dudng cao tuong ting nén :
IP AD KN
IQ BC KM

Hon ntta, MK || BC,NK | AD nén MKN b véi géc tao béi AD, BC', nén géc nay ciing
bing véi PIQ. Do d6, AKMN «~ AIQP.
Suy ra KMN = ﬁ?, md KM L IQ = MN L PQ, ta c6 diéu can chitng minh.

(ii) Cdch 2.
Ta c6 thé sit dung vector, tiic quy vé chiing minh :

PO-MN =0

Tuong tu bai 2.24, ta can chiing minh ring
x-AC =vy-BD

Trong d6 z 1& hinh chiéu cia PQ len AC, y 1a hinh chiéu ctia PQ len BD.
Stt dung hé thtc lugng trong tam giac vuong thi :

P  J1Q? IP?  J1Q?
TTatie Y"1 B

Ta can ching minh dang thic sau :

P?  1Q? IP*  I1Q*
AC [+ 2 )\ =BD ([ + =
C(IA+[C) (ID+IB)
. IP IA ID

Khi d6, sau khi chia 2 vé déng thitc trén cho I P2, ta dugc day cac dang thic tuong duong :

(IA-ID*+ IC - TA*(IA+IC) = (IA*-ID+IB-ID*)(IB + ID)
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IA> IC+IA-IC-ID*>=1IB-ID?+ [A?
P1y0)(IA* = ID?) = Pyy0)(1A* — ID?)

Déng thitc cudi cing hién nhién ding, bai toan duge chitng minh. 0

Bai 2.26| Cho tam giac ABC va tam giac DBC ¢6 tam noi tiép lan lugt 1a H, K. Chiing
minh rang AD > HK.

Loi gidi

B C

Truée hét, xin phat biéu va khong chiing minh hai bo dé sau day :
B6 dé 1 : Cho tam gidc ABC, diém M nim trong tam gidc d6. Khi dé

MB+ MC < AB+ AC

oy
(@)Y
Q.
()%

2 : Cho tam gidc ABC ngoai tiép duong tron (I). Khi d6 ta c6
BC-TA+CA-TB+AB-IC =10
Tré lai v6i bai toan, dé tien bién déi, ta ki hieu BC = a, AB =¢,CA =0b,DB = ¢;, DC = b;.

Tt bd dé 2 ta co
amijﬁ—i-c}ﬁ:ﬁ

CLKD—FblKB\—i‘ClKéz 6>

Suy ra

amij[ﬁ—i-cﬁ:ﬁ
—

aHD 4+ b HB + ¢;HC = (a+ by + ¢;)HK

Do do

a([—ﬁ—ﬁ) + (bl —b)ﬁ—i— (C1 —C)Iﬁ: (a+b1 +Cl)ﬁ<

Tu do6 rat ra
s

aAD + (b — D)HB + (¢ — )HC = (a + by + ) HK (1)

T bat ding thitc tam gidc va bo dé 1, ta co

b—by| < AD,|c— 1| < AD,HB + HC < b+ ¢ 2)
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Tu (1), (2) suy ra
(a+b+c)HK < aAD + HB.AD + HC.AD

= aAD + (BH + HC)AD
< aAD + (b+c)AD

Ta suy ra

(a+b+c)AD > (a+ b1+ )HK (3)
Chtng minh tuong tu, ta 6 :

(@+by+c1)AD 2 (a+b+c)HK (4)
Cong theo vé (3) va (4) r6i thu gon ta c6 AD > HK. 0

Bai 2.27| Cho K la diém nam trong tam gidc ABC. Mot dudng thang qua K cit hai canh
AB, AC theo tht tit 6 M, N. Chiing minh réng :

Sapc =2 8\ Semk - Scenk

Loi gidi

M K

B* *C

Ta sé chiing minh bat dang thitc manh hon :

V' SBmK + {’/SCNK < s/SABC

Ta ki hieu : KM =z, KN =19, MB=1y,, MA=1y,, NC =2, NA = 2.

Ta c6

SBMK o SMBK SAMN

Sapc  Sman  Sasc
T1Y1 Y222

ya(w1 +22) (Y1 +y2)(21 + 22)
_ T1Y122

(x1 + 22) (v + y2) (21 + 22)

3/SBMK:,\3/ T Y 2
SaBc T1+To Y1 +Y2 21+ 2

Ap dung bat ding thitc AM - GM, ta c6

S 1 T z
3/ OBMK <= ( 1 T Y1 4 2 ) (1)
V. Sapc 3 \z1+22 yit+y 21+ 2

Suy ra
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Chiing minh tuong tur ta ¢6 :
1S 1 T z
3 CNK<_< 2 i Y2 n 1 ) (2)
Sapc 3 \T1+x2 Y1ty ozt 2
Cong theo vé (1), (2) ta c6
i/SBMK . i/SCNK <1
Sasc Sapc

V' SBmK + %/SCNK < \B/SABC

Dén day, ap dung AM - GM, ta c6

Suy ra

2/ Spumk - Senk < V/Sasc

Suy ra
Sapc = 8V Semk - Scnk

Chitng minh hoan tat. 0

Cho tam gidc ABC nhon va M la mot diém thuoc mién trong tam gidc. Goi
Ay, By, Cy lan luct 1a giao diém ctia M A, M B, M C véi cac canh tam gidc ABC. Lay As, By, Cs
la cac diém doéi xing v6i M qua trung diém cta B,Cy,C1A;, A;B;. Chiing minh ring
AA,y, BBy, CCy dong quy.

Lo gidi
(i) Cach 1.

Goi S 1a diém déi xiing ctia M qua trung diém P ctia BC. Do trung diém ctia M A, B,C;, BC
thang hang (vi chiing nim trén dudng thang Gauss clia ti gidc toan phan AB;MC;BC) nén
A, Ay, S ciing thang hang.

Goi G la trong tam tam giac ABC, khi d6 GA = gGP. Xét tam giac AMS c¢6 AP la trung
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tuyén ma GA = §GP nén G ciing 1a trong tam clia tam gidc nay. Diéu nay chiing té AA, cit
MG tai diém @) chia doan MG theo tis6 3 : 1.

Ly luan tuong t, ta thidy BBy, CCy cling di qua Q. Ta c6 diéu can chiing minh.

(i) Cdch 2.

Ap dung dinh 1y ham s6 sin cho hai tam gidc AA,C,, AAy B, va chi ¥ M By A,C; 14 hinh binh
hanh dé suy ra :

sin B/A\Ag = sin @2 . ilj; = sin ABM]ZZl
sin m = sin /@1\142 . iljllj =sin ACM ]\jj’:
Do do6 - -
sin BAA, sinABM MDB,
sinm a sinm . MCy
Vi vay

H sin BAA2 H SlIlABM H MBl
sin CAA2 sin ACM MC,
Theo dinh 1y Ceva cho tam giac ABC thi :

sinm _
sinm

Do do,
sin BAA2
sin m
Ciing theo dinh 1y Ceva cho tam gidc ABC, ta suy ra AAy, BBy, CCy dong quy. )

Bai 2.29| Cho tam giac ABC noi tiép (O; R) ¢6 M thuoc cung BC khong chita A. Tim vi
tri cia M dé P = 2010 - M B + 2011 - MC dat gia tri 16n nhat.

Lot gidi
Goi T la diém trén cung BC chita A sao cho 2010 - TB = 2011 - T'C. Suy ra T ¢6 dinh.
Ap dung dinh li Ptolemy cho tit gidc TBMC nai tiép (O) ta c6

TB-CM+TC-BM =BC-TM

Do do
%-CMJFTC-BM:BC.TM
Vi vay
P=2011-OM+2010-BM:2010?5'”4

Vi T, B,C c6 dinh nén P 16n nhat khi va chi khi TM 16n nhat, ttc 14 TM phai 1a duong kinh
cia (O). 0
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Bai 2.30| Cho tam giac ABC. Céc diém D, E, F nam trén cac canh BC,CA, AB sao cho

AD,BE,CF dong quy tai O. Qua O ké duong thing song song véi BC cit DE, DF theo tht
tu tai H va K. Ching minh O la trung diém HK.

Lo gidi
(i) Cach 1.

.‘W

T~

Goi P, Q la giao diém ctia duong thang HK v6i AB, AC.
Ap dung dinh 1i Thales, ta c6 :

PO _BD KO _CD
PO~ BC PO~ BC

Suy ra
KO PO KO BD-CD )
PQ PQ PO  BC?

Tuong tu, ta co
HO BD-CD )
PQ  BC?

Tu (1) va (2), ta ¢6 diéu can ching minh.

(i) Cdch 2.
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Qua A ké dudng thing song song véi BC' cit cac tia DE, DF tai M, N.
Ap dung dinh li Ceva va dinh 1i Thales, ta c6 diy cac ding thic tuong duong sau :

AF BD CE
FB DC EA
AN BD CD
BD DC AM
AN
=
AM = AN

1

Ap dung dinh 1i Thales mot 1an nita, ta suy ra OK = OH. )

Cho tam gidc ABC. M la mot diém bat ki trén mat phang va khong nam trén
tam gidc ABC. Cac duong thang AM, BM,CM lan lugt cit cac dudng thang BC,CA, AB
tai D, E,F. Goi H, K lan luot la giao diém ctia céc cip duong thdng BM véi FD; CM véi
ED. Chting minh cac duong thing AD, BK,CH dong quy.

Loi gidi
A
E
F
M
K
H
B® D °C
Ta co
Srmbp DM
MH_SFMD_SAFD_DA_MDFA 1
= = Srpp ~ BF ~ AD- (1)
BH SFBD FBD 20 AD-FB
Sarp FA
Tuong tu :

CK CE-AD
KM EA-MD

T (1) va (2) suy ra
MH CK AF CE
BH KM BF EA
MH CK BD AF CE BD
BH KM DC BF EA DC

Theo dinh Ii Ceva, ta ¢6
AF CE BD

BF EA DC

1
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Do do,
MH CK BD
BH KM DC
Theo dinh 1i Ceva déo, ta c6 diéu can chiing minh. 0
Bai 2.32| Cho ttt giac 16i ABC'D. Chitng minh :
VAC? + BD?
min{AB, BC,CD, DA} < + < max{AB, BC,CD, DA}
Loi gidi
D o o &/
C
A~ °B

bat m = min{AB, BC,CD, DA}.

Ta ¢6 hai nhan xét sau
e Nhan zét 1. Trong tam giac ABC ta c6 :
BAC > 90° & BC? > AB? + AC?
e Nhin zét 2. Trong ti gidc ABCD, goi I, J theo thit tu la trung diém ctia AC, BD; ta c6
AB? + BC* + CD* + DA? = AC* + BD* + 41.J?

Trg lai bai toan :
VAC? + BD? .
+ < max{AB, BC,CD, DA} la hé qué truc tiép ctia nhan xét 2.

Ta chitng minh bat déng thitc ben trai :

Bat ding thic

BAD + ADC + ABC + BCD = 360°

Khong mat tinh tong quat, ta c6 thé gia sit : BAD + ADC > 1807 BAD = 90°.
Dung hinh binh hanh ABED. Khi d6, DE nam gitta DB, DC.

Goi I,J theo thit tu la trung diém ctia AC, BD.

Trong tam giac ACE ¢6 IJ la duong trung binh nén CE = 21J.

C6 2 truong hgp xay ra :

e Truong hop 1 : E nam trong ti giac ABC'D. Trong 2 géc A/E\B, AED c6 it nhét mot goc

nhon.
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Khong méat tinh téng quat, ta gia si AEB < 90°.
Ta suy ra CEB > 90°. Theo nhan xét 1, ta c6

BC? > BE*> 4+ CE? & BC? —41J? > AD?
St dung nhan xét 2, ta c6

AC? + BD* = AB* + AD*> + CD* + (BC? — 41.J%)
> AB? + AD* + CD? + AD?
>

4m?

VAC? + BD?

Suy ra m < 5

e Truong hop 2 : E nam ngoai ti giac ABCD.
Khi d6 C'B nim giita CD, CE. Do d6 : BEC > BED = BAD > 90°.

Chitng minh hoan toan tuong tuw truong hop 1. (Ban doc tu ching minh)

Vay bai toan da dugce ching minh. 0

Bai 2.33| Cho duong tron (O; R) va hai diém A, B ¢6 dinh ddi xting v6i nhau qua O. Goi
M la diém chay trén (O). Dudng thang M A, M B cat (O) tai P,Q tuong ting. Chiing minh

. . M MB ) )
rang gia tri bieu thic AP + B0 khong doi khi M di chuyeén trén (O).

Loi gidi

Tit gid thiét suy ra phuong tich ctia diém A va B véi (O) 1a nhu nhau. Do d6 :
MA | MB _ MA*  MB
AP BQ  Pajo) P/

 MA% 4 MB?
N P

2MO? +
- P

AB?
2

AB?
i 2MO? + ,
Vi A, B ¢6 dinh vd MO = R khong doi nén = 2 khong doi, ta c6 diéu can ching
minh. 0

Cho (O) va day AB. Diém M di chuyén trén cung l6n AB. Cac duong cao AE, BF
ctia AABM cét nhau tai H. Ké (H; HM) cat MA, MB & C va D. Chiing minh duong thang
ké tit H vuong goc v6i C'D ludn di qua mot diem cb dinh khi M di chuyén trén cung 16n AB.

Loi gidi



108

Tt gia thiét ta c6 £, F tuong tng 1 cac trung diém clia cac doan thang M D, MC. Suy ra
EF || CD.

Theo mot két qua quen thuoc thi OM L EF. Do d6 OM 1 CD.

Goi O' la diém d6i xitng v6i O qua AB thi OO’ vi AB vuong géc v6i nhau tai trung diém 1
ciia moi dudng

Theo mot tinh chat quen thudc clia trire tam tam gidce thi ta c6 MH = 201 = MH = OO’
Ma M H || OO' (cung vudng géc véi BC) nén M HO'O la hinh binh hanh. Suy ra HO'" || MO.
Tw do ta co HO" L CD.

Vay khi M di chuyén trén cung lén AB thi dudng thang qua H vudong géc véi CD luon di qua
diéem O’ ¢b dinh. 0

Bai 2.35 | Cho tam giac ABC noi tiép dudng tron (O). G 1a trong tam tam giac. AG, BG,CG
lan lugt cat (O) tai Ay, By, C;. Chiing minh rang :

GAL+GB+GC, > GA+GB+ GC

Loi gidi
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Ki hiéu ¢ 1a phuong tich ctia G d6i véi (O). Ta c6
GA, +GAy +GAy = GA&AGA + GBé'BGB + GCg'OGC
(Lt
= <GA LT GO)
N 06
~ GA+GB+GC

St dung hé thic Jacobi, ta c6

_ GA’4+ GB+GC? _ (GA+GB+GC)?

) Z
3 9

Thay danh gia nay vao bat ding thic tren, ta c6 diéu can ching minh. 0
Nhan xét.

Néu thay trong tam G bing tam dudng tron noi tiép tam giac béi I va A;, By, C; 1a giao diém
cia cac tia AI, BI,C1 véi (O) thi bai toan van ding, tic la

TA + 1B+ 1C, 2TA+ 1B+ 1IC

Bai 2.36| Cho AABC va D, E, F lan lugt 1a hinh chiéu ctia A, B, C xudng ba canh tuong
tng. Dudng thang qua D song song v6i EF cat AB, AC tai P, Q. Biét EF N BC = R. Chiing
minh ring duong tron ngoai tiép APQR di qua trung diem BC.

Loi gidi

Vi D, E, F, M dong vien (dudng tron Euler ciia tam giac ABC'), ta ¢6

RD-RM = RE - RF

Vi B, E, F,C dong vién nén ta co

RB-RC = RE - RF

Suy ra

RB-RC = RD-RM (1)
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Mat khéc, ta co
(PQ,PA) = (FE,FA)=(CA,CB) (mod 7)

Do d6 B,C, P,Q dong vién. Suy ra

DB-DC =DP-DQ

Dé chitng minh P, Q, R, M dong vién thi ta can chiing minh

DP-DQ =DR-DM

Tuwong duong véi

DB-DC =DR-DM

Bién ddi tit (1) ta c6 ngay diéu can chiing minh. )

Bai 2.37| Cho t gidc 16i ABCD noi tiép duong tron (O). Cho AB = a,CD = b, AIB = a,
trong d6 I 1 giao diém ctia hai dudng chéo AC va BD. Tinh ban kinh duong tron (O) theo

a,b va a.
Lot giai

—  AOB COD
Ta c6 AIB = O +CO :

2 2
Suy ra
AOB coOD . AOB | COD
cos a = Cos - COS — sin - sin

2 2 2 2

(o () ab
N 4R? 4R? 4R?

Nhu vay, tit ddng thic trén suy ra

(4R2 cos o + ab)2 = (4R2 — az) (4R2 — b2)

Tuong duong véi
4R? (a2 + b% + 2ab cos a) = 16R*sin® «
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Vi vay

Va4 b+ 2abcos o

R
2 sin «

Ta c6 duge dap s6 clia bai toan. 0

Bai 2.38| Cho AABC c¢6 tryc tam H. Dudng tron qua B, C cat AB, AC tai D, E. Goi F 1a
trie tam AADE va I 1a giao diém ctia BE va C'D. Chting minh rang I, H, F thang hang.

Loi gidi

B[ \C

Goi Fy, Fy 13 hinh chiéu vuong goc ctia F len AB, AC; Hy, H, 1a hinh chiéu vuong goéc cia H
len AB, AC.

Theo mot két qua quen thude vé tryc tam tam giac, ta c6

FF-FE=FF,-FDva HH,-HC=HH,-HB

Mat khéc, ta co

Suy ra F, H,I cing thuoc truc déng phuong ciia duong tron dusng kinh BD va duong tron
duong kinh CE. Do d6 ta c6 diéu can ching minh. 0

Bai 2.39| Cho AABC khong can, ngoai tiép dudng tron (I). Tiép diém cta (I) trén
BC,CA,AB lan lugt 1a D,E.F. DE cit AB & P. Mot duong thang qua C cit AB,FE
lan lugt 6 N, M. PM cat AC 6 Q. Chiing minh rang IN vuong goc véi FQ.

Loi gidi
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Goi giao diém ctia FQ véi (I) 1aT # F. Giast TD N EF = M'.

Ap dung dinh 1y Pascal cho 6 diém E, E, D, F, T, F ta c6 Q, M’, P thing hang, suy ra M = M.
Tu N ké tiép tuyén tiép xic véi (1) tai 7" va cat AC tai S.

Theo mot tinh chat quen thudc, do tit giac NSCB ngoai tiép nén EF,T'D, NC, SB dong quy,
tir d6 ta c6 T =T". Suy ra FQ la duong doi cic cia N ddi v6i (I). Tix do ta c6 dieu can ching
minh. 0

Bai 2.40| Cho t1 giac ABC'D. Goi I, J theo thit tu la trung diém ctia AC, BD. Chitng minh

rang :

AC+BD+2IJ<AB+BC+CD+ DA

Loi gidi

A D

Truée hét, xin phat biéu ma khong chitng minh lai bo dé sau :
Bo6 dé : Trong mot tit gidc 161, téng do dai hai dudng chéo nhé hon chu vi va 16n hon téng do
dai hai canh ddi clia tit gidc.

Tré lai véi bai toan, ¢6 2 truong hop xay ra.
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o Truong hop 1 : T giac ABCD c6 it nhat mot cip canh ddi song song.
Khong mat tinh tong quét, gid st AB || CD va AB < CD.
Khi d6 dé thay : 2I1J = CD — AB. Ta ¢6 :

AB+ BC +CD+ DA=(AB+ BC)+ (BA+AD)+CD - AB
> AC+ BD +21J

Tu day ta c6 diéu can chiing minh.

o Truong hop 2 : T gidc ABCD c6 cac dudng thing chita cap canh déi cit nhau.
Khong méat tinh téng quat, gia sit ABC 1a géc 16n nhat cua tit giac ABCD.
Khi dé ta 6 : ABC' + BCD > 180° hodc ABC + BAD > 180°
That vay, néu A/B\C' + B/@ < 180° va A/B\C' + @ < 180°.

Suy ra

ABC + BCD + CDA + DAB < (ABC + BCD) + (ABC + BAD)
< 360°

Diéu nay vo li. Do d6 ta c6 thé gia sit ABC + BCD > 180°.

Dung hinh binh hanh ABED. Khi d6 BE nam gitta BA va BC. (1)
Lai ¢6 : ADE = ABC > ADC = DC nim gitta DB va DE. (2)
T (1), (2) suy ra BCED la ti gidc 16i.

Dé thay rang CE = 21.J. (3)

Ap dung bé d8, ta c6
CE+BD < CD+ BE =CD + AD (4)

Theo bat déng thic tam giac, ta c6 AC < AB + BC. (5)
Tt (3), (4), (5) ta c6

AC+BD+2IJ<AB+ BC+CD+ DA

Chitng minh hoan tat. 0

Bai 2.41 | Cho AABC noi tiép duong tron (O). E thudc cung BC khong chita A va khong
tring B, C. AE cit tiép tuyén tai B, cta (O) tai M, N. Goi giao diém ctia CM va BN la
F. Chitng minh réng EF luon di qua mot diém c6 dinh khi E di chuyén trén cung BC khong
chia A.

Loi gidi
(i) Cach 1.
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Goi K la giao diém ciia tiép tuyén tai B va C ctia (O). AK cit (O) tai J; AE, AK lan lugt cat
BC tai P,Q; FK cat BC, AM lan luot tai L, I.

Ta c6 (LPBC) = —1, suy ra (FL, EP,EB, EC) = —1.

Lai c6 (EJ,EA, EB,EC) = —1 nén L, E,J thiang hang.

Mat khac (EL, EI,EF,EK) = (EJ,EA, EQ, EK) = —1 nén theo phép chiéu xuyén tam F ta
suy ra duge F, E,Q thang hang.

Vay EF di qua Q c6 dinh.

(ii) Cdch 2.
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Ciing goi K la giao diém ctia hai tiép tuyén; P, Q la giao diém ctia AE, AK véi BC; L 1a giao
diém ctia FK véi BC.

Xét cye - doi cue v6i (0). Goi T 1a cyc cia AB, va J 1a cyc cia CE. Ta c6 G = ABNCE la
cuc cia TJ. Ma P = AEN BC nén T, P, J thang hang.

Ta c6 F va K la hai diém lien hop véi P, suy ra P la cuc cia FK.

Do d6 FK,CE,AB dong qui tai G.

Ap dung dinh 1i Pappus cho hai bo 3 diém (G, B, A) va (N, K, C), ta suy ra F, F,Q thing hang
hay EF di qua @ co6 dinh. )

Bai 2.42| Cho tit gisac ABC'D noi tiép théa man AB-CD = AD - BC. Dudng tron (C) qua
A, B va tiép xtc véi BC, duong tron (C') qua A, D va tiép xtic CD. Chiing minh ring giao
diém khéac A ctia (C) va (C') 1a trung diém BD.

Loi gidi

C

Goi E la trung diem BD.Ta sé chiing minh ring (AEB) tiép xic véi BC va (AED) tiép xtc
véi C'D
That vay, ap dung dinh 1y Ptolemy, ta c6

2BE-AC=BD-AC=AB-CD+ AD-BC =2AB-CD

Suy ra
BE-AC =AB-CD

Tuong duong véi

BA CA

BE ~CD
Mat khéc, ta ¢6 ABD = ACD. Do d6 AAEB « AADC.
Suy ra CBD = CAD = BAE. Vi vay (AEB) tiép xtc véi BC tai B.
Chiing minh tuong ty nhu trén ta ciing c6 (ADE) tiép xtic CD. Vay trung diéem E ctia BD la
diém chung khac A ctia (C) va (C"). 0
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Bai 2.43| Cho tam giac nhon ABC, goi H la triyc tam ctia tam gidc. Tim diéu kién can va
di déi véi cac goc clia tam giac dé 9 diém : chan cac dudng cao clia tam gidc, trung diém céc
canh clia tam giac, trung diém céc doan thang HA, HB, HC la dinh ctia mot da giac déu.

Loi gidi
A
X E
P N
F
Y,
B D M "o

Goi M, N, P lan lugt 1a trung diém cac canh BC,CA, AB; D, E, F lan lugt la chan dudng cao
ha tit A, B,C; X,Y, Z lan lugt 1 trung diem HA, HB, HC. Ta c6 ba trudng hgp sau :

o Truong hgp 1. C6 it nhat hai trong 3 bo (M, D); (N, E); (P, F) ¢6 hai diém trong bo tring
nhau.
Tt d6 suy ra AABC deuva M =D, N=FE, P=F.
Khong khé dé ching minh MZN X PY la luc giac déu.

e Truong hop 2. Cé diing mot trong 3 bo (M, D); (N, E); (P, F) ¢6 hai diém trong bo tring
nhau.
Gia st d6 1a (M, D), khi d6 AABC can tai A.
Ta c6 MZENXPFY la bat giac déu va do AABC nhon nén

— ~ ~ ~ A~ A~ A~ ~

M=Z=E=N=X=P=F=Y =135
MZ =7ZFE=FEN=NX=XP=PF=FY=YM

hay tuong duong véi :

A=45B=C =675 S )
A_B_A_B _ AB - cot(67.5°) & A=45°B=C =67,5
V2 2
e Truong hgp 3. Khong c6 bo nao trong ba bo (M, D); (N, E); (P, F) c6 hai diém trong
bo trung nhau.
Khong mat tinh tong quat, gia st doan EF khong cat doan N P.
Diéu kién can dé thoa man dicu kién bai toan la E/ﬁ — 140° = A = 70°.
Ciing khong mat tong quéat, gia stt doan DF khong cat doan M P.
Do d6, them didu kien cin nita 1a MY P = 140° = B = 40°, C' = 70°.
Do d6 ta thay mau thuan.
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Vay diéu kién can va di dé 9 diém D, E, F, M, N, P, X,Y, Z 1a cac dinh ctia mot da gidc déu la
A =45 B=C =67,5° hoic AABC ddu. 0

Bai 2.44| Cho tam gidc ABC. Duong tron () noi tiép tam giac ABC va tiép xtc véi
BC,AC, AB lan lugt tai D, E, F. Chiing minh rang I D, EF va trung tuyén AM (M € BC)
dong quy.

Loi gidi

Goi N=IDNEFvaM =ANNBC.

Ta sé chitng minh M = M’. That vay, qua N dyng dudng thang vuong goc véi ID cat AB, AC
lan luot tai U, V.

Khi d6 cac bo 4 diem (I, F,U, N) va (I,V, E, N) dong vien. Suy ra

IUN =IFN =IEN = IVN

Nhu vay ta c6 AIUV can tai I. Do d6 NU = NV. Ap dung dinh ly Thales, ta suy ra
M'B = M'C hay M’ 1a trung diém ctia BC. 0

Bai 2.45| Cho hai doan thing AB va A’B’ bang nhau. Phép quay tam M bién A thanh A’
bién B thanh B’. Phép quay tam N bién A thanh B’, bién B thanh A’. Goi S la trung diém
ctia AB. Chitng minh rang SM vuong goéc véi SN.

Loi gidi
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B/

Goi S, S lan lugt 1a trung diéem AB, A’B’. Goi f la phép quay tam M bién A — A’ B — B';
f' 1a phép quay tam N bién A — B'.B — A’
Theo gia thiét ta c¢6 : f(S) = 5"; f/(S) = 5" Do d6 ta c6

(SB,SN) = (S'A',S'N) (mod )
(SM,SA) = (S'M,S"A")  (mod 7)

Suy ra
7— (SN,SM) = (S'M,S'N) (mod )

Vivay S,5’, M, N dong vien.
Laic6 MS=MS',NS = NS" nén suy ra MSN = MS'N = 90°. 0

Bai 2.46| Cho tam giac ABC, M la diém ndm trong tam gidc. AM,BM,CM cit
BC,CA,AB theo tht tu & D,E,F. Goi H,I, K theo thi ty 13 hinh chiéu ctia M trén
BC,CA,AB . Ki hieu P(HIK) la chu vi tam giac HIK. Hay ching minh :

P(DEF) > P(HIK)

Loi gidi

V H D Z C
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Ta c6 hai b6 dé sau day :
Bb dé 1 : Cho diém M ndm trong géc Oy. A, B theo thi tu 1a céc diém khac O thuoc tia
Ox,Oy; H, K theo thit tu 14 hinh chiéu ctia M trén Oz, Oy. Khi do, ta c6

P(MAB) > 2HK

Chitng minh bo dé 1.
Goi M, M, theo thit tu la diém doéi xtng cia M qua Oz, Oy. Ta c6 : MM, = 2HK. C6 hai
truong hop xay ra :

o Truong hop 1 : 20y < 90°.
Ta c6 P(MAB) = MA+ MB + AB = MyA+ M,B + AB > MM, = 2HK.

o Truong hop 2 : x/\Oy = 90°.
Khi d6, M, M, di qua O hoac MM, khong dong thoi cat tia Oz, Oy.
Ta c6 bat dang thitc thuc su : MA+ MB + AB = MyA+ M,B+ AB > 2HK.
Do d6, ta luon ¢c6 P(MAB) > 2HK.

Ding thitc xay ra khi va chi khi O la tam bang tiép géc M ctia AMAB. O

B6 dé 2 : Cho tam giac ABC, M 1a diém n&m trong tam gidgc. AM, BM,CM cit BC,CA, AB

theo thi tuw 6 D, E, F. Ta ¢6
AM ~BM CM

AD + BE + CF
Viéc ching minh bd dé 2 kha don gian, xin danh cho ban doc. 0]

2

Trg lai bai toan :

Qua M ké duong thang song song véi EF, cit AB, AC tai X,Y; song song v6i F D cit BC, BA
tai Z,T; song song v6i DE cat CA,CB tai U,V

Cac tam gidc MUT, VM X, ZY M dong dang vé6i tam giac DEF theo cac ti s6 tuong ting 1 :

AM BM CM
AD’ BE’ CF

Tit bd dé 1, ta c6 P(MUT) + P(VMX) + P(ZYM) > 2IK + 2KH + 2H]I.
Tit d6 suy ra P(MUT) + P(VMX) + P(ZY M) > 2P(HIK). (1)

T bo dé 2, ta c6
AM BM  CM

AD + BE + CF 2
Suy ra
AM BM CM
2P(DEF) = EP(DEF) + EP(DEF) + ﬁP(DEF)
Twong duong véi
2P(DEF)=PMUT)+ P(VMX)+ P(ZY M) (2)

Tu (1) va (2) ta suy ra diéu can chimg minh. )
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Bai 2.47| Tam giac ABC nhon noi tiép (O), dudng cao AH cat (O) tai A’. OA’ cat BC tai
A”. Xac dinh tuong ty cho B”, C”. Chiing minh AA”, BB”, CC" dong quy.

Loi gidi

Tacé@:%o—gvz}@:@:%"—a suyra(mzﬁ.
Lai ¢c6 OB = OA’ nén OA'B = B. Suy ra BOA” = 180° — 2B.
Tuong tu ta c6 COA” = 180° — 2C.
Ap dung dinh 1y sin trong tam gidc ta c6
BA// OAI/ CA/I OAI/

g va —_=

sin W’ sin @’ sin C’/OE’ sin @’

Suy ra
BA// CA//
sin W’ a sin @’
Do dé
BA"  sin(180° —2B)  sin2B
CA”  sin(180° — 2C)  sin2C
Tuong tu cho hai diem E, F va ap dung dinh 1§ Ceva, ta c6 diéu can chting minh. 0

Bai 2.48| Cho duong tron (O) va mot dusng thang d c¢6 dinh. Goi H 1a hinh chiéu clia ciia
O trén d. Lay M cb dinh thuoc dudng tron. A, B thay ddi trén d sao cho H 1a trung diém
AB. Gia stt AM, BM cét (O) tai P, Q. Chitng minh PQ Iuon di qua mot diém co dinh.

Loi gidi
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M
01
Q
N
P > g
R
KA H B

Néu M, O, H thang hang, khi d6 ta c6 PQ luon song song v6i (d). Do d6 ta chi xét trusng hop
M, O, H khong thang hang.
Gia stt (d) khong cét (O) (cac truong hgp khac chitng minh tuong tu).
Khong méat tinh téng quat, gia sit M va B ciing phia so véi OH. Tit P ké duong thang d’ song
song v6i d cit M H, M B tuong ting tai S,T. Goi N la trung diém ctia PQ va R 1a giao diém
khac M cia M H véi (O).
Ta c6 NS || QT suy ra
(NP,NS)=(QP,QT) = (RP,RS) (mod )

Do d6 P,N, R, S dong vien. Vi vay

(RN,RH) = (PN,PS)=(KN,KH) (mod )
hay N, R, H, K dong vién, ma ONK = OHK = g nén O, H, N, K dong vién. Nhu vay ta suy
ra K 1a giao diém ctia (d) véi (OHR) nén K la diém c6 dinh.
Vay PQ luon di qua K c6 dinh. m

Bai 2.49 | Cho duong tron tam I noi tiép tam giac ABC tiép xtic v6i BC, AB, AC' tai D, E, F.
Qua E vé duong song song véi BC cit AD, DF & M, N. Chting minh ring M la trung diém
cia EN.

Loi gidi
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Qua A dyng dudng thang (d) song song véi BC va cat DF tai P.
Tt cach dung trén suy ra M N || AP. Do d6 theo dinh 1y Thales ta c6

MN DM
AP AD
Mat khac, cling theo dinh 1y Thales, ta co

EM CD CE DM
AE ~ CA CA AD

Tit hai dédng thic trén ta suy ra
EM  MN

AE AP
Mt khéc, dé thay AP = AF = AE nén suy ra EM = MN.
Vay M la trung diém EN.

0

Bai 2.50| Cho tam giac ABC ¢6 AB = ¢, BC' = a,AC' = b va [ la tam duong trron noi
tiép. Hai diém B’, C' 1an lugt nam trén hai canh AB, AC sao cho B’,C’, I thang hang. Chiing

minh rang
a+b+c
Sapc < BV V Sapc - Saper
Lot giai
(i) Cach 1.
A
B/
C’/
B o C
Goi D la chan duong phan giac trong goc A.
Trude tién ta c6 cac két qua quen thudc sau :
Bp = %
b+ c
b
AD = ——AB + < AC
b+c b+c

Vi I 1a chan duong phan giac trong ciia tam giac ABD nén :

Al BA b+c Al bte

EZBD_ a :>AD:a+b—|—c
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Ta suy ra :
- _te I8

at+b+c

_ b+C b ﬁ_'_ C 1@
a+b+c\b+c b+c

v FBL_C G¢
at+b+c at+b+c

bAB — cAC —

= -AB’ - AC

(a+b+c)AB +(a+b+@AC’ ¢

bAB cAC

Mat khac B',1,C’ thing hang ne
a ac B, I, ang hang nen AB’(a+b+C)+AC/(a+b+C)

= 1. Tuong duong véi :

b _bAB+}ﬂC
“ ‘T AR T AC

AM;GMz [bAB cAC
AB"  ACY

AB-AC AB-AC
:2\/%'\/ACI-AC'ACI-AB

52
= 2Vbe - (| —ABE

SAB’C : SAC’B

Suy ra :

a+b+c
Sapc < 2—\/b_c “\/SapcSapcr

Dén day chiing minh hoan tat.
(i) Cdch 2.
Binh phuong va chuyén vé, bat ding thiic dau bai tuong duong véi :

4bc Sapc Sapc
(a+b+c)? ~ Sapc  Sapc

4bc <AB“AU
(@t btcf S AB-AC

4b*c?
(a+b+c)?

< AB' - ACY

Ta ¢6 bd dé sau
1 A2
A

cos? —

AB' - AC" >

Xin khong chitng minh bé dé nay, ban doc ¢6 thé xem nhu bai tap.

TA— /bc(b+c—a),
a+b+c

Tiép theo, ta c6 cac déng thic :
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s A cosA+1
cos” — = ———
2 2
b+ — a?
2bc
2
(b+c—a)a+b+c)

4be

+1

Tt d6 thay rang :
ITA?
A

cos? —
2
4b%c?
(a+b+c)?

AB' - AC" >

Bat ding thic duge ching minh. 0

Bai 2.51| Cho ti giac ABCD nai tiép. E, F,G, H lan ludt 1a tam dudng tron noi tiép cac
tam giac ABC, BCD,CDA, DAB. Chitng minh ring tit gidc EFGH noi tiép.

Lot giai
B
A
H E)
F
D
C
Ta co o
— DA DB —
DGC:90°+TC:9O°+—C:DFC

Suy ra ti gidc DGCF nai tiép. Tuong tu, cac tit giac CFEB, AHEB, AHGD noi tiép.
T do suy ra

EFG = 360° — (ET\B+§F\O—I—C’/F\D+5F\G>

— 360° — (f(7\8+§1?\0+ﬁ7\D+ﬁC\G>

— 360° — (’MTB+90°+¥+90°+DTM+@>

= 90°
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Chiing minh tuong tur cho cac goc con lai, ta suy ra EFGH la hinh chit nhat. 0

Bai 2.52| Cho hinh vuong ABCD. I tuy y thuoc AB, DI cat BC tai E, CI cat AE tai F.
Chitng minh rang BF 1 DE.

Loi gidi
[
£ T G
A B
I
K
D C

Cho BF, AC lan lugt cat DE tai T, K. Suy ra (KTIE) = —1.

Goi giao diém ctia dudng tron ngoai tiép ABCD véi DE 1la N. AN cat BC tai G.

Ta c6: DNC = ONB = BNG = CNE = 45°.

Suy ra NC' la phan giac ngoai va NG la phan giac trong cua tam giac BN E.

Do d6 (CGBE) = —1 hay (KNIE) = —1 (xét phép chiéu xuyeén tam A)

Vivay N = T. Ta c6 diéu can ching minh. )

Bai 2.53 | Cho tam giac ABC khong vuong noi tiép duong tron (O), tryc tam H. d 13 dudng
thang bat ki qua H. Goi d,,ds, d. 1an lugt 1a cac duong thang doi xting véi d qua BC,C A, AB.
Chiing minh ring d,, dy, d. ddong quy tai mot diém trén (O).

Loi gidi
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Goi Hy, Hy, H3 1an lugt la cac giao diém thit hai cia AH, BH, CH véi (O).

Ta c¢6 Sap : H — Hs. Cho nén Hs € d.. Tuong tu Hy € d,, Hy € d,.

Mat khac Syp : d.— d va Sge : d — d,.

Do dé Spc o Sap = Rip2(Ba,Bcy @ de — dq Suy ra (d.,d,) = 2(BA, BC') (mod )

Goi giao diém ctia d, va d, 1a M. Ta c6 :
(CHs, CH,) = 2(CH,CB) = 2 [g — (BA,BC)|  (mod 1)

Nhu vay thi MCHszH; noi tiép suy ra M nam trén (ABC).
Mat khac, ta c6
(d., MHy) = (CHs,CH,) = 2(AB, AC) (mod )

Nhung d, lai qua Hs va tao véi d. mot goc 2(AB, AC) (ching minh tuong tuw trén). Nhu vay,
M H, trung véi dp, ta c6 diéu can ching minh. 0

Bai 2.54| Cho hinh thang ABCD (AB || CD). AC c&t CD tai O. Biét khoang cach tu O
dén AD va BC biang nhau, hay ching minh rang ABCD 14 hinh thang can.

Loi gidi
H
A M B
0
D¢ N e,

Goi H la giao diéem ctia AD,BC. M,N lan luot la giao diém ctia céc cip duong thing
(HO,AB),(HO,CD).

Suy ra M, N lan lugt 1a trung diém ctia AB,CD.

Vi cac khoang cach tit O dén AD, C'B bang nhau nén HO la phan giac DHC. Suy ra tam giac
HDC can tai H do c6 dudng phan giac cling 1a duong trung tuyén.

Vay ABCD la hinh thang can. )

Bai 2.55| Cho tam gidc ABC can tai A. Duong tron w tiép xtc AB, AC, cat BC tai K. AK
cit w tai diém thit hai 1a M. P, Q la diém déi xing ctia K qua B, C. Chiing minh ring dudng

tron ngoai tiép tam giac M P(Q tiép xic véi w.

Loi gidi
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Goi D, E lan lugt la tiép diém ctia w véi AB, BC; P’ 1a giao diém cia M D va BC.

Ta c6 DM EK la tit gidc didu hoa nen D(DEKM) = —1 hay D(BEKP') = —1. Ma DE || P'K
nén B la trung diém P'K hay P’ = P. Vi vay ma M, D, P thang hang.

Tuong tu ta ciing ¢6 M, E, ) thing hang.

Lai ¢6 DFE || PQ nén ton tai mot phép vi ty Z bién DE thanh PQ.

Suy ra Z : (MDFE) — (M PQ). Vay hai dudng tron w va (M PQ) tiép xtc v6i nhau tai M. O

Bai 2.56 | Cho tam gidc ABC vuodng tai A ¢ B= 20°, phan giac trong BI. Diém H nim
trén canh AB sao cho ACH = 30°. Hay tinh s6 do CHI.

Lo gidi
(i) Cach 1.
B
L
K
H
A C

Ké phan gidc CK ctia goc HOB.
Goi L 1 hinh chiéu ciia K trén BC.
Hai tam gidc ABLK va ABAC lan lugt vuong tai L, A va c¢6 géc B chung nén ching dong

dang, suy ra
LB KB KH
AB  BC CH
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Lai ¢6 tam giac BKC can tai K nén L la trung diem BC. Vi vay ma

BC 2KH KH
AB CH  AH

IC  HK
IA  HA
Tt do, theo dinh 1y Thales thi ta ¢c6 HI || CK. Vay CHI = HCK = 20°.
(i) Cach 2.
Pat CHI = o = AHI = 60° — a.
Ap dung dinh 1i sin cho tam giac CHI ta ¢6

Ccl B HI
sin C/’H\[ sin @

Suy ra
CI HI
—— = (1)
S1n & 3
Ta lai ¢6 :
HI 1 1

Al ~ sin AT sin(60° — a)

T (1) va (2) ta co :

ClI  ClI HI
AI ~ HI Al
B 2sin «

~ sin(60° — )
2sin o

cos(30° + «)

Ma BI 1a phan giac ABC nén o1 = cos 20°.

30°
Suy ra cos(30° + ) _ )
2sin o

Ma 0° < a < 60° nén vé trai 1a ham nghich bién, vé phai 1a ham dong bién

= cos 20° hay cos(30° + o) = 2c0s20° -sina (%)

Do d6 phuong trinh (%) ¢6 nghiem duy nhat o = 20°.
Vay CHI = 20°. 0

Bai 2.57| Cho tam gidac ABC ngoai tiép (I). Goi D, E, F lan lugt 1a diém déi xtng véi [
qua BC,CA, AB. Chitng minh ring AD, BE,CF dong quy.

Loi gidi
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Ta ¢6 : . - . -
sin BAD _sinBAD sin ACD sin ABD
sin@ sin@ sin@ Sin@

. 3B
_BD AD Sm?
~ AD CD 5 3C

3B

Sln—
:[B o
c . 3C
SIHT

B . sinz@ . sin@
Chtng minh tuong tiy cho ——— va ——, tasuy ra:
sin BOF sin ABE

. 3B
HSIHBAD H HSIH_ -1
sin CAD sin 2=
2
Theo dung dinh 1i Ceva dang sin, ta c6 diéu can chiing minh. 0

Bai 2.58| Cho tam gidc ABC can tai A noi tiép (O). Diem M la trung diém ctia AC. BM
cat lai (O) tai diém thit hai 1a Q. Chitng minh ring 24Q < BQ.

Loi gidi
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bat AB=AC =a,BC =b(2a >b). Ta co :
2BM = vVa? + 2b?

Tam giac AM(Q dong dang véi tam gidc BMC neén :

AQ_AM:AQ_BC-AM_ ab
BC  BM  BM /a2 + 212

Theo hé thiic lugng trong dudng tron thi :

2

a

MQ-MB=MA-MC = MQ=————

@ © 2va? + 2b2
Vay ta can chiing minh
4ab 2
e <V W ——
Twong duong véi
dab < a® + 2b% + o>

Hay (a — b)? > 0. Bat déng thitc nay hién nhién ding nén ta c6 didu can chitng minh. 0

Nhan xét. Mot két qua rong hon hon 1a :
BQ > max{AC,2AQ}

Cé hai bat dang thitc déu duge chiing minh tit déng thiic

1 (b AQ
so=30 (50 %)

Trong d6, a = AB = AC,b = BC. Viéc chitng minh dang thitc nay xin danh cho ban doc.

Bai 2.59 | Cho AABC théa man AB+ BC = 3C'A. Duong tron noi tiép (1) tiép xac AB, BC
tai D, E. Goi K, L tuong ting d6i xting véi D, E qua I. Chiing minh réng ti giac ACK L noi
tiép.

Loi gidi
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Goi G 1a giao diém CK, AB; F la giao diém AL, BC; M la giao diém AL, CK.

b
Pit BC —a, CA=b, AB=c, %*C:p.
Dé thay BG = AD =p — a.
. c+a—2>b
Dod6 AG=c—(p—a)=c+a—p=———=>b(doa+c=3b)

2
Suy ra AAGC can tai A. Tuong tu, ta c6 AACF can tai C.

Tu do ta co
KML = AGC + BAF

BAC — —— BAC
= 90° — =5~ + BAC — 90° + ——

~ BAC + ACB
a 2
.
=§< 80 —ABC)
_ %
2

Suy ra M € (I). Do dé
MLE = MDK = DGK = ACG

Vay ta c6 diéu can chitng minh. 0

Bai 2.60| Cho tam gidc ABC ngoai tiép (I). (I) tiép xic BC,CA, AB lan lugt tai D, E, F.
Chitng minh ring tam dudng tron ngoai tiép cac tam giac AID, BIE, CI1H thang hang.

Loi gidi

Goi Ay, By, Cy 1an lugt 1a trung diém cta EF, FD, DE.

Do d6 DA, EB,, FC, dong quy tai trong tam G clia tam giac DEF.

Xét phép nghich ddo tam I phuong tich k = r2, bién DA, EB;, FC; thanh duong tron ngoai
tiép cac tam giac IAD,IBE,ICF.

Ma DA;, EB;, FC; dong quy nén cac dudng tron do ciing ciing di qua mot diém khéc 1.

Tt d6 ta c6 diéu can ching minh. 0
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Cho tam giac ABC noi tiép (O). M, N lan lugt la diém chinh gitta cung AB khong
chita C' va cung AC khong chita B. D la trung diém MN. G la mot diém bat ki trén cung
BC khong chiia A. Goi I, J, K lan lugt 1a tam noi tiép cac tam giac ABC, ABG, ACG. Lay
P 1a giao diém thit hai ctia (GJK) v6i (ABC). Chiing minh rang P € DI.

Loi gidi

Do G,J,M va G,K,N thing hang va ti gidc PJKG noi tiép nén PJM = PKN. Lai c6

PM M
PMJ = PNK APJM ~ APKN, —_— =
J = nén J iy sz?;a PN - KN
Ma JM = AM, KN = AN — = h AMPN hoa.
aJ nén PN~ AN ay ti giac diéu hoa

Goi P’ 1a giao diém DI va (O) (P’ thuoc cung BC khong chita A). Ta c6 MA = MI va
NA = NI nén A d6i xting véi I qua MN. Vi vay M N la duong phan gidc ctia géc tao bdi hai
dudng thing DA, DP’. Suy ra ti gidc AMP'N diéu hoa.

Do d6 P = P’ va ta c6 diéu can chitng minh. 0
Cho n gidc deu A1 A;... A, (n > 4) thda man dieu kien
1 1 1
A, AA, | AA,
Hay tim n.
Loi gidi

Goi R 13 ban kinh dudng tron ngoai tiép da giac do.
Ap dung dinh Ii sin ta c6

2
A1A2 = 2Rsin Z, A1A3 = 2Rsin —ﬂ-, A1A4 = 2Rsin 3—7T
n n

n
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Datzzx <0<x<z).
n 4

Ta c6 day cac dang thitc tuong duong sau

1 B 1 1
sinz  sin2z  sin3z
1 sin 2z + sin 3x

sinx 2sin 2x sin 3x
1 sin 2z + sin 3x

sinx 2 8in x cos x sin 3x
sin 2z + sin 3z = 2sin 3x cos &

sin 2x + sin 3x = sin 2z + sin 4x

sin 3z = sin4x

MaO<x<£nénx:§.
Do d6, n = 7 1a gia tri duy nhét can tim. 0

Bai 2.63| Goi AA;, BB, CC] tuong ting la cac duong phan giac trong ctua tam giac ABC.
AA,, BB,,CC, cat duong tron ngoai tiép tam giac do6 tai Ay, By, Cy theo thit tir. Chiing minh
rang :

AA; BB C’C’1<9

A4, BB, TCC, S1

2
NS

4,

Loi gidi

B,

C

Ap dung hé thiic lugng trong duong tron, ta co
AA - AjAy = A4B - A C

Ma cac hé thiic quen thudc cho ta :

ac
AB =
! b+c
ab
A C =
! b+c

Vbe(a+b+c)(b+c—a)
b+c

AA =1, =
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Suy ra :
2
Ay Ay = Ve
(b+c)\/(a+b+c)(b+c—a)
Khi do :
AA; AA, _(a+bd+c)btc—a) .
AAQ - AA1 —|—A1A2 - (b+C)2 - (b+6)2

Do vay bat dang thiic can ching minh tuong duong véi :

Za—2>§
(b+c)2~ 4

Theo bat dang thitc Cauchy - Schwarz va Nesbitt, ta co :

a? a \>_ 9
v S > 2
3Z(b+c)2/<zb+c) ~ 4

Tt day ta suy ra diéu can ching minh. 0

Bai 2.64 | Cho tam gidc ABC, duong thang d cit cac duong thang BC, C A, AB lan lugt tai
D, E,F.Goi O, 0,03 lan luct 1a tam duong tron ngoai tiép cac tam gidc AEF, BDF,CDE.
Chitng minh rang tryc tam tam giac 010,03 nam trén d.

Loi gidi

Goi M la diém Miquel ctia t@ giac toan phan BOEFAD.

Ta lai c6 diem dbi xing ctia M qua 0104, 0505, 050; lan luct 1a D, E, F.

Suy ra M thudc dudng tron ngoai tiép tam gidac O10-03 va d la dudng théng Steiner ctia M
d6i véi (010,03).

Suy ra tryc tam ctia tam giac 010,03 nam trén d.

Ta c6 diéu can chiing minh. 0
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Bai 2.65| Cho tit gidc ABCD, AC cat BD tai O. Goi M, N, P,Q lan luct 1a hinh chiéu clia
O tréen AB, BC,CD, DA. Biét rang OM = OP,ON = O(Q. Chting minh réng ABC D 13 hinh
binh hanh.

L&i gidi

YK X
v

Fe D P C

Trudng hop AB || CD hodc BC' || AD thi hién nhién ta ¢ diéu can chting minh.

Truong hop khong song song ta sé chiing minh bang phan chiing.

Gia st ABC'D khong phai 1a hinh thang.

Goi E la giao diém ctia AD, BC; F la giao diém cta AB,CD.

Tu gid thiét ta c6 £O, FO lan lugt 1a phan giac trong AEB,CFB.

Ta lai ¢6 E(ABOF) = —1 nén EF la phan gidc ngoai ctia A/E\B, suy ra FF 1 FEO.

Twong ti ta c6 EF L FO.

Do d6 FO || EO (vo 1y)

Tt d6 suy ra dieéu can chitng minh. 0

Bai 2.66 | Cho tam gidac ABC, phan giac trong AD(D € BC). Goi M, N la cac diém thuoc
tia AB, AC sao cho MDA = ABC,NDA = ACB. Cac dudsng thang AD, M N cit nhau tai
P. Chitng minh rang :

AD? = AB - AC - AP

Li gidi
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Ta c6: MDN = MDA+ NDA = B + C = 180° — A. Do d6 tit giac ADMN nai tiép.
Suyram:m:avém:mzﬁ.
Vi vay AAMP «~ AACD va AANP «~ AABD. Tit d6 ta c6 cac ding thiic

AM - AD = AP - AC (1)
AN - AD = AP - AB (2)

Mat khéc, AADN «~ AACD. Suy ra
AD? = AN - AC (3)

Tuong tu ta co :

AD? = AM - AB (4)
Nhan vé theo vé cac dang thic trén ta cé :
AM - AN - AD® = AM - AN - AB? - AC? - AP?

Twong duong véi

AD? = AB - AC - AP

Bai toan dugce chitng minh. 0

Bai 2.67| Trén mat phang cho 2000 duong thang phan biét, doi mot cit nhau. Chiing minh

N N Z 2 18
rang ton tai it nhat 2 duong thing ma goc cia ching khong 16n hon 2000 (do).

Lot giai

Xét mot diem O bat ki, qua dé ta vé 2000 duong thing tuong tng song song véi cac duong da
cho. Khi d6 cac géc gitta 2 duong thing bao toan.

2000 duong thang trén tao thanh 4000 tia chung gbc O. Mbi cap tia lién tiép tuong tng véi
mot géc gita 2 dudng thing nén c6 ding 4000 géc va 4000 goc dé co tong s6 do 1a 360°.
Theo nguyén 1y Dirichlet ta c6 di¢u can chitng minh. 0

Cho t gidc ABCD n6i tiép (O) ¢6 AB = AD. M, N nim trén cac canh BC,CD
sao cho MN = BM + DN. AM, AN cét (O) tai P,Q.
Chitng minh rang tryc tam tam giac APQ nam trén MN.

Loi gidi
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Goi H la diém trén doan M N sao cho MH = BM, NH = DN: N’ la diém trén tia déi ctia tia
BC sao cho BN’ = DN.
Ta ¢6 ABN' = ADN va AB = AD nén AABN’ = AADN. Suy ra AN' = AN.
Lai c6 MN' = MB + BN' = MB+ DN = MN. Do d6 N’ va N dbi xting véi nhau qua AP.
Tu do6 suy ra H do6i xting véi B qua AP. Tuong ty, ta c6 H doi xing v6i D qua AQ.
Goi J la giao diém ctia AH véi (O) thi P,Q la trung diém ctia cac cung B.J, DJ khong chita
A.Suyra PJ=PB=PH QJ =QD = QH hay H dbi xting v6i J qua PQ. Vi vay AH L PQ.
Suy ra

PQH = PQJ = PAJ = PAB = PQB

Do d6 B, Q, H thing hang hay QH LAP.
Vay H la tryc tam tam giac APQ 0

Bai 2.69| Cho tit gidc ABC'D. Hai duong chéo AC, BD cit nhau tai O. Goi 71, 72,73, 74 1an
luot 1a ban kinh cac duong tron noi tiép cac tam giac AOB, BOC,COD, DOA.
Chitng minh rang

1a diéu kien can va du dé ti gidc ABC'D ngoai tiép duge mot duong tron.

Lot giai
Dit AB = a, BC =b,CD = ¢, DA = d va OA = 2,08 = y,0C = 2,0D = t. Goi a = AOB.
Khi dé ta c6 day cac déng thitc tuong duong sau :

1 1 1 1

(&1 s T2 T4

PaoB i bcop  PBoc i Paob

Saos  Scop  Spoc  Saop
x—l—y+a+ z+t+c y—l—z+b+x+t—|—d
Ty sin o stsina yzsino xtsin o

a c b d
+

wy et yz | oat
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azt + cry = btx + dyz
a2t + AyPa? + 2acayzt = VP2 4 dPyP2® + 2bdayzt
—2zt cosa — 2xy cos a + 2ca = 2xt cos a + 2yz cos a + 2bd
(* =22 —1?) + (a® — 2® — y*) + 2ca = (d* — 2° — *) + (b* — y* — 2%) + 2bd
(a+c)* = (b+d)?
a+c=b+d
Ding thtic cudi cling chitng t6 tit gisc ABC'D ngoai tiép va cac dang thiic trén déu tuong duong

v6i nhau nén ta c6 dieéu can chiing minh. 0

Bai 2.70 | Cho tam gidc ABC ¢6 M la trung diém ctia BC va H la truc tam tam gidc. Duong
thing vuong géc véi HM tai H cit AB, AC tai D, E. Chiing minh ring H la trung diém ciia
DE.

Loi gidi
A
P
b il
Q
E
5° ", *C
(i) Cach 1.

Ta c6 : DAH = MCH (:900—@) va MHC = HDA (:900—1/}[7)> (I 1a giao diém
cia CH va AB).

. DH AH ~ )
Suy ra AADH ~ ACHM. Do d6 T MO Vi vay ta co
HM - AH
DH=—-— 1
VT (1)
Hoan toan tuong tu, ta co
HM - AH
HE = —— 2
B (2)

T (1) va (2), két hop véi MB = MC, ta suy ra HE = HD (diéu can chiing minh)

(i) Cdch 2.

Lay P la mot diém bat ki trén duong thang qua A song song véi DE (P # A), Q 1a mot diém
bat ki trén dudng thang qua H song song véi BC (Q # H).

Ta o : 2B gpemg) va 22 — appHP).
MC HE




139

Ma HB L AC,HC 1 AD,HM 1 AP,HQ 1 AH nén H(CBQM) = A(DEHP). Suy ra

MB HD
MC HE
Ma M la trung diém BC nén ta c6 diéu can chiing minh. 0

Cho doan thing AB = a ¢6 dinh. Diém M di dong tren AB (M khéc A, B). Trong
cling mot nita mat phang bo 1a dudng thang AB dyng hinh vuong AMCD va MBEF. Hai
dudng thang AF, BC' cit nhau 6 N.

Tim vi tri diém M sao cho doan M N c6 do dai 16n nhat.

Loi gidi
F E
v/
De-="7 C
A M B
(i) Cdch 1.

Gia sit cac hinh vuong AMCD, BEFM c6 huéng duong. Khi d6 Ry —goe) : A — C, F — B.
Suy ra Ru,—g00)(AF) = CB.
Do d6 ANB = 90° neén tit gidac ANCM noi tiép.
Vi vay ANM = ACM = 45° hay N M la phan giéc ctia ANB.
Mit khéc, trong mot tam giac thi dudng phan gidc luon c6 do dai nhé hon dudng trung tuyén
xuat phat ti ciing mot dinh. Suy ra
MN < AB
2
(ii) Cdch 2.
Tit cach 1 ta c6 DNM = ENM = 90°. Suy ra D, N, E théng hang.
Do d6 M N la duong cao cua tam giac vuong DM E. Vi vay
1 1 1
MN? ~ DMZ T ME?

1/ 1 1 \?
> (=t =
2o\ DM " EM

1 4 2
2_ -
2o\ DM + ME
4
- AB?

Suy ra
AB
MN < 3
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Déng thitc xay ra khi M 1a trung diém AB.
. .. AB ,
Vay M N dat gia tri nhé nhat bang - khi M la trung diem AB. 0

Cho tam giac ABC nhon khong can, noi tiép (O). Cac dudng cao AAy, BBy, CCy
dong quy tai H. Cac diéem A;, Ay thudc (O) sao cho dudng tron ngoai tiép cac tam gidc
A1 ByCy, A3 ByCy tiép xuc trong véi (O) tai Ay, As. By, By, C1, Cy xac dinh tuong tu.

Chitng minh rang By B,y, C1Cs, A; Ay dong quy tai mot diém tren OH.

Loi gidi

Goi X4 la giao diém cta ByC, véi BC.

Tuong tu cho cac diem Xp, Xc.

Dé ching minh dudge X4, X, X¢ thing hang va Ay, A, 1 céc tiép diém ctia hai tiép tuyén ké
tit X4 déi véi (O).

Céac diéem Xp, X¢ duge dinh nghia tuong tu. Goi A la dudng thang di qua X4, X, Xc. Vi
A Ay 1a duong doi cye ctia X4 ddi v6i (O) nén Ay Ay, By By, C1Cy dong quy tai cic clia duong
thang A ddi véi (O).

Dé chitng minh diém dong quy ndm trén OH, ta chi can chiing minh A vuong goéc véi OH.
Vi B, C, By, Cy dong vién nén X 4 nam trén truc dang phuong ctia (O) va dudng tron Euler clia
tam gidc ABC.

Tuong t, suy ra A la truc dang phuong ciia (O) va duong tron Euler ctia tam gidc ABC.

Do dé dudng théng A vuong géc véi OH. Ta c¢6 diéu can ching minh. 0

Bai 2.73| Cho duong tron (I) noi tiép tam giac ABC tiép xic BC,CA, AB tai A, By, C.
Cac du@ng théng ]Al, IB17 ICl tuong fl’l’lg cat cac doan thzzmg BlCl, ClAl, AlBl tai AQ, BQ, CQ.
Chitng minh cac dudng thing AAy, BBy, CCy dong quy.

Loi gidi
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AV g
Bl
AQ
C i
1 02
2
B *C

(i) Cdch 1. (St dung tinh chit hang diém didu hoa)

Ta sé chiing minh ring AA, di qua trung diém M ctia BC.

Néu AB = AC thi di¢u nay 1 hién nhién.

Néu AB # AC, goi S la giao diém ctia B,C; va dudng thang qua A song song BC. V la giao
diém ctia AS va A As,.

Khi d6 ZV\I = 90°. Suy ra VB1IC) ndi tiép, ma IB; = IC; nén V A, 1a phan giac trong clia
BVC

ViVs 1 VA, nén VS la phan gidc ngoai cua BTV\CL

Do d6 (B1C1A3S) = —1 hay A(BOM'S) = —1 v6i M’ 1a giao diém ctia AA, v6i BC.

Suy ra M’ la trung diém BC hay M = M’.

Do d6 AA,, BBy, CCy 1a cac dudng trung tuyén ciia tam giac ABC nén ching dong quy tai
trong tam tam giac.

(ii) Cach 2. (St dung dinh 1i Menelaus va Ceva)

Do A, Ay, BBy, C1Cy dong quy nén theo dinh 1i Menelaus ta c6 :

AgBl BQCl Alcg -1
AQCl BQAl CgBl N

Ma AB; = AC, nén :

SinB/z4\142 ClAQ sinm 3102 sinC'/BE AlBQ

Sil’lm B BlAQ’ Sin_B/C-'E N 3102, Sil’lz@ N ClBQ

Suy ra
SiIlB//l\z4Q Sin@ Sin@ . A2B1 B2Cl CQAl -1
sin C/AE sin B/C\Cg sin /TBE AC1 ByAy CyBy

Theo dinh 1i Ceva dang sin ta c6 diéu can chiing minh.

(iii) Cdch 3.

Tuong tif nhu bai 2.44, ta suy ra AA, 13 trung tuyén ciia tam giac ABC. Suy ra AAy, BBy, CC,
dong quy tai trong tam tam giac ABC. )
Chu y. Cach 1 ctia bai toan nay c6 thé ap dung cho bai 2.44 nhu mot cach chiing minh khac.



142

Bai 2.74| Cho tam giac ABC can tai A. Trén tia doi clia tia C A lay diém E. Giao diém ciia
BE va phan giac géc BAC 1a D. Duong thang qua D song song AB cit BC & F. AF cét
BE tai M. Chiing minh ring M la trung diéem BE.

Loi gidi

(i) Cach 1.
Goi N la giao diem DF va AC, dé c6 NA = ND.
Ta c6 DNC = EAB va DCN = EBA nén ADNC « AEAB. Suy ra
NC _AB
ND AE
Do do6
FC NC AC
FB NA AE

T do, ap dung dinh 1y Menelaus cho ABCE véi cac diém A, F, M ta c6 diéu can ching minh.

(i) Cach 2.
Goi H la trung diém ctia BC.
Ta c6 ABDF 1a hinh thang nén M H di qua trung diém ctia AB.

Ma M H song song v6i CE nén suy ra M la trung diem ctia BE (dudng trung binh trong tam
giac BCE). 0

Bai 2.75| Cho tit giac 16i ABC'D sao cho AB ko song song véi C'D va diém X beén trong tit
giac thoa ADX = BCX < 90° va DAX = CBX < 90°. Goi Y la giao diém dudng trung triec
ciia AB va C'D. Chiing minh ring AY B = 2ADX.

Loi gidi
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Bo6 dé : Cho hai duong tron (O;) va (Os) cit nhau tai X, Z. Lay A la mot diém bat ki ndm
tren (Oy). Dyng tia ZB d6i xtng tia ZA qua ZX v6i B thudc (Os). Goi O 1a tam ngoai tiép
ANABZ. Khi d6 ta ¢c6 O0O; = OO0,.

Ching minh bé dé.

(OOl, 0102) = (001, AZ) + (AZ, ZX) + (ZX, 0102)
= (OlOQ, ZX) + (ZX, ZB) + (ZB,OOQ)
= (0102, OOQ) (mod 71')

Do do6 tam giac OO104 can tai O nén O0O; = O0s.

Bo6 dé dugc ching minh. O
Tré lal bai toan :

Goi (0y), (O9) 1an lugt 1a duong tron ngoai tiep AXAD va AX BC.

Goi Z la giao diém thtt hai ctia (Oy), (Os).

Goi (0), (0" 1an lugt 1a dudng tron ngoai tiep AZAB va AZCD.

Goi Y’ 1a giao diém thit hai ctia (O), (0').

Taco: M=ZXN(O)M+#Z),N=2Xn(0) (N +Z)

Taco: (ZA,ZX) = (DA, DX) = (CX,CB) = (ZX,ZB) (mod 7) nén ap dung bd dé tren ta
c6 O0; = O0,. Tuong tu ta cung c6 O'O, = O'Os.

Suy ra OO" 1. 010,.

Mat khac XZ L 0105, 2Y" L. OO' nén ZY' 1 ZX.
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Xét (0) c6 ZY' L ZM va M la diém chinh gitta cung AB khong chita Y7, tasuy ra Y’A = Y'B.
Tuong tu: Y'C=Y'DnéenY' =Y.
Vivay AYB = AZB = 2ADX. Ta c6 diéu can chitng minh. 0

Bai 2.76 | Cho tit gidc 101 ABC'D noi tiép trong (O). AD cat BC tai E, AC cat BD tai
F.M, N la trung diém AB,CD. Chitng minh ring :

EF

2MN |AB CD
|CD AB

Loi gidi

Gida st AB < CD,BC < AD.

Goi P la trung diém EF. Khi d6 M, N, P thang hang (ap dung dinh 1i Gauss cho tit gidc toan
phan AEBFDC') va M nam trén doan PN.

Tru6c hét, ta sé chiing minh

2PM  AB 0
EF  CD
Tuwong duong vé6i
PM  PF
AB CD

Goi U la diém déi xtng véi F qua N,V la trung diém EU.
Ta ¢6 CFDU 1a hinh binh hanh. Nen ADU = 180° — CAD = 180° — CBD = EBF.

Mat khéac, ta co
FB FB AB EB

DU FC CD ED
Do d6 AEBF «~ AEDU. Suy ra

P _ VD
AB ~ DC
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Tuong tu, ta suy ra APAB «~ AVCD.

T do ta co
PM VN PF
AB  CD CD

Dang thitc (1) duge chiing minh.
Hoan toan tuong tu, ta chiing minh dugc

2PN CD @)
EF  AB
Tu (1) va (2) ta suy ra diéu can chiing minh. 0

Bai 2.77| Cho tit giac ABCD nai tiép dugc mot duong tron. Ching minh rang :

AC  DA-AB+ BC-CD
BD AB-BC+CD-DA

Ldi gigi
(i) Cach 1.

Ké day DE, CF song song véi AC, BD tuong ung.
Tacoé: AE=DC,CE = AD.
Ap dung dinh 1y Ptolemy ta c6

FEA-BC+ AB-CE =AC - BE

Twong duong véi
DC-BC+ AB-DA = AC - BE (1)

Tuong tu, ta co
AB-BC+CD-DA=AF-BD (2)

Chia theo vé hai dang thitc (1) va (2), v6i chti ¥ ring AF = BE, ta c6 diéu can chiing minh.
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(ii) Cach 2.

Ta ¢6 :
AC-AB-BC + AC-CD - DA = 4R(Sapc + Scpa)
= 4R(Sapp + Ssep)
=DA-AB-BD+ BC-CD-BD
Tu dé suy ra diéu can chitng minh. 0

Bai 2.78 | Cho tam gidc nhon ABC noi tiép (O; R).Goi Ry, Ry, R3 tuong ting la ban kinh
duong tron ngoai tiép cac tam giac OBC,OCA, OAB. Chitng minh rang :

Ry + Ry + R3 2 3R

Loi gidi

B v C
Goi O; 1a tam ngoai tiép ctia tam giac OBC.Ta c6 :
Ry = 0,B,BO0O; = A
Ap dung dinh 1i ham s6 sin cho tam gidc BOO; ta c6 :

Ry =0,B= OBSi@ = R.SinA = R
sin BO,0 sin2A  2cos A

Do d6 A ) . .
it Rt By = 2 (cosA * cos B * COSC)
25. ) > 3R
2 cosA+cosB+cosC

Dén day chiing minh hoan tat. )



“Giita nhitng bj dc thong mink ngang nhau va trong nhitng dieu Kién tuong tu,
ai c6 tink thin hink hoc thi ngudi d s¢ thing va thu duoc mot cuong lic hodn todn mdimé.”

Blaise Pascal
“Hink hoc [a Khoa hoc ciia [y ludn chink xdc trén cdc s0 liéu Khdng chink xdc.”
George Polya
“Hink hoc [a nén tdng ciia tdt cd cdc bitc tranh.”
Albrecht Diirer

‘Cdm hitng [uén cdn thiét trong hink hoc, ciing giong nhu trong thi ca.”

Alexander PushKin
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