Muc luc

Loinéidau . ........... ... 3
Chuong 1. Mot sb bai tap bd sung 4
1.1 Khaosathamsb. ... ... ... ... ... ... ..... 4
1.2 Phuong trinh, bat phuong trinh, hé phuong trinh . . . . . . . 8
1.2.1 Phuongtrinh . ........................ 8
1.2.2 Héphuongtrinh ....................... 17
1.2.3 Phuong trinh cé6 chitathamsé. . ............. 34
1.24 Batphuongtrinh ... .................... 35

1.3 Phuong trinh lugng giac . . . ... ................. 39
1.4 Hinh hoc giai tich trong métphang . . . .. .. ......... 48
1.4.1 Pudngthang. .. ... .. ... ... .. 48
142 Puongtron......... ... ... ... .. ... ..., 54

1.5 Hinh hoc giai tich trong Khéng gian . . ... .......... 63
1.5.1 Puongthang vamatphang . ............... 63
152 MBLCAU . . o o v v e e e e e e e e 68

1.6 Hinh khonggian ... ........................ 72
1.6.1 Khéich6p. .. ... ... .. 72
1.6.2 Khéilangtru . . ... ... ... 74

1.7 Tichphan . .. ... ... ... . ... ... .. . . . .. .. ..., 75
1.8 SOPhtc . . . . oo 80
1.8.1 Batdangthiic . ............. ... ... 80

1.9 Batdangthic . ... ... ... ..., 80
1.10 Pap s6, huéng dan giai bai tap Chuong 1 . .. ......... 86
Phuluc A. Vai van dé khac 287
A.1 Mot ki thuat nhan luongliénhop . ... .. ... ... ..... 287

1



A.2 Dua ve hé dong bac
A.3 Giai phuong trinh bac bon day du bang may tinh cam tay . . 298
A4 DungMapled&chédé ... ....... ... ... ...... 303
A5 Motsdbbaitoanvéiloigidgihay . . . ... ... .......... 303



Pong Nai, nam 2012,
Sap chit bang IATEX béi Tran Van Toan,
Gido vién truong THPT chuyén Luong Thé Vinh,
Bién Hoa, Pong Nai.



Chuong 1
Mot sb bai tap bé sung

1.1 Kh3o sat ham sb

Cho ham sb
y=x3—6x2+9x-2. (1.1)

1) Khao sat va va vé do thi (¥) ctia ham sb.

2) Viét phuong trinh tiép tuyén ctia do thi ham s6 (¥) tai diém M biét
diém M cung vé6i hai diém cuc tri caa d6 thi ham sb (¥) tao thanh
tam gidc c6 dién tich bang 6.

Céch 1. Hai diém cuc tri caa (¥) 1a A(1;2), B(3;-2). Pat M(a;a® -
6a2+9a —2).

bat tam giac ABM vao khong gian toa do Oxyz, khi dé
A(1;2;0), B(3;-2;0), M(a;a®-6a%+9a-2;0).

St dung cong thiic tinh dién tich tam giac trong khong gian toa do,
ta tinh dudc

Sy = %|2a3 —12a* +22a - 12|.
Giai phuong trinh S,g) =6, ta tim dudc @ =4 hoac a =0.
Véi a = 4, ta ¢6 M(4;2). Phuong trinh tiép tuyén tai M 1a y = 9x — 34.
Véi a = 0, ta ¢6 M(0;—2). Phuong trinh tiép tuyén tai M 1a y = 9x 2.



1.1. Khdo sdt ham sb 5

e Gia st hai diém cuc tri cia (¥) 1a A(1;2), B(3;-2). Ta c6 AB =
2v/5. Phuong trinh dudng thang AB 1a 2x+y—-4=0.

e Goi & 1a khoang cach tit diém M dén duong thang AB, ta c6

1 6
SMABZE'h'ABQh:ﬁ-

Nhu vay, M sé thudc dudng thing song song va cach dudng
2 o Y 6 ~ s A\
thang AB mo6t khoang bang A = 7 Phuong trinh cac duong

. v5
thang nay la
2¢+y+2=0, 2x+y-10=0.
Giai hé phuong trinh

y=x%-6x2+9x -2,
2x+y+2=0,

ta dudc M(0;-2). Phuong trinh tiép tuyén tai M 1a y = 9x - 2.
Giai hé phuong trinh

y=x3-6x2+9x—2,
2x+y—-10=0,

ta dudc M(4;2). Phuong trinh tiép tuyén tai M 1a y = 9x — 34.

N e A N A - 2 , A . . . M 4.

Bai tap 1.1. Cho ham so y = x_l c6 do thi (). Chiing minh rang véi
x f—

moi m duong thang (d,,): y = —x+m ludn cat do thi (¢) tai hai diém phan

biét A, B. Tim m dé cac tiép tuyén cta (%) tai A, B tao véi nhau mot géc

a thod cosa = —.
17

Bai tap 1.2. Cho ham s6 y = % c¢6 do thi (). Ching minh rang véi
x—

moi m dudng thang y = 2x +m ludn cat do thi (#) tai hai diém phan biét
A va B. Goi d1, dg 1a cac tiép tuyén véi () tai A va B. Tim m dé I(2;1)
cach déu dl, dz.
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Bai tap 1.3. Cho ham s6
y:x3 —3(m+1)x%+6mx—3m+4

¢6 d6 thi 1a (¥). Goi A 1a tiép tuyén cta (¥) tai diém A c¢6 hoanh d6 bing
1. Tim m dé tiép tuyén A cit (%) tai diém B khéc A sao cho tam gidc OAB
can tai O (O 1a gbc toa do)

Bai tap 1.4. Cho ham sb

3

y:x3—3mx2+3(m2—1)x—m +m

¢6 d6 thi 1a (C,,). Ching minh réng ham sbé da cho luén c6 cuc dai va
cuc tiéu v6i moi gid tri ciia m. Tim m d€ cac diém cuec tri ciia do thi ham
s6 (Cp,) cung véi diém I(1;1) lap thanh mot tam gidc noi tiép trong mot
dudng tron c6 ban kinh bang v/5.

Bai tap 1.5. Cho ham s6 y = 2% —3x% + 2 ¢6 d6 thi 12 (¥). Tim trén (%)
diém A sao cho khoang cach tit A dén B(2;-4) 1a nhé nhét.

Bai tap 1.6. Cho ham s6 y = x®—3x+2 c6 do thi 1a (%). Viét phuong trinh
dudng thing d cit (¥) tai ba diém A(2;4), B, C sao cho gbc toa d6 O ndm
trén duong tron duong kinh BC.

<eogn R £ 3x+1 oy o % .
Bai tap 1.7. Cho ham so y = x_ T 0 do thi la (¥). Viet phuong trinh

dudng thang (d) cat (¥) tai hai diém phan biét C, D sao cho ti gidc ABCD
1 hinh binh hanh, biét A(-1;2) va B(-6;3).

_11 ¢6 dd thi 1a (¥). Goi I 1a giao diém

seqn S A 2
Bai tap 1.8. Cho ham so y = ad

hai dudng tiém can cta (¢). Véi gia tri nao ctia m, dudng thang y = —x+m
cat (¢) tai hai diém phan biét A, B va tam gidc IAB la tam gidc déu?
N e A N A + 2 2 A RN . N . - 2 o
Bai tap 1.9. Cho ham so y = x_l c6 do thi la (¥). Goi I 1a giao diém ctua
x —
hai dudng tiém can. Tim trén do thi (¥) hai diém A va B sao cho tam giac
IAB nhan diém H(4;-2) lam truc tam.

mx+2

Bai tap 1.10. Choham sb y = i (Cm) , m 1a tham s6 thuc. Cho hai
x —

diém A(-3;4) va B(3;-2). Tim m dé trén d6 thi (C,,) c6 hai diémP, @ cach

déu hai diém A, B va dién tich ti gidc APBQ bang 24.
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2Z2-(m+Dx+2m-1

(Cpy), m 1a tham sb
x—2

Bai tap 1.11. Cho ham s6 y =
thuc.

Ching minh rang véi moi m dudng thang y = 2x —4 luén cit d6 thi

(C,,) tai hai diém phan biét A va B. Tim m sao cho tam gidc OAB c6 ban
kinh duong tron ngoai tiép bang @, trong d6 O 1a gbc toa do.
Bai tap 1.12. Cho ham sb6

y:x4—3(m+1)x2+3m+2

¢6 db thi la (C,,). Gia st @6 thi ham s6 (C,)cat truc Ox tai 4 diém phan
biét. Khi m >0 goi A 1a giao diém c6 hoanh d6 16n nhat. Tiép tuyén cta
d6 thi ham s6 (C,,) tai A cat truc Oy tai B. Tim m dé tam gidc OAB c6
dién tich bang 24

Bai tap 1.13. Cho ham sb
y:x3+3x2+mx+m

¢6 do thi 1a (Cm). Tim m d€ dudng thing (d) di qua diém I(-1;2) v6i hé
s6 géc —m cat d6 thi ham s6 (Cm) tai ba diém phan biét A, B, I. Chiing
minh ring céc tiép tuyén cta do thi ham sé (Cm) tai A va B song song
v6i nhau.

Bai tap 1.14. Cho ham sb y =x%—3x+2 c6 do thi 12 (¥). Tim céc diém M
thudc (%) sao cho tiép tuyén caa (¥) tai M cat (¥) tai diéfm N thoa man
MN = /26.

\ e A N A _4
Bai tap 1.15. Cho ham so y = 3x
: 4x+3

céc tiép tuyén tai cac diém A thudc (%) biét tiép tuyén cit truc hoanh tai

¢6 do thi 1a (¥). Viét phuong trinh

B sao cho tam giac OAB can tai A.

Bai tap 1.16. Cho ham s6 y = 2% —3x+2 c6 d6 thi 1a (¥) va hai diém
A(0;4), B (%, 2) Tim toa do diém M thudc (%) sao cho tam gidc ABM can
tai M.

Bai tap 1.17. Cho ham s6 y = x* —3x% -2 c6 d6 thi 12 (¥). Tim s6 thuc
duong dé duong thang y = a cit (¥) tai hai diém A, B sao cho tam giéc
OAB vudng tai goc toa do.



8 Chuong 1. Mot sé bai tdp bo sung

1.2 Phuong trinh, b4t phuong trinh, hé phuong trinh

1.2.1 Phuong trinh

Bai tap 1.18. Giai cac phuong trinh sau:
1) Va+1-Bx?+x+1)=x3+3x2+3x;
2) VI-x-(8x?—x+1)=x%-3x%+3x

Bai tap 1.19. Giai cac phuong trinh sau:

1) 2—\/36+2 — V¥ T
x—3

+1
X o= Var Il
x—

2) 3-

Bai tap 1.20. Giai cac phuong trinh sau:

1) 2x%+5x-1=7vVx3-1; Dap sb. {4+ V6;4 - V6}.
2) x2+2x+4=3Vx3+4x; Pap sb. {2}.
3) x2—4x-2=2Vx3+1; Dap sb. {5+/33;5-v33}.
4) 2(x%2-3x+2)=3Vx3+8; Dap sb. {3+v13;3-V13}.
. [5+v37 537
5) 2x%2+2)=5Vx3 +1. bap sé.{ +;/_; g/_}

Bai tap 1.21. Giai phuong trinh /2 (x* +4) = 3x% — 10x + 6.

<o n o . 3
Bai tap 1.22. Giai phuong trinh 4x?—6x+1= —g V16x*+4x2 +1.

Bai tap 1.23. Giai phuong trinh  7x% - 10x+ 14 =5Vx? + 4.

Bai tap 1.24. Giai phuong trinh  x%2 —-Tx+1=4vVat+x2 +1.

2x2 - 9x+ 17
V2xZ_6x+16+vV3x—1

Bai tap 1.25. Giai phuong trinh  3-x=
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Bai tap 1.26.
Bai tap 1.27.

Bai tap 1.28.
Bai tap 1.29.
Bai tap 1.30.

Bai tap 1.31.

Bai tap 1.32.

Bai tap 1.33.

Bai tap 1.34.

Bai tap 1.35.

Bai tap 1.36.

Bai tap 1.37.

Bai tap 1.38.

Bai tap 1.39.

Giai phuong trinh
Giai phuong trinh
Giai phuong trinh
Giai phuong trinh
Giai phuong trinh

Giai phuong trinh

Giai phuong trinh

Giai phuong trinh

- (x+2Vx—-1=x-2.

x—1

x+2

x+4-2

x+2

x—1

2(x-2)(Vdx—4+v2x-2)=3x-1.

(Bx—5)V2x2—-3=4x2-6x+1.

2V2x +4+4v2—x=vV9x2 + 16.

x+2

1 1

x+V3xt—-11x2+9

/

14+2x-V1—x2

2

x2-1 x2-3°

=1-2x2.

V6x2 — 40x + 150 — V/4x2 — 60x + 100 = 2x — 10.

Giai phuong trinh

V/3x2 — 18x + 25+ V4x2 — 24x + 29 = 6x — x2 — 4.

Giai phuong trinh x —1+vVx+1+v2-x =52+ V2.

Giai phuong trinh

22 +(2x+3)-V3x2+6x+2=6x+5.

Giai phuong trinh

VbBx2+14x+9— Va2 —x—20=5vVx + 1.

(Du bi khéi B, 2010) Giai phuong trinh
8x% —8x+3=8x-V2x2—3x+1.
Giai phuong trinh sau trén tap s6 thuc:

3
Bx+1)V2x2-1=5x>+ 5x—3.
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Bai tap 1.40. Giai phuong trinh
xt+4x3 +5x2 +2x—10=12Vx2 +2x +5.
Bai tap 1.41. Giai phuong trinh

(x+2)Vx2—2x+5=x%+5.

Bai tap 1.42. Giai phuong trinh

Vie+4)2x+3)-3Vx+8=4—/(x+8)(2x +3)+3Vx +4.

Bai tap 1.43. Giai phuong trinh

341
X —Vx+1=Vx2-x+1-Vx+3.

x+3

Bai tap 1.44. Giai phuong trinh

Va3 +6x2—6x—1=Vx2+4x+1.

Bai tap 1.45. Giai phuong trinh

Va2 +x+2- V22 +x+1=(x?—1) V322 +2x+3.

Bai tap 1.46. Giai phuong trinh
x—2Vx—1-(x—1vVx+VaZ-—x=0.

Bai tap 1.47. Giai phuong trinh

Bai tap 1.48. Giai phuong trinh
4-V4-x2+12x- V452 =5x%+6x+8.
Bai tap 1.49. Giai phuong trinh

Va+ vVa(l-x)2+vV(1-xB3=vV1-x+ VB + Vx2(1 - x).
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11

Bai tap 1.50.

Bai tap 1.51.

Bai tap 1.52.

Bai tap 1.53.

Bai tap 1.54.

Bai tap 1.55.

Bai tap 1.56.

Bai tap 1.57.

Bai tap 1.58.

Bai tap 1.59.

Giai phuong trinh

2(2x—3)(\3/x——1+\/m):3x—2.

Giai phuong trinh
12x -8
V2 +4-2V2—x= ———n.
VoI + 16

Giai phuong trinh sau

V12x2 +22x — 49— /43 —3x2 — 2x + 5 = 2x.

Giai phuong trinh

22 +9x2 — 156x — 40(x + 2)vVHx + 4 — 144 = 0.

Giai phuong trinh
5Vx2 —1+5vVa—1+vVa+1=3x—1.
Giai phuong trinh
V2 —2¢/x—(x—4)Vx—T-3x+28=0.
Giai phuong trinh
2B+ 26-3-(2x—1)Va2—x+3=0.
Giai phuong trinh
222~ 8x—(2x+1)Vx2 —4x +3-3=0.
Giai phuong trinh

Va2+4=vx—1+2x—3.

Giai phuong trinh
6—2x+6+2x_8
V5-x VB+x 3
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Bai tap 1.60. Giai phuong trinh

2 +5x+2=4Vx3+3x2+x— 1.

Bai tap 1.61. Tim tat ca cic nghiém thuc ctia phuong trinh sau

x(2x+7) - 4V/222 +9x+10+10 = (3x+2) 2V +2— V2x +5).
Bai tap 1.62. Giai phuong trinh
29"+ (4x— 39— V37 +16)-3" - (20~ 13)- (13 + V37 + 16) =0.
Bai tap 1.63. Giai phuong trinh
x® —1=/x(-3x% +5x—3).

Bai tap 1.64. Giai phuong trinh

1 1
- =x-1
V8x3-1 Va3 +3x2+3x
Bai tap 1.65. Giai phuong trinh
1 1
- =x°—1.
V8x3 -1 vx3+3x2+3x
Bai tap 1.66. Giai phuong trinh
Va2 +x+2 Va2 —x 2 4
X — 1.

1+V2-—x—x2 - 1+Va+x—22
Bai tap 1.67. Giai phuong trinh

Vrr 1+ =Vad+2.
Bai tap 1.68. Giai phuong trinh
2% —1=2xVx%—2x.
Bai tap 1.69. Giai phuong trinh

2(V2x2+1-1)=x(1+3x+8V2x2+1).
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Bai tap 1.70. Giai phuong trinh
3B3x—x2-1)- Va2 -2 =" —4x® +4x - 1.
Bai tap 1.71. Giai phuong trinh
15x% +2(x + DVx +2 = 2 5x.
Bai tap 1.72. Giai phuong trinh
5a® +28x +24 = (3x% +4x +8)- vV2x + 1.
Bai tap 1.73. Giai phuong trinh
Vitl+x+3=vIi-z+3V1-22

Bai tap 1.74. Giai phuong trinh

22-V1+x2-V1-22)—V1-xt=322+1.
Bai tap 1.75. Giai phuong trinh
(4x+2)-Vx+1-(4x-2)-Vx—1=9.
Bai tap 1.76. Giai phuong trinh
(4x+1)-Va+2-(4x—1)-Vx-2=21.
Bai tap 1.77. Giai phuong trinh sau:
(13— 4x)v2x — 3+ (4x —3)V5 — 22 = 2+ 8V 16x — 422 — 15.

Bai tap 1.78. Giai phuong trinh

9x-2)-v3x— 1+(10—9x)-\/3—3x—4\/—9x2+ 12x -3 =4.
Bai tap 1.79°. Giai phuong trinh

Tx—2)-V2x—1+(11-8x) - V4 —x+2x+6=5-vV -2x2 + 9x — 4.
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Bai tap 1.80". Giai phuong trinh
(x+2)-Va+1-(4x+5)-vV2x+3 = —6x—23.
Bai tap 1.81°. Giai phuong trinh
(6x—5)Va+1—(6x+2)Vr—1+4Vx2—1=4x—3.
Bai tap 1.82". Giai phuong trinh
(x+1)-Va+2+(x+6)-Va+T7=(x+3) (x+4).
Bai tap 1.83. Giai phuodng trinh
(2x—6)Vx+4—(x—5)V2x+3=3(x—1).
Bai tap 1.84. Giai phuong trinh:
1022 +3x - 2(3x + 1)V222 - 1-6=0.

Bai tap 1.85. Giai phuong trinh

V3x2-Tx+3—-Vx2-2=V3x2-5x—1-Va2-3x+4.
Bai tap 1.86. Giai phuong trinh
8x2—13x+7:(1+%)€/3x27—2.
Bai tap 1.87. Giai phuong trinh

4 1
Val+x+15=1+ .
VaZ+x

Bai tap 1.88. Giai phuong trinh
2% +x-1)2 +2x% +2x = 3+ VAx + 5.

Bai tap 1.89. Giai phuong trinh

Vx+2+vV5x+6+2V8x+9=4x>.
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Bai tap 1.90. Giai phuong trinh :

VI—2x+VA—3x=Vx2+4x+V2x2—2x +9.
Bai tap 1.91. Giai phuong trinh (423 —x+3)3 —x% = g
Bai tap 1.92. Giai phuong trinh 16x* - 24x? +8v/3 - 4x-3=0.
Bai tap 1.93. Giai phuong trinh
7-V3x—5+(4x—T)-VT—x=24.

Bai tap 1.94. Giai phuong trinh

22 23
\/f——— Va3 —3x2+ = =1.
2 21 7

Bai tap 1.95. Giai phuong trinh

1+\/1+8x2—6x-\/1—x =102,

Bai tap 1.96. Giai phuong trinh  x-2V5x-x2-1+v5—x=-2.

Bai tap 1.97. Giai phuong trinh (x +2)(x% - Va2 +x+2) =x + 1.

Bai tap 1.98. Giai phuong trinh x® - 3x +1 = v/8—3x2.

Bai tap 1.99. Giai phuong trinh V162x3+2-v27x2—9x+1=1.
Bai tap 1.100. Giai phuong trinh
Vitl+x+3=v1-x+3V1-x2.
Bai tap 1.101. Giai phuong trinh
2x+1+xm+(x+1)\/m:0.
Bai tap 1.102. Giai phuong trinh V'1+v1—x2 = x(1+2VI—2).

Bai tap 1.103. Giai phuong trinh

VI—2x+V4—38x=Vax2+4x+V2x2—2x+9.
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\ o A . D e \ 4
Bai tap 1.104. Giai phuong trinh 7 +9vVx—-1=5\x+2v4x—1.
x

Bai tap 1.105. Giai phuong trinh v4-3v10-3x =x-2.
Bai tap 1.106. Giai phuong trinh sau:

V4x3 —6x2 —x+10=1—x2\/x(x + 1)(x —2).

Bai tap 1.107. Giai phuong trinh

logo(2° +4) +logs(4" 1 +17) =7, (x€R).

Bai tap 1.108". Giai phuong trinh

V2x+3+Vx+1=Vx2-11x+33+V3x-5.

Bai tap 1.109. Tim tit ca cac nghiém thuc ctia phuong trinh

2 3v3

4x —x“ = .
1+Vat—8x3+16x2+1

Bai tap 1.110. Giai phuong trinh
(% —6x+11)- Va2 —x+1=2(> —4x+7)-Va—2.
Bai tap 1.111. Giai phuong trinh
(x+2)-(¢M+1)+x(%+ 1) =0.
Bai tap 1.112. Giai phuong trinh

(m—\3/})-(2—3-\3/x2+4x)+1:0.

Bai tap 1.113. Giai phuong trinh x+ vx+7 = v/x + 80.
Bai tap 1.114. Giai phuong trinh x3 +3x2 + 4x +2 = (3x + 2)v/3x + 1.

Bai tap 1.115. Giai phuong trinh x% — 4x% — 5x + 6 = V7x2 + 9x — 4.
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Bai tap 1.116. Tim cac nghiém thuc cia phuong trinh sau:
\/m +3x = \/m.
Bai tap 1.117. Giai phuong trinh
—2x3 + 102% — 172+ 8 = 22% V/5x — 23,

Bai tap 1.118. Giai phuong trinh

V4 —x V3+x

— =2x—1.
1+vx 1+v1-x

\ e A LA ~ 7
Bai tap 1.119. Giai phuong trinh x—1+ ¢ y —x3 =V4x2 —4x—1.

Bai tap 1.120. Giai phuong trinh
Vat+20+7=Vxt+9+x5.

Bai tap 1.121°. Giai phuong trinh

x-(2x+7)—4\/2x2+9x+1O+102(3x+2)-(2\/x+2—\/2x+5).
Bai tap 1.122. Giai phuong trinh  (x-1)\/x+1= V3x-2.

Bai tap 1.123. Giai phuong trinh  3V22+1 3% = 2 45+ 3.

1.2.2 HEé phuong trinh

oo e . o+ 3xy? = -4y,

Bai tap 1.124. Giai hé phuong trinh Binh phuong

: 4,4 _o_

x*+y*=2=2.
phuong trinh tht nhat, sau dé nhan véi phudng trinh thi hai dé tao hé
dong bac, cu thé 1a
20 + 3xy2)2 = 163/2(x4 + y4)
o x8+ 6x4y2 + 9ac2y4 = Sny4 + 8y6.

Pit y = tx, thé vao phuong trinh trén ta dudc:

x5+ 6x542 + 92844 = 84542 + 84846 1)
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Nhan thay x = 0 khéng phai 14 nghiém ctia hé da cho nén:
(1) = 1+6¢2+9t* = 8¢ +8t°

sH-DE+1D8t* -t2+1)=0

e on e . y?—dxy+y*=1,
Bai tap 1.125. Giai hé phuong trinh
22 +1=2x—y.
<son ai s . 9y3(3x% - 1) = —125,
Bai tap 1.126. Giai hé phuong trinh
45x%y + 75x = 6y2.
<o n U . 27x°y° +7y° =8,
Bai tap 1.127. Giai hé phuong trinh
9x2y + y2
) A e 9. ~ < x +xy —403’,
Bai tap 1.128. Giai hé phuong trinh
2 +x2y =10x.
A e . y=—x3+3x+4,
Bai tap 1.129. Giai hé phuong trinh
=2y3—6y—2.
e on o . y(x+y)? =
Bai tap 1.130. Giai hé phuong trinh
y(x? - 3) = 26.

Bai tap 1.131. Giai hé phuong trinh

(x+y)3+4xy—3 =0,
(x+y)4—2x2—4xy+2y2+x—3y+ 1=0.
Bai tap 1.132. Giai hé phuong trinh

x(x2-1)+ (xy+3)y = x2 +y2,
y(y?+1)+(xy+3)x =0.
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Bai tap 1.133.

Bai tap 1.134.

Bai tap 1.135.

Bai tap 1.136.

Bai tap 1.137.

Bai tap 1.138.

Bai tap 1.139.

Bai tap 1.140.

Bai tap 1.141.

Bai tap 1.142.

Bai tap 1.143.

Giai hé phuong trinh

(x+y)A+xy)=18xy,
(22 + y?)(1 + x2y?) = 208x2y?

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

x3—y3-38y2=9,
x2+y? =x—4y.

x2y? —2x+y% =0,
2¢2 —4x+3+y2=0.

x%y+2x%+6y—-23=0.

y(x +1)= 2x(y +1),
=16.

2y2

2x+xy+y =14,

23 +3x2+3x—y=1.

22+ y?+xy+1=4y,
yx+y)2 =242 +Ty+2.

2+ 223y + 22y =2x +9,

x2 +2xy = 6x +6.

s
-
o9
o
{xy(xy+2y+1).+y 6y* -1,
E
v
"
.
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Bai tap 1.144.

Bai tap 1.145.

Bai tap 1.146.

Bai tap 1.147.

Bai tap 1.148.

Bai tap 1.149.

Bai tap 1.150.

Bai tap 1.151.

Bai tap 1.152.

e R xz—y(x+y)+1:0,
Giai hé phuodng trinh
2 +1Dx+y-2)+y=0.

N \ ¥’ =2 (9-47),
Giai hé phuong trinh
x%y +y? = 6x.
Giai hé phuong trinh
{\/x+1+\/y+1—3,

xy/y+1+yva+1+vVa+1l+,/y+1=6.

(30/04, 2012) Giai hé phuong trinh

x3—y3=9,
2x%+y%2 —4x+y=0.

Giai hé phudng trinh

8(x? +y%) +4xy + =13,
(x 31/) Xy P
2x+——=1.
x+y
x(y*+1) _3
Giai hé phuong trinh  { 392 5
*P y(xz—l)_é
x2+y2 5
yay-1) _2
s A < 2+1 _57
Giai hé phuong trinh <x()9/c yoD 1
x2+1 2’
X — X — —1:1,
Giai hé phuong trinh VA VE-y
y2+xt+4y=1.

Giai hé phuong trinh

V2x—1-y-(1+2V2x—-1)=-8,
y2+y-V2x—1+2x=13.
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Bai tap 1.153. Giai hé phuong trinh {

Bai tap 1.154

{(x+1)(y+1)+1—(x2+x+1)(y2+y+1),

. Giai hé phuong trinh

(x—y)*=13x—4,
VEFy+/3B8x—y=V2.

3 +3x+ (3 —y+4)\/x3—y+1=0.

Bai tap 1.155

Bai tap 1.156.

Bai tap 1.157.

Bai tap 1.158.

Bai tap 1.159.

Bai tap 1.160.

Bai tap 1.161.

. Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

A

T y+2(x—-2)vVx+ :—z

|

(x,y €R).
11
x_x3 _y_y37

(x—4y)(y—2x—4)=36.

VaZ+3+4/y2+3=4.

o yr2=3,

7

oy
2 _ —

CoE ==
2(x? +y*) - 3v2x —11=11.

{(4x2+ Dx+(y—38)y/5-2y=0,

4x?+y2+2V3-4x=1.

Giai hé phuong trinh

(y—1Dx2+6)=x(y%2+1)

{ (x-1D2+6)=yx2+1)
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Bai tap 1.162. Giai hé phuong trinh

2 __J
{ Vit —(x+y) {’/xTy’

2(x?+y%)-3v2x-11=11.
Bai tap 1.163. Giai hé phuong trinh

V22 +y2) +2(5x - 3y) —4(xy —3)— /¥ = Vx +2,
VY2 —4x+y)+ 17— {/xy-3(x+y)+18=1.
Bai tap 1.164. Giai hé phuong trinh

(x—1)(y2+6)=y(x>+1)
(y-1Dx%2+6)=x(y%2+1)

Bai tap 1.165. Giai hé phuong trinh

{x+\/y—1:6,

Va2 +2x+y+2x/y—1+2y/y—-1=29.
Bai tap 1.166. Giai hé phuong trinh
2x(y—1) _1
x+y—1 B

Viry—1=x2—y+1.

Bai tap 1.167. Giai hé phuong trinh

2 +(y-1)2%+

2

x(y2—3)—2:x2—y2,

1
log(x — 1) +log,(2y? —3) = 3+ logy y.

Bai tap 1.168. Giai hé phuong trinh

2 2
X+—=y+-—,
y X

Va+8—-4/2y+2=,/3y-2.

Bai tap 1.169. Giai hé phuong trinh

(x2+y2)(x+y)+2xy:x+y
log2\/x+y:10g3(\/x2+y2+1—1)
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45
. o (x+y—3)3:4y3(x2y2+xy+—,)
Bai tap 1.170. Giai hé phuong trinh 4

x+4y—-3 :2xy2.
Bai tap 1.171. Giai hé phuong trinh
x3y2 +x2y2 +y2x =2x% + 2x —y2
{ 2x3 +3x% +6y =12x— 13
Bai tap 1.172. Giai hé phuong trinh
94+l _gx.gy+2_gx  gr¥ oytl_3

4y+1 1 gx.9y+1 _gx+1_9g 3x_1 ’
gx-1l.9y+1 _ 1.

Bai tap 1.173. Giai hé phuong trinh

4_9y+1_3x+1_2y+1_4y B 3x+1+2y_2

ge+l 4 3v+l.9y —gy+l _4 29-1
2y~1.3xtl =1,

Bai tap 1.174. Giai hé phuong trinh

26 +v/2—-x+y—x2-y2=1,
2x3=2y3+1

(x,y eR).

Bai tap 1.175. Giai hé phuong trinh

(22 +9)(x? +9y) = 22(y — 1)
x2—-2—-4y\/y+1=0.

Bai tap 1.176. Giai hé phuong trinh
—x2+xy+y?=3,
—x2+2xy—-Tx-5y+9=0.

Bai tap 1.177. Giai hé phuong trinh

2., .2
x“+ 2 1
y + —
xy x+y xy
+y? - —— =—x2+2x+1.

x+y
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Bai tap 1.178. Giai hé phuong trinh

W+x2(y+1)+3x+2xy =y +(x—1)y2 +3(y - 1),
Vx2-8y+5=\/y—2+1-x.

Bai tap 1.179. Giai hé phuong trinh
3
xlogy3 +logyy = y +logy ox ,
xlogs12 +loggx = y +logs ?y

Bai tap 1.180. Giai hé phuong trinh

2xy—x+2y =3,
{ Y Y (x,y ER).

x3+4y3=3x+6y2 -4
Bai tap 1.181. Giai hé phuong trinh

x2+2y%—3x+2xy =0,
xy(x+y)+(x— 1)2 = 3y(1—y).

Bai tap 1.182. Giai hé phuong trinh
22 +2y2+38xy—-4x-3y-5=0,
V2y+1-yx+y+2y2—x-9y—-1=0
Bai tap 1.183. Giai hé phuong trinh

{x2+2xy2+2y:x+2xy+4y3

2v3x -5+ v/8y3-3x+9="7

Bai tap 1.184. Giai hé phuong trinh

2x% —y?2 —xy+5x—2y = -3,
V2x—5+2,/y—2x% = -13.

V3x+1—/x2+y+x—y=2,

Bai tap 1.185. Giai hé phuong trinh
W+22+(y-Dx+y=2.
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Bai tap 1.186. Giai hé phuong trinh
14+2x—2x2-\/T+y=4x3y + 722,
?(xy+1)+(x+1)2 =22y + 5x.
Bai tap 1.187. Giai hé phuong trinh

(2x+3)V4x—1+(2y +3)y/4y —1=2,/(2x + 3)(2y + 3),
x+y=4xy.

Bai tap 1.188. Giai hé phuong trinh
\/7x+y+ \/2x+y =5,
V2x+y+x—y=1.
Bai tap 1.189. Giai hé phuong trinh

{\/y+7x—\/y+2x:4,

2v/y+2x—Vbx+8=2.

Bai tap 1.190. Giai hé phuong trinh

Ve+y+1+1=4(x+y)?+V3/x+y,

3
2x—y:§.

Bai tap 1.191. Giai hé phuong trinh

V1+2x2+/1+2y2=2-/1+2xy,
2
Va1 —2x)+ v/ y(1-2y)2 = 3

Bai tap 1.192. Giai hé phuong trinh

{(\/x2+y+\/x2+3)-x:y—3,

VaZ+y+y/x=3.

Bai tap 1.193. Giai hé phuong trinh

(11/2x+y—16+/x+3y)x = y(13y/x + 3y —231/2x + y),

4x2+8
X x:_4'

x2 -y +



26 Chuong 1. Mot sé bai tdp bo sung

Bai tap 1.194. Giai cac hé phuong trinh sau:

D -8+ Vx—1= /7y,
(x—1D*=y;

%) Va—2—1/y—1=27-x3,
(x—2)4+1:y;

3) Vai—1-y/y+4=8-x3,
(x—2)*—4=y.

Bai tap 1.195. Giai hé phuong trinh

VX—y=9—-|x+2y|,
x(x+4y—2)+y(4y+2)=41.

Bai tap 1.196. Cho hé phuong trinh

(m2+2m)x+(1—m2)y+m2—2m—220
2+y2+2x-9=0

Chiing minh réng hé phuong trinh trén ludn ¢6 hai nghiém phan biét(x1; y1)
va (x2;y2). Tim m dé biéu thiic

P = (x1—x9)” +(y1 — y2)°
dat gia tri nhé nhat.

W+ /a2 +2y+1=u2y+y+1,
(x+y—-1)/y+1=10.

Bai tap 1.197. Giai hé phuong trinh {

x—y=2y2+1,

Bai tap 1.198. Giai hé phuong trinh
VX+y+/x—2y=3y.

Bai tap 1.199. Giai hé phuong trinh

(x,yeR)

VX—y+vVx—-2=2,
Va2 +y2 —xy(x—y)+Vxy—y2 =2v2x—y-1).
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Bai tap 1.200. Tim tit ca cdc nghiém thuc ctia hé phuong trinh sau:
(y?2 -4y —8)(x+3)=64Y/x,
y(y? =6y +12) = 8(1 +xy/x).

Bai tap 1.201. Giai hé phuong trinh

{\/xTy+\/x—2:2

(x,y €R).
VaZ+y2—xyx—-y+vVxy-y2=2V2x-y-1)

Bai tap 1.202. Tim m d€ hé phuong trinh sau c6 nghiém

{|6x+4y+6,/x+3y+9| =2(y/B27 + 162y +3y% +3\/Ba+y),

12,/x+ 3y + H(x—2y) - 3L > 8|20m +5) - /[T-9m?] .

Bai tap 1.203. Giai hé phuong trinh sau trén tap s6 thuc:

V292 —Ty+10—xly+3)+/y+ I=x+1,

3
\/y+1+—1—x+2y

\/xT+\/yT 5,

2y/2x-3y+\/b-x+y="1,

Bai tap 1.205. Giai hé phuong trinh:
3vb—x+y—y/2x—y-3=1.

+
Bai tap 1.204. Giai hé phuong trinh {\/_ vy =

Bai tap 1.206. Giai hé phuong trinh

Bai tap 1.207. Giai hé phuong trinh

16x2y%2 —17y% = -1,

Bai tap 1.208. Giai hé phuong trinh
dxy+2x—Ty=-1.
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Bai tap 1.209. Giai hé phuong trinh

22x+12 +2x+1=(2y—-3)\/y -2,
V6x+3+4/y—10=4.

Bai tap 1.210. Giai hé phuong trinh
(14-6x)v4—-2x+(6y—11){/3 -2y =0,
VE+1/3-3x+2y=x2-3x+3.

Bai tap 1.211. Giai hé phuong trinh

2 +1x+(y-4)/3-y=0,
22x2 + 9y + 18v/4 — 3x = 49.

Bai tap 1.212. Giai hé phuong trinh:

x/y(y—1)=3(x +/y).
Bai tap 1.213. Giai hé phuong trinh

V1+V1i-x2=x(1+2y/1-y2),
2

1 1
+ = .
Ve+l Jy+1 1+ xy
Bai tap 1.214. (Du bi, B, 2010) Giai hé phuong trinh

{x4—3\/§:3x+y,

Va2 +y2—22+\/y2+22—x2+ /22 +x2 -2 =x+y+z,

1
xyz—xz—yz—g(,/xy+ VZ++/2x)+2=0.

x+y2—y/x+3y2=0,
Bai tap 1.215. Giai hé phuong trinh , 24yel
2y2—3y—x+1+1 —2 "~ =0
21
Bai tap 1.216. Giai hé phuong trinh

{y3 =x3-(9-x3),

x%y +y? = 6x.
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Bai tap 1.217. Giai hé phuong trinh

41 gy 1 =242 992 4y —dx—Vx+1+./y-1,
Y+ Va2 +2x+2-1=4%1
Bai tap 1.218. Giai hé phuong trinh

x+y2—yV/x+3y2=0,

[x2+y2+1
2y2-3y—x+1+ %:O.

Vi+1l+y/y+1=2,
Bai tap 1.219. Giai hé phuong trinh 7

X

Bai tap 1.220. Giai hé phuong trinh

(Vx2+y-VaZ+x)-x=y-x,

X -35
x+ = :
Vy2-1 12

Bai tap 1.221. Giai hé phuong trinh trén tap sb thuc:

x(x® = 1)+ (xy+3)y =22+ y2,
y(y?+1)+(xy+3)x=0.

Bai tap 1.222. Giai hé phuong trinh

2v2x +1+2,/2y +1=(x—y)?,
(x+y)Nx+2y)+3x+2y =4.

x+8=+2y—x-\/y+4,
Bai tap 1.223. Giai hé phuong trinh Y Y
X2 +2x+y=yVaZ—x+4.
Bai tap 1.224. Giai hé phuong trinh
2x2 + 42 2
20" +4y" (_
xy

\/(x+1)2+xy+3x+2y+5—2x\/x(y+3):\/E+\/y+3.

—§)(x+y)—1,
y X

2
= 1 20Y/x2—y2 =4,
-y
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2x2y + y3 = 2% + x5,

Bai tap 1.225. Giai hé phuong trinh
(x+2)-y+1=(x+1)>°

Bai tap 1.226. Giai hé phuong trinh

{x36x2y—8y36,

4xy? +x=2y++/2y—x+1+1.

Bai tap 1.227. Giai hé phuong trinh {

Bai tap 1.228. Giai hé phuong trinh <

(x —y)?
2 b
(x+y)x+2y)+3x+2y =4.

2 1 2 1=
Bai tap 1.229. Giai hé phuong trinh { ¥ 25T 1T V2*

1 N 2x  x+y
Bai tap 1.230. Giai hé phuong trinhj 3x  3y? 2x?+y%

V2y+20=x2+x-5.

Bai tap 1.231. Giai hé phuong trinh

{y—x+1+\/§:\/x+1+\/2—x,

2x3 — y3 + x2y? = 2xy — 3x2 + 3.

A . x*+2x% —5x2+y2—6x—-11=0,
Bai tap 1.232. Giai hé phuong trinh EN=X

y2-7

Bai tap 1.233. Giai hé phuong trinh sau:

{(3x+ V92 +6y+2—y+1=4x/16)2 1,

2012* —2012Y = (logg y —logs x)(12 + 4xy).
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Va2 +2x+22-/y=y2+2y+1,
Vy2+2y+22—x=x2+2x+1.
xt-16 y*-1

Bai tap 1.235. Giai hé phuong trinh 8x y
x2—2xy+y2=8.

Bai tap 1.234. Giai hé phuong trinh {

(x+V1+x2)(y++1/1+y2) =1,
x1/6x—2xy+1=4xy+6x+1.

Bai tap 1.236. Giai hé phuong trinh {

Bai tap 1.237. Giai hé phuong trinh

{x4+y2+x2y2 =y +x%y— a2,

—10x3 —Bx+12y —11=2x2- ¥/ Tx3 - Ty +2x + 7.

Bai tap 1.238. Giai hé phuong trinh

Y+1/3y2—2y+6+3x2=3x+VTx2+T7+2,
3y —4x?> -3y +3x+1=0.

Bai tap 1.239. Tim nghiém nguyén cta hé phuong trinh
(xt—22-5)-(\/y—-1+2)=?+2)-(y-6—/y - 1),
x++/y—13=4.

Bai tap 1.240. Giai hé phuong trinh

22x+ 12 +2x+1=(2y—-3)/y -2,
VAax+2+./2y+4=86.

Bai tap 1.241. Giai hé phuong trinh
(17-3x)-Vb—x+(B8y—14)-\/4—y=0,
2v/2x+y+5+33x+2y+11=x+6x+13.

Bai tap 1.242. Giai hé phuong trinh

(23 - 3x)VT—x+(3y—20)/6—y =0,
V2x+y+2-/=3x+2y+8+3x* - 14x—8=0.
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Bai tap 1.243. Giai hé phuong trinh

{x3+9x2+26x+18_y3+6y2+11y,

x=5+1/x2—-4y+T7-2Vx—1+4,/y—-4=0.

Bai tap 1.244. Giai hé phuong trinh

Va—2-/3-y=y2—x2+4x—-6y+5,
V2x+3+/4y+1=6.

Bai tap 1.245. Giai hé phuong trinh

x4y +1)+2(x%2+1)- /x =6,
xzy-(2+2\/4y2+1):x+\/x2+1.

Bai tap 1.246°. Cho hé phuong trinh

x+y+4=2xy,
2% =m(\/x2+y2+x+y+5+x+y).

Tim m d€ hé phuong trinh c¢6 nghiém (x;y) théa man diéu kién x, y > 1.

Bai tap 1.247. (Du bi D, 2010), Giai hé phuong trinh

{2\/x2y4+2xy2y4+1—2(3\/§x)y2,

Va—y2+x=3.

Bai tap 1.248. Giai hé phuong trinh

{1+\/m:4(x+y)2+\/3(x+y),

log,(3x +2y)* +log 5Vx+1=4.
Bai tap 1.249°. Tim tat ca cac nghiém thuc ctia hé phuong trinh sau:

{x4+2(3y+1)x2+(5y2+4y+11)xy2+10y+2_0,

Y +x-2)y+x2+x+2=0.
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Bai tap 1.250"

c6 nghiém.

Bai tap 1.251.

phuong trinh

Bai tap 1.252.

Bai tap 1.253.

Bai tap 1.254.

Bai tap 1.255.

Bai tap 1.256.

. Tim m dé hé phuong trinh

xzy—3x—1 Zmx\/y(V1-x— 1)3,
V/8x2 —3xy +4y2 + /xy = 4y.

Tim tat ca cac cap s6 thuc (x; y) v6i x; y >0 théa man hé

1Y) 1)\*
2% 2
e+ (3 —y)n(y?+x+2)=e Vx|

Giai hé phuong trinh

xt+2x% —5x? +y2—6x-11=0,
3vy2-7-6
VaA=T

Tim o dé hé phuong trinh sau c6 nghiém

{xzy/y+1—2xy—2x:1,

x3—3x—-3xy=a+2.

x2+x=

Vax+y/x2+y+3=2,

2Vx+4+3/y+8=13.

Giai hé phuong trinh {

Giai hé phuong trinh

{4\/1+x+xy\/4+y2 =0,

logyx = 2Y*2,

VERVY = Vx =y = Ax -y,

Giai hé phuong trinh
Va2 -16=2+/y—3x.
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1.2.3 Phuong trinh ¢6 chifa tham sb

Bai tap 1.257. Tim tham s6 m dé phuong trinh

\/ ixz + 1 +m— L =2x
3 96x2 Vx
¢6 nghiém duy nhat.
Bai tap 1.258. Tim m dé phuong trinh sau c6 hai nghiém phan biét:
1022 +8x+4 = m(2x+1)- Va2 +1
Bai tap 1.259. Tim m dé phuong trinh sau c6 nghiém thuc:
(4m-3)-Vx+3+(Bm-4)-Vi-x+m-1=0.
Bai tap 1.260. Tim m dé phuong trinh sau c¢6 nghiém:
e+ 1+@—m)x—1] = (m-DVa2 - 1.
Bai tap 1.261. Tim m dé€ phuong trinh sau c6 nghiém:
\/m: (m —2)x% - 2(m +2)x +4m.
Bai tap 1.262. Tim m dé phuong trinh sau ¢6 nghiém thuc:
O+ +x+ D% =%+ D% +mx® —x+1)%
Bai tap 1.263. Tim m dé phuong trinh sau c6 ding mot nghiém thuc:
éGEIEZIZ—V;:T:nL (meR).

Bai tap 1.264. Tim m dé phuong trinh sau c6 nghiém duy nhét trong

2
2

Bai tap 1.265. Tim cac gid tri cia m dé phuong trinh sau c¢6 nghiém
thuc:

doan

3V1-x2-2Va3+ 222+ 1=m.

Ve+vVa+4d=m(V2-x+VvV1-x).
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Bai tap 1.266. Tim cac gia tri cia m dé phuong trinh sau c6 nghiém
thuc:

12V4+x-38x2=3x—24+m(3Vx+1+2V4 - 3x).

Bai tap 1.267. X4c dinh gia tri tham s6 m dé phuong trinh sau c6 nghiém
thuc:

V5 —4x—vV1+x=m(V5-4x+2V1+x+86).
Bai tap 1.268. Tim m d€ hé phuong trinh sau c6 nghiém

x% -2y =2m,
22 (y+2)—4xy =2x—1)m.

Bai tap 1.269. Tim m dé phuong trinh sau c6 nghiém thuc

CrT+m-Val+x+l=Vat+a2+1l+m-(Va2—x+1-2).

Bai tap 1.270. Tim m d€ phuong trinh c6 ba nghiém phan biét:

2 +1 x2+1 x+1

Y +2(m—-1) " +4(1—m)\/3_c

Bai tap 1.271. Tim céac gia tri cha m dé phuong trinh:

+4m—-6=0.

VaZ-2m+2Vax2—1=x
c6 nghiém thuec.

Bai tap 1.272. Timmdé phuong trinh c6 nghiém duy nhét:

Vi+V1i-x+2myvx(1-x)—2vx(1-x)=m?>.

1.2.4 B4t phuong trinh

e n coe 1 A N 2x+4
Bai tap 1.273. Giai bat phuong trinh (x - 2x i ) -V10x—3x2-3>0.

x —
Bai tap 1.274. Giai bat phuong trinh  3vx+2-2>2x+ vx + 10.

Bai tap 1.275. Giai bat phuong trinh (35— 12x)- vVa? -1 < 12x;
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e n co 1 4 . 1 1 -1
Bai tap 1.276. Giai bat phuong trinh ¢ x——- \/ 1--s%72
x x X
Bai tap 1.277. Giai bat phuong trinh
WVx+3-Vx—-1)-(x-3+Vx2+2x—-3) > 4.
Bai tap 1.278. Giai bat phuong trinh sau
—4x2+16 (V4 —x2 X
——— + J-1<0
x4(4 —x) x V4 — 2
e gn co 1 % x3 —2x
Bai tap 1.279. Giai bat phuong trinh 2v/2.

>
x2-1-Vax2-
Bai tap 1.280. Giai bat phuong trinh

Va2 —8x+15+Vx2+2x— 15 < V4x2 — 18x + 18.

Bai tap 1.281. Giai bat phuong trinh

log,_1,8 +log, (x — 1)*-logy \/2(x — 1)2 > 0.

Bai tap 1.282. Giai bat phuong trinh 27 2% <2 (\/1 2+

3x—1)
3x+1)°

Bai tap 1.283. Giai bat phuong trinh  V/x+6—2v56x—1>x% - 2x - 4.

Bai tap 1.284. Giai bat phuong trinh

Vax+6- Va3 +7x2+12x+6 > x2—2.

Bai tap 1.285. Giai bat phuong trinh

Va3 —2x+ 2012+ Va3 —2x+ 1

<1.
Vad —2x+2012—- Va3 —2x+1
Bai tap 1.286. Giai bat phuong trinh
x+1D)vVx+1 \/_x —\/_x >0

x—Vx
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Bai tap 1.287. Giai bat phuong trinh

6-3x+V2x2+5x+2 1—x
>-—%
3x—V2x2+5x+2 x

Bai tap 1.288. Giai bat phuong trinh

3—x—V5—x2 -0
2x—1T7 x—-57 "
oS —cos
4 4

Bai tap 1.289. Giai bat phuong trinh

2

_929x+121

¢$ > 50x — 222 — 309.
x2 — 24x + 140

Bai tap 1.290. Giai bat phuong trinh sau:
V6 (x* -3x+1)+ Vat+22+1<0, xeR.

Bai tap 1.291. Giai bat phuong trinh

V1-2x+V1+2x>2-x2

2x
Va2 -4

Bai tap 1.292. Giai bat phuong trinh  x + >3/5.

<9x2+8x—32
x - <.~ -

Bai tap 1.293. Giai bat phuong trinh 2(4 —x2) 16

Vax(x+2) >1
Va+1B -y

Bai tap 1.295. Giai bat phuong trinh sau trén tap sé thuec:

2x—1)vx+3 -
2+ (2+vx)VIi-x+1-x

\ e A 0. A < 2 2
Bai tap 1.296. Giai bat phuong trinh |/3x* + — +4<x+ —.
x x

Bai tap 1.297. Giai bat phuong trinh

Va2 —x—-2+3Vx < V5x2—-4x—6.

Bai tap 1.294. Giai bat phuong trinh
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3
N e A e 0. A ~ 1
Bai tap 1.298. Giai bat phuong trinh 3 f i m > /.
N e A c 0. A ~ x2
Bai tap 1.299. Giaibat phuong trinh T +V(x—3)(x +5) > v/(x—3)(4x —6).

Bai tap 1.300. Giai bat phuong trinh v8 —x2 —x% + 3x% — 4x+ 2 <O0.
Bai tap 1.301. Giai bat phuong trinh
(\/x+3—\/x—1) (x—3+ \/x2+2x—3) >4,

Bai tap 1.302. Giai bat phuong trinh v2x2 + 11x + 15+ V2 +2x — 3 > x+6.
Piéu kién x < -3 ho#c x > 1. Nhan xét rang bat phuong trinh luén ding
v6i x < —6. Viét bat phuong trinh da cho duéi dang

V2x2+11x+15>x+6—Vx2+2x—3.

Véi diéu kién da dat, bat phuong trinh trén tuong duong

x+6-Vx2+2x-3>0,
222+ 11x+15> 22 +12x+ 36 +x2+2x—3—-2(x +6)- Vx2 + 2x — 3.
hay
Va2 +2x—-3<x+86,
(x+6)-(83—2vx2+2x-3)<0.

Do x+6 >0, nén ta co

X2 +2x -3 < x% +12x + 36,
3-2vVx2+2x-3<0

tuong duong

39
x€ |——;-3]U[l;+00),
[ 10 @—géxg—zhoécx>§.

xE(—OO;—%] U [g;—l-oo). 10 2 2

£ e aen A £ . . . 7T .
Ket hgp véi dieu kién, nghiém bat phuong trinh da cho la x < -3 hoac
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1.3 Phuong trinh luong gidc

Céc cau trong Bai tap 1.303 dudc trich trong cuén sach “Tuyén tap céc
dé thi thtt Pai hoc ba mién Bic, Trung, Nam moén Toén.”

Bai tap 1.303. Giai cac phuong trinh sau:
1) sin4(3x+z)+sin4(3x—z):l' Pap sb x:k—n
4 4 2’ ' 6
: 2 . . . % /A T
2) sin“x(1+tanx) = 3sinx(cosx —sinx)+3; Pap so. {_Z +km, ig + kn.}

9 1
3) cos8x+3cosdx +3cos2x = 8cosx-cos”3x — 5;

k
Pap sb. {+1+—n}.
30 5
Lz T k7w
4) 2tanx+cotx = 2sin2x + Pap so. {+ +k; —+—}
sin2x’ 6 4 2
. 3 . 2 /4
5) 6sinx —2cos°x = 5sin2x - cosx; Pap so. {an.}

6) sin (g + Zx) -cot 3x + sin(mr + 2x) — V2 cos5x = 0;

{n 2knn 2kn w kn}
Pap sb.

— st —.
12 34 3 10 5

v3(cosx — sinx)sinx — (1 + sinx + cos x) cos x
7 =V3;

sinx + sin 2x
, P T T
bap so. {—5 + k2, "3 + +kn}.
2

8) V2-cos3x-cos (x+ %) +sin3x-sin(x—%) = 5—sin(2x+g);

. (7 n km

Dap s6. {2 +km L vk =+ L

ap so {4 km;— 5 km; 3t 5 }
9) 2sin?x —sin2x +sinx +cosx—1=0;

P 5 3
Pap so. {% +2kT; % +k2m;2km; ?n + 2kn.}

10) (tanx + cos2x)sin4x = 2(cosx + 2); Pap s6. {m+kn.}
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3
11) (cotx—1)(1-v2cos4x) =2sin (Zx— ?n)’
. 2 | T /3 T kn
Pap so. {—+kn;——+kn;——+—.}
4 8 4 3
i . A km
12) (1+tanx)cosb5x = sinx+cosx + 2cos4x — 2 cos 2x; Pap so. 3

13) sin4x +cos3x +cosx =4sinx +2;

P 7
DPap so. {—% +k2n;?ﬂ +k2n;k2n.}

14) 1+3cosx+cos2x—2cos3x =4sinx-sin2x;

< 2
Pap so. {g +kn;i?n+2kn.}

3 e )
15) W:2(1+sinx); bap so. {—£+2kn;n+2mn.}
sinx + cosx 2
oz k
16) 2sin? (x—z) =2sin?x —tanx; Pap so. {z+—n}.
4 4 2
sin2x 1 . (m R2m &
17 + =2 ; Pap s0. =+ —;— + m2m.
) sinx+cosx 2-tanx cosx ap 0 {4 3 4 m n}
18) sin®(2 - sinx) = cosx(1 — cos® x); Pap sb. {% +kn.}

N 3(tanx+1)
CcoSX

7
19) 3tan®x —4\/§sin(x—zn:1);
Pap sb. {i%+kn;n+2kn.}

3
20) sinbx+cos3x = \/§sin(ZjI —x) + sin4x;

. k 2¢
DPap so. {z+kn;—n;—£+—n.}
4 2 6 3
. . , Z /A 5%/1
21) sin2x+cos2x+ 7sinx —cosx —4 =0; bap so. {E + 2k, 5 +2€7t.}
1 11 9 P
22) sin®2x-cos6x +sin®3x = —sinTx -sinEx; Pap so. 2kx.
L (T T mnu
23) 4sin2x—cotx = v/ 3; Pap so. { = +km; ——+ —.
) 4sin2x —cotx = V/3; apso{6 ™19 2}
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, 5
24) cotx +sinx- (1 +tanx-tanf) =4; bap so. {l +km; o +kn.}
2 12 12
3 2sinx . % /4
25) (2cosx—1)-cotx = —— + ; Pap so {i— +k2n.}
sinx cotx—1 3
26) sin 2x + cos x — v/3(cos 2x + sin x) 1 Pép <b. {5_71 N k2n.}
2sin2x— V3 6
sin3x

27) (sin2x —cos2x)tanx +

=sinx + cosx;
cosXx

. 5
Pap so. {z +k2m; o1 +k2m; I +€7t.}
6 6 4
3 1 . Lz 21
28) (tanx-cot2x—1)-cos®x = 5(\/§smx—2cosx+ 1); DPap so. 3 + k2.

29) 9sinx + 6cosx + cos2x —3sin2x = 8; Pap s6. = + k27.

Vs
2

Céc cau trong Bai tap 1.8304 ducc trich tit dé thi thit ctia mot sb
truong trong toan quéc nam 2012.

Bai tap 1.304. Giai cac phuong trinh sau:

1) sinx —4sin®x +cosx = 0; Pap sb. {%+kn.}

2) cos2x+ cos3x —sinx — cos4x = sin6x;

Dép sb {n+k2n.5n+k2n.n+kn'_n+k }
PSONTsT" 318" 3’8 2> 4 "

cosx +sin®x

sinx —sin®x

3)

=1+sinx + cotx;

4) (1-tanx)(1+sin2x)=1+tanx; Pap sb. {kn, —% + kn.}

2

2x—3sin’x-cosx;

. 3 . T .
5) 8sin?x-cos ?+x —sin? (§+x)-cosx:s1nx-cos

Pap sb. {—% + ko i% +kn.}

3 3 1

+ )
ad co§ r — sin4x; Pap so. {—z +kn.}
1+ (cosx—sinx)?2 16 4

sin




42 Chuong 1. Mot sé bai tdp bo sung

) 7
7) 2cosbx-cos3x+sinx =cos8x; Dap so. {g +k2m; —% + k2m; ?ﬂ +k2n.}

1 sin2x . b4 i T 02n
8) —cotx+_—:2s1n(x+—); Pap s0. {=+km; —+—.
V2 sinx + cosx 2 2 4 3
9) 4(1 —sinx-cosx)+cos3x +4sinx — cosx B 8cosz(E B _) sin?x — 0;
. 5n
s1n(2x + —) +1
2
10) cos2x+5=2(2—cosx)(sinx — cosx); Pap sb. {g +k2m; —m+ (27:.}

3cosx —cos3x +2sinx-(cos2x +2)

) sin(x+%)

=2v6cos2x; Pap sb. {—%+kn.}

(2 — sin® 2x)(2 cos? 2x — cos x) )

12) cot*x+1=

2sinx ’
\/§sin(x+z)
13) ————— =~ +tan2x +cos2x = 0;
sinx — cosx
251 1 1
14) i - :ZCos(x+z)cos(x—z)+—;
2cos2x—1 2sinx+1 3 3 2
, % /3
bap so. {J_rg +kn,kn.}
sin(x—%)+cos(g—x)
15)

—(cosx+sinxtan—=) = ;
2

cos?x cos X

Pap sb. {% + ko 2]%7‘[.}

16) 1+sinx+cosx = ZCOS(g - %),

p 3
Pap so. {g +4km; ?n +2kn.}

17) sin2x N cos2x

- =tanx —cotux;
cosx sinx

1
b
0SX

18) V3sinx +cosx = Pap sb. {g + ki, kn.}
c
1 1

cos?x sinZx

= §cot(oc+g)-cot(%—x);

19)
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inx—1
20) 2(1+cosx)(cot?x+1)= _Smam s —;
cosx +sinx

21) cos?x+2tanx —cosx —2tanx-cosx = 0;

sinx-sin2x + 2sinx - cos? x + sinx + cos x
22) - = v6cos2x;
cos (x— —)
4
. 9 . 9 n
(cos2x + v/3sin2x)2 — 4sin (x - —) -4
6 _n.
23) - =0;
2sinx+1
cos2x
24) tanx+ (1 +——|-cot3x=3;
1+ cos2x

(sinx + cos x)? — 2sin? x

25) T+ ootix =5 [sm(——x)—sm(%—Sx)]
%) 4sin(2x+g)—§sinx—1:2Sinx_1;
cos2(x—§)

2 3
27) (2sinx—1)-tanx = %

- 5
sinx—1 cosx
T X

28) 1+sin> -sinx — cos = -sin2 x = 2 cos2 (— - —);
2 2 4 2

29) V/3(sin2x + sinx) — cos 2x + cosx —4 = 0;
cos2x + v/3sinx +6sinx -5

30) =2V/3; Pap sb. {5% +k2n.}

2cos2g—1

(si )2 -2 V2
31) smx+;:(-)i_s:0t2 sin’x =5 [sm(— —x) —sm(z —396)]

. 3n kn
Pap so. +k2m; .
P { 82 }
inx+t 1
32) w:—sin%psinx;
1+tan“x 2

1
33) tan2x —tanx = g(sin4x + sin 2x);
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34) sin4x+2=cos3x+4-sinx +cosx;

. (7 n knomw 5m
Dap s0. { = +km; —+—; = +k2m;;— + k2.
apso{2 kn,4 25 kn,,6 kn}

35) vV3(2cos?x+cosx—2)+(3—2cosx)sinx = 0;

. (2 k
bap so. {—n+k2n; £+—n;—£+k7[.}
3 4 2 6

4cos’x+2cos?x-(2sinx — 1) — sin2x — 2(sinx + cos x) B

36) — 0;
28in“x—1
. 2km
Pap so. —.
PS03
37) 2cos®x =2cosx +2tan2x + sinx - sin 2x;
38) cosx - (cosx + 2sinx) + 3sinx - (sinx + v/2) _ 1
sin2x — 1 -
39) 2sin7xsinx +8sin*2x + v/3sin6x = 8sin?2x;
in3x +2sin4
40) SoXTESInAY _ tanx + 2v/3cos 2x;
cosx
) k k2m 2
Dap so. {E +—n; - —n; i +k2n.}
4 29 3 3
41) (sinx+1)-(3—6sinx —cos4x) = sin4x-cosx. Pap sb. x = g thk2m va
X = %” + k27,
e n . X 1+cos3x . b4
Bai tap 1.305. Giai phuong trinh cot— — —— =2sin (3x + —) .
: 2 sin2x—sinx 3

Bai tap 1.306. Giai phuong trinh
V3sinx(4cosx + 15)+ (4cosx + 1) (cosx —4) — 20 = 0.
Bai tap 1.307. Giai phuong trinh:
cos2x +cosx-(2tan®x — 1) = 2.
Bai tap 1.308. Giai phuong trinh

4 (sinx + v/8cosx) —4v3sinxcosx — 3 ~

4cosx—1
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Bai tap 1.309. Giai phuong trinh

1
cos2x

sin (x— %) +cos (g —x)

CosSXx

— (cosx +sinx-tan —) =
2

Bai tap 1.310. Giai phuong trinh

V3(sin 2x + sinx) — cos 2x + cosx — 4 = 0.

Bai tap 1.311. Giai phuong trinh

tanx-cos3x+2cos2x—1

- =3 (sin2x + cos x)
1-2sinx

Bai tap 1.312. Giai phuong trinh

sinx—1
2-(1+cosx)-(cot?x+1)= _—
cosx +sinx

Bai tap 1.313. Giai phuong trinh

+3)(1- 3
(cosx +3) (1~ cosx) = 2sinx - cos> (—n _X + 3tanx.
cosXx 4 2
Bai tap 1.314. Giai phuong trinh
(1 + cos2x +sin2x)cosx + cos 2x
=cosx.

1+tanx

Bai tap 1.315. Giai phuong trinh
. ” 1 .4 4
(tanxcot2x —1)sin (4x + —) = ——(sin“x + cos™x).
2 2
Bai tap 1.316. Giai phuong trinh

2sin(x + E)cos(2x— z)—2sin2x+4cos2 X +1
4 4 2 -1

cos2x +3cosx +2

Bai tap 1.317. Giai phuong trinh

2v/3cos2x + 2sin3x.cosx —4sinx — V3 B

1.
V3sinx + cosx
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Bai tap 1.318. Giai phuong trinh
16(sin®x + cos®x) — 3sin4x [2 +v2(1 + tanxtan2x)| = 10.

Bai tap 1.319. Giai phuong trinh

(1+tanx)(2cos2x—1)
sin (x + %)

=2v2cos 3x.

Bai tap 1.320. Giai phuong trinh
(1+2sinx)cosx = 2(cosx +cos*x) + 1
Bai tap 1.321. Giai phuong trinh
sin4x — cos4x = 1+ 4(sinx — cosx).
Bai tap 1.322. Giai phuong trinh
cos2x + V2sinx sin(% +3x) — cos(% —3x)+ 1| =2sin®(2x + %)'
Bai tap 1.323. Giai phuong trinh

4sinx.sin(x + g) -sin(x — g)
—cos2x =1.

2sinx —3cosx
Bai tap 1.324. Giai phuong trinh

sinx — sin 2x

1
2v/3cosx —2cos3x—v3 2

Bai tap 1.325. Giai phuong trinh

. 9 sin?3x
sin“ x + —
3sindx

-(cos 3x -sin® x + sin 3x - cos® x) = sinx - sin? 3x.

Bai tap 1.326. Giai phuong trinh

sin®x + sin 2x + v/2sin (x— %) 0

2sinx—1
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Bai tap 1.327. Giai phuong trinh
V3 (2 sinx +sinx — 2) = (2sinx —3)cosx

Bai tap 1.328. Giai phuong trinh

1 N sin3x + 2cosx 2

sinx 1+ cos?x cosx

Bai tap 1.329. Giai phuong trinh
V3cosx-tan?x + sinx = 4tanx — sinx - tan’x — V3 cos x.

Bai tap 1.330. Giai phuong trinh

coslzx—ﬁ:§cot(x+g)-cot(%—x).

Bai tap 1.331. Giai phuong trinh

8v/2cosx + 2v/2sin® x sin 3x — 6v/2cos*x — 1 = 0.
dx— sin4x) +1
X 7

2cos (5 — §)

(cos _
=+v3cosx+sinx.

2
Bai tap 1.332. Giai phuong trinh

Bai tap 1.333. Giai phuong trinh

sin3x — 2(cosx — sinx) + 2 cos

3
—x+n)sin(3—x—g)—1:0.
2 2 2

Bai tap 1.334. Giai phuong trinh

3(1+sinx) cosz(n x) _o.

tan?x Z - 5

Bai tap 1.335. Giai phuong trinh

3tan®x —3tanx +

(cosx+sinx)(2sin2x+1)+4cos2x_\/—
(cosx —sinx)(2sin2x+1)+2

Bai tap 1.336". Giai phuong trinh
. x . 1
sin—— +sin—— =0.
x2+1 x24+x+2

Bai tap 1.337. Giai phuong trinh:

[4cos2 (x+ %) - 1] sin2x = 2(sin7x — sin 3x) cos (5x— g) .
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1.4 Hinh hoc gidi tich trong mdt phing

1.4.1 Dudng thing

Bai tap 1.338. Trong mit phang toa do Oxy c6 diém M(3;1) nam trén
duong thang AB, phuong trinh dudng phan giac trong géc A va dudng
cao qua C lan ludt 1a

x—y—1=0, 2x+y+4=0.

Xac dinh toa do cac dinh ctia tam giac ABC biét dién tich tam gidc ABC
N 9

bang —.
ang o

Bai tap 1.339. Trong miat phang toa d6 Oxy cho tam gidc ABC c6 dinh

4 7
A(-3;6), truc tam H(2;1) va trong tam (5; 5)' Tim toa do cac dinh B, C.

Bai tap 1.340. Trong mit phang toa d6 Oxy, cho tam c6 trung diém cta

2 2 P
canh BC la M(3;2), trong tam G (5’ §) va tam duong tron ngoai tiep tam
giac ABC la I(1;-2). Xac dinh toa do6 dinh C.

Bai tap 1.341. Trong mit phang toa do Oxy, cho tam giac ABC c6 dién
tich bang 2, dusng thing AB c6 phudng trinh x—y = 0. Piém 1(2;1) 1a
trung diém cta canh BC . Tim toa d6 trung diém M cua doan thang AC.

Bai tap 1.342. Trong méat phing toa d6 Oxy cho tam gidc ABC. Biét
A(~1;2); B, C lan lugt thudc cac dudng thang

di:x—-3y=0 dg:x—y=0,

trung diém M cta doan BC thudc truc hoanh va cé hoanh d6 duong, dién
tich tam ABC bang 14. Tim toa d6 cac dinh B, C .

Bai tap 1.343. Trong mit phing Oxy cho hinh vuéng ABCD c6 A(-2,6),
dinh B ndm trén duong thang x—2y+6 = 0. Goi M va N lan lugt nam trén

< ; 2 14 .
BC, CD sao cho BM =CN. Biet AM cat BN tai I (E,E). Tim toa do diém
C.
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Bai tap 1.344. Trong mat phang véi hé toa d6 Oxy, cho cac diém
A(1;0), B(-2;4), C(-1;4), D(@3;5)

va duong thang d : 3x—y—5=0. Tim toa d6 diém M trén d sao cho hai
tam gidac MAB va MCD c6 dién tich bang nhau.

Bai tap 1.345. Trong mat phang v6i hé toa d6 Oxy, cho hai diém A(2;-1)
va B(1,-2). Biét trong tam G cua tam gidc MAB thudc dudng thang d :
x+y—2=0va dién tich tam gidc MAB bang 12. Tim toa d6 diém M.

Bai tap 1.346. Cho tam giac ABC vudng can tai A. Biét rang canh huyén
. . . 5 ~
nam trén duong thang c6 phudng trinh x+7y—-31=0, diem N (1; 5) thuoc

duong thang AC, diém M(2;-3) thudc dudng thang AB. X4c dinh toa db
cac dinh ctia tam giac ABC.

Bai tap 1.347. Trong mit phang véi hé toa do Oxy cho hinh chit nhat
ABCD, M la trung diém canh BC, phuong trinh dudng thang DM la
x—y—2=0va C(5;1). Pinh A thudc dudng thang d : 2x—y+1 = 0. Xac dinh
toa d6 cac dinh A, B, D.

Bai tap 1.348. Trong mit phang toa d6 Oxy cho hinh thang vudng tai
A, B ¢6 AD = 2AB, dudng thang AD c6 phuong trinh x — /2y = 0, trung
diém canh BC 14 M(1;0). Tim toa do dinh A.

Bai tap 1.349. Trong méat phang toa d6 Oxy cho tam gidc ABC c6 dinh
A(0;3), truc tam H(0;1) va diém M(1;0) 1a trung diém ctia canh BC . Tim
toa d6 dinh B biét dinh B c¢6 hoanh d¢ am.
Bai tap 1.350. Trong mit phang Oxy, cho hinh thoi ABCD c6 phuong
trinh canh BD 1a x -y = 0. Pudng thang AB di qua diém P(1;v3), dudng
thang CD di qua diém Q(—2;-2v/3) . Tim toa do cac dinh cta hinh thoi,
biét @6 dai AB = AC va diém B c6 hoanh d6 16n hon 1.
Bai tap 1.351. Trong mét phang Oxy, cho tam gidc ABC c6 A(5;2), phuong
trinh dudng trung truc canh BC va trung tuyén xuat phat tit dinh C lan
lugt tuong tng la

di1:2x+y-5=0, do:x+y—-6=0.

Tim toa d6 cac dinh B, C cua tam giac.
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Bai tap 1.352. Trong mit phang toa do Oxy cho tam giac ABC ¢6 dudng
cao BH :x+2y—3=0, trung tuyén AM : 3x+3y -8 =0. Canh BC di qua
N(3;-2). Tim toa do cac dinh A, B, C ctia tam giac

Bai tap 1.353. Trong mat phang toa d6 Oxy cho A(1;2) va cic dudng
thang
di:x+2y—-1=0; do:x+2y+8=0.

Tim B thudc d1, D thudc dy va C sao cho ABCD la hinh vuong.

Bai tap 1.354. Trong mit phang toa do Oxy cho tam gidc ABC c6 dinh
A(2;3), duong phan giac trong goc A c6 phuong trinh x—y+1=0 va tam
duong tron ngoai tiép I(6;6).Viét phuong trinh canh BC, biét dién tich
tam gidac ABC gap ba lan dién tich tam giac IBC.

Bai tap 1.355. Trong mit phang véi hé toa do Oxy. Tim toa d6 cac dinh
cta tam giac biét AB = v/5, C(-1;-1), duong thang AB:x+2y—-3=0 va
trong tam G cua tam gidc ABC thudc duong thang d:x+y—-2=0.

Bai tap 1.356. Trong mit phang toa do Oxy, cho tam gidc ABC c6 M(-1;2),

3 9 X A ° » 2 N ~ A
N (5; 5) lan lugt 1a trung diém cta cac doan thang AB va CA. Tim toa do
cac dinh ctia tam giac ABC, biét H(2;1) 1a truc tam ctia tam giac ABC.

Bai tap 1.357. Trong mit phang toa do Oxy, cho diém M(-3;4) va hai
duong thang

di:x-2y—-3=0, do:x—y=0.
Puong thing d qua M, cit d; va ds tuong tng § A va B sao cho MA =
3MB. Viét phuong trinh d, biét diém A ¢6 tung d6 duong.

Bai tap 1.358. Trong mat phang toa do Oxy, cho tam gidc ABC can tai
A, biét A(3;-3), hai dinh B, C thuoc duong thang (d): x—2y+1=0 va diém
E(3;0) nam trén duong cao ké tit dinh C. Tim toa d6 hai dinh B, C.

Bai tap 1.359. Trong mit phang toa d6 Oxy cho hinh thoi ABCD biét
duong chéo AC c¢6 phuong trinh x —y—5 =0, canh CD c¢6 phuong trinh
2x+y—-1=0, canh AD di qua diém E(2;—g). Tim toa d6 cac dinh cua
hinh thoi.
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Bai tap 1.360. Trong mit phang toa d6 Oxy cho tam gidc ABC véi B(1;—2)
duong cao AH :x—y+3=0. Tim toa db cac dinh A, C cua tam giac ABC
biét C thudc duong thang d : 2x+y—1=0 va dién tich caa tam giac ABC
biang 1.

Bai tap 1.361. Trong mit phang toa do Oxy cho hinh binh hanh OABC
¢6 dién tich bang 4. Biét A(-1;2) va giao diém I ctia hai dudng chéo ndm
trén duong thang A:x—y—1=0. Tim toa d6 hai dinh B va C.

Bai tap 1.362. Trong mit phang toa d6 Oxy cho hinh chit nhat ABCD
¢6 D(-1;-1), dudng thang A chia phan giéc trong géc A c6 phuong trinh
la x— y+2=0. Tim toa do dinh B, biét diém A c6 tung do 4m va dién tich
hinh chit nhat ABCD bang 6.

Bai tap 1.363". Trong mat phang toa do Oxy cho diém A(1;2) va dudng
thang d : 4x—3y—23=0. Hai diém B va C di dong trén d sao cho doan BC
luén c6 d6 dai bang 5. Tim toa d hai diém B va C sao cho chu vi tam giac
ABC la nhé nhét.

Bai tap 1.364. Trong mit phang toa do Oxy cho hinh thoi ABCD véi
A(1;0), duong chéo BD c¢6 phuong trinh x—y+1=0. Tim toa dé cac dinh
B, C, D biét BD =4V/2.

Bai tap 1.365. Trong mit phang toa do Oxy cho tam giac ABC vudng tai
A, B(1;1) va phuong trinh dudng thang AC 1a 4x+3y—-32 = 0. Tia BC chia
diém M sao cho BM-BC = 75. Tim toa do diém C biét ban kinh dudng tron

LA . v bVbh
ngoai tiep tam giac AMC bang T\/_

Bai tap 1.366. Trong mit phang toa do Oxy cho tam gidc ABC vuéng
tai A; hai diém A, B thudc truc hoanh. Phuong trinh duong thang BC 1a
4x+3y—16 = 0. X4c dinh toa d6 trong tAm G cta tam gidc ABC, biét ring
ban kinh cta duong tron noi tiép tam giac ABC bang 1.

Bai tap 1.367. Trong mit phang toa d6 Oxy, cho tam gidc ABC vuéng
can tai , phuong trinh BC : 2x—y -7 = 0, duong thang AC di qua diém
M(-1;1), diém A n3m trén duong thang A :x—4y+6 =0. Tim toa d6 cac
dinh cta tam gidc ABC biét ring dinh A c¢6 hoanh d6 duong.
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Bai tap 1.368. Trong mit phang toa d6 Oxy, cho tam giac ABC c6 A(2;5),
B(-4;0), C(5;—1). Viét phuong tinh dudng thang di qua A va chia tam giac
ABC thanh hai phan c6 ti s6 dién tich bang 2.

Bai tap 1.369. Trong mit phang toa do Oxy, cho tam gidc ABC c6 truc

16 23 .
tam H (—2—7; ?)’ phuong trinh canh BC : x—6y+4 =0 va trung diém canh

55 % . . N 2
ABla K (—5; 5). Viet phuong trinh cac duong thang AB, AC.
Bai tap 1.370. Trong mit phang Oxy cho tam gidc ABC véi duong cao

AH c6 phuong trinh 3x +4y+ 10 = 0 va duong phan giac trong BE c6
phuong trinh x —y +1 = 0. Piém M(0;2) thudc dudng thang AB va cach

dinh € mét khoang bang v2. Tinh dién tich tam giac ABC. Pap sb.
49
SABC = R

Bai tap 1.371. Trong miat phang toa dé Oxy cho tam gidc ABC c6 dinh
A(2;3), toa d6 tam dudng tron ngoai tiép 1a 1(6;6), toa d6 tam dudng tron
néi tiép 1a K(4;5). Viét phuong trinh céc canh cta tam giac.

Bai tap 1.372. Trong mit phang Oxy cho hinh chit nhat ABCD c6 dién
tich bang 6, phuong trinh dusng chéo BD 1a 2x + y = 12, dudng thang AB
di qua diém M(5;1), dudng thang BC di qua diém N(9;3). Viét phudng
trinh céc canh cta hinh chit nhat, biét diém Bcé hoanh d6 16n hon 5.

Bai tap 1.373. Cho tam gidc ABC c6 dién tich bang 24 va phuong trinh
cac dudng trung tuyén ké tit cac dinh A, B, C lan lugt 1a

A:x—y+2=0, Ag:bx—y—-2=0, Asz:x+3y—10=0.
Tim toa do cac dinh ctia tam giac ABC.

Bai tap 1.374. Cho tam giac ABC biét A(1;2), B(3;4) va tan cac géc trong
cua tam giac tai cac dinh A va B la tanA = —%, tanB = % Tim toa d6 dinh
C cla tam gidc ABC biét ring hai diém C va O § vé cung mot phia cia
duong thang AB.
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Bai tap 1.375. Trong hé Oxy cho hinh chi@ nhat c¢6 dién tich bang 12
don vi dién tich. Giao diém ctia hai dutng chéo 1a I (g, _73), diém E(3,0)
14 trung diém ctia mot canh ctia mét hinh chit nhat. Hay xac dinh toa do
cua hinh chit nhat.

Bai tap 1.376. Trong mét phang toa d6 Oxy, cho hinh chit nhat ABCD
c6 AC:3x+5y—14=0, duong thang AD di qua E (;4) vd 5AB = 3AD. Tim
toa do A.

Bai tap 1.377. Trong mit phang toa d6 Oxy cho cac diém A(2;3), B(5;2),
C(8;6) va mét duong thang d : y = x+5. Tim trén d mot diém D sao cho
hinh vuong MNPQ c6 cac canh MN, NP, PQ, QM lan luct di qua cac
diém A, B, C, D c6 dién tich dat gi4 tri 16n nhat.

Bai tap 1.378. Trong mit phang Oxy cho hai diém A(-11;3) va B(9;-7).
Lap phuong trinh dudng thing song song véi dudng thing AB, cit dudng
tron dudng kinh AB tai hai diém C, D sao cho hinh chiéu vuéng géc ctia
ching trén dudng thang AB 14 b6n dinh cta mét hinh vuéng.

Bai tap 1.379. Trong mit phang véi hé toa dé Oxy, cho hinh thoi ABCD
¢6 hai canh AB, CD lan lu¢t ndm trén hai dudng thang

(d1):x-2y+5=0, (do):x—2y+1=0.

Viét phuong trinh cac dudng thang AD va BC, biét diém M(-3;3) thudc
duong thang AD va diém N(-1;4) thudc dudng thang BC.

Bai tap 1.380. Cho hinh vudng ABCD c¢6 M la trung diém canh BC,
duong thang DM c6 phuong trinh x—y—2 =0, diém C(3;-3), diém A thudc
duong thang (d):3x+y—2=0. Tim toa d6 cac dinh A, B, D.

Bai tap 1.381. Trong mit phang toa do Oxy, cho hinh vuong ABCD c6
tam I(1;1); hai dudng thang AB va CD lan luct di qua diém M(-2;2) va
N(2;-2). Tim toa d6 cac dinh ctia hinh vuéng ABCD biét dinh C c6 tung
do am.
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Bai tap 1.382°. Trong mit phang toa d6 Oxy, cho tam giac ABC c6 A(2;3),
duong phéan giac trong ctia goc A c6 phuong trinh x—y+1 =0, tam duong
tron ngoai tiép tam giac 1a I(6;6) va dién tich tam giac ABC gap ba lan
dién tich tam giac IBC. Viét phuong trinh dudng thang chita canh BC.

Bai tap 1.383. Trong mit phang véi hé toa doé Oxy cho tam gidc ABC
noi tiép dudng tron tam I(2;1) ban kinh bang 5. Tim toa dd cac dinh caa
tam gidc biét truc tAm tam gidc 1a H(-1;-1), sinBAC = % va diém A c6
hoanh d6 am.

1.4.2 Dudng tron

Bai tap 1.384. Trong mét phing toa d6 Oxy, cho tam gidc ABC véi A(2;3).
Tam dudng tron noi tiép, ngoai tiép tam gidc ABC lan luct 1a J(6;6) va
1(4;5). Viét phuong trinh duong thang chiia cac canh ciia tam gidc ABC.

Bai tap 1.385. Cho duong tron (¥) : (x —4)% + y? = 25 va diém M(1;-1).
Viét phuong trinh duong thang A di qua diém M va cat duong tron (%)
tai hai diém A, B sao cho MA = 3MB.

Bai tap 1.386. Trong mat phang toa do Oxy, cho dudng tron (%) c6 phuong
trinh
2., .2 _
x“+y°—2x—-4y=0
va diém M(6;2). Viét phuong trinh dudng thang A di qua diém M va cat
(¥) tai hai diém A, B sao cho MAZ + MB? = 50.

Bai tap 1.387. (Du bi 1, khéi B, 2010) Trong mat phang véi hé toa do
Oxy, cho dudng tron (%) : (x— 1)+ (y + 1)2 = 16. Goi I 1a tam cta (%) va
A(1++/3;2). Chitng minh rang moi dudng thang di qua A luén cat (¥) tai
hai diém phan biét. Viét phuong trinh dudng théng d di qua A va cét (¥)
tai hai diém B, C sao cho tam gidc IBC khéng c6 géc tu va cé dién tich
bang 4v/3.

Bai tap 1.388. Trong méat phang véi hé toa do Oxy, cho duong tron (%)
c6 phuong trinh x2 +y%2 —2x+4y+2 = 0. Goi (¥’) 1a dudng tron c6 tam
M(5;1), (£') cat (¥) tai hai diém A, B sao cho d6 dai doan thing AB bing
V3. Viét phuong trinh ctia dudng tron ().
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Bai tap 1.389. Cho dudng tron (¢) c6 phuong trinh x2+y2 = 1. Viét phuong
trinh dudng tron (¢”) c6 tam I(2;2) va cat (¥) tai hai diém A, B sao cho
do dai doan AB bang 2. Viét phuong trinh duong thang AB.

Bai tap 1.390. Cho hai duong tron
(€):(x—1%+(y+2)%=5 va (€"):(x+1)2+(y+3)%=9.

Viét phuong trinh duong thang A tiép xic véi (¥) va cat (¢”) tai hai diém
A, B sao cho AB =4.

Bai tap 1.391. Trong mét phang toa d6 Oxy, cho dudng tron (%) cé6 phuong
trinh
(x—12+(y—2)*=5.

Tim m dé duong thang d : mx—y—2m+1 =0 cat (¥) tai hai diém phan
biét A, B sao cho d6 dai doan thang AB nhé nhat.

Bai tap 1.392. Trong mét phang toa d6 Oxy, cho dudng tron (¥) cé6 phuong
trinh
> +y?-2x—4y-5=0

va diém A(0;-1). Tim toa do cac diém B, C thudc (¥) sao cho tam giac
ABC déu.

Bai tap 1.393. Trong mét phang toa d6 Oxy, cho dudng tron (¥) cé6 phuong
trinh
(x-3)2+(y-4)?=4

va hai diém B(4;1), C(8;3). Tim toa d6 diém A nam trén dudng tron (¥)
sao cho tam giac ABC vuong tai A.

Bai tap 1.394. Trong mit phang toa d6 Oxy, cho dudng tron (%) cé6 phuong
trinh

x2+y2—x—4y—2:0
va cac diém A(3;-5), B(7;-3). Tim diém M trén duong tron (%) sao cho
MA? + MB? nhé nhét.
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Bai tap 1.395. Cho duong tron

(€): (x—1*+(y-2°=5
va diém A(-3;4). Qua A ké cac tiép tuyén AB va AC t6i (¥) (B, C la cac
tiép diém). Viét phuong trinh dudng tron noi tiép tam giac ABC.

Bai tap 1.396. Trong mat phang toa d6 Oxy, cho diém M(2;5) va duong
tron
(©):x%+y?—10x—2y-10=0.
Viét phuong trinh dudng thang (d) di qua M cit (C) tai hai diém P, @ sao
cho tiép tuyén cua (%) tai P, @ cit nhau tai K théa man PK@ = 60°.
Bai tap 1.397. Trong mit phang toa do Oxy cho dudng tron
(©): 2% +y%> =20

va diém A(6;0). Viét phuong trinh dudng tron (¢’) di qua A va cit dudng
tron (%) tai hai diém B, C sao cho tam gidac ABC vudng can tai A.

Bai tap 1.398. Trong mét phing toa d6 Oxy cho duong tron (C) c6 phuong
trinh

x2+y2—2x—2y+1:0
va diém M(m;-1) nam ngoai (C). Goi A, B la cac tiép diém cta cac tiép
tuyén ké ti M dén duong tron (C). Tim m dé khoang cach tit tAm cta (C)
dén duong thing AB bing %

Bai tap 1.399. Trong mét phing toa d6 Oxy cho duong tron (C) c6 phuong
trinh
X +y?—4x-8y+11=0

Lap phuong trinh dudng tron c6 ban kinh bé nhéat tiép xdc dong thoi véi
truc Ox va duong tron (C).

Bai tap 1.400. Trong mit phang toa do Oxy, cho hai diém A(2;1), B(4;5)
va duong tron (C) ¢6 phuong trinh

x2+y2—2x—4y+320

Lap phuong trinh duong tron (C’) qua B va tiép xtc véi (C) tai A.
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Bai tap 1.401. Trong mat phang toa do Oxy, cho diém M(6;2) va duong
tron (C) c¢6 phuong trinh

(x-1)*+(y-2)*=5.
Lap phuong trinh dudng thang (d) di qua M va cat duong tron (C) tai hai
diém A, B sao cho AB = /10.

Bai tap 1.402. Trong mat phang toa do Oxy cho diém A(-2;0) va duong
tron
(€):(x-1*+(y+1)* =4

¢6 tam I. Viét phuong trinh dudng thing d di qua diém A va cat (%) tai
hai diém phéan biét M, N sao cho dién tich tam gidc IMN bang V3 dong
thoi tam giac IMN la tam giac tu.
Bai tap 1.403. Trong mit phing toa d6 Oxy cho dudng thang (d):x—y+
1=0 va dudng tron

@) :x2+y2—2x+4y—420.

Tim diém M thuéc dudng thang (d) sao cho qua M ké dudc cac tiép tuyén
MA, MB dén duong tron véi A, B 1a cac tiép diém dong thoi khoang cach
d 1 4 KA 2z
tu diem N (5, 1) den duong thang AB la 16n nhat.
Bai tap 1.404. Trong mat phang toa do Oxy, cho duong tron
(C):x*>+(y—-3)%=4

va mot duong tron (C’) cat (C) tai hai diém phéan biét A, B. Gia st dudng
thang AB c6 phudng trinh 1a x+y—2 = 0, hay viét phudng trinh ctia dudng
tron (C’) ¢6 ban kinh nhé nhét.

Bai tap 1.405. Trong mat phang toa do Oxy, cho duong tron
(K):x?+ y2 =4

va hai diém A(0;2), B(0;-2). Lay C, D la hai diém thudc (K) (khong trung
v6i A, B) va dbi xting véi nhau qua truc tung. Biét ring giao diém E cua
hai dudng thing AC, BD nam trén dudng tron

(K1) :x2+y?+8x—4=0,

hay tim toa do cua E.
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Bai tap 1.406. Trong mat phang Oxy cho tam gidc ABC ndi tiép duong
tron
(C): (x—1)?+(y-1)?=10.

Piém M(0;2) 1a trung diém canh BC va dién tich tam gidc ABC bang 12.
Tim toa do cac dinh ctia tam giac ABC.

Bai tap 1.407". Cho tam giac ABC c6 truc tam H thudc dudng thang
3x —y—4 =0; duong tron ngoai tiép tam giac HBC c6 phuong trinh 1a

x2+y2—x—5y+4:O.
trung diém canh AB 1a M(2;3) . Tim toa do ba dinh tam giac ABC.
Bai tap 1.408. Trong mit phang véi hé toa do Oxy cho hai dudng tron

(C):x®+y*=13

(C"): (x —6)* + y% = 25.

Goi A 1a giao diém cta (C) va (C') véi y < 0. Viét phuong trinh duong
thang di qua A va cat (C) va (C’) theo hai day cung c6 d6 dai bang nhau.

Bai tap 1.409. Cho diém A(0;2) va dudng tron
(€):x%+9y*-2x-9=0

Tim toa dé cac diém B, C thudc (%) sao cho tam gidc ABC vudng can tai
A.

Bai tap 1.410. Cho diém A(2;1) va dudng tron
(€):(x—1%+(y-2)?=5.

Viét phuong trinh duong théng(A) qua A va cit (%) tai hai diém B, C sao
cho doan thang BC ngan nhat.
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Bai tap 1.411. Trong mat phéng véi hé toa d6 Oxy, cho diém I(2;4) va
hai dudng thing

(d1):2x—y—-2=0, (d9):2x+y—-2=0.
Viét phuong trinh duong tron (%) c6 tam I, cat (dq) tai hai diém A, B va

“ . . g 16
cat (dg) tai hai diem C, D sao cho AB+CD = ﬁ

Bai tap 1.412. Trong mit phang toa do Oxy, cho dudng tron
(K): 22+ y2 =4

va hai diém A(0;2) va B(0;—2) 14y hai diém C va D ((C # A), B) 14 hai diém
thudc (K) va d6i xting véi nhau qua truc tung. Biét ring giao diém E cua
hai duong thang AC, BD nam trén dudng tron

(K1) :x2+y?+8x—4=0,
hay tim toa do6 cua E.

Bai tap 1.413. Trong méit phang toa do Oxy cho tam gidc ABC can tai
A c6 phuong trinh cac canh BC, AB lan lust 1a

x+2y—-2=0 va3x—y+10=0.
Tim tam duong tron noi tiép tam gidc ABC biét canh AC di qua M(2;2).
Bai tap 1.414. Trong mit phang toa do Oxy cho dudng tron
(T):(x-1)?+(y-3)*=5

va hai diém A(2;1), B(0;5). Tt diém M thudc dudng thang (d):x+2y+1=0
ké hai tiép tuyén ME, MF dén duong tron (T), (E, F 1a céc tiép diém). Tim
toa do diém E, F biét ABEF la hinh thang.

Bai tap 1.415. Trong mit phang toa do Oxy cho dudng tron
(C): (x+6)% +(y—6)? =50.

Viét phuong trinh dudng thang (d) cat hai truc toa d6 tai A, B va tiép xic
v6i dudng tron (C) tai diém M sao cho M 14 trung diém ctia AB.
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Bai tap 1.416. Trong mit phang toa do Oxy cho tam gidc ABC c6 A(2;6)
. , . -3\ .. . . Lk
chan duong phéan giac trong goc A la D (2; 7) tam vong tron ngoai tiep

N e | \ NP ) .
tam giac la I (?; 1). Tim toa do cac dinh ctia tam giac ABC.

Bai tap 1.417. Trong mit phang Oxy, cho tam gidc ABC c6 diém B(1;1),
trung tuyén CM :5x—9y +20 = 0, duong cao AH :x+y—4 =0 va cac dudng
cao BK, CI. Tim toa d6 tam duong tron noi tiép tam gidc HIK.

Bai tap 1.418. Trong mat phang toa do Oxy, cho duong tron

(Cl):(x+2)2+(y—1)2:§

¢6 tAm O1. Pudng tron (Cs) ¢6 ban kinh bang 2, tdim Oy nim trén dudng
thang (d) :x+y—2 =0 va cit (C;) tai hai diém A, B sao cho ti gidc 01AO4B

SR 12 . . .
c6 dién tich bang T\/_ Viet phuong trinh duong tron (Cs).

Bai tap 1.419. Trong mat phang toa do Oxy, cho tam gidc ABC c6 dinh
A(~1;-3), truc tam H(1;-1) va tam dudng tron ngoai tiép tam giac I(2;-2).
Tim toa do cac dinh B, C cta tam giac ABC.

Bai tap 1.420. Trong miat phang Oxy, xét tam gidc ABC c¢6 A(1;5), dudng
thang BC c¢6 phuong trinh x—2y—6 =0, diém 1(1;0) 14 tam dudng tron noi
tiép. Hay tim toa do cac dinh B, C.

Bai tap 1.421. Trong mit phang toa do Oxy cho dudng tron
(€): (x-3)*+(y—2)* =101.

va hai diém A(4;2), B(5;3). Tim toa do hai diém C, D thudc dudng tron
(%) sao cho ti giac ABCD la hinh binh hanh.

Bai tap 1.422. Trong mit phang toa do Oxy cho tam gidc déu ABC ndi
tiép dudng tron
(€):x*>+y*>—2x+2y—-6=0.

Biét duong thang AB song song véi dudng thang (d): x—y =0. Tim toa do
diém A, B.
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Bai tap 1.423. Trong mit phang véi hé toa do Oxy, cho tam giac ABC c6
dinh A n3m trén dudng thang A :x+2y+1=0, dudng cao BH c6 phudng
trinh x + 1 =0, duong thang BC di qua diém M(5;1) va tiép xuc véi dudng
tron (¢) : % + y2 = 8. X4ac dinh toa d6 cac dinh ctia tam gidgc ABC biét cac
dinh B, C ¢6 tung d6 Am va doan thang BC = 7v/2.

Bai tap 1.424. Cho mit phang véi hé toa do Oxy, cho tam giac ABC
vubng can tai A(1;2). Viét phuong trinh dudng tron (T) ngoai tiép tam
giac ABC biét duong thang d :x—y—1=0 la tiép tuyén caa (T) tai diém
B.

Bai tap 1.425. Trong mit phang Oxy, cho tam gidc ABC c6 B(-1;1),
C(2;-2). Pudng tron tam I(2;1) di qua B, C cét cac canh AB, AC lan
lugt tai M, N tuong tng sao cho MA = MB va NC =2NA. Tim toa d6 dinh
A.

Bai tap 1.426. Trong mit phang toa do Oxy cho dudng tron
(€):x%+y2—2x—-4y+1=0

va duong thang A:x—y+2=0. Tim toa d6 diém M thudc A sao cho tit M

ké dudc hai tiép tuyén MA, MB véi dudng tron (A, B 1a cac tiép diém) va

4
AB:%.

Bai tap 1.427. Trong mit phang toa do Oxy cho hai dudng tron
(%):x2+y2—18x—6y+65:0, () :x2+y2 =9.

Tt mot diém M thudc dudng tron (¢) ké hai tiép tuyén véi dudng tron
(¢") (A, B la cac tiép diém). Tim toa do diém M biét d6 dai doan thing
N 24

Bai tap 1.428. Trong mat phang toa d6 Oxy , cho tam giac ABC vuéng
tai A, cac dinh A va B thudc duong thang d : y = 2, phuong trinh canh
BC:V3x-y+2=0. Tim toa d6 cac dinh A, B, C biét ban kinh dudng tron
noi tiép tam giac ABC bang v/3.
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Bai tap 1.429. Trong mat phang toa do Oxy , cho dudng tron
(€):x%+y>—8x+6y+23=0

va dudng thang d : x+y—1=0. Xac dinh toa d6 cac dinh A va C caa hinh
vudng ABCD ndi tiép duong tron (¥), biét diém A thudc duong thang d.

Bai tap 1.430. Trong mat phang toa do Oxy, cho duong thang A : 5x —
2y —19 =0 va duong tron

(€): 2% +y* —4x -2y =0.

Tut mot diém M nam trén dudng thang A ké hai tiép tuyén MA, MB dén
duong tron (¥) (A va B 1a céc tiép diém). Viét phuong trinh dudng tron
ngoai tiép tam giac AMB biét AB = v/10.

Bai tap 1.431. Trong mat phang véi hé toa d6 Oxy, cho dudng tron (C):
(x+1)2+(y—2)% = 16 va duong thang A c¢6 phuong trinh 3x+4y -5 = 0. Viét
phuong trinh dudng tron (C’) ¢6 ban kinh bang 1 tiép xtc ngoai véi (C)
sao cho khoang cach tit tAm I cia né dén A 14 16n nhét.

Bai tap 1.432. Trong mit phang toa do Oxy, cho hai dudsng tron (Cy):
(x—-12+(y—-22=9 va (Cs): (x+2)% +(y—10)? = 4. Tim toa do cac dinh cta
hinh vudng ABCD biét rang A thudc (C1); C thudc (Cs); B, D thudc dudng
thang d :x—y+6 =0 va tung d6 diém C 16n hon 9.

Bai tap 1.433. Trong mit phang toa do Oxy, cho dudng thang d :x+y =
0. Goi (C) 1a duong tron tam I, (C) cat d tai A va B sao cho OA-OB =86,
dong thoi tam gidc AIB vudng tai I va c6 dién tich bang 2. Viét phudng
trinh cta (C), biét O & ngoai (C).

Bai tap 1.434. Trong mat phang toa do Oxy, cho dudng tron hai duong
tron c6 phuong trinh lan lugt 1a

(C1):(x—-1)2+(y-22=9, (Co):(x+1)%>+y>=16

va duong thang d : 2x+4y—15=0. Tim M trén (C;) va N trén (Cs) sao cho
MN nhéan dudng thing d 1a duong trung truc va N c6 hoanh d6 am.
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Bai tap 1.435. Trong mat phang véi hé toa do Oxy lap phuong trinh
duong tron (C) ngoai tiép tam giac ABC, biét truc tam ctia tam giac ABC
la H(2;10), phuong trinh canh BC la x+2y -7 =0, tam ctia duong tron (C)
nam trén dudng thang x —y -3 = 0, ddng thoi ban kinh dudng tron bang
5.

Bai tap 1.436. Trong mat phang Oxy, hay lap phuong trinh dudng tron
ngoai tiép tam giac ABC, biét cac dinh B(0;1),, C(-2;1) va truc tam cta
tam giac la H(1;-2).

Bai tap 1.437. Trong mit phang toa do Oxy cho dudng tron
(©): (x—22+(y-1)>%=8

va diém A(0;3). Lap phuong trinh dudng tron (¢”) di qua A ¢6 tam nam
trén duong tron
(C):(x-6)*+(y+1)> =18

va cat (¢) theo mot day cung c6 d6 dai 16n nhét.

1.5 Hinh hoc gidi tich trong Khéng gian

1.5.1 Dudng thing va mat phing

Bai tap 1.438. Trong khong gian toa do Oxyz diém A(1;-1;-1), hai méat
phang
P):x+y+2z2-3=0, (Q):2x—-y—-3z+5=0

va duong thang

x=—-t+2,
A y:2t—1’
z=-—t.

Viét phuong trinh dudng thing (¢) di qua diém A, vudng géc véi A, cat
hai mét phang (P) va (@) 1an lugt tai hai diém M va N sao cho A 1a trung
diém ctia doan thing MN.
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Bai tap 1.439. Trong khong gian toa d6 Oxyz cho hai duong thang

x y z-1 x
Ap):-=== , (Ag):—=
(A1) 1= 1 (Ag) 1

y—2 z
1 1

=5
va diém A(-1;0;1). Tim M thudc (A1) va N thuoc (Ag) sao cho MN =2v6
va tam giac AMN vudng tai A.

Bai tap 1.440. Trong khong gian véi hé toa do vuong goc Oxyz cho hai
diém A(2;0;1); B(0;—2;3) va mat phang (P):2x—y—z+4 = 0. Tim toa d6
diém C thudc (P) sao cho tam gidc ABC can tai C va c6 dién tich S = 3v2.

Bai tap 1.441. Trong khong gian véi hé toa d6 Oxyz, cho hai diém A(3;0;0),
H(0;—-2;5).Viét phuong trinh mét phang (P) di qua A, cit Oy, Oz 1an luot
tai B va C sao cho tam giac ABC nhan AH lam dudng cao.

Bai tap 1.442. Cho hai diém A(1;-2;3), B(2;1;1) va mit phang
P):x+y+2z2+2=0.

Chiing minh dudng thang AB song song véi méit phang (P). Tim toa db
diém C thudc mat phang (P) sao cho tam gidac ABC can dinh C va c¢6 chu
vi nhé nhét,.

Bai tap 1.443. Trong khong gian toa do Oxyz, cho ba diém
A(-1;0;2), B(2;1;4), C(1;-1;2).

Tim toa do diém M sao cho MA = MB = MC va khoang cach tit M dén mat
phang (ABC) bang /5.

Bai tap 1.444. Trong khong gian Oxyz, 1ap phuong trinh mit phang (P)
di qua M(-1;1;1), song song véi dudng thang

+1
A:x =
2

y-38_z
2 1

va cach dudng thang A mot khoang bang 2.
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Bai tap 1.445. Trong khong gian toa do Oxyz, cho hai diém A(3;-2;3),
B(-5;10;—1) va mat phang (P): 2x+y+2z —1=0. Goi M 12 mot diém trén
(P) sao cho MA + MB = 4y/14. Viét phuong trinh dudng thang A di qua M

g N s Ar 2 Lo 2v10 | .,
cat dva tao v6i d mot goc ¢ c6 gia tri cosg = . biet
g X _y+l_2-1
2 -1 2

Bai tap 1.446. Trong khong gian véi hé truc toa do Oxyz cho mat phang
(P):2x+y—2z =0 va hai duong thang
x—4 y z

x-3 y z+1

Tim diém M thudc (P), N thuéc (d) sao cho M, N dbi xtiing nhau qua (d").
Viét phuong trinh mét cau c¢6 tam I thudc (d') va di qua M, N sao cho tam
giac IMN vudng.

Bai tap 1.447. Trong khong gian véi hé truc toa déo Oxyz cho M(1;-1;0)
va duong thang
x-2 y+1 z-1
2 -1 1
va mat phang (P):x+y+z-2=0. Tim diém A thudc mat phang (P) sao
V66

5

A

cho AM vudng géc véi A va khoang cach tit A dén A bang

Bai tap 1.448. Trong khong gian véi hé truc toa do Oxyz cho mat phang
(P):x+y+z—2=0 va hai dudng thang

-1 +2 -1 +1 +2
Ayf——zz Z va wa _Yr-_Z

2 1 -1 1 3 9

Chiing minh A; va Ay chéo nhau. Lap phuong trinh duong thang A song
song véi mét phang (P) cat A; va Ay 1an lugt tai A, B sao cho d6 dai AB
nho nhat.

Bai tap 1.449. Trong khong gian véi hé truc toa do Oxyz cho duong
thang
x+2 y-3 z-1

d .
1 -2 -2
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Xét hinh binh hanh ABCD c6
A(1;0;0), C(2;2;2), Ded.
Tim toa d6 dinh B biét dién tich hinh binh hanh ABCD bang 3v/2.

Bai tap 1.450. Trong khong gian véi hé truc toa dd Oxyz diém A(2;1;-3)

va duong thang
x-1 'y z+1

2 -3 4
B la diém d6i xting ctia A qua (d). Tim toa d6 diém C thudc mat phang

d:

(P):x+2y—-3z+5=0
sao cho BC c6 d6 dai nho nhat.

Bai tap 1.451. Trong khong gian Oxyz , cho hai dudng thang

-3 y-1 —2 y-1 z-3
dp: 2= o2 g, 22

1 2 -5’ -3 -1 2

va mit phang
(a@):2x+y+2z-7=0.

Puong thang A cat d; va ds tuong tng 6 A va B, dong thoi khoang cach
tit A dén méit phang («) bang v6. Viét phuong trinh A, biét diém A ¢6
hoanh dé duong.

Bai tap 1.452. Trong khong gian Oxyz, cho diém M(1;1;1), dudng thang

-2 -1
@:F2_y-1_z
1 -1 1

va mat phang (P):x+y—-2z+3=0. Goi A la giao diém ctaa d va (P). Viét
phuong trinh dudng théng A chia M, cat (d) va (P) tuong ing 6 B va C
sao cho tam giac ABC céan tai B.

Bai tap 1.453. Trong khong gian véi hé toa do Oxyz, cho cac diém

5 1
A(0;§;4), B(2;6;§), C(2;1;0), D(0;5;8), E(-2;9;1).

Tim toa do diém M trén dudng thang DE sao cho hai dudng thang AB va
CM cét nhau.
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Bai tap 1.454. Trong khong gian véi hé toa d6 Oxyz, cho dudng thang A
¢6 phuong trinh

x=1+t,
y=4+t,
z=1-2¢.

Viét phuong trinh mét phing chia A va cét cac truc toa do tai cac diém
M, N, P sao cho hinh chép O.MNP 1a hinh chép déu.

Bai tap 1.455. Trong khong gian véi hé toa d6 Oxyz, cho hai duong
thang
:fzzllzz—l’(b:x—lzy—lzz—2
2 1 1 1 -1 1
va diém A(1;-1;2). Tim toa d6 cac diém B, C lan lugt thudc d1, ds sao cho
duong thang BC nam trong mat phang di qua A va duong thang d;, dong

thoi AC = 2AB. Biét diém B c¢6 hoanh d6 duong.

Bai tap 1.456. Cho diém A(1;1;2) va dudng thang

x—-1 vy z-1

d:—==73=

Tim hai diém M va N trén (d) sao cho tam gidac AMN vudng can tai M va
¢6 dién tich bang 3v/2.

Bai tap 1.457. Trong khong gian Oxyz cho hai mit phang
P):x+y+2z+2=0, @):x+y—-z—-1=0.

Lap phuong trinh duong théng (d) song song véi hai mat phang (P) va
(Q) ddng thoi cach hai mat phing d6 mot doan bang /3.

Bai tap 1.458. Trong khong gian Oxyz cho hai mit phang
P):x+2z-3=0, (Q):y+z+5=0

va diém A(1;-1;-1). Viét phuong trinh cia dudng thang (A) di qua diém
A, vubng géc véi giao tuyén cta (P) va (Q), dong thoi cit hai mat phéng
(P) va (@) 1an ludt tai M, N sao cho A 1a trung diém ctia doan thang MN.
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Bai tap 1.459. Trong khong gian Oxyz, cho hai duong thang

x=2-t,
x-1 y-2 z-1

A1
-7 2 1

va Ag : y:3—t,
z=-2.

Viét phuong trinh mat phang (P) vudng géc véi A; va cat A1, Ay tai M va
N sao cho MN nhé nhat.

Bai tap 1.460. Trong khong gian toa do Oxyz, cho tam gidc ABC c6 diém
M(3;2;0) ndm trén canh BC.Phuong trinh dudng phan giic trong géc B
va duong trung truc ctia BC ¢6 phudng trinh 1an lugt 1a

x—2 -1 z-1 x—1 z—2

2 :y—3 "2 ;(d2):T:—12: 1
Xac dinh toa d6 cac dinh ctia tam gidac ABC biét AB = /867.

(d1):

1.5.2 M3t chu

Bai tap 1.461. Trong khong gian véi hé toa d6 Oxyz, cho dudng thang
A:Jc—l :y—l _ z—2

1 2 -1
va mat phang (P):x—y+2z—-1=0. Goi A 1a giao diém cta A va (P). Tim
toa d6 diém M thudc A sao cho mat cau tam M, ban kinh MA cit méit
3v2
—5
Bai tap 1.462. Trong khéng gian véi hé toa do Oxyz, cho mit cau

phang (P) theo mét dudng tron c6 ban kinh bang

(S):x®+y?+22—2x+4y—-62+6=0,

méit phang (P): 2x+y+1=0 va diém A(1;0;1). Hay viét phudng trinh
duong thang (d) di qua A, song song véi (P) va cat (S) tai EF v6i EF =4.

Bai tap 1.463. Trong khéng gian toa d6 Oxyz cho mét cau
():x%+y*+22-82-20=0

va mat phang (P):2x+2y—z—5=0. Lap phuong trinh duong thang (A)
nam trong (P), di qua diém M(-1;4;1) dong thoi cit mat cau (S) tai hai
diém A, B sao cho AB=6v/3.
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Bai tap 1.464. Trong khong gian toa do Oxyz cho mit phang (P):x+y—
3=0. Goi N 1a giao diém ctia (P) va (d). Lap phuong trinh mét cau c6 tam
I thudc mat phang (Q):2x -2y +z+ 1 =0 tiép xuic véi (P) tai M dong thoi
tam giac IMN vudng can tai M.

Bai tap 1.465. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(0;-1;1)
va B(1;2;1). Viét phuong trinh mét cau (S) c¢6 dudng kinh 1a doan vudng
géc chung caa duong thang AB va dudng thang chia truc Ox.

Bai tap 1.466. Trong khong gian véi hé toa do Oxyz, cho diém M(2;-1;-3).
Viét phuong trinh mit cau ngoai tiép ti dién OABC, biét cac diém A, B,
C lan lugt nam trén céc truc toa d6 Ox, Oy, Oz tudng tng sao cho mit
phang (ABC) di qua diém M va tam gidc ABC nhan M lam truc tam.

Bai tap 1.467. Cho hai diém A(7;-6;-3), B(3;6;—1) vA miit cau
() :x-12+(y+22%+(z-2)*=09.

Tim diém M trén mat cau () sao cho dién tich tam gidc MAB dat gia
tri 16n nhat; nho nhat.

Bai tap 1.468. Trong khong gian Oxyz, viét phuong trinh dudng thang
A di qua diém M (-1;-1;-2) cat dudong thang

x-2 y-1 z-1
-1 -2 1

d

va cat mat cau
S):(x+1)2+(y-22%+(z-1)*=25

tai hai diém A, B sao cho AB =8.
Bai tap 1.469. Trong khong gian véi hé toa do Oxyz, cho mat phang
(P):x—2y+2z+2=0 va duong thang

x-2 'y z+1

D:===5=73

Mat cau (S) ¢6 tam I ndm trén duong thang (d) va giao véi mét phang (P)
theo mot duong tron, duong tron nay véi tam I tao thanh mot hinh néon
c¢6 thé tich 16n nhéat. Viét phuong trinh mét cau (S), biét ban kinh mit
cau bang 3v/3 .
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Bai tap 1.470. Trong khong gian Oxyz, cho hai mit phang
(@):x+y—2z+6=0, (B):2x—2y+2z+3=0.

Viét phudng trinh mét cau (S) ¢6 tAm nam trén méit phang (a), di qua

diém A(1;-2;4), tiép xuc (f) va cat duong thing

x+3 y-1 z-1
3 -2 -1

tai hai diém B, C sao cho BC = g

(d)

Bai tap 1.471. Trong khéng gian véi hé truc toa do Oxyz cho mit cau
() +y2+22-10x-2y-62+10=0

va mét phang (P):x+2y+ 2z +5=0. Tt moét diém M trén mit phang (P)
ké mot duong thang A tiép xic véi mét cau () tai diém N. Tim vi tri
cia M dé MN = V11.

Bai tap 1.472. Trong khong gian Oxyz, cho dudng thang A di qua diém
B(2;1;2), dong thoi cat va vudéng géc véi duong thang

x+2 y z+4
dli =—= .
1 -1 4

Puong thang ds cat A tai M, di qua diém N(2;2;0) va tiép xdc véi mat cau
()% +y2+ 22 =4.
Tim toa d6 diém M.
Bai tap 1.473. Trong khong gian véi hé toa do Oxyz, cho mit cau
(8):(x+1)?+(y—22+(z2+3)*=8
va duong thang d ¢6 phudng trinh

x+1 vy z+1

2 1 2

Lap phuong trinh mat cau (S’) ¢6 tam thuéc dusng thang d, tiép xic véi
mét cau (S) va ¢6 ban kinh gip déi ban kinh ctia mat cau (S).
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Bai tap 1.474. Trong khéng gian toa dé Oxyz cho mét cau
(S):x2+y?+22-82-20=0

va méit phang (P): 2x+2y—z —5 = 0. Lap phuong trinh dusng thang (A)
nam trong (P) , di qua diém M(—1;4;1) ddng thoi cit mat cau (S) tai hai
diém A, B sao cho AB =6+/3.

Bai tap 1.475. Trong khong gian toa d6 Oxyz cho hai mit phang

P):x+y-3=0, (@):2x—-2y+z+1=0,

duong thang
x=1+2t,
d):{y=1-¢,
z=1

va diém M(1;2;1). Goi N la giao diém cta (d) va (P). Viét phuong trinh
mét cau c6 tam I thudc méit phang (), tiép xic véi (P) tai M sao cho tam
giac IMN vudng can tai M.

Bai tap 1.476". Trong khong gian véi hé toa do Oxyz, cho mét cau
() :(x—22+(y+2° +(z—1)? =1.

Tim toa d6 diém M thudc truc Oz sao cho qua @ ké dudc ba tiép tuyén
MA, MB, MC t6i mét cau (%) va diém D(1;2;5) thudc mét phang (ABC).

Bai tap 1.477. Trong khong gian toa d6 Oxyz, cho hai dudng thang

x—1 vy z+1 x—2
A1): =—=——; (Ag): ——=
(A1) 5 =1 1 (Ag) 1

y-1 =z
-1 -3

Goi (S) 12 mét cau ¢6 tam I(-1;-2;-1) va cat duong thang (A1) tai hai

diém phan biét A, B sao cho tam gidc IAB vuong tai I. Tim diém M trén

(Ag) sao cho tit dé c6 thé ké dude dén mat cau (S) mot tiép tuyén (tic

2v/30

duong thang tiép xdc véi mat cau (S)) ¢6 d6 dai bing =
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1.6 Hinh khéng gian

1.6.1 Khbi chép

Bai tap 1.478. Cho hinh chép S.ABC c6 SA = 3a; dudng thang SA hop
v6i mét phing (ABC) mét géc bang 60°. Tam gidc ABC vudng tai B,
ACB =30°; G la trong tam tam gidc ABC. Hai m&t phéng (SGB) va (SGC)
cung vudng géc véi méit phang (ABC). Tinh thé tich khéi chép S.ABC.

Pap sb. E(13.

112

Bai tap 1.479. Cho hinh chop S.ABCD c6 day ABCD la hinh thang vuong
tai A va D, AD =DC, AB =2AD, mat bén (SBC) 1a tam giac déu c6 canh
bang 2a va thudc mat phing vudng géc véi mét phang (ABCD). Tinh thé
tich khéi chép S.ABCD va khoang cach giita hai duong thiang SA va BC
theo a.

Bai tap 1.480. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh
bang 2a. Mit phing (SAD) vudng géc véi méit phing (ABCD), tam gidc
SAD vudng tai S va géc SAD biang 60°. Diém M la trung diém cta canh
SC. Tinh thé tich khéi chép M.BCD va cosin ctia géc tao béi hai dudng
thang AC va DM.

Bai tap 1.481. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh
bang av/3, tam gidc SBC vudng tai S va nam trong méit phang vudng géc
v6i mat phang (ABCD), dusng thang SD tao véi méit phang (SBC) mét
géc bang 60°. Tinh thé tich khéi chép S.ABCD va géc gitta hai mat phéng
(ABCD) va (SBD).

Bai tap 1.482. Cho hinh chop S.ABC ¢6 day ABC la tam giac vuéng can
tai A, AB =a. Mat bén (SBC) vudng géc véi mat phang day, hai mét bén
con lai cing hop véi méit phang (ABC) géc 60°. Tinh thé tich khéi chép
S.ABC va ban kinh mét cau ngoai tiép hinh chép S.ABC theo a.

Bai tap 1.483. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam
O va canh bang a; SA vudng géc véi day ABCD, SC tao véi méit phing
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(SAB) mot géc bang 30irc. Goi M, N 1an lugt 1a hinh chiéu vudng géc caa
A lén SB, SC Tinh thé tich khéi chép O.AMN va khoang cach tit diém N
dén mat phang (AOM).

Bai tap 1.484. Cho hinh chép S.ACD cé day ACD la tam giac déu canh
a, tam giac SAD can va SD = av2. Goi B 1a diém d6i xing v6i D qua
trung diém O ctia canh AC, M 14 trung diém ctia canh AB, SM vuéng géc
v6i AB. Tinh thé tich khoi chép A.AMCD va khoang cach giita hai dudng
thang CM va SA theo a.

Bai tap 1.485. Cho t& dién ABCD c6 canh AB =6, canhCD = 8 va cac
canh con lai bagn v74. Tim ban kinh mat cau ngoai tiép ti dién ABCD .

Bai tap 1.486. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam
0, canh bang a. Canh bén SA vuéng géc véi mat phang (ABCS) va dudng
thang SC hdp véi mat phang (SAB) mét goc 30°. Goi M, N 1an ludt 1a hinh
chiéu géc ctia A 1én SB, SC. Tinh thé tich khéi chép O.AMN va khoang
cach tit diéfm N dén mat phang (AOM).

Bai tap 1.487. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh
v6i AB =a, AD = 2a, SC vudng géc véi mat phéng (ABCD), BAD = 60°;
SA hop véi mit phang (ABCD) géc 45°. Tinh thé tich khéi chép S.ABCD
va khoang cach gitia hai dudng thang SA va BD.

Bai tap 1.488. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat
tam O, AB =a, AD =2a; M 1a diém thudc canh AB sao cho MA = 2MB,
tam gidc SMO cén tai S va ndm trong mét phang vuéng géc véi (ABCD).
Biét mat bén (SBC) hop véi mét phang (ABCD) géc 60°. Tinh thé tich
khéi chép S.AMOD theo a.

Bai tap 1.489. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat

v6i AB = a, AD = 2a; Canh SA vuong goéc véi day, canh SB lap véi mat

2 A g 2,0 3
phang (ABCD) mot goc 60°. Trén canh SA lay diem M véi AM = %.
Mat phéng (BCM) cit canh SD tai N. Tinh khoang cach giita hai dudng

thang AB va SC va thé tich khéi chép S.BCNM.
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Bai tap 1.490. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh
bang av/3, tam gidc SBC vudng tai S va nam trong méit phang vudng géc
v6i mat phang (ABCD), dudng thiang SD hop véi méit phang (SBC) mét
géc bang 60°. Tinh thé tich khéi chép S.ABCD theo a va géc gitta hai mét
phang (SBD) va (ABCD).

Bai tap 1.491. Cho hinh chop S.ABCD c6 day ABCD la thang vuong tai
A va B, AB=SD =3a, AD = SB = 4a. Puong chéo AC vuong goc véi mat
phang (SBD). Tinh thé tich ctia khdi chép S.ABCD va khoang cach giita
hai duong thang SA va BD.

Bai tap 1.492. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thoi canh
2a, SA =a, SB =aV3, BAD = 60° va mat phing (SAB) vudéng géc véi mat
phang day. Goi M, N lan lugt 14 trung diém cta cac canh AB va BC. Tinh
thé tich khdi ti dién NSDC va cb sin cta géc hop béi hai duong thing
SM va DN.

1.6.2 Khbi lang tru

Bai tap 1.493. Cho hinh lang tru ABC.A'B'C’ ¢6 day ABC la tam giac
vuéng can tai A. Mat bén ABB’A’ 1a hinh thoi canh ¢ va nam trong mét
phang vudng géc véi méit phang day. Géc A’AB c6 d6 16n bang 60°. Tinh
thé tich khoi ling tru ABC.A'B'C’ va khoang cach giita hai dudng thang
AB' va BC'.

Bai tap 1.494. Cho hinh lang tru ding ABC.A'B'C’ ¢6 day ABC la tam
gidc can tai C, canh ddy AB bang 2a va ABC = 30°. Tinh thé tich khéi
lang tru ABC.A’B'C’ biét khoang cach gitia hai duong thang AB va CB’
bang %.

Bai tap 1.495. Cho hinh ling tru déu ABC.A1B1C; c6 chin canh déu
bang 5. Tinh géc va khoang céch gitta hai dudng thing AB; va BC;.

Bai tap 1.496. Cho hinh lang tru ding ABC.A'B'C’ ¢6 AC =a, BC =2a
va ACB = 120°. Puong thing A'C tao véi mat phing (ABB'A’) mot géc
30°. Goi M la trung diém cta canh BB’. Tinh thé tich khéi ling tru
ABC.A'B'C’ va khoang cach gitta hai dudng thang AM va CC’ theo a.
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Bai tap 1.497. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 d6 dai cac canh
bang 1. Goi I, K 1an lugt 1a trung diém ctia A'D’ va BB'. Tinh khoang cach
gitta hai duong thing IK, AD va tinh thé tich cta khéi ti dién IKAD.

Bai tap 1.498. Cho hinh lang tru ABC.A'B'C’ ¢6 cac mat bén la hinh
vuéng canh bang a. Goi D, E, F 1an lugt 1a trung diém cta cac canh BC,
A'C’, B'C'. Tinh khoang cach gitta hai duong thang DE va A'F theo a.

1.7 Tich phan

Céc cau tich phan trong Bai tap 1.499 dudc lay tit cac dé thi thit nim
2012 ctia mot s6 trudng trong toan quoc.

Bai tap 1.499. Tinh cac tich phan sau:

4 x . 34
1) —dx; Pap so. —.
0 x+VvVaZ+9 217
1 x . 26-16V2
2)[ —dx; bap so. —.
3 3x+vV9x2-1 27
1 1
dx; Pap s6. —.
0 V/(5x+4)3-3x+1 21
x2+2x-vVx—1 ;. 827
4)[ dx. Pap so0. —.
1+\/_ P30
1 2 2
5) f (x-1)3-vV2x —x2dx; Pap S(A).—B.
0
5 Ve—1-2 " 3
6) ad dx; Pap s0. 1+2In—.
2 x-Vx—-1+2x-2 2
x ., 58 9V3
7)[ —dx bap so. — - —.
0 VaZ+l+x 15 5
)f vex—a® Pap sb. V3
(x 1)4 ’ p
x+lnx—-1 . 1
9 f rmred Dap 6. =
) (x-Inx +2)2 ap S0 2’
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COS2x

10) [ = dx.
0 sinx+v3cosx

dx;

11) fe(2x+1)-lnx+3
x-Inx+1

X5

12) fe 222 + x(1+21lnx) +1nx
(x2+xInx)

13) f% sin38x + 3sinx ax:

sinx + cosx

sinx + cosx
14) dx;
0 cosx-Vsin2x+ cosZx

2
15) va+x dx:

1 x(V2+x—v2-x)

16) e? (x3+1)-lnx+2x2+1dx;
1 2+x-lnx

1 1

17) dx
0 (x+1DVx2+2x+2

dx.

18) fz sinx(2cosx —3)

1 sin?x +2cosx — 2

Inx-1

19) f (lnx)2

3

20) I:fsm x-cosxdx.
1+ cos22x

B

0

In3 e2x

dx
In2 e*—1++ve*—2

99) fe(xz—l)lnx+x2dx‘
1 x+xlnx ’

21)

23) fﬁ cotx - ln(smx)

sinx

;11
bap s0. —+=1n3.

4 8
DPap sb. In(1+e)+2(e—1).

1 1
Pap 6. 2— =+ ——.
P e e+1

Pap s6. 1-In2+ %

In3
Pap sb. n(1+%).

V3 11 1

Pap 6. — — =+ =+ =In2.
2 6 2 2

L e3—1 2
bap sb. 2 +lne+
3 2
V5-1D(V2+1)
5 )

Pap sb. In

Pap s6. 2Inx + 1.
.z 1
Pap s6. —In2- 3

T

Dap s6. —.
ap s0.

Pap sb. 2In3-1.

1 3
Dap s6. —e2+1n2 - —.
2 2

. 2
Dap s0. vV2- 1—\/7_1n2.
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n251n ——x
P 3+1
24) f — 4 g Pap 6. 1n[ Y31,
cos2x 2
& 1 . 1. 6+v3
25) [ —dx; Pép s6. 1872,
0 5cos?x—8sinx-cosx+3sin“x 2 5
¢ Inx-1 1. e+1
26) —dx; Pap sb. —1n—.
1 In?x—x2 P 2 -1
6] 2+ Vx+3 .
27)[ n@+s da; Dép 6. —~8In2— 6+ 101n5.

A

1
28)[1 [In(3x* +x?) — 2Inx]| dx; DPap so
3

29) f

Bai tap 1.500. Tinh tich phan f
1

cotx D4
1+sm x p
29(1 + xe*) + x2e*

x2(2 + xe*)

Inx? —1n(x?+15
Bai tap 1.501. nx”—In(x + 15)

. 4lnx+In3 4 V3

—+ .
3 3 9

;1.5
0. —In———=1n2.
4 2 2

dx.

V5
Tinh tich phan I = f

2
Bai tap 1.502. Tinh tich phan f (1+(x+1)-lnx)e* dx.
1

z )
2 x+sIn“x

Bai tap 1.503. -
’ 1+sin2x

Tinh tich phan I = f
0
¢ In®x+1Inx

Bai tap 1.504. . m X

Tinh tich phan I =

14 Inx(3+21Inx)

x(1+\/M)

Bai tap 1.505. Tinh tich phan I = f

CAR N
0 (14+v1+2x)2
dx

(Vax—a7+2)"

Bai tap 1.506. Tinh tich phan I =

Bai tap 1.507.

Tinh tich phan I = f

1 \/x2+15(x+\/x2+ 15)2
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Bai tap 1.508.

Bai tap 1.509.

Bai tap 1.510.

Bai tap 1.511.

Bai tap 1.512.

Bai tap 1.513.

Bai tap 1.514.

Bai tap 1.515.

Bai tap 1.516.

Bai tap 1.517.

Bai tap 1.518.

Bai tap 1.519.

Bai tap 1.520.

Bai tap 1.521.

©* 2 +Inx(2 + In?
Tinh tich phénI:f +Inx(2+1n"z) dx.
e

x2.1In%x

2 .
Tinh tich phan I = f 5 x(x+sinx)
3

(1+sinx)sinx

¢In?x—3Inx +3
Tinh tich phan I = f nrosinx+d,
1 x(Inx —2)

xcos*(m—x)

dx.

Tinh tich phan I = f :

2 cos?(x—3) +sint (x+32) -1
Tinh tich phan fe sin2x +1In(e-x) +x-sin2x-Inx de.
1 1+xlnx

Tinh tich phan I = fz (3cosx —4cos®x) - 5P dx.
0

4 (1-2x)e*

Tinh tich phé —————dx.

inh tich phan | VG x
SIn(vx—-1+1

Tinh tich phan I = In(Ve-1+1)
2 x—1+vx—-1
51+2v2sin(2+Z)cos2

Tinh tich phéLnI:f2 - +3) 2 dx
z sinx + cosx

z sinx+1
Tinh tich phan J = f2 In (d+ c.osx) dx.
0 sinx+1
5 cosx
Tinh tich phan I = dx.
P 0 (v3sinx+cosx)3
Tinh tich phan I = f fxlxsing+ yx)—sinx ;o
0 x—1
1 2
x
Tinh tich pha f d
1o Heh phan o (xsinx+ cosx)? *
SVx-3+vax+1

Tinh tich phan I = f
P x+DvVx+1
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Bai tap 1.522.

Bai tap 1.523.

Bai tap 1.524.

Bai tap 1.525.

Bai tap 1.526.

Bai tap 1.527.

Bai tap 1.528.

Bai tap 1.529.

Bai tap 1.530.

Bai tap 1.531.

Bai tap 1.532.

Bai tap 1.533.

Bai tap 1.534.

Bai tap 1.535.

4
Tinh tich phan I = f VB — 222 + xdx.
0

Tinh tich phan I = f ; e
0

—  dx.
(sinx + cosx)3

4 (x+1)

Tinh tichphan I = | ————dx
P 0 (14+v1+2x)2

Tinh tich phan I = f? sinx-(1+ 14xcosx) —xsm4xdx.
0 7—2cos2x
e(yxlnx 2
Tinh tich phan f ) dx.
1 \1+Inx
2 (x% +2)e® + x%(1 —e*) — "
Tinh tich pha I:f dx.
inh tich phan | T X
Tinh tich phan I f ¢ _2lnx+1 d
= X.
1 x(vVInx+1+1)
V8 3]
Tinh tich phan I = f Y e,
V3 VaxZ+1
1 x_e2x
Tinh tich phan I = | —— d«.
0 x-e*+e?
i1 Ny
o T
Tinh tich phan T = f g cosxvl-sinr,
0 sinx + 3
™ x2cos?x —xsinx —cosx—1
Tinh tich phan I = f - dx.
0 (1+ xsinx)?

044+ x2—x)Vx—2
dx.

x2-3x+2

Tinh tich phan I = f
3

€9 ~1Inx - In?
Tinh tich phan I :f x+x-1) nx2 D .
1 (1+xIlnx)

2
Tinh tich phan I = f x (1 - %) [In(x* + 1)~ Inx] dx.
1 X
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\/Tg X 3—«x2
Bai tap 1.536. Tinh tich phan 1= f ln( ) dx.
’ o 1-—xt 2

Bai tap 1.537. Tinh tich phan dx.

- f% x€e*[4 + 4(sinx + cos x) + sin 2x]
(1+ cosx)?

< oa o A n2  2e*+3
Bai tap 1.538. Tinh tich phan I= f dx.
’ e +2e % +3

v Inx?-In(x%+15
Bai tap 1.539. Tinh tich phan [ = ne’—In(+15)

1 \/x2+15(x+\/x2+15)2

4

Sson B 2 2
Bai tap 1.540. Tinh tich phan I = f 7 x”cos 24— xsin2x 2COS T dx.
(x +sinxcosx)
< 2 sin?x — x? cos x — x sin 2x
Bai tap 1.541. Tinh tich phan f X oosx dx.
z (xsinx + sin®x)?
s ¢x2.2In?x-Inx -4
Bai tap 1.542. Tinh tich phan f ¥ @x-lnx-d),
1 Vinx+1

1.8 S50 phic
Bai tap 1.543. Goi z1, 2z 1a hai nghiém phtc ctiia phudng trinh
-(2i+m)z-1+3i=0.

Tim so0 phtc m sao cho

z1 zo —1+4i
—+— = .
29 21 2

1.8.1 BAt ding thic
1.9 B4t ding thiic

Bai tap 1.544. Cho x, y 12 hai s6 duong thoa man

x2y+xy2 =x+y+3xy.
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Tim gia tri nhé nhat ctia biéu thice

1+2xy)®> -3
2xy
Bai tap 1.545. Cho céc s6 thuc x, y thay déi va théa man

x2—xy+y2:1.

Tim GTLN, GTNN cta biéu thic

3 (2 -1)2+(y? - 1% +2xy(xy—1)+3

P
x2+y2-3

Bai tap 1.546. Cho ba s6 a, b, ¢ théa méan céc diéu kién:

{1<a,b,c<3

a+b+2c=6

Ching minh rang

a®+b3+5c% <42

Bai tap 1.547. Cho a, b, ¢ la cac s6 thuc duong. Chiing minh rang:

(b+c—a)? (c+a—-b?2 (a+b-c)? 3

Bb+o2+aZ (ctraP+bZ (@rbRic® o5

Bai tap 1.548. Cho a, b, ¢ > 0. Chiing minh

a’?+bec b%+ac c*+ab 3

B+02 (cral (@tbE” 2

Bai tap 1.549. Cho céc s6 thuc «, y, z théa man
x2+ y2 +22=3.
Tim gia tri 16n nhat va gia tri nhé nhat caa

P =(x+2)(y+2)z+2).
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Bai tap 1.550. Cho céc s6 thuc khong 4m théa man
2 4,2, 2_9
a“+b”+c” = 5(ab+bc+ca).

Tim GTNN cua biéu thiic
B ad+b3+¢3
“(a+b)b+e)c+a)

Bai tap 1.551. Cho a, b, ¢ >0 théa méan a +b + ¢ = 2. Chiing minh rang
(1-ab)(1-be)1-—ca)>(1-a?)(1-b2)1-c?).

Bai tap 1.552. Cho x, y, z 1a ba s6 duong, théa man xyz = 1. Chiing minh
rang
4y 422 v x+y+z>2xy+yz +2x).

Bai tap 1.553. Choa, b, ¢ 1a ba s6 khéng &m théa man a+b+c = 3. Chiing
minh réng
a2 +b%+c%+abe > 4.

Bai tap 1.554. Cho ba s6 thuc khéng am «, y, z, théa man x+y+z = 1.
Chiing minh rang:
8
—_ < —.
xXy+yz+zx—xyz 7
Bai tap 1.555. ba s6 thuc khong am «, y, z, théa mén x+y+2z = 1. Tim
GTLN, GTNN cua

P=xy+yz+zx—2xyz.

Bai tap 1.556. Ching minh

xy N yz N zx - 1
402 +92+22  4y2+22+42  422+42+y2 2

b

V6i x, y, z 1a ba s6 thuc duong.

Bai tap 1.557. Chiing minh rang néu x, y, z 1a ba s6 thuc duong thi

2% +xy 2%+ yz 222 +zx 51
(y+vzx+2)?2 (@E+yxy+x)? (c+y2+y)2
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Bai tap 1.558. Cho

x,y2>20, x3+y3:16.

Tim GTLN, GTNN cta
P=x?+y2—4(1-x)1-y).

Bai tap 1.559. Cho a,b,c €[0;2] vA a+b +c = 3. Tim gia tri 16n nhat va
gia tri nhoé nhét caa

P =a?+2b%+3c%-2a—24c +2060.
Bai tap 1.560. V6i moi s6 thuc x, y thoa diéu kién

2(x2+y2):xy+1.
4444

Tim gié tri 16n nhat va gia tri nhé nhat ca biéu thic P = T
Xy

Bai tap 1.561. Cho a, b, ¢ 1 c4c s6 thuc duong théa man

a?+ b2 +c2 < -
4
Tim gia tri nhé nhat ctia biéu thic

1 1 1
P:(a+b)(b+c)(c+a)+§+ﬁ+§.

Bai tap 1.562. Cho a, b, ¢ 1a cac s6 thuc duong théa man a +b +c = 3.
Chiing minh rang

ab+bc+ca+3>a2~b+b2~c+cz-a+3abc.

Bai tap 1.563. Cho cac s6 thuc x, y, z #1 théa man xyz = 1. Chiing minh

rang: )
2 2
(xfl) +(y{1) +(zi1) >1.

Bai tap 1.564. Cho a, b, ¢ 1 c4c s6 thuc duong théa man diéu kién ab +
be +ca < abe. Chiing minh rang

1 1 1 1

+ + < —.
10a+b+c¢c a+10b+c a+b+10c " 12
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Bai tap 1.565. Cho a, b, ¢ 1a ba s6 duong . Chitng minh

1 N 1 N 1 - 10
a2+b2 b2+c¢2 c2+a2” (a+b+c)?

Bai tap 1.566. Cho ba sb thuc a, b, ¢ thudc doan [1;2]. Tim gi4 tri 16n
nhat ctia biéu thic )
p=24+22 435,
b c a
Bai tap 1.567. Cho a, b, ¢ 1a cac sb thuc théa man a? + b2 +¢2 = 1. Tim

gia tri 16n nhat caa biéu thic P = ab + be +2ca.

Bai tap 1.568. Cho a, b, ¢ khong am théa man ab + bc + ca = 6. Tim gia
tri nhé nhat ciia P = 5a +5b + 8¢2.

Bai tap 1.569. Choa, b, ¢ >0 théa man ab+bc+ca = 1. Chitng minh rang

a b 3c
+ + <v10.
1+a?2 1+b2 /1+c2

Bai tap 1.570. Tim gi4 tri nhé nhat cta

x2+4y2 2
Y ) A
22+4xy 5 e
biét x, v, z 1a cac s6 thuc duong thoa diéu kién 4xy + 2yz — zx = 25.

Bai tap 1.571. Véia, b, c 1a ba s6 thuc duong va a+b+c = 3. Chting minh

al@a—2b+c¢) b(b-2c+a) c(c—2a+b)>0
ab+1 be+1 ca+1 -

Bai tap 1.572. Cho a, b, ¢ 1a ba s6 thuc duong. Chiing minh

a-b b-c c—a

+ + > 0.
Vb+e Ve+ta Va+b

Bai tap 1.573. Cho a, b, ¢ 1 ba s6 thuc khong &m vA a+b +c = 1. Tim
gia tri 16n nhat caa
1 1 1

pP= + + .
a2-4a+9 bZ-4b+9 c2-4c+9
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Bai tap 1.574. Cho a, b, c 12 ba s6 thuc khong &m va a +b + ¢ = 4. Chiing
minh rang
71-8v2
—
Bai tap 1.575. Cho x, y, z 1a ba s6 duong thodx + y + 2z < 3. Tim gia tri
nhé nhéat cta

2 2 2 1 1 1

P=—+—+—5+ + +
3 y3 23 xZ-xy+y? yP-yz+z2 22

1+a®)1+bHA+c®) >

—xz+x2
Bai tap 1.576. Cho ba sb thuc duong a, b, c théa méan a+b +¢ = 3. Tim
gia tri nhé nhat cta biéu thic
P= bvb + cve + ave .
V2a+b+c V2b+c+a V2c+a+b
Bai tap 1.577. Cho a,b,c € R. Chiing minh rang

Va—b2+2¢2+V(b—c)2+2a2+V(c—a)?+2b2 > /6(a? + b2 +c2).

Bai tap 1.578. Cho x, y, z 1a cac s6 thuc khong am thay d6i khac nhau
do6i mot va thod xy + yz +zx = 1. Tim gié tri nhé nhat cia biéu thic
1 1 1
C(x-y)? ’ (y—2)? -y

Bai tap 1.579. Cho céc s6 thuc duong x, y théa man
x2+y2+xy—6(x+y)+11 =0.

Tim gié tri nhé nhat ctia biéu thic

_x+y-—1

x4+ 2y+1
Bai tap 1.580. Cho a, b, ¢ 1a ba s6 duong. Chiing minh rang
a? N b? N c? a+b+c
V2a®+ab+b% V2bZ+bct+cZ Vockicatc? 2

Ta cé 5
a 1 b
>z ab+fa=> ——>ax+f,x=—.
V2a?+ab + b? Va2 +x+2 a
Nhu vay ta dung phuong phap tiép tuyén véi ham sb
1 b
fx) = x=—.

—7
Va?+x+2 a
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1.10 Diép sb, hudng dan gisi bai tip Chuong 1

1

N | =3

1.1. Paps6. m=—-, m=
P 1

1.3. Pap so. m = 3
.z o 3

1.4. Pap s0. m=-1hoacm= 5

1.6. Pap s6. y=x+2.

1.8. Pap s6. m =3+ 6.

.

1.16. Papsé. M |=;=
ap so 1(2’8 1
1.17. Pap s6. a =2.

1.18. Huéng dan.

15 -1 77
)7M2( +\/_,

—7+4\/ﬁ) v (—1—\/ﬁ —7—4VTT
) 3 5 .

8 4 ’ 8

1) Patt=+vx+1>0. Ta ¢6 phuong trinh

t- B2+t =x2+3x2 o (x—1)® =0.

p -1
2) DPap so. {\/_57}

1.19. Huéng dén.

+2
1) Détt:\/x—3>0. Suy ra x =
x—

ta dudc,

-4 -T2 +4t+1=0.

1-5v5
[

Chia (1.2) cho #2. Péap sb. {

p 5+1
Dap so. { \/_; }

2+ 3¢2
2-1"

Thay vao phuong trinh da cho

(1.2)
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5-7V5
5 :

2) Pap sb. {

1.20. Hwéng dan y thi nhét. Viét phuong trinh da cho thanh
2 +x+ 1) +3x-1)=TVa2+x+1-Vx—1. (1.3)

Phuong trinh (1.3) 1a phuong trinh déng cip bac hai theo Vx2+x+1 va
vx—1. Chia (1.3) cho x2 +x + 1, ta dudc

1 _
o432t _qg /%71
x24+x+1 x24+x+1
Dap s6. {4+ V6;4— V6}.
1.21. Ta co

x4+4:x4+4x2+4—4x2:(x2+2)2—4x2:(x2—2x+2)(x2+2x+2).

Phuong trinh da cho dudc viét lai nhu sau

A(x2 — 2% +2) — (62 + 2x + 2) = V2(x2 — 2x + 2)(x2 + 2x + 2).

Chia hai vé phudng trinh cho x% + 2x + 2 ta thu dudc phuong trinh sau

x2-2x+2 x2—2x+2
) ——|-1=0.
x2+4+2x+2 x2+2x+2
2
—2x+2
Détt: 2 &
x242x+2
1.22. Ta c6

16x* +4x% +1=(4x® + 1)% —4x2 = (4x% — 2x + 1)(4x% + 2x + 1).

Do d6 phuong trinh da cho tuong duong

3(4x? —6x+1)= —v3V/(4x2 — 2x + 1)(4x2 + 2x + 1).

hay

6(4x? —2x+1)—3(4x2 +2x + 1) = =3V (4x2 — 2x + 1)(4x2 + 2x + 1).
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Do 4x%+2x+1 > 0 v6i moi x, nén chia hai vé ctia phuong trinh cho 4x2+2x+1
ta dudce
_34x2—2x+ l__ 3 | 4x2 — 2x + L
4x2 +2x+1 4x2 +2x+1
4x% - 2x+1 ,
bat.: T _4>0ta dudc phuong trinh bac hai quen thuoc
4x2 +2x+1

5-v7 5+V7
3 7 3 '
Cdch 1. P& y rang 7x% — 10x + 14 > 0 v6i moi x € R.

1.23. Dap sb. {

* x =0 khong la nghiém ctia phuong trinh.

e V6i x > 0, chia phuong trinh cho x, ta dudc

2 4
7lx+-]-10=5- x2+—2.
x x

2
Pat ¢t =x+ = >2v?2, ta dude
X
N
Tt-10=5V2-4 & I 2
t=—.
3

e V6i x <0, van chia phuong trinh cho «, ta cé

2 4
7(x+—)—10:—5~ x2+—2.

batt=x+ % ta dudc
Tt-10=-5V12—4.
Phuong trinh nay vo6 nghiém.
Cach 2. Ta co

2t +a4=02+2°%-4x% = (% +2x + 2)(x> - 2x + 2).
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Ta biéu dién 7x% — 10x + 14 qua x% + 2x + 2 va x? — 2x + 2 bang cach gia st
76® —10x + 14 = a(x® +2x +2) + b(x* - 2x+2), Va,b,

hay
7x2—10x+ 14 =(a + b)x> + (2a —2b)x + 2a + 2b, Va,b

Piéu nay xay ra khi va chi khi

a+b="1,

a=1,
2a—-2b=-10, <
2a+2b=14

Do d6, ta co
Tx? —10x+ 14 = 2% + 2x + 2 + 6(x% — 2x + 2).

Phuong trinh da cho tuong duong véi

2+ 2% +2+6(x2—2x+2) =5V (x2 +2x + 2)(x2 — 2x + 2).

bat
a=Vx2-2x+2>0, b=Vx2+2x+2>0.
Ta dudc
b=2
6a’+b% =5ab @
b =3a.

Cdch 3. Do 7x% —10x + 14 > 0 véi moi x € R, nén phuong trinh da cho
tuong duong véi

49x* — 140x3 +296x% — 280x +171 =0 © (72 —10x +9) - (7x% — 10x + 19) = 0.

—13i\/@}

1.24. Pap sb. {
10

Cach 1.
Dat y =x%+1>0. Ta c6 phuong trinh

y—Tx=41/y2—x2 o 15y% + 14xy — 6552 = 0.

Hay
< By—-5x)by+13x)=03y—5x=0v5y+13x=0.
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Cach 2. Ta co
x4+xz+1:(9c2—|-1)2—x2 :(xz—x+1)(x2+x+1).

nén ta tim cach biéu dién x% — 7x+ 1 qua x% —x + 1 va x% + x + 1. Muon vay,
ta viet
-Tx+1l=a@®—x+1)+bx>+x+1).

Bang cach dong nhat hé sb, ta dudc a =4, b = 3. Do d6, véi cach dat
u=Vx2-x+1>0, v=Va2+x+1>0,

phuong trinh da cho thanh

3v

u=—,

4u® —4uv-31°=0o 2
u=-—.

2

Cach 3.
Binh phuong phuong trinh da cho, ta dugc

15x% + 14x3 — 35x% + 14x + 15 = 0.

Chia phuong trinh cho x2, ta c6

15(x2+i2)+14(x+1)—35:0.
X X

1 1
Dat t =x+ =, ta ¢6 x> + — = ¢* - 2. Ta ¢6 phudng trinh
x x

, ) =
15¢%+14t—65=0 < 313

Cach 4.

15x* + 143 —35x2 + 14x +15=0 < (3x° = 5x +3)- (5x% + 13x + 5) = 0.

N .« A 1 ~ 2 . ) ‘A « X . A >
1.25. Dieu kién x > 3 Hon ntia, ta phai ¢c6 3 —x > 0. Vay diéu kién cta x

1 ~ P
la 3 < x < 3. Nhan lugng lién hop cia mau 6 ve phai, phuong trinh da cho

tuong duong
3—x=V222-6x+16—V3x—1
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hay

3—x+V3x—1=V2x2—-6x+16.

tuong duong
B-x)2+2-3-—x)-V3x—1+(8x—1)=2x>—6x+ 16.
ox?2-3x+8+2(x—3)V3x—-1=0
Biéu dién x2 — 3x +8 qua (x—3)? va 3x — 1, ta dudc
2 _ 2
x“—3x+8=(x—-3)*+Bx—-1).

Do do, ta co
(x—38)2+Bx-1)+2(x-3)V3x—1=0.

Thu gon phuong trinh trén, ta dudc
(x-3+V3x-1?=03-x=v3x—1.

Giai phuong trinh trén va dbi chiéu diéu kién, ta c6 nghiém phuong trinh

9-41

dacholax= 5

1.26. Cach 1. Pat t = vx—1> 0. Phuong trinh da cho thanh
-+ -3t+2=00 2 +t+2)¢t-1)*=0.

V6i t = 1, phuong trinh ¢6 nghiém x = 2.
Cadch 2. Diéu kién x>1. Pat a=vx—1, b =x+ 1. Tt d6 ta suy ra dudc

a*+b=ab+a,
b-a?=2.
Suy ra

at-a?+a’°-3a+2=0o@-12@?*+a+2)=0ca=1=>b=3=>x=2.

Vay x = 2 la nghiém cua phuong trinh.
Cach 3. (Dung lién hgp) Phuong trinh tusng duong

22— 2x—(x+2)[Vx—1-11=0
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hay

(x+2)(x-2)
) Py |
X2 Ve—-1+1

tuong duong
xvVx—1-2
Ve-1+1

Dé y phuong trinh xvx—1—-2 =0 ciing ¢6 nghiém x = 2.

(x—-2) =0.

Vay x = 2 la nghiém cua phuong trinh.
Cach 4. Pat t=+vx—-1>0. Ta c6 phuong trinh

22 + (x+2)t—x2 —x=0.

Phuong trinh nay cé A = (3x +2)2.
Cach 5. Binh phuong phuong trinh da cho ta dudc

xt—3x3+2x% —4x+8=0.
Phéan tich thanh nhan tit phuong trinh trén ta cé6
(x* +x+2)(x—2)* = 0.

Phuong trinh nay c6 nghiém x = 2. Thit lai ta thiy x = 2 thoa phuong
trinh da cho.

) 1+2t2 AN
1.27. Datt =/ x_l >0,suyrax= Tz Phuong trinh da cho tré thanh
x — —

2132/ —5t+2 t=2,
@-r |, olxy3

Tré vé 4n x, phuong trinh da cho ¢6 nghiém x = -3, x =2v/3 - 2.

1.28. Piéu kién x > 1. Dé thay khi x < 2 phuong trinh v6 nghiém. Xét
x > 2 Phuong trinh da cho tuong duong:

2x—2)Vax—4+2(x—2)V2x—2=3x-1

S 2x—2)VAx—4—4(x—2)+2(x—2)V2x —2—-4(x—2)+5x—15=0
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& 2Ax—-2)(Vax—4-2)+2(x - 2)(V2x—2-2)+5(x—3)=0

o 2-2Ux-12)  2x-2@x-6) o
(Vax—ap2+2VAx—4+4  Vx-2+2 )
< (x—3) 8(x —2) dx-2) +5=0

+
(Vax—4)2+294x—4+4 Vx—-2+2

8(x—2) N 2(x—2)
(VAx—42 +2V4x—4+4 Vx—-2+2
Nén phuong trinh da cho ¢é nghiém duy nhat x =3

+5>0

x = 2nun

1.29. Dat t = v2x2 -3 > 0. Phuong trinh da cho tré thanh
t2—(3x—5)t+2x>—6x+4=0.

Ta
A=x>—-6x+9=(x-3)>.

. 8+v26
Dapso.x=vh-1vax= ;/_

1.30. Piéu kién |x| < 2. Phudng trinh da cho tuong duong
42x+4)+16V2(4-x2)+16(2—x) = 9x> + 16,

hay

8(4—x%) +16v/2(4 — x2) = x* + 8x.
Dit v2(4—x2)=t, (t >0), ta 6
4t% + 16t — x> —8x = 0.
Coi 12 phuong trinh bac hai an ¢ thi

A =(2x+8)%>0.

bap s6. x = ——
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x+V3xt—11x2+9+#0
1.31. Piéu kién { x| #1
|| # 3
Phuong trinh tuong duong:

(x+2)(x—V3xt-11x2+9) (x*-3)-(x*-1)

x2—(Bxt-1122+9)  (2-1)(x2-3)
hay
—(x+2)(x—V3xt—11x2+9) B -2
3(x2-1)(x2-3) (2 -1)(x2-3)

Tuong duong

(x+2)(V3x*-11x2+9—x)= -6,

hay

(x+2)-V3x4—11x2+9=x2+2x — 6.

Binh phuong hai vé va rit gon ta dudc:
3x% + 12x° —48x —27x% +60x =0
Tuong duong
x-(x—1)-(x® +x—4)-(3x% + 12x + 15) = 0.
1.32. Binh phuong phuong trinh da cho ta dudc
1+2x-V1-22 =2(1—4x® +4xc?).
Dit ¢ = 2x- V1«2, phuong trinh trén tré thanh

1 .
1+t:2(1—t2)©t:§ hoac ¢=-1.

. 1 .
J let:§,taco

1 6—v2 6+v2
2x-v1—x2:§©x:\/— v2 hoac x:\/— .

e V6it=-1,taco



1.10. Ddp sb, hudng dan gidi bai tap Chuong 1

95

V3 VB
7;

Th lai, ta dude tap nghiém ctaa hé da chola . = {— 1

1.33. Cdch 1. Dit

y=V6x2-40x+150>0, z=4x2—60x+ 100> 0.
Ta c6 hé phuong trinh

y—z=2(x-5),
y2 +22=10(x-5)2.

Thay phuong trinh thi nhat vao phuong trinh thi hai, ta dude
3y2—10yz+322=0< y=3z hoéic y = g

e V6i y=3z,taco

5
V/6x2 — 40x + 150 = 3v/4x2 — 60x + 100 < x = 15 hodic x = 2

Th lai, ta chi nhan nghiém x = 15.

. z .
J V01y:§,taco

3v/6x2 — 40x + 150 = v/ 4x2 — 60x + 100.
Phuong trinh nay voé nghiém.

Vay phuong trinh da cho c6 nghiém x = 15.
Cach 2. Xét x > 5. Chia phuong trinh cho x -5, ta dudc

6x> —40x+150  [4x®—60x+100 _
(x—5)2 (x-52 7

hay

2.

(x—5)2 (x—5)2

2
5+(@ _ 5_(@
x—5 x—5

\/5(x—5)2+(x+5)2 _\/5(x—5)2—(x+5)2 B

Tuong duong

2
=2.

£

|
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x+5)? . AN
bat y= (—5) > 0, phuong trinh trén tré thanh

Vh+y—+b-y=2. (1.4)
Ham s6
f=v5+y-v5-y, 0<y<5
dong bién trén doan [0;5], lai thay y = 4 12 mot nghiém ctia phuong trinh

(1.4), nén (1.4) c6 nghiém duy nhat y = 4. Véi y =4, ta cé

(x+5

2

5 )
_) =4 < x =15 hodc x = = (loai) .
x—5 3

Néu x—5<0, ta c6 x—5 = —/(x—5)2. Van li ludn nhu trén, ta c6 phuong
trinh

VBry-vb-y=-2.

Giai phuong trinh nay, ta dudc y = —4. Tré lai 4n x, ta c6

=—4.

9c+5)2
x—5

Phuong trinh nay vé6 nghiém Vay phuong trinh c6 nghiém duy nhéat x =
15.
Cach 3. Binh phuong phuong trinh da cho ta dudc

6x2 — 60x + 150 = 21/(6x2 — 40x + 150)(4x2 — 60x + 100).
Tiép tuc binh phudng, ta cé
& 15x* — 34023 + 2250x2 — 8500x + 9375 = 0.
Dung may tinh ta c6 dudc mot nghiém x = 15, nén ta phan tich dudc
o (x—15)(15x% — 11542 + 525x — 625) = 0.

5 . A .
Tu do, ta c6 < x =15 hoac x = 3 Thit lai ta chi nhan nghiém x = 15.
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1.34. Ta bién d6i phuong trinh thanh

V3(x—38)2-2+1V4(x—3)2-T=5-(x—3)>%.

Dat y = (x —3)%2 > 0, phuong trinh da cho tré thanh

V3y—2+\/4y-T=5-y. (1.5)

Tt phuong trinh nay, ta phai c6 — <y <5. Ham sb

&~ =3

f()=v3y-2+/4y-1

A « A A 7 S A . < A N > N
dong bien trén 1;5], ham so g(y) = 5—y nghich bien trén khoang nay.
Nhan thay y = 2 14 moét nghiém cta phuong trinh (1.5), nén (1.5) cé
nghiém duy nhat y=2. Véi y =2, ta c6

(x—82=2ox=3+V2.

Vay phuong trinh c¢6 hai nghiém x =3+ v2, x =3 - v/2.
Cach khac. bat

a=V3x2-18x+25>0, b=V4x2-24x+29>0.

Ta c6 phuong trinh
a+tb=a’-b?>sa+b=(a+b)a-Db).
Tu phuong trinh nay, ta c6
a+b=0 hoac a-b=1.

e Trudng hop 1. a +b = 0. Diéu nay chi xay ra khi va chi khia =56 =0.
Khi do
V3x2-18x+25 =0,
Vax? —24x+29=0.

Hé nay vo nghiém.
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e Truong hop 2. a—-b=1.Ta co
a-b=1loa=1+boa’*=1+2b+b°

Hay

2v/4x2 —6x+29+4x> —6x+5=0.
bat ¢t = vV4x2 - 6x+29 > 0, ta ¢6 phuong trinh

t2-29
4

2t + +5=0<t=1hoac t=-9 (loai).

Vé6it=1,taco

V4x2-6x+29=1ox=3+V2.

Vay phuong trinh c¢6 hai nghiém x =3+ v2, x =3 - v/2.

1.35. Pieu kién -1 <x<2.Tacé

x—1+Va+l+V2—ax=x2+V20x%—x=Vx+1-V2+V2—x-1

-1 1- 1 1
< x(x—1)= ad + X < x-1)|x+ - =0
Ve+1+v2 V2-x+1 V2—x+1 Vx+1+vV2
Xét phuong trinh
1 1 1 1
x+ - =0eox+ =
V2—x+1 Vx+1+V2 V2—x+1 Vx+1+V2
Ta c6 ham s6 f(x) + 1 dong bién, ham sb g(x) 1
X)=x+— iéen, X)= ——
2-x+1 g Vx+1+v2

nghich bién, m&t khac £(0) = g(0) nén x = 0 1a nghiém duy nhét cta
phuong trinh f(x) = g(x) Vay phuong trinh da cho c6 hai nghiém x =0
va x = 1.

1.36. Dt ¢ = V3x2 +6x+2, ta c6 u? = 3x2 + 6x + 2. Phuong trinh viét lai
thanh
u?-22x+3)u—5x2+6x+8=0.

Pén day ta cé
Al =(2x+3)* +5x% —6x -8 = (3x + )%
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Patt=v3x2+6x+2¢>0.

2—6x—2
=

3
(2x+3)t=—x2+6x+5.

Ta viét phuong trinh ban dau duéi dang:

t2—6x—2
2x+3)t= me +(—1—m)3c2 +6x + 5.
Tuong duong
2
%t2—(2x+3)t—(m+1)x2+(6—2m)x+5—?m:0. (1.6)

Ta xét A ctia phuong trinh trén
2
A:(2x+3)2—4% [(6—2m)x+5—?m—(m+1)x2

( 20m 8m2)
x+9——+—|.

4 4
4+?m(m+1) X2+ 12—?m(6—2m)

3 9

Roi ta xét A cia phuong trinh trén:

2

8m? 4m?2 4m)\(8m2 20m
12-8m+—| 4[4+ —+ —||— -=—"+9|=0.
( m 3) ( 3 3)( 9 3 )

N

Giai phudng trinh trén ta dugc m=0va m =

Cach khéc. Diéu kién 3x2+6x+2>0, x €
Phuong trinh da cho tuong duong véi

e

—oo;l—@] u [—1+§;+oo).

x2—6x—5+(2x+3)(2—x)+(2x+3)[\/3x2+6x+2—(2—x)] =0,

hay

(2 + 50— D)+ (20+3)| V322 +6x+2-2-x)| =0.
Bay gio, nhan ca hai vé cia phuong trinh véi V322 + 6x +2+2 —x, ta dudc
(% +5x- 1) (V322 + 61+ 242 - 2] + 2+ 3) [+ 63 +2) - (2 - 0)?] =0,
hay tuong duong

—(x2+5x—1)(\/3x2+6x+2+2—x) +202x+3) a2 +5x—1)=0.
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Sau khi thu gon, ta viét dudc phuong trinh duéi dang
(62 +5x — 1)(5x+4— m) = 0.
Mat khac, do
(5x+4)* —(8x% +6x+2)=2(11x% + 17x +7)> 0, Vx

nén ta co

Bx+4—V3x2+6x+2#0, Vx

Tu day ta suy ra x>+ 5x—1=0, hay

5+v29v -5+ v29
- x= .
2 2

Thi lai, ta thay hai gia tri nay déu théa man phuong trinh da cho ban
dau.

1.37. Phadn tich va huong giai.
O bai toan nay, trude tién, ta sé dat didu kién cho tat ca cac biéu thic
chita trong can dé bai toan c6 nghia da
5x2+14x+9>0,
x2-x—-20>0,
x+1>0.
Véi cac diéu kién trén, ta quan sat thay bai toan nay néu mudn tim dudc

16i giai cho n6é mot cach gon nhe, ta nén thuc hién mot buéec quan trong
dé 1a chuyén dau sang bén phai va thuc hién phép binh phuong. Cu thé

V5x2+14x+9=5Vx+1+Vx2—-x—-20

ta co

Tuong duong

5xZ+14x+9 =250+ 1) +x2 —x—20+ 10V (x2 — x — 20)(x + 1).

T6i bude nay ta lam gon nhiing gi bén ngoai lai cho né dep nhé. Tc la ta
co

452 —10x+4 =10V (x2 —x—20)(x + 1) © 2x2 —Bx + 2 = 51/ (x2 — x — 20)(x + 1).
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Téi day c6 cac ban da cdm gidc bai toan nay cé gi kha quen thudc roi.
Nhung d€ y mot ty su quen thudc nay né ciing cé cai khé ctia né day cac
ban a! Theo thong thuong gép bai toan nay ta hay di xac dinh hai s6 a, b
sao cho

ax®—x—-20)+b(x+1)=2x>-5x+2 < ax’ + (b —a)x—20a + b = 2x> — 5x + 2.

Pong nhat hé s6 hai phuong trinh ta c6

a=2,
b—a=-5,
—-20a+b=2.
Chung ta sé khong tim dudc a, b tudng ting dé thoa diéu kién nay. Vay ro
rang cai quen thuéc da trd nén kha xa la roi day. Binh tinh nhé ta c6 mot
diéu dac biét ay 1a
x2—x—20=(x+4)(x—5).

Va bay gio cling theo ¥ tuéng iy ta dua phuong trinh vé dang sau

22 —B5x +2=5v(x +4)(x—5)x+ 1) & 2x% —5x +2 = 5/ (x2 — 4x + 5)(x + 4).
Téi day cac ban tiép tuc di tim hai hé s6 @, b nhu trén va lam tiép nhé!

V7-13-V3 3-v3
4 7 4 7 4 '
Cach 1. Phuong trinh da cho tuong duong véi

(2x -2V 2x2 —3x+1)% = (2x — 1)%.
Cdch 2. Viét lai phuong trinh duéi dang
4222 -3x+1)+4x—1-8x- V222 —3x+1=0.
Détt:m>0,tac6

42 -8-x-t+4x—1=0.

1.38. Pap sb. {

Xem day la phuong trinh bac hai theo ¢. Tu phuong trinh trén, ta co

1 1
t=—hoact=2x——.
2 ) 2
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Cdch 3. Binh phuong hai vé ctia phuong trinh, ta dudc
64x? — 64x® —48x% +48x-9=0.

Hay
(8x%+4x—3)-(8x%2—12x+3)=0.

1.39. Lai mét bai nita cia HSG 16p 9, né 1am minh nhé vé mét thdi oanh
liét. Pa thé phai "chém" cho thich tay. Pau tién nhin vao cai loai phuong
trinh nay ching ta c6 thé cit binh phuong 1én ra phuong trinh bac bon.
Cach giai quyét véi bac bon cé vai cach.

Gio thi ta di vao van dé nhé. Bai nay 6 loai 4n phu khéng hoan toan.
Do c6 cai dang P(x)y/Q(x) nén minh nghi vay théi nén ctt ¢ = vV2x2 — 1. Dén
day bai toan dudc viét thanh

2 _ 1241
x=
(3x+1)t =5x2 + 3x - 3.
Piéu ma ching ta ban khoan bay gid 1a sé thé nhu thé nao

2+1

5x2=5 hay 5x%2=3x2+¢2+1.

Thé thi biét déing nao ma 1an? Thoéi thi ta cid th tiung trusng hop

{(3x+1)t—5t27+1+%x3

& 22— @Bx+1Dt+3x-3=0

Thé xong roi lam gi nita? Tinh A xem c6 chinh phuong khong thoi chi
con sao.

3 1
A=@Bx+12-4|2x—=|=9x2-1

Suyt ntta ngon. Nhung ding nan long, chiung ta thit thém cach tach
5x% =2 +2t2+2

Khi d6 ta ducc

3
(3x+1)t:x2+2t2+2+§x—3
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hay

3
3x+1)t:2t2+x2+§x—1.

Ta tinh dudc
2 2,3 2
A=Bx+1)—-4.2.(x +§x—1):x —6x+9

Cubi cung ta c6 dap sb 1a
1 -2 2
5(\/6— 1), 7(¢15 -0, £+ V15).

Bai toan nay c6 phan an may thi phai, ching ta ct thit 5x2 = 442 + ... r0i
3x2+..., tiép dén 2x% + ..., x% +... méi dudc. Vay nhd bai nao d6 thit hoai ma
khong ra thi sao. Tuy nhién, theo minh thi cach thi trén la nhanh va
hiéu qua nhéat., Néu mubn hiéu ban chat thi danh phai dong nhat hé s
bang cach sau day. Ta c6

2

t“+1 3 3
Bx+1)t=m +(5—m®+ox—8= 22+ (5-ma®+ox+ = -3,

2 2 2 2

Tinh A ctia phuong trinh nay

3
A=Bx+1)°-2m (5—m)x2+§x+%—3

=(9-10m +2m?)x% +(6-3m)x+(1-m2+6m)
Pé denta 1a s6 chinh phuong thi
(6-3m)>—4(9—10m +2m2)(1-m2% +6m)=0.

Dung chtic nang giai phuong trinh ctia may tinh ta c6 dudc 2 nghiém
nguyén la m = 0 va m =4. Chi 1a dung cai SOLVE théi nh4, béi ban chat
chd mo nay l1a doan dudc mot s6 m dem dep ciing toai nguyén roi. Chi
phé ra dé dudc phuong trinh bac bén méi véi m thi qué toi, méc du bai
nay né dé giai. Tuy nhién, 6 budc 1ay A thi ta da coi tam thic 1a bac hai
v6i ¢ roi nén m =4 dudc thoi.

1.40. Phuong trinh da cho tuong duong véi

(x®>+2x+52 -9 +2x+5)+10=12Vx2 + 2x + 5.
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Dat ¢ = x% + 2x + 5, ta dudc
2912 +10=12t o (t* — 4t +2)(#2 + 4t +5) = 0.

Pap s6. x = -1+ V2+42.

1.41. Dap sb. {1; g}

Cach 1. Dat
Va2 -2x+5=t=>t>=x2-2x+5 o t2+2x =22 +5.
Phuong trinh da cho dudc viét lai nhu sau

t=2,

t=x.

(x+2t=t2+2x ©

Cdch 2. Binh phuong hai vé, ta dugc

x=1

-

243 —9x%2+12x-5=0 < [ 5
x=—.
2

Th lai cac nghiém nay déu thoa phuong trinh da cho.
1.42. Pat

a=vVx+4>0, b=vV2x+3>0, c=Vx+8>0.
Ta c6

ab—3a+bc—3c=4,
ca-(b-3)+c-(b-3)=0,
< (b-3)-(a+c)=4.

Doa+c¢>0,nén b-3>0hay v2x+3>3 ticlax>3.Taco
(b-3)-(a+c)=4.

hay
(V2x+3-3)-(Vx+4+Vx+8)=4.

(1.7)
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Ham so

fx)=(V2x+3-3)-(Vx+4+ Vx+8)

dong bién trén khoang (3;+o0) va x = 5 12 mét nghiém ctia phudng trinh
(1.7), nén x =5 cling 1a nghiém duy nhét cia phuong trinh da cho.

1.43. Chia hai vé phuong trinh cho vx + 3, ta dudc
x —x+1 x+1 [x2—x+1
x+3 x+3 x+3
x2-x+1 x+1
a:\/—, b=y/——.
x+3 x+3

Cach 2. Phuong trinh da cho tusng duong vdéi

x+1
x+2

3

+1
X +Vx+3=VaZ-x+1+Vx+1.

x+3

Binh phuong hai vé roi rat gon, ta dudc

3

+1
X +x+3=x2—x+1+x+1.
x+3
Hay
3
+1
X =x?-x-1
x+3

Dép sb. {1-v3;1+V3}.

1.44. Phuong trinh da cho tuong duong véi

V(x+2)3-92x+1)= V(x+2)2—
Pap s6. {(-3-2v2;-3+2V/2}.

1.45. Dt

u=Vx2+x+2>0, v=VvV2x2+x+1>0.

Ta co

u—-v=>0w>-u? vVu2+v2
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hay

(w-v)-[1+@w+v)-Vu2+v2]=0.

Do u >0 va v >0, nén ti phuong trinh trén, ta cé u =v.

Pap s6. x =1 hodc x = —1.
1.46. Diéu kién x > 1. Viét phuong trinh da cho tuong duong
(Va—1-12- Va2 —x-(Vx—1-1)=0.
bat nhan ti chung ta dudc
(WVa—1-1-(Vx—1-1-Va2-x)=0.

e Truong hop 1.

Vx—-1-1=0ox=2.
e Truong hop 2.
Vex—1=1+Vx2—x.

Binh phuong phudng trinh trén, ta co6
x—1=x®-x+1+2Va2-x.

tuong duong

%2 -2x+2+2Va2—x=0

hay

(x—12+1+2Va2-x=0.

Phuong trinh nay vo6 nghiém.
Vay phuong trinh da cho c¢6 nghiém x = 2.
1.47. Diéu kién x> -1, x # 1. Ta ¢6 phuong trinh da cho tuong duong véi
~8{log, [(x — 1)%] —logy(2x + 1)} = x* — 18x — 31.

Do
x2—18x—31=(x-1)?>-8(2x+1)—24
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nén ta co
(x—1)% +8log, [(x — 1)?] = 8(2x + 1) + 24 + 8logy(2x + 1),
hay tuong duong
(x—1)% +8logy [(x — 1)%] = 8(2x + 1) + 8log, [8(2x + 1)].
Phuong trinh cubi c6 dang
f((x=1?) =f(8(2x+1))

.

V01
f@)=t+8logyt.

R6 rang £(¢) 1a ham lién tuc va dong bién trén khoang (0; +o00) do d6 ta cé
f((x=1)?%) = £ (82x+1))

khi va chi khi
(x—1)% =8(2x + 1),
tic
x=9-2v22v9+2V22.
Vay phuong trinh da cho cé tat ca hai nghiém 1a x = 9-2v22 va x =
9+2v22.

1.48. Phuong trinh da cho tuong duong véi
2(2V/4 — a2 — 8x) = 92% — 120V 4 — x2 + 4(4 — x%) - 8.
Pit t = 2V4 — 22 - 3x.
1.50. Piéukién x > 1. Do 3x—2 > 0 nén tit phuong trinh ta suy ra 2x—3 > 0.
Bay gio, ta xét hai truong hdp:

e Néu x>2thitaco

\/3x—1+\/x—1>2,

do do
VT -VP>42x-3)—(3x—2)=5(x—-2)>0.

Piéu nay mau thuan véi gia thiét VT = VP.
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;3
o Néu§<x<2thitacé

Vi—-1+vVx-1<2,

Ta ¢o
VI -VP<4(2x-3)—-(3x—2)=5(x—-2)<0,

Tu két qua hai truong hop trén, ta thiy rang x phai bang 2. Mit khac,

khi thtt truc tiép, ta thay x = 2théa man phuong trinh.
Vay phuong trinh da cho c6 nghiém duy nhat x = 2.

1.51. Dung nhan lién hdp, ta dudc

2(8x—2) _ 43x-2)
V2x+4+2vV2—x VO9x2+16

—_ 2
Tu day, de thay x = 3 la m6t nghiém ctia phuong trinh. Xét truong hop

2 - oa N o L
x# 3 Khi d6, phudng trinh trén tuong duong véi

2(\/2x+4+2\/2—x) = /922 + 16.

Binh phudng hai vé, ta dugc

4 [(zx +4)+4(2—x) +4\/2(4—x2)] —9x2 + 16,

hay

9x2 + 8x — 32 = 161/2(4 — x2).

Phuong trinh cubi ¢6 thé dudc viét dudi dang
9x% - 32 = 8(2/2(4—x?) - x|
Tu day, ta suy ra
(92% - 32)[2V/2(4—x?) + x| = 8[8(4 - 2% - 2] = 8(32-927),

hay la

(9x2 - 32) [2\/2(4—x2)+x + 8] -0.
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) 4v/2
Do -2 <x<2,nén 2v/2(4 —x2)+x+8 >0, suy ra (9x2-32) =0, ttic x = iT\/_.

42
Tht lai chi ¢6 x = T\/_ thoa man.

42

vax=——.

Vay phuong trinh da cho c6 tat ca hai nghiém 14 x = 3

Wil N

1.54. Cdch 1. Piéu kién x > 1. Dat
t:\/x+120:>t2:x+1.

Ta sé tao ra phuong trinh bac hai cua ¢ bang cach thém bét vao mét luong

mt2.

Phuong trinh da cho dudc viét lai nhu sau
mt®—t(5Vx—1+1)+3x—1-m(x+1)-5Vx—1=0

hay
mt?—t6vVx—1+1D+@B-m)x-1)+2-2m-5Vx—1=0. (1.8)

Ta c6

A=25(x-1)+10vVx—-1+1-4m@B-m)(x—-1)—-4m(2-2m)+20mvx—1
=(4m?-12m +25)(x — 1) + (10 + 20m)Vx — 1+ 8m2 —8m + 1.

Ta mong muon

A=(AvVx—-1+B).
DPéE c6 diéu nay ta can
Al =(5+10m)? - (4m® — 12m +25)(8m? —8m +1) = 0.
Tu dé dé dang tim dudc m = 3. Phuong trinh (1.8) tré thanh
3t —t(5Vx—1+1)—4-5Vx—1=0. (1.9)
Phuong trinh (1.9) c6 biét thic

A=25(x—1)+70Vx—1+49=(5Vx—-1+7)>2,
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nén c6 hai nghiém

) 5vVx—1+4
t = -1 (loai) vat = Y X =72
3
5vVx—-1+4
Véit=Y2"""7 a6
3
5vVx—-1+4

T:\/x+1©5\/x—1+4:3\/x+1.

Cach 2. Ta c6
5Vx—-1(Vx+1+1D)+WVx+1+1)=3(/(x+1)2-1)

o(Wx+1+DBVx—-1+1-3(Vx+1-11=0
o(Wx+1+1D)BVx—-1-3Vx+1+4)=0

Cach 3. Dat
u=vx-1>20, v=vx+1>0.

Ta c6 hé

5uv +5u+v-2u?-1v2=0,
u?-v2+2=0.

Ta ¢o

5uv+5u+v—2u2—v2+2(u2—v2+2):(v+1)(—3v+4+5u).

Dap s, 17 15V3
P So. 1 g

1.55. Phuong trinh tuong duong véi

(Vx-12=(Vx-T+1)°-1.

a=vVx-1, b=Vx-T+1.

1.56. Dit

a=2x-1, b=Vx2-x+3.
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Ta co
ab?=2x>-38x2+7x-3=2x>+2x-3)-3(x® - x +3)+ 12.
Suy ra
b2+3b%2-12
x3+2x—3:af.

Khi d6 phudng trinh tré thanh

b2 +3b%2-12
%—ab:o@(b—z)(ab+3(b+z)):o
b=2
ab+3b+6=0

1.57. Ta co
2x%—8x—(2x+1) Va2 —4x+3-3=0
2 _ _
oVl dyy3= 2t 503

2x+1
2¢+1)-22x+1)—-1
@\/x2—4x+3:x(x )2 (1x )
x—
-1
o Va2—4x+3-(x-2)=
2x+1
-1 -1

<> =
ity 2t
o Va2—4x+3=x+1

ox=-1.

1.58. Phuong trinh da cho tuong duong véi
Va2+d-x=vVa—1-1+x-2

- B | x—2 (x-2)
= x_
Va2+4)2+xVa2+4+x2 Va—1+1
—2)(—x% —x—2 -2
© - (x— 2 x3 £-2) - = —(x-2)=0
Va2 +4)2+xVa2+4+x2 Va-1+1
Do
—x%—x—2
-1<0

Va2 +42+xVa2+4+x2 Vx—1+1
nén phuong trinh c6 nghiém duy nhét x = 2.
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1.59. bat
a=Vb+x, b=Vv5-x, (a,b>0).

Khi do6 ta co
6-2x=2b2-4, 6+2x=2a>-4.

Phuong trin da cho tré thanh

2b%2-4 2a%2-4 8 8
+ 2 TR0 22— 4)a+ (20 —4)b = ab
a b 3 3

8
< 2abla+b)—4(a+b)= gab.

Tu do ta ¢6 hé phuong trinh:

2ab(a+b)—4(a+b)= §Otb, 2ab(a+b)—4(a+b)= §atb,
3 o 3

a?+b2=10 (@ +b)?—2ab =10.
Pay 1a hé d6i xing loai Mét.
Pap sb. {4;-4)

1.60. Dat
a:x2+2x—1, b=x+1, a-b>0.

Ta co
a®?—-10ab+9b6%2=0,

a+3b>0.

a+3b_4\/%@{

1.63. Diéu kién x >. Lay binh phuong hai vé, ta dudc
(3= 1)? = x(3x% - b5x + 3)2,

tuong duong
k8 —2x3+1= 9c(33c2 —bx+ 3)2.

Dé thay x = 0 khong 1a nghiém ctia phudng trinh nay nén ta chi can xét
x>0 1a da. Khi d6, chia ca hai vé cia phuong trinh cho x3, ta dudc

1 2
x3+——2:(3x+§—5) )
X3 X
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1
bat ¢t =x+ —, t > 2. Phuong trinh tré thanh
x
(3 -3t)—2=(3t-5)?,

tuong duong
t3-9t24+27t-27=0,

hay
(t-3)°=0.

Tu day ta suy ra ¢ = 3, hay

1

x+—=3.
X
3+v5H 3-v5

Giai phuong trinh nay, ta thu dudc x = V5 hoac x = T\/_ Tuy nhién,

. > . A > ., . 3 - 5 > ~ <
khi thi lai, ta thay chi c6 gia tri x = T\/_ thoa man phuong trinh.
. s A £ 3-v5
Vay phuong trinh da cho ¢6 nghiém duy nhat x = —
Cach khac.

Phuong trinh da cho tuong duong véi
(x—D2+x+1)= —V3x(x? +x+1)+8xv/x.

Hay
(x—1+3vVo)x% +x+1)=8xv/x.

Chia phuong trinh cho x/x, ta dudc

(\/a_c—%+3 . x—l—%—i—l =8.
Dat
Vi-— =t
N
Ta co
(t+3)(t2+3)=8.
Hay

t+12=0et=-1.
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1.64. Phuong trinh tuong duong véi

! —(2x):;—(x+1).

VvV (2x)3 -1 Vix+1)3-1

Xét ham so

1 —3¢2
(t)= —t,f(t)= ———=-1<0,Vt>1
! Vid—1 ! 2/ (@3 -1)3

1.67. Khong khé dé thiy réng phuong trinh ¢6 nghiém 1a x = 1.
Phuong trinh da cho tuong duong véi

234+243Vr+ 1(Va+1+1) = Va3 +2 o Va3 +2(V a3 +2-1)+3Vx + 1(Vx + 1+1) = 0.
Tudng duong véi

V2 +3)x+ D2 -x+1)
Va+1 +3(Vx+1+1)| =0.
* N gy

Dé thay biéu thiic trong ngoéc luén dudng nén ta suy ra phuong trinh
tuong duong véix+1=0< x=—1.

Vay phuong trinh c¢6 nghiém duy nhét x = —1.
1.68. Cdch 1. Pat ¢ =vx2—2x>0, ta cé hé
x2—1=2xt,
{xz —2x =¢2.
Tru hai phudng trinh cho nhau, ta dudc

2x—1=2xt—t2 o t*—2xt+2x—1=0.

Tu do, ta tim dudc
t=1 hoac t=2x-1.
DPap s6. {1+ v/2}.
Cach 2. Phuong trinh da cho tuong duong véi

(Va2 —2x-x)" = (x - 1)
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1.69. Phuong trinh da cho tuong duong véi
2
2
Vo i1= X a2 (1.10)
2-8x
Tu phuong trinh trén, ta phai co

1
2—8x>0©x<2.

Vé d6 thi (¥) cta ham s6 y = V2x2+1 va do6 thi (¥) cta ham s6 y =
3x%+x+2

2—-8x )
diém duy nhat c6 hoanh d6 x = 0.

1 £ c aX 1. s ¢ A
trong khoang (—oo; Z)’ ta thay hai do thi nay cat nhau tai mot

Vay phuong trinh c6 nghiém duy nhét x = 0.
. 1
Cach khac. Van li luan nhu cach trén, ta phai c6 x < x Binh phuong
hai vé phuong trinh (1.10), ta dudc

(119x3 — 70x% + 59x — 36)x = 0.

Tu day, ta c6 nghiém thi nhat 1a x = 0.
Bay gio ta chiitng minh phudng trinh

119x3 —70x% + 59x — 36 = 0
khong c6 nghiém trén khoang (—oo; i)
That vay, xét ham s6
fx) =119x% — 70x% + 59x — 36

1 ~ 1z 2 ax 2 R R o ,
trén khoang (—oo; Z)' Dé thay, ham so dong bien trén trén R. Mat khac,

()= oren

X A A . (1 R . ) P
Vi f dong bién trén R va f (5) -f(1) < 0, nén phuong trinh c6 duy nhat mot

1
nghiém trén khoang (5, 1). Va nhu vay, phudng trinh f(x) = 0 khong c6

4
Vay phuong trinh da cho ¢6 nghiém duy nhéat x = 0.

nghiém nao khac trén khoang (—oo; l)
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1.70. Ta co

W4l +dx-1=(x-1° -x(x—1) =(x— D% -3x+1).
4-3v2 3-5 3+5 }

Pap sb.
ap so { 4 2 2

1.71. Cach 1. Nhiing bai nhu thé nay minh thay déu c6 thé dung hé bat
dinh dé giai d6 ban, cu thé nhé:
Pieu kién x > -2. Pt y = v + 2 thi ta ¢

15x2 + 2y(x + 1) +5x -2 =0,
y2—x-2=0.

Lic nay, bang cach st dung cac phuong phéap giai hé bac hai, ta tim dugc
déng thic

[152% + 2y(x + 1)+ 5x — 2] — (% —x — 2) = Bx + y)(5x — y + 2).

Phan con lai kha dé dang, ta c6 thé dudc y theo x va thé tré lai phuong
trinh y2 —x—2 =0 dé giai ra x. Cubi cung ta thit lai dé loai nghiém la 6n.

Cach khéc. Bién d6i phuong trinh thanh
x+2-2(x+1)Vx+2-6x—15x% = 0.
Dat t = vx + 2. Khi d6 ta dudc phuong trinh bac hai
t? — 2(x + 1)t — 15x% — 6x = 0.

Ta co
A} = (x+1)% + (6x + 15x%) = (4x + 1)2

.z 19 v16el 1 V73
Papso. s —+——;—=—-—.
50 50 " 18 18

1.72. Binh phuong hai vé va thu gon, ta dudc
(x—4)-(9x% +16x +8)- (x* +4x+8) = 0.

Pap sb. x = 4.
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1.73. Piéu kién -1<x<1.Pata=v1-xva b=+v1-x. khidé taco

b2_a2
B .

a2+b2:2, x=

Nhu vay, ta c6 hé

a?+b%=2,
{2b+b2a2+6—2a+6ab.
Lic nay, bang cach st dung phan tich
(2b +b% —a® + 6 — 2a — 6ab) + 3(a® + b% — 2) = 2(a — b)(a — 2b - 1).
Két hop véi cac gia thiét c6 dude tit hé, ta thu dude a = b hodc a = 1+2b.
24

Péap s6. Phuong trinh c¢6 hai nghiém 1a x =0 va x = 55

1.74. Cach 1. Piéu kién 1-x*>0.
Phuong trinh da cho dudc bién d6i veé phuong trinh

1—x2—(2+\/1+x2) \/1—x2—2(x2+1—2\/1—x2):0. (1.11)

Piat t =vV1-x2 (¢ > 0). Khi d6 phuong trinh (1.11) dudc bién d6i thanh
phuong trinh

t2—(2+\/1+x2)t—2(x2+1—2\/1—x2):0. (1.12)

Xem phuong trinh (1.12) 14 phuong trinh bac hai theo 4n ¢, phuong trinh
nay cé biét sb

A= (2+ \/1+x2)2+8(x2+1—2\/1+x2) - (2—3\/1+x2)2.

Suy ra phuong trinh hai ¢6 hai nghiém phéan biét

[ 2+ V1+x2+2-3V1+42
t= & 5 T o VitaZ
2+V1+x2-2+3V1+x?
t= ad 5 L o—ovita?
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e V6it=2-V1+x2oV1-x2+V1+x2=2ox=0

e V6it=2V1+x2 o vV1-x2=2V1+x2 & 5x%+3 =0 vd nghiém

P6i chiéu diéu kién cta bai todn ta ¢6 x = 0 14 nghiém duy nhéat cta
phuong trinh da cho.

Cach 2. Minh trinh bay cach 2 nhé. Ban quan sat thay v1—x% va
3x2+1 hoan toan c6 thé biéu dién qua v1+x2 va V1—x2 nén diéu nay lam

minh di dén y tudng dua phuong trinh nay vé hé phuong trinh véi hai 4n
a=V1+x2vab=v1-x2

Piéu kién |x| < 1. Pat

-

N
St Q
Il I
= [l
| +
& &
DN [\
VoV
o =

Ta co
ab=V1-x% 2a2-b%2=3x%+1.

Vay phuong trinh & dé bai tré thanh
2(2a —b)—ab =2a®-b>.
Két hop a®+ b2 =2 ta c6 hé

{2(2ab)ab =242 - b2,

a?+b2=2.
Phuong trinh thi nhat ctia hé viét lai
2a®+(b—4)a—b%+2b=0. (1.13)

Ta co
A=(b-4)%-8(-b%+2b)=(3b-4)2

Suy ra phuong trinh (1.13) c6 hai nghiém

—-(b-4)+Bb-4)
a= =b

—(b —4)%(319 —-4)
a= 7

=4-2b
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Néua=5b.Tu(1.13),tac6a=b=1 (vi a,b > 0), khi d6, x = 0.
Néu a =4-2b. T (1.13), ta c6

4-2b02+b2=2<5b2-16b+14=0.

(phuong trinh nay vé nghiém).
Tém lai phuong trinh c6 nghiém duy nhéat x = 0.
Cach 3. Dat u=Vv1+x2>1,v=v1-x2>0. Phuong trinh da cho tré

thanh

u2+v2=2,

(1.14)
22u —v)—uv=3u?-2.

Tu phuong trinh thi hai ciia hé, ta suy ra

—3u?+4u+2

v:
u+2

Thay vao phuong trinh thi nhat va thu gon, ta dudc
5u*—10u®+3u®+4u-2=0.

Giai phuong trinh trén véi diéu kién u > 1, ta dude u = 1.
V6i u =1, ta suy ra v = 1. Khi d6 phuong trinh ¢6 nghiém x = 0.
Vay phuong trinh c6 nghiém x = 0.

1.75. Pieukién x> 1. Pata=2vx+1>2vab=2Vx—1, ta c6 a2 -b2=8,
hay
(@a—3)a+38)=(b-1)b+1). (1.15)

Ngoai ra, tu phuong trinh ta cting c6
9 a 9 b
-2) ==(b"+2)-—=9
(a”-2) 5 ( ) 5 =9

hay
a(a®-2)-21=b(b%+2)-3.

Sau khi phan tich nhan t, ta dude

(@-3)a?+3a+7)=b-1)b2+b+3). (1.16)
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Tu (1.15) va (1.16), ta thu dudc
(@-3)b-1)a®+3a+7)(b+1)=(a-3)b-1)(b%+b+3)a+3),

hay tuong duong

2 2
m2—maﬂ—1)“ +3a+7_b +b+3 _o. (1.17)
a+3 b+1

Bay gio, ta s€ ching minh

a’?+3a+7 b2+b+3

1.18
a+3 b+l (1.18)
hay
7 3
a+ >b+ .
a+3 b+1
Do

T3 __4a-2
a+3 a+1 (a@a+3)a+1)

nén ta chi can ching minh

3 3
a+ >b+ ,
a+1 b+1
hay tuong duong
1 1 3(a-0b)
-b6>3 - = .
. ~ (b+1 a+1) (a+1)(b+1)

Doab>0va
(a+1D)b+1)>a+1>3

nén ta cé bat dang thic cudi hién nhién diung.Vay (1.18) dudc ching
minh. Tu (1.17) va (1.18) ta suy ra

(@®-9)b%2-1)=0.

I N N N 5 N o« A A L3
Giai phuong trinh nay, ta tim dudc ngay x = 1 la nghiém duy nhat ctaa
phuong trinh da cho ban dau.

1.76. Cach 1. Patu=vx+2>0,v=vx-2>0.Taco

u®+v°=2x, u?-—v2=4.
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Phuong trinh da cho thanh

2[(w? +v?) + 1lu - 2[(w? +v?) - 1lv = 21,

hay
2w+ v u—-v)+u+v=21. (1.19)
Dé y
2., .2 2 2 2 16
2w +v)=w+v)*+(u-v)=wWw+v) + .
(u+v)?

Phuong trinh (1.19) viét lai thanh

16 4
(w+v)+ +t=21.
(w+v)|u+v
bat
t=u+v=vx+2+vx—-22>2.
Ta co 614
2+ | - +t=21,
2]t

tuong duong
5t —21t3+64=0< (t—4)(5¢> — 12 -4t —16) = 0.

o Véit=4,tacéu+v=4 Xéthé

1
Khi d6, ta tim dudc x = Z'Y

e Trudng hop 5¢2 —t? — 4t — 16 = 0, dung m4ay tinh bd tui, ta c6 nghiém
gan dung 14 1.730649271. Ta li luAn nhu sau: Pat

F)=583—t2—4¢-16, t>2.

Ta co
Fl(t) =15t -2t — 4.
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Giai phuong trinh £/(¢) =0, ta dudc
1= V61 1+v61

hoac t =

Cac cuc tri cia ham so la

f(l—\/ﬁ)_ 10982 122v61 _

~ —14.85799932
15 675 675

1+v61 10982 122v61
f( \/_) =— - V61 ~ —17.68125994.

15 675 675
Ta thay

1-v61 1+v61
f( 15 )f( 15 )>O’

nén d6 thi ham s6 f cit truc hoanh tai ding mot diém.

Mat khac
f()-f(2)=-16-12<0,

nén phuong trinh f(¢) = 0 c6 dung mo6t nghiém thudc khoang (1;2).
Do diéu kién ¢ > 2, nén nghiém nay bi loai.
A . - . " P 17
Nhu vay, phuong trinh da cho ¢6 nghiém duy nhat x = R
Cach 2. Patu=vx+2>0,v=vx—-2>0.

Ta biéu dién 4x+ 1 qua x + 2 va x — 2, bang céch gia st

dx+1=mx+2)+n(x—-2)

hay
dx+1=(m+n)x+2m—2n (1.20)
khi d6
{m+n:4, m:%,
< 7
2m—2n n:Z.

Do do, ta co

9 7
4x+1:Z(x+2)+Z(x—2),
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hay
9 7
dx+1=-u?+ -2
4 4
Tuong tu ta cing c6
4x+1= zu2 + 2112.
4 4

Viét lai phuong trinh da cho duéi dang
9u? + 7v?)u — (Tu? - 9% = 84,

tuong duong
9w - v+ Tuvw-u)= 84,

hay
(u- 11)[9(u2 + v2) +2uv] = 84.
bat
t=u+v=vx+2+vx—-22>2.
Ta co
210
s o (u+v)2+(u-v)? 2 t*+16
u“+vt= = = ;
2 2 2t2
va
, 16
_(u+v)2—(u—v)2_t T2 tt-16
a 4 4 42
Phuong trinh (1.20) thanh
4(9t*+144 *-16
— + =84,

t 2t2 212

Rut gon phuong trinh trén, ta dudc
5t* —21t3 +64=0.

Téi day, ta lai tré lai cach trén.

Cach 3. Dung may tinh bé tui ta tinh dude mot nghiém ciia phuong
trinh 1a x = E Nén c6 thé nghi téi dung lién hdp. Viét phuong trinh da
cho dudi dang

(4x + 1)(@— g) ~(4x— 1)(@— g) — 17— 4x,
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tuong duong

(4x+1)(x—£) (4x—1)(x—£)
54 - =174y,
Va+2+ = x—2+—
2 2
hay
(x—ﬂ)( o+l do—1 +4):o. (1.21)

5 3
x+2+§ \/x—2+§

1.77. V6i nhing bai toan phudng trinh vo6 ti cho dudi hinh thic nay ta
thuong khéo 1éo "kéo" cac méi quan hé giita "cén thiic va da thic" sao cho
that khéo nhat. Nhung ta can chud y t6i khi muén ap dung cho bai toan
ta can dé y t6i moi luong duyén cta "va, Vb, Vab'". Bay gio minh dua ra
hai hudng giai cho bai toan nay nhu sau.

Trudc tién ta can dat diéu kién cho cac can thic ¢6 nghia. Piéu kién:

2x—3>0
5—2x>0
16—4x2-15x>0

¢
M| e
N
=
N
N | O

Huéng gidi 1. Ta d€ y réng
(2x —3)(5—2x) = 16 — 4x> — 15.

Gio ta sé kéo su khéo 1éo vé mdi quan hé "cin thiic va da thic" trong bai
toan. Cu thé, ta xét phuong trinh:

13-4x=a(2x-3)+b(5—-2x)=2(a—b)x —3a +5b.

Can bang hé sb hai vé phuong trinh ta thu dudec

3

2(a-b)=-4 a=-
= 9

-3a+5b=13 b:§

Tudng tu ta xét phuong trinh

4x—-3=a@2x—-3)+b(b—-2x)=2(a—b)x —3a +5b.
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Can bang hé sb hai vé phuong trinh ta thu dudc

2(a—-b)=4 a=
-3a+5b=-3 b=

¢
DO | o | =1

Chu y thém mot dieu tuyét diéu d6 1a (2x—3) + (5 —2x) = 2. Téi day y do
giai bai toan da r6. Pat u = v2x-3,v = v5-2x (u,v > 0). Khi dé phuong
trinh da cho dudc bién d6i thanh

3 7 7 3
(—u2 + —v2) u+ (—u2 + —vz) v=2+8uv,
2 2 2 2

tuong duong
3w+ v+ Tuvw+v) =4+ 16uv,

hay
3(u+v)2—-uv)+Tuv(u+v)=4+16uv. (1.22)
2-2

Laidat t=u+v,vV2<t<2,tacouv=

tré thanh:
t2-2 t2-2 t2-2
3(2- +7 t=4+16 ,
2 2 2

. Liac doé phuong trinh (1.22)

hay
24t +t+6=0t=2.

Véi ¢ =2, tré vé an x, ta tim dude x = 2.
Huong giai 2. Ta phén tich lai bai toan duéi hinh thitc khac: Ta cing

2,

co
(2x—3)(5—2x)=16x—4x>—15

va diéu "tuyét diéu"
(2x—-3)+(5—-2x)=2.
Lai ¢6 nhan xét
13-4x=3+10-4x=3+2(5-2x), 4x-3=4x+3-6=3+2(2x-3).
Vay y d6 giai bai toan cling da hién 1én. Lic d6 véi cach dat nhu trén ta
thu dudc phuong trinh méi:

3 +2u2)v +(3 +2v2)u =2+8uveo 3u+v)+2u+v)uv=2+8uv.

Téi day tuong tu nhu huéng giai 1. Cac ban tiép tuc nhé.
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1.78. Viét phuong trinh da cho thanh

[38Bx—-1)+1]-V3x—1+[3(3-3x)-v3—-3x+1]-

—4y/(8x—1)-(83—3x)=4.

Pata=v3x-1>0,b=v3-3x>0, ta co hé

(8a%+1)-b+(8b%2+1)-a—4ab =4,
a?+b%2=2.

Pay 1a hé d6i xting theoa, b. Pat S=a+b>0, P=a-b >0. Tit hé trén, ta
co

2

3 S2-2
{3(3 ~3SP)+S—-4P =4 p=
) = 2
S2-2P=2 S(3S2+48-20)=0.
. . 10 A :
Tu phuong trinh thit hai, tac6 S=0,S=2,S = 3 Ta chi nhan S = 2. Khi

do,P=1.Tudéosuyraa=b=1vax=

[SCRIN\)

. 2
Vay phuong trinh da cho ¢6 nghiém x = 3

1.79*. Dat
a=VvV2x—-1>0, b=v4—-x>0.

Ta c6 cac biéu dién sau
T(x—-2)=2a%-3b2%, 11-8x=-3a?+2b% 2x+6=2a>+2b%
Thay vao phuong trinh ta dudc
203 —3a”b — 3ab? +2b% = —2a” + 5ab — 2b°.
Pit a = kb (néu a, b >0, thi & > 0), dudc phuong trinh sau:
b3 (2k® - 3k% -3k +2) = —b?(2k% -5k +2).
< b3k +1)(2k% -5k +2) = —b% (2k* -5k +2).

. [8 17
Pap so. { =; —.
ap so {9, 5 }
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A i x+1>0 )
1.80*. Dieu kién ox>-1.Taco
2¢+3 >0

(x+2)-Vx+1—-(M4x+5)-vV2x+3=-6x—-23

Sx+2)Vx+1—-(x+2).2—-(4x+5)V2x+3+(4x+5).3—-4x+12=0

(Sé di thém b6t nhu trén 1a vi nhdm dude nghiém x =3 = Vx+1=2>
phai c6 nhan ti vx+1-2).

S @+2)(Va+1-2)—(4x+5)(V2x+3-3)-4(x-3)=0

1)—4 9% +3)—9
o). 8D (45 EEDTI 4 g0
x+1+2 2x+3+3
+2 8x+10
o (x—3)[— X 4| =o.

Viti+2 V2x+3+3

Ta chitng minh
x+2 - 2(4x+5) N
Vx+1+2 V2x+3+3
dé c6 thé suy ra phuong trinh c6 nghiém duy nhét x = 3. St dung danh
gia

4, Vx> —1.

V2x+3+3<2(Vx+1+2),
(chiing minh bang bién déi tuong duong) Suy ra

2(4x +5) 4> 4x+5 B 3(x+1) N x+2 S x+2
V2x+3+3 Va+1+2 Va+l+2 Vx+l+2 Va+1+2

1.81*. Dat

a=Vvx-+ 1, b= \/x_—l,
Thi a2 - b2 = 2. Phuong trinh da cho tré thanh
a?+ 1152 a?+7b2

2 a—(4a2+2b2)b+4ab =

hay
a® —8a’b +11ab?—4b3 = a® —8ab + Tb2.

Piéu nay tuong duong véi

(@a-b)a®-Ta’b+4b%) =(a—-b)a-Td).
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a’?—Tab+4b%>—a+7b=0.

Ta ¢6 hé phuong trinh

a?-b2=2,
(1.23)
a?—Tab+4b%2—a+Tb=0.

Viéc dau tién khi tiép can 1 phuong trinh hay hé phuong trinh 14 ta thi
nham xem phuong trinh hay hé phuong trinh dé cé nghiém nao dic biét
khong? P6i véi phuong trinh thi dung méy tinh va chiic nang Solve 1a
5
phuong phap kha hiéu qua. Véi bai toan nay ta c6 mot nghiém x = e
, ; n 31
Nhu vay, chac chan ta sé c6 mot cap nghiém (a;b) = (5, 5)
Bang kinh nghiém néu ta dat

= +3 b= +1
a=u 3’ =v 5’
tu hé (1.23), ta thu dudc hé méi don gian hon.
u?—v2+3u-v=0 u?-v2=-3u+v
o
2u?—14uv +8v2-3u+v=0 2u?—14uv+8v2=38u—-v

C6 thé nhan chéo hai phuong trinh trén dé duge mét phuong trinh dang
cap.
Cach khac. Xét hé

a?-b2=2
a?-Tab+4b%-a+7b=0.
L4y phuong trinh tht nhat nhan véi 2 roi céng véi phuong trinh thi hai,

ta dudc
3a2—(7b+1a +2b%2+7b-4=0.

Gai phuong trinh nay ta c6
a=2b-1hoac b =3a 4.

bap sb. {34547
P aVE 9 .
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1.82%. Pieu kién: x> -2. Dox+1=(x—2)+3 va (x+3)(x+4) =22+ Tx+12
nén ta cé thé viét lai phuong trinh duéi dang

x—2Vx+2+3Vx+2+(x+6)Vx+7=x>+Tx+12,

tuong duong

(x—2)\/x+2+3(\/x+2—2)+(x+6)(\/x+7—3):(x2+7x+12)—6—3(x+6).

Sau khi rat gon, ta dudc

3(x—2) (x+6)(x—-2)
-9 2 =(x—-2 6),
Vs et e e T Varreg 2wt

hay tuong duong
3 x+6
(x—2)[Vx+2+ + -x—-6|=0.
VX+2+2 Vx+7+3

Bay gio, ta c6 dé y rang

2)+1
3 x+6 <(x+ )+ § x+6:g(x+6)<x+6.

Vx+2+ + < + -+
Ve+2+2 Vx+T+3 2 2 3

Do d6, dai lugng trong dau ngoic thit hai cia phuong trinh cubi luén am.
Tu day, ta suy ra phuong trinh da cho dudc thoa man khi va chi khi x = 2.

[ |
1.83. bat

a=Vx+4>0, b=v2x+3>0.
Ta co

* 2x-6=(2x+3)-9=0b2-09;
e x-5=(x+4)-9=a?-9;
e x—-1=5b%2-4d2.
Thay vao phuong trinh da cho, ta dudc

(b%2-9)-a—(a®-9)-b-3(b%-a? =0.
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Hay
(b-3)-(a—3)-(a—b)=0.

Tu phuong trinh nay, ta ¢6 ba truong hdp

Giai cac truong hgp trén, ta ¢6 dudc tap nghiém cia phuong trinh da cho
la .7 ={1;3;5}.

1.84. Diéu kién: |x| > % Ta ¢6 phuong trinh da cho tuong duong véi

10x2 +3x—6—(3x + 1)(2x — 1) = (3x + 1) [2\/2x2—1—(2x—1)] ,

hay
4x% +4x—5=(3x+1) [2\/2x2— 1—(2x— 1)] .

Nhan ca hai vé ctia phuong trinh nay cho 2v2x2 —1+2x -1, ta thu dudc
(40% +4x-5) (2V/20% = 1+ 20— 1) = B+ 1) [4@247 - D - 22— 1?],

hay
(4% + 4x - 5) (2 V2x2 —1+2x— 1) =(8x + 1)(4x% +4x - 5).

Chuyén vé va tach nhan tt, ta c6
(4x2+4x—5)(2\/2x2 _ 1—x—2) -0,

tic
(4x% +4x - 5) [42x* - 1) - (x +2)?] = 0.

% N v . o R A _ -1+V6 o
Dén day, bang cach giai phuong trinh cuodi, ta thu duge x = == hodc

x= % Tuy nhién, thit lai, ta thay chi c6 ba gia trix = _1;‘/6, x= 2_27‘/E

va x = % V15 théa man phuong trinh. Vay phuong trinh da cho c6 tat ca
-1+v6 2-2V15 2+2v15
2 7 7

ba nghiém la X1 = , X9 = va X3 =

1.85. Dap sb. x = 2 (Dung ludng lién hop.)
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1.86. Ta co
1
8x2—13x+7=(1+-)V3x2-2.
X

Tudng duong véi

813 — 1322+ Tx = (x+1)V/3x2 -2,

hay
2x—-13+©2x - 1)x+1)=3x2 -2+ (x + 1) V/3x2 - 2.
Pit
2x—1=a; V3x2-2=b.
ta co
a®+(x+1a=b3+(x+1)0.
Hay

(@a-b)a’+ab+b%+x+1)=0.

e Véia=>b o 8x3-15x2+6x+1=0. Giai phuong trinh nay, ta dudc x =1,
1

X=—=.

8

e Truong hop 2.

b, 3
a2+ab+b2+x:1:O©(a+§)2+z(2x—1)2+x+1:O

b2
4(a+§) +4x2 +2(2x - 1)2+5=0.
Phuong trinh nay vo nghiém.

: A 1
Vay phuong trinh c6 hai nghiém x=1, x = ~3
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1.87. Ta co

1
Va2+x+15=1+

x2+x
1-vaZ+
oVil+xt+15-2=_Y* 1%
VaZ+x
- 2 +rx—1 B 1-x2+x
(\/4x2+x+15+2)(\/x2+x+15+4) 1+VaZ+x

1 1

(Ve reetsr) (Ve rariord) 1evaies]

o (x2+x—1)

ox’+x-1=0

~1+v5

I+

S>X =

DN

1.88. Phan tich va huéng giai Minh cAm nhan bai toan nay ngudi ra dé
da dat rat khéo cac biéu thiic véi nhau. That su néu chi binh tAm nhin
nhan mot cach hoi hot chic khé ma nhan duge hudng giai tét vi du nhu
tac gia rat khéo dat mét "man suong" che phu bai toan 6 day :

2 +x—-12+2(x% +x—-1)=1+V4x+5

Thuong suy nghi théng thudng 1a ta c6 tao ra mot dang diéu nao dé cho
ham s6 dé chon cach biéu dat dic trung dé giai quyét bai toan. Nhung
v6i ban than minh thi minh khé c6 thé tao ra dudc diéu d6! Vay minh sé
chuyén sang huéng di khac. Véi phudng trinh nay vé hinh thiic thi cho
ta cam giac "kinh nghiém" la doan nghiém truéc va ta doan dudc x =1 la
nghiém cta phuong trinh. Nhung liéu dé c6 phai chang la nghiém duy
nhat ? Liéu tién doan nay dua chung ta vé cach giai nao day? Khi ma véi
minh thi bai toan dua vé khao sat ham s6 ching minh nghiém duy nhéat
la v6 vong. Va minh nghi téi sao ta khong tao ra cac nhan ti chung x-1
nhi? Bay gio ta tao ra nhu thé nao cho dep day. Trudc tién 1a véi cai can
thic da

4x —4
VAx+5+8= —0 = (1.24)
Vix—5-3
va Ad
3_VAx+5= x (1.25)

Vax+5+3
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Nhan xét 6 (1.24) ro rang cach nhan lién hiép d6 khong an toan vi chung
ta chua biét né c6 khac khong hay khong? Nhung 6 (1.25) thi ta ci vo
tu nhi.Vay vé cén thic da 6n dinh roi bay gio con cai da thiic bén vé trai
phuong trinh thi sao day. Xem thit nhé cai huyén vi né nam & dau day

2(x2+x— 1)2+2x2+2x = 2(x2+x)2—4(x2+x)+2+2(x2+x) = 2(x2+x)2—2(x2+x)+2

Téi day ching ta cling chua thay gi ca dung khéng? Nhung ching ta thit
rap toan b nhitng dinh huéng ctia chiing ta lai tit dau dén gis xem ching
ta da "im ba la" phuong trinh da cho thanh gi réi nhé:

2% +x—12 +2x%2 +2x =3 +V4x +5
Tuong duong véi
2% +x)2 -4(x®+x)+2+2(x*+x)-3-V4x-5=0

hay
2 +x)? -2(x% +x)—4+3-Vax—5=0.

Vay bay gio vé trai dang 6n dinh véi tinh hinh 14 :

2(x2+x)2—2(x2+x)—4:(x2+x)2—4+(x2+x)2—2(x2+x)
=2 +x-2)02+x+2) - +x)(x® +x—2)
=(x—Dx+2)Z+x+2)—(x— D(x+2)x% +x)

=2(x — D(x+2)(x® +x+1)
Phu xem nhu ta da thing 16n trong phan tich nay. Bay gio ta di vao cu
thé bai toan nhé.
Piéu kién bai toan:
5
4x+520©x2—2.

Phuong trinh da cho dudc bién d6i thanh

2% +x—-12+2x2 +2x =3+ V4x +5.
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S 2% +x)° 4% +x)+2+2(x% +x) -3 —-V4x+5=0
2% +x)°-2(x%+x)—4+3-V4x+5=0

4(x—-1)
@(x2+x—2)(x2+x+2)—(x2+x)(x2+x—2)——:
VA4x+5+3
o -Dx+ D2 +xt1)— XD
x—1)(x x°+x ——=
vdx+5+3
2
sx-1|x+2)?+x+1)—-———| =0.
V4x+5+3
Tt phuong trinh cudi nay, ta ¢6 x = 1 hodc
2
(x+2)x%+x+1)— —— =0. (1.26)
Va4x+5+3
N N o et . £ .. 5 ..
Bay gio ta quan tam dac biét téi (1.26). Ta thay ngay véi x > 1 thi
(x+2)(x2+x+1)—(# >0
Vax+5+3)
5
That véy,x}—z ta co
1 63 2
+2)?+x+2) =2 +3x2+3x+2=(x+ 12 +1>-——+1=— > =
64 64 3

2 5
B
V4x+5+3 3

Vay phuong trinh (1.26) v6 nghiém. Do d6 phuong trinh c¢6 nghiém duy
nhat x = 1M.

1.89. Diéu kién x > —%. Ta c6 phuong trinh da cho tuong duong véi

+4 4x+7
x3 —\/x+2)+(x+2—\/5x+6)+2( x3 —VBx+9|+4(2-x-2)=0,

hay

(x+4)2—9(x+2)+(x+2)2—(5x+6)+2[(4x+7)2—9(8x+9)]
x+4+3Vx+2  x+2+Vbx+6 4x+7+3vV8x+9
Tuong duong

+4(x®>-x-2)=0,

1 1 32
+ + +4|=0.
x+4+3vVx+2 x+2+vVbx+6 4x+7+3v8x+9

(Z-x-2)
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Do véi x > —% thi

1 1 32
+ +
x+4+3vVx+2 x+2+V5x+6 4x+7+3v8x+9

nén phuong trinh cudi tuong duong véi

+4>0

x2—x-2=0.

Tu day dé dang suy ra phuong trinh da cho c6 tat ca hai nghiém la x = -1
vax=2. 1

1.90. Piéu kién x € (—o00, —4]U [0; %] . Ta xét hai truong hop:
e Truong hop x < —4. Do 9(4 — 3x) — 16(1 — 2x) = 5(x +4) < 0 nén ta co
4
vV4-3x< §v1—2x.

Tu day suy ra

7 /49
\/1—2x+\/4—3x<§\/1—2x: 3(1—2@.

Tuy nhién, ta lai c6

49 2
(2x% - 2x+9) — 3(1 —92x) = §(x +4)(9x+4) > 0.

Do do

[49
V1-2x+V4-3x < 5 1-20< V2x2 —2x +9 < Va2 + 4x+V/2x2 — 2x + 9.

Nhu vay, dé phuong trinh da cho dudc théa man thi trudc tién ta
phai c6 x2 +4x =0, tic x = —4. Thit lai ta thiy x = —4 théa man nén
day la mot nghiém ctia phuong trinh.

e Truong hop 0 <x < %.Do 4-3x>4-8x=4(1-2x) nén ta co

1 9
V1-2x+ \/4—3x<§\/4—3x+\/4—3x: \/1(4—3x).
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Tuy nhién, ta lai thay
9 27
Z(4—3x):9—Zx<9—2x<9—2x+2x2

nén tu trén ta cing suy ra

9
V1I-2x+V4-3x< \/1(4—3x) < V22 —2x+9 < Va2 +4x+V/2x2 - 2x +9.
Va do d6, dé phuong trinh da cho dudc théa man thi trude tién ta
phai ¢6 x2 +4x = 0, titc x = 0. Thit lai ta thay x = 0 théa man nén day

la mo6t nghiém cta phuong trinh.

Tém lai, phuong trinh da cho c6 tat ca hai nghiémla x=0vax=-4. ®

1.91. Ta c6 phuong trinh da cho tuong duong véi
3
4x3 —x+3= \3/x3+§,

3
2% —x=-2[x%+ =

hay

3

3/..3
- +—.
Ty

Quan sat mot chit, ta thiy phuong trinh cudi c¢6 dang f(x) = f (— $/x8 + %)
voi f(t)=2t3 —t.

Dat y=-7% x3+%. Do
F)—F(y) =22 -y —(x—y)=(x—y)(2x% + 2xy +2y% - 1)
nén phuong trinh f(x) = f(y) tuong duong véi

(x —y)(Zx2 +2xy+2y2 -1)=0,

[, 3 [4. 8 sl 5 3)
(x+3x3+§) 2x2—2x3x3+§+23 (x3+§) -1

Pén day chi can danh gid mot chit xiu vé bat déng thic nita 1a 6n.

tace

=0.
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< < L . 1 e 4
1.92. De dang nham dudc nghiém ctia phuong trinh la 5 Khi do ta tien
hanh nhéan lién hgp don gian nhu binh thuong ,ta c6

16x* —24x% +5+8(V3 —4x - 1).

Tuong duong

1-2x

(2x—1)2x + 1)(4x% - 5) + 16— =0.
1+v3—-4x
hay
(2x + 1)(V5 + 2x)(V5 — 2x) + 16 0. (1.27)
1+v3—4x

Té6i day, ta sé ching minh phuong trinh (1.27) v6 nghiém. That vay, do

A en 3 1.
dieu kién x < n thi

16
(2x + (V5 + 20)(V5 - 2x) + ———— >0
1+vV3—-4x
. . . A £ 1
Vay phuong trinh ¢6 nghiém duy nhat x = 5

1.93. Pap s6. x =3.

N 44
1.94. Dieu kién x > —. Phuong trinh da cho tuong duong véi

21°
22 23
T (-2 +(x—-3) - a3 -3a2+ =0
2 21 7
hay.
—42x2 +189x — 212 —42x2 + 189x — 212

N
42(\/2—%“%2)) 7

Twu day ta co

2 2
(x—3)2+(x—3)y x3—3x2+73+ i/(x3—3x2+73)2

—42x% +189x - 212 =0.
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1.96. Pieukién 0 <x<5vasx—x2—-1+vV5—-x>0.

c)\/a_c+2:2\/—x2+5x—1+\/5—x
o(WVxr+2?2=4(-x>+5x—1+vV5—x)
o4x?—19x+12+4(vVx—-2)+4(1-vV5-x)=0
x—4 ‘4 x—4 ~0o
VZ+2  1+V5—x
4 4

+ =0
Vi+2 1+v5—x

o (x-4)4x+3)+4

@(x—4)(4x+3+
ox=4

Vi
4

4
+ > 0.
VX+2 1+V5—x

4x+ 3+

Pap sb. x = 4.

1.97. Ta sé giai bai nay bang phép nhan lién hop. Viét lai phuong trinh
thanh

x% +2x2 + 3x 3
—— =Vx*+x+2.

x+2
Hay
3 2
+2x°+3
T T oo Va2ix+2-2.
x+2
Tuong duong
(x-D*+3x+4) (x—1)(x+2)
x+2 VaZrx+2+2

Tut d6 quy vé chiing minh phuong trinh sau vo nghiém

x?+3x+4 1

x+22 Va2 rx+2+42

(1.28)

) 1 p 1
R6 rang veé phai cta (1.28) nho hon 5’ ma, vé trai cua (1.28) 16n hon o

nén tém lai, nghiém ctia phuong trinh ban dau la x = 1.

N 2v6
1.98. Dieu kién |x| < —\/_ Ban nhap phuong trinh vao may tinh FX-
570ES dung chic nang SOLVE may tinh do dudc hai nghiém la x =
—0,6180339887 (gan x vita tim dudc vao A biang t6 hop phim SHIFT +
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STO + A) va x = 1,618033989 (nghiém nay ban phai cho x xuat phat & 2
thi méi do ra dudce) (gan x vita tim dude vao B). Sau dé ban lay A +B va
AB xem c6 gi dac biét khong. Vita hay A+B =1va A-B = —1.Vay theo dinh
1y Vi-ét A, B 1a hai nghiém ctia phuong trinh x% —x— 1= 0. DPén day ta cé
thé doan x2—x—1=01a nhan ti cta phuong trinh & dé bai. Phuong trinh
da cho viét lai

2 —8x+1—(ax+b)—V8—3x2+ax+b=0.

Tuong duong

(ax+b)*—(8-3x%) _

0.
V8—-3x2+ax+b

x3—3x+1—(ax+b)+

hay
24+3)x%+2abx+b%-8
x3—(a+3)x+1—b+(a 3 +2abx+ =0 (1.29)
V8—-38x2+ax+b
DPé c6 dude nhan tit x2 —x—1 thi
(@®+3)x®+2abx+b2-8=Mx%-x—-1) (1.30)

(M 12 mét sb). Hé s6 ctia x2 12 a2+ 3 nén dé a chén thi M nén bang 4. Véi
M =4 thi c6 mot cap (a;b) thoa man (1.30) 1a (-1;2).
V6i (a;b) = (-1;2) thi (1.29) tré thanh

x2-x-1

3
x°—2x—-1+4 =0.

V8-3x2+2—x

Phuong trinh nay tuong duong véi

o @ -x-Dx+1+ : |=o. (1.31)
V8-3x2+2—x
Bay gio ta chiing minh
+1+ 4 >0
X .
V8-3x2+2—x

Xét ham so

f(x)=vV8-3x2+2—x.
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Ta ¢o 5
flx) = ——— 1
8 — 3x2
—-3x 2
flx)=00 ——==1lox=—1/=
V8 —3x2 3
Khi do e
6+4v6
flx) < .
3
P 26 6+4v6
kétth|x|<T\/_©O<f(x)< +3\/_.S ra
4 4 _ -2vV6 4
x+1+ =x+1+ > +1+ > 0.
V8-38x2+2-x f(x) 3 6+4v6
3
Do d6, (1.31) xay ra khi va chi khi x? —x — 1 = 0. Vay phuong trinh cé
. . 1-v5 | 1+v5
hai nghiém x = 2 va x = 5

1.99. Phuong trinh da cho tuong duong

V162x3+2-2—(V27x2-9x+1-1)=0

- 162x% -6 ~ 27x% — 9x 0
(V16223 +2)2+2V162x3 +2+4 V2722 —9x+1+1
- 2(8x—1)(9x%+3x+1) _ o BxBx-1) 0
(V16243 +2)2+2V16223+2+4 V2722 —9x+1+1
29x% +3x+1) 3x

< Bx-1) =0

— 1
(V162x3+2)2+2V162x3+2+4 V2722 —9x+1+1
Xét phuong trinh

209x2 +38x+1) B 3x _0
(V162x3+2)2+2V162x3 +2+4 V27x2—9x+1+1
29x2+3x+1) 3x

< =
(V16223 +2)2+2V162x3+2+4 V162x3+2
x = 0 khong 1a nghiém, dit ¢ = V162x3 + 2

1 4
o 2B8x+—+1)=t+—+2
3x t
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©3+1+1 t+2+1
X+ — =—+-
3x 2t

< A t
Tu day suy ra 3x = 2

1
S>X=—

: . - . n P 1
Toém lai phuong trinh da cho ¢6 nghiém duy nhat x = 3

1.100. Dat
a+l=v1+x; b+1=v1-x.

Ta thu dudc hé phuong trinh sau

{a2+b2+2(a+b)20, {a2+b2:—2(a+b),
<>

a?-3ab-4b=0 a?—3ab = 4b.
N N N 2 A - A N 24
Pay la hé dang cap. Pap s0. x=0va x = ~35

1.101. Ta co

2x+1+x\/m+(x+1)\/m:0
@x\/m+x+(x+l)\/m+x+1:0
@x\/m+x+(x+1)\/m+x+120
oxVa2+2+x=(—x—DV-x—-12+2+(-x—1)
Xét f(t)=tVt2+2+¢ Ham f(t) dong bién trén R nén suy ra x = —x— 1.

p 1
Pap s6. x = ——.
psb.x=—3

1.102. Tt phuong trinh da cho, ta c6 diéu kién 0 <x < 1. Pat ¢t =1+
V1-x2>1.

Ta co

2t—1=1+2V1—#2,
2 — 2 = x2.

Mit khac

Vi+ \/1—x2:x(1+2\/1—x2)©1+ V1-22=22(1+2V1-x2)2.
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Phuong trinh an ¢ tuong Ung la
t=(2t—t*)2t—1)* & t(t — 1)(4t* - 8t + 1) = 0.
p 1
bap so. {1; 5.}
1.103. Piéu kién: x € (—oo, —4]U [0, %] . Ta xét hai trudng hop:
e Truong hop x < —-4. Do 9(4 —3x) — 16(1 — 2x) = 5(x +4) < 0 nén ta co
VIBx< SVIZ

Tu day suy ra

7 [49
\/1—2x+\/4—3x<§\/1—2x: ?(1—2@.

Tuy nhién, ta lai c6

(2x% —2x+9)— %(1 —92x) = g(x +4)(9x+4) > 0.
Do d6

[49
V1-2x+V4-3x< 5 1-20< V2x2 —2x +9 < Va2 +4x+V2x2 — 2x + 9.

Nhu vay, dé phuong trinh da cho dudc théa man thi trudc tién ta
phai c6 x2 +4x =0, tic x = —4. Thit lai ta thiy x = -4 théa mén nén
day 1a mot nghiém cta phuong trinh.

e Truong hop 0<x<%.Do 4-3x>4-8x=4(1-2x)nén ta cod

1 /9
\/1—2x+\/4—3x<5\/4—3x+\/4—3x: Z(4—3x).

Tuy nhién, ta lai thay

9 27
Z(4—3x):9—Zx<9—2x<9—2x+2x2
nén tu trén ta cing suy ra
9
V1—2x+V4-3x< \/1(4—3x)< V2x2 —2x+9 < Va2 +4x+V2x2 — 2x + 9.

Va do d6, dé phuong trinh da cho dudc théa man thi trude tién ta
phai ¢6 x2 +4x = 0, titc x = 0. Thit lai ta thay x = 0 théa man nén day

la mo6t nghiém cta phuong trinh.
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Tém lai, phuong trinh da cho c6 tat ca hai nghiém lax=0vax=—-4. W
1.104. Piéu kién x > 1. Phuong trinh da cho tuong duong véi
4
—+2(2\/3_c—\/4x—1) :9(\/E—¢x—1),
VX

hay
4 2 9

VAR NN N

Pén day, ta c6 dé y rang

Vidx—1>Vax-4=2Vx-1

va
2Vx>Vx+Vx—1>0.
Tu day, ta suy ra
4_8 8
VX 2V x+vVx-1
va
2 3 2 1
2V +VAx—1 2yx+2Vx—-1 x+vVx-1
Do do,
4 + 2 < 9 Vx>1
— , x .
VX 2yx+VAx—1 Ja+vx-1 -

Vay phuong trinh da cho vo nghiém. B
1.105. Diéu kién d€ phuong trinh c6 nghia la

10-3x>0
4-3v10-3x=>0

74 10
hay — <x<—.
27 3

Bay gio, dit a = vI0—3x thi ta c6

V4d-3a=x-2,
v10-3x=a
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hay

x?—4x+3a=0,
a?+38x-10=0.
L4y phuong trinh thi hai trit phuong trinh thi nhat theo vé, ta dudc
a®-8a-x2+7x-10=0,

hay
(a+x-5)a—x+2)=0.

Twu day suy raa=5—x hoaca=x-2.
e V6i a =5—x, thay vao phuong trinh thit nhat cta hé (1.10), ta dudc
x®—4x+3(5-x) =0,

hay
x2—Tx+15=0.

Phuong trinh nay vo nghiém.
e V6i a = x—2, thay vao phuong trinh thi nhat cta (1.10) ta c6
x®—4x+3(x—-2)=0,

hay
x> —x-6=0.

Tu day ta tim dudc x = -2 hodc x = 3. Dé thay chi ¢6 x = 3 théa méan
phuong trinh da cho ban dau.

Vay phuong trinh da cho ¢6 duy nhat mot nghiém la x=3. H

1.106. Dé phuong trinh c6 nghia thi truéc tién, ta phai c6 x(x+1)(x—2) > 0,
tic x € [-1, 0]U[2, +o0). V6i diéu kién nay thi

453 —6x% —x+10=(x+1)4x> - 10x+9)+1>1
(chd ¥ rang 4x% - 10x+9> 0, Vx € R), do d6

Vax3 —6x2—x+10>1>1—x2Vx(x + 1)(x—2).
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Tu day, két hop véi gia thiét, ta c6
V4x3 —6x2—x+10=1=1-x2x(x + 1)(x —2).

Nhung diéu nay c¢6 dudce khi va chi khi x = —1. Vay x = —1 1a nghiém duy
nhéat cia phuong trinh da cho.

1.107. Ta dat nhu sau:

logy(2* +4) =a,
logg(4* 1 +17)=7=b.

Dan dén ta c6 hé phuong trinh sau

2% +4 =22,

4¥14+17=3°,

a+b="1.
Thé nén ta hoan toan cé phan tich sau

4-(2°-4)?-3""+17=0
Dit
fl@)=4-(2"-4*-3"9+17=0,

Ta c6

fl(a)=8-(2*-4)2°-In2+377%.In3>0,Va e R.
(2 =2%-4>0,Vx € R). Ma ta dé nhAm dudc nghiém ctia phuong trinh
a =3 vay a = 3 1a nghiém duy nhat. Thé nén 2 =2¢-4=23-4=4, vay la
x = 2. Vay phuong trinh da cho ¢6 nghiém la x = 2.

. Lac nay, ta co

L ot

1.108*%. Pieu kién dé€ phuong trinh cé nghia 1a x >
phuong trinh tuong duong véi

2 2
(Ve +3+Va+1)’ = (VaZ—11x+33+V3x-5) ,

3x+4+2vV(2x+3)(x+1 :xz—89c+28+2\/(3x—5)(9c2 —11x+33),
2[(8x—5)(x? — 11x +33) — (2x + 3)(x + 1)]

VBx—5)x2—11x+33)+ VPx 1 )k + 1)

(x—3)8—-x)=
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Khai trién truc tiép, ta c6

(Bx—5)x% —11x+33)— (2x + 3)(x + 1) = 3x> — 40x? + 149x — 168
=(x—-3)(x—-8)38x—-"17).

Do d6, phuong trinh trén cé6 thé viét lai thanh

(x—3)(8—x)[\/(Sx—5)(x2—11x+33)+ V@x+3)x+1)+2B8x—T7)|=0.

N 5 2
St dung diéu kién x > 3 ta thay

V(Bx—5)(x2 - 11x+33) + 1V (2x + 3)(x + 1) + 2(3x - 7)

>vVE@x+3)(x+1)+28x—17)

(25 +)(5+1)v2o-37

92/38
:T‘/_—4>0.

Tu day, ta tim dudc nghiém ctia phuong trinh da cholax=3vax=8 1

1.109. Phan tich va huéng giai. Bai toan nay cac ban thay né cé vé cong
kénh nhi? Nhung su cong kénh nay 4n chita trong né 1a "nét duyén ngam"
dang yéu day. Cu thé cac ban quan sat duéi mau nhé

Vat—8x3 +16x2+1=/(4x—x2)2 + 1.

Luac d6 phuong trinh da cho tré thanh

A y? = 3v3 (1.32)

1+vV(@x—a2)+1

Téi day viéc dat an phu 1a uu tién hang dau cho ching ta.
Dat t = 4x—x2 > 0. Lic d6 phuong trinh (1.32) tré thanh

3v3
t=—— o t+tVi2+1=3V3. (1.33)
1+Vi2+1

Nhan xét rang véi ¢ = 0 phuong trinh (1.33) khong théa. Véi ¢ > 0 ta xét

ham sb
fO=t+tVt2+1, t>0.
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Ta co
2

ffO=1+Vt2+1+ >0,¢t>0
t2+1

Vay ham s6 y = f(t) dong bién v6i moi ¢ > 0 . Suy ra phuong trinh (1.33)
néu c6 nghiém, thi nghiém d6 1a duy nhat.
Ma ta c6 f(v3) = 3v3 nén dan dén

t=V3o4x—x2=V3.
Téi day cac ban tiép tuc nhé vi bai toan da don gian di nhiéu.
1.110. Piéu kién 14 x > 2. Phuong trinh da cho dudc viét lai thanh
(2 —x+1)-5(x-2)]| VaZ—x+1=2[(®—x+1)-3(x—2)] Va2

Dat
b=Vx2-x+1, a=vx-2, a=>0, b>0.

Khi dé phuong trinh vita bién d6i viét lai thanh
(b2 -5a®)b = 2(b* - 3a*)a < b® - 2b%a - 5a*b +6a® = 0.

Chia hai vé phuong trinh nay cho 5% ta thu dudc phuong trinh

a_
a3 a2 a g_i’
o(3) -5l -2(z)r1=0= | 75
5= %

1.111. Phuong trinh da cho tuong duong
(x+2)-(\/(x+2)2+3+ 1) =—xV(=x)2+3+1.

Xét ham s6 déc trung f(#) =¢Vi2+3+1. Pap s6. x = —1.

1.112. Hwéng dén. Pat a = Vx+4, b = ¥x. Hé da cho tré thanh

(@—b)2-3ab)+1=0, 2a —2b—-3a?b+3ab%+1=0,
<
a®-b3=4 a®-b3=4.
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Cong hai phuong trinh trén ta dudc

(a®-3a%b+3ab®+b3)+2a-2b=3

Do d6
(a-b)®+2(@-b)-3=0.
Ta c6 hé
a—-b=1,
a®-b3=4.
. (VB-1\3  (VB+1)3
Dapso.(T) ,—( 5 )

1.113. Diéu kién x> 0. Pat a = vx+80=a > 0. Ta c6
a4:x+80©x:a4—80,

ma x >0 nén a* > 80. V6i diéu kién trén phudng trinh da cho tré thanh

Va*—80+Vat-73=a, (1.34)

tuong duong

Vat-80-1+Vat-73-2=a-3,

hay
a*-81 . a*-81 _
Va*=80+1 (Va®—73)2+2Va*-73+4
(@a-3)a?+9) . (@-3)a?+9) ~
Va*-80+1 (Va*-1732+2Vat—73+4

a—3

< (a—-3)

Xét phuong trinh

(@—3)a®+9) (@—3)a®+9)

+ _1=0 (1.85)
Vat—80+1 (Va*—1732+2Va%—73+4

(@a—3)a%+9) .
(Va*—173)2+2Va*—73+4
(a—3)a?+9)

nén néu ta chiing minh dugc ——————— > 1, thi phuong trinh (1.35) v6
Va*-80+1

0,

nghiém. That vay, ta ¢
(@ —-3)a?+9) o1

Vat-80+1
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o @-3)a®+9)-1>Vvat-80
<a®+3a%2+9a+26>Vat-80

< a®+6a® +80a* +52a +237a> + 468a + 756 > 0

ding véi @ duong. Nén (1.34) c6 nghiém duy nhét a = 3, tit dé suy ra
phuong trinh da cho ¢6 nghiém duy nhéat x = 1.

Cé thé giai nhu sau:

Piéu kién x > 0. Ta thdy x =0 khong phai 1a nghiém suy ra phuong
trinh ¢6 nghiém khi x> 0.

Phuong trinh dudc viét lai

VI+Vr+T-Vx+80=0

Xét ham so

f)=vx+Vx+T-Vx+80, x>0.

Ta co
1 1 1

+ - .
2vx 33(x+72 4v/(x+80)3

Mit khac ta dé ching minh dugc

flx) =

3V(x+ 72 <4V/(x+80)3. (1.36)
That vay liy thita véi s6 mit 12 ca hai vé, phuong trinh (1.36) tuong duong
v6i

312+ 7)® < 41%(x + 80)°.
Piéu nay 1a hién nhién dung, tit d6 ta suy ra f'(x) > 0 véi moi x € (0; +o0).

Nhu vay ham sb f(x) dong bién trén (0;+oc0). Mat khéc, £(3) = 0. Suy
ra x = 3 12 nghiém duy nhéat ctia phuong trinh da cho.

N 1
1.114. Diéu kién x > -3 Ta co

22 +3x%+4x+2=(8x+2)V3x+1

tuong duong

x+1D3+x+1=(V3x+ 1> +V3x+1. (1.37)
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Xét ham s6 f(t) =3 +t, (¢t > 0). phuong trinh (1.37) c6 dang
flx+1)=f(vV3x+1).

Ta c6 f'(¢t) =3t2+1 >0 véi moi ¢ > 0 nén f(t) dong bién trén (0;+oco). Nén
(1.37) xay ra khi va chi khi

x+1:\/3x+1©x2—x:0©x20; x=1.

Vay phuong trinh da cho ¢6 hai nghiém x=0va x =1.

1.115. Pat ¢ = V722 +9x—4, ta ¢ hé

x3 —4x? -5x+6=t,
{7x2+9x—4: 3.
Cong hai phuong trinh trén, ta dudc
Brt=(x+1)3+@x+1). (1.38)
Ham s6 f(a) = a® +a dong bién trén R, nén tit (1.38), ta c6 t = x+1. Khi do,

x=1,

-1+v5
B

x+1=VTx2+9x -4 o

1.116. Diéu kién |x| > 1. Tt phuong trinh ta thay

2x* — 3x% + 20
3x = > 0.
V3x%+20+Vat+3x2 -4
Do d6, phuong trinh da cho tuong duong véi

\/x4+3x2—4+3\/x—:\/3x4+16,

cing vay
3Vt +4x2)(x2 — 1) = (x* + 4x%) — 10(x% - 1),
hay
4+4 2 4 4 2
X X _ X +4x _10:0.
x2-1 x2-1
. ; v3l-v11 v3l++v11
Pap so. x = , X = .

2 2
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1.117. Dép sb. x1 = 73097 va gy = 170Y07,
Cdch 1. Pau tién quan sat rang
(x—-2)% +5x -3 = —6x2+17x - 8.

Vi vay, ta dat

a=Vbx—x3, b=x-2.
Phuong trinh thanh
—2x%(x - 2) — (—62% + 17x — 8) = 2x> V/5x — a3,
Do do
~2xb — (a® +b?) = 2x%a © (a +b) (a® —ab + b% +2x%) = 0.

Cach 2.

Ta thay x = 0 khong 1a nghiém ctia phuong trinh.

V6i x # 0 thi phuong trinh da cho tuong duong

10 17 8 3/ D
W LA
x  x2 3 x2

1
bat t = —, ta dudc
X

2410t 1712+ 83 =23V/5¢2 1.

o 2t-1%+202t-1)=52—1+2V5:2— 1.
Bay gio thi ta xét ham s6 f(x) = 2 + 2x.
Cach 3.
Xét v6i x = 0 khong 1a nghiém cta phuong trinh.
V6i x # 0, chia ca hai vé cho x%, ta thu dudc phuong trinh

8 17 10 3/ B
e e S
x3 x2 o« x2

8 12 6
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Cach 4. Ta c6 phuong trinh da cho tuong duong véi
627~ 173 +8 =2 | Vb — a3 - (2-)].
Do
A=VGBr—232+2-x)Vbx—x3+(2-x)%>0,
nén phuong trinh trén cé thé dudc viét lai thanh

2x? [(5x—x3) —-(2 —x)3]
A b

6x2—17x+8=

hay
9 2
(622 — 17x+8)(1+ %) 0.

2
V\11+ﬁ>0néntfxdéytac6

6x2—17x+8=0.

1797
12
Vay phuong trinh da cho c6 tat ca hai nghiém la

_17-VeT 1747

12 2 12

Giai ra, ta dudc x =

X1

1.118. Phuong trinh dudc viét lai nhu sau
V4 —x ~ Vi-(1-x)
1+vx  1+vV1-x

,/4_

2 t
Xét ham so f(¢) = 1575 Ta co

+Vi

2x—1.

-1 1
N1I+t——— V4 -t
Va—t 2Vt

(1+vt)?

fiin=2
Phuong trinh da cho c6 dang
fX)—fl-x)=2x—1=x—-(1—-x).

Li luan dé c6

1
x=1l-xox=—-.
2
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1.119. Cach 1. Theo kinh nghiém ctia minh thi thuong phuong trinh c6
ca can bac hai va can bac ba thi phuong phap nén uu tién trudc la phuong
phap nhéan luong lién hop. Di nhién muc dich ctia viéc nhan ludng lién
hop 14 lam xuét hién nhan t&. Quan sat thay biéu thic trong cin bac ba
c6 bac 1a ba, con biéu thiic trong cén bac hai thi biéu thiic c6 bac l1a hai.
Vay dé xuat hién nhan ti thi ban 1am thé nao cho bac ctia biéu thitc duéi
can bac hai va can bac ba bang nhau. Pé dat dudc muc dich iy, minh sé
lam mat di x®. Ma mudn 1am mat di x® thi biéu thiic can thém vao trudc
khi nhan ludng lién hop nhat thiét phai c6 dang x + n. Phuong trinh da
cho viét lai

,3/4_—7363+(x+n)—[\/4x2—4x—1—(—n—1)]:o.

Tuong duong

.3 3
1 +c+n) 40 —4x—-1-(-n-1* _
3 - =Y,
7 7 Vax?2 —4x-1+(-n-1)
3 _3 2
\/4—x3 \/4_x3(x+n)+(x+n)

hay

3

7
3nx2+3n2x+ns+ Z

4x? —4x—1-(-n-1) 0
- - =
[ 7 7 Vdx2—4x—-1+(-n-1)
3 - 3 - 2
g 4_963(x+n)+(x+n)
Dé c6 dudc nhan ti chung »n phai théa
3 7
sn_sn? " '3

- -1
4 4 A -Ca-2

Sau cac budc phan tich trén ta c6 16i giai sau. Phuong trinh da cho tuong

duong
[ 7 ——————
3m+(x—1)— 4x2—4x—1=O

7
—3x2+3x+ (-1 + -

PN 3 4 —V4x2-4x-1=0
7 7
3 _ 3 _ _ 2
\/4—x3 \/4—x3 (&-1+-1)
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-3 1
o Vax2—4x-1| —. -1/=0
4 T 0 T \
5 s D+e-D

Dé dang nhan thay biéu thic trong ngoic ludon 4m. Vay trén tuong duong:

~ 1+v2

4 —dx—1-0o | 2
1-v2
%=

Cdch 2. Bai nay ta c6 thé dat

Ta co
—4a®-3b%2=4(b - a)?
tuong duong
4b3 - 12b%a + 12a°b + 362 =0.

Pén day xay ra hai truong hop nhung déu xay ra khi b = 0 va giai quyét
kha don gian.

Cadch 3. Piéu kién 4x2—4x-1>0

Phuong trinh dudc viét lai nhu sau:

0 Z—x3:\/4x2—4x—1+1—x

T phuong trinh ta suy ra

Z—x3>1—x

Lap phuong hai vé va rit gon ta thu dudc

452 —4x-1<0
Két hop dieu kién ta suy ra
1+v2
x =
45 -4x-1=0 o 1_2\/5
x =
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1.120. phuong trinh da cho tuong duong véi

Vat+20-Vxt+9=x3-1.

Do vé trai luon duong, nén ta phai ¢é x® —7 > 0 hay x > V7. S& dung tinh
don diéu ctia ham s6 ta tim dudc nghiém ctia phuong trinh 1a x = 2.

1.121*. Piéu kién x > -2. Pat
u=2Vx+2-vV2x+5=>u?=6x+13-4v2x2 +9x + 10.

Phuong trinh viét lai thanh

9 9 u=2x+3,
' —-Bx+2u+2x“+x-3=0«
u=x-1.
Nhu vay ta can giai hai phuong trinh sau
2Vx+2-V2x+5=2x+3 (1.39)
va
2Vx+2-vV2x+5=x—1. (1.40)

Xét phuong trinh (1.39) dé thiy né tuong duong véi

4(x+2)—2x—5:(2x+3)(2\/x+2+\/2x+5).

2x+3=0, -
2Vx+2+vV2x+5=1
Xét phuong trinh (1.40), tuong tu cting c6

21
x=-2.

2x+3:(x—1)(\/x+2+\/2x+5).

Nhan xét ngay x # 1, nén c6 thé viét phuong trinh thanh

2x+3 B
T

FxX)=Vx+2+V2x+5- 0.

Nhan thay ham f(x) lién tuc, dong bién trén ciac khoang (-2,1) va (1, +00).
Do d6, tréen méi khoang nay, phuong trinh f(x) = 0 ¢6 nhiéu nhat mét
nghiém. Ta c¢6 f(—2) >0 nén trén (-2,1) phuong trinh sé vo nghiém, dong
thoi £(2) = 0 nén c6 thé két luan f(x) = 0 c6 nghiém duy nhat x = 2. Vay
phuong trinh da cho c¢6 ba nghiém la x=-2, x = —g, x=2.
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1.122. Pat ¢ = /x, phuong trinh da cho tré thanh
£—t+1=132-2.
Lap phuong phuong trinh
£—t+1=V32-2,

ta dudc
23" +3t5+3t5—6t*+2:2-3t+3=0.

Phéan tich thanh nhan ti ta thu duocce
E+1D)--12 @+ -t*+ 23 + 362+ 3) =0.
Ta co
O+ -1t 4283 43243 =B+t + (P + 3 -t + 2+ 262+ 3
>ott ottt 4 3+ 262+ 3
=3t*+ 13+ 21243
>3
1.123. Diéu kién ctia phuong trinh x > 1. Pat u =v2x—2+1>1. Ta ¢
u?—2u =2x-3.
Viét phuong trinh da cho duéi dang
3V22+l | 9y 8 =374 4% 2,

hay
3%+ u?—2u =3%+x%—2x. (1.41)

Xét ham sb6
F)=38"+t2-2t, véit>1.

Ta ¢o
fl(t)=38"1n3+2t-2>0, Vt>1.

T phuong trinh (1.41), ta c6 u = x, hay
V2x—-2+1=x.

Giai phuong trinh nay, ta dudc hai nghiém x =1 va x = 3.
Vay phuong trinh da cho ¢6 hai nghiém x=1 va x = 3.
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1.125. Lay phuong trinh thi nhat cong phuong trinh thi hai sau khi
nhéan 2, ta dudc

x4y2—4xy+y2+4x2+2: 1+4x—2y.
Pua phuong trinh trén vé phuong trinh bac hai theo y, ta c6
(* + 1)y2+(2—4x)y+4x2—4x+ 1=0.

Ta tinh dudc
A = —4x*(1-2x)%,
Do d6, phuong trinh da cho ¢6 nghiém khi
x =

—4x*(1-2x)?=0<
X =

~

N =S

* V6ix =0, taco y=-1. Nghiém nay thoa hé.
1
e Véix= o ta c6 y =0. Nghiém nay khong thoa hé.
Vay hé c¢6 nghiém duy nhét (x;y) € {(0;-1)}.

1.126. Véi y = 0 hé phuong trinh vo nghiém. Véi y # 0 chia hai vé phuong
trinh thi nhat cho va phuong trinh thi hai 1an ludt cho y3 va y2, ta c6 hé
phuong trinh

125 125

27x3+—3:9, 27x3 + == =9,
, Y ol 5 ¥ (1.42)
457 + 75 =6; 3x.2(3x+=) =6.
Yy y Yy Yy
bat
5
u=3x; v=—, v#0
Yy
Luc do6 (1.42) thanh
ud+v3=9, (w+v)—3uv(u+v)=9, (w+v)® =27,
= =
uv(u +v)==6n; uv(u +v)=6; uv(u +v)=06;

u+v=3, u=1, u=2,
o o hay
uv = 2; v=2 v=1.
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u=1 3x:17 ley

e V6i Taco 5 = %
v=2 _:2; y=—.

y 2

u:2, 3x:2, x:g,

o Véi Tac6{ 5 . << 3

:1 — =1, =
v y y=5.
A 1A < ~ L1 . n . (15) (2
Vay hé phuong trinh da cho c¢6 hai nghiém (x;y) la (g, 5) ; (5;5).

1.127. Dé thay (0;0) khong théa man hé phuong trinh. Ta dua hé phuong
trinh da cho vé dang

8 2\3
27x3—F=—7, (3x)3—(—) =-7, (3x—%)(9x2+67x+%)=—7,
y
o 6x_ - TN 8x(, 2\ T)g 2o 2
y ¥ PR y %

Thay cac gia tri 6 phuong trinh thi hai vao phuong trinh thit nhat caa
hé sau cung ta dudc,

4 1 4
3xy+—-5=09(xy)* - 15xy+4=00xy=-Vxy=—.
3xy 3 3

Cdach khdc. Nhan phuong trinh tht hai véi y, roi trit hai phuong
trinh cho nhau, ta dudc

27x3y3 —63x2y% +42xy -8 =0.

Phuong trinh nay c6 ba nghiém
1

xy=—,
Y73

2 4
xy=—=, xy=-.
YTy T3
1.128. Céc bai hé phuong trinh "tua" d6i xiing nay ciing xuat hién kha
thudng xuyén trong cac dé thi Pai hoc. Ta chi can tim quan hé don gian
hon giita cac bién 1a xong.

Trong truong hop nay, quan hé dé dudc tim dudec nhd bién dsi sau

y(x% + %) = 10x.

x3 +xy2 =40y x(x2 + y%) =40y
=
y2 +x%y =10x
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Néu x =0 thi y =0 va néu y = 0 thi x = 0 nén phuong trinh c6 nghiém
x=y=0.
Ta xét xy # 0, chia hai vé ctia hai phuong trinh ctia hé, ta dudc

x
_:4z©x2:4y2©x:i2y.
y X

Ta thay x = —2y khéng thoéa vi tit cac phuong trinh ctia hé da cho ban
dau, ta thay x, y cung dau. Do dé x = 2y, thay vao phuong trinh thi hai
cua hé, ta dudc
y(4y? +y?) =20y o 5y2 =20 © y = +2.
Vay hé phuong trinh da cho c6 cac nghiém la (x, y) = (0, 0), (4, 2), (-4, —2).
1.129. Bing mot chit tinh todn, mo mam, ta ¢6 x = y = 2 13 mét nghiém
cta hé, tit d6, mot cach tu nhién, ta c6 cac bién ddi sau. Tit phuong trinh
tht nhét, ta c6
y—2= 3 +3x+2=2-x)(x+1)>2

T phuong trinh thi hai, ta co
x—2=2y2—6y—4=2(y-2)(y+1)%.

Tu day ta nhan xét rang, néu y > 2 thi ta sé dong thoi suy rax>2 vax <2
(v6 1y). Tuong tu, néu y < 2 ta cling sé ra vo ly. Nhu vay, ta phai c6 y = 2,
tit d6 suy ra x = 2. Nhu vay, hé c6 nghiém duy nhat 14 bo (x =2, y = 2).
1.130. Tu phuong trinh thit nhat cta hé suy ra y > 0.
Tu phuong trinh tha hai suy ra x>y > 0.
P 4
Mat khac ciing tu phuong trinh thi nhat ta ¢6 x = ——y.

VY
bat \/y = ¢ > 0 thay vao phuong trinh thu hai ta cé

3
2 [(%_ﬁ) —t6] =926 & (4— %) — 1%~ 26t = 0.
f(t)=4~-t%3 17— 26t

Fl(1) = -3t2(4 - 32 —9,8 - 26 < 0.

Ta c6 f(1) =0 = ¢ =1 la nghiém duy nhat. Ti d6é suy ra x=3;y =1 1a
nghiém cta hé.
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1.131. Ta co
x4+ >dxy =20+ +(x+y)2—3>2x+y)°® +4xy-3=0.
hay
2x+yP +(x+y?-3>00 (x+y—DI2x+y)?+3x+y)+31>0.  (1.43)

Vi 2(x+y)? +3(x+y)+3 >0 v6i moi x, y nén (1.82) < x+y > 1. Phuong trinh
tha hai c6 dang

(x+y)4—2(x+y)2+(x+y)+(2y—1)2:O.
Mat khac ta co
(x+y)[(x+y)3—2(x+y)+1]:(x+y)(x+y—1)[(x+y)2+(x+y)—1]20.

(dox+y=>1).
Vi vay hé phuong trinh da cho c¢6 nghiém khi

x=Y,
1
— > = = —.
x+y=1, xX=y 3
2y—-1=0.

. £ 11
Vay, hé phuong trinh c6 nghiém duy nhat (x;y) = (5; 5).

1.132. Ta nhéan thay ring hé phuong trinh da cho c¢6 nghiém 1a (x;y) =
(0;0).
Bay gio ta xét véi dieu kién x.y # 0. Ta c6 phan tich sau
2+y?—xd+x  —yP-y
y ox

xy+3=

Ta thu dudc két qua sau
(a2 +y2)(x +1-x2 +y2) =0.

Véi x+1—x2 + y2 = 0. Pem thé vao phuong trinh thi hai ctia hé da cho ta
dudc 2xy—y+3=0. Lay 2xy — y + 3 = 0 thé vao phuong trinh thi nhat cta
hé ta co

(1-2%)*+3(1-2x)*-36=0.
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1.133. Nhan thay x = y =0 1a nghiém ctia hé Xét x;y # 0 Hé da cho tuong
duong

(x+y)A+xy)=18xy,

(2 +y2)(1 +x2y2) = 208x2y2,

hay
x+y
—(1+xy)= 1, Lo liciy=1s
%2 + y2 R
252 (1+x%y?) =208 T dgp+at+y? =208,
Dit
1 _
;1+x—a,
—+y=>b.
y
Ta c6 hé
a+b=18,
a?+b?%=212.

Pén day thi thé vao dé tim x va y.

1.134. Lay phuong trinh thi nhéat trit cho phuong trinh thi hai sau khi
nhan 3, ta dudc
(x—1)3 :(y—2)3 Sx=y+3.

1.135. Ta thay moi cép (x;0) khéng phai 14 nghiém ctia hé phuong trinh.
Chia hai phuong trinh ctia hé cho y? ta thu dude hé sau

9 6
4x2+—2——x=3,
Yy Yy
y o y?
Tuong duong
3\2 6
(Zx——) +—x:3,
Yy Yy
3x 3
—|2x——|=1
Yy Yy
bat
3 3
2x——=a, 2o
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Ta thu dudc hé méi

a?+2b=3,
ab=1.

Cach khac. Hé da cho tuong duong véi

2y(2x2y —3x)—3y2+9=0,

y2

2x2y —8x = .
X7y —ox 3

Suy ra
2

2y-%—3y2+920.

Giai phuodng trinh nay ta dudc

=—  hoac y=3.
y 2 AC y

1.136. st dung phéan tich
(2x% —4x+3 +y3)—2(x2y2 - 2x+y2) =(y+ 1)(2x> +y2 - 2x2y -3y+3)

dé suy ra y = —1 hodc 2x% + y2 — 2x%y -3y +3 =0.
Tuy nhién, trudng hgp thi hai lai khong thé xay ra do ta cé

262+ 92 —2x%y -8y +3+(x%y? - 2x+ ) = 22(y - 1%+ (x - 1%+ 2(y - 1)+ 1> 0.

Va nhu vay, ta tim dudc y = —1. Thay vao phuong trinh thi nhét cta hé,
ta c6 ngay x = 1. Tht lai ta thay (x, y) = (1, —1) théa man hé phuong trinh.
Vay hé da cho c¢6 nghiém duy nhat (x, y) =(1,-1). R

1.137. Pap s6. (1;3) hoac (-1;3).
Cdch 1. Nhan phuong trinh thi hai ctia hé véi 2 roi cong véi phuong
trinh th nhét, ta dugc

x4+2x2y+y2+8x2+8y—48:0,

tuong duong
(% +y)2 +8(x%+y)—48=0.
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T phuong trinh nay ta c6
x+y=-12 hodcx?+y=4.
Cdch 2. Viét hé phuong trinh da cho duéi dang

(2 +2)% +(y-2)2 =10,
x%(y+2)+6y=23.

Datu=x2+2,v=y-2.

1.138. Hé da cho tuong duong véi
1

x+%:2(y+—),

( +1)2+( +1)2—20
X . y y) =20
1.139. Cdch 1. Hé phuong trinh dudc viét lai nhu sau:
{ x2y2+2xy2+xy+y+1:6y2, (1.44)
xy+x+2=4y. (1.45)

Pé ¥ rang y = 0 khong phai 14 nghiém. Chia phuong trinh (1.44) caa hé
cho y? , phuong trinh (1.45) cho y ta thu dude:

1 1 2
x2+2x+f+—+—2:6, x+1) - f+1)+2(x+—):6,
y vy oy o y y oy y
2 1 x 1
X+—+—=4. X+—+—+—=4
y vy y y y
bat
1 x 1
a=x+—; b=—+-—
Yy y y
Ta thu dudc hé mdéi
a’+2a—-b=86,
a+b=4.

Cdch 2. Ching ta con c¢6 thé 1am nhu sau. TU phuong trinh thi hai
ctia hé, ta c6 xy = 4y —x — 2. Thay vao phuong trinh thi nhat, ta dudc

Ay—-x—-2)6y—x—-1)+y=6y>—1,
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hay
x2—10xy+18y? +3x— 15y +3 =0.

Lic nay, bang cach st dung dong nhéit thic
(x® - 10xy + 18y2+3x— 15y+3)—(xy+x—4y+2)=(x—-2y+1)(x—9y+1),

ta di ngay dén 1oi giai.
1.140. Tu phuong trinh thi hai cta hé, ta co

y=(x+ 13 -2.
Thay vao phuong trinh thi nhat, ta thu dude

2% +(x+ 1) [(x+ 13 -2] = 14,

tuong duong

(x+1)*=16.

Tu day, dé dang suy ra x = 1 hodc x = -3 (tuong tng, ta c6 y = 6 hoic
y=-10).

Vay, hé phuong trinh da cho c¢6 hai nghiém la (x;y) = (1,6) va (x;y) =
(-3,-10).

1.141. Cdch 1. Hé phuong trinh dudc viét lai nhu sau:

{x2+x+y—2xy,

xt +3x2 + y2 = 4x2y.

Ta thay x = y = 0 12 mét nghiém cta hé.
Xét x #. Chia phuong trinh thi nhat ca hé cho x, phuong trinh thi
hai cho x? ta thu dudc:

x+2+1=2y,
X

2
22+ 13-4y,
X
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a—-2y=-1,
a?—6y=-3.
Ciing c6 thé chia phuong trinh thi nhat cho xy va chia phuong trinh

thit hai cho x2y2.
Cach 2. Ta co

Ta thu dudc hé méi

x(x — 2)(x2 —2xy+x+y)+ (a* —4x2y+3x2 +y2) = (x—y)(2x3 —x? +x—y).
Do d6, tir hé ta suy ra x =y hodc 2x® —x2 +x—y =0.
e V6i x = y, Thay vao phuong trinh thi nhat ctia hé, ta dudc
2x—x% =0.

Tut d6 suy ra x = y = 0 hodc x = y = 2. Thit lai, ta thiy cac bd s6 nay
déu l1a nghiém cta hé.

e Vi 2x3 —x2+x—y=0.Do
32x% — 2% +x— )+ Qx+ D% - 2xy + x + y) = 2(2x% + 1)(2x — y),

nén ta cé y = 2x. Thay vao phuong trinh thi nhat caa hé, ta thu
duadc

~3x2+3x=0,

tic x = 0 hoac x = 1 (tuong ting, ta ¢c6 y =0 hoac y = 2). Thu lai, ta
thay (x;y) = (0;0) va (x;y) = (1;2) déu théa man hé phuong trinh.

Vay hé phuong trinh da cho c6 tap nghiém la
{(0;0),(2;2),(1;2)}.
Ngoai cach trén, em con phat hién dudc la

(x* —4x2y +3x2 +y2) —(x? —-2xy+x +y)2 =2x(x—1)(x—y)2y—1).



166 Chuong 1. Mot sé bai tdp bo sung

1.142. Cdch 1. Nhan thiy moi cip (x;0) khong 1a nghiém ctia hé phuong
trinh. Hé phuong trinh tuong duong

x2+1

+x+y=4,

x2+1

(x+y)2=2 +17.

x?+1
Yy
Cach 2. Phan tich hwong giai. Dung truéc mot hé phuong trinh
khoéng mau muc so véi cac hé 6 cac loai hé c¢6 cach giai co ban thudng ta

=u, x+y=v.

nén doan xem ta nén di ting phuong nao trong hé truéc hoac ta kiém tra
diéu kién ctia cac bién trong hé dé tit d6 ta xay dung lén huéng giai cho
bai toan hé d6. Ro rang vdi cach ghép hai phuong trinh trong hé ta dang
xét “c6 thé kho “trong viéc chon lua phuong trinh nao dé di trudc. May
mén 1a cach ghép phuong trinh trong hé gitp ta c6 thé nhin thiy “tinh
dung ”ctia nghiém trong hé. R6 rang ta c6 thé nhan thiy ngay rang cach
xép dat 6 phuong trinh thi hai trong hé cho ta kiém tra dudc khi y =0
ta thu dudc hé phuong trinh v6 nghiém. Vay cau hoi dat ra cho ching ta
liéu rang khi y # 0 ta ¢6 thu dugde gi may man khong? Ta thit nhap né
bang cach chia ca hai vé ctia hai phuong trinh trong hé cho y ta thu dudc

S

gi?

 Doi v6i phuong trinh thi nhat khi chia cho y ta thu dudc
2
1
T oy =4.
Yy Yy
 Doi v6i phuong trinh thi hai khi chia cho y ta thu dudc
2x2 2

(x+y)?="—+7+=.
y y

Va t6i day ta thay ro vé hudng di ctia bai toan nay roi. Bay gid ta hoan
thanh 161 giai nhé.

e Nhan xét y =0 hé phuong trinh da cho v6 nghiém.
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e V6i y #0 ta chia hai vé cia hai phuong trinh trong hé ta thu dudc
hé mé6i nhu sau

2 2
1 1
x—+(x+y)+—:4 x—+—+(x+y):4
Yy Yy y y
, 222 2 % , (221
(x+y)y=—+7+-— (x+y)=2|—+—|+7
Yy Yy y )
x? 1
a:_ _’ bl ) A ~ P
bat y ¥y Luc d6 ta thu dudc hé phuong trinh méi
b=x+y.

' a=1

a+b=4 a=4-b b=3
< <

b2=2a+17 b2+2b-15=0 a=9

| |6=-5

T cac truong hop nay, ta tim dudc cac nghiém ctia hé da cho la (x;y) =
{(1;2);(-2;5)}1

Cach 3. Ngoai cach giai trén cua trén, bai nay con mot cach giai nta
nhu sau: P& ¥ mot ty thi ta thiy rang hai phuong trinh ctia hé c¢6 mét
diém dic biét d6 1a chd x% +1 6 phuong trinh dau tién va 2x% +2 6 phuong
trinh thi hai! Pén day chic chin mot diéu 1a ai ciing dung cong dai sé dé
khtt né di roi!

Nhu thé khi ta nhan phuong trinh dau véi 2 sé khit dude thing x2 + 1
va rat dude y ra ngoai va nhu vay bai toan c6 thé sé kha quan hon! Lam
nhu thé ta thu dudc phuong trinh

yl(x+y)? +2(x+y)—15]=0.

Pén day chac l1a don gian réi ding khong? Céc ban chi can xét tiung
truong hop riéng nita 1a xong! Phan nay céac ban tu hoan thién nhé!

1.143. Vé trai ctia phuong trinh thi nhat c¢6 thé viét lai thanh (x2 + xy)2.
. 6+ 6x — x> o

Do do, ta co thé thay xy = # rut dudc tit phuong trinh thi hai vao

va bién d6i phuong trinh thi nhat thanh phuong trinh mot 4n theo x. T

d6 tim dudc x va cubi cung 1a tim dudc y.
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Bai nay ciing c6 thé chuyén vé hé déi xiing loai II

(x? +xy)? =2(x+3)+3,
(x+3)2=2(x2+xy)+3.

1.144. Nhan thay moi cap (x;0) khong 1a nghiém ctia hé.
Chia méi phuong trinh ctia hé cho y, ta dudc

241
X —(x+y)=0,
x“+1
(x+y—-2)+1=0.
bat
x2+1
a= , b=x+y.

Yy
Pap sb. (0;1), (-1;2).

1.145. V6i y =0, ta c¢6 ngay x = 0 va bd s6 (x;y) = (0;0) 1a mot nghiém ctaa
hé. Xét truong hdp y # 0, khi d6 hé da cho c6 thé dudc viét lai duéi dang
3

X
— 3
2
6
x—+1:—326.
Yy Yy

1
bat ¢t = —, ta dudc
Yy

1=2x33(9 - «3),
1 =6xt2 — x%t.
Tu day ta suy ra
(6xt? — x%t)% = x3¢3 [9(6xt2 —x%t)— x3] ,

hay
P36t —2)° - [96xt® — 1) — %]} = 0.
Sau khi khai trién va rut gon, ta duge

27x3 (4t — x)(2t — x) = 0.

Pén day thi dé dang roi.
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1.146. Pata=vx+1>0, b=+/y+1.Tacohé

a+b=23,
a®+b3=6.
Pap s6. (0;3), (3;0).

1.147. Lay tung vé ctia phuong trinh thit nhat ctia hé trit cho ting vé cta
3 lan phuong trinh tht hai ta dudc

x-2°=(y+1P o y=x-3.

Thay vao phuong trinh thit hai ctia hé ta co

x=1 x=1 x=2
= Vv .
x=2 y=-2 y=-1

1.148. Phuong trinh da cho tuong dudng véi

¥-3x+2=0o

3x—y)2+5|(x+y)?+

=13,
(x+y)2]
(x—y)+(x+y+— =1.

x+y

u=x-y,

v=x+y+——0.
x+y

Pap s6 (0;1).

P 1
1.149. Dap so. (3;1), (5;_1)'

Nhan phuong trinh tht nhat cia hé véi x va nhan phuong trinh thi
hai cho —y ro6i cong hai phuong trinh cho nhau, ta dugc

2(y%+1) y2(x®-1) 3x—dy - 3x—4y

— = 1.
x2+ y2 x2+ y2 5 5

Cach khac. Binh phuong hai phuong trinh da cho rdi cong lai, ta dudc

(aczy2 +1-x2 —yz)(ac2 +y2) =0.
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1.150. Tit hé phuong trinh, ta c6 xy(xy —1) # 0 va do dé, ta cé thé viét lai
hé thanh
Say-D=y+5 (D)
2ay-1D=x+1 (2

Lay (2) - (1), ta dudc

1(xy—l)=(y—x)+ l—l):w
2 Yy xy

Do xy # 1, nén tu day, ta co
xy=2y—-2x. (3)
Thay tré lai vao (2), ta dudc
2x(2y—2x—-1)=x2+1,

hay
5x®—4xy+2x+1=0. (4)
Bay gio, tu (3) va (4), ta suy ra
0=(5x%—4dxy+2x+1)—4(xy—2y+2x) = (x — 1)(5x — 8y — 1).

Cong viéc con lai kha dé dang, mdi cac ban lam tiép.

Cdch khdc. Tu phuong trinh da cho, ta c¢6 xy # 0. Chia ca ti va mau
vé trai ctia phuong trinh thi nhat cho y? va chia ca ti va mau vé trai vé
trai phuong trinh thit hai cho x2, ta dudc

1
x 5 _2
1 - >
1+—2 5
Y
) 1
y_; 1
12
1+—
2
.1 .1 1A
bat —=a va — =0, taco hé
X y
l-ab 2 a(d®+1) 5
a(b2+1) 5’ l-ab 2
l-ab" 1 ° b@®+D) _,
ba?+1) 2 1-ab
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Trtu hai phuong trinh trén cho nhau, ta dudc

1
a-b==-—oa=-+b.
2 2

N[

Dung phép thé, ta tim dudca=1va b =
T do, suy ra hé c6 nghiém (x;y) = (1;2).

1.151. Hé tuong duong

(y+2)? = 4x,
(y+22+x*-5=0.

Pap sb. (x;y) =(1;0).

1.152. Dit ¢ = v2x— 1. Hé trd thanh

(t—y)?+3ty =12.

t—y(1-2t)=-8, t—y—2ty=-8,
=
Y2 +ty+t? =12

1.153. Cdch 1. Binh phuong hai lan phuong trinh thi hai, sé xuat hién
(x —v)? theo x. Sau d6 thé vao phuong trinh thi nhét.

o 56 {75113
Papso.{|—;——|.|—=;—=|¢-
16" 16)°\16 16

Cach 2. Piéu kién x+y >0 va 3x—y > 0. Dat

V3x—-y=a, 2_ 12
Ty (a,b}O):a b =x-y.
VX+y=>b 2
Hé phuong trinh tré thanh
@ -bH* _ 13(a®+b%)
6 4 ’ (1.46)

a+b=vV2.

Phuong trinh thi nhat ctia hé (1.46) tuong duong

(@-b)(a+b)* 13@®+b?)

4.
16 4
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Thé a + b = v2 vao phuong trinh trén ta dudc
(@a—-b)* =13(a®+b?)- 16 (1.47)

Véi y tudng dua (1.47) vé mot phuong trinh dang cap, ta sé viét lai (1.47)
thanh 13
(a—b)4:E(a2+b2)-2—4-4. (1.48)
T a+b=v2=(a+b)?=2va (a+b)*=4. Thé vao phuong trinh (1.48), ta
dudce
13
(a-b)*= > (@®+b%)(a+b)* —4(a+b)*,

hay

3a* +2a3b — 34(ab)? + 2ab> + 3b* = 0. (1.49)
Néu b =0, (1.49) thanh 3¢* =0 hay a = 0. Do a +b = v2, nén khong thé xay
ra dong thoi a = b =0. Do d6, b # 0. Chia phudng trinh (1.49) cho 5%, ta c6

a

3(5)4+2(%)3—34(%)2+2%+3:0. (1.50)

Pit ¢ = % (t > 0). Phuong trinh (1.50) tré thanh
3tt+262-8412+2t+3=0

tuong duong

9 5
3x—y:§7 le_)
. 1 < —%
x =—
Y73

2 1.
J Néut:3:g:§ két hop véi a +b = v/2, ta c6 hé phuong trinh

b
1 5
3x_y:§y X=—-=
. 9 < %
X = — = —,
Y73 Y= 16



1.10. Ddp sb, hudng dan gidi bai tap Chuong 1 173

Vay hé da cho c6 hai nghiém (i —i) va (

5 13)
16" 16 '

16° 16
1.155. PE y rang phudng trinh thi hai cta hé tusng dudng véi
2 2 9
x“+2x+2y —8y+18—§xy:O.
Néu xy <0, ta c6
2 2 _ 2 2
x“+2x+2y° -8y +18=(x+1)"+2(y—2)"+9>0.

Vay chi c6 thé xay ra truong hop xy > 0.

1.156. Piéu kién x>0, y >0, y + 3x # 0. Hé phuong trinh tuong duong véi
12 2 1 3

1- . —+=—=1,
y+3x  x VX Y
.12 6 °) 1 +‘/_3 12
y+3x  \y v Y y+3x
Nhan hai phudng trinh ctia hé, ta dudc
9 1 12 y = 3x,

= ©y2+6xy—27x2:0©
x y y+3x y=-9x.

Vix >0, y>0, ta chi nhan y = 3x. Khi do, ta c6

%+%:1©\/_:1+\/§.

hay x = 4+2v3 khi d6 y = 12+6v/3. Pay la nghiém duy nhét ctia hé da cho.
1.157. Tu phuong trinh thit nhat cta hé ta c6

1+yxy=x+y>2/xy=>xy<1.

Hé phuong trinh dudc viét lai nhu sau

(x+y)2=xy+2/xy+1,
(x+y)? —2xy +21/3(x + y)2 — 6xy + x2y2 + 9 = 10.
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Thé phuong trinh trén vao phuong trinh duéi, ta dudc

2/xy —xy+ 1+2\/—3xy+6\/xy+x2y2 +12=10.

Phuong trinh nay tuong duong véi

xy+9-2xy= 2\/—3xy+6\/xy +x2y2 +12.

xy+9-2,/xy >0,
<
4(x?y? - 3xy + 6/xy + 12) = x%y% + 4xy + 81 + 18xy — 36, /xy — 4xy /Xy

bat ¢ = \/xy, phuong trinh thi hai cta hé trén thanh
3t* +413-34t2+60t-33=0o (t—1)(Bt3+7t°-27t+33)=0=>¢t=1

Pap sb. x=y=1.

1.158. Cdch 1. Piéu kién x > -2, y > —2. Tt phuong trinh thd nhat, ta

2

Cco

3
x——}() X

3
x—\/y+2:§© 2 3
v

2 =
x—§) -2 y=x%-3x+

WV

3
2 1
7
Thay vao phuong trinh thi hai ctia hé, ta dudc

9 1 7

x —3x+Z+2(x—2)-\/x+2: T

hay

x?—3x+2+2(x—2)-Va+2=0,

tuong duong
(x-2)(x+1+2Vx+2)=0.

3
Dox>§,nen

x+1+2Vx+2>0.
, . oal 7
Vay ta ¢6 x = 2. Khi do,y:—z.

Vay hé c6 nghiém (x;y) = (2;—2).
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Cach 2. Pat u=vx+2>0,v=/y+2>0. Hé da cho tré thanh
2 7

u“—v=-—-,

2 1
v2+2w?-4)u = 7

7 .
Thay v =u? - 3 vao phuong trinh thi hai, ta dudc

(w—-1)(u-2)u?+5u+6)=0.

7 7 . N n .
Ta c6 u? :v+§, nén u > \/; Do do, ta chi nhan nghiém u =1. Véi u =1,
. 1 (. . . oa 7
tacov:E.Vaytacox:Z Khi do,y:—z.

1.160.

u=v
W+uv+v2+1=0 (a)

u(u2+1):v(v2+1)©u3—v3+u—v:0©

5—4x2\°
4x2+( 2x) +2V8—4x=T< 16x* - 252> +8V3-4x-3=0
< 16x*—25x2 +5+8(V3—4x—1)=0
2x—1 ~o
vV3—-4x+1

16
2x—1)|(2x+1)4x®> -5) - —| =0
< (2x—-1) |(2x+1)(4x ) Nervr i

o (4x®-1)4x%-5)-16

1
ox=—>>y=2
X 2 y

1.161. Ta c6 hé phuong trinh da cho tudng duong véi

(x—1)(y%+6)—(y— D2 +6) = y(x® + 1) —x(y? + 1),
(x—12+6)+(y—1D2+6) = y(x® + 1) +x(y* + 1).

(x—y)(T+x+y—2xy)=0,
x2+9y2—5x+y)+12=0
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1.162. Piéu kién
XFY,
< 11
Xz —,
2
x2—(x+y)=>0.

Khi d6 ta bién d6i phuong trinh

a2 __J
x4 —(x+y) iy

@(x—y)\/xz—(x+y)=yig’/(x—y)2
-2 (- (x+y) =y x -y ¥x—y
olx—yx? - -y =y Yx =y
@(x—y—l)x2+y2(1— 3x—y) =0

201
olmy-Dae— LA
1+ /(- )+ Y (x—y)?
52
@(x—y—l)(xZ— =0
1+ {/(x—y)+ ¥/ (x—y)?
Ta co
(x2_ 32 ):xz—y2+i/(x—y)+3/(x—y)2
1+ {/(x—y)+ Y (x— )2 1+ Y+ Va—y2

1.165. Viét hé dudi dang

{x+1+¢§?1:1

VE+1)2+y—1+2/y-1(x+1)=29.

a=x+1,
b=+yy-1.
1.172. Dat a =3 va b =2%. Tt hé phuong trinh da cho ta c6

9-4b%-4ab-b* a+2b-3
4b2+2ab-3a-9 a-1 (1.51)
2ab = 3.

Chuy la
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e 9-4b%—4ab-a’=—-(a+2b+3)-(a+2b-23);
° 4b%2+2ab-3a-9=(2b-3)-(a +2b +3).

Do d6, phuong trinh (1.51) dudc thu gon thanh

—(a+2b-3) a+2b-3
26-3  a-1
Phuong trinh (1.52) tuong duong véi

(1.52)

2b-3#0,
a—1#0,
a+2b-3=0hoaca=4-2b.

Hé phuong trinh
a+2b-3=0,
{2(11) =3
v6 nghiém.
Hé phuong trinh
a=4-2b,
{2ab =3

1
c6 hai nghiém a =3, b = 3 hoaca=1,56= g (nghiém nay loai tit phuong
trinh (1.52)).
1
V6ia=3,b= 3 ta c6 nghiém cia hé da cholax=1, y=-1.
1.173. Pap sb. (-1;1).
1.175. Phuong trinh thi nhét c6 thé dude viét lai thanh
(?+11y—-2)(x%2 -2y +11)=0.
Dap sb. {(v2;0); (-v2;0).}
1.176. Hé c6 dang

{ax2+by2+cxy+dy+ex—f,

a'x®>+b'y?+c'xy+dx+e'x+f =0.
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Quan sat ta thay ca hai phuong trinh ctia hé da cho déu c6 dang béac hai,
trong d6 cac phan t tu do ctia x va y déu c6 dang bac nhat. Piéu nay goi
nhé cho chiing ta tim cach dua vé hé phuong trinh dong bac hai dé giai
quyét. Vay ching ta c6 meo nhé nhu sau: D6 1a dat

x=u+a, y=v+b.

thay vao hé phuong trinh. Sau d6 muén hé dong bac hai véi u, v thi ching
ta cho hé sb bac nhat caa u, v biing khéng. Tt d6 ching ta tim dudc a, b.
Minh hoa bang bai toan trén nhu sau: Dat

w+a)2+W+b2+w+a)v+b)+2w+b)+w+a)=2,
2u+a)’-(w+b)¥2-2w+b)-2=0.

Khai trién hé phuong trinh ra cho cic hé s6 bac mét cia u, v bang 0. Ta
giai ra dudca =0, b =-1. Pat

ta c6 hé phuong trinh

1.177. Pat S =x+y, P = xy, phuong trinh thi nhat cia hé thanh

sz—zsp+g
P S

_1

5

Tuong duong
S3-98P+2P-S=0o(S-1)-(S2-2P+S)=0.

e Truong hdp 1. S =1 hay x+y = 1. Thay vao phuong trinh th hai, ta
2+V7 1-V7 v 2-V7 1+V7
3 7 3 3 7 3 '

dudc hai nghiém (

e Trudng hop 2. S2—-2P +8 =0 hay

x2+y2+x+y:0©x2+y2:—(x+y).
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Thay vao phuong trinh thi hai, ta co

=—(x-1%+2. (1.53)

2, 2
X%+ y 4 =
x2 + y2

Ta co

2+ y% >2, —(x-1%+2<2.

x2 + y2
Tw do, li luan dudc phuong trinh (1.53) v6 nghiém.

2+ﬁ~1_ﬁ)va(2_ﬁ-1+ﬁ)
5 ; :

Vay hé phuong trinh da cho c6 hai nghiém ( 3 3 3

1.178. Phuong trinh (1) ctia hé dudc viét lai nhu sau
(23 — 2%y +22) + 222y — 2xy% + 2xy) + (xy® — Y3+ ¥?) +3(x —y+ 1) =0
Hay
(x-y+Dlx+y?+3]=0ex—-y+1=0.
Thay vao phuong trinh (2) ta thu dugc

Va2 —8x+2=vVx—1—(x—1). (1.54)
Dat
x-1=t>0=>x=t>+1.

Thay vao (1.54), ta dudc
Vi2-1)=t-2 o 22 -1)=31-tP o 2t - Dt +1+ ¢ -1)%1=0

Tu do,
t=0=>x=1,
t=1=>x=2

1.180. Cdch 1. Tu phuong trinh thi nhat, ta cé
_3-2y

X = .
2y -1
Thay vao phuodng trinh thit hai ta dudc

20y - 122y +1)*(4y*> -8y +7)=0
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Cdch 2. Chung ta dua hé phuong trinh vé dang

(x+12y-1)=2,
1 3
(x+1)3+ 5(2y -12=3(x+1)2%+ 5(2y -1)-5.
bat
a=x+1, b=2y-1.
Khi doé ta thu dudc hé phuong trinh

ab = 2? ab = 2,
3,13 2,3 < 3,73 2

a +§b =3a +§b—5 2a° +b° =6a~+3b - 10.

Tt hé phuong trinh ban dau ta nhdm dudc nghiém 13 x =y =1 nén ta sé

c6 hé nay c6 nghiém khi @ =2, b =1. Do d6, ta sé phan tich hé vé dang:
(a—2)b=2(1-0b),
(a—2)%(a+1)=(b—-1)>2b+2).

Vi ta ludn c6 b # 0, nén tu phuong trinh trén ta rut ra

_2(1-b)
)

thé xudng phuong trinh dudéi ta dugc:

4(b-1)>2
b2

a—2

(@a+1)=>B-1%b+2)

(-1 [4a+1)-b%b+2)] =0
b=1
4(a+1)=b%b+2)

e V6ib=1,tacoa=2,suyrax=y=1.
o Véi4(a+1)=b%(b+2), ta cb

ab:2©b(a+1):b+2©a+1:¥.

Thé lén phuong trinh trén ta cé

1
b=-"2=>a=-1lex=-2; y:—§

b3 =4 (Khong théa man)

4(b +2)

; =b2b+2) o [
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Vay hé da cho c6 hai nghiém la (1;1) va (—2;—%).

Cadch 3. Bainay c6 mét cach giai rat thi vi sau: Tut phuong trinh thi
nhat, ta suy ra
(x-1D2y-1)=41-y)

(x+2)2y—-1)=2y+1.

Suy ra
162y +D(y-1)?=Q2y+1)(x- 122y -1 = (x +2)(x - 1)*(2y-1)3.  (1.55)
Mat khac, phuong trinh thi hai ctia hé c¢6 thé dude viét lai thanh
(% -3x+2)+2(2y>-3y2+1) =0,

tuong duong
(x+2)x-12+22y+1)y-1)2=0.

St dung dang thic (1.55) 6 trén, ta c6
8(x+2)(x—1)* +(x +2)(x — 1?2y —1)® =0,

hay
(x+2)x-1D?[8+2y-1)3] =0.

Pén day thi don gian.
Cach 4.

2% +4y3 —3x -6y +4) - (2x% +4xy +2y% —2x -5y - 1)(2xy —x + 2y — 3)
=(x—-1)(y-1)Q2x+2y+5)(1-2x—2y).
1.181. Ta co

[xy(x+y) + (x - 1)? -3y(1-y)] —y(x? +2xy+2y%—3x) = (x+2y - D)(x—y*+y—1).
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1.182. Tu phuong trinh thi nhat ta c6 x = —2y+5. Thay vao phuong trinh
tha hai ta dudc

V2y+1-1/5-y+2y>-7y—6=0.
Dung ludng lién hop, phuong trinh trén c6 nghiém y =4.
Pap s6. (-3;4).

1.183. Tu phuong trinh thit nhéat, ta cé
(x —29)(x* +2y* —1) = 0.

Nhu vay phuong trinh thi nhat ctia hé tuong duong Trudng hop x = 2y,
thay vao phuong trinh tha hai ta dugce

2V3x—5+ Va3 —3x+9="7

hay
x—3 (x - 3)(x? + 3x +6) o

6 + =
VBx—5+2 /(8 3,192 43Va7 _8x+9+9

Tu d6 phuong trinh c6 nghiém x = 3.

1.184. Didu kién x> g y>0.

Tu phuong trinh thi nhat ca hé, ta cé
(x—y+1)-Qx+y+3)=0.
Do diéu kién, nén 2x+y+3> 0. Vay ta c6
x—y+1-0oy=x+1.

Thay vao phuong trinh thi hai cta hé, ta dudc

V2x—-5+2Vx+1-2x>=-13
o (V2x-5-1)+2(Vx+1-2)+2(x%2-9)=0
2(x—3) 2(x—3)
p== +
vV2x—-5+1 x+1+2

1 1
< (x—3) +
V2x-5+1 vx+1+2

-2x-3)(x+3)=0

—(x+3)| =0.
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L. 5 ..
V01x>§,th1
1 N 1
V2x—5+1 Vx+1+2

1.185. Tu phuong trinh tha hai, ta c¢6

<3< —(x+3).

x=1hodc x*+x+y-2=0

Vé6i y = —x% — x + 2, thay vao phuong trinh thi hai, ta dude

V3x+1-vV2—x+x2+2x—4=0.
Tuong duong
(V3x+1-2)+(1-vV2-x)+x2+2x-3=0.

Nhan luong lién hgp, ta dude

3(x—1) N x—1
V3x+1+2 1+v2—-x

Pat nhan ti chung, ta c6

+x2+2x-3=0.

3 1
+
V3x+1+2 1+v2—-x

(x-1) +x+3|=0.

Véi diéu kién —= < x < 2, ta thay biéu thitc trong dau ngoic vudng luén

duong.
T do, hé da cho ¢6 nghiém (x;y) = (1;0).

W[~

1.186. Tu phuong trinh thu hai, ta c6
(x - 1)(x®y +2x—1) = 0.
e V6i x = 1, thay vao phuong trinh thi nhét, ta c6 y = —1.
e Vix?y+2x-1=0ey= %, thay phuong trinh thi nhat, ta cé

-1)\? -1
(x )+2x
X

X

-0
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Pap sb. {(1;—1);(—1;3); (%;3) }

1.187. Piéu kién x, y > 2 St dung bat dang thiic AM-GM, ta c6

2x+3)V4x—1+Q2y+3)v/4y—-1> 2\/(2x + 3)(2y+3)\/(4x -1)(4y-1)
=21/(2x+3)(2y + 3)[4(4xy —x — y) + 1]
=2/(2x+3)(2y + 3).

Do d6, d€ phuong trinh thi nhat cia hé c¢6 thé théa mén thi ta phai cé

2x+3)V4x-1=Q2y+3)v/4y—1,

tuc la

(2x+3)%-(4x—1)=2y+3)%-(4y—1).

Tuy nhién, do ham sb f(x) = (2x + 3)?- (4x — 1) dong bién trén , nén

1
~;+00
4

diéu nay xay ra khi va chi khi x= y. Nhu vay, ta phai c¢6 x = y.
Bay gio, thay x = y vao phuong trinh thu hai, ta tim dudc x =y = 12.
Vay hé da cho c6 nghiém duy nhét (x, y) = (%, %)

Bai nay ta cling ¢6 thé 1am nhu sau.
Piéu kién x, y > i

Khi d6 tu phuong trinh hai ciia hé ta suy ra

4x—-1=

K

RILR IR
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Thay vao phuong trinh tht nhat ctia hé ta dudc

(2x+3)\/§+ 2y + 3)\/§ —2,/2x+3)(2y +3)
S(2x+3)x+ 2y +3)y =2/xy(2x + 3)(2y + 3)
& (Va@r+3)- \/y(2y+3))2 =0

@(\/x(2x+3)— \/y(2y+3)) =0
<2 +3x= 2y2 + 3y

Sx—-y)2x+2y+3)=0

X =Yy
1.188. Dat
Vix+y=u, +2x+y=v.
Ta c6
w2 — 2
Tx+y=u?, X = 5’
2% +y = 02 < 2u? - Tv?
YT
Hé phuong trinh da cho thanh
u+v=>5,
3u?-8v%+5v=>5,
u=>0,v>0.

Pap sb. (x;y) =(1;2).

1.189. Dat
a=vy+7x>0, b=+y+2x>0, c=Vvbx+8=>0.
Ta co hé
a—-b=4,
2b—c =2,
a?=b%2+c%-8.

4 1
Giai hé trén, ta dudca =9, b =5, c =8. Pap so. (5—56, ;)
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1.191. Binh phuong phuong trinh tht nhat, ta dude

2% +y2 4/ (1+2x2) (1+2y?) = 1+ 4ay.

Va stt dung cac danh gia sau

x%+y2 > 2xy, \/(1+2x2) (1+2y2) > 1+2xy.

1.193. Dat

3a2—b2. 2b2 — g2

V2x+y=a; Vx+3y=b=>x=

5 7" 5
Thay vao phuong trinh thi nhat ta thu dugc:
a=b
10a2 — 85a2b + 35ab%2-10b2=0< | a = %b
a=2b

1.194. 1) Cdch 1. Picukiénx>1vay>1.
Tu gia thiét, ta c6 \/y = (x—1)%. Do d6, phudng trinh thit nhat ctia hé
c¢6 thé viét lai thanh
B -8+Vr—1=(x-1)7
tuong duong

(x3—x2+2x—8)+(\/H—1):0.

Bang cach tach nhan ti va truc cin thic, ta thu dude

(x—2)(x2+x+4+

=
—|=0.
x—1+1

Do x > 1 nén phuong trinh cubi dudc théa méan khi va chi khi x = 2.
Nhu vay, tacéx=2vay=(2-1)*=1.

Vay hé da cho c¢6 nghiém duy nhat (x;y) = (2;1).
Cdch 2. Xét ham sb6

f(x):\/x—1+x3—x2+2x—9, x>1.
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Ta ¢o
+3x%2-2x+2>0, x>1.

flx)=

1
2vx—-1
Vay f dong bién trén [1;+o0).

Ma x =2 1a m6t nghiém cta phuong trinh
Ve-1+x3-x2+2x-9=0 (1.56)
Tt d6 suy ra x = 2 1a nghiém duy nhat phuong trinh (1.56).
Véix=2,tacoy=1.
Cach 3. Dit t = vx—1> 0. phuong trinh (1.56) tré thanh
(-1 +t*+3t°+ 3> +6¢+7)=0.

Dot >0, nén
5, 44 3 2
tP+t*+3t°+3t°+6t+7>0.

Vay ta co t =1, hay x = 2.
2) Pép s0. [[x =3,y =21]
3) Pap sb. [[x =2,y = -3]].
1.195. Tu phuong trinh thi hai bién déi ta dude phuong trinh sau

x2+4xy—2x+4y2+2y:41

hay
(x+2y)* —2(x — y) =41. (1.57)
Mat khac tit phuong trinh thit nhéat, ta cé
|lx+2y|=9-yx—y
hay

(x+2y)2 =8l+x—-y—-18/x—y.
Thay vao phuong trinh (1.57), ta dudc

8l+x—-y-18/x—y—-2(x—y)=41
phuong trinh nay tuong duong

x—y+18y/x—y—-40=0.
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1.197. Didu kién

x?2+2y+1>0,
y+12>0.
Va ta dé y rang, dé hé c6 nghiém thi tit phuong trinh dudi ta rat ra rang
x+y-120eox+y>1.

Ta bién d6i phuong trinh thi nhat thanh dang

-y +/x2+2y+1-(y+1)=0,

tuong duong
2 .2
x2(x— y)+ r oY =0

Va2 +2y+1+(y+1) -

(x—y)(x2+ Xy ):O

Va2 +2y+1+(y+1)

hay

Tu day ta co

9 x+y

x=y hoac «x“+ =0.

Va2 +2y+1+(y+1) -

e V6i x = y, thay xudng phuong trinh duéi ta dudc

Qx-DVx+1=102(x+1)Va+1-3Vx+1-10=0.
Diat a = vVx+1, (@ > 0). Khi d6 ta thu dude phuong trinh
2a®-3a-10=0%(a—-2)2a% +4a+5)=0 o a=2.
Tu do suyrax=3
* Do x+y>1, nén truong hdp tha hai vé6 nghiém.
Vay hé c¢6 nghiém duy nhét: (x;y) =(3;3)

1.198. Hé da cho tuong duong véi

x:2y2+y+1,
V2y2+2y+1++/2y2—y+1=3y.
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Phuong trinh tha hai tuong duong

V202424 1+1/202 -y +1= (22 +2y+ - (2y° —y+ 1),

hay

1)\2 1)\?
2 _ 2| = 2 _ _
(\/Zy +2y+1 2) —(\/Zy y+1+ ) .

2
Pap sb. (x;y) =(22;3).
1.200. Viét phuong trinh thi hai ctia hé thanh

y3 —6y%+12y — 8 = 8xV/x,
tuong duong

(y-22 =2V’ o y=2+2Vx
Thay vao phuong trinh tht nhat ctia hé ta dudc

_1\3
(x—3)(x2+3):16€/§©(%) =2x+1.

bang cach dat u =2¥x+1, ta c6 hé

(x-1)°
8 - Y

w-1°
=

X.

1.204. Cdch 1. Diéu kién x >0 va y > 0. Pdt a = x, b = /y, khi d6 hé
phuong trinh da cho dudc viét lai thanh

a+b=23,
Va2+5+vVb2+3=5.

Thay b = 3 —a vao phudng trinh thi hai, ta dudc

Vaz+5+v(3-a)2+3=5,
hay tuong duong
Va2-6a+12=5-Va?+5.
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Phuong trinh nay tuong duong véi hé

5-vVa2+5>0,
{a2—6a+12:30+a2—10\/m.
Tuong duong véi
5-va2+5>0,
{ 10vVa? +5=18+6a.
Do a > 0, binh phuong phuong trinh tha hai cia hé nay ta cé

16a% —54a +44 = 0.

: = . 11 ., . . " . A
Phuong trinh nay c¢6 hai nghiém a =2 va a = 5 Ca hai nghiém nay déeu
thoa bat phuong trinh 5 - Va2 +5 > 0.

e Véia=2,tacob=1.Tudo,cox=4vay=1.
. 1 , 13 . .. . 121 | 169
e Véia=—,tacob=—.Tudd,cox=—vay=—-.
8 8 64 64
Cdch 2. Pieukiénx >0vay>0.Pata=x, b= VY, khi d6 hé phuong
trinh da cho dugc viét lai thanh

a+b=3,
Va?+5+vb%2+3=5.

Thay b =3 —a vao phuong trinh thi hai, ta dudc

VaZ+5+vV (@3 —-a)2+3=5,

hay tuong duong

5vVa2+5+5va2—6a+12 =25,
Phuong trinh nay c6 thé biét d6i lai thanh

[5\/a2+5—(3a+9)] + [5\/a2—6a+ 12+ (3a — 16)] -0,

tuong duong (chu ¥ rang 0 <a < 3)

25(a?+5)—(3a+9)? 25(a?-6a+12)—(3a—16)2
+ =0.
5vVa?+5+3a+9 5vVa?-6a+12+16—3a
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Sau khi thu gon, ta dudc

1 1
+ =0.
5va?2+5+3a+9 5Va?2-6a+12+16-3a

Do 0 < a < 3 nén dai ludng trong dau ngoic thi ba luén duong, va nhu

28a—-11)a—-2) (

11 p
vay ta ¢6 a = 5 (tuong tng b = g) hoac a = 2 (tuong tng b = 1). Cuoi
cung, ta tim dudc

121 169

H;a) hodc (x;y)=(4;1)

(x;9) = (
la nghiém caa hé da cho.
1.205. biéu kién 2x >3y,5—x+y >0, 2x—y—3 > 0. Tix gia thiét, ta c6

4(2x—3y) = (7—\/5—x+y)2
2x—y-3=(35-x+y-1)"
hay tuong duong
8x—12y=54—-x+y—-14\/5—-x+y
20—y—3=46-9x+9y—-6/5—x+y
Thu gon lai, ta dudc

54-9x+13y=14\/5-x+y (1)
49-11x+10y=6+y/5—x+y

< 1A 54-9x+13y _ 49-11x+10y
Tu day, ta suy ra - = 3 , hay
_ 50x-181
YT e

Thay ngudc tré lai vao (1), ta co

54-9x+13. 208 181 4, J5_, 20x 181
31 31

hay tuong duong

53x—97=2+/31(19x — 26).
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Giai phuong trinh nay, ta dudc x = 3. (Ché nay binh phuong hai vé dé dua
vé phuong trinh bac hai 1a dude, nhung do tinh toan véi sb ciing kha 16n
nén minh khong trinh bay) Suy ra y = -1.

Thit lai, ta thay (x, y) = (3, —1) théa man hé phuong trinh. Vay hé da
cho ¢6 nghiém duy nhat (x, y) = (3, —1).

C6 thé lam nhu sau: Chiung ta dé ¥y méi quan hé giita cac biéu thic
duéi diu can ta thay rang:

26+3y=2(x+y)+y; 2x+y—-3=2(x+y)—y—3

Mat khéc, cac biéu thitc duéi dau can déu biéu thi qua hai dai lugng la:
(x+y) va y, nén ta sé dua vao dé dé giai quyét bai toan.
Pata=5-(x+y);a>0. Khidétacéx+y=5-a? ti d6 suy ra:

2x+3y=26-a®)+y=10-2a%+y; 2x+y—-3=2(6-a%)—y—-3=7-2a%—y

Tu do ta c6 hé:

1
{2\/102a2+y—7a 3
<>

<a<7

4(10 - 2a2 + y) =49 — 14a + o
V71-2a%2-y=3a-1
7-2a%2-y=9a’-6a+1

1 1
©V4y=9a®-14a+9 < 4y=9a%2-14a+9
y=-11a’+6a+6 53a2-38a—-15=0
1
—<a<x’7
3
4y =9a%—14a+9 4y =9a®-14a+9 a=1 x=3
= = = =
a=1 a=1 y=1 y=1
15
a=—-——
53

Vay hé c6 nghiém duy nhat: (3;1)



1.10. Ddp sb, hudng dan gidi bai tap Chuong 1 193

1.206. Binh phuong hai vé phuong trinh da cho ta thu dudc hé phuong

trinh
x2—2xy-\/x2— y2 + y2(x? - y?) 4
1—x2+y2 -
y2=2xy /22— y? + 5% - y%) 49
1—x2+y2 16
Tru hai phudng trinh ctia hé cho nhau, ta dudc
15
2_,2_29
Y T 16
Thay vao hé da cho, ta c6 hé
1
x-yP=g,
y—x- V15 _ i
416
A . . - . 7v15
Giai hé trén, ta c6 nghiém hé da cho la (8 + 1 ;T+2y 15).

Pieu kién: 0 < 22 — y2 < 1. Nhan hai vé ctia (1) véi x va hai vé caa (2)
v6i y roi 1ay hai phudng trinh trit nhau, vé theo vé, ta dudc

2_ .2
- 7
Y oLy 3
V1-x2+y2 4
Tiép tuc, nhan hai vé cta (1) véi y va hai vé cta (2) véi x roi lay hai
phuong trinh trit cho nhau, vé theo vé, ta c6

(= y*)/x? — _oy 1o @
V1-x2+y? 4

Tu (3) va (4), ta suy ra

(x2_y2)2_(x2_y2)3 7 2 7 2 15 0 0
—lox—Ly| —[2y-Lx| = 2n2-
1-x2+42 (x 4y) (y 4x) 6* Y

hay
15
22 _ 19 o 9
) 16(x o).
Nhu vay, ta 6 x%-y* = 0 hodc 22— y? = 2. Néu x2—y% = 0 thi ti (1) va (2), ta

¢6 x =2 va y = 1, tuy nhién hai gia tri nay lai khong théa man x* -y =0.

(% -y
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Do vay, ta phai ¢6 22— y% #0 va do dé, két hop véi Iy luan & trén, ta thu

dudc

15
2_,2_1°
x“—y T

Thay két qua nay vao (3) va (4), ta dugc hé

Bang cach giai nay, ta tim dudc

_ 715
{x—8+T

y=7+2V15

Thit lai, ta thiy théa. Vay hé phuong trinh da cho ¢6 nghiém duy nhét
(x,9)=(8+ 25, 7+2v15). m

1.207. Viét hé da cho dudi dang

V1-y4=1-x,
V3-y=v1-x2
tuong duong
1-x>0,
) \/g_y 27

1-y2=1-2x+x2,

3-2v3y+y2=1-x2

Cong hai phuong trinh cudi, ta dugc
x—\/§y+1:0©x:\/§y—1.

St dung phép thé.
IR
bap so. {(5,7)}
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1.208. Tu phuong trinh thi hai ctia hé, ta suy ra
20Q2y+1)=Ty—-1,

Ty—1 .
hay 2x = h Thay vao phuong trinh thit nhat, ta dudc
y

Ty—1\2
4(y—) y2 1792 = 1.
2y+1

Thu gon phuong trinh trén, ta c6
128y* - 124y -9y +4y+1=0.

Tuong duong
(y—-1)-(4y—1)-(32y* +9y+1) = 0.

. 1. . . 1 e
Phuong trinh nay c6 hai nghiém y=1va y= e Thay cac gia tri nay vao

Ty—1 1
Zx:y—,lénluqttadUchzlvéx:—.
2y+1 4
A 1A as P . (11
Vay hé da cho c6 hai nghiém (1;1) va (Z; Z)'

Cdch Ekhde. Ti hé phuong trinh, ta thiy y # 0. Khi d6, ta viét dugc
hé dudi dang

Pat¢= %, ta dugc
16x2 + 2 =17,
{2xt+4x+t— 7.
Lic nay, hay dé y tiép rang
(16x2 + 12 —17) + 4(2xt + 4x + t — 7) = (4x + t)* + 4(4x + ¢) — 45.

1.209. Phuong trinh thi nhat tuong duong véi

22x+ 13 +2x+1=2(y - 2)\/y -2+ /y-2.

Hé c6 nghiém duy nhat (1;11).
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1.210. Phuong trinh thit nhat tuong duong véi

3(4—2x)V4—2x+2V4—2x =3(3-2y)\/3 -2y +21/3—2y.
Li luan dé c6 x = y. Khi d6, phuong trinh thi hai ctia hé thanh
\/9_c+\/2—x:x2—2x+3.
)
1;,—|.
2

1.212. Diéu kién y >0. Pat t = V¥, khi d6 hé phuong trinh tré thanh

Vay hé c6 nghiém duy nhat

x*—t2=3x+3t, (1)
xt3 —xt = 3x + 3¢. (2)

Tu (1) va (2), ta dugdc
=2 = xt? —xt,

hay
x(x® -+ tx—1)=0.

Sau khi phan tich nhan t, ta dudc
(x—1t) [x(x2 +xt+12)+ t] =0.

Suy ra
(x—t) [xt(x® +xt +12)+ %] = 0. (3)

Mat khac, do

xt(x? +xt +12) + 2 = xt(x® + xt + £2) + 2 — (x> — xt — 3x — 3¢1)
=x’tx+ 1)+ 2 +xt+3(x+1)

= (x +)(xt +t+3),
nén (3) c6 thé dudc viét lai thanh
(= t*)(x*t +¢+3) = 0.
Va do x%t+t+3> 0 (chd ¥ rang ¢ > 0) nén tit day ta cé

x=tVx=-—t.

Pap s6: hé ¢6 ba nghiém (x;y) = (0;0), (-1;1), (2;4).
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1.213. St dung bat dang thic quen thudc x—il + y—il < \/% — V0i xy <1 suy

rax=y.

1.214. Tu phuong trinh thi nhét ctia hé ta suy ra x+y+2z > 0.

Tu phuong trinh thi hai suy ra xy, yz, zx cung dau. Suy ra «x, y, z 1a
ba s6 khong am.

Ap dung bat déng thic Cauchy-Swarch ta c6

2
(\/x2+y2—z2+\/x2+z2—y2) < 4x?.

Tuong tu

2
(\/y2+x2—22+\/y2+z2—x2) <492,

2
(\/22+x2—y2+ zz—x2+y2) <422

Cong ba bat dang thic nay, ta suy ra

\/x2+y2—22+\/y2+z2—x2+\/22+x2—y2<x+y+z.

D4u bang xay ra khi x = y = z. Téi day chi viéc thay vao phuong trinh thi
hai caa hé.

1.218. biéu kién x2 +3y2 > 0.
Phuong trinh thi nhat viét lai

x+3y2—y\/x+3y2-2y%2 =0.

Xem day la phuong trinh déng cap bac hai theo y va /x+3y2. Giai
phuong trinh nay, ta dudc

\/x+3y2=2y hoac \/x+3y%2=-y.

e Néu /x+3y2 =2y < x =32 Thé x = y% vao phuong trinh thi hai cta

hé ta dudc
[ o4 .2
+y“+1
y2_3y+1:_ %
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Binh phuong hai vé phuong trinh trén, ta cé
20(y* +1) - 126(y* + ) +230y* = 0 (1.58)

Chia hai vé (1.58) cho y2 va dat y+ 1 =t (¢t > 2). Phuong trinh (1.58)
Yy

tré thanh
,_ 19
20" - 126t +190=0 < P
t=—
2
P 19 1 19
-Neut=—=>y+—=—
5 y b
‘o N N 19+3v29
Giai phuong trinh trén ta dudc y = —10

p 1 5 . N . . A
-Neut==-=>y+-—= 5 Phuong trinh nay c6 hai nghiém y = 2
y

hoac y =

| Do

e Neéu

x=-2y“.

<0,
\/x+3y2:—y©{y )

Thé x = —2y2 vao phuong trinh thi hai ctia hé da cho ta dudc

249241
4y2—3y+1+\/%20. (1.59)

Vi4y?-3y+1>0, nén

2 2
+y“+1
4y2—3y+1+\/%>0.

Do d6, (1.59) v6 nghiém.

. 2 11
Sau khi thit lai ta tim dudc dap so cuoi cung la (4;2) va (Z’ 5)
1.219. Dat
x=a’-1

Vi+l=a; /y+1l=b=>3y=5b%2-1
a, bel0; 2].
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Ta c6 hé phuong trinh sau
a+b=2, (1.60)
72(a? - 1)(b% - 1)
a?— b2
Tu phuong trinh (1.61) ta c6 a =2 -b. Thay vao phuong trinh (1.61) caa
hé ta dudc

+29V(a2 - b2)(a2-b2—-2)=4. (1.61)

~18b3+54b%+40b =0 b =0
la gia tri duy nhat cta b théa man diéu kién.

Ta tinh dudc x = 3; y = —1 la nghiém cta hé.

1.220. Tu phuong trinh thi hai ctia hé ta suy ra x <0.
Phuong trinh thi nhat tuong dudng véi

(y—x)x
=y-x,
Va2 +y+ Va2 +x

hay
x=y hodc x=1\/x+y+VaZ+x.
Néu x = y thé vao phuong trinh thi hai, ta dudc
X -35

x+ =
x2-1 12

Suy ra

g X2 2x2 1225
x°+ + =

x2-1 2-1 144

x* 2x2 1225
+ = .
x2-1 x2-1 144

(1.62)

=t. Phuong trinh (1.62) tré thanh

N N n 25 | -49 N x7Ar 25 )
Phuong trinh nay c6 hai nghiém ¢ = TG t= ET3 (loai) Véi t = 1o’ ta co

x> 25
-1 12
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e . . 5. 5
Giai phuong trinh nay ta dudc x = i§ hoac x = J_rZ.

Néu x = V22 +y+ Va2 +x, suy ra x > 0. Nhung khi d6 hé v6 nghiém.
-5 -5 -5 -5
Sau khi thi lai ta c6 cac nghiém (—; —) va (—; —)
3 3 4 4

1.222. Tu phuong trinh thi hai ta c6
2 +3x(y+1)+2y> +2y—4=0.
Xem day la phuong trinh bac hai theo «x, ta co
Ax=(3y+3)?-8y* -8y +16 = y* + 10y +25 = (y + 5)°.
x> -8,
1.223. biéu kién 2y—x>0, Binh phuong hai vé phuong trinh thu

y=—4.
nhat ctia hé roi thu gon ta dude

2y% —(x—8)y—x% —20x— 64 =0. (1.63)
Xem day (1.63) la phuong trinh bac hai theo y. Ta ¢6
9x? + 144x + 576 = (3x + 24)°.

Tu d6, phuong trinh (1.63) c¢6 hai nghiém

—x—16
y= vay=x+4.
—x—16
e Trusnghop 1. y= — — Vi
—x—16
y>-dm> 225 4o x< -8

Két hop diéu kién suy ra x = -8 = y = —4. Thay vao khong théa man
hé.

e Truong hop 2. y = x +4, thay vao phuong trinh thit hai ciia hé ta c6
2 +3x+4=(x+DVa2-x+4.

bat vx2 —x +4 =t ta thu dudc phuong trinh méi la:
t=4

t=x

2-(x+4)t+4x=0<
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1.224. Phuong trinh thi nhat cia hé tuong duong véi
22442 =4 2232 1-1. (1.64)
y X y x
Pat ; — ¢ (£ #0). Phuong trinh (1.64) tré thanh
2t+%+1:4\/2t—%—1, (1.65)
suy ra
4 2 3
(2t+;+1) :16(22,‘—;—1). (1.66)
hay
4t2+1—g—28t+@+33:0
t t
Viét phuong trinh trén duéi dang
4 2
(t2+—2 —28(t—— +33=0. (1.67)
t t

bat ¢ - % =u. Phuong trinh (1.67) tré thanh

7
4(u2+4)—28u+3320©u:§.

-1 _ ) . o1 s a
Tu phuong trinh nay suy ra ¢ =4 hoac ¢ = - Lay hai ¢ nay thu lai 6

phuong trinh (1.65) ta thay chi c6 ¢ = 4 1a thoa.
V6it=4,tacox=4y.

Mat khac, binh phuong hai vé phuong trinh thi hai ta thu dude

(x+1)2+xy+3x+2y+5—2x\/x(y+3):x+y+3+2\/x(y+3)

S+ Dx+y+3-2/x(y+3)]1=0
o @+1)[vx—+vy+37=0.

Do x>0, suy ra v/x—/y+3=0. Tt hai truong hop trén, ta co hé

x=4y, x =4.
&
Vx—1/y+3=0 y=1.
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1.225. Phuong trinh thi nhat tuong duong véi
2x%(y—x2)+ (3 —x%) =0

hay
2x2(y —352)—|-(y—3c2)(y2 +y3c2 +x4) =0.

bat nhan ti chung ta dudc
(y —x2)(xt +x2y +y2 +2x%) = 0.
e Truong hop 1. Véi y = 22, thay vao phuong trinh thi hai, ta c6

(x+2)VaZ+1=(x+1)>2

tuong duong
x+2>0
(x+2)2 (x%2+1)=(x+1)*

x>-2,
@{ ¢>x:i\/§.

xt+4x3 +5x% +dx+4 =x* +4x3 + 622 + 4x + 1.
Véix =+v/3, tacé y=(+v3)2=3.
* Truong hop 2. Vé6i x* + 2%y + y% + 242 = 0. Ta c6
4 Yy

2 3
x +x2y+y2+2x220©(x2+§) +Zy2+2x2:0.

Piéu nay xay ra khi va chi khi x = y = 0, nhung khi d6, phuong trinh
thi hai cia hé v6 nghiém.

Vay hé phuong trinh ¢6 tap nghiém {(-v/3;3); (v/3;3)}.
1.226. Diéu kién 2y +1—x > 0. Khi d6 ta bién d6i hé thanh

{x3—6x2y—8y3 = —6,

12xy2 =32y +1-x)+3y/2y+1—x.

Cong vé theo vé hai phuong trinh cia hé ta dugc phuong trinh

x3—6x2y+12xy2—8y3 =3@2y+1-x)+3v/2y+1—x-6,
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Tuong duong
~2y-x°=32y-x)+3y/2y-x+1-3

bat ¢t =2y — x. Khi d6 ta dudc phuong trinh

—t3=3t+3Vt+1-3,

hay
3t
t(t?+3)+ ——— =0.
vi+1+1
Pat nhan ti chung ta c6
3
t t2+3+— .
Vi+1+1

Vi biéu thiic trong dau ngoic ludon duong, nén phuong trinh nay xay ra
khi va chi khi ¢ =0.
Véi ¢ = 0= x = 2y thé vao phuong trinh thi nhat ta c6
1 1 2
3 3
y :—@y:—:}x:—:\/ﬁ
4 V4 V4
p 1
Vay hé c6 nghiém duy nhat (x;y) = (\3/5; 3—)
V4
R . x3  x?
1.227. Diéu kién deé hé co nghiala y #0 va 37 + y > 0. Phuong trinh tha
Yy
hai caa hé tuong duong véi

3x%+16xy +12y%  [x2(4x+3y)
24y B 12y

(3x% +16xy +12y*)?  x%(4x+3y)
242 y2 12y

Tu day suy ra

hay
(8x% + 16xy + 12y%)% = 48x% y(4x + 3y).

Té6i day, ta dé y chut xiu 1a 16xy + 12y% = 4y(4x + 3y). Vi viy ma phuong
trinh trén c6 thé viét lai duéi dang

322 + 4y(dx + 3y)])° = 4322 - dy(4x + 3y).
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Tu day, ta suy ra ngay luon la
3x? = 4y(4x +3y).

Giai ra thé 1a tim dudc méi quan hé giita x va y. Cong viéc con lai chi 1a
so véi diéu kién roéi thé vao phuong trinh dau giai phuong trinh mét bién
cai ntra la xong.

C6 thé binh phuong roi chia phuong trinh thit hai cho y2.

1.228. Pieéu kién: x, y > 0. Hé phuong trinh cé thé viét lai thanh

1 2vVx+yy 2
4 x+y Yx’
1 2Vx+y 1
4 x+y Vy
hay
1 2 1
—=—+—,
2 Jx Yy
202va+yy) 2 1
vy Vx Yy
Nhan tuong ting vé véi vé hai phuong trinh cta hé, ta dugc
2vx+\y 4 1
x+y vV Yy

Pay 1a mot phuong trinh dang cap giita x va y. Giai ra, ta tim dudc x = 4y.
Tu dé, thay vao phudng trinh thi nhat ctia hé (sau khi bién déi nhu &
trén), ta tim dudc nghiém. (Cac ban hay giai chi tiét nhé)

2 13\ (3 2
vam0. Dip s (42, (2-2).
2°2)\2° 2
Xem phuong trinh thi hai la phuong trinh bac hai theo x. Ta tim dudgce
x=-4-2y va x=1-y.

Thay x = 1— y vao phudng trinh thi nhét, ta dudc

. 2
\/3—2y+(\/2y+1:M.
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. oA -1 3 N
Phuong trinh nay c¢6 hai nghiém y = -5 V=5 Thay x = -4 -2y vao

phuong trinh thi nhéat, ta dudc

(4 +3y)?

V-T-4y++/2y+1= 5

Phuong trinh nay v6 nghiém.
1.231. PK: -1 < x < 2. Ta viét lai phuong trinh thi hai nhu sau:

2x3 —2xy—y3 +x2y2+3x2—3y =0

< 2x(x? -y) +y2(x2 -+ 3(x? - y)=0
o @-y)Q2x+y*+3)=0
ox2—y=0

Vi véi diéu kién trén thi 2x+y2+3>0.
1.232. Diéu kién y? > 7. Ta viét thit nhat nhu sau

x4+2x3+x2—6x2—6x+y2—11:O,

hay
(x2+x)2—6(x2+x)+9+y2—20:0,

tuong duong
(% +x—3)? :20—y2.

Mat khac, phuong trinh thi hai viét lai

-6
2
x“+x=3+
Vy2=T
hay
-6
+x-3=
y2=T
suy ra
(x®+x-3)? = 236 .
ye="1
Thé (1.68) vao (1.69) ta dudc
36
20-y* = ——.
ye=1

(1.68)

(1.69)



206 Chuong 1. Mot sé bai tdp bo sung

1.233. Piéu kién x; y > 0. Tt phudng trinh tht hai ta suy ra x = y. Thé
vao phuong trinh thi nhat ta dudc phuong trinh

Bx+1DVIx2+6x+2—x+1=4xV16x2+1.
tuong duong
Bx+DVBx+1)2+1—-x+1=4xV(4x)? +1. (1.70)

bat
a=Bx+1), b=4x.

Khi do phuong trinh (1.70) tré thanh
aVaZ+1-(b-a)=bVb2+1eaVa+1+a=bVb2+1+b
Xét ham s6 f(t)=tV2+1+¢ v6i t >0 1a ham s6 dong bién Do dé
fl@=fb)oa=bo3x+1=4xox=1>y=1.
Vay hé c6 nghiém duy nhat (x;y) =(1;1)

1.234. Vi x = 0 hodc y = 0 déu khong théa hé nén x >0, y > 0. Trit hai
phuong trinh ctia hé theo vé ta dudc

Va2 +2x+22+ Vo +a2 +26+1=1/y2+2y + 22+ /y+y* +2y + 1.
Phuong trinh nay c6 dang f(x) = f(y), v6i

FO)=VE2+2t+22+Vi+t2+2t+1.

Ta co i1 L
+
@)= + +2t+2>0.

Vi2+2t+22 2V¢
Suy ra f 14 ham dong bién. Do d6,

f=feox=y
Thay vao phuong trinh thi nhat ta cé

22 +2x+1-Va2+2x+22+x=0.
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Phuong trinh nay c6 dang g(x) = g(1), véi

gx)=x2+2x+1-Va2+2x+22+/x=0.

Ta co
TP P SR SR bt SUNNG S A S
2Vx  VaxZ+2x+22 Va2 +2x+22
vi

x+1 - lx+1| _ VaZ+2x+1
Va2 +22+22 VaZ+2x+22 VxZ+2x+22
Nhu vay, g 14 ham dong bién nén g(x) =g(1) © x = 1.

<1.

Vay phuong trinh c¢6 nghiém la (x;y) = (1;1).

1.235. Diéu kién x #0, y #0.
Phuong trinh thi nhat cia hé ¢6 dang

F5)=rw, (1.71)

4

Vol f(t) = ,t#0. Taco

1
f'(t)=3t"+ 5 >0,V¢#0.
Suy ra ham so6 f dong bién trén cac khoang (—oo;0) va (0; +00).

e Trén (—o0;0), phuong trinh (1.71) xay ra khi va chi khi ;—C =y. Thay
vao phuong trinh thi hai ctia hé thu dudce

y2:8©y:—2\/§:>x:—4\/§.

e Trén (0;+00) phuong trinh (1.71) xay ra khi va chi khi g =y. Thay
vao phuong trinh thi hai ctia hé thu dudce

y2:8©y:2\/§:>x:4\/§.

Vay hé ¢6 cdc nghiém (x;y) 1a (2v2;4v2) va (-2v2;-4V2).
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1.236. Tu phuong trinh thit nhat ca hé, ta cé

x+V1+a2=1/14y2-y va y+\/1+y2=V1+x2-nx.

Cong hai dang thic nay, ta dude 2(x +y) =0 hay y = —x.
Ta ciing c6 thé lam nhu sau: Tt phuong trinh thit nhat ctia hé, ta suy

x+V1+aZ=—y+/1+(-y)2

Xét ham s6 f(t)=t+V1+¢2. Taco

t _\/t2+1+t> -t _,
VE+1  VE+1  VE+l

Do d6 f(¢) dong bién trén R. Do do,

ra

flH=1+

fX)=f(-y)ox=-y.
Thé x = —y vao phuong trinh th hai, ta dude

2V 2x2+6x+1=—4x%+6x+1.

hay
2V 2x2+6x+1=—-6x+(2x>+6x+1). (1.72)

Dat ¢t = vV2x2 +6x+1, (1.72) tré thanh

xt = —6x2+¢? & t = 3x hodc ¢ = —3x.

3-v1l 3-V11

Pap sb. (1;-1
ap so. (1;-1), |( 2 2

1.237. Tu phuong trinh thit nhéat, ta cé
@ +y?)-(x*+1-y)=0.

Trudng hop x? + y% = 0 khong thé xay ra.
Véi x2+1—y =0 hay y =2+ 1. Thé vao phuong trinh thi hai, ta dudc

—10x3 +12x2 = Bx+1=2x2- V73 — Tx2 + 2.
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. . . < as 1 .
Chia phuong trinh trén cho x2 va dit t ==, ta cé
x

3 -5t24+12t-10=2- V22— Tt + 7.

Hay
=12 +2-1) =202 —Tt+T+2- V22— Tt + 7. (1.73)

Xét ham s6 f(m)=m?+2m, ham sb6 nay dong bién trén R. Tit d6, phuong
trinh (1.73) xay ra khi va chi khi

t—1=V22—Tt+7ot=2.
1 5
Khidé, x==vay=—.
2 4
15

Vay hé c6 nghiém (x;y) = (5;2).

1.239. Dap sb. (2;17).
1.240. Tu phuong trinh tht nhat cta hé, ta cé
22x+12+2x+1=2(/y -2+ V/y-2.

. ) .o« (1
Xét ham so f(t)=2t3+1¢ véi t > 0. Dap so. (5;6).

1.241. Phuong trinh thi nhat tuong duong véi
365-x)Vb—x+2V5-x=3A4-y)\V4-y+2/4-y.

Tu day dé dang suy ra 5—x=4—-y < y=x— 1. Thay xuéng phuong trinh
dudi ta dudc

2v3x+4+3V5x+9=x%+6x+13,

tuong duong
W Hx+2x+2-V3x+4)+3(x+3—-vVBx+9) =0,

hay
2 X 3 .
x+2+V3x+4 x+3+vbx+9 '

Tu day dé dang suy ra hé c6 hai nghiém 1a (0;-1);(-1;-2).

P +x)|1+
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1.242. Phuong trinh thi nhat cia hé tuong duong
[B(7T-x)+2]- VT -x=[3(6-y)+2-/6-yl.

Thé vao phuong trinh thi hai r6i dung lién hop. Pap sb. (5;4).

1.243. Tu phuong trinh thit nhat ca hé, ta cé
(x+3)° —(x+3)=(y +2)° - (y +2).

T do ta ¢6 y =x+ 1. Thay vao phuong trinh thi hai ciia hé ta dude

x=5+V(x-3)x-1)+4Vx-3-2Vx—1=0.

Ta c6 phuong trinh
u?-v2=-2,
2u?—v?+uv+4u®-202%2=0

« (11 14
Pap so. ( )

BN

1.244. Piéu kién x > 2 va y < 3. Hé da cho tuong duong véi

(x=2°+Va-2=3-y’+,/3-y,
V2x+3+4/4y+1=6.

Xét ham so

F)=2+VE, t>0.

Ta co

1
fFl()=2t+——>0, t>0.
2Vt
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Nén f dong bién trén khoang (0; +o0). Do d6, phudng trinh thi nhat caa
hé tuong duong
x> 2,

\/x2—\/3y©{

x=5-—y.
Thay vao phuong trinh thi hai cia hé, ta dudc

V13-2y+/4y+1=6.
Giai phuong trinh nay, ta dudc hai nghiém y =2 va y =6.
e V6i y =2, ta dudc x = 3;
e V6i y =6, ta dudc x = —1. Truong hgp nay loai.

Vay hé c6 nghiém (3;2).

1.246*. Dox>1vay>1,nén
x-1D-(y-D>20exy—-(x+y)+1 20 2x+y) < 2xy+2.
Két hop véi gia thiét, ta c6
2w+ y)<2xy+202x+y)<x+y+4+2 5 x+y < 6.
Mat khac, tu phuong trinh x+ y +4 = 2xy, ta c6
1 2
x+y+4<§w+y)}myx+y>4
bat t=x+y, 4 <t<6. Tu hé da cho ta dudc

2 =m(Vt2+1+t)

hay
m=21(Vt2+1-¢), 4<t<6.

Hé da cho c6 nghiém x > 1, y > 1 khi va chi khi phuong trinh

m=2"(V2+1-1¢)
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c6 nghiém ¢ € [4;6]. Xét ham s6
f=21(vVt2+1-t), 4<t<6.
Ta c6

f’(t)=2t-(vt2+1—t)~1n2+2f(\/%1—1) >0, Viel[4:6].
t“ +

Suy ra f(4) < m < f(6) hay 16(v/17 —4) < m < 64(v/37 - 6).

1.247. Viét phuong trinh thi nhat duéi dang

1\2
+/[x+ = -1=6-2V2.
y

Vi2-1=2V2+2t-6.
t>3-v2
<>
2-1=(2V2+2t-6)>2

2(+1
x —
2

1 .
batt=x+—,taco
Yy

=>t=3.

1.249*%. Minh xin dua ra hudéng giai theo mot cach tu nhién nhat cé thé
dé cac ban tham khao. Cach nay néi chung chi ¢6 thé ap dung d6i véi mot
16p nhat dinh cac bai hé phuong trinh nao d6 thoi chit khong phai bai
nao dang nay cing ap dung duge. Y tuéng nay minh tham khao ciia anh
Can'.

Trudc hét, ta thay rang cac hé dang nay thuong cé cac bién quan hé véi
nhau béi mot hé thitc tuyén tinh va cic céng viéc ma ching ta phai thuc
hién 12 nhan mot trong hai phudng trinh ctia hé véi mot biéu thiic thich
hop roi cong lai, nhiéu khi phai nhan véi ca hai phuong trinh (khong xét
viéc nhan phan thic). Van dé 1a tim cai biéu thic thich hop!

Cac ban hay tham khao viéc phan tich duéi day:

e Buéc 1. Nham nghiém. Ta lan ludt thit cac gia tri x = -2, x = -1,
x=0,x=1,x=2, x=3, ... vao hé d€ kiém tra. Thuc té 1a ta chi

1Y néi t6i anh Vo Qubc B4 C4n
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can thay gia tri vao roi giai phuong trinh 4n y con lai biang may
tinh; truong hdp nao c6 nghiém chung thi ta nhan dudc mét nghiém
cta hé. Bang cach nay, ta dé dang tim dudc hai nghiém cta hé 1a
(x,y)=(-1,1),(2,-2).

e Buéc 2. Tim quan hé tuyén tinh giita hai bién nay. Thong thuong
thi khi da c6 hai nghiém, ching ta sé giai mot hé phuong trinh dé
tim quan hé tuyén tinh c6 dang y = ax + b, viéc nay kha quen thudc.
O day, quan hé nay dé thay 1a y = —x.

e Budc 3. Thay vao va phan tich thanh nhan ti. Ta thay x béi y hoac y
béi x (tuy trusng hop xem cach nao c6 1gi), véi bai nay ta thay y = —x
vao hai phuong trinh ctia hé, ta dudc hai phuong trinh la

xr+2(=8x+ Dx? +Bx® —4x+11)x—x2-10x+2=0,

—x—(x—Dx+x2+x+2=0

Tién hanh phan tich nhan t& hai phuong trinh nay (tat nhién la
ta da biét trudc nghiém x = —1,x = 2 nén viéc nay tién hanh khong
kho), ta thu dudc

(x+1)%(x-1D(x-2)=0

(x+1)%(x-2)=0

e Budc 4. Lua chon biéu thiic thich hgp.Nhu thé, so véi phuong trinh
tht nhat vita nhan dudce thi phuong trinh thi hai thiéu di mot biéu
thic 1a x — 1, nhung chd ¥ rang biéu thitc nay ciing tuong duong véi
—y—1. Ta sé chon mot trong hai biéu thiic nay dé nhan vao. R6 rang
néu chon —y—1 thi viéc nhan sé tao ra mét da thic c¢6 chita bién
y dong bac véi da thic 6 phuong trinh thit nhat ban dau. Ta chon
—(y+1) va dén day thi tiép tuc cong viéc giai nhu da néu.

Moi ngudi c6 thé thiy mot han ché ré rang cia phuong phap nay la
6 budc 1, néu ta khong nhadm dudc 2 nghiém ctia hé hoic hé chi c6
1 nghiém thi vAn dé kha rac réi. Viéc phan tich cac dang nay chic
sé trinh bay 6 mot dip khac va minh mong rang bai viét nhé nay sé
giap ich cho cac ban.
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1.250. Y tuéng minh khi ché tac bai nay nhu sau: Pieu kién: xy >0; y >
0; x<1=>y>0; x€[0;1]

Dé thay y = 0 ho#c x = 0 thi hé v nghiém, ta suy ra hé c6 nghiém khi
y>0; x €(0;1] Phuong trinh (2) ctia hé c6 dang:

\/8x2—3xy+4y2—3y+\/xy—y20

- (x—y)(8x+5y) N (x—y)y _o
V8x2—3xy+4y2+3y VXY+Y

x=y
= 8x+5y y 0 3

—+ =
V8x2—3xy+4y2+3y VXY+Y

Vi x, y 1a nhitng s6 duong nén phuong trinh (3) vo nghiém. Suyrax =y
(C6 thé chi ra x = y dua vao nhan xét phuong trinh thd hai 14 phuong
trinh dang cap)

Bai toan tré thanh: Tim m dé bat phuong trinh

¥ =8x-1>mave(vV1-—x—-1)>

c6 nghiém x € (0;1].

Chia hai vé bat phuong trinh cho x?® ta thu dudc

3 1 1 1
-2 - = >m([=—1-—),
x2 x3/m( x \/o_c)

1 p P
bat ¢t = — = t€[1;+00). Bat phuong trinh dudc viet lai
X

t3+3t2—1<m(\/_— Vt—1)3@(t3+3t2—1)(\/¥+\/t_1)3 <m.
Xét ham sb6
FO=E+32 - D)(Vi+Vi-1)® tell;+00).

Ta ¢o

Fl=B2+6t-1)(Vt+Vi-1>+ g(\/h Vi—1)> (i

ﬁW%)

2 +3t2-1)>0.
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v6i moi ¢ € (1;+00). Nhu vay ham sb f(t) dong bién trén [1;+0c0) = f(¢) >
f(1)=3

Tu d6 suy ra diéu kién dé bat phuong trinh c6 nghiém 1a m > 3 Vay
hé phuong trinh c6 nghiém khi m > 3.

1.252. Trudc tién nhin bai toan trén kha phiic tap va mat phuong huéng
nhung ta hiy dé y 6 phuong trinh thi hai c¢6 hai dai luong tach roi khéi
nhau 14 x% +x va \/y2—7 ma hai cai nay néu nhan tung ra sé rat phic
tap.Vi vay ta sé thit xem phudng trinh thi thi nhat c¢6 thé phan tich
thanh céc thita s6 c¢6 chia x%+x va /y2 -7 dudc hay khéng.That vay
phuong trinh thi nhat ta phan tich thanh nhu sau:

x*+2x2° —5x2 +y2—6x—11=0
@xz(xz+x)+x(x2+x)—6(x2+x)+y2—7—4:0
@(x2+x—6)(x2+x)+(y2—7):4

Pén day ta tiép tuc dat:
{ 2 +x=a,

Vy2-7=0b.
Thay vao hé phudng trinh trén ta sé€ dudc hé mdi la:

_ 3b—6
a==73"

{a(a—6)+b2 =4
Pé€ y khi thé tit phuong trinh thi 1 1én thi 2 ta sé dude
3b-6 3b—-6 9 —(3b-6)(3b +6)
T(T_6)+b =4 52

Pén day cac ban tiép tuc lam nhé!

+b%=4

1.253. Tu tuéng ctia minh don gian cho bai nay 1a cai thang "can thic"
né xuat hién c6 mét minh nén "chuédn héa" né mat can luon dé né tré
thanh mo6t em "xinh tuwoi" hon.
That vay véi diéu kién y > -1, ta dat u = \/y+1, u > 0. Lic d6 hé
phuong trinh da cho tré thanh
{xzu —2xu?=1,

22 —8xul=a+2.
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Quan sat hé trén ta thay ngay dudc "dang diéu" ctia hé dang cap bac hai.
Vay cit thé ta "phang nét cach giai hé dang cap" vao thé nio ma em &y
cha "bi danh guc". Cu thé nhu sau: Khong qua khé dé thay ngay u =0 1a
mot thing "ngoai lai" ctia cai hé nay nén loai luén. VAy chi con u > 0, khi
do ta dat x = tu. Lic do hé lai tré thanh hé phuong trinh sau:

udt? -2 =1,
w3t -3t)=a+2.

Bay gio quan sat thy dudc rang & cai phuong trinh
w2 -2t) =1,

thi do u >0 nén ta can phai c6

9 t<0,
t°-2t>0o
t>2.

Mat khac tir hé lap ti s6 ta c¢6 ngay dudc phuong trinh

33t +2©;,‘2—3
—:a
t2 -2t t—2

=a+2.

Téi day ta chi can dua bai toan ve su tuong giao cta hai do thi. P6 thi caa
2

ham s6 y = f(t)= — , VOi ¢ € (—00;0) U(2; +00) va dudng thang d:y=a+2

chay vudng géc véi truc Ox. Ma viéc nay thi qua quen thuoc roi! Cac ban
hoan thanh tiép chang duong cudi cung gitip minh.

1.254. Piéu kién x >0, x>+ y+8 >0, y +8 > 0. Xuat phat tit phuong trinh
thit hai, st dung bat dang thic Cauchy-Schwarz ta cé

2
132:(2\/x+4+3\/y+8) S1x+4+y+8)=>x+y>1

Tt phuong trinh dau tién, binh phuong hai vé ta cé

x+x2+y+3+21/x(x2+y+3)=4.
x2>0, /x(x2+y+3)>0,

Chu y rang ta c6
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nén suy ra x+y < 1. Tt day nhan thay réng dé théa hé thi phai cé x+y =1,
va nhu thé ta sé c6

x=0, x=0,
\/x+4: Vy+8 < y=1.
2 3

Vay hé c6 nghiém x =0,y =1.

1.255. Piéu kién x > 0. Ta viét lai phuong trinh thi nhat duéi dang

4V1+x=—xy\/4+y>2

Dé thay dé hé phuong trinh c¢6 nghiém thi y < 0. Binh phuong phuong
trinh trén ta dudc

16(1+x) = 352(y4 + 4y2),
tuong duong

4(x +2)% = 2%(y% + 2),
hay

2(x +2) = x(y* + 2).
Tu phuong trinh nay ta cé xy? = 4. Tu phuong trinh th hai caa hé, ta
suy ra
x =472,

Thé vao phuong trinh x = 4Y*2, ta dudc

y2'4y+2 :4©y2 —

4y+1 :

Nhin thay dang nay thi ta c6 co may duy nhat 1a s& dung ham sbé théi.
Van may 14 v6i y < 0 thi ca hai ham sb6 trén déu nghich bién, nén ta suy ra
phuong trinh c6 t6i da mot nghiém. Nham thay y = -1 1a mot nghiém..
Tu d6 suy ra hé c6 nghiém duy nhéat (4;-1).

1.256. Bai toan c6 diéu kién xac dinh 1a

x =>4,

y =0,

1% >,

4x >y,

y = 3x.
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Tu phuong trinh tht nhét trong hé ta binh phuong hai vé thu dudc
phuong trinh

2x—2\/x2—y=dx—yoy-2x=2\/x2 -y o

V6i y = 4x — 4 ta thay vao phuong trinh tha hai trong hé ta thu dudc
phuong trinh

Va2-16=2+Vx—-4 o Vax2-16-3=Vx—-4-1

y =0 (loai),

y=4x—4.

- x*-25  x-5
Vx2-16+3 Vx-4+1
+5 1
& (x—5)- | —— - = 0.
Vx2-16+3 Vx-4+1
Mat khac ta co
x+5 x+5 1
> >1> :
VaZ-16+3 Vx2+3 Vx—4+1
suy ra

x+5 1 S
Vx2-16+3 Vx—-4+1

Do d6 tit phuong trinh ta c6 x =5 = y = 16. Dbi chiéu dieéu kién ta cé

0.

nghiém cta hé la (x;y) = (5;16).

1.257. Phuong trinh dudc viét lai

14x% 1 . LI
—t——S+m=—=+2x
3 96«2 Vx
LN A 1 N A N ~
biéu kién ? +2x > 0= x> 0. Binh phuong 2 vé phuong trinh da cho ta
X
dugdc:
1452 L LI 2
—t——+m=|—=+2x
3  96x2 Vx
hay
222 1 1 3
S —+——+m=——=+4Vx2 1.74
3 96z T ym v (1.74)
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1 L as
bat ¢t = +4V/x2. Theo bat ddng thic Cauchy ta c6 ¢ > 4. Ta ¢6
3/x2
1 12 3 1
3_ 1 /2 2 L 2_,3_
t _x2+\3/3?+48 x%+64x :x2+64x t°—12¢
Phuong trinh (1.74) thanh
1,4 t3 9t
=-——(t"-12¢t)+t=-—=+—
=56 ) 9% 8

1.258. Cach 1. Phudng trinh da cho tuong duong véi

10x2 +8x+4
m = .
2x+1)-Vx2+1

Xét ham so

)= 10x%+8x +4 - 1
(2x+1)-VaZ+1 2
Ta co 9
) = —2x(3x* —2x —8) .
2x+12(x2 + DVaZ +1
Giai phuong trinh f/(x) = 0 va lap bang bién thién cia ham sb ta c6 dap
SO

me(—5;4)u(4;5]u { 125\/5}.
Cach 2. Phuong trinh da cho tudng duong véi
2(4x? +4x+1)+2(> + 1) = m(2x+1)- Va2 + 1.
DPit a =2x+1, b=vx2+1>1. Ta c6 phuong trinh

242 +2b% = mab.

Trudng hop a = 0 khong thé 12 nghiém cta phuong trinh trén. Chia
phuong trinh cho ab, ta dudc

a b
2—+2—=m.
b a m
5 a 2¢+1 . « 5 11~
batt=-= . Phuong trinh trén tré thanh
b x?+1

2
2t+— =m.
t
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Ta ¢o
2—x

- 2+1)-VaZ+1
Giai phuong trinh #'(x) = 0 va lap bang bién thién, ta c6 ¢ € (-2; V5.

t'(x)

Chu y rang,
e v6i moi t thuoe nita khoang (-2;2] hoac t = /5, thi phuong trinh
2¢x+1 n
= 22 c6 mot nghiém x.
x2+1
N X N > N < 2x+1 , .
e va moi ¢ thudc khoang (2;v/5), thi phuong trinh ¢ = — c6 hai
x2 +

nghiém x.

DT S . s £ 2 .
V6i nhan xét trén, bang cach xét ham so f(¢) = 2¢ + > t € (-2;V/5], thi
phuong trinh da cho c6 hai nghiém khi va chi khi

12v5
= [

m e(—5;4)u(4;5]u{

1.259. Huéng dan. Dat
u=vx+3>20, v=v1-x>0.

Ta c6 hé
dm-3)u+@Bm-4)v+m-1=0
u?+v?=4.

Dung duong tron.

Ta c6 thé 1am nhu sau: Dat
\/m:2sint; m:2cost, te [O;g].
Sé di ta dat nhu vay béi vi
x+3+1—x=4=4(sin¢ + cos??).

Khi d6 ta co
2(4m —3)sint+2@Bm —4)cost=1—-—m.
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Ta da chuyén vé bai toan & dang co ban roi nhé! Diéu kién can va du
phuong trinh trén c6 nghiém la

4(4m-3)* +4(3m-4)* > (1-m)?
Bat phuong trinh nay c6 nghiém véi moi m.

1.261. Huéng dan. Tu phuong trinh da cho, ta c6
B Vit +8x +2x2 + 4x

x2-2x+4

\/x4+8x+2x2+4x_ [ x?+2x o x2+2x
x2-2x+4 TV x2-2x+4 Tx2-2x+4’

1.262. Tu phuong trinh da cho, ta co

m

Chu y.

(Jc2+x—|-1)2 :(x2+x+1)(x2—x+1)+m(x2—x+1)2

nén ta chia ca 2 vé cho x2—x +1, ta dudc:

2 2
Z+x+1 Zt+x+1 Z+x+1 P+x+1
2 =3 tm 2 T3 =
xc—x+1 x¢—x+1 xc—x+1 xc—x+1

1.263. Pap s6. 0<m < V/3.

m=1,
1.264. Pap sb. —v22+3V3
-4 <m< T

1.265. Dap sb. 2(vV2-1)<m <1+ V5.

1.266. Pap s6. 20V, 47

<m<—.
21 8
A 1A 5
1.267. Diéu kién -1 <x < e
3 sl ) . .
bPat a =v1+x=>0<a < 2 khi d6 ta c¢6 phuong trinh da cho tuong

duong véi
_ V9-a?-a 1 3a+6
V9-aZ+2a+6 _ V9-a’+2a+6

f?a )

m

(1.75)
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Ta co \
/0 _ 2 a“+2a
fl(a)=—-3 S <0, Vae(0;§).
(vV9—-a2+2a +6)2 2

Do d6 ham sb f(a) nghich bién trén [0;3/2].
Phuong trinh da cho c¢6 nghiém khi va chi khi phuong trinh (1.75) c6

0slerG<msro.

Chu y. Cé thé dung dudng tron.

nghiém a €

2
1.268. Tu phuong trinh thi nhat ta ¢6 2y = x* —2m hay y = % —m. Thay

xubng phuong trinh thi hai ta dudc
xt—4x® +4x® = m(x2 -2x-1)© (ac2 - 2x)2 = Zm(x2 —2x—-1).

Datu=x%-2x-1,tacé
3 (u+1)2
T 2u

Tu day ra diéu kién cta m 14 m <0 hodc m > 4.

m

. 13 13
1.269. Dép SO. —E < m < —g.

1.270. Piéu kién x > 0.Phuong trinh da cho tuong duong véi

x\/y_c+$+2(m—1)(x+%)+4(1—m)(\/§+ %)+4m—6:0.

1
batt=yx+—, t>2.
: v 75

1.271. Diéu kién x > 1.
T phuong trinh da cho ta dudc

VaZ-2m=x-2Vx2-1.
Do x—2vx2—1> 0, binh phuong 2 vé ta dudc

x2—2m=x2+4(x%-1)—4xVx2 1.
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Tuong duong

—m=2*-1)-2vVx2(x2-1)
Chuy

202 -1)-2vVx2(x2 -1 =(x— Va2 -1)2% -1,

nén ta co

—m=Gkx-Vx2-172-1.

1.272. Piéu kién can Nhan thiy néu x, 12 mot nghiém cta phuong
trinh, thi 1 -x, cling 1a nghiém. Vi vay, diéu kién can dé phuong trinh cé
nghiém duy nhét la:

Xo=1—-2x0x,=1—-%, x5 = 3
1 .
Thay x = 5 Vao phuong trinh ta thu dudc:

m=0,

mi-m=0o m=1,

m=-1.
Diéu kién du

e Xét m =1 phuong trinh da cho thanh

Vit vVi—x+2Vx(1-x)-2vx(1-x)=1.

-Dé thay x = 0; x = 1 1a hai nghiém ctia phuong trinh, suy ra m =1
khong théa man diéu kién.

e Xét m = 0. Phuong trinh da cho thanh
1
Vi+Vi-z+-2Vx(1-x)=0e (Vx-VI-x)2=00x= 5
Phuong trinh c6 nghiém duy nhét.

e Xét m = —1. Phuong trinh da cho thanh

Vit+vV1i-x—2Vx(1-x)-2vVx(1-x)=-1
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hay
(Vx—V 1—x)2+(\/_—\/1—x)220©x:%.

Phuong trinh c6 nghiém duy nhat
Tém lai cac gié tri m can tim 14 m =0 hoéic m = -1
1.273. Bat phuong trinh da cho tuosng duong

22 —Tx—4
X T V10x—-3x2-3>0.
2x—5
Chuy.
4B >0.

A-B>0,
A>0

Vinéu A =0, thi B ¢6 dau tuy ¥.

Ta co
A =0;
A-B>0,
RN A>0,
A>0
B>0.
Tré lai bai, ta xét hai truong hgp

e Truong hop 1.

5
X # 5,
T ~-3x%2+10x-3=0.
e Truong hop 2.
-3x2+10x-3>0,

T2x2—7x—4

2x—5 >0.

p 1 5
Dépsé.x:3hoéc§<x<§.

1.274. Viét bat phuong trinh da cho thanh

3Vx+2-Vx+10-(2x+2) >0,
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Nhan lién hgp, ta dudc

8(x+1)
3Vx+2+vVx+10

-(2x+2)>0,

tuong duong

x+1)-4-BVx+2+Vx+10)>0.

Xét ba truong hdpx=-1,x>-1vax<-1.

. [3—3Vh
Dépsé.[ 2\/_

;—11.
Lz 5
1.275. Dap so. [1;) U (§;+oo).

1.276. Diéu kién
1
x——2>0,

1--2>0.
X

-1 .
ad >, tu bat phuong trinh da cho suy ra

1 1
RN
X X
1 1
\/x——>\/1——©x>1.
X X

Viét bat phuong trinh da cho thanh

(x—l)(x+1)_ x—1 >x—1
X X x

.z . R Jx—1
Do x > 1, nén ta chia bat phudng trinh trén cho x—, ta dudc
x

[x—1
Vx+1-1> X .
X

-1
Vx+1>1+ x—.

X

1
Do1-->0,nén
X

hay

hay
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Binh phuong bat phudng trinh nay, ta c6

x+1>1+2

Tuong duong
2
-x-2Vx2-x+1>0< (\/x2—x—1) > 0.

Diéu nay chi xay ra khi va chi khi

x#

1-v5
A2 2
x4—xZle 145

x;éT.

Két hop véi diéu kién x > 1, ta c6 tap nghiém bat phuong trinh da cho la

1+\/5)U(1+\/5'+

S =l 2

00).

1.277. Nhan hai vé véi vVx+3+vx—1, ta dudc

x—3+Vx2+2x-3>vVx+3+Vvax-—1.

2
o -2
Patu=vx+3+vx—1,suyrax+VvxZ+2x— :—y2 .

. % 13
bap so. x > i

- x #0,
1.278. Diéu kién:
lx] < 2.
Bat phuong trinh tuong dudng véi

2(x2-4)+16 (4-x2)+x2

~1<0,
x2(4 —x2) V4 — 22
hay
16 4
- -2<0. 1.76
x2(4—-x2)  x\/A4—42 (1.76)
4 .
bat T =t. Bat phuong trinh (1.76) tré thanh
xV4-x

?-1t-2<0e-1<t<2.
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Khi do .
1< —<2. (1.77)
xV4—x2
. 4
Xét ham so0 f(x) = ———. Ta co
xV4—x2
Fx) = 8 (P -2),

x2(4 — x2)V4 — x2
fl(x)=0<x=+v2hodc x=-V2.
Vé bang bién thién, ban sé thay néu x € (-2;0) thi f(x) < -2 < -1 néu
x €(0;2) thi f(x) > 2. Vay chi c¢6 duy nhat x = v/2 théa (1.77).
Tém lai bat phuong trinh & dé bai chi c6 mot duy nhat x = v/2.

1.279. Bat phuong trinh dudc viét lai nhu sau
/(x2_1)2 —
VaZ-1(vVx2-1-1)
Piéu kién x? > 1;x # +v/2. Bat phuong trinh da cho tré thanh
Va2-1+1
V1D S VB o x(VaP—141) > 2VBV -1,
VaZ -1

Suy ra bat phuong trinh c¢6 nghiém khi: x> 1 va x # 2. Binh phuong 2 vé
bat phuong trinh ta thu dudc

2% +2Vx2-1) > 8(x%-1).

Bay gio ta dat Va2 —1=1¢>0= x2 =¢2+1 thay vao bat phuong trinh ta thu
dudc

E+DE2+2t+1)>82 o (t-12t2 +4t+1) > 0.

1.284.
Vax+6—(x+2)+(x+2)— V(x+2)B3+x2-2—-(x2-2)>0
(2 -
Q‘/%j:” _(x+2)2+(x+2W(x+2)3x+x22—2+ V(@ +23 +x2-2)2 “ =220
(-2, = = 1]>0

VAr+6+x+2  (x+22+ (x+2)V(x+2)3 + 22 -2+ V/((x +2)3 + 22 — 2)2
@x2—2<0

o-V2<x<V2
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—1£v5
2

1.285. Pap sb. {

1.287. Didu kién

x#0,
3x—V2x2+5x+2#0, < x€(—00;—2]U[-1/2;+00)\{0;1}.
2x2+5x+2>0

Cong 1 vao hai vé cta bat phuong trinh da cho, ta dudc

6
>
3x—V2x2+4+5x+2

K|

Tudng duong véi

3x+V2x2+5x+2

>0. (1.78)
x-(Bx—V2x2+5x+2)

e Truong hop 1.

2
S3x+V2x2+5x+2=0x= —
Nghiém nay thoa diéu kién.

e Trudng hop 2. 3x+ vV2x2 +5x +2 # 0, Bat phuong trinh (1.78) tusng

duong véi
(8x + V2x2 + 5x +2)? -0
x-(7x2-5x-2) ~
hay

x-(7Tx%2 = 5x—2)> 0.

p 2
Giai bat phuong trinh nay, ta dudc —m <a< 0 hoac x> 1.
Tt hai trudng hop trén, ta cé tap nghiém ctia bat phuong trinh da cho la

S =

2
—E;O)U(1;+oo).

1.288. Ta can c6
5-x2>0< —V5<<x< V5.
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Khi do,
9y — _
ad 7<0, —7l'<x4—5<0.

- <

Ta biét rang, trén khoang (—m;0) thi ham sb cosx ddng bién, tic 14, néu
x1, x9 thudc khoang (—m;0) ma x; < x2, thi cos(x;) < cos(x2). Nhu vay, dau
ctia hién x; —x9 cung dau véi dau ctia hiéu cos(x;) — cos(xo).

V6i dé bai trén, ta c6 dau caa cos cung dau véi dau caa
2x-7 x-5
4 4
Nhu vay, bat phuong trinh da cho viét lai thanh

Pé ¥ rang, véi —v5 << x < V5, thi 3—x >0, nhan bat phuong trinh trén
v6i 3 —x+ V5 —x2, ta dude

1<x< V5,
x#2.

(3-x)%-(5—-x2)
2x—7_x—5
4 4

_\/5<<x<\/51
0 Q{

1.289. Diéu kién ctia bat phuong trinh 1a

x2—-22x+121
————————— > 0o x€(-00;10) U {11} U(14; +00).
x2 — 24x + 140
Mit khac
25-VT\ (25+V7
—2x2+50x—309<0©x€(—oo; 2‘/_)u 2‘/_;+oo).

Vi

25—-V7 25+V7
< 2 < B <

11 14,
nén tap nghiém cta bat phuong trinh da cho la

S =(-00;10) U {11} U (14;+00).
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1.290. Ta thay v6i x < 0 khong thoa bat phuong trinh da cho.
Véi x > 0, chia bat phuong trinh cho «, ta dudc

1 1
\/g(x—3+—)+\/x2+1+—2<0.
X X

1
batt=x+- >, ta dudc
X
Vi2-1< V6B -1).

Giai bat phuong trinh nay, ta cé

. 11
t < -1 hoac 1<t<3.

11 2. A 2 X 2 N LN > A
Dot>2,nén 2<x < 5 Téi day, tré ve an, ta dudc tap nghiém cua bat
phuong trinh da cho la

_11-v21 11+v21

7 10 10

Cach khac. Dat
a=Vx2-x+1, b=Vx2+x+1.
Khi do, ta co

202 -b2=20>-x+1)- (2 +x+1)=x2-3x+1

ab=V(2-x+ D2 +x+1)=Vat+x2+1.

Do dé, bat phuong trinh da cho c6 thé dudc viét lai thanh
V6(2a% - b +ab <0,

tuong duong

(3a + \/éb) (4a - \/éb) <o.

Do a, b >0 nén ta c6 4a < V6b, hay

8x?-x+1) <32 +x+1).
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Giai bat phuong trinh nay, ta dudc

11-v21 11+v21
——— <x——.
10 10

Vay tap nghiém ctia bat phuong trinh la

_[11-v2T1 11+v21
B 10 > 10 :

5%

N -1 1
1.291. Cach 1. Véi diéu kién - <x< 3’ thi 2-x2>0.
Binh phuong hai vé bat phuong trinh da cho, ta dudc

2+2V1-4x2 >4—4x% + 24,

hay

xr+(1-v1-4x2)7?<0.

Dieu nay chi xay ra

xt=0,
<o x=0.
(1-vV1-4x22=0

, - X [N _1 1 v
Cach 2. Diéu kién - <x<§. Dat vV1-2x+V1+2x=¢t. Suyra
t2 )2
1-(5-1)
x2:—2 .
4

Bat phuong trinh tré thanh
t*—412-16t-32<0o (t-2%(t2+4t+8) <0 t-2=0t=2.

Giai ra ta dudc x = 0.
Cach khac.
Piéu kién: —% <x< % Ta c6 bat phuong trinh da cho tuosng duong véi

\/1—2x—(1—x)]+[\/1+2x—(1+x) +22>0,
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hay
(1-2x)—(1-x)?2 (1+2x)—(1+x)?

2
+ +x“>0.
Vi—ox+l-x  Vi+2x+1l+x -
Sau khi thu gon, ta dudc
1 1
2 -1|<o.

x +
V1-2x+1-x V1+2x+1+x
Dé thay x = 0 12 mot nghiém ctia bat phuong trinh nay.
Xét truong hop x # 0, khi d6 bat phuong trinh tuong duong

1 1
+ < 1.
V1-2x+1-x Vv1+2x+1+x

Tuy nhién, theo bat déng thic Cauchy-Schwarz thi

1 1 4

+ >
VI—2x+1-x Vi+2x+l+x (VI-2x+1-x)+(VI+2x+1+x)
4 4

= 2 :1
V1-2x+vV1+2x+2 V2(1-2x+1+2x)+2

Do vay, dé c6 thé xay ra truong hop nhu bat phuong trinh & trén thi ta
phai co

V1-2x+1-x=vV1+2x+1+x
V1-2x=v1+2x

tic x = 0, tuy nhién diéu nay khong thé xay ra do ta dang xét truong hop
x #0.

Tém lai, ta c6 x = 0 12 nghiém duy nhéat ctia bat phuong trinh da cho.
[

1.292. Piéu kién x < -2 hodc x > 2. Véi x < -2, bat phuong trinh da cho vo
nghiém. Véi x > 2. Binh phuong hai vé bat phuong trinh da cho, ta dudc

4x? 452
2
+ + > 45,
R VaZ—4
hay
x? 45>

+ > 45.
x?—-4 /24
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Tuong duong
x? 2
( + 2) > 49,

Va2-4
Tu day, ta co
2 2
+2>7To > b,
x2 -4 x2 -4

Binh phuong bat phuong trinh nay, ta dudc
x* —25x% +100 > 0.

Giai bat phuong trinh nay véi chd y x > 2, ta ¢6 tap nghiém caa bat
phuong trinh da cho la

7 =(2;V5)U(2V5; +00).

1.293. Diéu kién: —”30;_4 <x<2.

Ta co

9x2 + 8x — 32 92—32
Vo —x2y g T ad 2\/2(4—x2)—g.

16 16

Tuong duong

9x2 - 32 - 32 — 942

16~ 95442 -2

& (922 —32)(—+ )

16 9y +4\/2(4 x2)
V304 -4

1 L. o
Ta co — + >0leT<x<2.Nensuyra

16 2x+4\/2(4 x2)

WE, 4

©9x2—3220©x<—TVx2 3

N p 42
So vdi dieu kién ta c6 nghiém bat phuong trinh la %— <x<2.

1.294. Piéu kién x > 0.
Véi x = 0, bat phuong trinh khong thoa.
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V6i x > 0 Khi d6 bpt tré thanh

Vax+2) > V(x+13 - Vx

o Vrx+2)+vx > Vix+1)3
x(x+1)
>+ 1DV +1
©\/x(x+2)—\/9_c (r+Dvx+1)
Vx
— >/ 1
NV == B

Ve V/x+DE+2)—V(x+1)
ovVi+VE+1D) > Vx+1D(x+2)
©x+(x+1)+2\/x(x+1)2x2+3x+2

os(?+x-12>0

ox’+x-1=0

Cadch khdc. x>0.Ta cénhan xét 1a /(x+1)3—/x >0, nén ta viét
bat phuong trinh tusng duong véi:

Vi +2) >V + 13- vVao Valx+2)+vx > V(e +1)3

Binh phuong lén roi rit gon ta dude

2
2(x+2) - 2x x+2+1<0©(x\/x+2—1) <0oxVr+2=1.
Téi day co ban roi.
1.295. Diéu kién 0 <x < 1. Ta c6

W+ 2+ vVa)V1—x+1-x=2+V1-0)(/x+V1-x)
va
2x-1)=Wx+V1-0)(/x—V1-x),

nén bat phuong trinh dudc viét lai thanh

(VE+VI-D(/E-VI-DVa+3
C+vVI-0(W/x+vVi-x)

hay
WVx-vV1-x)Vx+3>2+V1-x, (1.79)
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tuong duong

Valx+3)=>2+V(1-x)x+3)+vV1—x.

Nhéan thiy rang ham

fx)=vVax(x+3)

dong bién trén doan [0;1] nén gia tri 16n nhat ctia f(x)1a 2 tai x = 1. Ta c6

Vax+3)<2va2+vV/(1-x)x+3)+V1-—x>2.

Do do, (1.79) xay ra khi va chi khi x = 1.
Vay bat phuong trinh c6 nghiém duy nhat x = 1.
Khi dé, bat phuong trinh tuong duong

(2x—1)Vx+3 .
C+VI-x)(V/x+VIi-x)

hay
Vx+3(/x—vV1—x) 51
2+vVi-x

SVa+3(Vx—-V1-x)>2+V1—-x

oVx+3.vVx-2>V1-x(Vx+3+1)
D& S A e (ri3+ 1)

@—
Va2 +3x+2
+4)v1-
VI Z(Vai3+ 1y FEOVIZx
Va2 +3x+2
ox=1

Vay nghiém ctia bat phuong trinh 1a x = 1.

1.296. biéu kién x #0.

e Néu x < 0 suy ra bat phuong trinh v6 nghiém.
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e Néu x>0.Tacé
2
\/3x4+4x2+2<x2+—2
x

4
©3x4+4x2+2<x4+—4+4
X

2
©x4+2x2——4—1<0
x

22— D(x*+x2+1)
T <
X
20x*+x%2+1)
4

o -1DE*+1D)+ 0

s?-1|x2+1+ <0

X

@ngl.

Két hop véi dk ta c6 tap nghiém ctia hé bat phuong trinh 14 S = (0;1]

1.297. Piéu kién x > 2. Vi ca hai vé cta bat phuong trinh da cho déu
duong nén ta binh phuong hai vé ctia bat phuong trinh ta dude

3vVa(x2 —x—2) < 2(x% - 3x—1).
Data=x2-2x;b=x+1tacé
3vVab <2(a-0b).

Pay 1a phuong trinh dang cap theo a, b nén dé dang roi.

Pap sb. x >3 +V13.

« X .« A 3 s « X .« A N , « A P2 A
1.298. Dieu kién 0<«x < 1 V6i diéu kién bai toan ta bien doi dudc bat
phuong trinh vé dang
2x% — V3 —4x(2x+1) > 0.

: 3 .
Dat f(x)=2x%-v3—-4x-(2x+1), véi 0<x<Z' Ta c6

2(2x+1)
fllx)=4x+ ———+2V3-4x>0.
V3—4x
0 1 p 1
Ma ta nham dudge f (—):O, nén nghiém cua bat phuong trinh la — <
. C NG ghie p g 2
x<-—.

4
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1.299. biéu kién: x <-5vx>5.

e V6i x>5:[/I] Ap dung bat déng thic AM-GM, ta c6

x2 x2
— +y(x-3 5)> ———+/(x-3)(x—-5)>2
G365 +v(x—-3)(x+5)> = =5) +v(@x-3)(x-5) X

= Vx-4x > \/(x - 3)(4x —6).
Do d6, trong trudng hop nay, bat phuong trinh hién nhién théa méan.
e V6i x < —5:[/I]Ta c6 bat phuong trinh tuong duong véi
22 +(3-0)Va2—25 > (3-2)/(6—4x)(5—2).

DPén day, ta lai thay Va2 —25 < Va2 = —x va V(6 —4x)(5 —x) = V(3 — 2x)(10 — 2x) >

V(3 —-2x)%2 =3-2x. Do do,

(B8-2)V(6 —4x)(5 — x)—x>—(8—x)V a2 — 25 > (3—x)(3—2x)—x2+(3—x)x = 3(3—2x) > 0.

Piéu nay chiing t6 rang bt phuong trinh da cho khong thé théa
man trong truong hop nay.

Vay ta c6 két luan S = (5, +o00) 1a tap nghiém cta bat phuong trinh can
giai.

1.300. Piéu kién : 8 -x2>0 & —2v/2 < x < 2v2. Bat phuong trinh da cho
tuong duong véi bat phuong trinh

V8—x2-2—(x3-8x2+4x-4)<0,

tuong duong

4 —x2 9
ﬁ—(x—%(x -x+2)<0
—-x
hay
(x—2)(x+2) 9
— +(x—-2)x"—x+2) >0
V8—x2+2
cing vay
2
-2 —2 2 x+2]>0 (1.80)

V8—x2+2
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V6i —2v2 < x <2v2. Ta ¢6

+2
VI
T VB—x2+2
<2 —x+2<10+2V2

<1+v?2,

B =

Suy ra
x+2

V8—x2+2
Do d6 tu (1.80), ta c6 x—2> 0 < x > 2. Pbi chiéu diéu kién ta thu dudc
mién nghiém ctia bat phuong trinh 1a S = [2; 2v2].

+x2-x+2>0.

1.301. Dbiéu kién: x> 1 Bat phuong trinh da cho tuong duong véi

(\/x+3+\/x—1)(\/x+3—\/x—1) (x—3+ \/x2+2x—3) >4(\/M+ \/ﬁ)

hay
4(x—3+\/x2+2x—3) 24(\/m+\/x——1)

tuong duong

x—3+Vx2+2x-3>vVx+3+Vx-1.
batt=vx+3+vx—-1,(t>2)Taco

2-8
2=2x+2+2V(x-1Dx+3)ox—3+Va2+2x -3 = )

2
Thay vao trén ta dudc

2-8
Sto(t-4)(t+2)>00t>4

Vay ta can giai bat phuong trinh cd ban sau day:
fx)=vVx+3+Vx—-1>4

. 1z N i . " 13 N
Deé thay VT la mot ham dong bién, ma ta nham dude f (Z) =4, nén
“ A > A N - N 13
nghiém cta bat phuong trinh chinh la x> ”
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1.322. Ta c6
3
sin(% +3x) — cos(zn —3x)+1=v2cos3x+1.

Mat khac
ZSin2(2x + %) =1-cos (4x + g) =1+sin4x.

Do d6é phuong trinh da cho dudc bién déi thanh

cos2x + ﬁ(\/ﬁcos&c + 1) =1+sindx © cos2x + 2sinxcos 3x + V2sinx = 1 + sin4x

< c0s2x + sin4x — sin2x + V2sinx = 1 + sin4x
o 1-c0s2x+sin2x—v2sinx =0
o 2sin?x +sin2x — V2sinx = 0

& sinx (2 sinx + 2cosx — \/5) =0

1.323. Ta chu y bién d6i sau

3 2

. . /A . /A . . . .
4sinx-sin(x + §)~sm(x— §) = 4sin®x — 3sinx = sin® x — 3sinx cos x.

Tu d6 phuong trinh da cho tuong duong véi

3 2 2

. . 3 .
X —38Inxcos®x sin®x — 3sinxcos” x
- —(1+cos2x)=0=> - —92cos?x =0.
2sinx —3cosx 2sinx —3cosx

Nhan chéo 1én va phan tich ta thu dudc

sin

(sinx —cosx)(sinx —2cosx)(sinx + 3cosx) = 0.

1.331. Ta co
8v2cos’x + 2v/2sin® xsin8x — 6v/2cos*x —1=0

& 8v2¢0s%x +2v2sin® x(3sinx — 4sin® x) - 6v2c0stx -1 =0
& 8V2(cos®x — sin®x) — 6v2(cos*x —sin*x)-1=0
& 8V2(cos? x — sin? x)(cos? x + sin® x + cos? x sin% x) — 6v/2(cos®x — sin®x) - 1=0
& 8V2cos2x(1 —sin®xcos?x) — 6v2cos2x —1=0
& 2v/2c0s2x —2V2c0s2x5in?2x — 1 =0
& 2V2c08%2x—1=0
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1.335. Dt

u =sinx+cosx, U =SInXx—CoSX.

Phuong trinh da cho thanh
u(3-20%) +4uv = V32u?-1)+2V3.

Hay
Quv-V3)(V3u+v-2)=0

Cach khac Phuong trinh tuong duong.

V2sin(x + %)(2 sin2x + 1)+ 4cos2x

_ )
\/§cos(x+z)(2sin2x+ 1+2
bat
b3 b3
t=x+—>2x=2t——.
X 1 = 2x 5
Phuong trinh thanh
V2sin#(1 —2cos2t) + 4sin 2¢ B
V2cost(1—2cos2t)+ 2
1.336*. Phuong trinh da cho tuong duong véi
) x . 1
R e e
hay
‘ )
sin .
x2 2 +x+2
Dé y
_n<_1< X <1<T[ va _n<_4< — <O<n
2 2 Tx241 72 2 2 7T x2+x+2 2
Do ham s6 y = sinx dong bién trén khoang (—g; g), nén phuong trinh da

cho c6 nghiém khi va chi khi

X -1
22+1 x2+x+2

Giai phuong trinh trén, ta dude x = —1.
Vay phuong trinh da cho ¢6 nghiém x = -1.
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1.339. e Tim toa do M dua vao AM = 2G—)M;
e Viét phuong trinh dudng thang BC qua M va vuéng géc véi AH;

e Goi B(a;b). Tim toa d6 C theo a va B. Pé tim a va b, ta dua vao cac
gia thiét 1a Be BC va AB L CH.

1.340. DPap s6. C(5;1) hoac C(1;3).

1.343. Tu gia thiét dé thiy rang AANM = AACN, nén AM 1 BN.
Gia st B(2b -6;b) thi tt AI 1L BI suy ra

— —> 12 (32 16 (14
Al -BI = — | —=-2b|-—|—-b]|= =4,
035(5 b) 5(5 b) 0=>b

Nhu vay B(2;4), ta c6 AB = (4;-2) va AB = 2V/5. Gia st C(x;y), tit AB L BC
va AB =BC, ta c6 hé

(x —2)% + (y —4)? = 20,
2x—y=0.

p 7
1.344. DPap so. M(-9;-32) hoac M(§;2).

1.345. Gia st M(a;b) theo gia thiét trong tAm ctia tam giac MAB thudc
duong thing d nén ta c6

a+2+1+b—1—2
3 3

-2=0va+b=6.

Ta dé dang viét dudc phuong trinh ctia AB 1a x—y -3 =0 va tinh dudc
AB = /2, béi vay

1 1 la—b6-3| la—b-3
S =—-d AB=—— V2= ———,
MAB = 5 - d1,AB) 5 5 V2 3
A . .9 « A 1 -
Ket hop véi gia thiet Syap = 5’ tacola—b-3|=1.

Ta c6 hé
a+b=6,
la—b-3|=1.
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1.346. Dap s6. A(-1;1), B(—4;5), C(3;4).

a1 3
1.355. Dap so. (4, 2),(6, 2).

1.356. Dap s6. A(-3;6), B(1;-2), C(6;3).

1.361. Pap sb. B(2;0) va B(3;—2) hoac B (—g;—g) va C (%;—?).

1.362. Dap sb. B(-3;2).

L (7 13

1.366. Toa do cua B thoa man hé

4x+3y—-16=0 x=4
RS
y=0

Khi d6 A(a;0);B(4;0); C € CB = C (c;155%¢) Khi d6 ta dugc

AB = (4—-a:0) AB=1\/(4-a)?
.B—C":(C—‘l; 16540) o BC:\/(C—4)2+(16§4C)2
AC=(c-a;185%) | AC=\/(c—a)+ (L5%)°

Vi tam giac ABC vuong tai A va r=1nén ta co

{ABJ_AC {XE.XE -0

AB.AC _ AB+AC+BC
- 2

S:pr:p 9

Pén day giai phuong trinh tim ABC, tit dé suy ra trong tam G

Pap s6. G (2;%) hoac G (6;—%).

1
1 ps
N

O»n

1.367. Huéng dan. Goi A(4y —6;y). Tinh cos ACB = cos45° = s

A(2;2), B(3;-1), C(5;3).

1.368. e Phuong trinh BC:x+9y+4=0.
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e Goi M 1a diém thudc duong thing BC théa man A qua M va chia
tam giac ABC thanh hai phan c6 ti s6 dién tich bang 2.

e DoM € BC nén ta ¢6 M(-9y—4;y)

N BM
e Khi d6 theo yéu cau bai toan ta co CM- 2. Ta co

BM—2©32+8 +4=0oy=-2hoidcy= 2
7 Yy +8y+4=0cy= acy=-g.

» T6i day viét dude phuong trinh A.

1.371. Khong kho dé viét dude phuong trinh AK : x—y+1=0. Va day ciing
chinh la duong phéan giac trong goc A cta tam giac ABC. Goi E la giao
diém ctia duong phan giac trong AK véi duong tron ngoai tiép tam gisc
ABC c6 tam I(6;6) va ban kinh R =IA =5. Toa d6 diém E 1a nghiém cta
hé phuong trinh:

(x—6)%+(y—6)2 =25,
x—y+1=0.

Suy ra diém E(9;10). Mt khac ta ¢c6 EB = EC = EK. That vay,
/DCK = /DCB+ /BCK = /BAD + /KCA

= (/BAD + /KCA)+ /AKC =180°= ZCKD + ZAKC = 180°
= /BAD+/KCA =/CKD

Tu d6 ta dudec ZDKC = /DCK hay ADKC can, két suy ra EK =EC = EB,
nén B, C thudc duong tron tAm E ban kinh 14 DK. Do d6 toa do diém B,
C la nghiém cta hé phuong trinh

(x—86)2+(y—6)2 =25,
(x—9)%+(y —10)% = 50.

Téi day 1a bai toan xem nhu giai quyét xong roi!
1.372. Ta goi toa do diém B(b;12—2b). khi dé ta sé c6

MB=(b-5:11-2b); NB=(b-9:9—2b).
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hay
MB-NB=0<(b-5)b-9)+(11-2b)9—2b)=0

Khi d6 ta c6 B(6;0). Tt d6 ta viét dudc phuong trinh dusng thang AB va
BClan lugtla x+y—-6=0;x—y—6=0.

10-b . . o o
—) Goi M la trung diém cua

1.8373. Goi toa d6 diém B(a;5a -2), C (b;
at+b 15a—b+4)
2’ 6 )
Vi diém M thuéc trung tuyén qua A, nén thay toa do trén va rat gon
ta dudc b =3a — 1. Thay vao trén ta c6 C(3a —2;4—a).

Ta c6 BC = (2a —2;6 — 6a). Ta d& dang tim dudc

AB thi toa d6 M(

SaBc =3SgBc =24= SagBc =8.
Phuong trinh dudng thang BC la
(x—a)6a—-6)+(y—-5a+2)(2a-2)=0.
Twu day suy ra a # 1, va ta rat gon lai thanh
6(x—a)+2(y—5a+2)=0.
Thay vao cong thtc dién tich la
Segpc =8¢« %d(G,BC) -BC =8.

thi ta dé dang suy ra

b

la-1=1<

e Véia =0, suy ra toa do cac diém l1a: A(5;7), B(0;-2), C(-2;4).

* Véia =2, suy ra toa do cac diém la: A(-3;-1), B(2;8), C(4;2).

1
1.374. Ké duong cao CH cua tam giac ABC. Do tanA = —5 nén A la goc

ti. Do d6, H nam ngoai doan AB. Ta ¢6

1 —— J—
e tanBAC = -tanCAH = “AH
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Suy ra H_1
YA "o
Lai co
1 — CH
g =tanCBH = ﬁ
,BH 3 ... . A 3iR y
Do do AH- 3 Tu hé thitc nay, ta tim dudc toa do diem H(-3;-2). Mat
khac

CH =AH -tanA :4\/7% =2V2.

Phuong trinh dudng thang ABla x—y+1=0.

Phuong trinh dudng thang A qua H va vuéng géc véi AB 1a x+y+5 = 0.

Goi C(x;y). Tt cac diéu kién C thudc duong thang A va CH = 2v?2, ta
co hé

x+y+5=0,
{x2+y2+6x+4y+5 =0.

Giai hé trén, ta tim dudc toa do diém C 1a C(-1;-4) hodc C(-5;0).

Dua va gia thiét hai diém C va O & vé cung mét phia ciia dudng thang
AB, ta chi nhan C(-1;-4).

1.377. Ta goi vects phap tuyén cta duong thing MD la %@ = (a;b), (a2 +
b2 > 0).
Phuong trinh dudng thang MNdi qua A(2;3) va c¢6 vecto phap tuyén
(b;—a) c6 dang
bx—ay—-2b+3a=0.
Khoang cach tu Ct6i MN la

|86 —6a—2b+3al 6b-3a

d(C;MN) = .
V&5 Vaip

Dién tich hinh vuong MNPQ la

_ 1(6b-3a)?
SuNPQ =5~ e

Khi dé bai toan tré ve dai so: Tim gia tri 16n nhat cia ham so

1(6b —3a)?
S@0)= 5 ape
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e Xét b=0khido SMNPQ =9.

e V6ib#0,taco
a\2
i (6—33)
=—
(3) +1
Xét ham sb ) )
(6 —3t) 9(2t+1)
f(t) = 2— =45— 2—
t“+1 t“+1
° i1 % ; -1
Do d6 ta c6 the thay dudc maxSynpg = 45, dat dude khi ¢ = > >b=
—2a.

Tu d6 cac ban c6 thé giai quyét bai toan.
1.378. Goi I 14 tam duong tron dudng kinh AB. Ta c¢6 AB = 10v/5. Gia st
A song song véi AB va cat dudng tron tai C, D va hinh chiéu cta ching
lén dudng thang AB lan lugt1a F va E.

Phuong trinh dudng thang AB 1a x+2y+5=0.

Phuong trinh dudng thang CD c6 dang x+2y+m =0, m #5.

Ta co
5

ID?=IE*+ED?= ZEDQ.
Tu day, ta tim dudc ED = 10. Do d6, khoang cach giita hai duong thang
AB va CD bang 10 hay khoang cach tit tam I dén dudng thang CD bang

10. Do d6
-11+6+m

V5
Pap s6. x+2y+5+10v/5=0 hodc x+2y+5-10v5=0.

=10 m=5+10V5.

1.379. Goi 7 = (a;b) 1a vecto phéap tuyén ctia dudng thang AD. Phuong
trinh duong thang AD c6 dang

alx+3)+b(y—3)=0.
Pé tim a va b, ta chu y 1a khoang cach giita hai duong thang AB va CD
bang khoang cach giita hai dudong thing AD va BC.

Pap s6. BC:11x-2y+19=0, AD : 11x—2y+39 = 0 hodc BC : x+2y—7 =0,
AD :x+2y-3=0.
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1.380. Goi A(x;y). Vi diém A thudc duong thang (d):3x+y—2 =0, nén
A(x;2—3x).

Chu y, khoang cach tit diéfm A dén duong thang DM gap hai lan
khoang cach tit diém C dén dudng thang DM. Tu d6, tim dudc toa dod
diém A.

Pap s6. A(-1;5), B(-3;-1), D(5;3).
1.381. Pap s6. A(1;5), B(-3;1), C(1;-3), D(5;1).

1.382*. Goi I’ 1a diém d6i xiing véi I qua dudng phan giac trong AD. Dé
thay I' thudc dudng cao AH. Do I1(6,6) nén tim dudc I’ c6 toa do 1a I'(5,7).

Dé thay BC sé nhan Al = (3,4) 1a mot vecto phap tuyén nén né cé
phuong trinh 3x+4y +c = 0. T gia thiét

Sapc=3SBc > AH =3IK = |c + 18| = 3|c + 42|

Giai ra dudc ¢ = —54, ¢ = 36 va viét dudc phuong trinh ctia BC.

1.383. Tut diéu kién sinBAC = % Ap dung dinh 1y ham sin trong AABC
ta co

_BC  _sreBc-%.9.5-3

sinBAC 5
Goi K 1a trung diém ctia BC, thi BK = CK = 4. Trong tam giac vuéng IKC
ta co

IK>=1C?-CK?=25-16=9=>1K =3.
Goi D 1a diém d6i xing ctia A qua I. Khi d6, ta sé ching minh dugc ti
gidc BHCD la hinh binh hanh. Suy ra K 12 trung diém ctia HD.

Xét trong tam giac ADH ta c6 KH la duong trung binh nén suy ra
2HK =AH = AH =6.

Xét diém A(x;y), (x <0). Tu
AH=6<AH?=36<(x+1)+(y+1)%=36.

Vay toa d6 diém A 14 nghiém cta hé phuong trinh

(x—2)2+(y-12=15

(x+1)2+(y+1)% =36, x=-1,
<
y =5.
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Nhu vay, A(-1;5). Tu d6 ta tinh dudc D(5;-3), K(2;-2). Do BC di qua K va
¢6 vecto phap tuyén 1a 7 = (a;b). Phuong trinh dudng thang BC c¢6 dang

BC:a(x—2)+b(y+2)=0oax+by—2a+2b=0 (a®+b%2#0).
Ma IK =d(I,BC), nén
[2a +b —2a + 3b|
3= &
Va2 + b2
V6i a =0, chon b =1, ta thu dudc phuong trinh BC:y+2=0.

a=0.

Toa d6 hai diém B, C 14 nghiém ctia hé phuong trinh

y+ 2= 0, y= _27
<

(x-2P2+(y—-1)?=25 (x-2)%2=186.
Tu d6 ta suy ra dudc toa do hai diém B, C 14 hoan vi cia hai cip toa do
(6;—-2), (—2;-2).
1.384. e Dudng tron (¥) ngoai tiép tam giac ABC c6 tam I, ban kinh

12 IA = v/8, nén c6 phuong trinh
(x—4°+(y-5)*=8.
e Goi D la giao diém cta duong thang AJ véi dudng tron ngoai tiép

tam giac ABC. Ta ching minh DB =DJ = DC. That vay, ta c6

—

DBJ =DBC +CBJ =DAC+CBJ.
DAC=DAB, CBJ=ABJ,

DBJ =DAB+ABJ =180° - AJB =BJD.
Do do, tam giac DB can tai D.

Chutng minh tuong tu, ta ciing c¢6 tam giac DCJ can tai D. Tu do, ta
c¢6 DB =DC =DdJ. Nhu vay B, C thudc duong tron (¢’) tam D, ban
kinh DJ.

Céac diém B va C thudc hai dudng tron (¥) va (¢’) nén toa do la
nghiém cta hé phuong trinh
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1.385. P&y M 6 trong (¥). Goi H 1a trung diém doan AB. Néu MA = 3MB,
thi M 1a trung diém HB.

Goi I 1a tam duong tron. Pat IH =x. Ta c6
HB?>=1B%*-x* HM?=IM*-x>
Do HB =2HM, nén ta c6 phuong trinh
IB? —x* = 4(IM? - x*).

Giai phuong trinh trén ta tim dudc x. Bai toan trd thanh viét phuong
trinh duong thang A di qua M va cach I mét doan bang x.
Pap s6. 2x—y-3=0, x+2y+1=0.

1.386. Duong tron (%) c¢6 tam I(1;2), ban kinh R = /5. Ta c6
AB2=AB%2=(MB-MA)? = MB2+MA2—2MA -MB.

Ma
MA -MB = MI? - R2? = 20.

Suy ra AB? =10. Ta c6

10
IH=VIA2-AH?= .

e

V10

A 1a duong thang di qua M va cach I mét doan bang 5

Pap s6. x+3y-12=0 va x -3y =0.

1.387. « DEy diém A § trong (%), nén moi dudng thang di qua A luén
cat (¢) tai hai diém phan biét.

e Pap s6. x+v3y—-1-3V3=0.

1.388. Duong tron (%) c6 tam I(1;-2) va ban kinh R = /3.
Goi R; la ban kinh cta duong tron (¢”). Phuong trinh (%¢”) ¢6 dang

(x-52+(y-1*=R%&x?+y*-10x -2y +26 —-R? = 0.
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Vi (¢) va (") cat nhau tai hai diém phan biét A, B, nén l1ay phuong trinh
cta (%) tru phuong trinh caa (¢”), ta dudc phuong trinh ctia duong thang
ABla8x+6y+R2-24=0.

Ta c6 IA = IB = AB = v/3, nén tam giac IAB la tam giac déu, do dé

N ° N 2 ., v 3 * 3 se - - 2
chiéu cao ké tu I ctia tam giac IAB bang v3 \/_. Noi cach khac, khoang

2 2 N 3
cach tu I den duong thang AB bang o hay

8-1+6-(-2)+R?-24] 3 [R?=43,
= =<
V82 + 62 2 | Ri=13.

Vay phuong trinh cac duong tron can tim la
(x-52+(y—-12=43, (x-5>2+(y-1>%=13.

1.389. (%) c6 tam O(0;0) va ban kinh R = v2. Goi R; 12 ban kinh cuaa (¢”),
phuong trinh cua (¢”) ¢6 dang

(x-22+(y-22=R%ox®+y*—4x—4y+8-R?=0.

Phuong trinh cta duong thang AB 13 4x+4y—9+R? =0. Tam gidc OAB c6
OA =0B =1va AB = /2, nén la tam giac vudéng can tai O. Goi H 1a trung

.0 , 1 2
diém doan AB, ta c6 OH = §AB = \/7_ Suy ra

R7-91 v2 [R?=13,

<
42 2 |R%=5.
e Cac phuong trinh ctaa (%) la

(x—22+(y—-2)2=13va (x—2)% +(y—2)? = 5.
e Céac phuong trinh duong thang ABlax+y+1=0vax+y—1=0.

1.390. e (¥) c6 tam I(1;-2), ban kinh R = v/5; (¥¢”) ¢6 tam I'(-1;-3),
ban kinh R’ =3.

e Néu A cat cat (¢”) tai hai diém A, B sao cho AB =4, thi khoang cach
tit I' dén A bang V5.
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e Puong thang A can tim cach déu hai diém I va I’, nén xay ra hai
truong hop:

- Trudng hop 1. A song song véi duong thang II’ va cach dudng

théng II’ mot doan biang v/5.
- Trudng hop 2. A di qua trung diém T cta doan I1' va tiép xtc
v6i dudng tron (¥). Cha y la truong hop nay khong xay ra vi T

6 trong duong tron
Pap s6. x—2y=0, x—2y—10=0.
Chu y. Néu khoang céach tit I dén A khong bang khoang céach tit I’ dén
A, ¢6 thé 1am nhu sau:

* Goi phuong trinh A ¢6 dang ax+ by + ¢ =0. Dua vao

laxy +byr+cl laxp +byp +cl

d(I;N)=d(I;A) o
VaIrB | vatip

hay

lax; +byr+c| =laxp +byp +cl.
- Truong hop 1
axr+byr+c=axp+byp+ceaxy+byr=axp+byy.

Tt phuong trinh nay, ta c6 moi lién hé gitta a va b. Thuc hién
phép chon, ta c6 a va b. D€ tim ¢, ta gidi phuong trinh

d(I;A)=R.
- Truong hgp 2
axy+byr+c=—(axp +byp +c).

Tut phuong trinh nay, ta biéu dién ¢ theo @ va b. Thé vao
phuong trinh ax+ by + ¢ = 0 roi gidi phuong trinh

d(I;A)=R.
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1.391. Pap s6. m=1.

PE ¥ d ludn di qua diém cb dinh M(2;1) va M § trong (¥). Goi H la
trung diém doan AB. Ta c6

AB=2AH =2vR?2-1H?.

Do d6, AB nhé nhéat khi va chi khi IH 16n nhat. Ma IH < IM, nén IH lén
nhat khi va chi khi H trung M. Khi d6, d di qua M va vuéng géc véi IM.

1.392. Dap sb. B(7+‘/§;3_‘/§), 0(7_‘@;3“@).

2 2 2 2
1.394. Pap sb6. M(2;0).

1.395. Pap sb. (x+1)2+(y—3)%2 = Z.

o 5 1?1
1.399. Dap so. (x—2)° + y-35| =3

1.400. Tam cta dudng tron (C’) 1a giao diém cta hai dudng thang IA va
duong trung truc cta doan AB.

Pap s6. (x +3)2 +(y —6)% = 50.
1.403. * Pudng tron c6 tam I(1;-2), ban kinh R =3.

e Do M €(d) nén toa do M(t;t+1). P& tt M c6 thé ké dudc hai tiép
tuyén dén (C) thi

t>1_\/§
\/5 )

IM>Ro22+4t+1>0<
1+v2

e Phuong trinh di qua hai tiép diém A, B ¢6 dang

(t-Dx-1++3)(y+2)-9=0.
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e Ta co
5v2|t +2|

Vi2+2t+5
e Khao sat ham f(¢#)nay véi diéu kién cta ¢ 6 trén, ta tim dudc gia tri

nhé nhat 1a ? khi ¢ =3.

d[N,AB]= =f(@).

1.406. Gia st B(x;y) thi do M(0,2) 12 trung diém ctia BC nén C(—x,4 - y).
Dé thay B, C déu thudc (C)nén ta c6 hé

(x—1)2+(y-1)2=10, (x-12%+(y-12=10
<
(x+1)2+(y—3)%2=10 (x+1)2+(y-32=10

Giai hé trén, ta dudc hai nghiém (2;4) va (-2;0).
Xét B(2,4) thi C(-2,0) lic d6 phuong trinh duong théng chia BC 1a
x—y+2=0. Ta tinh dudc BC =4v/2.

Gia st A(a;b) thi khi dé6
1
12=S8S4pc = §~Bc~d(A,BC) =2la-b+2|=>|la-b+2|=6.

Tt d6 ta c6 hé
(@a-12+((b-1)2=10,
la—b+2|=6.

1.408. Ding trudc bai toan nay dau tién ta chic chin ta sé di tim toa do
diém A. That vay toa d6 diém A 12 nghiém ctia hé phuong trinh:

x?+y2 =13,
(x—6)%+y2 =25,
y <0.

Pén day khong khé dé cac ban chi ra ring A(2;-3). Cong viéc con lai ¢é
1é ciing 14 phan khé nhéat 14 viét phuong trinh dusng thang, véi toa do
diém A nhu trén thi phuong trinh nay sé c6 dang:

alx—2)+b(y+3)=0<ax+by—2a+3b=0.
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Pén day néu ta di giai hé phuong trinh dé tim toa d6 giao diém ctia dudng
thang trén véi hai dudng tron roi lai tinh d6 dai hai day cung thi sé rat
mat thoi gian va cong kénh, vay ta phai giai quyét thé nao? Mot kinh
nghiém nhé ctia minh dé giai quyét nhitng bai thé nay la vé hinh ra roi
dua vao hinh vé dé giai quyét tiép! O bai toan nay néu vé hinh ra thi céc
ban c6 thé thiy ngay rang:

R%-d*(01,A)=R2—-d*03,N).

Véi R1, Ra, O1, O 1an luct 1a ban kinh, tam cta hai duong tron (C) va
(C"), A 1a phuong trinh duong thang can tim.

R6 rang véi dang thic trén thi viéc tinh toan 1a kha nhe nhang, ta cé

| —2a + 3b| |[4a + 3b|
d(01,A) = ————, d(Og9,\) = ——.
! va?+b? ? va? + b?

Thay s6 vao ta thu dudc phuong trinh

V6i b =0 ta thu dudc phuong trinh x —2 = 0. Tuy nhién, day chinh la
phuong trinh duong thang AB (B 1a giao diém thd hai cia hai dudng
tron). Vay truong hop nay ta loai!

Véi 3a = b ta c6 thé lay a = 1, b = 3 thi thu dudc phuong trinh x+3y+7 =
0 va day chinh 14 phuong trinh can tim!

1.409. Dap sb. B(4;1), B(0;—-3), hoéc B(-2;1), C(0;3).
1.410. Pap s6. x—y—-1=0.

1.411. Pap sb. (x—2)% +(y—4)®> = 64.

1.420. Dap sb. B(4;-1) va C(-4;-5).

1.425. Goi toa do diém A(a;b). Tu diéu kién bai toan ta suy ra toa do hai
diém

M(a—l;b+1)’ (2+2a;2b—2)
2 2 3 3

Ta viét dudc phuong trinh duong tron tam I qua B, C la

(x-2)2+(y—-1)7%=09.
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Vi M, N thudc duong tron nén ta c6 hé phuong trinh

(@a—572+(b-1)2%=36,
(2a —4)% +(2b -5)%> =81,

bat
a-5=6u, b-1=6v,

thay vao hé ta sé thu dudc hé phuong trinh
u?+v?=1,
36(2u +1)?+9(4y—1)%2 =81.

u2+02:1,
4u—-2v+3=0.

7-3V11 14-6V11 5 7+3V11 14+6V11
; hoac A : )

Pap sb. A ;
5 5 5 5

1.427. Pap s6. M(4;3) va M(5;0).

1.429. Toa do A la nghiém hé phuong trinh

x2+y?—8x+6y+23=0,
x+y—1=0.

Pap s6. A(5;-4) va C(3;-2) hoac ngudc lai.

1.430. e Tam giac IAB vudng tai I.
e Tam giac MAB vuong tai M.

 Vay suy ra MAIB la hinh vuéng. Do dé, dudng tron ngoai tiép AMB
1
c6 ban kinh R’ = ?0

e Do MeA, nén M(1+2¢;—7+5t) va MI = AB =+/10 ti d6 tim dudc M.



256 Chuong 1. Mot sé bai tdp bo sung

1.434. Mot y tudng c6 vé 1a tu nhién hon chit xiu: Néu ta goi M = (a;b)
va N =(c;d) thi ta c6 bén 4n sb can phai tim ra.
Gio néu ta ma lap dudc bén phuong trinh thi tic 1a ta sé giai dudc.
Vay thi ta lan lugt xét:
Me(Cpo@-12+(b-2)>*=9,

Ne(Cg) e (c+1)?+d%=16,
(d) 1a duong trung truc nén né cho ta

MN -7g =0,
Ie(d)

v6i I 1a trung diém MN. vi thé, ma ta thu dudc hé phuong trinh sau

(a-12+(-2)2=9,
(c+1)2+d? =16,

< 2(a—-c)+4(b-d)=0,

(a+c)+2(b+d)—-15=0.

Hé nay chi 1 hé bac hai, nén ta c6 thé giai triét dé né dudc, bang cach, tit
hai phuong trinh cudi, ta sé rat cac 4n dé thé vao hai phuong trinh bén
trén va cudi cung ta thu dudc mét hé bac hai c¢6 hai 4n.

1.435. D& bAt dAu bai nay minh chting minh mét két qua sau GI = —%Cﬁ{)
v6i G, H, I 1an ludt 1a trong tam, truc tAm, tam dudng tron ngoai tiép caa
tam giac ABC.

That vay goi M, N, P lan luct 1a trung diém CB, AC, AB. Xét phép vi
tu T tam G, ti s &k = —%. Khi d6 anh ctia cac diém A, B, C qua phép vi
tu T lan luot 1a M, N, P. Nhu vay, qua phép vi tu T biét tam gidc ABC
thanh MNP. Dé chiing minh I 1a truc tAm MNP, nén T bién H thanh I,
do 46 GI = - _GH

Dé dang viét dude phuong trinh AH 1a 2x—y +6=0.

A€eAH = A c6 toa do (a;2a +6)
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ITex—y—-3=0=1c6toado(b;b-3)
Ban kinh duong tron ngoai tiép tam gidac ABC bang 5, nén

IA=5=>(a-b’+2a-b+9)%=25 (1.81)
Mat khac
-1 2(b+1)
— 1— xG_b:_(xG_2) XG =
GI=-—-GH & 2 _1 o 2(b3+2)
yg—(b—-3)=—(yg—10) yG =
2 3
Ta lai ¢
3[2(b+1) a
—_— 33— XM—GZE 3 -a XM:b——-l—l
2 yM—(2a+6)=§[ 3 —2a—6] yw=b-a-1
va

5a 8
Mex+%~7:o:b—g+1+mb—a—n—7:o@b:7§+5

Thé vao (1.81), ta dudc

2502 125a 200

+ + =0<
18 9 9

a=-2 I1(1;-2)
—
a=-8 [ I1(—4;-17)

| Ox-12+(y+2)?=25
Vay 9 5
(C)x+4)"+(y+7)" =25
Cach khac. Ta chiing minh diém d6i xting cta H qua duong thang BC
12 H' nam trén dudng tron (C); Tim tam I bang hé thic IH' = 5.

1.436. Goi D 1a diém d6i xting clia A qua duong thang BC, ta c6 H(1;4)
va H thudc dudng tron ngoai tiép tam giac ABC. Pudng tron can tim qua
ba diém B, C va D.

Pap s6. (x+1)2+(y-3)2 =5.

1.438. Pap s6. x=1+5¢, y=2¢t—-1,z=—-1—¢.
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1.445. Pé y A va B ¢ vé hai phia ctia mat phéng (P) va AB = 4V/14. Vay
néu M 1a mét diém trén (P) sao cho MA + MB =4+/14, thi M 1a giao diém
cta dudng thang AB va mét phang (P). Ta viét dudc phuong trinh dudng
thang AB 1a

x=3+2t,
y=-2-3t,
z=3+t.

Suy ra toa do diém M(-3;7;0).

Goi giao diém cta A va d 1a N, c6 toa do 1a N(2t;—1—¢;1+2¢). Khi d6
ta c6 vector chi phuong cia Ala ua = MN = (2t +3;—t—8;2t +1). Theo dé
bai ta c6

2v10 [4t+6+t+8+4t+2] 210
cosp = = = .
9 V(2t+3)2+(t+8)2+(2t+1)2.3 9
4
Téi day ta tinh dude ¢ = 5 vat=—-4.

1.455. Dap s6. C(-1;3;0) vélB(2 4 4).

553

1.457. e Vi (d) song song véi (P) va cach (P) mot doan bang v/3, nén
(d) nam trong ciac mat phang (R) song song va cach (P) mét doan

bang V3.

» Tuong tu, (d) song song véi (Q) va cach (@) mdt doan bang v/3, nén
(d) nam trong cac mat phang (S) song song va cach (Q) mét doan
bang v/3.

e Cac dudng thang can tim 1a giao tuyén caa (R) va (S).

1 y+1 z+1
12

1.458. Dap sb. (A): x;
1.461. Dap s6. M(1;1;2) va M(3;5;0).

1.468. Goi M’ 14 giao diém ctia d va A, suy ra M’ c6 toa do (2—¢;1-2¢;1+1).
Ta co MM' =(3-#;,2-2¢;3+1).
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Goi O 1a tam ctia méit cau. Ta suy ra toa do diém O la (-1;2;1). Tu
day, ta c6 thé viét dudc phuong trinh mét phang chita O va nhanMM’ 1a
vector phap tuyén

P):B-t)x+1D+2-2t)(y—-2)+@B+t)(z—1)=0.

A; B 1a hai giao diém ctia A véi mét cau, néu goi I 1a trung diém ctia AB
thi ta ¢c6 OI vudng géc v6i AB va OI =3. Ta lai c6 OM = 3v/2. T day, ta
thu ducce IM = 3. Tc la d(M;(P)) = 3.

3t—15
—J————i——:3c>U—5h:V6ﬂ—8t+22
V6t2 -8t +22

3
Giai phuong trinh ta tim dudc ¢ = = hoac ¢t = —1. Té6i day, bai toan da tré
thanh: Viét phuong trinh duong thang di qua hai diém M va M'.

1.471. Vi mit cau (%) tiép xdc v6i dudng thang A tai N, nén
IN*=R?=25=>IM*=IN*+MN?=36=IM =6.
Ta ¢6 d[I,(P)] = 6 ma M thudc mét phang (P), suy ra M 1a hinh chiéu
vuong goc cua I 1én (P).
M thudc duong thang (d) di qua I(5;1;3) va vudng géc véi (P), nén
M5 +t;1+2¢t;3+2t). Vi M, thudce (P), nén

5+t+2+4t+6+4t=0>1¢t=-2.

Vay M(3;-3;-1).

1.474. D€ y ban kinh ciua dudng tron giao tuyén cta (S) va (P) bang
3v/3. Tt d6 ta thay AB chinh la dudng kinh ctia hinh tron nén sé di qua
hinh chiéu ctia I 1én méit phang (P). Ta tim dugc hinh chiéu caa Ilén
mat phang (P) 1a H(2;2;3). Phuong trinh dusng thang (A) chinh 14 dudng
thang MH, va ta viét dudc 1a

x=2+3t,
y=2-2t,
z=3+2t.
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1.475. Pap s6. (x+1)2+y?+(z—1)2-8=0va (x-3)%+(y—4)?+(z—1)2-8 =0.

1.479. Dép sb. Vs apep = v3a3, d(BC,SA) = 2‘/3_1a.
1.491. Dép sb. Vs apep = %"3 d(SA;BC) = 6"5‘@.
1.492. Pap s6.V = %3, cos(SM,DN) = \/T§

1.495. Pap sb. cos(AB1,BC1) = % va d(AB1,BC1) = V5.
1.498. Dip sb. “‘?_7.

1.503. Ta dua tich phan can tinh vé dang
I:f% 2x+1—'cos2xdx:f§ 2x4'-1 dx—fg cos?x dleIl—Iz.
o 2(1+sin2x) 0o 2(1+sin2x) 0o 2(1+sin2x) 2

1.512. Ta co6 . ¢ L
I:f sin2xdx+f nat dx
1 1

l+xlnx
1.520.
1 x2 i x2cosx
I= - 5 dx = - 5 dx

o (xsinx+cosx) 0 cosx(xsinx+ cosx)
T T
1 X . 1 x 1

:f - 2d(xsmx+cosx):—f d( - )
0 cosx(xsinx+ cosx) 0 COSx \xsinx+cosx

X

i f% dx
+

o Jo cos?x

1.521. Y tudng cho bai nay: Bién ddi tich phan thanh

f5\/—+\/xT f [x-3
3 (x+Dvx+1 x+1 x+1 3 x+1

~ N -3 2
Tich phan sau de dang tich dudc, tich phan dau dat u = \/x 1 sé thay

X+

cosx(xsinx + cosx)

diéu ky diéu.
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1.541.

sin?x + xsinx x(xcosx +sinx + 2sinxcosx)
I= dx
T
6

-

6

T
3
(xsinx + sin? x)2 (xsinx + sin? x)2
3 1 3 1
—— 5 |dx+ | xd|————
xsinx + sin“x z xsinx + sin“x

X

xsinx +sinZx

%
3
1.545. Ta co

3 (1+xy)2—2(1+xy)—2xy+5

P
xy—2

voi xy #2.

Do do

4
P=xy+ .
i xy—2

Pat ¢ =xy. Tu gia thiét ta c6
xy+1:x2+y2>2xyoxy<1.

Ta cting ¢6
xy+1:x2+y220©xy2—1.

Suyra-1<¢<1.

1.546. Thém mét 16i giai nita. Vi minh thay kha don gian nén nghi ngd
tinh chinh xac ctia né: Ta sé ¢ dinh bién ¢, bai toan chuyén vé tim GTLN
cua

gla,b)=a’+b3.

Vé6ia+b=6-2c,taco
ga,b)=a’+b3=(a+b)>-3abla+b)=—(6-2c)ab +(6—2c)% = h(ab).

Dé thay A(ab) 12 mo6t ham bac nhat véi bién ab. Tu diéu kién ta c6 ab >
1.Va ta cting co
_(@+b? _(6-2c)

ab
4 4

Suy ra
(6—2¢)>
<—=

1<ab
4



262 Chuong 1. Mot sé bai tdp bo sung

Ta lai c6(6 —2¢) > 0, do d6 A(ab) 12 ham nghich bién. Suy ra
h(ab) < h(1)=—(6—2¢) + (6 — 2¢)°.

Nhung t6i day ta d€ ¥ 1a a > 1 va b > 1 ma biéu thic dat GTLN nhét tai
ab=1>a=b=1.Tu do suy ra c=2. Vataco

a® + b3 +5¢3 = h(ab) +5¢3 < —(6—2¢) +(6—2¢)> + 5> = 42.
Ta c¢6 diéu phai ching minh. Du dang thic xay rakhia=b=1; ¢ = 2.

1.547. Ta chuédn héa a +b +c =1 Bai toan dua ve chitng minh:

40 -4a+1 4b2 4b+1 462—4c+1>3
%% —2a+1 26%°-2b+1 22-2c+1° 5

1 1 1 27
© 9022471 22-2b+1 22-2c+1 5"

Pén day 14y 1 thang lam dai dién:
54x+27 2(3x—1)%(6x+1)

NS 55— Spent—oxr1) = 0 7@ D)
54 b 81 27
F@)+ f(b)+ )< 220t 2;"’” -2

1.548. Nhan ca hai vé cta bat dang thic véi (a + b)(b + ¢)(c +a) thi bat
dang thic tuong duong

(@®+be)a+b)a+c)b+e)+(b%+ca)b+a)b+c)c+a)+(c®+ab)c+a) c+b)a+b) > g(a+b)(b+c
Chu y rang ta c6 cac dang thic

(a+b)(a+c):a2+bc+a(b+c),
(b+a)b+c)=b%+ca+bla+c),
(c+a)c+b)=c®+ab+cla+b),

(@a+b)b+c)c+a)=a’(b+c)+b%(c+a)+c®(a+b)+2abe.

Nhu vay bat dang thic viét lai thanh

2a?+be)? N 2(b2 + ca)? N 2(c2 + ab)?

+2a2+2b3+2¢2 > 3a%(b+c)+3b%(c+a)+3c%(a+D).
b+c c+a a+
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Ta dé dang ching minh dudc
2a®+ b2 +c®) > a?(b+c)+b%(c+a)+c2(a+b).

Thanh tht ta di chiing minh

2(a2 + be)? N 2(b2 + ca)? N 2(c% +ab)?

> 2a%(b +¢)+2b%(c +a) + 2c%(a + b).
b+c c+a a+b

St dung Cauchy-Schwarz cho vé trai thi ta chi phai chiing minh
@ +b%2+c2+ab+be+ca)>2a+b+c)a’(b+c)+bic+a)+c(a+d)].

Tuy nhién bat dang thic nay hién nhién ding vi né tuong duong véi

2

2p2 4 b2c% + c2a2.

a*+b*+ct >a
Vay la bai toan giai xong.
1.549. Ta co

P=A4(x+y+2)+2(xy+yz+zx)+xyz +8.

Ta viét lai diéu kién duéi dang:
(x+y+z)2—2(xy+yz+zx) =3.

T6i day ta sé dat:
x+y+z=a,
xXy+yz+zx=>b,
xyz =c.
Bai toan tré thanh:
P=4a+2b+c+8,

a’-2b=83=>2b=0a%-3

thay vao P ta dudc

P=4a+a’>-3+c+8=a’+4a+c+5.
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lal = lx+y+2z] <\/3x2+y2+22)=3=>-3<a<3.

22 +y2 +22
3

Ta lai co

c2:(xyz)2<( )3:1©—1<c<1.
Tu do suy ra
P<a®+4a+6<3%+4-3+6=27.
D4u bang xay ra khix=y=2z=1.
Khong mat tinh tong quat, gia st

22 = min{x2, y2, 22},
khi dé dé thay -1 <z < 1. Bay gio, ta thay

(x+2)(y+2)=xy+2(x+y)+4
x2+y2+22+5
2

2 2
_ (x+y) +2(x+y)+z +5

=xy+2x+y)+

_(x+y+2)2+z2+1
B 2 2
22+1
> .
2

Do do,

P> (22 + 12)(2 +2)

Bang cach khao sat ham f(z) trén mién [-1;1], ta tim dudc ngay minP =
1

= f(2).

2
25 dat dude khi x = —é, y=z=—-—.
27 3 3

1.552. Gia st

x =min{x,y,z} = x € (0;1].
bat

1 2 2
fx) =22 +y2+22 4 x+y+2-20xy+yz+zx) = x2+ﬂ+22+x+—+z ————— 2xz
zex zZx z x

Ta ¢o

2xz z 2 2x22 z

2 2
()= 20—l e 2 = 2k 2)t lme ——— = < 0y(x < 231 < =),
f(x)=2x ey 222 g2 ° (x—2) iah 22,2 2 (<2 22)
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Ham so nghich bien, suy ra

1 1 2 ~12(z2+z+1
f(x)>f(1):z+zz+—2+2+——2___22:(Z )(z2 z )20.

Véi nhiing bai toan c6 gia thiét abe = 1, ching ta cling c6 thé trang bi chut
kién thic vé don bién. Uu diém ctia phuong phap nay 1a dé lam, dé nhé
va chéc chén hiéu qua. Nhudc diém 1a néu gip nhitng bat dang thic chat,
thuong budc khao sat ham mot bién thu dudc sé gap nhiéu khé khén.

Y tudéng thuc hién

e Buée 1. Quy bat ding thic dé bai vé dang f(x,v,z) > 0.

e Budc 2. Gia st z = minix, y,z}. Chiing minh
f(xyyyz) 2 f(\/x_, \/@,Z)
¢ Budc 3. Ching minh

f(Vxy,xy,2) >0

tuong duong véi
1 1
T =T —>» 2 0.

f( NN z)
Pay 1a bat dang thic mot bién z. Tuy vao d6 chit cia mdi bai toan,
ta c6 thé ching minh bang cach st dung nhitng danh gia co ban,
hoic phan tich nhan t&, hoic khao sat ham sb.

Ap dung vao bai toan trén:

Budc 1. Bat dang thic can ching minh c6 thé viét lai thanh
x2+y2+22+x+y+z—2(xy+yz+zx) =>0.
Buéc 2. Khong mat tinh téng quat, gia st z = min{x, y, z}, ta chiing minh
fx,y,2) > f(Vxy,/xy,2),
tuc la

x2+y2+z2+x+y+z—2xy—2yz—22x22xy+z2+2\/xy+z—2xy—4z\/xy.
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Hay
(o + y% = 2xy) + (x + y — 2y/xy) — 22(x + y — 2/xy) > 0.

Tudng duong véi
(Vx =3P [(Va+ ) +1-22)] > 0.
Mat khéc, dé y rang véi z = min{x, y,z} thi hién nhién
(WVx+yP+1-2z=x+y-2z+2/xy+1>0.

Vay ta da hoan thanh buéc tht hai. Chuyén tiép sang buéc 3. Buéc 3.
Chting minh sé hoan tat néu ta chi ra dudc

f(Vxy,Vxy,z) =0
hay
22 +2/xy+z—-4z\/xy > 0.
1
Thay xy = —, ta thu dudc
z

2
22+ +z2-4vz>0.
z

N

Bat dang thiic cubi nay dung vi stt dung AM-GM bé bén sb, ta cé

2 et oy L2 4z
—+z=z —t+—+z=24- [z —=—= 2z = z.
Vz Vz Vz Vz ez

2
2+ —+tz2-4yz>0.
z

N

Bai toan dudc giai quyét hoan toan. DAu déng thiic xay ra khi va chi khi

T do suy ra

x=y=2z>0.

1.553. Mot phuong phap kha manh trong viéc st dung dao ham dé ching
minh bat déng thic, hay tim gia tri 16n nhat nhé nhat 1a phuong phap
danh gia ham sb tai bién. Tu tudng cia phuong phap l1a dua vé mot ham
s6 bac nhat d€ danh gia. Sau day 1a mét s6 vi du:
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Viéc dau tién 1a nhan thay dau bang xay ra khia=b=c=1. Ta ¢
VT =(a+b)*+c*+(c—2)abd.

Gio thiy réang néu ¢ —2 <0 thi con gi bang. Chinh vay cho nén ta can gia
st ¢ = minfa;b;c} thi ¢ < 1. Thé thi

2 )2
VT>Boc?rc?rc-2.90 32?289

=f(e).
Gio xét ham .

fe)=2(c’~3x+18) cel0;1].
R6 rang ham nay nghich bién trén [0;1] nén f(c) > f(1) = 4.

Ta c6 mot cach nta. Ta co

a?+b2+c?+abc=(a+b)>—-2ab+c%+abe
:((3—2)ab+(3—c)2—|-c2

=(c—2)ab+2c®>—6¢c+9

(a+b)? B (8—c)?

t=ab; (0<t<
4

).

Ta co
F(t)=(c—2)t+2c¢®—6¢+9.

£() 12 mét ham bac nhéat véi bién ¢. Ma ta lai c6

3, 9 9
0)=2¢2-6c+9=2(c—=)2+=> =>4,
f(0) c c+ (c 2)+2 2>

o2 )2 -1y
f((3 4c) ):(0_2)((3 40) )+2c2—6c+9=w+4>4'

Suy ra

f(t)>4; te

(8-c)?
o]

Piéu phai chitng minh. Dau dang thic xay rakhia=b=c=1.
Ching ta lam nhu trén sé don gian vé mat y tuéng va dé thuc hién
hon.
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Thém cach nita cho bai nay thém thd vi ! Trong ba s6 bat ki luén cé
hai s6 16n hon hodc bang 1 ho#c nho hon hodc bang 1. Gia st hai s6 d6 1a
a,b. Taco

(a-1)b-1)>0vab+1>a+b=>abc>ac+bc—c.

Lai co
b)?> (3-c)?
9 2>(0L+ _ '
a“+b%> 5 5
Tu do
— )2 _ 2 _1)\2
a2+b2+cz+abc>(3 ) +c2+(3—c)c—c:92++cz4+(c 21) > 4.
1.554. Ap dung AM-GM ta luén cé
(y+2)? (1-x)*
< = .
YESTTY 4
(1-x)?
xy+yz+zx—xyz=x(y+2)+yz(1-x) <x(1l—-x)+ (1-x)

1 1
=4 [4x — 422 +(1-x)*] = Z(—x3—x2+x+1).

Do vay ta chi can chiing minh dudc:

1 8 5
Z(—x3—x2+x+1)<2—7©x3+x2—x+ﬁ>0.

Diéu nay tuong duong

& (3x—1)*(Bx+5)> 0.

p ° 1
Dau dang thic xay ra khi va chi khix=y=2z= 3
1.555. Trudc khi tim 16i giai bang dao ham minh xin trinh bay mét 16i
giai bang cach st dung céc bat déng thic thong dung dé tham khao so
qua. Dau tién ta sé tim GTNN cuaa P. Ta c6

P=(x+y+2z)xy+yz+zx)—2xyz

=xylx+y)+yz(y+2)+zx(z+x)+xyz > 0.
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nénP >0vaP=0khix=y=0,z=1.
Viéce tim dudc céc gia tri d€ P = 0 cho phép ta két luan GTNN cuaa P 1a

Tiép dén ta sé tim GTLN cta P. Ta thay P da dat GTNN tai bién
vay nén ta sé du doan rang GTLN cua né sé dat dugc tai tAm, tic 1a
xX=y=z= 1, khi do P = 2—77 Vay ta dua ra du doan ring bat déng thic
sau day la dang

7
xy+yz+zx—2xyzéﬁ.

Ta sé tim cach ching minh bat dang thiic nay, dong bac hai vé, ta c6
7
(x+y+2)xy+yz+zx)—2xyz < o7 -(x+y+z)3.

Khai trién truc tiép bat dang thic nay, ta dudc

73 + y3 +25+ 15xyz > 6lxy(x+ y) + yz(y + 2) + zx(z + x)].
Thé nhung bat dang thic nay hién nhién ding theo hai két qua quen
thuoc la
«3+ y3 +22> 3xyz.
x3 +y3 +23+ 3xyz = xy(x+y)+z(y+2z)+zx(z +x).
A o ~ 7

Vay GTLN cua P la 5.

Minh xin néu 2 huéng dé tim GTLN Ta c6

(y+2? (1-x)?
Y2z < = .
4 4

Do doé 1
P=x(y+2)+yz(1-2x) <x(1—x)+ Z(1—x)2(1—2x).

Téi day, ta c6 thé khao sat ham
1
f@=x(1-0+ 201 —x)?(1-2x), 0<x<1.
dé tim dudc max.

C6 thé don bién nhu sau:

1 +
P(x,y,z)_P(t,t,Z):Z(x—y)2(22—1), t:%.
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Neéu gia st z = min(x, y, z), thi ta c6 ngay z < 5 Khi do

P(x,y,z) < P(t,t,z).

Trong do
1-z 1-z
P =P .
(¢,t,2) ( 5 3 2)
T6i day, ta khao sat ham
1-z 1- 1
P(—2,—22), 0<z<3
2 2 2

1.556. Ta viét bat dang thic lai dudi dang

4xy N 4yz N 4zx
42?2 +y2+22  4y?+22+x2  422+x2+ 2

<2.

Ap dung Cauchy-Schwarz ta c6

4x +y)? 2 2
A G V. S
4?2+ y2+22 " 4x2+y2+22 " 3x2 X2+ y2+422
_1,

T —
3 x2+y2422

Thiét 1ap cac bat dang thic tuong tu roi cong lai ta thu dude diéu phai
ching minh.
Cach khac. Do tinh thuan nhéat ctia bai toan ta c6 thé gia s

x2+y2+22:3.

Khi do ta co

xy . vz . zx __ Xy y2 o, e
462 +y2+22  4y2 422442 422+22+92  (Bx2+1) (B8y2+1) (322+1)

Lai ¢6
x2+122x, y2+122y, z2+122z.

x+y+z< \/3.(x2+y2+22):3.

Tu d6 ¢6 diéu phai chiing minh.



1.10. Ddp sb, hudng dan gidi bai tap Chuong 1 271

1.557. Ap dung BDPT Cauchy-Schwarz ta cé:

x2 N 22 N Xy (x+2+\/ﬂ)2
(y+vzx+2)2 (x+2y+y)? (y+vza+2)2 " 20y +zx+2)2+(x+ /2y +y)?

Tudng tu véi cac hang ti con lai . Sau d6 dua vé dang

B + ¢ + A >1
2A+C 2B+A 2C+B~ 7
dung theo BDT Cauchy-Schwarz. Tu doé ¢6 dpcm.

1.558. Ta co
X +y> =16 o (x+y)° —3xy(x+y) = 16. (1.82)

Ta lai co
P:(x+y)2+4(x+y)—4—6xy.
t3-16

batt=x+y,taludon cé t>0nén tu (1.82) tacoé xy= . Thay vao biéu

thic roi rit gon ta dude

—t3+4¢2 -4t +32
P = .

t
Ma tit dieu kién ta dé dang suy ra dudce /16 <t < 4. Tu d6 ta chi can khao

sat ham sb
—t3+412 -4t +32

f@= ;

1.559. Phan tich va huéng giai O bai toan nay ta thay trong biéu thic P
c6 gi dé bat thuong 1a vi bién b chi xuat hién mét lan duy nhat nén ta
c6 thé xem P 1a mot ham s6 theo bién b va a; ¢ 1a cac dai luong c6 dinh.
That vay

P=F(b)=2b%+a?+3c%—2a—24¢+2060, Vbel0; 2].

Ta co
f'(b)=4b>0, Vbe(0;2)

Do dé ham sb y = f(b) dong bién Vb €[0 ; 2] Nén ta c6

fO)<f(b)=P < f(2).
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Vay ta sé di xét hai bai toan nhé sau
a+b+c=3=>c=3-b-a
Tu do ta co
F(0)=(3-¢)?>+3c%2-2(3—c)—24c +2060 = 4c — 28¢ + 2063 < P.
Thc la luc nay ta di tim ¢ sao cho
f(c)=4c®-28¢+2063< P, Vcel0;2] (1.83)

Xét ham sb
f(c)=4c?—-28¢+2063, Vcel0;2].

Ta co
f'(c)=8c-28<0, Vcel0;2].

Vay ham s6 f(c) nghich bién Ve €[0;2]. T (1.83) ta c6
fle)<P, Vcel0;2leminf(c)=f(2)<P, Vcel0;2]< P >2023.
Vay gia tri nhé nhat cta P = 2023 dat dudc khia=1;6=0;c=2. Vi
a+b+c=3=>c=3-b-a.
Tu do ta co
F(2)=(1—-c)?+3c2—2(1-c)—24c+2068 <2067, Vcel0;1].

Ma
P<f(2), Vcel0;1]=>P <2067, Vcel0;1].

Do d6 gia tri 16n nhat ctia P = 2067 dat dudc khi a =1;6 =2;¢=0.

1.562. Ta gia st b 1a s6 nam gitta a va ¢ thé thi
c(b-a)b-c)<0.

Vay

a’b+b%c+c’a+abe < a’b+b%c+cla+abe—cb-c)b-a)=bla+c)
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Vay ta chi can chiing minh

ab+bc+ca+3> b(a +c)® + 2abec.
Hay 1a

ba+c)+ac+3>b(a+ ¢)? +2abec.

Tuong duong
(8=b)b-1)2+(b+ac—2abc)>0.

Piéu nay ding do
b+ac>2vVabc >2abc.
1.563.

1.565. Mot cach tong quat, ta c6 thé ching minh dudc két qua sau day
Véi a, b, ¢ 1a cac so6 thuc khéng am théa méan diéu kién ab +bc +ca >0 va
0<k<111a mot s6 thuc bat ky cho truée thi

1 N 1 N 1 N k - 10+ 2%
a2+b% bZ+c2 c2+a? a?+b%2+c2” (a+b+c)?

Khong méat tinh tong quat ctia bai toan, gia st ¢ = min(a,b,c), va dat
x:a+§, y:b+§ =a+b+c. Khi do, ta c6 dudc cac danh gia sau day

b2+02<(b+§)2, 02+a2<(a+—)2

2 2

a®+b2 <a?+b2+ 2 < (P +a?) +(b%+c?) < (b+§) +(a+%) :

Vay, ta dua bai toan vé ching minh bat dang thic hai bién sau day
1 N 1 N k+1 10+ 2k

Cong viéc con lai khé don gian bang cach st dung bat dang thic AM-GM.
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Khai trién bat dang thiic nay, ta thu dudc

a 5 b
—< ===
b 2 a
Do do,
2b 3c-b b5
PL—+ +—.
c a 2

Ta co 3c—b>3-1—2>0véa>1nén3‘;—"’<3c—b. Tu day dua dén
2 5
Pgb(——1)+3c+—.
c 2

Do2-1>2-1=0vab<2nén tacé

2 5 4 3c—2)(c-2) 17 17
P<2(——1)+3c+—:3c+—+ _ij < —.
c 2 c c 2 2

1
2

Mat khéc, dé thiy dang thic xay ra khia =1 va b =¢ =2. Viy maxP = %
[ |

1.567. Day la 1o6i giai cia minh, that ra thi hoc theo cach lam caa anh
Qudc Anh théi. Goi GTLN ma P c6 thé dat dude 1a %. Khi d6 ta c6

ab+bc+2ca <k =k(a®+b%+c?)
Hay ta dua vé dang tam thic bac 2 theo bién & nhu sau
kb —(a+c)b +k(b*+c?) - 2ac > 0.
Piéu kién dé bat phuong trinh trén ton tai b 1a
A>0o(a+ ¢)? —4k[k(a® + c?) - 2ac] >0

o (1-4k%a?+2(1 +4k)ac + (1 —4k%)c? > 0.

Ta xét 2 truong hdp sau:

1) Khi ¢=0, taco
1 1
(1—4k2)a220@—§<k<§.
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2) Khi ¢ #0, ta chia ca 2 vé cho c2 va dat ¢ = % khi d6 ta sé thu dudc
(1-4k%)% +2(1 +4k)t +(1-4£% >0
Piéu kién dé ton tai ¢ la:
N>061+4k)° - (1-4k*2 >0 o k(k+1)(2k% -2k —1) <0

1+vV3
5

Tu day dé dang suy ra % <

1+v3

5 Ta chon mot cip sb

Két luan lai 6 ca hai truong hop ta c6 % <
thoa man ntia la xong.

1.568. Duéi day la 16i giai bang bat dang thiic Cauchy-Schwarz va AM-
GM minh vtra tim dudc lac 3h40 phut sang.

Pau tién, ta thay bai toan nay c6 su doi xing gitta hai bién a va b diéu
nay cho phép ta dua ra du doan gia tri nhé nhat sé dat dudc khi a = b.
(va dung la nhu vay).

Tiép dén ta hay dé y dén biéu thic P ctia bai toan, néu ta viét né lai
duéi mot dang khac 1a (that ra khong c6 gi khac ca chi la rat 5 ra thoi a)

P =5(a+b)+8c2,

v6i hinh thiic nay ctia P nay néu ta tim dudec mot danh gia nao d6 ma né
c6 dang
a+b=f(c),

hoac
c>gla+b),

(vV6i f, g 1a cac ham sb nao d6) thi ta c6 thé dua bai toan ba bién trén vé
tim gia tri nhoé nhat ctia mot bat ddng thic mét bién, diéu nay chic chic
sé dé chiu hon nhiéu (vi lic d6 dao ham hosc bién d6i tuong duong la ra)
so véi viée giai quyét bai toan ba bién.

Bay giv, ta sé di khai thac gia thiét bai toan dé tim xem cac ham sb6 dé
la gi? gia thiét ctia bai toan cho ta ab + be + ca = 6, rd rang giia ¢ va a,b
¢6 mbi lién hé véi nhau va néu khé 1éo viét lai diéu kién lai nhu sau

ab+cla+b)=6,
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thi chac han ta sé biét lam gi. Pai luong ab va a +b trong déng thic
trén goi cho ta nghi ngay dén viéc st dung bat dang thic quen thudc

abg(a-i_b

2
) dé c6 thé viét dang thic diéu kién trén lai thanh dang

a+b)2

6< b
cla+b)+ 5

hay la
(@+b)?+4c(a+b)—24>0.

Gia bat phuong trinh nay véi chi ¥ a + b >0, ta tim dude
a+b>-2c+2Vc2+6.

St dung bat dang thic nay ta thay
P>8c2-10c+10Vc2+6.

Vay ta da thanh céng trong viéc chuyén bai toan ba bién vé mét bién (mot
bude tién quan trong trong qua trinh tim 16i gidi). Tuy nhién bai toan caa
ta lic nay lai gip khé khan vi su xuét hién cta cén thic, nhung bat déng
thic Cauchy-Schwarz, sé gitp ta khic phuc khé khén nay. Theo bat déng
thiac Cauchy-Schwarz, ta co

1
8¢2—10c+10Vc2+6 :802—100+4\/(02+6) (Z +6)

>8c2—10c+4(§+6)

=8c%2-8c+24
=2(2c-1)2+22>22.

1 A <
Mat khac v6i a = b =2,c = 3 thi P = 22, diéu nay cho phép ta ket luan
Py = 22. O
Phan tich nhu anh Huyén ta c6 :

C
-+6
24-8
a+b>-2c+2Vc2+6>-2c+2 2 = ¢

1 6 5
\/ S+
4

(1)
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Néu ta ¢6 : c>3 thi 5vVa+b+2¢2> 18> % Nhu vay ta chi can xét khi
¢ <31a da. Dé thay a +b >0 do dé st dung bat dang thic AM-GM ta c6 :

Vaih= 4(a+b) > 4(a+b) 224—80
4vVa+b a+b+4~ 11-2¢

Do (1) va tinh dong bién cta ham f(u) = %. Nhu vay ta chi can ching

minh :
5(24-8¢) , 5 21

11-2¢ 7
Do ¢ <3 nén 11 -2¢ > 0. Nhan ca hai vé v6i 11 - 2¢ va khai trién rat gon
thi bat dang thic tuong duong :

(9-2¢)2c-12>0

Pay la bat dang thic hién nhién ding vi ¢ < 3. Bai toan chiing minh xong.
Pang thiic xay ra khi va chikhia=b=2,c = %

1.569. ta co
a b 3 (a+b)ab+1)

+ = .
a?+1 b%2+1 (1+a2)(1+b?)
Pit biéu thic vé trai bat dang thic1a P , st dung bat dang thiic Cauchy-
Schwarz ta c6

(ab+1)2%(a+b)? 2
P2<10 .
121 +b22 41
Nhu vay, ta chi phai chiing minh

(ab+1)2(a+b)2+ c? )
1+a2)2(1+5b2)2 2+1 7

1-ab
Th =
ay e a+b

. B4t déng thiic trén tuong duong véi
(1+a®)(1+b%) > 1 +ab)® & (@a—b)?>0.

Bat dang thic cubi cung hién nhién ddng, béi vay bai toan dude ching
minh! Péng thiic xay ra khi va chi khi c=3,a=b=v10-3.

1.570. St dung bat dang thiic Cauchy-Schawarz,

25 =4xy+2yz—zx = dxy+2(2y—x) < \/(4xy +22)(4xy +(2y —x)2) = \/(22 +4xy)(x2 +4y2).
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Suy ra
25
x2+4y2> ——
V22 +4xy
hay

25 2
> 224
T 2+4xy 5 TR

DPat ¢ = /22 +4xy, xét ham sb

25 2
t)="+—t
f=—3+¢

Pén day st dung khao sat ham s, ta ¢c6 minP = min f(¢) = £(5) = 3.
x?+4y? =25,

z2=2y—-x>0,
dxy+2yz—zx =25,

Vay min P = 3. Pat dudc khi (x,y,z)=(3,2,1).
Cach khac. St dung bat dang thiic Cauchy-Schawarz, ta cé

25 =4xy+2z(2y —x) < \/(4xy +22)[4xy +(2y —x)2] = \/(22 +4xy)(x2 +4y2),

\/x2+4y22—25 )
V22 +4xy

St dung danh gia nay ta dua bai toan vé tim gia tri nhé nhat ctia ham sb6

25 2
F=———+_1/x2+4
22+4xy 5 * -

Bay gio stt dung bat ding thiic AM-GM, ta c6

1/ 2 _1/ 2 2 2
+4xy 5 z +4xy+ z +4xy>3\/ +4xy = z +4xy- \/z +4xy=3.

Mat khéc véi x = 3,y = 2,z = 1 thi dang thic xay ra, diéu nay cho phép ta

hay la
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1.571. PE y rang

al@a—2b+c) a(B-3b) _a+l-ab-1 (a+1 _1)
ab+1  ab+1 ab+1 T ab+1 ’

nén bat dang thic can chiing minh tuong duong véi

a+1 b+1 c+1
+ + > 3.
ab+1 be+1l ca+1

St dung bat déng thiic AM — GM ta dua bai toan vé chiing minh
(a+1)b+1)c+1) = (ab+1)bec+1)ca+1),

hay tuong duong
3> a’b2c? + 2abe.

Bat dang thic nay hién nhién ding vi abe < 1. Bai toan dude chiing minh
xong.

1.572. Do tinh hoén vi ctia bat déng thiic, khong méat tinh téng quat gia

st @ = max{a,b,c}. Ta co

a-b b-c c—a a-b b—-c c¢c-b+b-a

+ + = + +
vb+c Ve+a vVa+b Vb+c Ve+a Va+b

1 1 1 1
=(a-b)( - )+ (b —c) - )
¢ vVb+c Va+b ¢ va+c Va+b
(a=b)a-c) (b—rc)?

T VBT atbVbtctVath) " Via+e)a+b)(Va+c+Va+b) =0
Vay bat dang thic da cho dude chitng minh. Pang thic xay ra khi va chi
khia=5=c.

Cach khac. Dat

\/b+c:\/§x;\/a+c:\/§y;\/a+b:\/§z

Suy ra

a=y2+22 -

b=x2+22-y2,

c=x2+y2-22
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Ta viét bat dang thic lai thanh

292 —2x2 222-2y2 2x2-222
y x+z y+x z

>0,
2x 2y 2z -
tuong duong véi
2 2 2
y° oz x
—+—+—2x+ty+z.
x y =z

Piéu nay ding theo BPT Cauchy-Schwarz. Vay ta c6 dpem.

1.573. St dung phuong phap tiép tuyén, ta cé

1 <a+2
a2-4a+9 = 18~

1 b+2

< ,
b2-4b+9 = 18
1 <c+2

c2—4c+9 18

Cong cung chiéu cac bat dang thic trén, ta dude

a+b+c

P>
18

1
+o=—.
3 18

7 . < ..
Vay maxP = 18 dat dudc khi (a,b,c) =(1,0,0) va cac hoan vi.

1.574. Khong méat tinh téng quat, gia st « 14 s6 nhé nhéat trong ba sb a,
4
b, c. Tacéogagg.

P=1+a®)((b+c)+bc-1)>1+a®>)4-a)® =f(a).

) 4
Khao sat ham so trén doan [0; §]’ ta co

_ 2-v2) 71-8V2
minf(a)=f ( 5 ) = 1 .
Vay bat dang thitc dudc chiing minh. DAu bang xay ra khi trong ba sb a,

2-v2

b, ¢ ¢6 modt s6 bang 2+ v/2 con hai s6 con lai bang 5
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A Lt A 11 , 71-8vV2 . . Y
V6i biéu thic gay khung hoang nhu —\/_ thi minh nghi kha thi
nhat 1a tim cach gidm bién s6 dé dua vé ham 1 bién va xét ham s6 :). Véi

y tudng ctia don bién thi ta mong sao chiing minh dudc

(1+a?)(1+6%) > |1+

(a+b)2]2

Bién d6i tuong duong thi bat dang thic nay tuong duong véi

MV [Q_(n2 2
(a—0b) [8 ((1z6+6ab+b)]>o.

Bat dang thic nay khong phai luén ding? Mubn né luén ding thi ta phai
co
8>a?+6ab+b2.

Bay gio ta sé loay hoay lam sao dé c6 dugc bat déng thic dé! PE ¥ ring
a’?+6ab+b%=(a+b)’+4ab<(a+b)>+(a+b)?=2a+b)?,
nén mubn bat dang thic dé ding thi bat dang thic sau phai dung :
4>(a+by,

tuc la
2>a+b.

Thé nhung diéu nay gia thiét lai khong cho ta? Chang 1é diung lai tai day?
Khéng! Khong ditng lai! Khong cho ta thi minh tu tao ra né! Nhung béng
cach nao? Cau tra 1oi 1a chia truong hgp.

Néu a +b > 2, thi stt dung bat dang thic Cauchy—Schwarz, ta c6

(1+a?) (1+0%) (1+c?) > (a+b)*[1+(4—(a+b))>]
Pit t =a+b > 2. Xét ham sb
f=t*(1+@-t)?).

A 2 N 2, .« A 1 < 1 ° .
Pao ham cap mot cia ham f(¢) c6 nghiém ¢t =3-— va t =3+ —. Ca hai

. V2 V2
nghiém nay déu théa man ¢ > 2. Lap bang bién thién, dée thay
1) 71-8v2
0>rfpe L) TT0E
! ! V2 4
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Nhu vay, ta chi can chiing minh bai toan trong trusng hop a+5b < 2. Mong
mudn ban dau cta ta da dudc théa man! Nhu vy, ta c6 danh gia

4-c)?)?

4

@+b)21>

(1+a®)(1+5%) > |1+ 1+

2

va ta dua bai toan vé tim min ciia ham mot bién ¢ sau day

— 212
1+ 89 (1+c%).

flc)=

Véi chu ¥ ta dang xét a + b < 2 nén ta sé khao sat ham d6 véi ¢ > 2. Pén
day minh danh lai cho cac ban tré thé hién stic khée ctia minh nhé! Bai
nay minh nghi qué tam so vé6i thi Pai hoc. Trong khi khao sat ham f(c)
d6, dao ham cap mot ciia né c¢6 nghiém 1a ¢ = 2+ v/2 va dé chinh 1a gia tri
lam cho ham f(c) dat gia tri nhé nhat! Tic 14 ta sé c6

71-8v2

fle)=>f2+V2)= .

Bai toan dudc chiing minh xong. Pang thic xay ra khi va chi khia =56 =

2—v2
2\/_, c=2+v2. 1

Béi vi tu tudng ciia don bién 14 néu ta dat 2t = a + b thi ta mong mubn
ching minh dudc

fla,b,c) = f(t,t,c)=1f(t,t,4—2¢) >0,

6 day
Fla,b,o)=(1+ a1+ 631+ %) - H=8V2
2 9 ~
f(t,t,c):(1+ a+b) (1+(a;b (1+Cz)_’71T€3\/§
2,2 B
:(1+(a;b))(1+c%_317§z§

nén ta sé ching minh f(a,b,c) > f(¢,t,c), tic la

242
(1+a2)(1+5%) > 1+M] .

4
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1.575. Theo BDT AM-GM ta cé

! + ! + ! +1>44¢ ! > 4 __16
3 xZ—xy+y2 T T\ a8y3(2—xy+y2) T (x2+2xy+y2) T (x+y)?
4

Tuong tu ta c6 hai BDT ntia va suy ra

1 N 1 N 1 )
(x+y)2 (y+2)2 (z+x)?

16( 1 1 1 r
> — + +
3

16

P+3>16

x+y y+z z+x

9 2
>
- 3(ﬂx+y+ZJ
>12.

=

suy rar P >9. Pang thitc xay ra khi x = y=z=1 Vay minP = 9.

1.576. Theo B4t dang thiic Cauchy-Schwarz, ta cé

. bvb N cyc N ava
V2a+b+c V2b+c+a V2c+a+b
(@+b+c)

> .
Va@c+a+b)+/bR2a+b+c)+/c(2b+c+a)
St dung bat dang thic x + VY +Vz</3(x+y+z), tasuy ra

Va@c+a+b)+vVb@2a+b+c)+Ve(@2b+c+a)<

<V3(a2+b2+c2+3ab+3bc+3ca)<6
3
Twu do suy ra minP = 2’ dat dudc khia=b=c=1.

1.577. Dat ba céi can 6 VT lan ludt 1a X,Y,Z cho gon. Ta sé viét lai bat
dang thic trén thanh

X+Y +Z>16(a2+b2+c2).

Hay nhé "Ba nam vo T4y, bay ndm v6 Tau ciing khong bang mét chau ca

dau". P& pha cac 16p can thitc kho chiu ca hai bén, y tudng tu nhién nhat
va néng dan nhéat] chinh 1a binh phudng ca hai vé ;)).
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That vay, sau khi binh phuong va rut gon lai, ta sé thu dude

VXY +VYZ+VZX >a?+b%+c%+ab +be +ca.

Téi day, nhan thay ca hai vé cia bat dang thiic nay déu chita bién, ching
lai c6 dang d6i xting nén mot cach tu nhién, ta nghi ngay téi ki thuat
ghép d6i xiing. Xét thang VXY la dai dién cho vé phtic tap xem sao :-?.
Pé y rang

XY =[(a-b)*+2c][(b - ¢)* +2a°].
Chac, toan binh phuong. Ping con chau bac Cauchy Schwarz roéi, chién
théi >:). Ta c6

XY =[(b-a)®+2c21[(b-c)*+2a%]1 > [(b—a)(b—c)+2cal® = (b2 +3ca—ab—bc)>.
Tu do suy ra
VXY > b2 +3ca-ab—be|>b%+3ca—ab-be

Thiét 1ap hai bat dang thitc tuong tu va cong ching lai theo vé, ta sé thu
duadc

VXY +VYZ+VZX >a?+b%+c?+ab+bc+ca.
T do suy ra dpcm. :)
1.578. Tu sau 2008, bai nay c6 vé noi tiéng nhi. Ta viét biéu thic F lai
dudi dang thuan nhéat

PR S
x-92 (y-27 (-x?2]

F=(xy+yz+zx)

Khong mét tinh tong quét, ta gia st z = min{x, y,z}, va thu dudc cac danh
gia sau

(y-2)* =y* +2(z—2y) < %,

(z—x)° =22 +2(z — 2x) < x2.

Suy ra
1 1 1 1 1 1

> 1
G2 -22 -2 w—y? 22
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Két hop véi xy + yz + zx > xy, ta dude
x x
F}—y2+—+z.
(x=yy ¥ x

Mat khéc, st dung bat dang thiic AM-GM, ta c6

)2
R LT R e P AL B SE S
(x-y)7 ¥y x (x-yy ¥y x (x—y) xy
N .. X 3+v5h R <X N . A A
Ngoai ra véi — = g % =0 thi F =4, dieu nay cho phép ta ket luan
Yy

Phin=4.0

Bai toan chinh 14 cau bat dang thic trong dé thi VMO-2008. Cau nay
kha hay nhung khong qua kh6 minh kha thich bai toan nay, ngoai ra ta
con c¢6 thé mé rong bai toan theo nhiéu huéng khac nhau. Duéi day 1a
mot s6 két qua ma minh biét.

M réong 11 Véi x, y, z 1a ba s6 thuc khong am d6i mot khac nhau. Véi
nhitng gia tri ndo cta £ > —1 thi biéu thic sau day sé dat gia tri nhé nhat
va hay tim gia gia tri nhé nhat nay theo .

1 1 1
@y G-2°  -xpl

F= [x2+y2+z2+k(xy+yz+zx)]

M6 réng 2. V6i x, y, z 1a ba s6 thuc khong 4m déi mot khac nhau.
Ching minh rang khi d6 v6i moi s6 thuc khong am %, bat ding thic sau
lu6n dudc thoa man

xy+kyz—2kzx+yz+kzx;xy+zx+kxy;yz 22(14_\/%).
(y—2) (z—x) (x—2)

Bai nay c6 thé ching minh bang cach trén.

Xung quanh bai VMO nay c¢6 mét sé6 chuyén lum xum nhung dang
dudc quan tam.

Cau bat dang thiic nay xuat hién trong dé thi nam VMO-2008 nhung
that ra trudc d6 d6 bai toan nay da tung xuit hién trén Dién dan toan
hoc (diendantoanhoc.net) véi tac gia dé nghi 1a anh Pham Sinh Tan, nam
2007 trong quyén sach "Bat dang thic suy luan va kham pha" thi bai
toan nay ciing dudc nhic dén, tuy nhién truée lic ky thi VMO bat dau
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thi bai toan nay lai bi mat, c6 mot s6 thanh vién trén dién dan néi 1a do
ngudi cia Bo lam. Xin trich din ra day 16i ctia thay Nam Diing lic ay.
(K.M 1a thdy Khic Minh). Lic trudc minh ¢6 1am mét file bai viét néi
vé bai nay nhung m4dy tinh bi héng nén bai bi mat, :-" khong ctu dudgc.
1.579. Ta c6 thé viét gia thiét thanh
(-2 +x-2)(y-2)+(y-2%=1.

Dé cho gon gang thi dat

thi co
a?+ab+b2=1.

Ta chi can tim gia tri nhé nhat ctia biéu thiic

_a+tb+3
Ca+2b+7
DPé ¥ thay
b\ 3b2
2 2
+ab+b=la+—=-| +—=1.
a”+a (a 2) 2

Tu day dung phép thé luong giac thi dé thiy ton tai a dé

. 1
a=smao——=cosa
{ . |

-2
b= \/gcosa.

Thay vao ta cé dudc

cosa
+3

sina +

P= < V3P -1)sina+ (8P -1)cosa = V3(3-7P).

sina +v3cosa+7

Tu diéu kién c6 nghiém ctia phuong trinh luong giéc, ta phai c6

1 23
3(P—1)2+(3P—1)223(3—7P)2©§<P<E.

1
KhiPzg thi ta c6 dudc ngay a = -1, b =0. Lic do tim dudc x =1, y = 2.

2 2 e v 1A, . .1 .
Pen day ta ket luan gia tri nhé nhat caa P 1a 3 dat dudc khi x=1, y=2.



Phu luc A

Vai van dé khéc

A.1 Mbt ki thudt nhan luong lién hop

Trong muc nay, t6i dé cap téi mot cach giai phuong trinh, hé phuong
trinh vé6 ti bang cach nhan lugng lién hop.!

Vi du A.1. Giai phuong trinh
AVx+2+V22-3x)=x>+8.

Loi gidi. Nhan thay x = -1 va x = 2 1a hai nghiém ctia phuong trinh.

Vé6i x = -1 va x = 2, thi 4V/x+2 nhan céc gia tri tuong ting 1a 4 va 8.
Pit A(-1;4) va B(2;8). Phuong trinh duong thang qua hai diém A va B
1A 4x-3y+16=0hay y = Aot 16. Do d6, ta nhan vao 4vx +2 véi luong
4x+16

T

V6i x = -1 va x =2, thi v22 - 3x nhan cac gia tri tuong ting la 5 va 4.
Pt C(-1;5) va D(2;4). Phuong trinh duong thang qua hai diém C va D 1a

14 - . 14—
¥ Do do, ta nhan vao v22 — 3x véi ludng 3 a

x+3y—14=0hay y =

Do hai lugng nay, c6 cung méu sé 14 3, nén dé cho don gian, ta nhan
phuong trinh véi 3. Khi dé, ta nhan vao 12v/x + 2 véi ludng 4x+ 6 va nhan
vao 3v/22 —3x vdi lugng 14 — x.

1Ki thuat nay do thay Nguyén Van Thién, trusng THPT chuyén Luong Thé Vinh,
DPong Nai chi cho toi.
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A 1sa 22 BRI e g A 1A s A L
biéu kién —nggg. Chu y rang véi dieu kién nay ta ludn co
12Vx+2+4x+16>0; 3v22-3x+14—x>0. (A1)

Phuong trinh da cho dudc bién déi thanh

34Vx+2+V22-3x)=3(x>+8)

hay
12\/x+2—(4x+16)+3\/22—3x—(14—x):3(x2—x—2).

Tuong duong

-16(x2—x—2) x-x-2 9
- =3(x"—x—2).
12vVx+2+4x+16 3v22-3x+14—x
Hay
16 1
(x®-x-2) + +3|=0. (A.2)
12vVx+2+4x+16 3v22-3x+14—«x
Theo nhan xét (A.1), nén tu (A.2), ta c6
2 x:_l,
x“—x-2=0%
x=2.
Vay phuong trinh da cho ¢6 hai nghiém x=-1 va x = 2. O

V30+x—/18—y=1,
V45+2y-v20—-x=2.

Vi du A.2. Giai hé phuong trinh {

Li gidi. Data=v30+x>0,b=+/18—y>0. Hé da cho tré thanh

a—-b=1,
{\/81—2132— V50 —a? =2.
Thay b =a —1 vao phuong trinh th hai, ta dudc
V=22 + 40+ 79 =2+ V50— a2,
Binh phudng hai vé phuong trinh trén, ta dudc

—a?+4a+25=4-V/50-a2.




A.1. M6t ki thudt nhan luong lién hop 289
Binh phuong hai vé phuong trinh cudi nay, ta dudc phuong trinh hé qua

a*—8a®—18a%+200a — 175 = 0.

Giai phuong trinh nay, ta c6

Cacgiatria=1,a=5,a="7 déu thod —a®+4a+25 > 0 nén ta nhan va loai
a=-5.

e V6ia=1,tacob=0.Khido, hé c6 nghiém (x;y) =(-29;18);
e V6ia=5,tacob=4. Khido, hé co nghiém (x;y) =(-5;2);
e V6ia="17,tacob=6.Khido, hé co nghiém (x;y)=(19;-18);

Vay hé c6 tap nghiém la . = {(—29;18);(-5;2);(19;-18)}.
Cach khac. Qua cach giai trén, ta thay phuong trinh

V=242 +4a+79 =2+ V50 —a2.

c6 ba nghiém a =1, a =5, a = 7. Vay ta nghi téi viéc dung ludng lién hgp
dé giai phuong trinh nay.

Dat f(a)=V—-2a2+4a+79. Ta c6

f=9, fB=7 f(1)=3.

Dat
A(1;9), B(5;7), C(T7;3).
. . e X 1, 33
Phuong trinh parabol di qua cac diem A, B,Clay=—--a“+a+ R
: = 1 33
Do d6, ta nhan v —2a2 +4a + 79 véi luong lién hop —=a? +a + R
Tuong tu, dat g(a) = V50-a2. Ta ¢
g)=17, gB)=5, g@B)=3.
Dat

D(1;7), E(5;5), F(3;1).
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. L ae g . 1 25
Phuong trinh parabol di qua céc diém D, E, Fla y= —Za2 tat+—
: " 1 25 . A .
Do d6, ta nhan v50 — a2 véi luong lién hop —Zaz +a+ = V6i phéan tich

nhu trén, phuong trinh

V=202 +4a+79=2+150-a2.

tuong duong véi

1 33 1 25
\/—2a2+4a+79—(—2a2+a+1) = \/50—a2—(—za2+a+—).

4
hay
(a—1)(a-5)a+5)a+7) 3 (a—1)a-5)a+b)a+7)
1 33\1 1 25\]°
16 \/—2a2+4a+79+(—za2+a+1) 16[\/50—a2+(—1a2+a+1)

Tu phudng trinh cudi nay, véi diéu kién a > 0, ta ciing suy ra ba nghiém
laa=1,a=5,a=". O

Dung ki thuat lién hdp trén, ta c6 thé tao ra mot dé toan nhu sau.

Vi du A.3. Giai phuong trinh

V622 = 30x + 40+ /622 — 18x + 16 = x° — 4x% + 3x +6.
Phaén tich. Bay gio toi sé chia sé kinh nghiém lam dé. Gia st ta mudn
tao ra mot phuong trinh ¢6 ba nghiém lax=1,x=2, x =3.
Buéc 1. Ta chon biéu thiic f(x) = ax? + bx + c. Ta tinh cac gia tri f(1),

£(2), f(3). Ta chon sao cho cac gia tri nay la binh phuong diung (vi biéu
thitc nay dudi can). Chang han, ta chon

f)=16, f(2)=4, [fB)=4.

Khi do, ta tim dudc
a=6, b=-30, c=40.
T6i dung Maple, nén chon kha don gian.
Tuong tu, chon biéu thic g(x) = mx? + nx + p. Vi phuong trinh cé ba
nghiém la x = 1, x =2, x = 3. Ta tinh cac gia tri g(1), g(2), g(3). Ta chon
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sao cho céc gi4 tri nay la binh phuong ding (vi biéu thiic nay dudi can).
Chéng han, ta chon

g)=4, g2)=4, g@B)=16.

Khi do, ta tim dudc
m=6, n=-18, p=16.

Dé tim biéu thic bén phai, ta dit

h(x) = V6x2—30x+40+ V/6x2 — 18x + 16 — (x* + dx® + ex + f).

Vi phuong trinh ta mong muén c¢6 ba nghiém x =1, x =2, x =3, nén ta sé
tinh céc gia tri A(1), A(2), (3) roi giai hé phuong trinh

h(1)=0,
h(2)=0,
h(3)=0.

Ta sé tim dudc
d=-4, e=3, f=6.

Nhu vay la ta c6 dé bai toan 6 trén. o

A.2 Dua vé hé déng bac

Xét hé phuong trinh

ax’+by?>+cxy+dy+ex=F,
a'x®>+b'y?+c'xy+dy+ex+f' =0.

Ta tim so % sao cho

ax’+by? +exy+dy+ex—fF+k@x?+b'y +c/xy+d'y+e'x+f)=0. (A.3)

Khai trién phuong trinh trén dua vé phuong trinh bac hai theo x. Tinh
A, cua phuong trinh nay va cho A, =0, ta dudc phuong trinh bac hai theo
y. Lai tinh A, cia phuong trinh béc hai theo y, ta duge mot bi€u thic
theo k. Cho biéu thiic nay bang 0, ta tim dudc .
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, et . x?—2xy+2y+15=0,
Vi du A.4. Giai hé phuong trinh
2% —2xy+y2+5=0.
Loi gidi. Goi k 1a sb thoa
x2—2xy+2y+15+k(2x—2xy+y2+5)20.
Pua phuong trinh trén vé phuong trinh bac hai theo x, ta dudc
% +(—2+2k)y —2k)x —ky? +2y -5k +15=0.

Ta co
Ay =(4—4k +4k%)y? + (8k — 8k% - 8)y + 4k2 + 20k — 60.

Bay gio ta xét phuong trinh bac hai theo y
(4 -4k +4k2)y? + (8k — 8k% - 8)y + 4k% + 20k — 60 = 0.

Ta co
Ay = —384k> + 1408k* — 1408k + 1024.

Giai phuong trinh
—384k3 + 1408k% — 1408k + 1024 =0

ta tim duoc k& = g Do d6, ta c6 biéu dién

x2—2xy+2y+ 15— 2(235—29cy+y2 +5)=0.
hay
3(x? — 2xy + 2y +15) - 8(2x — 2xy + y* +5) = 0.
Phan tich thanh nhan ti biéu thic trén, ta dudc
(x+4y-5)3B8x—2y-1)=0.
Hé phuong trinh da cho tuong duong véi
x?—2xy+2y+15=0,
{x +4y-5=0

hoac
x2—2xy+2y+15=0,
3x—-2y-1.
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Vi du A.5. Giai phuong trinh
3x+1+2V1-x-4V1+x+V1-22=0.

Loi giai. Patu=v1+x>0,v=v1-x>0. Suyra

2 2

u’-v
V1i-x2=u-v, x= )

2

Ta ¢6 hé phuong trinh

u?+v2=2

2 9
3(u 2 v )+2v—4u+u-v=0.
Ta can tim sb % sao cho ¢6 biéu dién
3 (u2 _ v2
2
Viét phuong trinh (A.4) theo phudng trinh bac hai theo u, ta ¢6

3
5
2

A, = (—4k2% +10)0? + (=20 + 8k)v + 8k2 — 8k + 10.

+2—du+u-v-k@W?+v?2-2)=0. (A.4)

3
u2+(—4+v)u—§v2+1+2v—k(v2—2):O.

Ta c6

Xét phuong trinh 4n v
(—4k2 +10)0% +(-20 + 8k)v + 8% -8k +10=0.

Ta cé
A, = 32(4k% - 4k — 3)k>.
N , 3 . 1
Giai phuong trinh A, =0,tac6 2=0, k= 2 vak= ~5

1
V6i k = —5 phuong trinh (A.4) thanh
2u2—v2+2v—4u+uv:0©(u—2+v)(2u—v):0.

Xét hé phuong trinh
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Tu do, ta c6 nghiém x = 0. Xét hé phuong trinh

V10
2u—-v =0, u:?,
o
Wliv2=2 v:2\/10.

3
Tw do, ta c6 nghiém x = s
: = . 3
Vay phuong trinh da cho ¢6 hai nghiém x =0 va x = ot
Cach khac. Dat
a=V1-x>20, b=VvV1+x>0.

Ta co
3x+1=—-a’+2b%

Phuong trinh tré thanh
~a®+(b+2)a+2b%—4b=0.

Ta c6 A =(3b-2)2.

restart:

A:=3%(u~2-v~2) /2+1+2xv-4xu+uxv-k* (u~2+v"2-2) :
collect(A,u);

B:=collect(discrim(A, u), v);

C:= discrim(B,v);

sol:= solve(C=0,k);

M:= subs(k=sol[4], A);

factor(M);

Vi du A.6. Giai hé phuong trinh

x2+y?+4xy-6=0,
2x2 -3y —Tx+8=0.

Véi cach 1lam tuong tu, ta tim sb % sao cho c¢6 biéu dién

2 +y?+4xy—6-Ek(2x%>-3y—Tx+8)=0.
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Pua phuong trinh trén vé phuong trinh bac hai theo x, ta cé
(1-2k)x+ Ay +Tk)x—k(8-3y)+y>—6=0.
Ta co
A, = (8k +12)y% + (24k2 + 44k)y — 16k — 152 + 24.

Xét phuong trinh 4n y
(8% +12)y? + (24k2 + 44k)y — 16k — 15k2 + 24 = 0.

Ta c6
A, =576k* +2592k3 + 3168k% — 1152.

1
Giai phuong trinh trén ta dudc k=-1, &k = 3 k=-2.
3x2+y2+4xy+2—3y—7x:(x+y—2)(3x+y— 1).

Ngoai cach lam trén day, ta c6 thé la cach khac nhu sau: Déi véi hé
phuong trinh c6 dang

{ax2+by2+cxy+dy+ex—f,

a'x®+b'y?+c'xy+dy+ex+f =0.

Quan sat ta thay ca hai phuong trinh ctia hé da cho déu c6 dang bac hai,
trong d6 cac phan t tu do ctia x va y déu c6 dang bac nhat. Piéu nay goi
nhé cho chiing ta tim cach dua vé hé phuong trinh déng bac hai dé giai
quyét. Vay ching ta c6 meo nhé nhu sau: D6 1a dat

x=u+a, y=v+b

thay vao hé phuong trinh. Sau d6 muén hé dong bac hai véi u, v thi ching
ta cho hé sb bac nhét caa u, v bing khéng. T d6 ching ta tim dudc a, b.
Ki thuat tim @ va b cling c6 thé 1am theo cach duéi day. Xét phuong
trinh
2 +by?+cxy+dx+ey+f =0.
Dat
F(x,y):ax2 +by2+cxy+dx+ey+f.
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Tinh dao ham lan lugt theo bién x, y ta c6

F.(x,y)=2ax+cy+d

F;(x,y):2by+cx+f.

Sau d6 giai hé phuong trinh

2ax+cy+d =0,
2by+cx+f =0.

ban sé tim dudc cac sb a va b.

(Chu y: khi tinh dao ham theo bién x thi ban coi y nhu 1a mot hing
s6, ngudc lai khi tinh dao ham theo y thi coi x nhu hing s6 va tit nhién
hang s6 dao ham bang 0).

Vi du A.7. Giai hé phuong trinh

2+y2+xy+2y+x=2,
2x2 —y2 -2y -2=0.

Chung ta lam ra nhap nhu sau: Pat
x=u+a, y=v+b.
Thay vao hé phuong trinh ta dudc:
(u+a)2+@+b2+(uw+a)v+b)+2v+b)+(u+a)=2,
{2(u+a)2—(v+b)2—2(v+b)—2:0.
Khai trién hé phuong trinh ra, ta dudc

{u2+(b+1+2a)u+uv+v2+(2b+2+a)v+a—2+a2+2b+b2+ab:0,

~(v+b)?2=0.

roi cho cac hé so bac nhat cta u, v bang 0. Ta giai hé

b+1+2a=0,
2b+2+a=0.
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Tu hé trén, ta c6 a =0, b = —1. Vay lam bai thi thi ta lam nhu sau:
Pat x =u,y =v—1 ta sé dua vé hé phuong trinh don gian nhu sau:

{u2+uv+v2—3,

2u?—v?2=-1.
Vi du A.8. Giai hé phuong trinh

x2+3y2 +4xy—-18x—-22y+31=0,
2x% +4y? +2xy +6x—46y+175=0.

Loi giai. Dat

F(x,y)=x%+3y% +4xy —18x— 22y + 31.

Ta c6

Fl(x,y)=2x+4y—-18
va

F;,(x,y) =6y+4x—22.
Giai hé

2x+4y—-18=0,
6y+4x—-22=0.

Ban sé tim dudc x = -5 va y = —7. T6i day, bang cach dat
x=X-5,
y=Y+T7,

{X2+3Y2+4XY_1,

ta thu dudc hé dang cap

2X2+4Y2+2XY =1.

Chu ¥ rang dong thoi ban phai kiém tra ca phuong trinh thi hai trong
hé ludn, vi phép dat dua vé dang cap chi thuc hién dudc khi hai phuong
trinh trong hé theo cach tinh nhu trén chi cho mot tam.



298 Phu luc A. Vai van dé khdc

, et s . x?—y?-2x+2y+3=0,
Vidu A.9. Giai hé phuong trinh
x%+2y—2xy+7=0.

Cach 1. Ta co

8(x%—y2—2x+2y+3)—3(x%+2y—2xy+7) = (x— 3 +2y)(5x — 1 —4y).
x=a+1,
y=b+1.

a?-b2=-3,
a®—-2ab = -8.

Pay 1a hé dang cip bac hai theo a, b.

Cach 2. bat

Ta c6 hé phuong trinh

A.3  Gidi phuong trinh bac bén day di béng mdy tinh cam
tay

Cdch 1. Gia st ta can giai phuong trinh bac bon
ax* +bxd+cex’+dx+e =0, a#0.

bat
f(x):ax4+bx3+cx2+dx+e

e Buéc 1. BAm MODE 7, chon Table. Khi man hinh may tinh hién thi
f(x), ta nhap biéu thic f(x) vao. Chd y rang chit x trong biéu thiic
f(x) dudc nhap bang t6 hop phim ALPHA X. Sau khi nhép xong
f(x), ta bAm phim = May héi Start? Ta bAm chang han —10 =. Khi
xuat hién End?, ta c6 thé bam 10. M4y héi Step 1? Ta bam s6 1. Khi
dé, ta c6 mot bang gom cac gia tri cta x tit —10 dén 10. Ta chu y téi
hai gia tri ca x lién tiép gia sit 1a x1 va xo (gid st x1 < x2) Ma Ung
v6i hai gia tri cia x nay ta dudc hai gia tri f(x1) va f(xo) trai dau
nhau. Khi do, phuong trinh s€ ¢6 nghiém trong khoang (x1;x2). Co
thé c¢6 nhiéu khoang nhu vay
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e Budc 2. Tré lai man hinh soan thao, ban nhap biéu thic f(x).

e Ban dung phim SHIFT SOLVE dé giai phuong trinh f(x) = 0. M4y
hoi Solve for x? Ban nhap gia tri ctia x thudc khoang (x1;x2). Sau do
may giai, c6 thé dudec mot nghiém rat 1é. Ban gan nghiém nay vao
phim A, chang han, bang cach bAm SHIFT STO A.

 Tiép theo, ta dung so do chia Horner nhu sau

ble |d|e
Ala|B|C|D

- D& c6 dudc s6 B, ta bAm ALPHA A «a+b = SHIFT STO B
- Pé c6 dudc s6 ¢, ta bAm ALPHA A % B + ¢ = SHIFT STO C
- D& ¢6 dudc s6 D, ta bAm ALPHA A * C +d = SHIFT STO D.
- Théng thudng sb sb cubi cung ctia bang 14 0 ho#c gan bang 0.
- Theo s¢ do chia trén, phuong trinh da cho dudc viét lai
(x—A)ax® + Bx* +Cx+ D) = 0.
* Bay gio, ta giai phuong trinh
ax®+Bx?+Cx+D =0.

va ghi nhan cac nghiém ctia phudng trinh nay. Gia st phuong trinh
¢6 ba nghiém x1, x2, x3. Ban nhé ghi ra gidy cac nghiém nay va chua
v dén cap nghiém c6 phan thap phan khé giong nhau.

e Sau cung, ta tinh cac cap A+x; va A-x1; A+xg va A-xg; A+x3 va A-x3.
Chang han, ta c6 A +x; va A-x; 1a s6 nguyén hoic xap xi nguyén.
Theo dinh li Viet, A va x; 1a nghiém cta phuong trinh

= (A+x)x+A-x1=0.
Sau do, ta chi viéc lay
axt+bx3+ex’+dx+e

chia cho
xz—(A +x1)x+A-x1

la ¢6 nhan ti con lai.



300

Phu luc A. Vai van dé khdc

Cadch 2. Gia st ta can giai phuong trinh bac bon

ax*+bx®+cx’+dx+e=0, a#0.

f(x):ax4+bx3+cx2+dx+e
Buéc 1. Ta van 1ap Table nhu cach trén.
Buéc 2. Tré lai man hinh soan thao, ban nhap biéu thic f(x).

Ban dung phim SHIFT SOLVE dé giai phuong trinh f(x) = 0. May
hoi Solve for x? Ban nhéap gia tri cta x thudéc khoang (x1;x2). Sau dé
may giai, c6 thé dudc mot nghiém rat 1é. Ban gan nghiém nay vao
phim A, chang han, bang cach bAm SHIFT STO A.

LAy biéu thic f(x) chia cho x— A, bang cach viét
(f(x):(ALPHAX - A),

roi lai dung SHIFT SOLVE dé giai phuong trinh nay. Pudc thém
mot nghiém nita, ban lai gdn nghiém nay vao phim B chang han.

Ban 14y biéu thic f(x) chia cho (x —A) * (x — B), béng cach viét
(f(x)):(ALPHAX -A):(ALPHAX —-B),

dung SHIFT SOLVE dé giai phuong trinh nay. Pudc thém mot
nghiém nita, ban lai gan nghiém nay vao phim C chang han.

Cudi cung, ban lai giai phuong trinh
(f(x):(ALPHAX -A):(ALPHAX -B)*(ALPHAX -C)

va gan nghiém nay vao phim D.

Va sau day 1a meo. Ban lay phim A da gan cong B (dé 14y phim A, ban
bam ALPHA A) va lay phim A da gan nhan B. Néu ban dudc tong A +B
va A =B 12 mot s6 nguyén thi t6t qué. Vi theo dinh 1i Viet, A, B 1a nghiém

ctia phuong trinh

x2—(A+B)x+AxB=0.
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Khi dé, ban chi viéc lay f(x) chia cho
x>~ (A+B)x+AxB

thi dudc nhan tit con lai. Trong truong hop tong A + B va A * B khong 1a
mot s6 nguyén, thi ban tiép tuc tht A+C va A «C hoac A+D va A = D.

Chii y. Néu phuong trinh chi c¢é hai nghiém, thi t6i buéc SHIFT
SOLVE thtt ba, méy néi can’t solve. Thi ta bAm A +B va A « B.

Vi du A.10. Giai phuong trinh
x* —8x3 +12x% + 13x + 2.
Loi giai. Phuong trinh da cho tuong duong véi
(x* -3x-2)-(x® —5x—1) = 0.

Tu do, ta tim dude tap nghiém cua phuong trinh la

y_{s—ﬁ_3+\/7_5—\/@.5+\/@}
Sl 2 2 2 7 2

Vi du A.11. Giai phuong trinh (3x — 5)v2x2 — 3 = 4x% — 6x + 1.
Loi gidi. Binh phuong hai vé phuong trinh ta dudc

2xt —124% - 2122 + 102x - 76 = 0.
Phéan tich phuong trinh trén, ta dudc

(x? +2x—4)-(2x% - 16x+19) = 0.

Giai phuong trinh nay va thit lai ta dude nghiém phuong trinh da cho la

8+v26
x=v5—-1vax= g O

Cach 2.
Dé tim khoang chita nghiém ctia mot phuong trinh da thitc, ngusi ta
thuong dung ménh dé néi tiéng sau:
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Cho phuong trinh da thuc
anx” +an1x" Y +.. . +ajx+ag=0, (A.5)
vli (a, #0) va n e N*. Dat

A =maxla;|, Vv61i=0,1,...,.n-1

A N o \
. Ménh dé phat biéu rang:

lanl
“Néu x* 1a nghiém ctia phuong trinh (A.5) thi |x*| < r”.

Vi du A.12. Giai phuong trinh

(s6 16n nhat trong cac hé s6). Va r =1+

28x% +12x% —83x% — 12x + 40 = 0.

) e 2 s - A A A N 83 111 A
Loi giai. Vé6i tinh chat trén, ta thay A =83 var =1+ 58 = 98" V3,
. . . 111 111 . N . . ,
nghiém thudc khoang (—2—8;5). Nén ta chi can do theo cong thic

SOLVE khoang tam lan céan la ra bai toan.
Chu y rang, cac nghiém cta phuong trinh trén 1a

~-1-v6 -1+V6 2-2V15 2+2V15
2 2 7 07

Mot cach kEhac nica.
Xét phuong trinh:
ax* +bx® +cx? +dx+e =0,
cac hé sb: a,b #0.
Pat f(x)=ax*+bx®+cx?+dx+e=0.Ta tinh
o fl(x)=4ax3+3bx®>+2cx+d ;
o f(x)=12ax?+6bx +2c;

e f"(x)=24ax+6b.

Ta co

f"x)=0ox= —i.
4a

b .

bat t=x+ i the 1én phuong trinh trén, ta sé€ thu dudc phuong trinh
a

trung phuong theo 4n ¢, khi d6 thi giai quyét sé nhe nhang hon.
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A4 Ding Maple dé ché dé
Phuong trinh ta giai c6 dang
Va-x2=(b- V7.
PéE tim céc sb a, b, ta dat
f@)=Va-22-(b- V)P
Gia stt, ta mudn phuong trinh c6 hai nghiém 14 x =4 va x =9, vay ta chi
f4)=0,
{f (9)=0.

Cong viéc nay that don gian néu ban dung mét phan mém toan nao do,

viéc giai hé phuong trinh

chang han, Maple.

A5 Mét sb bai todn Vi 15i gidi hay
Vi du A.13. Giai phuong trinh

2cosx+2sinx—1
‘tan|— - 3+2.
2cosx—2sinx—1 an (4 x) V3

Loi giai. DPiéu kién
1
cosx —sinx # >
b4
cos (x - Z) #0.
Chuy

T
n— —tan :
ta 4 tanx o5y —sinx

tan(7 —x) =

4 cosx +sinx’

b3
1+tanZ -tanx

Do do

2cosx+2sinx—1
‘tan|— - 3+2.
2cosx—2sinx—1 an (4 x) v3

tuong duong
[2(cosx + sinx) — 1] cosx —sinx — V349

[2(cosx —sinx) — 1] cosx +sinx
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hay

2c0s2x —cosx +sinx — V349
=V3+
2c0s2x —cosx —sinx

Tiép theo, ta khéo 1éo cong vao hai vé véi (-1), ta dudc

2c082x —cosx +sinx
—1=V3+1,
2c082x —cosx —sinx

hay
2sinx = 2(V3 + 1)cos2x — (V3 + 1)cosx — (V3 + 1)sinx.

thu gon phuong trinh trén, ta c6
2(v3 +1)cos2x — (V3 + 1) cosx — V3(V3 + 1)sinx.
Chia phuong trinh cho v3+1, dan dén
2co0s2x =cosx + V3sinx.
Pay la phuong trinh co ban. O
Vi du A.14. Giai phuong trinh
(5x+1)V2x+1—(Tx+3)vx=1.
Loi gidi. Diéu kién x > 0. Phuong trinh da cho tuong duong véi

(2x+1)V2x+1-3vx(2x + 1)(\/2x+ 1- \/o_c) —xvx=1,

hay
(v 2x+1—vx )
tuong duong
V2x+1—+vx=1.

Phuong trinh da cho ¢6 hai nghiém x =0, x = 4.
Phuong trinh nay dudc xay dung véi ¥ tudng khai trién biéu thiic dang
sau day

(\/ax+bi\/cx+d)3



A.5. Mt sé bai todn véi loi gidi hay 305

Sau d6 rat gon dé trong phuong trinh gon gang hon. Néu nam bat dugc
¥ tuéng nay thi viéc tim ra 16i giai c¢6 vé khong khé khan 1dm. Déi véi bai
nay ta ciing c6 thé thém bét cac dai luong

Vax+b+Vex+d, (\/ax+b + \/cx+d)2
dé c6 dudc phuong trinh bac ba, diéu nay c¢6 thé dau k§ hon y tuéng. O
Vi du A.15. Giai phuong trinh
(4x—1)-v3— 2+ (7T—4x)-V2x — 1 =2V —4x? + 8x— 3 +4.

Loi giai. Néu nam bat dugc y tuéng ctia ngudi ra dé, thi viéc giai nhiing
bai kiéu nay khong c6 mot chit khé khan nao ca.
Pat u = v3-2x+ v2x -1, khi d6 tinh duge

u?=2+2v-4x2+8x-3,

u® =4xV3 - 2x + (8 —4x)v2x— 1.
Lic nay phuong trinh viét lai thanh
3 2

u-u"-u-2=00u=2.

Pén day ta chi can giai phuong trinh

V3-2x+V2x—-1=2.

Phan viéc con lai 1a don gian, minh xin dé cac ban tu hoan thién. O



