HOI TOAN HOC VIET NAM PE THI OLYMPIC TOAN SINH VIEN NAM 2014

Mon thi: Giai tich
Thoi gian lam bai: 180 phut

Cau 1. Cho day sb (u,) théa man u; = 1 va upy1 = J/u2 +a",V n > 1, trong dé
a > 0. Tim a sao cho (u,,) hoi tu va tim giéi han dé.
Cau 2. Cho hai ham f(x) va g(x) xéac dinh trén R va théa man diéu kién
(f(w) - f(y)) (g(w) - g(y)) = 0 v6imoi z,y € R.
Chtng minh it nhit mot trong hai ham f hoéc g 12 ham hing.
Cau 3. 1) Cho ham s6 f don diéu trén [0, co) va

. 1
lim —
z——4oco

/wf(t)dt = +o0.

Ching minh rang
lim f(x) = 4o0.
x—>+oco
2) Két luan trén con ding khong khi f 1a ham lién tuc trén [0, co) nhung khéng
don diéu trén khoang d6? Tai sao?

Cau 4. Tim tét ca cac ham sb f(x) xac dinh, lién tuc trén doan [0, 1], kha vi trong khoang
(0,1) va théa méan diéu kién

£(0) = F1) = 20

;. 2013f 2014 > 201 1).
soig  2013f(x) +2014f(z) > 2015 V€ (0,1)

Cau 5. Cho day sb6 () dudc xac dinh béi 12 = \/Tpi1 + V/Tn, 1 > 0.
Tim lim «,, v6i diéu kién zo > 4; z; > 4.

n— oo

Cau 6. Thi sinh chon moét trong hai cau:
6a. Cho (a,,) la day sb xac dinh béi

a1=3—\/6,a2:3—\/6—|—\/6,...,an:3—\/6—|—\/6—|—...+\/6.

N /

~
n lan

Hay chitng minh rang chudi sé6 > a, hoi tu.
n=1
6b. Cho f 1a ham sb lién tuc trén [0, +00). Gia st rang
x 3
/ F2(t) dt < %,‘v’w > 0.
0

x 2
Ching minh réng/ f)dt < % v6i moi > 0.
0

Ghi chu: Can b6 coi thi khong gidi thich gi thém.
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PAP AN DE THI MON GIAI TiCH
Giai cau 1:
= u2 + a" vivay
w =14a+---+a"".
e Tinh dugc cong thic u, = /=L khia # 1vau, = y/nkhia =1.

e Chirakhi a < 1 day c6 giéi han va giéi han dé 1a |/ 2.

202
Tacoéwu,

Giai cau 2:
Gia stt f khong phai la ham hiang. Khi d6 ton tai cac sb a, b sao cho f(b) — f(a) # 0.
Diéu nay kéo theo g(a) = g(b) = m.
Lan ludt lay y = a va y = b ta c6 hé
(f@) - f(@)(9(2) —m) =05 (f(2) — £(®))(9(z) —m) =0.
Trit cac phuong trinh ctia hé cho nhau ta thu dude (f(a) — f(b))(g(x) —m) = 0 v6i moi
x.Do f(a) — f(b) #0néng(x) =m Vzx €R.

Giai cau 3:
Néu f don diéu gidam thi f(z) < f(0) V = € [0,+00). Do vay, L [ f(t)dt < £(0).
0
Piéu nay trai véi gia thiét.
Vay f(x) 1a ham khong gidm trén [0,00). Khi d6, f(t) < f(x) Vit < x. Do d6
L[ f(t)dt <2 [ f(x)dt = f(x) véimoix > 0. Diéu nay kéo theo
0 0

lim l/f(t)dt < lim f(o).
0

r—00 ¢

2) Két luan khong con ding. Ta xét thi du sau: xét ham s6 f(z) = |sinz|z2. Ta c6

2nw n (2k+1)7 n
/ f(:z:)d:vZZ/ msinwdm:2(4k—|—1):n(2n—|—3)
0 k=1 "2k k=1
Do do,
1 T 1 [x/27]27
lim — t)dt > li t) dt = oo.
fcl*rgoa:/g F® = oo [a:/27r]27‘r—|—27'r/0 F® >

Dé thay khong ton tai lim,_,.o f(x).

Giai cau 4:
Chia hai vé cho 2013 ta nhéan dudc
2014

f(x) + kf(x) > %; voik = ——.
— 2013 2013



bit g(x) = e**(f(x) — m) véim = 2312 ta c6

g'(x) = e [k(f(z) —m) + f'(z)] > 0.
Tu do6 suy ra g la ham khong giam.
Mat khac, g(0) = g(1) = 0nén tasuyrag(x) = 0. Tu doé f(x) = m.

Giai cau 5:
Cach 1:
Bang quy nap chiing minh dudc z,, > 4.
Xét ddy b1 = 2vb, véi by = max{4,xo,z;}. Do Pott = \/T va by < b

b by
nén ta suy ra la day khong tang va bi chan duéi, do d6 lim,, b,, = 4. Tla ching minh
max{Tan, Tant1} < b, V6l moi n.
Véin = 1tacé zs = /T + /To < 2y/max{z, zo} < 2By = by.

T3 = /T2 + /71 < 2¢y/max{zs, 1} < 2/max{bi,bo} < by
Gia thiét max{xor, Tar41} < by v6imoi k = 0,1, ...,n — 1. Khi do,

Ton = /Toan—1 + /Tan—2 < 2\/max{w2n_1, Ton_o2} < ZM = b,,.

Toant+1 = V/Tan + /Tan—1 < 2\/max{w2n, Ton—1} < 2\/max{bn, bn_1} < b,.

Téng két lai, ta c6 4 < max{xs,, Toni1} < by, v6i moi n va lim, b, = 4. Vay
lim, x,, = 4.
Cach 2:

Gia thiét z; < zo. Khi @6

Tz = v/T1 + /To < 24/ < T,
do o 2 4.
T3 = /T2 + V/T1 < /T1 + /To = T2.

Nhu vay bang quy nap ta chiing minh dudc
Tant2 < 24/T2n < Tan;

Tant1 < Tan.
Nhu thé day (z,,) 1a diy khéong tang bi chin duéi béi 4. Tt d6 suy ra ton tai gidi han
lim x5, = a < 2+/a. Hay la a < 4. Két hop véi diéu kién x,,, > 4tacé a = 4.
Két hop diéu nay véi bat dang thiic thi 2 6 trén ta dude lim xg,4, = 4.
Vay lim x,, = 4.
Néu z; > x, ta thay z, = VZ1+ /To < 24/1 < 1 valy luan nhu trén khi thay x,
béi x, con x; béi x».



Giai cau 6:
6a.

bat b, = \/6 +1/6 4+ ... + V6. Do b,+1 = V6 + b,,. Biang quy nap ta chitng minh

n lan

dudc b,, 1a day tang bi chan trén béi 3 va b,, 1 3.

Mt khac,
an+1_3—bn+1_3—v6—|—bn_ 1 _)1
a, 3—-b,  3—-b, 3++6+0, 6

Theo tiéu chudn D’Alambert chudi s6 hoi tu.

6b.
Tt gia thiét

/ Fit)dt < / t? dx.
0 0
Theo bat dang thitc Cauchy-Schwartz ta cé

(/:tf(t)dt>2 < /Owtzdt/ozfz(t)dtg (/Owtzdt)z.

Vi vay
/ tf(t)dtg/ t2 dt hayléF(a:):/ t(t — f(t))dt > 0.
0 0 0

Mat khac,

| = sanae= [ - s ar

_[*1 _F@)  [TFQ®)
_/O SdF(t) = +/0 S dt > 0.

T
Tit do, [ (t — f(t))dt > Ohayla [T f(t)dt < [Ttdt =2,



