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Loi giai duge dé xuat béi thanh vien Toc Ngan

U+ uo + ... + uy,

Up.-Uz...Up

Trong tai licu nay, khi cho mot ham s6 c6 hai an y = f(x,m), néu khong néi gi thém thi
ta hiéu x 1a bién s6 con m la tham s6.
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1 Ly thuyét chung

1.1 Tam thidc bac hai

Dinh nghia 1.1.
Tam thic bac hai la biéu thiic c¢6 dang

f(z) = az® + bz +c, (a #0) (1.1)
Nghiém ciia phuong trinh f(z) = 0 cing dugc goi la nghiém cta tam thitc bac hai./\

Dinh Iy 1.1 (Dinh Iy vé d4u cia tam thic bac hai).
Cho tam thic bac hai f(x) = ax® +bx + ¢, (a # 0). Dat A = b* — 4ac.
Néu A <0 thi f(z) luon cung dau vdi hé so a,Vr € R.

. . . b
Néu A =0 thi f(z) luon cung dau vdi hé so a,Vr # ——.

) 2a
Neu A > 0 the
f(x) trdi dau vdi hé s6 a, Vo € (x1;29);
f(x) cung dau vdi hé s6 a, Vr € (—oo;x;) U (z9; +00).

Trong dé x1 < x5 la hai nghiém phan biét cia f(x). O

Dinh ly 1.2 (Dinh ly Viéte).
Néu tam thic f(x) = ax® + br + ¢, (a # 0) ¢ hai nghiém x,; x4 thi:

b c
T1+Top = ——; L1y = —. 0O
a a

Tinh chét 1.1.
Déi vdi tam thiic bac hai f(x) = az® + bx + c(a # 0), ta ¢6 cdc nhan zét sau:

1. f(z) c6 hai nghiém trdi dau khi va chi khi ac < 0.
2. f(x) ¢6 hai nghiém duong khi va chi khi:

b2 — 4ac > 0
b
——>0 (1.2)

CCI,

->0
a

3. f(x) ¢6 hai nghiém am khi va chi khi:

—— <0 (1.3)
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4. f(x) ¢6 hai nghiém phan biet cung lon hon o khi va chi khi:

b? — dac > 0
1+ 22 > 20 (1.4)
(r1 —a)(zg —a) >0

5. f(x) ¢6 hai nghiém phan biét cing nhd hon o khi va chi khi:

b? — dac > 0
T+ 22 < 2a (1.5)
(1 —a)(xeg — ) >0

6. f(x) cd hai nghiém phan biét, v1 < o < xo khi va chi khi:

b — dac > 0
(1 —a)(zg —a) <0

Tinh chit 1.2. b
Néu a > 0 thi ham s6 y = ax® + bz + ¢ dong bién trong (—2—; —|—oo> , nghich bién trong
a

(-2)

. . . b . .
Néu a < 0 thi ham s6 y = ax® + bz + ¢ nghich bién trong (—2—; —i—oo), dong bién trong
a
b
0 —— . O
( o 2@)

1.2 Pudng thang va hé sb goéc

1. Heé s6 goc ctia duong thang la tang ctia gbc tao bdi phan phia trén truc Oz cia
dudng thang va chiéu duong ciia truc Ox. Nhu hinh vé duéi day, ki, ko lan lugt 1a
hé s6 géc clia cac dudng thang dy, ds.

» y
d, d,

ko=tan f k=tan a

2. Dudng thang cé gia song song hodc tring véi truc Ox thi c6 hé s6 géc bing 0.
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. Duong thing c6 gia song song hoic trung véi truc Oy thi khong c6 hé s6 goc.

Duong thang y = ax + b c6 hé s6 goc la a.
Duong thang di qua M (zo; o) va c6 hé s6 goc k thi c6 phuong trinh:
y = k(z — z0) + 0. (1.7)

. Hai duong théng song song c6 ciing hé sé goc.

Hai duong thing vuong goc co tich hée sé géc bing —1.

Phuong phap toa do trong miit phang

. Khoang cach gitta hai diém A(za;y4), B(zp;yp) 1

AB = /(@5 — 24" + (5 — ya)? (18)

Khoang cach tit diém M (x¢; o) dén duong thang (A) : ax + by + ¢ = 0 1a:
laxo + byy + |

d(M;(A) = \/m

Bang dao ham co ban

(1.9)

d=0 ; 2'=1 (1.10)
(z") =na"t ; (u") = u (1.11)
1 u’
(Vo) =37 5 (V)= (1.12)
2/ 2y/u
(sinz)' =cosx ; (sinu) =u cosu (1.13)
(cosx) = —sinz ; (cosu) = —u'sinu (1.14)
1 1
(tanz)' = —— ; (cotx) = 5 (1.15)
cos’x sin’x
(utov) = u £ (1.16)
(wo) =vv+uw" ;5 (ku) =k (1.17)

w\’ uv—uv B\’ kv’
)= () =% -

Gia tri 16n nhat va gia tri nhé nhat ctia ham so6

Dinh nghia 1.2.
Cho ham s6 y = f(x) xac dinh trén tap D. Gia tri 16n nhat M, ki hiéu max f(z) va

gia tri nhé nhat m, ki hiéu rrgn f(z) ctia ham s6 y = f(z) tréen D dugc dinh nghia nhu

sau:

- f(x) <M, Vx e D

M =max f(z) < { dzg € D : f(zg) = M o
- f(x) >m,Yx € D

m= mDmf(x) < { Jzg € D : f(xg) =m <1'20>A
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Tinh chit 1.3.

m < g(x),Vo € la;b] & m< r[mbr]lg(x) (1.21)
m > g(x),Vo € [a;b] & m> I%laé?g(a:) (1.22)
a; D

Tinh chit 1.4.
Dieu kién can va di de phuong trinh:

flx)=m (1.23)

c6 nghiém la
min f(z) < m < max f(z) (1.24)
U

Quy tic tim GTLN, GTNN ctia ham sé y = f(z) trén [a; ]
B1. Tinh dao ham ¢’ va gidi phuong trinh 3 = 0 trén [a; b], thu duge céc nghiém:
X1, Ty .oy Ty € [a; b

B2. Tinh:

f(@n), f(@2), -, f(@a), f(a), f(b) (1.25)
B3. Két luan. S6 16n nhat trong cac s6 ¢ (1.25) chinh 1la GTLN, s6 bé nhat trong céc s
§ (1.25) Ia GTNN.

Khi tap can tim khong phai 1a mot doan, ta can lap bang bién thién ctia ham s6, dua vao
bang bién thién va két luan.

1.6 Do thi ctia cac ham sé da hoc

1.6.1 Ham sb y = ax® + ba® + cx + d, (a # 0)

D& thi ludn cit truc hoanh tai it nhat mot diém.
D4 thi c6 tam déi xtng I(x7;y;). Trong d6 z; 1a nghiém ctia phuong trinh: 3’ = 0. Diém
I cdn duge goi la Piém udn cta dd thi.

1.6.2 Ham s6 y = az* + bz? + ¢, (a #0)

Do thi luon nhan truc Oy lam truc ddi xing.
Néu ham sb c¢6 ba cuyc tri, thi ba diém cyc tri dé luén tao thanh mot tam gidc can tai
diém cuc tri ndm trén Oy.
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ar +b

1.6.3 H3 6y =
am soO y o d

(¢ #0,ad —bc #0)

N . Z Z . P d a N . 2 2 . N .

D6 thi ham so ¢6 tam doi xting [ (——; —) la giao diém ctia hai duong tiém can.

c'c

D6 thi 1a Hyperbol ¢6 hai nhanh ndm & hai bén ctia dudng tiém can ding x = ——.

c

ar? +bx + c

ar+ U

va trong nhitng ki thi gan day, da khong xuat hién trong cau khao sat ham s6 nita nén

chiing toi da bé nhitng vi du ddi véi ham sé nay di.

CHU Y: do ham sb Yy = chi hoc trong chuong trinh THPT ban Nang cao
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2 Tinh don diéu chia ham sb

2.1 Su don diéu cia ham sb

Dinh nghia 2.1.
Ham s6 y = f(x) xac dinh trén D dugc goi la dong bién trén D néu V., x5 € D, ta co:

r1 < T9 <= f(ZL'l) < f(l’g) (21)

Ham s6 y = f(x) xéac dinh trén D duge goi la nghich bién trén D néu Va,,z, € D, ta
co:

1 < To &= f(.fL'l) > f(ill'z) (22)

A

Dinh Iy 2.1.

Gid st ham so y = f(x) zdc dinh va cé dao ham trén D. Khi dé:

a) Néeu f'(z) > 0,Vz € K thy ham s6 f(x) dong bién tren K.

b) Néu f'(x) < 0,Vz € K thi ham s6 f(x) nghich bién trén K.

(Ddau "=" chi zdy ra tai mot s6 hitu han diem) O

2.2 Ap dung

Bai toan 2.1. Cho ham s6 y = f(x,m). Tim diéu kién ciia tham s6 m dé ham s6 dong
bién (nghich bién) trén (a;b). A

Phuong phap giai.

Ta gidi quyét cho truong hgp dong bién, truong hop nghich bién, ta lam tuong ti.
B1: Tim TXD.

B2: Tinh dao ham: ¢ = f'(x,m).

B3: Dén day, c6 3 cach chii yéu dé giai bai toan nay.

Cdch 1. (Phuong phdp cé lap an m)
Yéu cau ciia bai toan tuong duong véi:

f(z,m) >0,Vx € [a; ] (2.3)
Bién ddi tuong duong bat phuong trinh (2.3) vé dang:
m > g(x),Vz € [a; b

hoac

m < g(z),Va € [a; 0]
Stt dung (1.21), (1.22), ta dua bai toan da cho vé bai toan tim GTLN, GTNN ctia ham
s6 y = g(x) tréen [a; b

Cdch 2. (Phuong phdp ldp bing bién thién)
Ta chia nho céc truong hop vé dau cta f'(z;m) va lap bang bién thien ctia ham s6 va

9
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dura vao bang bién thién, ta két luan dudc vi tri clia a, b so v6i cac nghiem x;, s, ...

dao ham. Dén day, ta st dung tinh chat (1.1).

Cdach 3. (K% thudt Parabol)
Néu

(2.3) & g(x) >0
hoac

(2.3) < g(x) <0

v6i g(z) 1a mot tam thitc bac hai thi ta c6 thé sit dung tinh chat (1.2).

Vidu 2.1. Tim m dé ham s6: y = 2° — 52* — (3m — 2)z + 7.
a) Dong bién tren R.
b) Nghich bién trén (—2;1).

Lo gidi.
TXD: R.
Ta c6:
y = 32% — 100 — 3m + 2
a) Cach 1
Yéu cau ctia bai toan duge thoa man khi va chi khi
, , 10 2
y>0VreR & m<zx —Ea:—l—g,V:ceR
< m < ming(z)
10 2
Véi g(z) = 2° — 37 + 3 Ta c6:

min g(z) = g @) = —g

Do d6 yéu cau ctia bai toan tuong duong véi:

Cach 2 (wtuan159)
Dé thay ¢ 1a tam thic bac hai c6 A" = 9m + 19.
Yéu cau ctia bai toan duge thoa man khi va chi khi

19
?/’ZO,VxGR@A’gO@mS_g

Cach 3
Yéu cau ctia bai toan duge théa man khi va chi khi:

Yy >0VreR <322 — 100 —3m+2>0,Vz € R

10

cua

(2.4)
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5
Vi h(z) = 32% — 102 — 3m + 2 1a ham s6 bac hai hoanh do dinh la 2y = 30 nén

hz) > h (g) — 3 1—5

Do do: 19
b) Céch 1
Yéu cau cta bai toan duge thoa man khi va chi khi
10 2
y <0,Vre[-2;1] & m>a?— zTF g,V:c € [-2;1]
>
& om %n%g( z)
10 2
Véi g(z) = 2° — —x + =. Ta c6
3 3
34
= —2 = —
[m%g(fv) 9(=2) =3

Cach 2 (wtuan159)
Dé thay g’ 1a tam thitc bac hai c6 A’ = 9m + 19.

. 19 . N .
* Néu m < 9 thi A’ < 0. Khi d6 ¢/ > 0,Vz € R. Ham s6 da cho dong bién trén R. Do
d6 yéu cau bai toan khong duge théa méan.

. 19
* Néu m > 9 thi A’ > 0, khi d6 phuong trinh ' = 0 ¢6 hai nghiém xy, s, (z; < ).

Ta c6 bang bién thién ctia ham sob:

T |—00 T T +00

Y + 0 — 0 +

o >~

Yéu cau bai toan duge théa man khi va chi khi:

r(l’1+2)(;€2+2) SO
T1+x9 > —4
L $1—|—ZE2§2

(9 1
2 3m+2—0+4<0

= 2—3m 15)
L 3

1< -2<1<2 &

+1<0

4 1
S om > % (thoa man diéu kien m > —39)

11
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4
Vay m > 3 la dap an cia bai toan.
Cach 3

Yéu cau ctia bai toan duge théa man khi va chi khi

y <0,Vr € [-2;1] & 32° — 102 — 3m + 2 < 0,Vx € [-2;1] (2.5)

) 5
Vi h(z) = 322 — 10z — 3m + 2 1 ham s6 bac hai hoanh do dinh 1a z = 3 > 1 nén ham
s6 y = h(z) luon nghich bién trén [—2;1]. Do do:

h(z) < h(—2) =34 — 3m,Vz € [-2;1]

Vay

(2.5) < m >

34
3 |

Vi du 2.2. Tum diéu kién ciia tham s6 m dé ham s6 y = 2° —3(2m~+1)z 4+ (12m+5)z +1
dong bién trén (—oo; —1] U [2; +00) JAN
Ldi gidi (E.Galois).

TXD: R. Dat K = (—oo; —1] U [2; +00)

Ta co:
y =32> —6(2m+ 1)z +12m+5
Cach 1:
Yéu cau cta bai toan duge thoa man khi va chi khi
322 — 6 )
% Vo € (—oo; —1] m > max g(z)
Yy >0VreK & 2z — 1) & (oo =] (2.6)
m<3:7c — 6z +5 Vi € [2 +00) m < min g(x)
— 12(I - 1) Y Y [2,+OO)
32? + 62 — 5
Trong dé: g(x) = H—x Ta co:
r—1
/() = 322 — 6 +1
T =G -1y
Phuong trinh ¢'(x) = 0 vo nghiém tren K.
(1) = = g(2) = 2 Tim g(x) = +00; lim g(x) = —o0
— = —— = — 11 = 1 = — :
g 519(2) = 753 lim g  lim g :
Do d6
() = — 153 min () =
ma = ——; min g(z) = —
Coay¥ 12" ooy 7 T 12
Vay:
7 )
2. —— < < —
2O e-pemsg
Cach 2:

Dé thay %' 1a tam thitc bac hai c¢6: A" = 6(6m* — 1).

12
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. 1 1 .
*Truong hop 1 Néu —% <m< % thi A’ < 0. Khi d6 ¢/ < 0,Vx € R. Ham s6 da cho

dong bién tréen R. Yeu cau ctia bai toan dugc théa man.

) 1 1
*Truong hop 1 Néu m < % hoac m > 75 thi A’ > 0. Khi d6 phuong trinh ¢ = 0 ¢6

hai nghiém z;, x5(x; < x2). Ta c¢6 bang bién thién clia ham so:

T |—00 T T +00

Y + 0 — 0 +

7 >

Dira vao bang bién thién, ta thay yéu cau ctia bai toan duge théa man khi va chi khi:

(21 —2)(z2—2) >0

>
—1§1‘1<l‘2§2 o ($1+1)<$2+1)_0

I1+ZL’22—2
\ I1+x2§4
(12m + 5

—22(2m+1)+4>0

12 5
& 9 —ﬂ;+ +22m+1)+1>0

2(2m +1) > —2

\ 22m+1) <4
= ! <m < o
[ — m —
12— — 12

Két hop ca hai truong hgp, ta c6 dap an ciia bai toan la:
7 5)

—— <m< —
12— — 12

Cach 3:
Yéu cau ctia bai toan duge thoa man khi va chi khi
322 —6(2m + Nz +12m +5> Wz € K

D& thiy h(x) = 32% — 6(2m + 1) + 12m + 5 la tam thitc bac hai c6 hoanh do dinh:
To=2m + 1 va:

g(—1) = 14 + 24m; g(1) = 5 — 12m; g(2m + 1) = 2(1 — 6m?)
Do parabol y = h(z) ¢6 bé 1om quay lén trén nén yéu cau ctia bai toan tuong duong véi:
g2m+1) >0 7
{g(—l)zo & -——<m<

2
4250 =" -

Vi du 2.3. Tum dicu kién cia tham s6 m dé ham s6 y = x* — 2ma® + 1 dong bién trén
2; +00) JAN

13
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Loi giai (pigloo).
TXD: R
Ta co
y =42 — dmax = dx(2* — m)

Yéu cau ctia bai toan duge thoa man khi va chi khi:
y >0,Vr € [2,+00) & 2 —m > 0,Vx € [2, +00) (2.7)
Vi ham s6 bac hai y = h(z) = 2> — m ddong bién trén [2, +-00) nén
(27) < h(2) >0 m<A4
Vay m < 4 la dap an ctia bai toan. [ |

Ban doc hay tu giai vi du trén bang hai cach con lai.

Vi du 2.4. Tim tat cd cac gid tri clia tham s6 m dé ham s6 ham s6 y = x>+ 32> +max+m
chi nghich bién tréen mot doan c6 do dai bing 1. A

PHAN TICH. Bai toan tuong duong véi:

Tim m dé g (z) = 32 + 62 + m chi mang dau am trén mot doan c6 do dai bang 1.

Van dé can phan tich 1a am trén mot doan c6 do dai bang 1. Khi xét dau tam thic bac
hai ¢6 nhiing kha nang nao?

- Néu A < 0 thi g () mang dau am trén nhiing khodng nao, va khoang ay c¢6 do dai nhu
thé nao?

- Tuong ty néu A > 0 thi sao?

Khi tra 16i 2 cau hoi nay,ta sé phat hién ra rang chi khi A > 0 thi méi xuat hién mot
doan “ Trong khoang hai nghiém” c¢6 do dai hitu han va do dai ctia doan nay 1a |27 — x|
(V6i 21, 9 14 nghiém cta g (x)).

Tt d6 ta c6 dicu kieén tuong duong ciia bai toan la:

{A’:9—3m>0

‘33'1 — x2] =1
Va dén day mot phan xa ty nhién 13 ta sé nghi dén dinh 1i Viete.

Loi gidi (leminhansp).
TXD: D =R

Yy =g(r)=32"+6x+mA =9—3m

Yéu cau ciia bai toan dude théa man khi va chi khi ¢/ < 0 trén mot doan c6 do dai bang
1.

Néu A’ < 0 thi g (z) > 0,Vx € R = (—o0; +00) (khong théa man).

Néu A" > 0 < m < 3 thi g (z) ¢6 hai nghiem x; < 25 va g (z) < 0,V € [z1; 22).

Khi d6, yéu cau ctia bai toan tuong duong véi:

|ZE1—I‘2| =1 & (1‘1—1'2)2: 1
=4 (ml + 1’2)2 —drixy =1

& (-2)°- 4.% —1

& m = -, (théa man diéu kien m < 3)

=] ©

14
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Két luan: m = = 1a nghiém ctia bai toan. [ |

>~ ©

Khai quat vi du trén, ta c6 bai toan.

Bai toan 2.2. Cho ham s6 y = ax® + bx® + cx + d. Tim diéu kien dé ham s6 chi dong
bién (hodc chi nghich bién) trong mot khodng cé do dai nhé hon hodc bang k. YAN

Phuong phap giai (leminhansp).

Ta xét truong hgp ham s6 dong bién, truong hop nghich bién, ta lam tuong ti.

Dicu kién ctia bai todn tuong duong véi y' > 0,Va € (z1;x2), |71 — 22| > k, dicu d6 xay
ra khi va chi khi a < 0 va phuong trinh 3" = 0 ¢6 hai nghiém phan biét (A > 0) théa man

|ZE1 — J,’Ql > k< (1'1 — IE2)2 > k?2 ~ (l’l + ZEQ)z —dxix9 > ]{72
Dén day ta sit dung dinh 1i Viete va suy ra két qua. [
2.3 Bai tap

1. Cho ham sb
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3 Bai toan Cuc tri

3.1 Cuc tri ciia ham sb

Dinh nghia 3.1.
Cho ham s6 y = f(x) x4c dinh trén D va xy € D. Néu ton tai khoang K C D sao cho:

Tg € K
{f(m) > f(xo),Vor e K (3.1)
thi ta néi f(x) dat cuc dai tai zo. Diém = = xo dugc goi la diém cuc dai.

Néu ton tai khodng K C D sao cho:

Xo € K
{f(I) < f(w),Vz € K (3.2)

thi ta néi f(x) dat cuc tiéu tai zy. Diém x = x, dugc goi 1a diém cuc tiéu.
Cuc dai va cuc tiéu duogc goi chung la cuc tri. Diém cuc dai va diém cuc tiéu goi chung
la diém cuc tri. A

Cuc tri chi mang tinh chéat dia phuong va tranh nham lan gitta cuc tiéu véi GTNN, cuc
dai v61 GTLN.

Dinh Iy 3.1.
Gid st ham s6 y = f(x) lien tuc trong khodng K = (xg — h;zo+h),h > 0 va ¢é dao ham
tren K hogc K \ {xo}. Ta co:

x| xog—h T xo+h x| xg—h Zo xo+h
y/ + O _ y/ _ O +
fep Y ¢ a
Y /! ¢ fer O
Dinh ly 3.2.

Gid st ham s6 y = f(x) c6 dao ham dén cap hai trong khodng K = (xog — h;xo+h),h >0

f/(l’o) =0 N . 2 .2
{f”(xo) -0 = 1z la diem cuc tiéu (3.3)
f/(xo) =0 « 3.2 .
{f//(%) <0 = 1z la diém cuc dai (3.4)
O
Chu ¥, tt hai dinh 1y trén ta co:
xo 1 diém cyc tri = f'(x9) =0 (3.5)

Diéu ngugce lai chua chic ding. Tic 1, néu f'(zo) = 0 thi chua chic zy da la diem cyc
tri.
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3.2 Tim diéu kién dé ham so6 c6 cuc tri

NHAN XET. T nhan xét (3.5), ta nhan thay s6 cuyc tri cia ham s6 y = f(x) ¢6 lién quan
tryc tiép dén s6 nghiém ctia phuong trinh:

f(x)=0 (3.6)
Ta c6 cac trudng hop cu thé sau:
e Déi véi ham s6 bac ba:
y=ax® +bx’ +cr+d,(a #0) (3.7)

Ham s6 (3.7) hosic ¢6 2 cyc tri hodc khong cé cuc tri nén diéu kien can va da dé
ham s6 (3.7) ¢6 cuc tri 1a phuong trinh (3.6) ¢6 hai nghiém phan biét.

e D6i v6i ham s6 bac bén triing phuong:
y = ax* +bx® + ¢, (a #0) (3.8)

Ham s6 (3.8) ¢6 thé c6 1 hodc 3 cyc tri. Diéu kién va da dé ham s6 (3.8) c6 cuc tri
la phuong trinh (3.6) ¢6 nghiém.

Ta xét mot vai vi du dién hinh.

. 1 1 , .
Vi du 3.1. Cho ham so y = 51’3 + 51:2 + (m+ 1)z +m?. Tim m dé ham s6 c6 cuc tri./\

Loi gidi (hoangtrong2305).
TXD: R.
Ta co:
Y =2*+ 1+ (m+1)

Y =0s1"+z+(m+1)=0 (3.9)

Yéu cau ctia bai toan duge théa méan khi va chi khi phuong trinh (3.9) ¢6 hai nghiem
phan biét. Diéu nay tuong duong vdi:

3
A>0<:>—4m—3>0<:>m<—1 -

Vi du 3.2. Cho ham sb: y = —z* + 2ma* — 2m + 1. Bién ludn theo tham s6 m so cuc tri
cia ham so. A

Laoi giai (pigloo).
TXD: R.
Ta co:

/—_

Y = —42° + dma = —4x (2 —m);y =0 & 12;:0

> =m ]
Néu m > 0 thi phuong trinh y' = 0 ¢6 3 nghiém phan biet. Khi d6 do thi ham s6 c¢6 3 cuc
tri.

Néu m < 0, phuong trinh 4" = 0 ¢6 1 nghiém z = 0. Khi d6 ham s6 c6 1 cyc tri.

17
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3.3 Cuc tri cia ham s6 bac ba

Vi du 3.3. Tim m dé do thi ham s6 y = x> — 3ma® + 4m® ¢6 2 diém cuc tri va ching
ndam vé cting mot phia doi vdi duong thing d : 3z — 2y + 8 = 0. A

PHAN TicH. Ta nhic lai réing: diéu kien can va di dé hai diém A(z4;y4), B(xp; yp) ndm
vé ciing mot phia déi v6i dudng thang ax + by + ¢ = 0 la:

(ax 4+ bys +¢) (axp +byg +¢) >0 (3.10)

Nhu vay, ta chi can tim diéu kién dé ham s6 c¢6 2 cuc tri va tim toa do cac cuc tri do,
thay vao (3.10) va giai bat phuong trinh an m.

Loi giai (wtuanl59).
TXD: D=R
bat: 3z — 2y + 8 = g(z;y) Ta co:

I 2 A x=0
Yy =3z" —bmx;y =0& v —9m
Ham s6 da cho c6 hai cue tri khi va chi khi m # 0.

Véi m # 0, ta c6 hai diém chuye tri 1a: A(0; 4m?*), B(2m;0). Khi do, yéu cau ctia bai toan
tuong duong véi:

g(0;4m?).g(2m;0) > 0
& —8m’.(6m +8) >0

& 4< <1
——<m
3

4
Vay—§<m<1,m7é0. [ |

£ 1 2 5 2
Vi du 3.4. Cho ham soy = ga:?’ —ma®—xz—m+1. Tim m dé khodng cich gitta hai diém

cuc tri cia do thi ham so la nhé nhat. A

PHAN TiCH. Sau khi tim diéu kién dé ham s6 c6 hai cuc tri, ta 4p dung cong thic tinh
(1.8) dé tinh khoadng cach gitta hai diém.

Di nhién viéc tim toa do hai diém cuc tri khi vAn con tham sé m 1a tuong déi phic tap.
Ta sé st dung dinh Iy Viete dé biéu dién khoang cach giita hai cuc tri qua m.

Loi giai (Toc Ngan).
TXD: R
Ta c6: v = 2® — 2ma — 1.
Dé thay phuong trinh 3" = 0 luon c6 hai nghiém phan biét. Do d6 ham s6 da cho luon
luon c6 cue dai va cuc tieu.
Ap dung hé thic Viete, ta c6
T+ To = 2m
{ T1x9 = —1
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Khoang céach giita hai diém cuec la:

d = (x1—2)* + (y1 — 12)?

_ 2 i 2 75 ) i
= ¢/ (z1 —22)% + g—mxl—xl—m+1 - g—me—xQ—mle

— \/(xl — 13)% + {xi{) ; " m(zf — 23) — (z1 — 1'2)]2

22 4 1129 + 732 2
1—1—(1 2 Q—m(wl—l—:r;g)—l) .

3

= (z1 — 2)?
\

2m? + 2\ °
_ \(4m2+4) 1+<%>
2m2 +2 2
bat t = me > —, taco
3 3
2¢/13
d:\/ﬁt(1+t2)ZT
2 . C s e 2
Dang thiic xay ra khi va chi khlt:§(:)m:() [

Z ]— K zZ K
Vi du 3.5. Cho ham so y = §x3 —ma® — 3mx + 4. Tim m dé ham s6 c6 hai diém cuc

tri x1; o phan biét thod man dieu kien:

2 2 9 2
nidmetom, W =2 (3.11)
m x5+ 2mx; + 9m A

Loi gidi (Pham Héu Bao Chung).
Ta co:
y = 2% — 2mx — 3m

Ham s6 da cho dat cuc tri tai 1, 2> phan biét khi v chi khi phuong trinh ' = 0 ¢6 2
nghiém phan biét 1, x,. Diéu nay tuong duong véi

m >0

I (N2 _ 2
A'=(—m)*+3m=m"+3m>0< <_3

(3.12)

Theo dinh ly Viete, ta co:
T+ T = 2m
T1Xe = —3M
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Do do:

22 4 2maxs + 9IMm m?

m2 23 + 2mxy + 9m
23+ (21 + x2)T2 + 9IM m?
m2 z3 + (x1 + x2)x1 + 9IM
(1‘1 +$2)2 — X129 + 9m m2
_l’_
m?2 (x1 + x9)? — 19 + 9IM
4m? + 12m m?

m2 4m?2 4+ 12m
4dm + 12 m

m +4m+12

Tir (3.12), suy ra 2 s6 hang ctia A luon duong. Ap dung BDT Cauchy, ta co:

AZQ\/4m+12. m _
m dm + 12m

Do d6
(3.11) & 4m+ 12 =m < —3m = 12 & m = —4, ( théa man diéu kién (3.12))

Két luan: m = -4. [ |

3.4 Cuc tri v ham s6 bac bén truing phuong

NHAN XET. Do do thi ham s6 (3.8) ¢6 truc déi xiing 1a Oy va x = 0 1a mot nghiém cta
phuong trinh (3.6) nén néu ham s6 (3.8) c6 ba cic tri thi ba diém cyc tri tao thanh mot
tam giac can tai A(0; f(0)).

Bai toan 3.1 (Tam giac cuc tri). Cho ham so (3.8), c6 tham sé6 m. Tim dicu kién cia
tham s6 m dé ham sb c6 3 cuc tri va cdc diém cuc tri cia do thi ham sé lap thanh mot
tam giac ddac biét. A
Phuong phap giai.

Trude hét, ta can tim dieu kien dé ham sb c6 ba cuc tri.

Gia sit tam giac duge noéi dén 1la ABC. Tam giac nay can tai A(0; £(0)). Goi I 1a trung

diém ctia BC. Khi d6, ta d& danh tinh dudc cac canh va goc clia tam giac theo m. [ |
Vi du 3.6. Cho ham s6 y = x* —2ma® +1 ¢6 do thi (C). Tim m dé do thi (C) c6 3 diém
cuc tri A, B,C sao cho duong tron ngoai tiép tam giac ABC' c6 ban kinh bing 1. JAN

PHAN TicH. D& thiy tam giac ABC can. Gid sit AB = AC. Goi I la trung diém BC.
Khi d6 tam giac AIC vuong tai 1.
Dé tinh dugc ban kinh duong tron ngoai tiép, ta nghi dén dinh 1y sin:

a b c
f— p— f— 2
sinA sinB sinC i
Ta co: AB AB
sin C' el

Ta chi can tinh AI, AC theo m la xong.
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Loi gidi (nucnt772).

Ta c6: TXD: R
Y = 42® —dmz = dx(2® —m);y =0 & r=0
) $2 =m
D5 thi (C) da cho c6 ba diém cuec tri khi va chi khi:
m >0 (3.13)

Khi do, ta co

A(0;1); B(—=v/m; —m? + 1); C(v/m; —m® + 1)
D& thay tam gidc ABC can tai A. Goi I la trung diém BC, ta c6 I1(0;1 —m?). Xét tam
giac AIC vudng tai I, ta c6: sinC' = j—é
Goi R 1a ban kinh ngoai tiép tam gidc ABC, ap dung dinh 1y sin cho tam giac ABC, ta
cO:

AB AB.AC

sne At = T =
& AB? =2AI
& m+mt=2m?
s mt=2mP4+m=0

m=1

1++5

2
_—1—1—\/3
N 2

T

m

—1++5

Két hgp vdéi dieu kién (3.13), yéu cau clia bai toan tuong duong véi m = 5
m = 1. |

hoac

Vi du 3.7. Cho ham sé y = z* 4+ 2ma® + m? + m. Xdc dinh m dé ham sé ¢6 3 cuc tri,
dong thoi cic diém cuc tri cia do thi ham so tao thanh 1 tam gidc cé géc bang 120°. A
Loi gidi (E.Galois).
Ta c6:
Y = 42® 4 4ma = 4a(2® +m)

Ham s6 da cho c6 3 cuc tri khi va chi khi phuong trinh 3 = 0 ¢6 dung 3 nghiém phan
biét. Diéu nay tuong duong véi:

m <0 (3.14)
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Véi diéu kien (3.14), do thi ham s6 c6 3 diém cye tri 1a

A(0;m? +m), B(—v—m;m), C(v/—m;m)

Dé thay tam gidc ABC la tam gidc can tai A. Do d6 A = 120°. Tt d6 suy ra ABC = 30°.
Yéu cau ciia bai toan tuong duong vdi:

— — 2 1
tanABC’:—|yA yB|<:>£— =

|z 5] 3 V=m 3

1
m=-3 thoa méan (3.14) nén do6 la dap an cia bai toan. |
3.5 Bai tap
1. Cho ham s6: y = zt = 2ma? — 3. Tim m dé do thi ham sb tren c¢6 3 diém cuc tri va
ban kinh duong tron ngoai tiép tam giac tao béi cac diém cuc tri dé dat gia tri nhd
nhat.
2. Tim m dé do thi ham s6: y = 22° + 3 (m — 1) 2* + 6m (1 — 2m) x c6 hai diém cuc
thudc y = —4x.
3. Tim m dé do thi ham s6 y = 22° +3(m — 1)2® + 6 (m — 2) 2 — 1 ¢6 hai diém cuc
va duong théng qua hai diém cuc song song y = —4z.
N P 2 )
4. Tim m dé do thi ham s6 y = §x3 + (m+1)2” + (m* + 4m + 2) z ¢6 hai diém cuc
tri z1, z5 sao cho biéu thic
P = |£L’1.CI?2 -2 (331 + 332)’
dat gia tri 16n nhat.
5. Tim m dé do ham s6 y = 2® — 322 + m2x + m ¢6 hai diém cuc A, B dbi xing qua
(A):2y —x+5=0.
6. Tim m dé do ham s6 y = 2 — 3ma® +3 (m* — 1) 2 — 3m® + 4m — 1 ¢6 hai diém cuc

A, B sao cho AOAB vuong tai O.
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4 Bai toan tuong giao

Phan nay ta sé gidi quyét cac bai toan tim dicu kieén ctia tham s6 m dé hai do thi cit
nhau théa man mot s6 dieu kién nhat dinh. Ta c6 tinh chat sau:

Tinh chét 4.1.
Hoanh do giao diém cia do thi hai ham s6 y = f(x) vay = g(z) la nghiém cia phuong
trinh:

f() = g(x) (4.1)
O

Tit d6 suy ra, s6 nghiém ctia phuong trinh (4.1) bing s6 giao diém ctia dd thi hai ham s
da cho.

NHAN XET. Diéu kién can va da dé do thi ham s6 y = az® + ba? + cx + d cit truc hoanh
tai ba diém phan biét la:

(4.2)

Ham s6 c6 2 cuc tri
yoepyor <0

4.1 Diéu kién veé so giao diém

Bai toan 4.1. Tum dicu kién cia tham s6 m dé do thi (C,,) ctia ham s6 y = f(x,m) cdt
duong thang (d) : y = ax + b tai n diém. A

Phuong phap giai.
Hoanh do giao diém ctia dd thi (C,,) va duong thing (d) 14 nghiém ctia phuong trinh:

flz,m)=azx+0b (4.3)
Diéu kién ctia bai todn duge thoa man khi va chi khi phuong trinh (4.3) ¢6 n nghiém.
Ta c6 hai cach gidi quyét dieu kién nay.
Cdch 1: C6 lap an m, bién déi phuong trinh (4.3) vé dang:

m = g(z)
Khdo sat ham s6 y = g(z), 1ap bang bién thien va dya vao d6 ma két luan.
Céach 2: Nham nghiém, st dung diéu kién c6 nghiém ctia phuong trinh bac hai hoic
diéu kien (4.2), ... [

Vi du 4.1. Cho ham s6: y = 2° —mx —m c6 do thi la (Cy,). Tim m dé do thj (C,) cia
ham so cdt truc hoanh tai 3 diém phan biét. A

Ta sé gidi bai toan nay bang ca hai cach trén.

Loi giai (E.Galois (Cach 1)).

S6 giao diém ctia do thi (C,,) va truc hoanh bing s6 nghiém ctia phuong trinh:
3

x
x+1

P—mr-m=0&m= Vo # —1
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3

Xét ham s6: f(z) = ° T xéc dinh trén R\ {—1}. Ta co:
T

. 20% 4+ 32% |, =0
f($)zmaf($)—0@ x:_g

2
1(-3) = Tt 1) = oo im0 = 400t flo) = =

Ta c6 bang bién thién ctia ham sb:

+
o/Oo

f(x) +oo\ 27 /+oo _OO/
4

Dira vao bang bién thién, ta thay yéu cau ciia bai toan dude théa man khi va chi khi:

27
> — [ |
ey

Loi giai (E.Galois (Cach 2)).
Ta co:
y =32 —m

Yéu cau cta bai toan duge thoa man khi va chi khi:

{ mo >0 (4.4)

yepyer <0

V6i diéu kien m > 0, ham s6 ¢6 hai diém cuc tri 1a:

Do do:
m >0 4
(4.4) & o [ 4 eSm > —
—m —1
m 27m >0 27

Vi du 4.2. Tum tat cd duong thang di qua M(4;4) va cit do thi (O) :y = 2 — 62? + 9z
tai ba diém phan biét. A

Loi giai (Myams1013).
Dé thay cac dudng thang khong c6 he s6 goc chi cat do thi (C) tai ding mot diém.
Gia stt duong thang d can tim c6 hé s6 goc 1a k. Khi d6, d c6 phuong trinh dang:

y=kx —4k+4
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S6 giao diém ctia d v (C') bing s6 nghieém ciia phuong trinh

23— 622 + 92 = kx — 4k + 4 (4.5)

& (r—4)(2* - 20+4—k) =0 (4.6)
r=4

< {x2—2x+4—k20 (4.7)

d va (C) cit nhau tai ba diém phan biét khi va chi khi phuong trinh (4.7) ¢6 hai nghiem
phan biét khac 4. Diéu nay tuong duong véi:

[ —
{A_l 4+k>0 S124k>3

42 —244+4—k#0
Vay tat ca cac duong thang théa man yéu cau bai toan cé dang:

y=kr—4k+4,(12# k > 3) [ ]

4.2 Diéu kién vé hoanh do giao diém

Vi du 4.3. Tim m dé do thi ham s6 y = f(x) = 2° —3(m + 1)2® +3mx —m +1 =0 cit
Oz tai 3 diém phan biét trong doé cé it nhat 1 diém c6 hoanh dé am. A
Ta sé giai bai nay bang 2 cach.

PHAN TicH. Néu khong o lap m ma truc tiép di tim diéu kién dé mot phuong trinh c6
ba nghiém, trong dé cé it nhat 1 nghiem am e 1a hoi kh6. Ta sé tim diéu kien dé phuong
trinh c6 3 nghiém khong am. Khi d6, yéu cau ctia bai toan chinh 14 phan bl ctia diéu kién
vira tim.

Do hé s6 ctia 2° duong nén ta c6 2 truong hop sau:

. FS
¥y ¥y

x /\ x
’ | \/ | '

Trong cé hai truong hop trén, f(0) < 0 va fep, for trai dau, them nita, zop, zor déu
duong. Nhu vay, diéu kién can tim 14 phan b ciia diéu kién:

f(0)<0
fep >0
fer >0

Loi gidi (E.Galois (Cach 1)).

Hoanh do giao diém ctia do thi va truc Oz 1a nghiém clia phuong trinh

> —=3(m+1)2>+3mz —m+1=0 (4.8)
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Yéu cau ctia bai todn duge théa man khi va chi khi phuong trinh (4.8) ¢6 3 nghiém phan
biét trong d6 co it nhat 1 nghiem am.
Ta co:

fl(x) = 32*—6(m+1)z+3m

flx) = %(m—m—1)f’(x)—2(m2+m+1)x+m2+1

f(x) 1a tam thitc bac hai c6 A = 9(m* +m + 1) > 0. Vay phuong trinh f/(z) = 0 luon
c6 hai nghiem xq; xo. Khi d6, vi f(x1) = f(z2) = 0 nén

f(z1) = =2(m* + m + Da; +m? + 1
flze) = =2(m* +m+ Dy +m* + 1

Dié¢u kién can va di dé phuong trinh (4.8) ¢6 3 nghiém phan bigt 1a
f(x1).f(ze) <0 (m+1)(m* —m?* —m—3) >0 (4.9)

V6i dieu kien (4.9), phuong trinh (4.8) ¢6 3 nghiém khong am khi va chi khi:

y(0) <0 —m+1<0 m>1
T1.29 > 0 & m >0 & m>0 m>1
1+ 29 >0 2(m+1)>0 m > —1

Vay yéu cau ctia bai toan duge théa man khi va chi khi:

m <1
{(m+1)(m3—m2—m—3) >0 (4.10)

Xét ham s6 g(x) = 2° — 2% — v — 3, c6 bang bién thién:
L 1 +
T |—o0 —= 00
3
g (x) + 0 - 0 +
76 N
— 00
9(x) —oo/ 27\_4/

Tit bang bién thién, ta thay
g(m) <0,Vm < 1

T do, ta co
(410) & —1<m< 1 ]

NHAN XET. Loi gidi trén day tuong doi dai dong va kha kho hiéu. Ta sé di tim mot 1oi
gidi khac ngdn gon hon. Ta quay lai phuong phap co lap m. Ta c6 161 gidi sau:
Loi giai (E.Galois (cach 2)).
Ta co:
3 — 322+ 1
48) &m = ——F——
W8 &m = g g1
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2 3312 +1
Xét ham so g(x):?;_—gxilxéc dinh trén R. Ta co6:
3x—1)(x® -2+ 3z —1
Sy = 3= 1 )

(322 — 3z +1)?
Dé thay ham s6 h(x) = 2° — 2% + 3z — 1 dong bién trén R va h(0)h(1) = —2 < 0. Do d6
phuong trinh h(x) = 0 ¢6 duy nhat mot nghiem = = a va a € (0;1).
Mat khac:
lim g(z) = —o0; lim g(x) = +o0;9(1) = —1;9(0) =1

T——00 T—+00

Ta ¢6 bang bién thien ctia ham s6 g(z).

T |—00 0 a 1 +0o0

g'(x) + + 0 - 0 +

(a) +00
g(x) /1/9 \—1/

Duira vao bang bién thién, ta thay yéu cau clia bai toan tuong duong véi:

—-1l<m<l1 [ |

Bai toan 4.2. Cho ham so bac ba (hodc bac bon trung phuong) y = f(x,m) cé do thi (C).
Tim diéu kién ciia tham s6 m dé do thi (C) cdt truc Ox tai 3 (hodc 4) diém c6 hoanh do
lap thanh mot cdp s6 cong. A
Phuong phap giai.
Déi vdi ham sé bac ba:
Dua vao tinh chat ctia dd thi ham s6 bac ba, ta thay néu do thi cit truc Oz tai 3 diém
phan biét thi ba diém do c6 hoanh do lap thanh mot cap sé cong khi va chi khi tam déi
xting (diém uén) ctia do thi ndm trén truc Oz.
Doéi vdi ham s6 bac bon trung phuong:
Hoanh do giao diém ctia do thi ham s6 y = amzt + bz? + ¢, va truc Oz 1a nghiém cua
phuong trinh:

A2 + by + ¢ = 0 (4.11)

Do do thi nhan truc Oy lam truc déi xiing nén néu phuong trinh (4.11) ¢6 boén nghiem
T1, T2, X3, Ta, (11 < T < 0 < 23 < 24)

theo thu ty lap thanh mot cap sé cong thi ta co:

T9 = —XT3
= 14 = 3T3.
$4—$3:$3—$2:d

Khi gidi phuong trinh (4.11), ta dit t = 2%,¢ > 0, ta dugc:
Amt® + byt + Cpy =0 (4.12)

Khi do
Ty = 3r3 = t1 = iy

Nhu vay, ta chi can tim diéu kién ctia tham s6 dé phuong trinh (4.12) c6 hai nghiem
duong nghiém phan biét va t; = 9¢,. Dén day, ta can sit dung hé thiic Viete. [ |
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Vi du 4.4. Cho ham s6 y = —a* + 2ma® — 2m + 1 ¢6 do thi (C,,). Tim m dé (C,,) cit
Ox tai 4 diém c6 hoanh do lap thanh cip sé cong. Xdc dinh cdc s6 hang clia cap $6 cong
nay. A

Loi giai (pigloo).
Hoanh do giao diém ctia (C,,) vd Ox 1a nghiém ctia phuong trinh:

—zt+2mat—2m+1=0 (4.13)
Dit t = 22, t > 0. Khi d6 (4.13) trd thanh:
—t* 4+ 2mt — (2m —1) =0 (4.14)

D5 thi (C,,) cét truc Oz tai bon diém phan biét khi va chi khi phuong trinh (4.14) c¢6 hai
nghiém duong phan biét t;,t,. Diéu nay tuong duong véi:

A = mP=2m+1 >0 ]
1+t = 2m >0

V6i diéu kien (4.15), phuong trinh (4.14) c¢6 hai nghiem ¢,t, > 0 théa man t; = 9¢, thi:

y 9m
t1 — 9ts =0 1= =
{t1+t2 :2m:> tQZ&
5
Thay hai nghiém dé6 vao (4.14), ta dugc:
m =95
9m?* — 50m + 25 =0 & 5
m= —
9
£ 3 PRENFTEN o 5 N sy [N N
Doi chiéu véi dieu kién (4.15), ta co m =5 hay m = 9 la gia tri can tim. [

4.3 Giao diém va khoang cach

4 N A 1 3 2 1 P PN N N 2 1
Vi du 4.5. Cho ham soy = 3® —2z +3x—§ c6 do thila (C). timm deé (d) : y = mT— o
cat (C) tai 3 diém phan biét A,B,C vdi A c6 dinh vi Sopc = 2S04B. A

Loi giai (Pham Haou Bao Chung).
Hoanh do giao diem ctia (C) va (d) 1a nghiém ctia phuong trinh

1 1 1
§x3—2x2+3x—§:mx—§ (4.16)
1
= §x3—2w2+(3—m)x:0 (4.17)
z=0
< {x2—6x+3(3—m) =0 (4.18)
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) 1

(d) cat (C) tai 3 diém phan bigt khi va chi khi phuong trinh (4.18) ¢6 hai nghiém phan
biet khac 0. Diéu nay tuong duong véi:

A'=3-33-m)>0 m >0
{ 33—m)#0 m # 3 (4.19)
V6i diéu kién trén, phuong trinh (4.18) c¢6 hai nghiém phan biét: z = 3 + v 3m.
T do, ta co:

1 1
SAOBC = QSAOAB = §d(o;(d)).BC = 2.§d(o;(d)).AB = BC =2AB

Vi A, B, C thang hang nén c6 hai truong hop xay ra:

+ Néu A I trung diém BC thi 24 = “2 ¢ o =

5 (Vo 1i)
P —
+ Néu B(% = 2BA, ta co:

|

Ic—{L‘BZZ(ZL‘A—ZL’B)
& 1o =3z

34+v3m =2(3—v3m)

3 —3m =23+ 3m)

3
& m= Z(th()a man (4.19))
"~ 3 ~ .~ ? N 7
Vay m = 1 la nghiém cua bai toan. [ |

4.4 Giao diém va goéc
4.5 Cac phép bién doi doé thi
Vi du 4.6. Cho ham s6y = 2° — 3z — 2 ¢6 do thi (C).

a) Khdo sat sy bién thién cia ham so va vé do thi (C).
b) Goid la duong thang di qua M (2;0) va cé hé s6 goc k. Tim k dé d cdt do thi (C') ham
$6 sau tai 4 diém phan biét

y=laf’ =3z| -2 A

Loi giai.

a) Ban doc ty lam. Do thi (O):

b)Cach 1 (Pham H@u Bao Chung)

Dua va do thi (C), ta vé do thi (C):

Duong thing (d) di qua M(2;0) véi hé s6 géc k c6 phuong trinh dang: y = k(z — 2). Dé
thay: M(2;0) = (d) N (C)

Duta vio do thi, ta thay (d) cat (C) tai 4 diém phan bigt khi va chi khi (d) nim gitta hai
dudng thang d, va d,. V6i:

* dy 1a dudng thang di qua M (2;0) va N(—2;0)

* dy 1a duong thang di qua M va tiép xic v6i nita bén tréi truc Oy ctia dd thi (C”).
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[
I

Dé dang tim dugce (dy) : y = z + 2 ¢6 he s6 goc ky = 1.
Véi z < 0, ta co:

y= |z —3|z| —2=—2"+3x -2
D& dang tim duge dudng thing (dy) c6 he sd goc ky = 6v/3 — 9.
Vay 1 < k < 6v/3 — 9 thi (d) cét (C') tai 4 diém phan biet.

Cach 2 (E.Galois)
Duong thang (d) di qua M(2;0) v6i hé s6 goc k c6 phuong trinh dang: y = k(z — 2).
Hoanh do giao diém ctia do thi (C”) va duong thang (d) 1a nghiém ctia phuong trinh:

jz° — 3Jx| — 2

2| = 3lz| —2=k(z —2) = k= 5 Vo #£ 2 (4.20)
x_
Xét ham so:
f® = 3] — 2 2’ +2x+1 khi 2#x>0
g(z) = =< -2+ 3r -2 ,
T —2 ——— " khi z<0

Tr— 2
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Ta co:

2 + 2 khi 24z >0
/ — _23 2_4 ) — — o
J () x(+6;)2 iz <0 Jr)=0r=1-3
I‘_

¢'(x) khong xac dinh tai x = 0, va:

lim g(z) = —o0; lim g(x) = +00;9(0) =159 (1 - \/§> =6vV3-9

T——00 T—+00

Ta c6 bang bién thién ctia ham sob:

T |—00 1-— \/5 0 2 +00
g (x) + 0 — + +

g<x>_oo/6\/§—9\1/9H9/+oo

Dé thay (d) va (C") cit nhau tai M. Do d6 yéu cau ctia bai toan duge théa man khi va
chi khi phuong trinh (4.20) ¢6 3 nghiem phan biét. Diya vao bang bién thién, ta thay dieu
d6 tuong duong véi:

4.6

1<k<6V3-9 u

Bai tap

. Tim m dé dd thi ham s6 y = 2° — 32° + (m — 2)z +m + 2 c&t Oz tai ba diém phan

biet. DA: m < 2.

. Tim m dé d6 thi ham s6 y = —22® + 62% + 1 cit do thi y = ma + 1 tai ba diém

phan biet A(0; 1), B, C sao cho B la trung diém ctia AC. DA: m = 4.

. Tim m dé d6 thi ham s6 y = 22° — 32? — 1 cit d6 thi y = ma — 1 tai ba diém phan

. 9
biét, trong d6 hai diém c¢6 hoanh dé duong. DA:_§ <m < 0.

. Tim m dé do thi y = 2° + 2ma® + (m + 3) z + 4 cit do thi y = z + 4 tai ba diém

A(0; 4), B, C sao cho K(1; 3) va B; C tao thanh tam gidc c6 dién tich Sapkc =
8v2. DA: m = ¥
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5 Bai toan tiép tuyén
5.1 Phuong trinh tiép tuyén

Dinh 1y 5.1 (Y nghia hinh hoc ctia dao ham).
Néu ham s6 y = f(x) c¢6 dao ham tai diem xo thi f'(xzo) la hé s6 géc cia tiép tuyén cia

do thi ham so tai diem (zo; f(z0)) O
Dinh ly 5.2.
Phuang trinh tiép tuyén cia do thi ham so y = f(z) tai diém M (xo;yo) cé dang:
y = f'(w0)(z — 70) + o (5.1)
O

5.2 Ba dang bai viét phuong trinh tiép tuyén

Dang 1. Biét x, ho#c y: Tim y, hodc zo va f'(z), 4p dung cong thitc (5.1)

Dang 2. Biét f'(x¢). Gidi phuong trinh 3 = /(o) dé tim zg, tit d6 tinh yo vA 4p dung
cong thic (5.1).

Chii 9j: hé s6 goc clia tiép tuyén tai diém o chinh 1a f'(z).

Dang 3. Tiép tuyén di qua 1 diém M.

- Gi st tiép tuyén di qua M 1a tiép tuyén tai . Suy ra phuong trinh c6 dang (5.1).

- Thay toa do ctiia M vao phuong trinh (5.1), giai phuong trinh va tim duge z¢. Tt d6 ¢
phuong trinh can tim.

2+ 2
Tz —
voi Oz, Oy mot tam gidc vuong can. A

Vi du 5.1. Viét phuong trinh tiép tuyén cia do thi (C) :y = biét tiep tuyén tao

PHAN TicH. Néu tlep tuyén d ctia do thi cat truc Ox, Oy lan lugt tai A, B va tam giac
AOB vuodng can thi ABO = BAO = 45°. Ta c6 bén truong hop sau:

dy

dy

Goi k; 14 hé s6 goc ctia duong thang d;, (i = 1,4). Ta c6:
ki1 = ko = tan4b° = 1; ks = ky = tan 135° = —1;

Tt d6 suy ra hé s6 goc cia d 1a k = +1. Tuy nhién:

4
/:—— ]_
Y (x_1)2<O,Vm7é
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Do d6 hé s6 goc clia tiép tuyén phai la k = —1. Bai toan tré thanh viét phuong trinh tiép
tuyén ctia do thi (C), biét he s6 goc clia tiép tuyén 1a —1.

Loi giai (SOYA264).
Yéu cau clia bai toan tuong duong véi viét phuong trinh tiép tuyén ctia do thi (C), biét
hé s6 goc clia tiép tuyén 1a —1. Ta co:

4 r = 3
e — =1
i (@ —1)2 z = —1

V6i 2y = 3, thi y(3) = 4. Ta c6 phuong trinh tiép tuyén dang:
y=—-x+7
V6i 2o = 3, thi y(—1) = 0. Ta c¢6 phuong trinh tiép tuyén dang:
y=—x—1
Vay c6 hai tiép tuyén théa man yéu cau bai toan I y = —2 4+ 7;y = —x — 1. [ |

5.3 Sb lugng tiép tuyén

r+1 N e .
. c6 do thi (C). Tim nhing diem trén truc tung dé tu

Vi du 5.2. Cho ham so: y =
dé ké dugc ding mot tiép tuyén tdi (C). JAN

Loi giai (Pham Hau Bao Chung).
Dat A(0;a) 1a mot diém bat ky trén truc tung, con d la tiép tuyén ciia do thi (O) tai
M (z0;yo). Phuong trinh d ¢6 dang:

2(x —x9)  wo+1
({E() — 1)2 o — 1

Duong thang d di qua A khi va chi khi:

2350 33()—|-1 2
a:(xo_l)z—kxo_l(:)(a—l)xo—Z(a+1)x0+a+1:O (5.2)

Diéu kién can va di dé c6 duy nhat mot tiép tuyén dén (C) la phuong trinh (5.2) (an o)
c6 mot nghiem duy nhat va nghiem d6 khac 1. Diéu nay tuong duong vdi:

{a—1—2(a+1)+a+1#0:a:_1

AN=(@+1)?—-(a*-1)=0

Vay: A(0; —1) la diém can tim. |

5.4 Tiép tuyén va khoang cach

Vi du 5.3. Cho ham s6y = T

T+
biét khodng cdch tu tam doi xing cia (C) dén tiép tuyén la lon nhat. A

2 N . . )
. c6 do thi la (C). Viét phuong trinh tiép tuyén cia (C),
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Loi giai (E.Galois).
Gia sit a 1a hoanh do tiép diém. Khi d6 phuong trinh tiép tuyén (d) can tim c6 dang:

T —a +a+2
(a+1)2 a+1

y=- sr+(a+1)’y—a—(a+1)(a+2)=0

Tam doi xting I(—1;1).
2|a+ 1| 2|a+ 1]

d
O T e ¢T

Dau "=" x4y ra khi va chi khi

a=0

(a+1)'=1% {a:_z

V6i a = 0, ta c6 phuong trinh tiép tuyén: y = —z + 2

V6i a = —2, ta c¢6 phuong trinh tiép tuyén y = —x — 2. |
) ) ) 22 )
Vi du 5.4. Viét phuong trinh tiép tuyén cia (C) :y = 7T + 5 + 2 biet khodng cach tu
L . 9
A(0;3) den tiep tuyen la —=. A
(0;3) p tuyen la 2

Loi gidi (Pham Héu Bao Chung).

Goi M(x,;y,) 1 toa do tiép diem. Khi d6, phuong trinh tiép tuyén (d) ctia do thi (C) c6
dang:

3:60 3x3

(wg+xg)x—y— 1 —1—7—1—2—0
T gid thiét, ta co:
3 1
L 9 . ‘A—Lx§+§x3+1‘_ 9
(45d) 45 \/:vg(m% +1)2+1 45
3rg+223+4 9

V@ r12+1 V5
Dit 22 = ¢ > 0, quy dong va binh phuong hai vé, ta co:

5(3t% + 2t 4+ 4) = 1 + 81t(t + 1)

& 4517 — 2183 — 222 -t —1=0
& (t — 1)(45t° + 24t + 2t + 1)
o t=1

S =41

Tt d6, ta c6 hai tiép tuyén théa man yéu cau bai toan:

3
(Y = —2r + —. u

3
=9 Z
Y T+ 1

4
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5.5 Tiép tuyén va goc

Vi du 5.5. Tim trén do thi (C) cia ham s6 y = f(x) = 2° — 32° — 1 hai diém phan biet
A, B sao cho tiép tuyén cia (C) tai A, B song song vdi nhau vi AB = 4v/2. JAN

Loi gidi (hoangtrong2305).
Gia st A(a;a® — 3a® — 1), B(b;b® — 3b* — 1) v6i a # b.
Do tiép tuyén cia (C) tai A, B song song véi nhau nén:

f'(a) = f'(b) & 3a* —6a=3b>—6b=>a=2—1b
Mat khéc:

AB =42
& 4 —1)2 40 -3 +2)7 =32
s b-1)2+0-1)720b-1)*-3* =38
batt=b—1, ta coé:

t+tt—-3)> =8t —6t°+10t —8=0<t=4

Tit do, ta c6 hai diem A(—3; —55), B(5;49) |

5.6 Bai toan khac

Vi du 5.6. Cho ham s6: y = a* — 52® +4 ¢6 do thi (C). Tim tat cd cic diem M trén do
thi (C) sao cho tiép tuyén cia (C) tai M cat (C) tai hai diém phan biét khdc M. JAN
Loi giai (haisupham).
Gia st M (m;m* — 5m? + 4) la diém can tim. Phuong trinh tiép tuyén d ciia do thi (C)
tai M c6 dang:

y = (4m® — 10m)z — 3m* + 5m? + 4

S6 nghiém ctia dudng thang d va do thi (C) bang sd nghiém ctia phuong trinh:

z* — 527 + 4 = (4m® — 10m)z — 3m* + 5m? + 4 (5.3)

& (z—m)*(2* +2mz +3m? —5) =0 (5.4)
r=m

< [:::2 +2mz +3m* — 5 =0 (5:5)

d cat (C) tai hai diém phan biet khac M khi va chi khi phuong trinh (5.5) ¢6 hai nghiem
phan biét khac m. Diéu nay tuong duong vdi:

V10 V10
A=m?—3m*+5>0 _ )75 <M< 5
m?® +2m® +3m* =5 # 0 V30

mEETS u
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5.7 Bai tap

2 s + 1 z 5 . .2 2~ .2 L 2
1. Cho ham so: y = -1 Tim tat ca cac diem trén truc tung de tu diem do ké duge
:E J—

2 tiép tuyén dén do thi sao cho 2 tiép diém tuong tng c6 hoanh do duong. DA:
M(0;a),a > 1.

. . L, 3—x ... . . N
2. Viét phuong trinh tiép tuyén cta (C) : y = 12 biet tiep tuyen cach deu
x

A(—1; =2), B(1; 0). DA: y = =52 + 0.
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6 Diém dic biét thudc dd thi

/ 2
Vi du 6.1. Cho ham s6: y = — 5 0 dd thi (C)
x

a) Chiing minh ring do thi ham so nhan duong thang (d) : y = x + 3 lam truc doi zing.
b) Tim dieém M thudc do thi sao cho tong cdc khodng cach tic M dén 2 truc toa do la nho
nhat. A
Li giai.

a) (E.Galois)

Dé théy (d) 6 vecto chi phuong 7 = (1;1).

Lay diém bat ki M (zp;yn) € (C). Khi do:

4
ym =1- STy = —2 (6.1)

Ty + 2 1 —ynp
Goi N(zn;yn) la diém dbi xing ctia M qua (d). Goi I la trung diéem MN. Khi do:

1 xM+xN;yM+yN . Ta co:
2 2
Ied (6.2)
MN.7 =0
N+ rv+6=yn+yu
& 6.3
{$N+yN=IM+yM (6.3)
ym =N +3
4
< {yN=$M+3 (64)
Két hop (6.1) va (6.4) ta co:
ZEN—2
= —|— =
N I —yum TN+ 2

Vay N € (C), hay (d) la truc ddi xiing cia (C).

b) (Pham Hiu Bao Chung)

b —2 L .
Goi M (g; x—> la mot diém bat ki thuoc (C). Khi dé:
Ty + 2
P = dur00) + dasoy)
o] + Ty — 2
= ‘/I’.O
T+ 2
= |z, 1| > |z, 1
|x’+x0+2 ‘_x+xo+2 ‘
- Néu z, < —2 thi:
T, + —1>[-2-1]=3
Ty + 2
-Néuz, > -2 2,+2 >0 thi:
4
Ty + —1l= |z, +2+ -3l>14-3]=1
To+ 2 o+ 2
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Vay
4 1)>0
Lo- - -
T, + 2
mnP=1% Ty > —2 S x,=0
4
ot2=
Tot T, + 2
Vau M(0; —1) la diém can tim. |

Vi du 6.2. Cho ham s6: y = x° — 4z — 1(C). Tim nhiing cip diém nguyén trén (C) doi
ziing nhav qua duong thang (d) : y = = va khong nam trén duong thang do. A

Loi gidi (Pham Héu Bao Chung).
Goi A(a;a® — 4a — 1), B(b;b* — 4b — 1) la nhiing diém thoéa man dé bai. Khi dé: a,b € Z
va a # b.
Heé s6 goc clia duong thang AB la:
yp—ya b —a® —4(b—a)

kap = = =0 +ab+a®—4
T — XA b—a

Hai diém A va B ddi xting v6i nhau qua duong thang (d) khi va chi khi d 1a trung tryc
ctia doan thang AB. Tic la: AB 1 d va A, B cach déu d. Khi doé:

{kAB.kd:—l
daq = dg
a+ab+b*—4=-1
la — (a® — da — 1) = |b— (b* — 4b — 1))
a’®+ab+b* =3
la* — 5a — 1] = [b* — 5b — 1]
a’>+ab+b* =3
[ a® —5a—1=0b>—5b—1
o’ —5a—1=-b"+5b+1
a’®+ab+b*=3
[(a —b)(a® + ab+b* —5) =0
A+ 0P —5(a+b)—2=0
a>+ab+b*=3
a=1b
a’*+ab+ b =5
a4+ b —5(a+b) —2=0

a’+ab+b* =3
a4+ b —5(a+b) —2=0
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Dit S =a+b, P = ab, (S? > 4P), ta dugc:

S*—P=3
53—3PS—5S—2:0

- pP=5%—
—25+1_0
P=5%-3
=

S—1)(S*+S5-1=0)

.
{ pP= 52—3
-

Ai¢5

Do a,b € Z nén

a=2
b=—1
SeZ=S=1=P=-2= g 1
h—
Thit lai, ta thay (—1;2) va (2; —1) la cac diém can tim. |
Ve -2 2 N .2 Z N N . « 7z xr + m .
Vi du 6.3. Gid st M la diém bat ki trén do thi ham so (C) = L om #+1goi H K
x —
la hanh chiéu ciia M lén cdc duong tiem can do thi ham so (C) va I la giao diém ciia hai
tiem can. Tim m dé Sy = 1 A
Loi giai (hoaqlgtrong2305)
Gia st M (z; . )
TCD: z =1
TCN:y =1
Ta c6 1(1;1)
co o NN 2z R ~ r+m
Gié st H la hinh chiéu cta M lén Oz = H(1; 1 )
x —
Gia st K 1a hinh chiéu ctiia M len Oy = K(z;1)
MH = (1—2;0)= MH = /(1 - 2)?
T+m 1+m
HI = (0; —1)= HI = 2
Y (s
Ta c6 M HIK la hinh chit nhat
= Syurxk = MHHI = (1+m)? =1
m =20
& {m _ _2} |
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