UNG DUNG NGUYEN Li DIRICHLET
TRONG CHUNG MINH BAT PANG THUC

TS. Phgm Van Cuong — P.GD s¢ GDDT
Huynh Tan Chédu — GV trwong THPT chuyén LVC

Nha toan hoc Duc P.G.Lejeune Dirichlet (1805-1859) da néu ra mot dinh li ma vé sau
nguoi ta goi la Nguyén li Dirichlet, nguyén ly duoc phat biéu nhu sau:

“Néu nhét vio n chiéc léng mét s6 chii thé ma sé lwong I6n hon N thi ta sé tim duwoc mot
chiéc long ma trong d6 c¢é nhiéu hon mét con tho”

Chuing ta biét bat dang thirc (BDT) la mot dang toan hay va kho, thuong co trong cac ki thi
hoc sinh gioi (HSG) Qudc gia va Qudc té. C6 rat nhiéu phuong phap dé chung minh BDT: phuong
phap ching minh bang quy nap, phuong phap chimg minh bang phan chimg, dung cac BDT ¢
dién: Cauchy, Bunhlacopxkl Chebyshev .phuong phap dao ham, phuong phap luong giac hda,..

Bai viét nay chung toi mudén gidi thiéu mot phuong phap ching minh BDT kha thi vi Iél
Ung dung nguyén |i Dirichlet. V&i phuong phap nay, giup chung ta chirng minh duge mot s6 bai
todn BDT mét cach rat gon gang va doc dao.

Ttr nguyén li Dirichlet c6 mot ménh dé cé ¥ nghia Gng dung hét strc quan trong. Do 1a:
Ménh 8. Trong 3 s6 thue bat ki X, Y, Z thi phdi c6 2 s6 cing dau

Pay 1a mot ménh dé rat quan trong, boi khi ta da chon dugce “diém roi” (tic 1a dang thic
ctia bai toan) thi ta c¢6 thé ap dung ménh dé trén dé chimg minh BDT. Chang han dang thic xay ra
khi a= b= c= k thi ta c6 thé gia st 2 s6 (a- k), (b- k) cung dau, khi d6 thi (a- k)(b- k)* O

Chuing ta s& nghién ctru mot s6 vi du sau dé thay duoc ¥ nghia viéc tng dung nguyén li
Dirichlet trong viéc giai BDT nhu thé niao

Bai toan 1. Cho cdc sé thuc duong a, b, C.
Chitng minh rang: a®+ b?+ ¢+ 2abc+1° 2(ab+ bc+ ca)
Loi gidgi. Dy dodn diém roi a=b=c=1
Theo nguyén |i Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung diu. Khéng mat tinh
tong quat, gia sit (a- )(b- 1)* 0 thi 2c(a- 1)(b- 1)* 0b 2abc® 2bc+ 2ca- 2c.
Do d6 ta chi can chimg minh a2+ b?+ c?+ 13 2c+ 2abU (a- by + (c- 1)°* 0
BDT trén ludn dung. Vay ta c6 diéu phai chimg minh.
Ding thirc xay ra khi va chi khi a= b=c=1
Nhgn xét: Ta cé thé chirng minh dwoc BPT ding véi moi sé thic néu thay déi mét chit:
a’+ b?+ ¢+ a’b’c®+ 23 2(ab+ bc+ ca)
Theo nguyén Ii Dirichlet thi  ¢*(a®- 1)(b°- )* 0P a’h’c’+c** b’c*+ c’a’
Nén ta chi can chiing minh
a’+ b%+ 2+ b?c?+ c?a®? 2(ab+ be+ ca)U (a- b) + (be- 1) + (ca- 173 0
BDT nay hién nhién dung. Pang thirc xay ra khi va chi khi a=b=c=+1
Bai toan 2. Cho cdc sé thiee dwong a, b, ¢. Chitng minh rang
a’+ b?+ c®+ 2abc+ 3° (a+ D(b+ D(c+ 1)
Loi gigi. Sau khi nhan 2 vé cho 2 thi BDT trén twong dwong voi
2(a®+ b?+ ¢®)+ 2abc+ 4° 2(ab+ b+ ca)t+ 2(a+ b+ ¢)

Theo bai toan 1, ta chi can chitng minh



a’+b*+c?+ 3 2(@a+b+c)U (- 1)+ (b- 1+ (c- 12 0
BPT trén ludn ding. Pang thic xay ra khi va chi khi a= b=c=1
Bai toan 3. Cho cdc sé thiee dwong a, b, c. Chitng minh rang
(& + 2)(0*+ 2)(c*+ 2)> 3(a+ b+ c) + (abc- 1Y’
Loi gidi. BPT trén tuong duong voi
2(a’b® + b’c® + c’a’) + 4(a” + b’ + ¢®)+ 2abc+ 73 9(ab+ bc+ ca)
Theo BDT AM - GM thi 2a’b* + 2+ 2b°c* + 2+ 2¢’a®+ 23 4ab+ 4bc+ 4ca
va 3a?+ 3%+ 3c?? 3ab+ 3bc+ 3ca. Tir d6 két hop véi bai toan 1 ta suy ra diéu phai chimg minh.
Ping thirc xay ra khi va chi khi a= b=c=1
Bai toan 4. Cho cdc s6 thuc bat ki a, b, c.
Chitng minh rang: (&2 + 2)(b*+ 2)(c*+ 2)* 3(a+ b+ c)’
Loi giai. BDT da cho tuong duong véi
2(a’b® + b*c? + c?a?) + a®+ b?+ c?+ a’b’c® + 8% 6(ab+ bc+ ca)
Theo nhén xét ¢ bai toan 1, thi ta chi can chirng minh
2(a’® + b’c*+ c?a?)+ 6° 4(ab+ be+ ca)U (ab- 1)+ (be- 1) + (ca- 1?0
BDT trén luén ding. Pang thirc xdy ra khi va chi khi a=b=c=+1
Nhdn xét: Cac bai toan 3 va 4 la nhitng lam chat cho bai todn sau
Bai toan 5. (USA — 2001) Cho cdc s6 a,b,c® 0sao cho a?+ b?+ ¢+ abc= 4.
Chirng minh ab+ bc+ ca- abct 2
Loi gigi. Theo nguyén |i Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung dau.
Khong mat tinh tong quat, gia s (a- 1)(b- 1)* 0 b c(a- 1)(b- 1)* 0b abc® bc+ ca- 2c.
Nén ab+ bc+ ca- abc£ ab+c
Ma 4= a*+ b’+ ¢’ + abc® 2ab+ c*+ abch 4- c¢** ab(c+ 2)P 2- ¢* abb ab+ cf 2

Tu hai BDT trén ta suy ra diéu phai ching minh. Pang thirc xay ra khi va chi khi
a=b=c=1

Véi gia thiét a2+ b?+ c¢®+ abc= 4, dai da s6 ching ta déu nghi dén viéc lugng giac hoa
bang cach dat : a= 2cosAb= 2cosB,c= 2cosC.

Nhung 16i giai trén ciing tuong dbi phtrc tap va doi hoi hoc sinh phai tinh toan rat nhiéu.
Bai toan 6. (IRAN — 2002)
Cho cdc s6 a,b,c? 0saocho a2+ b?+ ¢+ abc= 4. Chitng minh a+ b+ c£ 3

Loi gidi 1.Ap dung bai toan 1, ta co (a+ b+ c) £ 1+ 2(abc+ a’+b*+ c2)= 9

Tir d6, ta c6 diéu phai ching minh. Pang thirc xay ra khi va chi khi a= b=c=1
Loi gidi 2. Tuong ty nhu bai toan 5, ta co cac diéu sau diy a+ b- abf Lab+ c£ 2
Ttr hai goi ¥ trén chiing ta suy ra diéu phai chimg minh.

Nhén xét. Bai toan nay ciing co thé dung phuong phap luong giac hoa dé ching minh, nhung hai
cach giai trén rat gon gang va doc dao.

Bai toan 7. Cho cdc sé thuc dicong a, b, c. Chitng minh rang



1
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Loi gidgi. Dit x= a+ %,yz b+ T,2= c+ L thi BT duoc viét lai thanh
C a

(x- D(y- D+ (y- D(z- D)+ (z- )(x- 1)* 3
Theo nguyén i Dirichlet thi 2 trong 3 s6 (x- 2),(y- 2),(z- 2) cung dau.
Khong mat tinh tong quat, gia st (x- 2)(y- 2)* 0
b xy+ 43 2x+ 2yb 2(x+ y+ 2)£ 2z+ xy+ 4 (1)
xyz= abc+ inL X+ y+ 23 2+ x+ y+ 23 2+ 2\[@+ zb z(xy- 1) 2(\/@- 1)I> z(\/@- 1)3 2 (2
Tu (1) va (2) tasuy ra 2(x+ y+ z)£ 2z+ xy+ 4£ xy+ yz+ 2
Vay ta c¢6 diéu phai ching minh. Pang thirc xay ra khi va chi khi x= y=z, haya=b=c=

1
Bai toan 8. Cho cdc s6 thuc dwong a, b, ¢ sao cho a+ b+ c= 3.

Chitng minh rang: (a%- a+ D(b*- b+1)(c*- c+1) 1
Loi gidgi. Theo nguyén li Dirichlet thi ta gia sa (b- 1)(c- 1)* 0. Khido:

(- b+1)(c*- c+ )= be(o- D(c- 1)+ b*+ ¢*- b- c+1* b*+c*- b- c+ 13 %(b+ cy- (b+c)+1
(@- a+D(b*- b+1)(c’- c+ 1) (a°- a+ 1)%%(b+ c)- (b+c)+ 1§—— %(az- a+1)(@’- 4a+ 5)

Nén ta chi can chimg minh (a2 - a+t 1)(8.2 - da+ 5)3 2

BDT trén luon ding.Pang thirc xay ra khi va chi khi a= b=c=1.
Nhdn xét: BPT trén van ding véi nhiéu bién. Cac ban hdy thir gidi 2 mé réng sau nhé:
XEXREAYX g,

n

Mé rong 1. Cho x,%,.,% , X, 1a cac s6 thuc dwong thoa méan

Néu n£ 13 thi (- x +1)(¢- %+ Lpa (3¢~ x,+ 1) (r*- r+ 1)2
Mé réng 2. Cho céc s thuc duong a,b,c sao cho a+ b+ c= 3.
Chung minh rang (ap - a+ 1)(bp - b+ 1)(0p - c+ 1)3 1,véimoi p>1

Bai toan 9. (UK TST — 2005) Cho cdc sé thuc dwong a,b,c sao choabc= 1.
a+ 3 N b+ 3 c+3 .
(a+1” (b+12)y (c+ 1y’

Loi gidgi. Trudc tién ta ching minh 2 bd dé sau:

Chirng minh

Bo dé 1. t .t 1, 2 +1
1+a 1+b 1+c 1+a+b+c
B d3 2 ! ! ! 1t .y

+ +
@+a)y (@+by (+c)f atb+c+l

Chirng minh Bé dé 1. BPT tuong duong véi
3+ ab+ bc+ ca+ 2(a+ b+ c), 3+ a+ b+ ij O S P
2+ ab+ bc+ cat a+b+c 1+a+b+c




Matheo BDT AM- GM thi a*+ b’ + ¢** /a’h’c® = 3
Vay B6 dé 1 duoc ching minh.
Chirng minh Bo dé 2. Theo nguyén li Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung dau,

khong mat tinh tong quat gia sir (a- 1)(b- 1)* Ob 1 b1 ath.
c

p 1 1 1 . ,
Taco @ a)2+(1+ b)23 U @ 1y + (a- b)** 0 (dung)
s Lo 1 1 ¢
@+a) (b+1F 1+ab c+1
Do do 12+ 12+ 12+ 1 3C+12+ 1 =1
@ray @by @roy atbrorl orl (cr1y OFI,
c

Vay Bé dé 2 dugc ching minh.
Tro lgi bai toan. BDT da cho tuong duong véi
1 1 1 2 2 2
+ + + -+ S+ >
1+a 1+b 1+b (a+1) (b+1) (b+12)

3

Ma theo bd dé trén ta co ! + 1 + 1 + 2 >+ 2 7t 2 2
1+a 1+b 1+b (a+1) (b+1y (b+1)
.2 2 .2 2 a4

+
(a+1’ (b+1° (b+1° a+b+c+l
Vay ta c6 diéu phai ching minh. Dang thirc xay ra khi va chi khi a= b=c=1
Bai toan 10. (MOSKVA — 2000) Cho cac sé duong x, y, z thoa mén xyz = 1.
Ching minh ring: X+ Y? + 22 + X+ Y+ 2> 2(xy+yz+2zx) (1). Pang thirc xay ra khi nao ?

Loi gidi. Theo nguyén Ii Dirichlet : (x—1)(y—1)>0=>xy—x—y+1>0 = xyz>xz+yz—z
Theo BDT Cauchy : X+Yy+2z>33xyz=3

BDT (1) dugc chimg minh néu ta chimg minh duoc:
X+ Y+ 7 +322(xy+yz+2X) (2)
Tacd X+ Yy +Z+3=X+y +Z + 2xyz+1=X+ Y’ + Z + 2(xz+ yz— z) +1
> 2)y+ 22+ 2(X2+ yz)— 22 =2(Xy+ yz+ 2X) (dpcm)
Bai toan 11. (VMO — 1996) Cho cac sb thuc khéng am a, b, ¢ sao cho ab+ bc+ ca+ abc= 4.
Chung minh a+ b+ c* ab+ bc+ ca
Loi gidgi. Theo nguyén li Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cling dau, khong mat tinh
tong quat, gia sir (a- 1)(b- 1)* 0.
Khi d6 c(a- )(b- 1)* Ob c* ac+ bc- abc. Do d6 ta chi can chimg minh a+ b* ab+ abc
4- ab
a+b+ab’
Thay vao BDT thtic trén ta duge BDT thitc tvong duong la:

& 4- ab 0. ~ 2
+ b3 + —=— =0 (a+ + b+ ab)? +a+ - b)3
a+b abél T br EU (a+ b)(a+ b+ ab)* ab(4+ a+b)U (a- b)* 0

Tur gia thiét ab+ bc+ ca+ abc= 4 suyra c=



BDT trén hién nhién dung. Phép ching minh hoan tét.
Nhén xét. Bai todn trén cé thé gidi dwoc bang phwong phdp don bién
Bai toan 12. (TRUONG PHKHTN - PHQGTPHCM)
Cho cac s6 thyc khong am bat ki a, b, ¢c. Chimg minh rang:

abct 2+ ——[(a- 12+ (b- I°+ (c- D] a+ b+ c

J2
Loi gidi. Theo nguyén li Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung diu. Khong mét tinh
tong quat, gia st (a- 1)(b- 1)* Ob ab® a+ b- 1. Vi vay dé hoan tit bai toan ta chi can ching
minh

c(a+ b- D+ 2+ i[(a- )%+ (b- )%+ (c- 1?]® a+b+c

J2
1
Ha —[(a- D*+ (b- D>+ (c- 1)?]® (a+b- 2(1- ¢
y ﬁ[()()()]( )(1- ©)
Ap dung BDT Cauchy ta co:

(a- ?+ (b- 1)°+ (c- 1)

2, (8t D- 2 bz' 2" 4 (c- 17° VZ|(a+ b- 2 O Z(a+ b- 2(- O

Phép chirng minh hoan tat.
Bai toan 13. (APMO - 2004)
Chémg minh ring : ()2 +2)(y? +2)2% +2) > 9(xy + yz+ 2),¥x, y, 2> 0

Loi gidgi. Theo nguyén li Dirichlet trong ba s6 xy — 1, Xz — 1, yz — 1 ton tai hai s6 khong trai dau,
chang han: xy—1,yz—1, nén: (xy—l)(yz—l) >0

Suy ra xy’z+1> xy+yz. Khido: x’y?z? +y* +2> 2(xy22+1)2 2(xy + yz)

BDT can ching minh viét lai:

x?y?z® + 2(x2y2 +y27% + 22x2)+ 4(x2 +y*+ 22)+82 Xy + yz+ 2X)

Taco x°y*z°+y*+2>2(xy+yz) (1); S(X2 +yi+ 22)2 3(xy+yz+2x) (2)
Vi: x?y? +1> 2xy, nén 2(x2y2 +y?77 + 22x2)+62 Axy+yz+2x) (3) va x®+2z°>2xz (4)

Cong cac BBDT (1), (2), (3), (4) vé theo vé ta c6:

x?y?z® + 2(x2y2 +y*z2° + 22x2)+ 4(x2 +y*+ 22)+82 Xy + yz+ 2X)

Ding thirc xy ra khi va chi khix=y=z=1

Qua mot s bai toan trén, ta thay rang nguyén li Dirichlet khong nhing c6 ing dung trong
viéc giai todn roi rac, cac bai toan vé so hoc, t6 hop, ... ma con rat c¢6 hiéu qua trong viéc ching
minh mot sé bai toan vé BT, trong mot sd truong hop cho ta 101 giai v6 cung dep d€ va trong

sang (vi du nhu cac bai todn 5, 6, 10), gop phan trong viéc ning cao tu duy va tao su himg tha cho
cac hoc sinh yéu thich mon toan.

Hy vong rang, voi suy nghi va nhitng vi du trén s& gop phan bo sung thém kién thuc va
kinh nghiém trong viéc chiing minh BDT.
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