MOT SO VAN DE CO SO
VE PHUONG TRINH NGHIEM NGUYEN

Tac Gia : Phi Thai Thuan
10 chuyén Toan THPT chuyén THD - Binh Thuan

Trong chuong trinh toan THCS va THPT thi phuong trinh nghiém nguyén
van luon 1a mot dé tai hay va kho déi v6i hoc sinh. Cac bai toan nghiém
nguyén thuong xuyén c¢6 mat tai cac ki thi 16n, nho, trong va ngoai nude.
Trong bai viét nay toi chi mudén dé cap dén cac van dé co ban clia nghiém
nguyén (cac dang; cidc phuong phéap gidi) chit khong di sau (vi von hiéu biét
c6 han). Toi cling sé khong n6i vé phuong trinh Pell (vi n6 ¢6 nhiéu trong cac
sach) va phuong trinh Pythagore; Fermat (ciing c6 nhiéu trong sach; khai
niém rat don gian) Chi y: cac ban c¢6 thé tim doc thém cuén "phuong trinh
va bai toan nghiém nguyen" ctia thay Viu Hitu Binh.

Phuong Phéap 1: Ap Dung Tinh Chia Hét

Dang 1: phuong trinh dang ax + by = ¢

Vi du 1: Giai phuong trinh nghiém nguyén sau:

2r + 25y =8 (1)

Giai: C6 thé dé dang thay y chin. Dat y = 2t. Phuong trinh (1) tré
thanh: x + 25t = 4.
T do ta c6 nghiém phuong trinh nay:

r=4— 25t
y =2t
te Z

Chi 4j: Ta con c6 cach thit 2 dé tim nghiém ctia phuong trinh trén. D6 1a
phuong phap tim nghiém riéng dé gidi phuong trinh bac nhat 2 an. Ta dya
vao dinh 1i sau: Néu phuong trinh az + by = ¢ v6i (a;0) = 1 ¢6 1 tap nghiém
14 (x0; yo) thi moi nghiém ctia phuong trinh nhan ti cong thie:

iL‘:l'o—i‘bt
Yy =1yo—at
te Z

Dinh If nay chiing minh khong khé (bang cach thé tryc tiép vao phuong
trinh) Dya vao dinh 1y nay ; ta chi can tim 1 nghiém riéng ctia phuong trinh
ax +by = ¢ . Dbi véi cac phuong trinh c6 hé s6 a; b; ¢ nho thi viec tim nghiém
kh& don gidn nhung véi cac phuong trinh ¢6 a;b;c 16n thi khong dé dang



chiit nao . Do dé ta phéi ding dén thuat toan Euclide (cac ban cé thé tim
doc cac sach ; toi sé khong néi nhiéu vé thuat toan nay) . Ngoai ra con c¢6
thém phuong phap ham Euler .

Dang 2: Dua vé phuong trinh uéc so:

Vi du 2: Giai phuong trinh nghiém nguyén sau:

2r + 5y + 3zvy = 8 (2)
Giai:
(2) ©x(2+3y)+5y =38
< 3[z(2+ 3y) + by] = 24
< 3x(2+3y) + 15y =24
& 32(24+3y)+(2+3y)-5=34
= 3z +5)By+2) =34
34 =172=34.1
Lap bang dé dang tim dugc nghiém phuong trinh trén.
Vi du 3: Giai phuong trinh nghiém nguyén sau:

2?2 +2y 4+ 3y —22 —y =6 (3)

Giai:

B)er*+xzBy—2)+2y>—y+a=6+a

a 1a 1 s6 chua biét; a sé dc xac dinh sau.

Xét phuong trinh: 22 +2(3y —2) + 2y  —y+a =0
A=0By—2-42y* —y+a)=y*—8y+4—4a
Chon a = -3

= A=y>—8y+16=(y —4)?

=T =—Yy—lixo=—-2y+3

Tu d6 ta c6 phuong trinh wée s6: (x +y + 1)(x +2y — 3) = 3
Dang 3: Phuong phéap tach cac gia tri nguyén

Vi du 4: Giai phuong trinh nghiém nguyén sau:

xy—x—y=2 (4)
Giai:
4)==z(y—1)=y+2
2
= T = % ,
= (y—1)3
Phuong Phéap 2: Phuong Phép Liyra Chon Modulo (hay con goi la xét s6

du timg vé)




Truée tién ta c6 céc tinh chat co ban sau: 1 s6 chinh phuong chia 3 du
0,1: chia 4 du 0,1 : chia 8 dir 0, 1,4
Vi Du 5: Giai phuong trinh nghiém nguyén sau:

z® + 5y = 2007 (5)
Giai:
2?2 = 0; 1(mod4) y* = 0;1(mod4)
= VT =22 + y* = 0; 1; 2(mod4)
Con VP = 2007 = 3(mod4) Do d6 phuong trinh trén vo nghiém.
C6 thé mé rong théem cho nhidéu modulo nhu 5;6;--- vA md rong cho sb
lap phuong; tit phuong; ngi phuong... Ta dén véi vi du sau:
Vi du 6: Giai phuong trinh nghiém nguyén duong sau:

430

19 + 5¥ 4 1890 = 1975*" + 1993 (6)

Giai:

Dé thay VT = 19°(mod5).

Mit khéc: 197 = (20 — 1)* = (—1)*(mod5)

x chan thi 19”7 = 1(modb); x 1é thi 19* = —1 = 4(modb)

= VT = 1;4(mod5)

Con VP = 1993 = 3(mod5) (vo li)

Do d6 phuong trinh trén vo nghiém.

Chai j: Nhiéu bai toan nghiém nguyén trong dé thi vo dich toan cac nude
doi khi phai xét dén modulo khac 16n ; ta xét dén vi du sau:

Vi Du 7:(Balkan1998) Giai phuong trinh nghiém nguyén sau:

m?=n°—4 (7)

Giai:

m? = 0;1; 3; 4; 5;9(mod11)

n® —4 = 6;7;8(mod11) (vo i)

Do dé phuong trinh nay vo nghiém.

Chi 3 dong; that ngdn gon va dep phai khong ndo. N6i chung dé xét
modulo hiéu qua con phai tuy thudc vao sit nhay bén ciia ngusi lam toan.

Noi thém: Déi v6i cac phuong trinh nghiém nguyén c6 sy tham gia ciia
cac s6 lap phuong thi modulo thuong dung 1a modulo9 vi 3 = 0; 1; 8(mod9)
(hay tu chiing minh).

Ta xét Vi Du sau.

Vi Du 8: Giai phuong trinh nghiém nguyén sau:

P+ 28 = 1012 (8)



Giai:

Dya vao nhan xét tren : (8)x® + y + 23 = 0;1;2; 3;6; 7; 8(mod9)

Con 1012 = 4(mod9) (vo 1i).

Do d6 phuong trinh trén vo nghiém .

Phuong Phap 3: Dung Bat Dang Thiic

Dang 1: D6i véi cac phuong trinh ma cac bién c6 vai trdo nhu nhau thi

nguoi ta thuong diing phuong phap sap xép thi tur cac bién.
Vi Du 9: Giai phuong trinh nghiém nguyén duong sau:

T +y+z=3xyz (9)
Giai:
Khong mat tinh tong quét c6 thé gia st 1 <z <y <z
= 3ryz =z +y+2<3z

=aoy <1
=zrz=Ly=1
=z=1

Nghiém phuong trinh la (1;1;1)

Dang 2: Déi v6i cac phuong trinh nghich dao cac bién ta cling c6 thé
dung phuong phap nay (néu vai tro cac bién ciing nhu nhau ). Cach giai
khac danh cho:

Vi Du 9: Chia 2 vé phuong trinh trén cho zyz ta duge: ﬁ + yiz + i =3

Giai:

Khong méat tinh téng quat ¢6 thé gia st 1 <o <y < z

=Lt tL=3<2

=12<1

=z=1

=y=1va

2z = 1. Ta xét dén mot vi du tiép theo dé thay sy hieu qua ctia phuong
phép nay:

Vi Du 10: Giai phuong trinh nghiém nguyén duong sau:

Giai:

THli=1

Khong mat tinh tong quét co thé gia si:

l<ez<y<z= + . +.=1<7=10<3

Lan luot thi: = 1; phuong trinh vo nghiém nguyén.

Xetr=2= +.=53<2=y<4

Mat khac y >z =2 =y € {2;3;4}.

Ta thit y 1an luot;

y = 2 phuong trinh vo6 nghiém nguyén;
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Yy=3=>2=06
y=4=>z2=4

Ao 1,1 _2 2
Xetx—3:>§+;—§§§
=y<3
Mac khacy >r=3=y=3
=z =3

Vay nghiém phuong trinh 1a (2;3;6); (2;4;4); (3; 3;3) va cac hoan vi.
Dang 3: Ap Dung Cac Bat Dang Thic C6 Dién.
Vi Du 11: Giai phuong trinh nghiém nguyén duong sau:

2% + 2% — 152%2 = 32%y*z — (> +5)° (10)

Giai:

(10) & (22)* + (y* + 5)* + 2° = 3222(5 + y?)

Ap Dung BDT Cauchy cho 3 s6; ta dc VT > VP

Dan” =" xdyra 22 =1y’ +5==2

Tu phuong trinh 22 = > + 5= (v —y)(x +y) =5

(phuong trinh uée s6; dé dang tim de z;y roi tim ra z).

Dap s6: nghiem phuong trinh 1a (z;y; 2) = (3;2;9)

Ghi chi: Viec Ap Dung BDT vao bai todn nghiem nguyeén rat it ding vi
an y dung BDT rat dé bi "16" néu ngusi ra dé khong khéo léo. Tuy nhién
cling c6 mot vai truong hgp dung BDT kha hay. Ta dén v6i Vi Dy sau.

Vi Du 12: Giai phuong trinh nghiém nguyén duong sau véi x;y; z la cac
s6 doi 1 khac nhau.

Pyl =(rdy+2)? (11)
Giai:
Ap dung BDT quen thudc sau:
x3+y?’3+z3 Z (x+g+z)3
=+ + 2= +y+2)?> —(Hy;z)3
= x4+ y+2z<9. Viz;y; 2z khac nhau
=>r4+y+2>214+2+3=6
=z+y+ze€{6;7,8}
Lan lugt thit cac gia tri clia 2 + y + 2 ta tim dc z;y; 2
Dap s6: (1;2;3) va cic hoan vi .

Dang 4: Ap dung tinh don diéu ctia bai toan. Ta chi ra 1 hoac 1 vai gia
tri ctia bién thod phuong trinh rdi chiing minh d6 1a nghiém duy nhat.
Vi Du 13: Giai phuong trinh nghiém nguyén duong sau

3% 447 =57 (12)



Giai:

(12) & )" +(5)* =1

x = 1; phuong trinh vo nghiém nguyén

r = 2; thoa man.

r=23= ()" <(E)? (<)

= (g)aC + (%)m < 1.

Do d6 x = 2 1a nghiém duy nhat ctia phuong trinh. Con phuong trinh
nay thi sao nhi: (v/3)" + (v4)* = (v/5)*

Bang cach tuong tiy; dé dang nhan ra o = 4 13 nghiém duy nhat.

Néi them : D6i véi phuong trinh trén; ta c6 bai toan tong quat hon. Tim
cac sO6 nguyén duong x;y; 2z thod: 3% + 4Y = 5.

Dép s6 don gidn 13 = y = 2z = 2 nhung cach gii trén vo tac dung véi
bai nay. Dé giai bai nay thi hitu hieu nhat 14 xét modulo (cac phuong trinh
chita an ¢ mi thi phuong phap t6t nhat van 1a xét modulo). Phan nay chi
n6i them nén ching ta tam thoi khong giai bai toan nay bay gio ma sé dé lai
dip khac.

Dang 5: Diing diéu kién A hosic A’ > 0 dé phuong trinh bac 2 ¢6 nghiém.

Vi Du 14: Giai phuong trinh nghiém nguyén sau:

(SN

2 +2y? = 2xy + 22 + 3y (13)

Giai:

(13) 22 —22(y—1)+2¢> -3y =0

AN=(y+1)2— 22 -3y)=—-y>+5y+1>0

Giai bat phuong trinh trén khong kho; dé dang suy ra dugc:

=29 ~ y — 5 « v/29

2 = 2 = "2

Do y nguyén nén dé dang khoanh ving dugc gia tri ciia y va thit chon. Noi
chung thi phuong phap nay duge ding khi A(A’) ¢6 dang f(z) = az?+bx+c
(hodc f(y)) v6i he s6 a < 0 .

Con khi a > 0 thi diing phuong phap da néi dén trong vi du 3 dé dua ve
phuong trinh uéc sé 1 cach nhanh chéng.

Phuong Phap 4: Phuong phéap chin hay ta c6 thé goi né bing 1 céi tén
khac la dep hon la phuong phap danh gia. Phuong phap danh gia co ban dya
vao 2 nhan xét sau:

1. Khong ton tai n € Z thod a®> <n? < (a+1)? véia € Z
2. Neua? <n?<(a+2)?2véia;n€ Zthin=a+1.

Ta dén vé6i Vi Du sau:



Vi Du 15: Giai phuong trinh nghiém nguyén sau:
vt 1 =P (14)

Xét higu (#2 +1)2 —y? =22 >0

= (22 +1)? >y

Xét hieu y* — (222 =22+ 1> 0 => y? > (2?)?

= (2?2 < y? < (a2 +1)?

Theo nhan xét trén = y? = (22 + 1)?

Thé vao phuong trinh ban dau = z* + 22 + 1 = (2% + 1)?

=22=0

=2 =0

Nhan xét trén c6 thé mé rong véi sé lap phuong; ta dén véi vi du tiép
theo:

Vi Du 16: Giai phuong trinh nghiém nguyén sau :

==+ 3y + 1 (15)

Giai:

Béng cach tren ta c6 duge : (y — 1) < 23 < (y +1)3

suy ra hoic x = y hoic = y + 1 lan lugt xét x = y;2 = y + 1 ta tim
dugce céc nghiém phuong trinh la: (—1; —1);(1;0)

Phuong Phap 5: Dung tinh chat ctia s6 chinh phuong .

Dang 1: Trudc tién ta dén v6i 1 ménh deé sau :

ry = 22 véi (z;y) = 1 thi

x = k?
y = t*
kt =z

Chting minh ménh dé nay khong kho ; ta chitng minh bang phan ching:
Gia stt x; y khong 14 s6 chinh phuong nén trong phan tich thanh uéc nguyén
td clla o hodc y ton tai 1 sd chita it nhat 1 wéc nguyén t6 p vdi s6 mii 1é .
Gid sttla z . Vi (z;9) = 1nén y khong chita thita s6 p => 22 ciing chtia thira
s6 p v6i s6 mil 1é (vo 1f trai véi dieu kién 22 1a s6 chinh phuong) . Bay gio ta
dén véi 1 vi du .

Vi Du 17: Giai phuong trinh nghiém nguyén sau:

20t + 322 +1—9y* =0 (16)

Giai:
(16) = (22 +1)(222 + 1) = ¢?



RO rang (2% + 1;222 +1) =1

2+1=1
202 + 1 = 22

T phuong trinh 22 +1 =t => (t —z)(t + ) = 1 (phuong trinh uéc s6)
Tu d6 tim duge nghiém phuong trinh . Dap s6: (x;y) = (0;1)

Dang 2:

Ta c6 ménh de thi 2:

Néu n; t 1a cac s6 nguyén thod n(n+1) = ¢* thi hodic n = 0 ; hodc n+1 =0

Chting minh ménh dé nay khong kho:

Giasin#0;n+1#0=>t#0

<=>n?+n=1t>3

<=> 4n? 4 4n = 4¢*

<=>(2n+1)*=4*+1

Dung phuong phap chan: (2¢)2 < (2n +1)2 < (2t +1)2

Vo li do d6 ménh dé dugce chiing minh.

Bay gio 4p dung ménh dé trén ; ta dén véi vi du sau .

Vi Du 18: Giai phuong trinh nghiém nguyén sau:

22 4+ 2zy + y? + 5x + by = 2%y* — 6 (17)

Giai:

(17) & (x+y+2)(x +y + 3) = 229>

Suy ra hodc x +y+2 = 0 hoac = + y + 3 = 0. Phuong trinh nay van con
nhitng cach gidi khac nhung diéu t6i mudén nhan manh chinh 1a viéc ding
ménh dé trén gitp cho 161 giai bai toan tré nén ngan gon hon .

Phuong Phéap 6: Lui vo han (hay con goi 1a phuong phap xudng thang).

Phuong phap nay dung dé chiing minh mot phuong trinh f(z;y; 2;---) nao
d6 ngoai nghiém tam thuong z = y = 2z = 0 thi khong con nghiém nao khac.
Phuong phap nay c6 thé duge dién giai nhu sau: Bit dau bang viec gia st
(z0; Yo; 20; - - - ) langhieém ctia f(x;; z;- - ) . Nh nhitng bién d6i ; suy luan s6
hoc ta tim dugce 1 bo nghiém khéac (z1;y1; 21; - - - ) sao cho cac nghiém quan hé
v6i bo nghiem dau tién bdi 1 tis6 k ndo d6 . Vi Du: zg = k.x1;90 = k.yr; - - -

. ROi lai t bo (z9;yo; 20; -+ - ) thod x1 = k.wo;y; = k.yg;- -+ . Qua trinh ct
tiép tuc dan dén: zo;yo; 20; - - - chia hét cho k* v6i s 1a 1 s6 tu nhién tuy v .
Diéu nay xdy ra <=> 2y =yo =20 = --- =0 .Dé 16 rang hon ta xét mot Vi
Du .

. Vi Du 19: Giai phuong trinh nghiém nguyén sau:

22 4P = 3y? (18)



Giai:

Goi (x0; Yo; 20) 1& 1 nghiém ctia phuong trinh trén . Xét theo modulo 3 .
Ta chiing minh zy;yo déu chia hét cho 3 . That vay ; ro rang vé phai chia
hét cho 3 => 22 + y2:3 Ta c6: 23 = 0;1(mod3) y2 = 0;1(mod3) Do do6
=> x2 + Y23 <=> x¢; Yo déu chia hét cho 3 . Dat xg = 3.21;yo = 3.y; . Thé
vao va rat gon: 3(a? +y?) = 22 Ro rang 2:3 . Dat 2o = 3.2 . Thé vao va rit
gon: 23 + v} = 327 Do d6 néu (xo; yo; 20) 1a 1 nghiém ctia phuong trinh trén
thi (z1;91;21) cling 1a 1 nghiem . Tiép tuc Iy luan nhu trén thi z1;y;; 21 déu
chia hét cho 3 . Ta lai tim dudc nghiem thit 2 1 (x9; yo; 22) VOi Xa; Yo; 29:3.

Tiép tuc va ta dan dén: zo; yo; 20:3% . Didu d6 chi xady ra < 29 =yo = 20 =0

Vi Du 20: Giai phuong trinh nghiém nguyén sau:
2? +y° + 2* = 2zyz  (Koreal996) (19)

Gidi:

Gia st (7o; yo; 20) 12 1 nghiém ctia phuong trinh trén . = 22 + y2 + 22 =
2..730.3/0.20

RO rang 22 + y2 + 22 chén (do 2.74.90.20 chdn) nén c6 2 truong hop xay
ra.

Truong Hop 1: ¢6 2 s6 1é ; 1 s6 chdn. Khong mat tinh tong quat gia
St ;Yo 16 ; 29 chdn. Xét theo modulo 4 thi: 22 + y2 + 22 = 2(mod4) Con

2.20.Y0.20:4 (do zo chdn) (vo li)
Truong Hop 2: 3 s6 déu chin. Dat zg = 2.21;yo = 2.y1; 20 = 2.21 thé vao

va rat gon ta duge: 22 + y? + 22 = 4.71.y1.2; 1ap luan nhu tren ta lai dugc
21;y1; 21 chan.

Qua trinh lai tiép tuc dén: xo; yo; 20:2% v6i k € Nx*

Diéu d6 xay ra < 29 = yo = 20 = 0. Téom lai nghiem phuong trinh 1a
(z3y;2) = (0;0;0)

Phuong Phap 7: Nguyén Tac Cuc Han hay con goi 1a Nguyen Li Khai
Dau Cuyc Tri. Vé mat hinh thic thi phuong phap nay khac véi phuong phap
l1i vo han nhung vé ¥ tuéng stt dung thi nhu nhau ; déu chitng minh 1 phuong
trinh khong c¢6 nghiém khong tam thuong. Phuong phap bat dau bang viéc
gid st (wo;Yo; 203+ -+ ) 1& nghiem cta f(z;y;2;--+) v6i diéu kién rang budc
v6i bo (20;Yo; 205+ -+ ). Vi Du nhu 2y nhé nhat hosic 2o + yo + - - - nho nhat...
Bing nhitng phép bién ddi s6 hoc ta tim duge 1 bo nghiem khac (a1 ;- - )
trai véi nhiing diéu kién rang buoc trén. Vi du khi chon bo (xo;yo; 205 -+ )
v6i o nhd nhat ta lai tim duge bo (z1;y1;21;- -+ ) thod x; < zo. Tt d6 dan
dén phuong trinh cho c6 nghiem 1a (0;0;0;.0). Ta hay xét 1 vi du.

9



Vi Du 21: Giai phuong trinh nghiém nguyén sau:
8t + 4yt + 224 =4 (20)

S8xt + 4yt + 224 = ¢4

Giai:

Giad st (wo;90; 20;t0) 1a 1 nghiem phuong trinh trén véi dicu kien zg
nho nhat.

Tu phuong trinh = ¢ chdn. Dat ¢t = 2.¢; Thé vao va riat gon ta dugc:
dag + 2y + z5 = 8t}

RO rang zy chn. Dit zp = 22

= 205 + yg + 821 = 4t}

Tiép tuc yo chdn. Dat yo = 2u;

= x§ + 8y + 4z1 = 2t}

Va dé thay zo ciing chan. Dit zg = 22,

= 8z7 + 4yi + 22 =t}

Nhin vao phuong trinh trén o rang (x1; y1; 21; t1) cing la 1 nghiém phuong
trinh trén va dé thay z; < zo (vo 1i do ta chon zg nhd nhat)

Do d6 phuong trinh trén c¢6 nghiem duy nhat (0;0; 0;0)

Chii gj: Ta cling c6 thé chon bo (x0; yo; 205 to) thod z¢ + yo + 2o + to nhéd
nhat ; 1y luan tuong tu va dé thay z +y; + 21 +t1 < T + Yo + 20 + to ti d6
cling dan dén két luan bai toan.

Phuong Phap 8: Stt Dung Mot Ménh Dé Co Ban Cua S6 Hoc. Truée
tien ta dén vé6i bai todn nhé sau:

Cho p 1a s6 nguyen t6 c6 dang p = k - 2! + 1 v6i t nguyén duong ; k 1a s6
tu nhién 1é.

Chitng minh ring néu % + y p thi z'p; yip

Chting minh:

Gia st xip thi rd rang y'p Theo Fermat nhé: 2P~ = 1(modp) yP~! =
1(modp) p = k2" + 1 nén

{ %% = 1(modp)
y*2 = 1(modp)
= 2" 4+ ¢ = 2(modp) (21)

Miit khac do k 1é nén theo hiing ding thic a1 4 p2nt1: gh2 4 k2" —
(2% +y*).A) (Ala 1 s6 ndo do)
R6 rang:

2" 4+ ¥ = 0(modp)  (do gid thiét 22 + > p) (22)
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Do d6 theo (21);(22) ta c6 diéu phai chiing minh.
Xét 1 truong hgp nho cua bai toan trén:
Khit=1;vikléntn k=2s+1=p=4s+3
Lac d6 ta c6 ménh dé sau:

p 1a s6 nguyen té c6 dang p = 4s + 3. Khi d6 néu z? + y*p thi zip; yip
Meénh dé hét stc don gidn nay lai 1a 1 cong cu vo cling hiéu qué ddi voi nhiéu
bai toan kho.

Vi Du 22: (bai toan Lebesgue)

Giai phuong trinh nghiém nguyeén sau:

2? —y® = 7 (day 1a 1 truong hgp nho ctia phuong trinh Mordell)

Ghi cht: Phuong trinh Mordell 14 phuong trinh ¢6 dang 22+k = y?(k; x5y €
Z); bai toan trén la truong hop phuong trinh Mordell véi k = —7

Giai:

Trude tién ta c6 bo dé nho sau:

Moi s6 nguyén c6 dang A = 4t + 3 déu c6 it nhat 1 u6c nguyen t6 c6 dang
p=4s+3

Chitng Minh: Gia sit A khong c6 u6c nguyén sé nao c6 dang p = 4s + 3
=> A= (4t +1)(4t; + 1) = 4.(dt1.ta + t1 + t2) + 1 = 4h + 1(v0 i) Do do
A c6 1 wéc dang 4t; + 3 Néu 4t; + 3 1a s6 nguyen t6 thi b dé duge chimg
minh. Néu 4¢; + 3 1a hop s6. Ly luan tuong ti ta lai c6 4t; + 3 ¢6 1 ude cod
dang 4ty + 3. Néu 4t, + 3 lai 13 hop s6 thi lai tiép tuc. Vi qué trinh trén la
hitu han nén ta c6 diéu phai chiing minh. Quay lai bai toan. = 22 = > + 7

Xét y chdn = y> + 7 = 7(mod8) = z* = 7(mod8) (vo 1i do 2* =
0; 1;4(mod8))

Xét y 18 viét lai phuong trinh: 22 +1 = > + 8

=22+ 1=(y+2)(y*—2y+4)

Néeuy=4k+1=y+2=4k+3

Néuy=4k+3=9y?—2y+4=(4k+3)?>—2(4k +3)+4=4h+3

Do dé y luon ¢6 1 wéc dang 4n + 3 va theo bd dé trén thi 4n + 3 luon cé
it nhat 1 uéc nguyen t6 p =4s +3 = 2>+ 1ip=4s+ 3

Theo ménh dé trén = w:ip; 1:p ( vo 1{) Do d6 phuong trinh trén vo nghiem.

Vi Du 23:

Giai phuong trinh nghiém nguyén sau: z*+5 = y3 (phuong trinh Mordell
vl k = 5)

Gidi:

Xét y chin = y* = 0(modg)

= 2% + 5 = 0(mod8)

= 22 = (mod8) (vo li do z* = 0; 1; 4(mod8))

Xét y 16 Néu y = 4k + 3 = 3® = 3(mod4)
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= 2% + 5 = 3(mod4)

= 22 = 2(mod4) (vo li 22 = 0;1; (mod4))

Néu y = 4k + 1 Viét lai phuong trinh 22 +4 =33 — 1

=22 +4=uy-DE+y+1)

Rorang v* +y+ 1= (4k+)? + (4dk+1) +1 =4t +3

Do dé6 y? — 1 ¢6 it nhat 1 u6c nguyéen t6 p = 4s + 3

= 22+ 4p=4s+3 = 4p = p =2 (vo li) Do d6 phuong trinh trén vo
nghiém.

Va cubi ciing dé thay them su hieu qua ctia ménh dé nay ; ta hay dén véi
bai toan ctua Euler .

Vi Du 24:

Giai phuong trinh nghiém nguyén sau: 4oy —x —y = 22

Nhung trude hét hay xem 10i gidi ctia Euler dé nhin nhan ra sy gia tri
ctia ménh dé trén:

Gia st pt 6 tap nghiem (z;y;2) = (a;b;c) v6i ¢ 1a gia tri nhd nhat cta
2. Suy ra 4ab—a — b = ¢* = 16ab — 4a — 4b = 4¢?

= (16ab — 4a) — (4b — 1) — 1 = 4¢?

= (4a —1)(4b—1) — 1 = 4c* (¥)

Cong vao 2 vé (*) :

4(4a —1)* — 8(4a — 1)c

Ta dc: (4a — 1)(4b — 1) — 1 + (4(4a — 1)*> — 8(4a — 1)c) = 4¢* + 4(4a —
1)? — 8(4a — 1)c

= (4a — 1)(4b — 1+ 4(4a — 1) — 8¢) = 4(c — (4a — 1))?

= (4a —1)[4(b+4a—1—2¢c) — 1) = 4(c — (4a — 1)) (**)

Vay néu pt (*) ¢6 nghiem la (a; b; ¢) thi pt (*) cing ¢6 nghiém 1a (a;b +
da — 1 —2¢;c— (4a — 1))

Vi ¢ 1a gia tri nho nhét clia z Suy ra nghiem 2 = |c — (da — 1)| > ¢

= |c— (4a = 1)]* > 2

= pt(xx) > (x)

= 4(c— (4a—1))? = (4a — 1)(4b — 1 + 4(4a — 1) — 8¢) > 4c* = (4a —
1(4b—1) -1

= (da—1)(4b—1+4(4a—1) —8¢c) > (4da — 1)(4b— 1)

= (4b—1+4(4a—1) — 8¢) > 40— 1

= 4(4a—1) — 8¢ > 0

=4a—1>2c(1)

Vi a,b ¢6 vai tro nhu nhau nén ta cing cm dec 4b — 1 > 2¢ (2)

Tu(l)va (2) =4a—1>2c+1;4b—1>2c+1

=pt (*): 4t =(4a—1)(4b—1) > (2c+ 1) -1

= 4c? > 4 + 4c

= ¢ <0 (vo li)

12



Vay pt nay vo nghiém

Nhung néu dung ménh deé tren thi 16i giai ngdn gon hon nhiéu:

doy —x —y = 2°

= 4(4zy — v — y) = 422

= 162y — 4o — 4y = 42>

= (16zy — 4z) — (dy — 1) = 422 + 1

= (4r —1)(4y — 1) =422+ 1= (22)2 + 12

RO rang 4x — 1;4y — 1 déu c6 dang 4t + 3.

That vay: 4o — 1 =4(z — 1)+ 3;dy—1=4(y—1)+3

Do d6 (4 — 1)(4y — 1) ¢6 it nhat 1 uéc nguyen t6 p = 4s + 3

=22+ 1p=4s+3

= 1:p (v0 1i) Do d6 phuong trinh trén vo nghiém.

Cac dang co ban ctia phuong trinh vo dinh nghiém nguyén minh da gidi
thieu hét. Viec sap xép cac dang ; phuong phap 1 theo chii ¥ ctia minh nén
it nhicu sé& sai s6t. Sau day la phan néi thém vé cdc phuong trinh vo dinh
siéu viet va phuong trinh khac (kién thitc so sai nén minh néi ciing so thoi)

Dau tién 1a phuong trinh dang mi : Nhu da néi thi phuong trinh dang

mi thudng c6 phuong phap chung la xét Modulo (nhung khong phai la luon
luon)

Ta dén véi cac Vi Du co ban:

Vi Du 25: Giai phuong trinh nghiém nguyén sau:

2"+ 7=y (r€Z;yeZ) (23)
Giai:
x = 0: phuong trinh v6 nghiém x =1 = y = £3
Xét x> 2
= 2% = 0(mod4)
7 = 3(mod4)

= y? = 2% + 7 = 3(mod4) (vo li do y* = 0;1;4(mod4))
Nghiém phuong trinh la (z;y) = (1;3); (1; —3)
Vi Du 26: Giai phuong trinh nghiém nguyén sau:

2" 42l =y’ (v € Z;y € Z) (24)

Giai:

Xétzlé . Datz=2k+1

= 27 = 2.4% = 2(3 + 1)* = 2(mod3)

= 2% 4+ 21 = 2(mod3) (do 21:3)

= y% = 2(mod3) (vo li) (do y* = 0; 1(mod3))
Xétx chan. Dat x = 2k
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= 2%k 1 1 =2

= y2 _ 22k =1

= (y—25)(y+2") =1

Phuong trinh u6c s6; qua don gidn. Dap so6 (x;y) = (2;5); (2; —5)
Vi Du 26: Giai phuong trinh nghiém nguyén duong sau:

27+ 2Y 427 =2336 viix <y <z (Viet Nam 1982) (25)

Giai:
(25) & 27(1 4 2v7% + 2°7%) = 2336 = 2°.73
Ro rang 1+ 2Y7% 4277 1¢

27 = 2°
{ 142077 42777 = 73
=T =9.
14+297% 427 =173
= (1 4 257Y) = 72 = 23.9
Ly luan nhu trén = 2Y=% = 23
=y=2_8
= z=11
Nghiém phuong trinh 1a (z;y; 2) = (5; 8;11)
Chi 1j: Véi cach giai trén ta c6 thé xit dep phuong trinh dang nay: 2% +
W4+22=2"(z<y<z;neN)

Dap s6: (z;y;2) = (n—2;n—2;n — 1)
Vi du 27: Giai phuong trinh nghiém nguyén duong sau:

503 =y + 317 (26)

Gidi: Trong phuong trinh nay c6 sy tham gia ctia s6 lap phuong va nhu
da noi 6 phan phuong phap Iita chon modulo thi trong bai nay ; modulo ta
xét sé 1a modulo 9 y = 0 ; phuong trinh vo6 nghiém nguyén .

y=1=x=4

y =2

= 3¥ = 0(mod9)

317 = 2(mod9)

= 52% = y3 + 317 = 2(mod9) (vo li vi 5z* = 0; 5; 4(mod9))

Ta dén vé6i céc bai toan khé hon

Vi Du 28: Giai phuong trinh nghiém nguyén duong sau:

P =y (27)
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R6 rangr = y 1a 1 nghiém. Xét x # y.

Khong mat tinh tong quat gid stz < y

= V¥ =y

= go = y do y nguyén nén T nguyen.

= y:T.

bat y = tz,

Thé vao ta dudc: 2t =t = 2!t =1t

Rorangt >2 (vidagidstez #y)t=2=x=2=y=41t>3;lac do
1o rang x > 2

Ta chitng minh: 2'=! > ¢ Do 2 > 2 nén ta chi viéc chitng minh: 2071 > ¢ .

Ta cm quy nap theo t. t = 3 ; ding .

Gia stt khéng dinh ding véi t = k tiic 1a 2871 > k

Ta cm khing dinh ding véi t = k + 1 ttc la chitng minh 2% > k+ 1 . Rat
don gian ; theo gid thiét quy nap thi: 28" > k = 2% > 2k > k+1 (do k > 1)

Do d6 phuong trinh vo nghiém véi ¢ > 3 Két luan: nghiém phuong trinh
la (z;y) = (a;a); (2;4); (4;2) véia € Z

Chi gj: Ta c6 thé gidi phuong trinh theo cach khac .Nhung trude hét ; ta
can chiing minh ménh dé sau: a™:b" < aib

Ta chitng minh phan thuan ; phan dao la diéu hién nhién . Trong phan
tich a;b ra dang chuan tic thi s6 nguyén té p cé lity thita tuong tng la s;t.
Do d6 trong phan tich a™;b" ra dang chuan tic thi s nguyen té p cé liy
thita tuong ting la ns;nt. Vi a™:0" = ns > nt = s >t Vi p dugc chon tuy §
nén a:b

Quay lai v6i bai toan . Ta chi xét truong hgp x # y Khong mat tinh tong
quat gid stz >y . Dt o =y +t = 2¥ = ¢V = a¥iy¥

S zy=x="1y.

RoOi 1am tuong ty nhu trén

Vi Du 29: Giai phuong trinh nghiém nguyén khong am sau

2v —3Y =1 (28)

Giai:

Xét theo modulo 3

Viét lai phuong trinh 2% — 1 = 3¥
Xetry=0=>zr=1.Xéty>1
= 3Y = 0(mod3)

= 2% — 1 = 0(mod3)

Mat khac: 22 — 1 = (3 — 1)* —
= x chan ( vi z chdn thi (—=1)* — 1 = 0 = 0(mod3)
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Dit z =2k = 2% —1=3% = (28 — 1)(2¢ + 1) = 3V

2" +1=3"

=< 2F—1=3"

ut+v=y
=2+ -2 -1)=2=3"—-3"

=243 =3

Néuu=0=3"=—1 (vo li)

Néu u > 1 = 3“ = 0(mod3)

= 2433 =>v=0=>u=1 =y =1= 2 =2 Ké luan: nghiéem
phuong trinh 1a (x;y) = (0;1);(2; 1)

Vi Du 30: Giai phuong trinh nghiém nguyén khong am sau:

3° + 47 = 5 (29)

Bai toan nay da dugc dé cap trong phan trude va day 1a 161 giai ctia no:
Xét theo modulo 3 3* +4¥ = 3 + (3 + 1)¥ = 1(mod3)

= 5" =(6—1)"=(—1)* = 1(mod3)

= z chdn . Dat z = 2a

= 3% 4 4Y = 52

= 37 = 5% _ ()Y = (5% — 2¥)(5% + 2¥)

Do d6 ¢6 2 truong hgp xay ra:

Truong Hop 1:

5 — 29 = 3™
5 429 = 3"

(m;n > 1) Diéu nay khong xay ra vi (5 —2¥)+(5%42Y) = 2.5 = 3™43"3
Nhung 2.5% thi khong chia hét cho 3
Truong Hop 2:

5 —2¥ =1

{ 5% 4 2¥ = 3%
= (5% — 2¥) 4 (5 4+ 2¥) = 2.5% = 3* + 1 = 1(mod3)
= 2.5 =2.(6—-1)*=2.(—1)* = 1(mod3)
Do d6 a 1é . Ta c6: 5* — 2¥ = 1 = 1(mod3)
= (6—1)— (3— 1) = (=1)% — (=1)¥ = 1(mod3)
Do @ 1é nén 16 rang y chan . Dat a = 2k 4+ 1;y = 2t
= 52k+1 + 22t = 3%
Neut=1=y=2=zr=2z2=2
Néu t > 2 = 22 = 0(mod8)
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Ta c¢6 521 = 5.25F = 5.(24 + 1)* = 5(mod8)

= VT = 5(mod8)

Tuy nhién xét modulo 8 cho vé phai . Néu x chn ; 2 = 2s = 3% = 9° =
(8 4+ 1) = 1(mod8)

Néu z 16 ; z =25+ 1 = 3" = 3.9% = 3(mod8)

Tu do ta c6 VP = 3" = 1;3(mod8) con VT = 5(mod8) (vo 1i)

Két luan: nghiem ctia phuong trinh 1a (z;y; 2) = (2;2;2)

Vi Du 31: Giai phuong trinh nghiém nguyén duong:

2% 4 5 = 19° (30)

Giai:

197 = (18 + 1)* = 1(mod3)

=27 5 = (31" 4+ (6—1)" = (—1)" + (—1)¥ = 1(mod3)

=xylé.bat x =2k +1

= 2% = 2.4% = 2(5 — 1)* = 2.(=1)*(mod5)

Néu k chén = 2% = 2(mod5)

Néu k 1&

= 2% = 3(modb)

= VT = 2%+ 5Y = 2;3(modb

Con VP =19* = (20 — 1)* = (—1)* = 1;4(mod5) Vo li do d6 phuong
trinh trén vo nghiém .

Bai toan véi cac nghiém nguyén to

ViDu 3l: Timn € N dé

1. n* +n? 41 14 s6 nguyén t6

2. n® +n + 114 s6 nguyén to

3. n* 4 4" 1a s6 nguyén td

_Giai:

L n*+n?’+1=n?*+n+1)(n*—n+1)lasd nguyén t6 <= n?>—n+1=
l=n=1=p=3

2. n°+n+1=(n* +n+1)(n*>—n?+1) lam nhu trén ta ciing dugc n = 1

n+1

3.Chaylanle = n+12n+4" = (n2 4+ 2" 4+ 2" n)(n2 + 2" — 2"
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Dapsé:n=1;p=5

Vi Du 32:

Tim s6 nguyén té p dé 5p? + 1 1a s6 nguyen t6

Giai:

p chin = p = 2 = 5p* + 1 = 21 ( khong thod) p 16 = 5p* + 1 ch&n nén
13 hgp s6 . Vay khong ton tai s6 p thod diéu kién tren .

Vi Du 33:

Tim cac sd nguyen t6 z;y; z thod: a¥ + 1 = 22

Giai:

Xét x16 = 2v 4+ 1 = 2% chdn = 2 = 2

= 2¥ = 3 (khong ton tai x;y thod)

Xét x chin =2 =22V +1 =22

Néuylé . Daty =2k +1

= 2¥ = 2.4F = 2.(3 + 1)* = 2(mod3) = 2Y + 1 = 0(mod3)

= 2233

=>z=3=y=3

Néu y chin = y = 2

= 5 = 2? (vo li) . Két luan: nghiém ctia phuong trinh 1a (z; y; 2) = (2;3;3)

T bai toan trén han ching ta dé dang hinh dung 1 15i giai bai toan sau:
Tim céac s6 nguyén t6 z;y; 2 thod: 2¥ + 1 = 2

Céac Phuong Trinh chiing minh vo s6 nghiém:

Vi Du 34: Chting minh rang phuong trinh 23 +y3 = 2* ¢6 vo sé nghiem

Giai:

Ta xay dung nghiém ctia phuong trinh nay .

<o (2P 4 (1) =2

Dit £ =a; ¥ =b = © = az;y = bz. Thé vao ta duge: 2°(a® + b°) = 2*

=z=a+

= x=az=a(a®+);y = bz = b(a® + b?)

Phuong trinh ¢6 vo s6 nghiem c6 dang: (x;y;2) = (a(a® + b*);b(a® +
b*); a® + b%)

Tong quat hoa bai toan v6i phuong trinh ™ + ™ = 2"! V6i cach giai
trén ; phuong trinh ¢6 vo s6 nghiem c6 dang: (x;y; 2) = (a(a™ + b"); b(a™ +
b");a™ + b")

Chu y: Cong Thiic trén chua chic da lay hét tat ca cac nghiem clia bai
toan nhung chiing ta chi can c6 nhu vay dé hoan thanh bai toan .

Vi Du 35: Chiing minh rang phuong trinh z* +y3 = 27 ¢6 vo sd nghiém

Giai: Dua vao Hang Dang Thiic sau : 2% + 2¢ = 20+1
Dat z = 21,0 = 23
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= xt 4+ y3 =29+ 2% = 29" Chon 2 = 2% Do x;y; 2 nguyén nén

a3
a4
a-+1:7

Giai he trén ta dugc a = 84t +48 Két luan: Phuong trinh c¢6 vo sé nghiém
c6 dang: (z;y; 2) = (2216H12; 928416, 912147)

Vi Du 36: Chitng minh ring phuong trinh 722 + 3y” = 2! c6 vo sb
nghiém .

Giai:

Dit a = 2.7 = 14 R6 rang ton tai vo s6 s6 n dé an + 1:11

That vay ; xét phuong trinh 14n + 1 = 11k (rd rang c6 vo s6 nghiém)

Chi ¥ 7+ 3 = 10 Do d6 phuong trinh c¢6 vo s6 nghiém c6 dang: z =
10%;y = 107;10"1

Do an:2;an:7;an + 1:11 nén z;y; z nguyen.

Con véi phuong trinh nay thi sao nhi: 722 + 3y? = 6.2'* Rat don gian Ta
dua vé phuong trinh § Vi du trén 7.6'%2% + 3.6'0y2 = (6.2)"

Sau day la phan cac bai tap ; minh sé xép cac bai tap khong theo ting
dang va céc ban phai xac dinh dang ctia n6 dé c6 phuong an xi Ii thich hop.

Phuong trinh véi tap Z:
1.3z +Ty =9
2. 25x + 7y =16
3. 22 +3zy—y*+22—-3y=5
4. 202+ 3> +ay—3r—3 =y
5. o]+ 15+ .o + af, = 1599
2?24+ y* =162+ 6
+yl=(z+y)!

xl+yl = 2!

L ® N>

192° — 17y = 50

10. 523 4+ 11y% + 132 = 0
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

2?2 =93+ 16

22 4 y? = 6(2% + 12)

vy — 2y — 3x + 22 =3
5+ ay +y°) = T(x + 2y)
22—y —ay =15
PHay+yi=x+y
I+z+a*+a2° =y

P yt= (o)

Y3 —ad =22+ 1

4t +d4=9—y

2 4y =722

22 =93+ 16

2 +y? + 2% = 2%y? (Han Quoc 1988)
6(62% + 3y? 4 2?) = 5t2

1922 + 282 = 2001

2 ray+yP=20+y

r?y? = 2%(2? — 2° — y?) (Bulgari 1998)
nt +2n3 + 2n% 4+ 2n = 1 = ¢?
Y2+ (v — 2zy)z +a(z —y) =0
-y’ +y+10=0

20 +y+2)+9=3zyz
(e + 1) =+ (y+ 1)
v=a3+2r+1

(z =2 —at =y
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35.

36.
37.
38.
39.
40.
41.

42.

43.
44.

45.
46.

47.

48.

49.

50.
o1.
02.

33.

o4.

-2y =1

Tap N

xyz =2(x +y+ 2)
rT+y+z+t=2ayzt

X1+ 2o+ ... + 19 = T1.22...212
T 4 220 — g0

m3 +n® =n3

22+ 12 = 2011(10 — 2)

M 4122 =22-9

Cac bai Toan véi s6 nguyén tb:
Tim z dé z* + 4% 14 s6 nguyen t6
-2
(p—1)!+1=p" (pnguyén té ; n € N)
plp+1)+qlg+1)=n(n+1) p;q¢n nguyen to .
p* =8¢+ 1 (p; ¢ nguyeén to)

Cac bai toan kho:

(APMO) Tim n nguyén duong dé phuong trinh sau c¢6 nghiem 2™ +
2+z)"+2—-2)"=0

Chitng minh réng phuong trinh sau c¢6 vo s6 nghiem: (Brazil 1990)
a® +1990b° = ¢*

(Rumani 2001) 2® 4+ * 4+ 2* = n.z?y?2? (n;z;y;2 € N).
(a —b)* =k(4ab—1) (a;b € Z)
N+2l+ . +zl=y* xy;2> 1

Chon € Z CMR néu A = 2 + 2v/28n2 + 1 1a s6 nguyén thi A 1a s6
chinh phuong

(Nga 1996) 22% = y¥ + 2% z;y;2 € N
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95.

56.
o7.
38.
99.
60.
61.
62.

63.

64.
65.
66.

67.

68.

69.
70.

Chiing minh ring phuong trinh sau c6 vo s6 nghieém a?b? +b?c? +c?a? =
22 ajbjc;x € 7

3T+ 4Y =T (v;y;2 € Z)

¥ =14+2%xy € N

34+3¥ =6,y N

m!+ 48 = 48(m + 1)"

(a@* + %) = (ab)'? (a;b;c € N)
(a® +b*)™ = (ab)™(a;b;m;n € N)
28" = 19Y + 87 (x;y;2 € Z)

(Sang Tac) Chitng minh rang phuong trinh a® + 0% = ¢! ¢6 vo s6
nghiém .

(Sang Tac) 2" — 1 = 34323 (z;n € N)
(IMO 2006) 1 4 27 + 22041 = 2

Tim n dé phuong trinh ¢ nghiém (z+y+utv)? = nryuz (z;y;u;v;n €
n)

244+ 22=1975"" — g —y—zxy;2 € Z

22 4y? 18 4 R < z24q?: o
T la sO nguyén va Ty 1978 CMR z =y

k=vn+1l++vn—1kneN

4yt =2try;2 €N
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