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MG dau

Loi ich ctia xtt 1 s6 céc tin hidu ngay cang duge khang dinh 16 rang.
N6 ciing dugc ting dung 6 nhiéu dang khac nhau véi nhitng hiéu qua dic
biét la trong cac nganh khoa hoc chi khong phai chi 1a mot moén hoc.
V6i mic do phat trién ngay cang cao vé cd ban, vé phuong phép va kha
nang tng dung né da 16i cudén duge nhiéu ki su, cac nha vat 1y ciing nhu
cac nha toan hoc quan tam nghién ctu.

Trong linh vite x1t Iy tin hiéu, bién d6i Fourier 16i rac (DFT) chiém vi
trf hang dau nhd su ton tai cac thuat toan hieu qua ctia bién doi Fourier
r6i rac. Bién doi Fourier nhanh (FFT) la cong cu hitu hiéu dé tinh céc
bién do6i Fourier roi rac vi Fourier roi rac nguge. Thuat toan FFT dugc
ting dung trong nhiéu linh vyc khac nhau, tit cac phép toan s6 hoc ciia
s6 phiic dén 1y thuyét tin hieu, 1y thuyét nhém va 1y thuyét sé.v.v...

T khi Cooley va Tukey phat hién ra thuat toan tinh nhanh cac bién
ddi Fourier 1i rac vao nam 1965 (ngudi ta quen goi 1a bién doi Fourier
nhanh - FFT), thuat toan nay ngay cang khang dinh vai tro clia minh,
dsic biet 1a xtt 1y tin hieu s6. Dé tinh DFT chiéu dai N can s6 phép nhan
13 N2 va N(N — 1) phép toan cong. Thoi gian tinh todn sé rat dang ke
néu N du 16n. Mot thuat toan nhanh hon nhiéu da dugc phat trién béi
Cooley va Tukey khodng nam 1965 goi 1a thuat toan FFT. Doi héi bat
buoc thuat toan nay la chiéu dai N phai 1a liy thiua cta 2, tic 1a N
c6 dang N = 2°. Thuat toan nay dua vao trén viec khai trién bién doi
Fourier roi rac ctia diy c6 chieu dai N = 2° thanh céic tang 16p nhé hon.
Cach ma trong dé nguyén tac nay thic hien dua dén nhiéu thuat toan
khac nhau, tat ca déu c6 muc dich 1a cai thien kha nang tang toc do tinh
toan. Do la thuat toan FFT phan tich theo thoi gian, thuat toan FFT
phan tich theo tan s6.v.v... Déi v6i cac thuat toan FFT chiéu dai NV thi

. N .
chi can EloggN phép toan nhan va Nlogs N phép cong. Ngoai ra, con
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trinh bay thuat toan bién doi Fourier nhanh cho trudng hgp N = RC,
trong d6 R ho#c C khong phai 1a lity thita ciia 2. D6i v6i thuat toan bién
ddi Fourier nhanh cho truong hop N = RC thi chi can N(R + C) phép
nhan.

Luan van trinh bay co sé 1y thuyét cia bién doi Fourier roi rac va clia
thuat toan Fourier nhanh. Ngoai ra, ciing giéi thieu mot s6 ting dung
clia bién ddi trén vao cac bai toan vé phuong trinh vi phan thudng, bai
toan bién Dirichlet ctia phuong trinh Poisson trong hinh ch@ nhat, xit Iy
tin hiéu tiéng hot trong Rada. Ngoai ra, luan van trinh bay mot s6 bai
toan vé ham hé va tin hiéu dau ra ctia cac hé thong tuyén tinh trong ly
thuyét tin hiéu so.

Hién nay tai liéu bang tiéng Anh vé DFT va FFT rat phong phia. Tuy
nhién, tai lieu bang tiéng Viet vé linh vic nay con rat han ché va chu
yéu dugc trinh bay trong cac sach ki thuat danh cho cac k¥ su.

Ngoai phan mé dau, phan két luan, luan van gom 3 chuong.

Chuong 1 Bién d6i Fourier rdi rac.
Trong chuong nay trinh bay 1y thuyét ctia bién doi Fourier roi rac cho
day s6 tuan hoan.

Chuong 2 Bién d6i Fourier nhanh.
Trong chuong nay trinh bay hai thuat toan bién déi Fourier nhanh, dé
& thuat toan bién doéi Fourier nhanh rut gon theo thoi gian va thuat
toan bién doi Fourier nhanh rat gon theo tan s6. Ngoai ra, trinh bay
thuat toan bién doi Fourier nhanh cho trusng hop N = RC, trong dé R
hoac C khong phai la liy thita cia 2.

Chuong 3 Mét sbé tng dung.
Trong chuong nay trinh bay mot s6 tng dung ctia bién doi Fourier 16 rac
vao cac bai toan vé phuong trinh vi phan thuong, bai toan bién Dirichlet
ctia phuong trinh Poisson trong hinh chit nhat. X1t 1y tin hiéu tiéng hot
trong Rada v& mot sd bai toan vé ham hé va tin hieu dau ra ctia cac he
thong tuyén tinh trong 1y thuyét tin hieu sob.
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Chuong 1
Bién doi Fourier rdi rac

Trong chuong nay trinh bay 1y thuyét ctia bién doi Fourier 14 rac cho
day s6 tuan hoan. Noi dung chi yéu ciia chuong nay dugc hinh thanh
it céc tai lieu [1], [2], [3] va [8].

M3 dau

Bién doi tich phan Fourier ctia ham f(t) € L'(R) thuong duge dinh
nghia bdi cong thiic

fo)= [ s, wer
con bién ddi Fourier nguge duge cho béi cong thiic
1 * iwt
ft) =5 | [lw)edw.
2 J_

Mot trong cadc phuong phéap tinh gan ding cac tich phan trén cé theé
tién hanh nhu sau. Trudc hét ta gid thiét rang véi cac s a, b co tri tuyet
do6i du 16n: a < 0,b > 0 tich phan

b
/ f(t)e ™dt,

1a xap xi tot ctia tich phan Fourier. Tt d6 di dén dinh nghia bién ddi
Fourier roi rac.

Trong chuong nay trinh bay mot s6 tinh chat ctia bién déi Fourier roi
rac.

T nay vé sau ta luon luon hiéu N 1a s6 nguyén duong, Z 1a s6 phiic
lien hop ciia s6 phiic z, con Z la tap cac sé nguyén. Ky hisu RY va CV
tuong tng la cac khong gian vecto thyc va phrtic.

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.Irc-tnu.edu.vn



7

1.1. Can bac N ctia don vi va cac tinh chat

1.1.1. BDinh nghia
Dinh nghia 1.1.1. Nghiém ctia phuong trinh 2V — 1 = 0 dudge goi 1a
can bac N cua don vi.

Trong 1y thuyét s6 phiic ta biét rang don vi c6 N cin bac N khéc
nhau va ching dugc xac dinh béi cong thic

er=WE (k=0,1,..,N—1), (1.1)
271 5 5
Wy=eN :cosﬁw—l—z'sinﬁﬂ, (1.2)
trong d6 ¢ 1a don vi do: 2 = —1. D& thay ring e; = Wy. Cong thiic

(1.2), nhu ching biét 1a cong thiic Euler. Sau nay ching ta sé goi Wy 1a
hach Euler.

1.1.2. Céac tinh chat cia Wy
Meénh dé 1.1.1. Hach Euler Wy c6 cac tinh chat co ban sau day

1) W =1, (1.3)
2) WyWy =1, (1.4)
3) Wh =Wy "=wit=mwy" " (1.5)
) Wy =W, (1.6)
5) W = Wt — N, (1.7)
6) 1+ Wy+Wi+. . Wy t=0, (1.8)
N-1 £
1 1, néun=pN

7 — wmn=¢ 7 ’ 1.9

) Nmzo N {O, néu n # pN. (1.9)

Chaing minh. Cac tinh chat tit 1) dén 5) 1a hién nhién. Tinh chét 6) 1a
truong hop diic biet ctia tinh chat 7), vi vay ta chi can ching minh tinh
chat 7). That vay, ta co
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1N—l 1N—l 1N—l

- meN:_ WN mp _ 1 =

PR P 2
N-1

1 1 Wi —1

— W= _ N ___—9 N).

Vay cong thic (1.9) duge chiing minh.
1.2. Ham rdi rac tuan hoan trong khéng gian Unita CV

1.2.1. Ham rd&i rac tuan hoan

Cho N 1a mot s6 nguyén duong ¢d dinh. Khi d6 moi sé nguyén m € Z
déu c6 thé biéu dién & dang

m=n+kN, n=0,1,... N—-1, keZ.

Pinh nghia 1.2.1. Cho ham 16i rac f(m) v6i m € Z. Ham f(m) dugc
goi 1a ham tuan hoan chu ky N, néu v6i moi m = n + kN thi

f(n+EN)=f(n), n=0,1,2,...N—1, keZ.

Tap xac dinh ctia cdc ham 1di rac bién s6 nguyén tuan hoan chu ky
N dugce ky hiéu 14 Zy 1& nhém cyclic clia cac s6 nguyén theo modulo s6
nguyén duong N

Zy=7Z/(N) (Z modulo N);(N)={kN :keZ}.

Tap hop ctia cac ham 1di rac bién s6 nguyén tuan hoan chu ky N dudc
k¢ hicu Ia L(Zy).
Dé thay rang ham

w(m) = WJ?\?/} _ eQO'/N7 me7Z
13 ham tuan chu ky N. That vay, v6i m = n + kN ta c6

w(n+ k’N) _ €(n+kN)27ri/N _ e’I’LQﬂ'i/Nek’Qﬂ'i _ €n27r73/N _ (.U(?’L)
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1.2.2. Khéng gian Unita CV
Dinh nghia 1.2.2. Gia st f, ¢ 1a nhitng ham tuan hoan roi rac trong
khong gian CV. Trong CV, ta dinh nghia tich vo huéng hay 1a tich ngoai

N-1

< fg>=>_flk)g(k). (1.10)

Chuan ctia phan ti f dude xac dinh theo cong thic

Al =vV< [ f> (1.11)

Xét cac ham
wi(m) = W™ = e Im2@IN =y 5 =0,1,2,...,N — 1

va cac vecto

1
u; = \/—N(wj(O),wj(l), s wi(N = 1))

_ ( 1 1 o—2mij1/N 1 o—2mij2/N 1 e—2m’j.(N—1)/N).
Bo6 dé 1.2.1. Cédc ham u;, j =0,1,...., N —1 la co s truc chuan ciia
khong gian Unita CV.

Chaing minh. Truée hét ta chiing minh tinh truc chuan cta he {u;}.
Ta co

N—-1 —27rjn/N€27rjn/N

1 — e % 1 %
f=<wu>i= (Y —— ) = (Y ) =1
|u;|| =< uj,u; > < ~ ~ ) ( N>

n=0 n=>0
N-1 N-1

<uju>= Y wn)ug(n) =Yy Wy (1.12)
n=0 n=0

Theo cong thic (1.9), tit (1.12) suy ra
<uj,u, >=0, j#k.

Ta ching minh ho {u;,j = 0,1,..., N — 1} 1a doc lap tuyén tinh trong
CN. That vay, xét dang thic

Cop +ciug + ... +cyquy—1 =0, ¢;€C,7=0,1,...,N—1.
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Da biét
<ag(0),ag(1),.“,ag(fv-—-1))
(W, Wy, W),

nén ta co hé

( co+ci+co+...+cy_q1 =0,

co + 61WN1 + CQW]G2... + CN71W];(N71) =0,

L co+ clVV];(N_l) + CQW];2(N_1)... + cN_1W];(N_1)(N_1) = 0.

1 1 1 o1
1 Wy W LW
A= |1 Wy Wy Y

(N 1)

oy WY ey

Ma tran A la ma trém ddi xtng nén ¢ = (cg, ¢y, ...,ex-1)T =0, do dé
ho {u;,7=0,1,..., N — 1} 1a doc lap tuyén tinh.

Dinh 1y 1.2.1. Moi vecto f € CV, tuan hoan chu ky N phan tich dugc
thanh tong

=

-
I

< f, u; > uj. (113)

Il
=

J
Chaing minh. Vi ho cac vecto {u;} 1a co s6 truc chuan trong khong gian
Unita CV, nén moi vecto f € CV phan tich dugc theo co s8, do dé ta co

N-1

f=> Cu. (1.14)

j=0

Lay tich ngoai hai vé clia (1.14), ta ¢6 (1.13).
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1.3. Bién déi Fourier roi rac ctia day tuan hoan

1.3.1. DaAan luan
Bién doi tich phan Fourier ctia ham f(t) € L'(R) thuong duge dinh
nghia bdi cong thic

flw) = / ft)e ™dt, weR, (1.15)
con bién ddi Fourier nguge duge cho bdi cong thiic
1 [ . ,
£l1) = o /_ F@etda, (1.16)

Cac tich phan (1.15), (1.16) néi chung 1a khong thé tinh duge ¢ dang
dong. Mot trong cac phuong phap tinh gan ding cac tich phan trén c6
thé tién hanh nhu sau. Ta chi xét tich phan (1.15). Tru6c hét ta gia thiét
rang véi cac sd a, b co tri tuyet déi di 1én: a < 0,b > 0 tich phan

/ b f(t)e ™dt, (1.17)

la xap x{ tot ctia tich phan (1.15). Dé tinh gan dtng tich phan (1.17) ta
phan hoach doan [a, b] béi cac diém

tob=a<t;<ty<.. <ty_1=0b

Dat
b—a
At:T, tk:CL—f-kAt, k:O,l,...,N.
Khi d6 xap xi ® ctia f dugc cho béi cong thiic
N-1 N-1
O(w) =Y flta)e ™AL = " f(ty)e FOONAL (1.18)
k=0 k=0
Diit ,
wy = =01, N1
b—a
va trong (1.18) cho w = w,, ta dugc
—
O (wy,) = e "*n N f(ty)e2mkn/N, (1.19)
k=0
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Biéu thitc ¢ vé phai ctia (1.19) dan dén bién doi sau day
N-1
Fx[fl(n) =) f(ty)e 2™, (1.20)
k=0

Cong thiic (1.20) dan dén bién doi Fourier rdi rac dudi day.

1.3.2. Dinh nghia bién doi Fourier rdi rac

Dang day cta bién doi Fourier rdi rac.

Dinh nghia 1.3.1. Chiing ta dinh nghia bién d6i Fourier 15i rac (DFT)
ctia ham tuan hoan f(n) chu ky N nhu sau

F(n) = Ex[f(k)](n) = z_: fRYWF n=0,1,2,..,N—1. (1.21)

Chung ta ciing sit dung ky hiéu
f(k) <N F(n).

Chii 4 1.3.1. Ngoai cong thiic (1.21) bién ddi Fourier 16i rac con dudc
dinh nghia bdéi cong thic

=

-1
fRYW n=0,1,2,..,N — 1.
0

F(n) = Fn[f(k)](n) =

5
I

(1.22)

Dang ma tran cta bién d6i Fourier rdi rac.
Ky hiéu f va Fn[f] 1a cac vecto

f(0) [ Ex[£)(0)

¢ f(;l) | Fxlf] FN[{C](I)
(N —1)] | Fn[fI(N = 1)
va ma tran

(1 1 1 1 ]

W W W
Wa=[1 W W W

| WN 1 WQ(:N 1) ”W(N—l)(N—l)
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trong d6 W = Wy = e2™i/N Sy dung cac tinh chat ctia Wy ta cé the
bién dbi ma tran Wy vé dang

1 1 1 |
L wow LW
=52 —4 ——N-2
Wn= |1 W wLLW . W =Wy, (1.23)
LWt w LW

Khi d6 ta c6 dang ma tran ctia bién déi Fourier r6i rac
Fn[f] = Wnf. (1.24)

1.4. Coéng thiic bién doi Fourier roi rac ngudc ciia day tuan
hoan

Trong muc nay sé trinh bay mot sé dinh 1y vé cong thitc bién doi
Fourier r6i rac ngudgc.
Dinh 1y 1.4.1. Gia sit f(k) la ham roi rac tuan hoan chu ky N.
Vi bién doi Fourier roi rac
N-1
F(n) = Fy[fl(n) =Y fk)Wy" n=0,1,..,N -1 (1.25)
k=0

ta co

2

-1
1
5 2 FmWE, m=0,1,. N~ 1. (1.26)

n

f(m) =

I
o

Chaing minh. Nhan hai vé ctia (1.25) voi W™ /N 1di 1y tong hai vé theo
n tit 0 dén N — 1, ta dudgc

1 1 1 N-1 N-1
nm __ nm kn
~ 2 FmWy _Nz > f)Wy
n=0 n=0 k=0
N-1 1 N— N-1
= > fR) Z flk (1.27)
k=0 n=0 k=0
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Theo cong thiic (1.9) tong bén trong & vé trai ciia (1.28) bang ky hieu
Kronecker 9,,,. Do do6 ta co

N-1 N-1

]‘ nm
3 f(k)omi = 2 F(n)Wgm,

T day suy ra cong thitc (1.26). Cong thitc (1.26) duge goi 1a cong thic
bién do6i Fourier rdi rac nguge ciia bién doi Fourier rdi rac (1.25). Trong
ky thuat cong thic (1.25) thuong duge goi la cong thitc phan tich, con
cong thite (1.26) dude goi 1a cong thiic tong hop.

Chi ¢ 1.4.1. Néu bién doi Fourier roi rac duge dinh nghia béi cong thiic
(1.25) thi bién ddi Fourier 13i rac nguge dude xac dinh theo cong thiic

N-1
f(m) = \%ZF@)W;&”, m=0,1,..,N —1. (1.28)
n=0

1.5. Cac tinh chat cua bién doi Fourier roi rac doi véi day
tuan hoan

Cac tinh chat sau day ctia bién doi Fourier r4i rac duge suy ra tit dinh
nghia.
1.5.1. Tinh tuyén tinh.

R6 rang 1a Fiy va Fiy! 1a cdc anh xa tuyén tinh.

1.5.2. Tich chap.
Dinh nghia 1.5.1. Tich chap cia cdc ham f, g € L(Zy) dugc ky hiéu
la f % g va dugc xac dinh theo cong thiic

N-1
fxglm)=> f(k)g(m—k). (1.29)
k=0
Meénh dé 1.5.1. Gid sit f,g,h € L(Zy). Khi dé

a)  frg=gxf
b) f*d=f, trong d6 ¢ la tin hiéu xung ,

c) fx(gxh)=(fxg)xh,
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d)  Af*g)=(Af)*(Ag), VA= const,
e) fx(g+h)=f*xg+ fx*h.
Chiing minh. a). Theo dinh nghia tich chép ta c6

N-1 k—N+1

Frgk)y=> f(glk—3)= > f(k—m)g(m)
Jj=0 m=k
—(N-1) N-1
= f(k—=m)g(m) = > f(k—m)g(m)=(g= [)(k).
m=0 m=0
b) Ta co
N-1
Fro(k)y=>"f(j)o(k—j)=f1)5(k—1)+ f(2)o(k —2) + ...
j=0

+ f(k)o(k—Fk)+ ...+ f(N—=1)0(k—N+1)= f(k)i0) = f(k),

nghia la
fx0=Ff, Vfe L(Zy).

Céc tinh chat c)-e) dugce chiing minh tuong t.
Ménh dé 1.5.2. Véi moi f,g € L(Zy) c6 dang thiic
Fy[f +gl(n) = Fn[f](n)Fyxlg](n). (1.30)

Chiing minh. 1 Theo dinh nghia ta c6

N—-1 N-1 N-1
Ex(F % gltn) = 32 7= g(Wit™ = 32 (32 gtk =))Wy
]’f[:_()l - k=0 j=0
=) f(j)< g(k —j)W—’f”)
Jj=0 k=0
=3 1w (X k= ywy )
J=0 k=0
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1.5.3. Dang thiic Parseval
Ménh dé 1.5.3. Gia st u,v € L(Zy). Khi dé

D) Y () = 1 UV
)Y )l =+ 3 P

Ching minh.  a) That vay, ta co

N-1 N-1 1 N-1 | N-1
TN - . in - Y7 (1A —kn
;3“(”)“(”) - nO(N;Uu)WN)(Nkz_‘6 Ryt
1 N-1 N-1 1 N-1 1 N-1 N-1
=52 VR Y UG W =5 D VR D UG
k=0 7=0 n=0 k=0 j=0
N-1
1
k=0

b) Dugc suy ra tir a) bang cach cho u = v.

1.5.4. Tinh tuan hoan
Ménh dé 1.5.4. Gid sit a(n) € L(Zy), A(m) = Fy[a](m). Khi dé

A(m+ N) = A(m), (1.31)
Fy'[Al(n + N) = Fy'[A](n). (1.32)

Chatng minh. Truéc hét ta ching minh cong thite (1.31). Ta c¢6

2

N-1
_n (m+N) _ Z Cl(n)W&anﬁnN

n=0

m—i—N

| I
@

T
Ll

a(n)Wy" = A(m).

n=0

Cong thitc (1.32) duge ching minh hoan toan tuong tu.
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1.5.5. Dich chuyén va bién diéu

Meénh dé 1.5.5. Gia sit a(k) la tuan hoan vdi chu ky N va A(n) =
Fyla](n). Khi do6
a)Dich chuyén thoi gian : a(k — j) <x A(n)Wy". (1.33)
b)Dich chuyén tan s6: a(k)Wi <y A(n — 7). (1.34)
c)Bién dieu : a(k) cos 2mjk/N <y %[A(n —J)+An+j)]. (1.35)

Ching minh. a) Ta co6

N-1 N—1-j | N-1-j
Z a(k — W = Z a(m)W = Z a(m)Wy™".
k=0 m=—j m=—j
N—-1—j N—-1-j
Phan tich tong Z thanh: Z Z
m=—j m=—j
Vi a(n) 1a ham tuan hoan chu ky N, nén
—1 N-1
Z a(m)Wy"" = Z a(m)Wy™".
m=—j m=N—j
Suy ra
N-1 -1 N—-1—j
> alk =YW =W (Y amWy™ + > a(m)Wy™")
k=0 m=—j m=0
N-1 N—1—j
= Wy™( a(m)Wy"" + a(m)Wy"™")
m=N—j m=0
N-1
=Wy S alm)Wy™ = Wi An)
m=0

Cong thic (1.33) duge chiing minh.

b) DFT ctia a(k)W 1a

N-1 N—-1
S at)WEWE =3 a(kyw M = An - j).
k=0 k=0
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c) Vi
a(k) cos 2mjk /N = %(a(k)wjjvk + a(k)WJ;jk)

nén theo b) thi DFT cta a(k) cos2mjk/N sé la

%[A(n )4 A+ 1),

Nhan xét 1.1. Vi cdic s6 f(n) va F(m) tuong tng trong cdc tong (1.25)
va (1.26) bién thien ti 0 dén N — 1 c6 thé tuong ting dugc thay bdi n
va ny + N —1, trong dé ny la mot s6 nguyén bat ky. Truong hop dic biét
quan trong la N =2M + 1 voi ny = —M, ta co

F(m)= Y fm)Wy™, f(n)= M 1 > Fm)Wi". (1.36)

1.6. Cac vi du

Vi du 1.6.1. Tim bién doi Fourier r3i rac ctia tin hieu (xung don vi)

o ={y "7

Loi giai. R6 rang la
Fy[6(n)](m)=1, m=0,1,2,.... N — 1.

Nhu vay bién déi Fourier rdi rac ciia mot xung don vi la mot doan xung
don vi.

Vi du 1.6.2. Tim bién doi Fourier 16i rac ctia §(n—ng) (0 < ng < N).
Loi giai. Ta c6

Fy[6(n —ngp))(m) = Wmnmo = g=2mimno/N =y — (01, N — 1.
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Vi du 1.6.3. Tim bién do6i Fourier rdi rac ctia ddy hing z(n) = A (0 <
n<N-—1).
Loi giai. Ta c6

N-1

X(m) =Y Ae >N m=0,1,2,..,N-1

n=0

Véim =0, ta co

N-1
=) Al=NA
n=0

V6i m # 0, ta co

1 — e—2m'm

- — —2mimn/N __ .
PR G

Vay
EFx[A](m) = ANS(m).

Vi du 1.6.4. Cho f(n) la ham tuan hoan chu ky N. Tim ham tuan
hoan g(n) tuan hoan chu ky N thda man phuong trinh

o) = S Wgln — 1) = f(n).

Loi giai. Tac dong bién doi Fourier r6i rac vao hai vé ciia phuong trinh
da cho, 6 thoi diém m, ta dugc

N-1

Zg Wmn__WNZgn_lwmn Zf —mn

-t kzg "0~ F(m),
m) — % 2 g(BYW™ = F(m). (1.37)
k=-1
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Vi ¢g(n) 1a ham tuan hoan chu ky N nén ta c¢6
9(=1) = g((N =1) + 0.N) = g(N — 1).

Neén ta c6 thé viét lai cong thic (1.37) & dang

——Zg M) = F(m),

G(m) - §G<m> — F(m),
G(m) =2F(m)
Suy ra
g(n) =2f(n),

13 ham tuan hoan chu ky N.
Hinh minh hoa

f(-n)—{a - g(n)

Vi du 1.6.5. Tim bién doi rdi rac ctia day
2(n) = {..,0,1,2,3,0,1,2,3,0,1,2,3, ...}.

Loi giai. Day trén c¢6 chu ky bang 4, vi vay Wy = >™/* = 4. Do d6
X(m)=> " a(n)W;™ = 2(0)i® + x(1)i ™ + x(2)i " + x(3)i ",

v6i m=0, 1, 2, 3. Ta c6

X(0)=2(0) +z(1) + z(2) + z(3) = 6.
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S
—~
—_
N~——r
I

2(0)(1)° + (1)) + 2(2) (1) >+ 2(3) (1) = =2 + 2i.
X(2) = 2(0)(@)° + (1)) 2+ 2(2) (i) + 2(3) (i) ° = —2.
X(3) =2(0)(#)" + z(1) (@) + 2(2)(1) ¢ + 2(3) (1) = —2 — 2i.

1.7. Bién déi Fourier rdi rac ctia day khong tuan hoan cé chiéu
dai hitu han
Trong thuc té, hau hét cac tin hieu 14 khong tuan hoan ma chi xuat
hién trong mot thdi gian nao dé. Dé co thé bieu dién Fourier rdi rac cac
tin hi¢u trén ching ta tién hanh nhu sau. Gié sit tin hiéu roi rac z(n) c6
N méau c6 diem kéo dai tit 0 < n < N — 1. Xét day sau day

oo

z(n) = Z x(n+ kN). (1.38)
k=—o0
Meénh dé 1.7.1. Day %(n) dugc xac dinh béi cong thitc (1.38) Ia day
tuan hoan chu ky N.

Chiing minh. Theo cong thic (1.38) ta c6

T(n+IN) = i z(n+IN +kN) = i z(n+ (+k)N).

k=—00 k=—00

Néu dat j = [ + k, thi dang thic trén day co thé viét lai 6 dang

T(n+IN) = i z(n+ jN). (1.39)
T (1.38) va (1.39) suy ra
z(n+IN)=2Z(n). (1.40)

Dé& dang thay rang N 1a s6 duong nhd nhat dé c6 dang thiic (1.40), tic
N la chu ky ctia day #(n). T day ta c6 dinh nghia.
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Dinh nghia 1.7.1. Bién d6i Fourier 16i rac (DFT) déi véi day khong
tuan hoan c6 chiéu dai hitu han N dugc xac dinh theo cong thic

N-1
Wokn 0<k<N-1,
X(k) = ;x(”) N (1.41)
0, k con lai.

Cong thitc bién doi Fourier rdi rac nguge ( IDFT) duge xac dinh theo
cong thic

1
=N X (k)Wkn 0<n<N-1,
w2 XEW, " (1.42)

0, mn con lai.

1.8. Bien do6i cosine va sine rdi rac

1.8.1. Dinh nghia bién do6i rdi rac tdéng quat
Gia sit {Pr(n) iV:_Ol, n=0,1,...,N —11a mot co sé tryc giao trong
khong gian Euclide CV

13
N CIDk(n)CI)k(n) = {

=0

1, m=k,
0, m#k.

Bién doi roi rac tong quat thuan va ngude tuong tng dude xac dinh béi
cac cong thic

X (k) = Z_ z(n)®k(n), (1.43)
U
#(n) = & Z X (k)®y(n). (1.44)

27

Trong truong hop DFT thi ®4(n) = W = €% | con néi chung day
X (k) néi chung 1a phiic ngay ca khi day z(n) 1a thic. Tuy nhién, néu
cac ham @y (n) 13 ham cosine hay ham sine thi cac bién doi (1.43), (1.44)
sé bién cac day thuc tuong ting vao day thuyc. Ching ta sé dung DCT
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dé ky hieu bién doi r6i rac cosine. Ham cosine 1a tuan hoan va doi xing
chin, nén khai trién clia x(n) trong phuong trinh téng quat (1.44) & bén
ngoai viing 0 < n < N —1 ciing sé tuan hoan va déi xiing chdn. Néi cach
khac, ngoai tinh tuan hoan giéng nhu DFT, DCT con ¢6 thém tinh déi
xting chdn nita. Vi vay DCT rat thich hgp cho viéc tao ra mot day tuan
hoan va déi xitng tit mot diy c6 chiéu dai hitu han va theo cach nhu vay
thi tin hieu gbc cling c¢6 thé duge khoi phuc lai mot cach duy nhat tu
cidc mau roi rac.

C6 nhieu cach dinh nghia vé DCT. N6i chung c6 4 cach dinh nghia
tuong tng véi 4 cach khia trién tuan hoan déi xting la DCT - 1, DCT -
2, DCT - 3 va DCT - 4. Ngoai ra, ciing c6 thé tao ta céc day thuc tuan
hoan déi xting 18 tit (n) ddi v6i ham sine. Trong cac phép bién doi do,
chi ¢c6 DCT - 1 va DCT - 2 1a hay dudc st dung nhat, nén 6 day ching
ta chi tap trung xét hai phép bién doi nay.

1.8.2. Céac phép bién déi DCT - 1 va DCT - 2
Khai trien DCT - 1 duge dinh nghia nhu sau

— mnk
Xd(l-c):2;a(n)x(n)cos(N_l), 0<k<N-1 (1.45)
1 o mnk
() = ~— ;a(mx (k) cos(i-—7). 0<n<N-—1 (L46)
vOl |
a(n) = X n=0 va n=N—1, (1.47)
1 1<n<N-2.

Khai trien DCT - 2 duge dinh nghia béi

m(2n+ 1)k
X2k =2 A <k<N-1 1.48
Zx cos( o ), 0<k< ( )

m(2n +1)

BX (k) cos( T ),

0

0<n<N-1 (1.49)

z(n) = %

o~
Il
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trong do6
) k:()a
1<E<N-1

(1.50)
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Chuong 2
Bién d6i Fourier nhanh

Trong chuong nay trinh bay hai thuat toan bién doi Fourier nhanh
do 1a thuat toan bién doi Fourier nhanh rit gon theo thoi gian va thuat
toan bién déi Fourier nhanh rat gon theo tan s6. Ngoai ra, trinh bay
thuat toan bién déi Fourier nhanh cho trusng hop N = RC, trong dé R
hodac C khong phai 1a lity thita ciia 2. Noi dung chii yéu clia chuong nay
duge hinh thanh tit cac tai ligu ti [1-8].

Mé& dau

Bién doi Fourier roi rac déng vai tro quan trong trong phan tich, thiét
ké va thuc hién cac thuat toan va cac hé thong xit 1y tin hiéu roi rac.
Ching ta biét rang DFT chinh la cAc mau ctia bién doi Fourier 16i rac
tai cac tan s6 cach déu nhau. Vi vay, viéc tinh toan Fy tuong ting véi
su tinh toan N méau cta bién déi Fourier roi rac tai N tan sb6 cach déu
nhau mot lugng bang wy, = 27k /N, tiic 1a tai N diém trén vong tron don
vi clia mat phang phiic.

Trong phan nay ching ta sé xét mot sd thuat toan dé tinh nhanh céc
gia tri ctia DFT duge goi la thuat toan bién ddi Fourier nhanh (FFT).
Thuat toan FFT phai tinh tat cdA N gia tri ciia DFT sao cho c6 hiéu
qud cao nhat. Néu yeéu cau tinh toan chi mot phan ctia ving tan soé
0 < w < 27 thi cac thuat toan khac c¢6 thé hieu dung va mém déo hon,
vi du nhu céc thuat toin Goertzel, hay nhu thuat toan bién doi tiéng
hot.

Tiép theo ching ta xét van dé tinh nhanh céc s6 F(n) duge xac dinh
béi cong thic (1.21). Ta ¢6

F(n) = f(0)+ f(OWS" 4+ FRWS + ..+ f(N = YWD,

n=20,1,.....N — 1.
Nhu vay v6i mdi n > 0 ching ta can phai tién hanh N — 1 phép nhan
phtc (tuong ting véi 4(N-1) phép nhan thyc) va N — 1 phép cong phiic
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( tuong ting véi 2(N — 1) phép cong thyc). Nhu vay dé tim duge tat ca
cac s6 F(0), F(1),..., F(N — 1) can phai thyc hien (N — 1)? phép nhan
phiic va N(N — 1) phép cong phitc. Suy ra véi N cang lén thi s6 phép
tinh can thyc hién cang ting lén rat nhiéu. Can phai khic phuc kho
khan trén day. Van dé trén day lien quan dén mot thuat toan duge goi
1a bién do6i Fourier nhanh (FFT). Nam 1965 hai nha toan hoc Cooley va
Turkey da tim ra thuat toan tinh toan nhanh bién doi Fourier rdi rac.
Tu dé mot s6 thuat toan tinh toan nhanh khac duge xuat hién véi tén
goi chung 1a FFT. Diém giéng nhau ctia cac thuat todn nay la déu dua
trén nguyén tac phan tich day N sé thanh céc bién doi Fourier 13i rac

v6i cac day s6 bé hon.

2.1. Thuat toan bién déi Fourier nhanh rut gon theo thdi gian
déi v6i N = 2F

2.1.1. Mb ta thuat toan FFT

Thuat giai FFT chi ap dung cho truong hop N = 2%, s € N. Vi N
chin, nén tong (1.21) c6 thé phan tich thanh hai tong

Pl = S FmW = S fmywt 4 3 fyw

n chin n 1é
N/2-1 N/2-1

= > fem)WA) TR W Y f2m + (W)
m=0 m=0
= F.(k) + W E, (k).

Vi W2 = e22m/N = 2m/(N/2) nen ta thay F,(k) va F,(k) 1an lugt la bién
doi Fourier ctia hai day

{fCm)|m=0,1,..,N/2 =1} va{f(2m+1)| m=0,1,.... N/2 — 1}.

C6 nghia 1a mdi mot F,(k) va F,(k) duge phan tich thanh téng ciia hai
phép bién ddi Fourier rdi rac ctia N/2 diém. Tiép tuc qua trinh trén cho
dén khi cho dén khi ta dugc bién ddi Fourier roi rac clia 2 diem. Ngoai
ra, do tinh tuan hoan chu ki N/2 nén chi can tinh F,(k) va F,(k) voi
N/2 <k <N —1hoic v6i 0 < k < N/2 — 1.
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Lap lai viéc tach tong nhu trén déi véi F.(k), F,(k), ta co

N/2—1 N/4-1
Zf2m W2 TFm =N f(dp) (W
p=0
N/4—1
+ W N fAp+2)(WH T = Foo + W E,,
=0
N];Q—l N/4-1
= ) fCmA WA= Y fp+ (W) T
m=0 p=0
N/4-1
W N fdp+3)(W) ™ = F,. + WF,,
p=0

W4 = gh2mi/N _ 2mi/(N/4) _ = Wy

Thuc hién qua trinh trén doi véi FL., F,, ..., ta c6

N/4-1 N/8—1
= > fUpWH =" FBq)(WE)
=0 q=0
N/8—1
WS F(Sq+ W) = Froe + W Fyg,
q=0
N/4-1 N/8—1
Foo= > fUp+2)(W") ™™ = 3" f(8g+2)(W*)
q=0 q=0
N/8—1
WS F(8g+ )W = Frpe + W E,
q=0

Duéi day ching ta sé chiing minh rang, néu N = 2° va f(n) € CV,
thi dé tinh F(m) = Fy[f](m) bing thuat todin FFT can glog2 N phép
nhan phic thay cho (N — 1)? phép nhan phiic va Nlog, N phép cong
phitc thay vi N(N — 1). Xét vi du sau day dé thay s6 phép toan gidm
di dang ké. V6i N = 26 = 64, thi

N
- logs N =192, (N —1)* = 63% = 3969,
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Nlog, N =384, N(N —1)=4032.

Nhu vay, s6 phép nhan phic gidam di khoang 20 lan, con s6 phép cong
phitc giam di khoang 10 lan.

N
fe fo
s N
f(‘it’.‘i f(.‘ZO fO(.‘i fOO
s | N
fff €e fcco fl’.‘ZO(.‘Z fl’.‘ZOO fO(.‘Z(.‘i fO(.‘ZO

2.1.2. So do thuat toan FFT theo thoi gian déi véi N = 2°

o F.(0)
fO)or— F(0)
f(2)o—r— R BTN /[{sgu)
f(d)o—r—— (Tlelll - F“;(\Q)\\—* /ﬂ/’ \_l;(?)
o
f(;) — R T (;1)
LI TSN
{/\75
f()e—— 20 -~ F'(7)

-
by
=

Hinh 2.1 . S¢ do6 dong tin hiéu phan tich theo thai gldu cla
DFT N-diem thanh hai DFT (N/2)-diem vii N=8
2.2. Hiéu qua tinh toan cua thuat toan FFT

Pinh 1y 2.2.1. Gida sit N = 2¥ va f € CV. Khi dé dé tinh Fyf s6 cac
phép nhan Ia
2N logy, N = 2.
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Chiing minh. Chung ta sé chitng minh dinh 1y theo quy nap theo k.
Véi k=1,f € C?taco

11 f(0)> <f(0) + f(l))
Fyf = Wof = - ,
o (1 —1> <f(1) 1(0) = f(1)
gdm c6 bén phép nhan, hay 2.2'.l0g:2. Gia su rang két qua dang cho
N = 281 nghia 1a 2.2""1.10g,2F~! phép nhan va xét N = 2¥. Ta c6

N-1
Exlfln) =Y f(B)W" n=0,1,..,N —1. (2.1)
k=0

Chia k cho 2 v& chia n cho N/2 va biéu dién ching & dang
k=2k,+ ki, n=(N/2)n,+ ng.
Vi k va n thay doi gitta 0 va N — 1, nén

ko=0,1,..,N/2—1; k =0,1,
n,=0,1;, n;=0,1,.., N/2—1.

Do do
Wghn — pg @heth) (V) 2moem)

. _Nkono _(N/Q)klno —2kon1 —k1n1
=Wy Wy Wy W™

Thay biéu thtic trén vao (2.1) ta c6

1 N/2-1
[f]( —Nk oMo Z Z f Zk + kl N/Q)k‘lnow 2k, nlW k1n1
=0 k,=0
Thay k1 = 0,1 ta co
N/2—1
Ey[fl(n) = Wyme 3 f(2k) Wy
ko=0
N/2—1
-l—W_Nk oMo Z f 2/€ + l)W (N/Q)nOW_% n1w—n1. (2.2)
ko=0
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Vi Wy* = Wy, nén ta c6 thé thay W™ bai W™ va ta ¢6

N/2-1

Fy[f](n) = Wyt " f(2k) Wi+
ko,=0

N/2—1
IV I N F(2h + )W (2.3)
ko=0
Thay (N/2)n, + n1 béi n, khi d6 Wy ™2™ W™ = Wy". Do d6 téng
thit hai trong (2.3) dugc viét lai & dang gon hon

N/2-1 N/2-1
Fx[f)(n) = Wi Y~ F(2ko) Wy ++ Wy > f(2ke+ W™,
k=0 ko =0
(2.4)
n,=0,1; n;=0,1,2,....N/2—1.
Viét cac s6 hang
N/2-1 N/2-1
Y FRR)W Y f(2k, + W
kio=0 k=0
6 dang cot ta dugc :
f(0) f(1)
2 . 3
Enplfe] = Mny2 /) va Fiplfo] = M2 1)
f(N —2) f(N —1)

Nhu vay, (2.4) dugc viét lai ¢ dang

N e -
En(fl(n) = En[fl(5 0 +m) = WMt Fyg o fol (1) + W Fiyjal fol (ma).
(2.5)

Bay gio ta tinh xem can bao nhiéu phép nhan thuc déi véi

Fnpolfe](n1) = Wz fe(ni) = Waiea fe(n).

V6i mdi ny, theo gid thiét quy nap ching ta can 2(N/2)logaN/2 phép
nhan. Ching ta cing can timg ay phép nhan ddi v6i Fys[f,](n1). Nhu
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vay dbi v6i hai s6 hang nay can tat ca 1a 2NlogaN/2 phép nhan thuc.
V6i méi n ¢d dinh ta can hai phép nhan (' béi W™ Fomo v, Wx") doi véi
Fyx[f](n). Vin=0,1,..., N — 1, nén ta can them 2N phép nhan, do do6

s6 phép nhan tat ci sé 1a

2N 4 2Nlogs(N/2) = 2N (1 + logeN — 1) = 2NlogaN.

Nhan xét 2.1. Trong Dinh lj 2.2.1 s6 phép nhan phic la 2Nlog, N,
trong dé ké cd phép nhan vdi 1. Néu ta khong ké dén phép nhan vdi 1
thi so tat cd cdac phép nhan chi la (N/2)logyN, chi bang mot phan tu s6
2Nlog, N.

Diéu chti yéu trong thuat toan FFT 1a phuong trinh (2.5), biéu dién
Fn[f] qua Fyys[fe] v Fy o[ fo]. Trong (2.5) lan lugt cho n, = 0 van, = 1,
ta dugc

Fx[f)(n) = Explfl(n) + Wy"Fypalfol(n). 0<n<N/2-1 (26)

EN[fI(N/2+n) = WiV Expolf)(n) + Wy N Byl f](n). (2.7

Vi W&Nk" =1va WJ;(N/ 2 = 1 céc phuong trinh trén tré thanh
En[fl(n) = Enplfel(n) + Wy"Enplf)(n), 0<n<N/2-1,
(2.8)
Fn[fIIN/2+n) = Fyplfel(n) = Wy"Fyplfol(n), 0 <n < Nj/2—1.
(2.9)

2.3. Thuat toan Fourier nhanh rat gon theo tan sé

2.3.1. No6i dung ctia thuat toan rit gon theo tan sé

Thuat toan FFT phan tich theo thoi gian dya trén viéc phan tich day
tin hiéu 161 vao x(n) thanh cac day con déu nhau c6 chiéu dai nho hon
va tinh DFT trén cac day con d6. Néu ta phan tich tin hi¢u 16i ra X (k)
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thanh cac day con nho hon va ciing cuing cach lam nhw truéde thi sé duge
thuat toan goi 1a thuat toan FFT rat gon theo tan so.
Dé thiét lap thuat toan nay ta gia thiét N = 2° va phan tich day

X(k)=> a(mWy™ k=01,.,N-1 (2.10)
thanh hai day con, mot day véi chi s6 chdn X (2r), con day kia véi chi
s61é X(2r +1).

1) Mau tan sé véi chi s6 chin:

Zx YWREn r=0,1,..,(N/2) — 1. (2.11)

Day nay c6 thé biéu dién & dang

(N/2)-1
X(@2r)= Y am)Wy"+ Z n) Wy, (2.12)
n=0 n=N/2

Tong thit hai trong (2.12) thay n bsi n + N/2, ta duge

(N/2)-1 (N/2)-
X@2r)= Y am)Wy¥" + Z (n+ N/2)W V2 - (913)
n=0

Stt dung tinh tuan hoan
W]GQT(TH_N/Q) _ W&%HWJQTN _ W&Zrn
va vi
Wy =Wy
N N/2
nén dang thic (2.13) c6 thé viét lai nhu sau

(N/2)-
Z {x )+ z(n+ N/2)YWy2", r=0,1,..,(N/2) — 1.

(2.14)
2) MAu tan sé véi chi s6 18é:

Zaz Wyt e =0,1,2,.. (N/2) = 1. (2.15)
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Tong trén day co thé tach thanh hai nhu sau

(N/2)-1
X2r+1)= Y amWy> " Z Wy (2.16)
n=0 n=N/2

Tuong ty nhu trén kia, ta c6 thé sip xép lai tong thit hai trong (2.16)
v6i viéc st dung cac cong thiic

A A L L7

va nhan dugc
(N/2)— N
X (2r+1) Z {x(n) n+3)}W]§”WZ§2m, r=0,1,.. (N/2)—

(2.17)

Céac phuong trinh (2.14) va (2.17) 1a cac phuong trinh co ban dé
tinh DFT (2.10) v6i cac chi s6 chn va 1é tuong tng. Néu dat g(n) =
z(n)+x(n+N/2) va h(n) = z(n) —x(n+ N/2) thi DFT c6 thé tinh dugc
bang cach dau tién tao ra cac day g(n) va h(n), sau dé tinh Wy"h(n), va
cudi ciing tinh DFT(N/2)- diém ctia hai diy nay dé thu duge day mau
16i ra clia cac chi s6 ch&n va day mau 16i ra clia cac chi sb 1é.

Ciing hoan toan tuong tu gidéng nhu trong thuat toan rat gon theo
thai gian, vi N 1a luj thita ctia 2, nén N/2 1a chin, DFT(N/2)-diém lai
c6 thé tinh dugc bang cach tinh DFT ctia cdc mau 16i ra theo céc chi sb
chin va cac chi s6 1é. C6 nghia 14 lai tiép tuc chia day mau 16i ra thanh
N/4 va tinh DFT(N/4)-diém v.v.. Thi du, xét N=8, thi DFT(N/4)-diém
chinh 1a4 DFT 2-di¢m rat don gian.

Nhu vay, néu N = 2%, thi thuat toan FFT rat gon theo tan s6 chi doi
héi (N/2)logaN phép nhan phiic va Nlogs N phép cong phiic. C6 nghia
14 cac yéu cau vé tinh toan trong thuat toan rit gon theo tan sé va trong
thuat toan rit gon theo thoi gian la nhuw nhau.

2.3.2. So do thuat toan FFT theo tan s6 véi N = 23
2.4. Bién déi Fourier nhanh d6i véi truong hop N = RC

Trong phan nay trinh bay thuat toan FFT cho truong hop N = RC,
trong d6 R hoac C' khong phai la Ity thita ctia 2. Chung ta sé tinh
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Xk
W/ =
9 3

(
X(2 —dDF] X[2]
X (3 S ~——ddiemp X [6]
Wi }
X (4 N o o OFT X|1
g -
(

Z%s g:‘) % Wy, Alicmp—e—oX[3)
: -1 \ W}g A I’I/\_Z %I

- diem
-1 -1

Hinh 2.2. so d6 dong tin hiéu khai trién theo tan sé ctia DFT 8 - diem
thanh DFT 2 - diém

X[3]
X[7]

w]

Fnf = Wit

2.4.1. Trudng hop N =6 = 3.2

Chiing ta sé nhém cac s6 hang trong Wgf bang hai cach.

Cach 1.) Vo W = Ws = e*™/% va f(k) = a;, (k=0,1,...,5) ta c6
1

(1

—_
—_
—_

1 ay
1wt w2 w3 w W5\ (al\
1 w2 w* 1 w2 wH a9
Wet =11 s 1 ws 1w as
1w w2 1 w* w2 ay
\1 W= W4 W3 w2 W*1) \a5)
Nhu vay
( ao + a1 + as + az + a4 + as \

Ao+ a W+ aaW=2 4+ asW3 + agW= 4+ as W5
a, + CL1W_2 + CLQW_4 + a3z + CL4W_2 + a5W_4
ap+a W3 +ay+asW=3 +ay + a;W3
Ao + CL1W_4 + GQW_2 + asz + CL4W_4 + a5W_2
K Ay + W2+ a W+ asW=3 + a, W2+ a; W1

Wef =

(2.18)
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Vi 6 = 2.3 nén ta nhom cdac so6 hang trong Wef thanh hai nhém, moi
nhom ba s6 hang nhu sau:

(ao + ag + as) + (a1 + az + as) \
(ao + asW =2+ a W) + (a WL + asW =3 + asW?)
(ap + aaW = + a,W=2) + (W2 + ag + as W)
(ap + ag + ag) + (e W =3 + asW =3 + a5W*3)
(ao + asW =2+ a, W= + (e W™ + az + asW 2
(ao + aaW =+ asW=2) + (e, W + asW =3 + a5W )/
(2.19)

Vi W0k = o=2m6k/6 — 1 4¢i moi k nguyén, nén ching ta cé thé phan

Wef =

tich cac so hang nhu sau

(O (a0+a2+a4)+(a1+a3+a5)
1 (ap+ asW =24+ asW4) + W* (a1 + asW =2 + asW4)
2 (ap+ asW= +a,W=2) + W2(ay + asW = + asW~2)
3 (a0+a2+a4)+W (a1 + ag + as)
4 (ap+ aaW=2+a W) + W ay + asW =2 + asW 1)
\5 (ao + aaW 4+ a,W=2) + W2(ay + a3 W~ + a5W_2))
(2.20)
Nhan zét ring trong (2.20) cdc biéu thic trong ngodc & vi tri tuong

W6f = 3

iing cia cdac hang 0 va hang 3 giong nhau, hang 1 va hang 4 giong nhau,
hang 2 va hang 5 giong nhau. Do dé khoi lugng tinh todn dude gidm di
khd nhiéu.

Cdach 2. Bay gio trong (2.18) ching ta nhom céac sd hang nhu sau

(a0 + as) + (a1 + ag) + (a2 + as) \
(CLO -+ CL3W_3> -+ (CL1W_1 + CL4W_4) + (CLQVV_2 + CL5W_5)
(ap + az) + (W2 + a,W=2) + (aaW 1 + asW 1)
(ao + azW=3) + (W3 + ay) + (az + asW3)
(a0 + az) + (W 4+ a,W ) + (aaW 2 4 asW2)
\ (ap + asW=3) + (@ W5 4+ agW=2) + (aaW 4 + a5W_1))
(2.21)

Wt =
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Vi W6k = ¢=2m6k/6 — 1 y6i moi k nguyén, nén ching ta c6 thé phan

tich cac s6 hang nhu sau

(0 (a0 + as) + (a1 + aq) + (az + as) \
1 (ap+asW=3) + W (ag + a,W3) + W2 (ag + azW 3)
2 (a0 + az) + W2(a1 + as) + W*(az + as)

Wit = -3 -3 -3 -3

3 (ap+asW3) + W3(ay + asW2) + (ag + asW?)
4 (ap + a3) + W ay + aq) + W2(ag + as)

\5 (ap + azsW=3) + W=2(ay + asW=3) + W (ag + a5W*3))

(2.22)

Nhan xét rang trong (2.22) biéu thiic trong ngodc clia cac dong 0-2-4
gidng nhau, cidc dong 1-3-5 gidéng nhau. Do d6 so lugng tinh toan sé dugc
giam di dang keé.

2.4.2. Dang nhan t& FFT tong quat

Dinh 1y 2.4.1. Néu N = RC, thi DFT Wnf ctia bat ky vector f €
L(Zy) c6 thé duge tinh toan véi N(R + C) = RC(R + C) phép nhan.

Ching minh. Ta c6

N-1
Fx[fI(M) =) fI)W S M =0,1,2. . N-L;W =Wy = /N,
K=0

(2.23)
Chia K cho C va chia M cho R ta c6

K=Ck+kyok=01 . R-1:k =01 ..C—1,
M=Rn+n,n=0,1,...C —-1;n,=0,1,...., R — 1.
Do do6
W—KM _ W—(Ck—I—ko)(Rn—i-no)
— W—NknW—OknoW—koRnW—kono'

Vi Wk =1 v6i moi k va n, nén thay W5 vao (2.23) ta duge

C-1 R-1

Ex[f1(M) =Y [Z F(kC + k:o)wc‘mo} Whelnatn) (9.94)
ko=0 k=o

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.Irc-tnu.edu.vn



37

Véi
WR _ 627Ti/R, WC _ 627m'/C
ta co
W}ggOC’k _ Wgnokz7 W]gécfonR _ Wakon
Dat

FC + k) = gu(k), k=0,1,..,R—1.
Ta tinh DFT cta g, (k) :

R-1
hi,(no) = Frlgr,(k)](no) = > g, ()Wz"*, n,=0,1,..,R—1.
k=o

(2.25)
Ta thay biéu thiic trong ngodc trong (2.24) béi hy, (n,) :
FN[f Z hk; no —k, oMo/~ konR __ Z hk; no kOnOWC_kOn.
(2.26)

Trong (2.25) v6i mdi n, ta can R phép nhan. Vi n, thay ddi tit 1 dén
R — 1, nén vé6i k,, dé biét duge toan bo hy, (n,) ta can R? phép nhan. Vi
c6 C gia tri clia k,, nén dé biét dugce tat cd cic gia tri ctia hy, (n,) can
C'R? phép nhan.

Bay gio xét phuong trinh (2.26). Mé&i gia tri Fx|[f](M) c6 thé tinh
toan bang cach them C gia tri clia hy, (n,)W Fere W —Fonk Vi c6 N = RC
hang, nén tat ca c6 C.N = C.RC = RC? phép nhan bd sung. Nhu vay
dé tinh hy (n,) ta can RC? phép nhan, con dé tinh Fy[f](M) ta can
RC? phép toan nhan nita. Vay ¢

CR?+4 RC* = RC(C+ R) = N(C + R).

Nhan xét 2.2. Gid N = k? va di l6n. Khi dé so6 phép nhan theo thuat
todn trinh bay & trén sé it hon rat nhiéu so vdi tinh truc tiép. That vay,
ta co
. NR+C)
lim ————= = = = —
k—oo N2 k—o0 k4 k—oo k2 k—oo k
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Vi du 2.4.1. Gia st N = 900. Néu tinh tryc tiép DFT thi c6 900% =
810000 phép nhan. Vi 900 c¢6 phan tich nhan ti 1a 30.30 nén v6i phuong
phap da trinh bay & trén chi can 900(30+30)=54 000 phép nhan. Ta c¢6

N(R+C) R+C 60 1

N2 N 900 15°
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Chuong 3
Mot s6 ting dung

Trong chuong nay, trinh bay mot sé tng dung ctia bién doi Fourier roi
rac tim nghiém gan ding tuan hoan ctia phuong trinh vi phan thuong,
bai toan bién Dirichlet ctia phuong trinh Poisson trong hinh chit nhat,
mot s6 van dé xu 1y tin hiéu tiéng hét trong Rada. Ngoai ra, con trinh
bay mot so6 hé thong tuyén tinh ctia Iy thuyét tin hieu s6, d6 1a van de
tim ham hé va tin hiéu ra khi biét tin hieu vao. Noi dung cht yéu ciia
chuong nay duge hinh thanh tir cac tai licu [2], [4], [9] va [10].

3.1. Giai phuong trinh vi phan thuong

Xét phuong trinh vi phan
u" 4+ au + bu = f(t), (3.1)

trong d6 f 1a ham lién tuc, 27 - tuan hoan theo t, a, b 1a cidc hang sob.
D61 v6i phuong trinh (3.1) d&a ¢6 cidc phuong phéap giai tich tim nghiem
tuan hoan duy nhat, néu ham f dugc biét v6i moi ¢. Tuy nhién, néu chi
biét gia tri clia f tai cac diém t; = jh, trong d6 h = 27 /N v6i N > 1 thi
phuong phap trén day khong thé van dung dudce. Trong phan nay ching
toi trinh bay cach van dung bién ddi Fourier roi rac dé tim nghiém gan
ding cia phuong trinh (3.1).

Chung ta roi rac hoa phuong trinh (3.1) bang cach thay cac dao ham

béi cac sai phan sau day

(1) — U = Z(t —h) (3.2)
(1) — u(t+h) + ug;— h) — 2u(t). (3.3)

St dung cac phuong trinh (3.2) va (3.3), ta thay phuong trinh (3.1)
béi phuong trinh
u(t +h) +u(t —h) —2u(t) u(t) —u(t — h)

5 +a. . +bu(t) = f(1).
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Phuong trinh trén day duodc viét lai nhu sau
u(t + h) + (bh? +ah — 2)u(t) + (1 — ah)u(t — h) = h*f(t).  (3.4)
Trong (3.4) cho t =t; = 275 /N va dit
u, = uw(27k/N), fr = f(27k/N),a = bh* —ah — 2,3 =1 —ah
ta dugc phuong trinh sai phan cap hai sau day
Ups1 + auy, + Bup_1 = h2fy. (3.5)
Ching ta sé gid thiét rang
Wy +a+ BWy"#0, Vn. (3.6)

Tu gid thiét f(¢) va u(t) 1a nhiing ham tuan hoan chu ky 27 suy ra cac
ham i rac u, fi 1& nhitng ham tuan hoan chu ky N. Tac dong bién doi
Fourier r0i rac Fyy vao hai vé ctia phuong trinh (3.5), st dung cong thiic
dich chuyén

Exluga](n) = WiUn,
Eylug-1](n) = Wy"U,,
ta co
(Wr+ a+ WU, = h*F,. (3.7)
V6i gid thiét (3.6) tir (3.7) ta tim dugc

B h’F,
COWR +a+ W

Un (3.8)
Cong thiic (3.8) cho ta bién d6i Fourier 10i rac ctia an ham wuy. Lay
bién d6i Fourier 16i rac ngudc clia (3.8) ta co

N

uj, = kS > il Wwhn, (3.9)
N Wy + o+ BW"

n=0

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



41

3.2. Bai toan bién Dirichlet cho phuong trinh Helmholz

3.2.1. Dat bai toan
Xét bai toan Dirichlet cho phuong trinh

—Au+pu=f trong D, (3.10)
u =0 trén 0D, (3.11)

trong d6 p > 0 1a hing s6 cho truée, f 1a ham da cho trong mién
D={0<2<1, 0<y<1}coédo tron can thiét. Ta biét rang véi
moi f € L?(D) bai toan (3.10) - (3.11) ¢6 nghiem duy nhat trong khong
gian Sobolev H!(D). Trong muc nay sé trinh bay cich tim nghiém gan
ding ctia bai toan (3.10) - (3.11) bang phuong phéap sai phan va giai céc
phuong trinh sai phan bing phuong phap bién déi Fourier nhanh [ 10,
tr. 226].

3.2.2. RGdi rac héa bai toan
Bai toan (3.10)-(3.11) ¢6 dang sai phan tuong ting

dug ) — Up—1] — Ups1] — Whk—1 — Uk i+1
: : : : : + pug; = ka trongDy,, (312)

h2
Uk, = 0 trén aDh, (313)
1 1
0<k<L—=—=N, 0<I<-==N. (3.14)
h h
Ky hiéu
Uy fl,l
u = , = o 1=1,2,...,N—1,
UN-1,1 fol,l
(2 —1 0 0 0 0]
-1 2 -1 0O 0 O
A =

o 0 0. 0 -1 2
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A 13 ma tran vuong c6 cap bang N — 1. Ky hiéu E 14 ma tran don vi
ciing cap. Bai toan (3.12)-(3.13) dugc viét lai & dang

Bu; — uy; = h*f], (3.15)
—w_1+Bu —u = h2fl, [=2,3,.... N — 2, (316)
—uy_o + BuNfl = thN,l, (3.17)

trong do
B=A+(2+uh?)E.

3.2.3. Fourier rdi rac ca Fourier nhanh
Cac ma tran A, B ¢6 chung co sé cua cac vector riéng va cac tri riéng
tuong ung
AV =\, v™ o m =12, N —1,

m [2 . k
)\m:2(1—608%), v]i): NSIHW;

k=1,2,.,N—1m=1,2,...N —1

trong do v,gm) la phan ti thit k ciia vector rieng v(™. Ta ¢6

N-1
VO = Do) = 1.
k=1

Vi cac vector v(™ tao thanh co s6 truc chuan trong khong gian Euclide
RY~1 nen cac vector u;, fi(I = 1,2,..., N — 1) c6 thé biéu dién ¢ dang

N-1 N-1
u = Z Umle(m), fl = Z Fm’lV(m). (318)
m=1 m=1

Dat cac biéu thiic nay vao (3.15) - (3.17), st dung tinh tryc giao ciia
he {v(™} ta c6 hé cac phuong trinh dai s6 sau day

AU — U = h*Fy, 1, (3.19)
—Unmi—1+ >\mUm,l - Um,l—H - hQFm,lal =2, ... N — 2, (320)
~Upnn-2+ MUnn-1=hFn1. (3.21)
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Nhu vay, dé gidi he (3.15) - (3.17) chi can tinh N — 1 lan cac he
s6 Fourier ciia cac véctor f, gidi N — 1 hé v6i cac ma tran dang ba
duong chéo (3.19) - (3.21) dé xac dinh cac hé sb Fourier clia cic vector
w ([=1,2,...,N — 1), va tinh u; theo cong thitc (3.18).

Su khai trién vao chudi Fourier (3.18) c¢6 thé dugc thuc hién bing
cach st dung bién doi Fourier nhanh. Ta c6

IN-1
.mmn . 2mmn
F= \/ g fnlsm g fngsin oN (3.22)

trong A6  fn; = ... = fan—1; = 0. Viéc tinh toan cac vector w; ciing
dugce thuc hien bang cach tuong tu.

3.3. Tin hiéu tiéng hoét

3.3.1. Dinh nghia

Cac tin hiéu dang an W12 thuong dugce gip trong cac hé thong Rada
va dugc goi 13 tin hiéu tiéng hot. Vi thé bién déi Fourier i rac clia cac
tin hiéu tiéng hét dude goi 1 bién ddi Fourier 16i rac tiéng hot (DCFT).
Trong muc nay sé giéi thieu mot s6 tinh chat ctia bién doi Fourier roi
rac tiéng hot [9].

Dinh nghia 3.3.1. Gid st (n),0 < n < N —1 1a tin hiéu chiéu dai N.
Bién d6i Fourier i rac tiéng hot ctia tin hiéu x(n) duge xac dinh bdi
cong thic

1 2
Xe(k, )= —=> a(m)Wy ", 0<kI<N-1, (3.23)

trong d6 Wy = exp(—27i/N).

Nhan xét ring bién doi Fourier 16i rac tin hiéu tiéng hoét theo cong
thic (3.23) tuong tu cong thic (1.22).

Tu cong thite (3.23) ta thay rang, v6i méi [ ¢d dinh, thi X.(k,[) 1
bién déi Fourier rdi rac cia z(n)W"". Khi I = 0, thi DCFT tring véi
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DFT. Do do6, bién doi Fourier rdi rac tiéng hét ngude duge xac dinh
theo cong thic

N-1
. 1
wn) =W —=>"X.(k,)Wy" 0<n <N - 1. (3.24)
VN
k=0

3.3.2. Céac tinh chat co ban
Bé6 dé 3.3.1. Khi N Ia s6 nguyén t6, véi 0 < k,1 < N — 1, ¢6 ding thic

sau day

N1 N, k=101=0,
‘ S Wt = VN, 140, (3.25)
=0 0, [=0,k#0.
Chiing minh. Ky hiéu
N-1
P(k,1) =Y Wi (3.26)
n=0
Khi d6, v6i 0 <l < N —1taco
N-1 N—-1
\P(k,)]? = ( Z Wzl\?%kn) ( Z Wsz2km)
N—n1:z(37—1 " N-1N-1
_ Wgs;%m)[l(n+m)+k] — WJ?;{[Z(?ﬂ—r)Jrk]
n=0 m=0 n=0 r=0
N-1 N-1
= ( Z Z%fl") W&rzlﬂak (r=n-—m). (3.27)
r=0  n=

Khi N 1& s6 nguyéen t6 ,2rl 1a boi ctia N khi va chi khi r 1& boi ciia N,
khi d6 r phai bang khong hay

N-1
d WM =0 véi 0<rl<N-1
n=0

Khi d6 néu l = 0 va k = 0 thi

N—-1 N-1
P(k,DP =Y ( 1)1 — N2,
r=0 n=0
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Suy ra
|P(k,[)| =N
Khi [ # 0 ta c6
N-1 N-1 N-1
| ( ( W2Tln> WJ;’I“QZ—H"]C _ Z 1=N.
r=0 n=0 n=0

Nén ta sé co

|P(k,1)] = V'N.
Khil=0vak # 0 ta co

N-1 N-1 N-1
|P(k, l)‘Q — Z (Z Wifrln) W]Gr l+rk — N Z W?”k —0.
n=0 r=0

r=0
Khi d6 ta phai c6
|P(k,1)| = 0.
Vay bo dé da dugc ching minh
Dinh 1y 3.3.1. Gid sit x(n) la tin hi¢u tiéng hét don doc
z(n) = Wl +hon) (3.28)

dobi véi cac s6 nguyén ko, l, : 0 < ko, l,, < N — 1. Néu chiéu dai N la s6
nguyeén t6 thi DCFT ctia né c6 cuong do

VN, khil=1,k=k,,
X (k)| =<1, khil #1, (3.29)
0, khil=1,k#k,.

Ching minh. Ta co

1 N—
‘X Zx Wln-l—kn:_z n—l—k k)
VN &=

Ap dung bo dé (3.3.1) ta c¢6 diéu phai chitng minh.
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Dinh 1y 3.3.2. Gid sit #(n) nhu trong Dinh Iy 3.3.1, nghia Ia ¢6 dang
(3.28). Néu chiéu dai N khong phéi Ia s6 nguyén to6 thi bién doi Fourier
roi rac tiéng hét ciia né thoa man bat dang thiic
max | X.(k,1)| > V2. (3.30)
(k1) #(Kolo)
Chang minh. Dé chiing minh (3.30) ta chf can chiing minh bat dang thiic
sau

max |P(k,1)|* > 2N. (3.31)
(k1)#(0.0)

Trong d6 P(k,l) duge xac dinh béi (3.26). Vi N khong phéi sd nguyéen
t6 nén ta dat N = N{Ny v6i Ny > 2,Ny > 2.

Truong hop 1:

N1 va N, deéu 1é. Trong truong hgp nay ta gid st [ = Ny va k = 0. Khi
do6 theo (3.27) ta c6

N-1 N-1
PO D= (Do wy
r=0 n=0
N—-1 Ny—1 2No—1 NiN>—1
_ ( Wan Z 27"71_’_.“_’_ Z WQML)WN;
r=0 n=0 n= N2 N1 1
N—-1 Np—1
2
Y (S
r=0 n=0

Hon thé nita néu ta dat » = r Ny, ching ta co6

Ni—1 Np—1

‘ — N ( W27"1N2n> 7”1N2
| E:O nz%
Ni—1 Ny—1
=N ) ) Ny=NN, >2N.
r1=0 n=0

Truong hop ii) :
Mot trong Ny va Ny 1a chén, chung ta gid st No =2 , k=1= N; .
Trong truong hgp nay Wi = 1.
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Tu (3.27), ta c6

—r(r—1
[Pk, DP =N w0

Vi r(r — 1) 1a s6 chdn nén WQ_T(T_U = 1.
Tu do ta sé co
|P(k,l)|* = N* > 2N.

T i) va ii) suy ra dinh i duge ching minh.
3.4. Mot sb6 hé théng tuyén tinh trong ly thuyét tin hiéu sb

> 3.1. Tim tin hiéu ra v ham heé ciia hé thong sau
%
A

Loi giai. Tt he thong trén ta c6 phuong trinh
f(n) +ag(n—1) = g(n),

g(n) — ag(n — 1) = f(n). (3.32)

Tac dong bién doi Fourier roi rac vao hai vé ciia phuong trinh trén, &

Q‘ ?’l

n
P g(n)

thoi diém m, ta co

Khi d6 van dung cong thiic dich chuyén thoi gian (1.33) va dua phuong

trinh trén vé dang

G(m) — aWy"G(m) = F(m).
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V6i a # 1 khi d6 sé c¢6

Glm) = — ;W];mF(m). (3.33)
Dat
H(m) = W (3.34)

Khi d6 phuong trinh (3.33) dugc viét lai 1a
G(m) = H(m)F(m). (3.35)
Ham H(m) dugc goi 1a ham hé ctia hé thong trén.

Dé tim dugc tin hiéu ra g(n), ta st dung bién ddi Fourier rdi rac
ngugc hai vé ctia phuong trinh trén va 4p dung ménh deé ( 1.5.2 ) ta thu
dugce

g9(n) = h(n) * f(n), (3.36)
trong do6
h(n) = F~'H(m)|(n). (3.37)
Ap dung bién ddi Fourier roi rac nguoe ta 6

2rmn . . 2mmn

. B 1 N-1 Wien B 1 N-1  cos N + 2a sin N
(n)_NE:Ol—aVV&m_N 0(1 27Tm)+. . 2mm
m= m= — @ CoS 1a sin
N N
N-1 <cos 2mmn + ¢sin 27rmn> <(1 — acos 27rm> — tasin 27rm)
_ L N N N N
N m=0 (1 — @ cos 27rm>2_ <ia sin 27rm>2
N N
N 27Tmn (1 4 cos 27rm> +asin 2mrmn sin(Zﬂm)
L Z N N N N
2
Nm: 1 — 2acos rm + a?
N-1gin 2mmn <1 — acos 27rm) a sin 2mm COS(QWmn)
1 N N N N
t N 2mm
m=0 1 — 2a cos + a?
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N-1 cos 2mmn . (cos 2mm cos 2mmn _din 2mmn <in 27rm)
_ L N N N N N
N m
m=0 1 — 2 2
a cos N +a
N-1gin 2mmn . (Sin 2mmn cos 2mm 4 cos 2mmn “in 27Tm>
L ) N N N N
N 2mm
2
m=0 1 — 2acos +a
N
2mmn 2mm(n + 1)
1 N-1 cos —acoS ——=
-y —= T
N m=0 1 — 2a cos T + a?
N-1 sin 2rmn L sin 2mm(n + 1)
big D .
2
N m=0 1 — 2a cos dul + a?

Ta xét truong hgp N = 2, khi do

1 ! cos(mnm) — acos[m(n + 1))
hn) = 2 Z 1 — 2a cos(mm) + a?

1
1 sin(mnm) — asin(m(n + 1)w
Ly snmom) = asinon(o + D
2 1 — 2acos(mm) + a

1/ 1—a cos(nm) — cos(m(n+ 1))\ .1 /sin(nm) — asin((n + 1))
_5((1—a)2+ (1+a) )“E( (1+a)? )
Véi a = 2, thi

h(0) = —0, 3888888888 -+ 0, 0000000000.7
h(1) = —0,6111111111 + 0, 0000000000..

Vé6i a = 3, thi

h(0) = —0, 1388888888 + 0, 0000000000.7
h(1) = —0,3611111111 + 0,0000000000.5.

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



20

RN
o | [ @

> 3.2. Tim tin hiéu ra v ham hé ciia hé thong sau

f(n) g(n)

-

Loi giai. Tt hé thong trén, ta c6 hé

{ f(n) + f(n —1) = s(n) (3.38)

s(n) +ag(n—1) = g(n).

Trong hé phuong trinh (3.38), thay s(n) tit phuong trinh trén xudng
phuong trinh dudi va chuyén vé ta thu dugdc

g(n) —ag(n —1) = f(n) + f(n = 1).

Tac dong bién ddi Fourier roi rac vao hai vé ctia phuong trinh trén, &
thoi diém m, ta ¢

N-1 N—-1 N-1 N-1
D gmWy™—a Y gln—D)Wy™ =" W™ +>  f(n—1)Wy"".
n=0 n=0 n=0 n=0

Khi d6 van dung cong thiic dich chuyén thoi gian (1.33) va dua phuong
trinh trén veé dang

G(m) — aWy"G(m) = F(m) + F(m)Wy™.
V6i a # 1 khi d6 sé c¢6

1+ Wy"
—— N __pim). 3.39
Glm) = T g (m) (3.39)
Dit
1+Wym
H = N 3.40
(m) = T (3.40)

Phuong trinh (3.39) dugc viét lai 1a

G(m) = H(m)F(m). (3.41)
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Ham H(m) dugc goi 1a ham hé ctia hé thong treén.

Tim tin hiéu ra g(n) ciia hé thong, tac dung bién d6i Fourier i rac
nguge vao hai vé ciia phuong trinh trén va van dung ménh de ( 1.5.2 )
ta thu dugce

g(n) = h(n) * f(n), (3.42)

trong do
h(n) = F~YH(m)|(n). (3.43)

Ap dung bién doi Fourier rdi rac ngudgc ta cé

15 (1 + WymWwgEn
h(n) = — Gas\]
N1 (1 + cos 2mm » 27Tm> (cos 2mmn s 27Tmn>
— ¢ sin 7 sin
1 N N N
N ‘ (1 27Tm> Viasi 2mm
m= — @ cos 1a Sin
N N
N1 (1 + cos 27rm) cos 2mmn n Sm(27rm) <in 2mmn
1 N N N N
N ‘ < 1 27rm) Cias 2mm
m= — @ cos 1a sin
N N
. (1 n 27rm) . 2mmn . 2m™m 2mmn
CoS sin — sin CoS
i N N N N
N ‘ <1 27rm) Cias 2mm
m= — acos 1a sin
N N
N-1 cos 2mmn (cos 2mm cos 2mmn +sin 2mmn <in 27Tm>
1 N N N N N
N 2rmN\ . . 2mm
m=0 (1 — acos N )+za sin
Nl o 2mmn n (cos 2mm i 2mmn i 2mm cos 2mmn )
sin in — sin
L Z N N N N
N ‘ (1 27Tm> Cias 2mm
m= — @ Cos 1a sin
N N
27Tmn 2rm(n — 1)
N— + cos
_1 Z ( N )
B 2 2
N m=0 (1 — acos ?Vm) +1a sin T
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. 2mmn . /2mm(n —1)
1 N-1gin sm( >
: N
+1—=
N ‘ (1 27rm)+, . 2mm
m= — acos 1a Sin
N N
N 1[ 27rmn+ (27rm n—l )H(l 27rm> o 27rm}
-1 |cos Cos — @ COoS —ia Sin
1 N N N
N 2mm 2 2mm 2
m=0 (1 — @ CoS ) (m sin )
. 2mmn | 27rm ) 27rm .. 2mm
1 N-1 [sm + sm( )} {(1 — @ Ccos )—zasm }
ti N N
N ‘ (1 27rm)2 ( i 27Tm)2
m= — acos —( 2a sin
N N
N-1 [cos 2T + cos(2ﬂm(n — 1))] (1 a cos 27rm>
_ 1 N N N
o 2
N m=0 1 — 2acos dul + a?
. 2mmn . 2mm(n—1)\1 . 2mm
1 N-1q [Sm + sm(—)] sin
4 — N
Nmz() 1 — 2acos m + a?
N-1 [ cos 2mmn s 2rm(n — 1) " 2mm
=y ( ) Jsin
ik N N
m=0 1 — 2acos + a?
N [ . 2mmn L (27Tm(n — 1))] (1 27Tm)
-1 g |sin sin( ————~ — @ Cos
bt N N N
N m=0 1 — 2acos m + a?

Xét truong hgp N = 2, ta thu dugce

L |cos(mnm) + cos(m(n —1)m) )| (1 — acos(mn)
%n;) { 1 (Qa cos(mw))wJ 6(1,2 )
L a|sin(mnm) + sin{m(n — 1) ) |sin(mn)

i %mz::o [ 1—2a C<os(m7r) + a)J )
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1l a —cos(mmr) + cos(m(n — 1)m ) |sin(mmn)
a Z% mZO _ 1—2a cgs(mﬂ) + a2>}
10 —Sin(mmr) + Sin<m(n — 1)77)} (1 — acos(mw))

1) — _ 1 — 2a cos(mm) + a?

_ cos(nm) + cos(n — )7 | (1 + a)
- %[%1— a)3 - ( (1+a)? ) }

qrl\sin(nm) +sin(n — )7 ) (1 + a)
i ’5[( e ) ]

Véi a = 2, thi
h(0) = —1,0000000000 + 0, 0000000000.i
h(1) = —1,0000000000 + 0,0000000000.i.
Véi a = 3, thi
h(0) = —0, 5000000000 + 0, 0000000000.7,
h(1) = —0, 5000000000 + 0, 0000000000.5.

> 3.3. Tim tin hiéu ra v ham heé ciia hé thong sau

s(n) Jb D g(n)
f(n) L
L
Loi gidi. Tit he thong tren, ta c6 he
[ty =st) "
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s(n) —as(n —1) = f(n)
bs(n) +cs(n — 1) = g(n).
Gia st ¢ + ab # 0. Khi d6 st dung phuong phap giai hé phuong trinh
bang dinh thic, ta thu duge
oy F )+ ag)
) = g(n) = bf(n)

c+ ab

s(n —

Trong hé (3.45), phuong trinh duéi thay n béi n + 1, hé trén dugce viét

lai

s(n) = cf(n) +ag(n)

c+ab
s(n) = g(n—l—liJ—rZé"(n—l—l)'

Suy ra

g(n+1) —ag(n) =bf(n+1)+cf(n).
Tac dong bién déi Fourier rdi rac vao hai vé ctia phuong trinh trén, 6
thoi diém m, ta co

N—
Zg (n+1)Wy m”—aZg Wy™ =b Z f(n+1)Wy +ch n)Wy™".
n=0

Khi d6 van dung cong thiic dich chuyén thoi gian (1.33) va dua phuong
trinh trén veé dang

WHG(m) —aG(m) = bW F(m) + cF(m).

V6i a # 1 khi dé sé co

DWW + ¢
= ————F(m). 4
G(m) = = F ) (3.46)
bt bW
m +C
H(m) = 2N —— 4
") = T (3.47)
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Phuong trinh (3.46) dugc viét lai 1a
G(m) = H(m)F(m). (3.48)

Ham H(m) dugc goi 1a ham hé ctia hé thong trén.
Dé tim tin hiéu ra g(n) ctia he thong, ta tac dung bién ddi Fourier vao

hai vé clia phuong trinh trén va 4p dung ménh dé (1.5.2 ) ta c¢6

g(n) = h(n) x f(n), (3.49)

trong do
h(n) = F~1(H(m)). (3.50)
Ap dung bién déi Fourier i rac nguge

N-1

1 (WX + c)Wim
h - N N
(n) N ﬂ;) Wy —a
N1 2rm . 2™m 2rmn . . 2Tmn
1 (c+ bcos + tbsin )(cos + i sin I )
- N 2 2
N3 (cos 7]T\/,m —a) +isin 7]T\7m
N-1(¢+ bcos 27Tm) cos 2mmn. bsin 2mm sin 2mmn
_ 1 N N N N
2 2
N 3 (cos 7]er —a) +isin 7]T\fm
N-1(c+ bcos 27Tm) sin 2mmn + bsin 2mm Cos 2mmn
. L N N N N
N ‘ ( 2mm )i 2mm
m= cos —a) +isin
N N
N-1 ¢ cos 2mmn + (beos 2mm cos 2mmn bsi 2mm i 27Tmn)
—l¢ — bsin in
1 N N N N N
N 2mm .. 2mm
m=0 —
(cos N a) + isin N
N-1csin 2mmn + (beos 2mm “in 2mmn + bsin 2mm cos 27rmn)
+ Zi N N N N
N 2mm .. 2mm
m=0 (cos —a) +isin
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2 2 1
_iN—lcCOS ﬂjtfrm—Fbcos%
- 2 2
N= (cos L a) + isin =
N
2 2 1
1 ¥=lcsin 7Tmnqtbsin%
+1
N b 2mm )+ isi 2mm
m= cos — a) +isin
N N
N ( 2mmn L 2mm(n + 1)) ( 2mm . 27Tm>
—1 (ccos cos ———= | [ cos —a —isin
_ 1 N N
N ‘ ( 2mm )2 ( , 27rm>2
m= cos —a) —(7sin
N N
. 2mmn . 27rm (n+1 2mm 2mm
1 N1 <csm + bsin ————— )(c )
i N N
N 27Tm 27Tm
m=0 (cos ) <z sin >
2mmn 27rm (n+1) 27rm
R, (c cos + bcos ) <cos )
_ + N
a 2
N m=0 — 2a cos T +1
. 2mmn , 27Tm (n + 2mm
1 M=l (csm N + bsin ————= )sm
T N 5 27Tm
m=0

a® — 2a cos

+1

Vo1 < 2mmn e 2mm(n + 1)) . 2mm

—1 (ccos cos ——— |sin

_ zl N N N
N — 5 2mm

a* — 2a cos +1

N ( . 2mmn b 2mm(n + 1))( 2mm )
~1 (csin sin ———= )  cos —a
L N N N

N

2mm
m=0 a? — 2a cos

+1

Xét truong hgp N = 2, ta c6

h(n) % 21: <COS(mn7r) + bcos[m(n + 1)77]) <cos(m7r) _ a)

— a’? — 2acos(mm) + 1
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i (sin(mmr) + bsin[m(n + 1)7T]>Sin(m”)
a? — 2a cos(mm) + 1

m=0

+
N | —

cos(mnm) + bcos[m(n + 1)7r]> sin(mm)

1
1
P Z a? — 2a cos(mm) + 1

m=0
1 < (sin(mn) + bsin|m(n + 1)7T]> (cos(mﬂ) — a)
* 25 —~ a’? — 2acos(mm) + 1
Li(c+b)(1—a) (c cosnm + bcos(n + 1)7T) (1+a)
5{(1—@2 B (1+a)? }
; (c sinnm + bsin(n + 1)7r) (1+a)
_5[ (1+4a)? }

Véia=2b=3, c=4,thi

h(0) = —7,3333333333 + 0,0000000000.%
h(1) = —7,6666666666 + 0,0000000000.7.

Véia=6,b=8, c=10, thi

h(0) = —1,942857143 + 0,0000000000.4
h(1) = —1,657142857 + 0,0000000000.5.

> 3.4. Tim tin hiéu ra v ham heé ciia hé thong sau
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Loi giai. Tt hé thong ta cé he

{ f(n)+as(n—1) = s(n) (3.51)

s(n) +bg(n —1) = g(n).
Trong hé trén, phuong trinh dudi thay n béi n — 1, ta dugc hé méi
f(n)+as(n —1) = s(n)

g(n) = bg(n —1) = s(n)
gn—1)—=bg(n —2) =s(n—1).

Suy ra
f(n) +alg(n —1) = bg(n — 2)] = g(n) — bg(n —1).
Viét lai phuong trinh trén
g(n) — (a + B)g(n — 1) + abg(n — 2) = f(n).

Tac dong bién ddi Fourier 16i rac vao vé clia phuong trinh trén, ¢ thoi
diém m, ta co

G(m) — (a+ b)Wy™G(m) + abW "G (m) = F(m).

Véi <ab— (a+0b)+ 1)# 0 khi d6 56 c6

G(m) = 1—(a+ b)M/jQm + abW&QmF<m)' (3:52)
Dat |
H(m) = 1— (a+b)Wy™ + abWy*™ (3.53)
Phuong trinh (3.52) duge viét lai 1a
G(m) = H(m)F(m). (3.54)

Ham H(m) dugc goi 1a ham he ctia hé thong trén.

Dé tim tin hiéu ra g(n), ta bién ddi Fourier rai rac nguge vao hai vé
clia phuong trinh trén va ap dung ménh de ( 1.5.2 ) ta ¢6

g(n) = h(n)* f(n), (3.55)
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trong do6
h(n) = F~'H(m)|(n). (3.56)

f(n) x q(n)
> (|- >
y |
ba
a a:
Y7 3 Y7 \
! D [ D
gln) A p(n) B

Loi giai. T he thong trén, ta c6 hé sau
([ aif(n) +p(n) = g(
bip(n — 1) + f(n) = s(

\ S(TL) + bQQ(n - 1) (

Tac dong bién doi Fourier roi rac hai vé clia ting phuong trinh ctia hé
trén, ¢ thoi diém m, va van dung cong thitc dich chuyén thoi gian (1.33)
va dua heé trén phuong trinh trén vé dang

( a1 F'(m) + P(m) = G(m)

o N\
~— —

(4).
T (3),(4) va by # 1, ta c6
~ Sm)  F(m)+buWy"P(m)
Qim) = 1= LWL 1 bWyt (5)
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Thay (5) va (3) vao (2) ta thu duge

F(m) 4+ bWy™P(m)

P p—
(m) 1— sz&m

+ az (F(m) + leﬁmP(m))
Quy dong va bd mau ta thu duogc
(1= W™ (1= aby W3 ™) =0 W™ ) P(m) = (1+as(1-b5™) ) F(m).

Vi (1 — bg)(l — CLle) — b1 7é 0, bg 7é 0 khi do6 sé co

14+ CLQ(l — bgW&m)
(1 — bQW];m)(]_ — agblegm) — blegm

P(m) = F(m).

Thay P(m) vao phuong trinh (1) ta ¢6

14 as(1 — b Wy™)
(1 — bQW&m)(l — agblegm) — leJQm

a1 F(m) + F(m)=G(m)

(1 - bQW&m) [al(l - agblegm) + CLQ] —aﬂnW&m +1

G(m) = F(m
(m) (1 = bW (1 — asbi Wy™) — by W™ (m)
(3.58)
Dat
. (1 - bQW&m) [al(l - a2b1WZ§m) + CL2:| —alblegm +1 (3 59)
m) = )
( ) (]. — bQW&m)(l — a2b1W]§m) — b1W]§m
Khi d6 phuong trinh (3.58) dugc viét lai 1a
G(m) = H(m)F(m). (3.60)

Ham H(m) dugce goi 1a ham hé ciia hé thong trén.

Dé tim tin hiéu ra g(n) ctia hé théng ta sit dung bién doi Fourier roi
rac ngugc va ap dung ménh de ( 1.5.2) ta duge két qua sau

g(n) = h(n)* f(n), (3.61)

trong do
h(n) = F~1(H(m)). (3.62)
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Két luan

Luan van da trinh bay va dat duge mot s6 két qua sau

1. Trinh bay ly thuyét bién déi Fourier 16i rac cho cac day sb, dic biét
13 day s6 tuan hoan.

2. Giéi thieu hai thuat toan bién doi Fourier nhanh, d6 la thuat toan
bién d6i Fourier nhanh rit gon theo thdi gian va thuat toan bién doi
Fourier nhanh rit gon theo tan s6. Hai thuat toan trén dugc minh hoa
bang so do thuat toan véi do dai lay mau la N = 23. Ngoai ra, trinh bay
thuat toan bién doi Fourier nhanh cho trusng hop N = RC, trong dé R
hoac C khong phai la liy thita cia 2.

3. Trinh bay cac tng dung ciia bién déi Fourier rdi rac vao bai toan
phuong trinh vi phan thuong, bai toan bién Dirichlet ciia phuong trinh
Poisson trong hinh ch nhat.

4. Ngoai ra, luan van con gi6i thieu xit 1y tin hiéu s6 tiéng hoét trong
Rada v& mot s6 he thong tuyén tinh trong 1y thuyét tin hiéu so.
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