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LOI CAM ON

T6i xin gri 161 bi€t on chan thanh nhat dén PGS.TS Lé Thi Thanh Nhan.
Co6 da danh rat nhiéu thoi gian va tAm huyét trong viéc huéng dan toi. Cho
dén hom nay, luan van thac si cua toi da duoc hoan thanh cling chinh la
nho su nhiac nhd, don doc, su gidp do nhiét tinh cua Co.

Toi xin tran trong cam on Ban Giam hiéu, Khoa Toan - Tin va Phong
Dao tao - Khoa hoc va Quan hé quéc t€ cua truong Pai hoc Khoa hoc -
Dai hoc Thai Nguyeén. Toi Xin tran trong cam on cac Thay Co da tan tinh
truyén dat nhiing kién thic quy bau cling nhu tao moi diéu kién thuan loi
nhat d€ t6i hoan thanh lu4n vin nay.

Toi xin chan thanh bay to long bi€t on dén gia dinh, ban be, nhiing
nguoi da khong ngimg dong vién, ho trg va tao moi di€u kién tot nhat cho

toi trong suot thoi gian hoc tap va thuc hién luan van.
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LOI NOI DAU

Trong 1y thuyét da thic, da thic bat kha quy dong mot vai trd quan
trong giéng nhu vai trd ctiia s6 nguyén to trong tap cac sO nguyén. Néu
Dinh 1y co ban ctia S6 hoc cho phép coi cdc s6 nguyén t6 nhu la nhiing
vién gach xay nén tap cac sO nguyén, thi cac da thitc bat kha quy chinh Ia
nhiing vién gach xay nén tap tét ca da thic. Boi vi moi da thic bac duong
dang chuén (tiic 1a hé s6 cao nhat bing 1) v6i hé s6 trén mot trudong déu
viét dugc thanh tich ciia hitu han da thitc bat kha quy dang chudn va su
phan tich d6 1a duy nhat néu khong ké dén thi tu cac nhan ti.

Bai toan xét tinh bat kha quy ctia cac da thic trén truong phic C va
trén truong thuc R da duge giai quyét tir dau thé ki 19, khi nguoi ta ching
minh dugc Dinh 1y co ban cta Pai s6. Cu thé, cic da thic bat kha quy
trén C la va chi 1a cac da thiic bac nhit; cac da thic bat kha quy trén R
la va chi 1a cac da thic bac nhat hoac bac hai véi biét thiic am. Tuy nhién
bai toan xét tinh bat kha quy cua da thic trén truong hitu ty Q hoac trén
truong thang du Z, (v6i p 1a s6 nguyén t6) van dang thir thich cic nha
todn hoc trén thé gidi.

Muc dich cua luan van 1a trinh bay mot s6 két qua vé da thic bat kha
quy trén mot truong, dac biét 1a trén truong Q va trudng Z,,. Noi dung cua
luan van duoc viét dua theo cudn sach "Ly thuyét Galois" cua J. Rotman
[Rot], cudn sach ““Da thiic va tinh bat kha quy" cua A. Schinzel [Sc], bai
bao ““Tinh bat kha quy ctia da thitc" dang trén Tap chi Pai so6 cta 1. Seres
[S] va bai bdo “Tiéu chuin bat kha quy clia da thic" dang trén tap chi néi
tiéng Ann. Math cua H. L. Dorwart - O. Ore [DO].

Luan van géom 3 chuong. Chuong 1 trinh bay mdt s6 kién thic co s vé

da thiic bat kha quy va str dung da thitc bat kha quy dé chitng minh Dinh
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1y Kronecker vé su ton tai cua trudng phan ra cta da thic (Pinh 1y 1.3.2)
va Dinh 1y clia Galois v€ su ton tai mot trudng ¢ hitu han phan tir (Dinh
ly 1.3.5). Chuong 2 trinh bay mot s6 phuong phdp xét tinh bat kha quy
cua da thic trén truong Q nhu phuong phdp tim nghiém hitu ty, phuong
phdp ding B6 dé Gauss, tiéu chuian Eisenstein va phuong phép rit gon
theo modun mot s6 nguyén to. Biang cach sir dung Dinh 1y Kronecker vé
su ton tai truong phan ra va Dinh 1y Lagrange v€ cap cua nhém hitu han
(binh 1y 3.1.7), tinh bat kha quy ctia mot so da thic trén truong Z, (voi p
la mot s6 nguyén t6) duoc trinh bay trong Chuong 3.

586 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



Chuong 1

Da thitc bat kha quy

Trudc khi trinh bay khai niém va mot s6 két qua vé da thiic bat kha quy,

chiing ta trinh bay kién thic co s vé da thiic.

1.1 Khai niém da thic

1.1.1 Dinh nghia. Mot tap F' cung v6i hai phép todn, ki hiéu la phép cong
va phép nhan, dugc goi la truong néu céac tinh chat sau thoa man
(i) Két hop: a + (b + ¢) = (a + b) + ¢ va (ab)c = a(bc) v6i moi
a,b,c e F.
(i1) Giao hoén: a + b = b+ a va ab = ba v6i moi a,b € F.
(iii) Luat phan phdi: a(b + ¢) = ab + ac v6i moi a, b, ¢ € F.
(iv) Tén tai phdn tir don vi 1 € F sao cho al = la = a v6i moi a € F.
(v) Ton tai phan tr 0 € F saochoa+0=04+a = a vé6imoi a € F.
(vi) Méi a € F, ton tai phan to d6i —a € F sao cho a + (—a) = 0.
(vil) Mdi 0 # a € F, ton tai phdn tir nghich ddo a=' € F sao cho

aa" ! = 1.

1.1.2 Dinh nghia. Cho F' 1a mot trudng va ag, a1, ..., a, € F. Mot bi€u
thic c6 dang f(x) = apx™+a, 12™ 1 +. . . +a1x+ag duge goi 1a mot da

thitc mot bién x. Tap cac da thic v6i hé so trén F duge ki hiéu 1a F'[x]. Néu
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@y, # 0 thi ta néi bdc cua f(x) lam vaki hiéu la deg f(x) = m. Hé s6 a,,
dugc goi 1a hé sd' cao nhdt cua f. Néu a,,, = 1 thi f(z) dugc goi la da thiic
dang chudn (monic polynomial). Hai da thic 12 bang nhau néu né c6 cing
bac va cdc hé s6 tuong tng 1a bing nhau. Vi hai da thic f(z) = > a2
va g(z) = Y b2, ta dinh nghia tong f(z) + g(x) = > (a; + b;)x’ va tich
f(x)g(x) =S cpa®, trong d6 ¢, = D ivjek @ibj.

Tir dinh nghia trén ta c6 ngay céc tinh chit sau day.

1.1.3 Bo dé. Cho f(x),g(x), h(x) € F[z]. Khi dé
(i) deg(f(z) + g(2)) < max{deg f(z), deg g(x)}.
(ii) Néu f(x) # 0va g(x) # 0 thi f(x)g(x) # 0 va

deg(f(z)g(z)) = deg f(x) + deg g(z).

(iii) Néu f(x) # 0 va f(z)g(z) = f(x)h(z) thi g(x) = h(z).

1.1.4 Pinh nghia. Cho f(z),g(z) € Flz|. Néu f(x) = q(z)g(z) véi
q(z) € Flx] thi ta néi rang g(x) 1a udc cha f(x) hay f(x) 1a boi cua g(x)
va ta viét g(x)|f(x). Tap céc boi cua g(x) duge ki hiéu 1a (g).

Ta c6 ngay cac tinh chat don gian sau day.

1.1.5 B6 dé. Cdc phat biéu sau la diing.
(i) Vi c € F va k la sé tu nhién ta c¢6 (x — c)|(a¥ — ).

(ii) Néu f(x) € Flz| va c € F thi ton tai q(x) € F[z]| sao cho

f(x) = q(z)(z — ) + f(o).

1.1.6 Pinh nghia. Cho f(z) = a2 + ... + a9 € Flz]. Gia st K 1a
mot truong chia F. Mot phan tir ¢ € K dugc goi 1a nghiém cua f(z)
néu f(c) = a,,™ + ...+ ap = 0. Trong trudng hop nay ta ciing néi ¢ la
nghiém cua phuong trinh f(z) =
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1.1.7 Bo dé. Cho f(z) € Flz] va c € F. Khi dé
(i) ¢ la nghiém cua f(x) néu va chi néu f(x) la béi cia x — c.

(ii) S6 nghiém cua f(x) khong vuort qud deg f(x).

1.1.8 Ménh deé. (Thuat todn chia v6i du). Cho f(x),g(x) € Flx] vdi
g(x) # 0. Khi dé ton tai duy nhdt cdp da thiic q(x),r(x) € Flx| sao cho

f(x) = q(x)g(x) +r(z)
trong do r(x) = 0 hodc degr(x) < deg g(z).

1.1.9 Pinh nghia. Mot tap con [ # () ctia F'[z] dugc goi 1a mot idéan cla
F[z] néu né thda man cic diéu kién sau

(i) Néu f(z),g(x) € I thi f(x) + g(x) € I;

(ii) Néu f(z) € I vagq(z) € Flx] thi q(z)f(z) € I.

Chd ¥ rang tap con I # () ctia F[z] 1a idéan néu va chinéu f —g € I
va fh € I véi moi f(x),g(z) € I va h(z) € F[z].

1.1.10 Ménh deé. Néu I # {0} la mot idéan trong F|x] va d(x) # 0 la da
thitc ¢6 bdc bé nhdt trong I thi

I'=(d) ={d(z)q(x) | ¢(x) € Flz]}.

Chitng minh. Cho da thic f(z) € 1. Viét f(x) = d(z)q(x) + r(x) trong
d6 r(z) = 0 hoac degr(z) < degd(x). Vi f(x),d(z) € I nén ta cd
r(x) = f(z) — d(z)q(x) € I. Do d6 r(z) = 0 theo cach chon d(x). Suy
ra f(x) = d(x)q(z). Nguoc lai, vi d(z) € I nén d(z)q(z) € I v6i moi
q(z) € Flx]. 0

1.1.11 Pinh nghia. Mot da thic dang chuin d(z) € F[x] dugc goi 1a udc
chung lon nhdt cua f(x),g(z) € Flz] néu d(x)|f(z), d(z)|g(x) va néu
h(z)|f(z) va h(x)|g(z) thi h(x)|d(x). Ta ki hiéu udc chung 16n nhét ctia
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F() va g(x) 12 ged(f(z), g(x)). Néw ged(f(x), g(x)) = 1 th ta ndi f(x)
va g(x) 1a nguyén to cung nhau.

Tir Ménh dé 1.1.10 ta c6 két qua sau.
1.1.12 Ménh dé. Néu f(x), g(x) la hai da thitc khong dong thoi bang 0
thi ged(f(x), g(z)) uodn ton tai va la 16 hop tuyén tinh cia f(x) va g(x),
titc la ton tai a(x),b(x) € F|x] sao cho

ged(f (), g(2)) = al@)f(x) + b(x)g(z).
1.1.13 Hé qua. Cho p(x), f(z),g(x) € Flz]. Néu ged(p(z), f(x)) =1
va p(x)| f(x)g(x) thi p(x)|g(z).
Chitng minh. Theo gia thiét, 1 = p(z)a(z) + f(z)b(z). Suy ra
g(x) = p(z)a(z)g(z) + f(2)b(z)g(z).

Do p(x) 1a udc cua da thic & v€ phai nén p(z)|g(z). O

Vé6i 0 # g(x) € F[z], ki hieu g*(z) = g(x)/a, trong d6 a, 1a hé s6
cao nhét cta g(x). Chi ¥ rang g*(x) 1a da thic dang chudn. Dé tim ude

chung 16n nhat ta c6 thuat toan sau:

1.1.14 Ménh dé. (Thuat toan Euclid tim udc chung 16n nhat). Cho hai da
thicc f(x), g(x) € Flz] voi g(x) # 0. Néu g(x)|f(x) thi

ged(f(x), g(x)) = g"(z).

Néu nguoc lai, chia lién tiép ta duoc
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Khi d6 ged(f(z)., g(x)) = i ().

Chitng minh. Tu dang thic cuéi ta c6 7, (z)|r,_1(x). Thay vao dang thic
tht hai tir duéi lén ta ¢6 r,(z)|r,_o(z). Ct ti€p tuc lap luan vé6i cic ding
thiic tir dudi 1én trén ta suy ra 7, (x)|g(x) var,(z)|f(x). Do dé r (z)|f(x)
va r¥(z)|g(z). Gia stt h(z)|f(z) va h(z)|g(x). Tu dang thic dau tién
ta ¢6 h(x)|r(z). T dang thic thi hai ta ¢6 h(z)|r(z). Ci ti€p tuc lap
luan trén véi cdc dang thic tir trén xuéng dudi ta c6 h(z)|r,(x). Do dé
h(z)|r!(x). O

1.2 Da thirc bat kha quy

1.2.1 Pinh nghia. Mot da thic f(z) € F[z] duoc goi 1a bdt khd quy néu
deg f(xz) > 0 va f(x) khong phan tich dugc thanh tich cta hai da thic c6
bac bé hon. Néu deg f(x) > 0 va f(x) la tich cla hai da thiic c6 bac bé
hon thi ta néi f(z) 1a kha quy.

Sau day 1a mot s6 vi du vé da thitc bat kha quy.

1.2.2 B6 dé. Cdc phat biéu sau la diing.

(i) Pa thitc bdc nhdt luén bdt khd quy.

(ii) Néu f(x) bdc lom hon 1 va cé nghiém trong F thi f(x) khd quy.

(iii) Pa thitc bdc 2 va bdc 3 la bdt khd quy néu va chi néu né khong cé
nghiém trong F.

(iv) Da thiic f(x) ¢6 bdc duong la bdt kha quy néu va chi néu f(x+ a)
la bdt kha quy voi moi a € F.
Chitng minh. (i) R rang da thiic bac nhit khong thé 1a tich clia hai da
thitc bac thap hon.

(ii) Néu deg f(z) > 1 va f(z) coOnghiém x = a € F thi f = (v —a)g
trong d6 degg = deg f — 1 > 1. Vi thé f kha quy.

1086 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



10

(iii) Cho f(z) c6 bac 2 hoac 3. Néu f kha quy thi n6é phan tich dugc
thanh tich cua hai da thiic bac thap hon, mot trong hai da thitc d6 phai cé
bac 1, do d6 f(x) c6 nghiém trong F. Néu f(x) c6 nghiém trong F' thi
theo (ii), f(x) 1a kha quy.

(iv) Cho da thic f(z) € F[x] c6 bac duong va a € F. V6imdi h € F,
dat hy(z) = h(x — a). Chu y rang deg hy(z) = deg h(x) véi moi h € F.
Vith€ f(x + a) = k(z)g(x) 1a phan tich ciua f(z + a) thanh hai da thic
c6 bac thap hon khi va chi khi f(z) = ki(x)gi(x) 1a phan tich cta f(z)
thanh tich cta hai da thic ¢6 bac thap hon. Vi vay f(x) kha quy khi va
chi khi f(z + a) kha quy. O

Tiép theo, chiing ta dinh nghia khai niém da thiic bat kha quy cua mot

phan tlr chita F' trong mot truong. Trudc hét ta can két qua sau.

1.2.3 Pinh nghia. Cho K la mot truong chita ' va a € K. Ta néi a la
phan tir dai sé trén F' néu ton tai mot da thic 0 # f(x) € F[z] nhan a

lam nghiém. Néu a khong dai s trén F' thi ta néi a 1a siéu viét trén F.

1.2.4 Ménh dé. Cho K la mot truong chita F va a € K la phdn it dai
so trén F. Khi do ton tai duy nhdt mot da thiic p(x) € Flx| bdt khd quy
dang chudn nhdn a lam nghiém, va moi da thiic g(x) € F[x] nhdn a lam

nghiém déu la boi cia p(x).

Chiing minh. Vi a la nghiém ctia mot da thic khac 0 v6i hé s6 trong F
nén ton tai da thic khac 0 véi hé s6 trong F' ¢6 bac bé nhdt nhan a lam
nghiém. Goi p(z) € F|x] 1a dang chuén cla da thic ndy. Khi d6 a la
nghiém ctia p(x). Ta chiing minh p(x) bat kha quy. Gia st p(z) khong
bat kha quy. Khi d6 p(z) phan tich dugc thanh tich cha hai da thic trong
F[z] v6i bac bé hon, va do d6 mot trong hai da thitc nay phai nhan a lam

nghiém, diéu nay 12 mau thuin véi cich chon p(x). Gia stt g(z) € F|[z]
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nhin a lam nghiém. Né&u p(x) khong 1a udc cia g(x) thi vi p(z) bat
kha quy nén ged(g(x),p(z)) = 1, do d6 1 = p(x)q(z) + g(x)h(zx) véi
q(z), h(z) € F[z]. Thay © = a vao ca hai v€ ta dugc 1 = 0, diéu nay 1a vo
1i. Vay g(z) chia hét cho p(z). Gia stt q(x) € F[z] cling la da thitc bat kha
quy dang chuin nhan a lam nghiém. Theo ching minh trén, ¢(z) 1a boi
ctua p(x). Viét ¢(z) = p(x)k(zx). Vi ¢(z) bat kha quy nén k(z) = b € F.
Do d6 g(x) = bp(x). Dong nhat hé s cao nhit cla hai v€ véi chd y rang

q(z) va p(z) déu c6 dang chudn, ta suy ra b = 1. Vi th€ p(z) = ¢(z). O

1.2.5 Pinh nghia. Da thiic p(z) € F[x] bat kha quy dang chudn xdc dinh

nhu trong ménh dé trén dugc goi la da thiic bdt khd quy cua a.

1.2.6 Vi du. Da thic 2° — 2 € Q[x] 1a da thic bat kha quy ctia v/2 € R;
da thic 22 + 1 € R[z] 1a da thic bat kha quy cta i € C.

Da thitc bat kha quy c6 tinh chit tuong tu nhu tinh chit ctia s6 nguyén
t0. TruGc hét, ching ta da biét, B6 dé Euclid phadt biéu ring s6 tu nhién
p > 1 1a s6 nguyén t6 néu va chi néu p|ab kéo theo p|a hoac p|b v6i moi
sO tu nhién a,b. Ménh dé sau day la diéu tuong tu cho da thdc bat kha

quy.

1.2.7 Ménh dé. Néu p(x) € F[z] bdt khd quy va p(x)|a(x)b(z) thi p(x)|a(z)
hodc p(x)|b(x) voi moi a(x),b(x) € Flz]. Pdc biét, mot da thitc bdt kha
quy la udc ciia mot tich hitu han da thitc thi né phdi la udc ciia it nhdt

mot trong cdc da thiic do.

Chitng minh. Cho p(x)|a(z)b(x). Gia sit p(z) khong la udc cua a(z) va
ciing khong la ude cua b(x). Khi d6 ged(p(z),a(x)) = 1. Do d6 ton tai
s(z),r(x) € Flx] sao cho 1 = s(x)p(x) + r(x)a(x). Tuong tu, ton tai
e(x), f(z) € Flz] sao cho 1 = e(x)p(x) + f(x)b(x). Nhan v&€ véi v€ clia
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hai dang thiic nay ta c6

1= p(x)g(x) + r(x) f(x)a(x)b(x)

v6i g(x) € F[z]. Pa thic bén v€ phai clia dang thiic trén 1a boi cua p(z),
trong khi d6 da thic bén v€ trdi 1a 1 khong chia hét cho p(z). Diu nay la

vo li. O

Tiép theo, Dinh 1y co ban ctia S6 hoc néi raing mdi s tu nhién 16n hon
1 déu phan tich duoc thanh tich cac thira s6 nguyén t6 va su phan tich nay
12 duy nhét néu khong ké dén thit tu cdc thira s6. Két qua sau day 1a mot
su tuong tu cua dinh ly nay doi véi da thic.

1.2.8 Pinh ly. Méi da thicc dang chudn bdc duong cé thé phdn tich dugc
thanh tich cdc da thiic bdt khd quy dang chudn va su phdn tich nay la duy
nhdt néu khong ké dén thir tw cdc nhan tir.

Chitng minh. Trudc hét, ching ta ching minh su ton tai phan tich bang
quy nap theo bac cta da thic. Gia stt f(z) € F[x] 1a da thic dang chuén
bac d > 0. Néu d = 1 thi f(z) la bat kha quy nén su phan tich bt kha
quy cua f(z) la f(x) = f(x), két qua ding cho trudong hop d = 1. Cho
d > 1 va gia sir két qua da ding cho cac da thiic bac nho hon d. Néu
f(z) bat kha quy thi f(z) cé su phan tich bat kha quy la f(z) = f(z).
Vi thé ta gia thiét f(x) khong bat kha quy. Khi d6 f(z) = g(z)h(z) v6i
deg g(z),degh(x) < deg f(z). Dat g*(x) = g(x)/ay v6i a; 1a hé s6 cao
nhit cta g(z). Khi d6 ta ¢6 f(x) = ¢*(z)(arh(x)). Pong nhat hé s6 cao
nhit & hai vé€ ta duoc 1 = ayby, trong d6 b; 1a hé s6 cao nhit cia h(x).
bat h*(x) = arh(x). Khi d6 f(x) = ¢*(z)h*(x) véi g*(x), h*(x) 1a cac
da thic dang chuén c6 bac nho hon d. Theo gia thiét quy nap, g*(z) va
h*(x) phan tich dugc thanh tich cdc da thic bit kha quy dang chudn. Vi
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th€ f(z) phan tich dugc thanh tich ctia hitu han da thitc bat kha quy dang
chuén.

Bay gio ta chiing minh tinh duy nhat cta phan tich. Gia st f(x) c6 hai
su phan tich thanh nhan tir bat kha quy dang chuén

f(@) = pi(@)pa(x) .. pu(r) = @1 (2)ga() - . g ().

Ta chiing minh bang quy nap theo n rang n = m va sau mot phép hoan
vi ta ¢6 pi(x) = ¢gi(z) v6imoi i = 1,...,n. Chon = 1. Khi d6 ta cé
m(z) = q(x)ga(z) ... gn(z). Suy ra p1(x)|q1(x)ga(z) . . . ¢m(z). Do pi(z)
la bat kha quy nén p;(x) 1a udc cia mot nhan tr ¢;(x) nao do, khong mat
tinh tong quét ta ¢6 thé gia thi€t pi(z)|q1(x). Bi€udién ¢1(z) = py(x)t1(x).
Vi ¢i(x) bat kha quy nén t,(z) = a € F. Dong nhat hé¢ s6 cao nhit cua
hai v& clia déng thiic q;(z) = ap;(x) v6i chid y ring py (x) va ¢1 () 1a dang
chuén, tac6 1 = 1.a. Suyraa = 1 vado dé pi(z) = q1(x). Néum > 1 thi
1 = q(x)...qn(x), dicu nay 1a vo 1i. Vay, két qua ding cho n = 1. Cho
n > 1. Vi p1(z)|qi(x)q2(x) . . . gm(x) va pi(x) la bat kha quy nén khong
mét tinh tong quét ta ¢ thé gia thiét p;(z)|q1(x). Lai do ¢i(z) 1a bat kha
quy va p1(z), ¢1(z) déu c6 dang chuan nén tuong tu nhu lap luan trén ta

c6 p1(x) = ¢1(z). Gian udc ca hai vé€ cho p;(z) ta dugc

po(z)ps(x) ... pp(x) = g2(x)g3(x) . . . ().

Theo gia thiét quy nap ta cé n — 1 = m — 1 va bang viéc danh so lai cac

nhan ti ¢;(z) ta suy ra p;(x) = ¢;(z) véimoi i = 2,...,n. O

1.3 Truong phan ra cua da thiic

Trong tiét nay, dua vao tinh cht bat kha quy, ching ta chi ra ring v6i moi

da thitc f(x) € Fl[z], ton tai mot trudng K t6i thi€u chia trudng F va
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chita tat ca cac nghiém cua f(x). Truong K c¢6 tinh chit trén duge goi la

truong phdn rd cla da thic f(z) trén F.

1.3.1 Pinh nghia. Cho I’ va F’ 1a hai truong.

(i) Mot tap con T cha F dugc goi la truong con cia F néu z=t € T
v6imoi0 #x € Tvaxz+y,xy,—1 € T v6i moi z,y € T. Chd y rang tap
con 7" cua F' la truong con cua F' né€u phép cong va nhan déng kin trong
T va T' 1a mot truong v6i hai phép toan nay.

(ii) Mot dnh xa ¢ : F' — F' duoc goi 1a mot dong cdu néu (1) = 1,
p(r +y) = () + o(y) va p(zy) = p(z)p(y) v6i moi z,y € F.

(iii) Mot dong cau ¢ : F' — F' duoc goi la don cdu néu ¢ l1a don anh.
Trong truong hop nay (F') 1a mot truong con cua F”’. Vi thé ta néi F
nhiing duoc vao F’ va ta ciing c6 thé coi F’ 1a mot truong chita .

(iv) Mot dong cau ¢ : F' — F’ duoc goi 1a toan cdu néu ¢ 1a toan anh.

(v) Mot dong cdu ¢ : I — F' duoc goi 1a ddng cdu néu ¢ 1a song 4nh.
Trong trudng hop ndy ta néi F' va F' 1a ddng cdu véi nhau va ta c6 thé
dong nhat hai truong F' va F’ v6i nhau.

1.3.2 Pinh ly. (Kronecker). Cho f(x) € F|x] la mét da thiic c6 bdc duong.
Khi dé ton tai mot truong to1 thiéu chita F va chita tdt cd cdc nghiém ciia

f(z). Ddc biét, moi da thiic trén mot truong déu cé truong phdn rd.

Chiing minh. Kihiéu f*(z) 1a da thic dang chudn cta f (). Vi cdc nghiém
cua f(z) cling 1a cac nghiém cha f*(z) nén ta ¢ thé gia thiét f(x) c6 dang
chuédn. Ta ching minh dinh 1y bang quy nap theo deg f(z) = n. Gia st
n=1.Khidé f(z) = x—a v6ia € F. Do a la nghiém duy nhit cta f(z)
nén ta chi viéc chon K = F. Gia thiét rang n > 1 va dinh 1y da ding cho
truong hop da thic bac nho hon n. Trudc hét ta ching minh cho truong
hop f(x) bat kha quy. Dat

I'=(f) ={9(2)f(z) | g(x) € Flz]}.
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Dé kiém tra dugc I 1a mot idéan cta F[x]. V6i mbi g(x) € Flx] ta dat
g(x) + 1 ={g(x) + h(z) | h(z) € I}.

Ta c6 thé chiraring g(x) + I = h(x)+ I néu va chi néu g(z) — h(z) € 1.
bat K = {g(x) + I | g(z) € F[z]}. Trudc hét ta ki€ém tra quy tic cong

(9(@) + 1) + (h(z) + 1) = (g(x) + h(x)) + 1

la mot phép toan trén K. That vay, néu g+ 1 =g+ Ivah+1=h;+1
thig—qg € ITvah—hy € I.Dodbé g— g1 va h — hy 1a boi cua f.
Suyra (g +h)— (g1 +hi) =(g—g1)+ (h—hy) laboicia f. Vi the¢
(g+h)— (g1 +h1) € lhay (g+h)+1I= (g1 +hi)+ I Suyraquy tac
cong & trén 12 mot phép todn trén K. Hoan toan tuong tu, ta c6 thé chi ra
rang quy tac nhan

(g+D)(h+1)=gh+1

la mot phép toan trén K. DéE thdy phép cong va phép nhan trén K cé
tinh chat két hop, giao hoan; Phép nhan phan phdi v6i phép cong; Phan tur
khong ctia K 1a 0+ I; Phan tir don vi cta K la 1+ I; Phan tir d6i xiing clia
g+ 1€ Kla—g+ I € K. Ta chiing minh moi phan tdt khac 0+ I € K
déu c6 nghich ddo. Ldy g+ I € K v6ig+ 1 #0+ 1. Khidé g ¢ I. Do
d6 g khong 1a boi cta f. Vi f bét kha quy nén ged(f,g) = 1. Vi thé ta
c6 bi€u dién 1 = f(x)p(x) + g(x)q(x) v6i p(x), q(z) € F[z]. Chd ¥ ring
fpel.Dodé fp+1=0+1.Suyra

I+I=(fp+gq)+1=(fp+1)+(gq+1I)=gq+1=(9+1)(q+1I).

Do d6 g + I kha nghich trong K. Vay K lam thanh mot truong v6i phép
cong va nhan & trén. Xét anh xa ¢ : ' — K cho bdi p(a) = a+ . RO
rang ¢ 1la mot dong cau. Néu p(a) = ¢(b) véia,b € Fthia+ 1 =5b+1.
Vith€a —b e I.Suyraa—blaboicua f(x). NSua—b#0thia—>b

16S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



16

la da thic ¢6 bac 0 nén né khong thé 1a boi cua da thic f(z) bac duong,
diéu nay 1a vo 1i. Do d6 a — b = 0. Suy ra a = b. Vi vay ¢ la don cau,
do do6 ta c6 thé xem K 1a mot trudong chita F. Pat o = z + I € K. Gia
st f(x) = 2"+ a, 12" + ... + a1z + ap. Doéng nhit phan tit a € F voi
phan to a + I € K, khi d6 trong truong K ta cé

fl@) = (@+D)"+ (any + D+ D"+ ...+ (ag+ I)
=@"+ 1)+ (apz" P+ D)+ ...+ (ag+ 1)
= (2" +ap 12"+ ag) + T
= fx)+1=0+1.

Vi vay a 1a mot nghiém cta da thic f(x) trong truong K. Do d6 ton tai
fi(z) € K[x] sao cho f(z) = (x — ) fi(x), trong d6 deg f1(x) =n — 1.
Theo gia thiét quy nap, ton tai mot truong K chita K va chia tat ca cac
nghiém cta fi(x). Do d6 K; chia F' va chia tét ca cac nghiém cta f(z).
Goi K* la giao cua tit ca cac truong con cua K chia F' va chia tét ca
cac nghiém cta f(x). Khi d6 K* 1a trudng t6i thiéu chia £ va chita cac
nghiém cta f(z).

Ti€p theo, ta chiing minh cho truong hgp f(z) kha quy. Trong truong
hop ndy, ton tai hai da thitic dang chuan bac duong g(z), h(z) € F[x] sao
cho f(z) = g(x)h(x) va degg,degh < n = deg f. Theo gia thiét quy
nap, ton tai mot truong K chita F va chia tat ca cac nghiém cua g(x). Ta
coi h(x) la da thic v6i hé s6 trong K. Theo gia thi€t quy nap, ton tai mot
truong chita K va chia tit ca cdc nghiém cta h(x). Vi th€ K7 1a trudng
chita F' va chita cac nghiém cua f(x). Lay giao cua tit ca cac trudng con
cua K chita F' va chita cdc nghiém cua f(z), ta duoc trudng t6i thi€u

chita F' va cac nghiém cua f(z). O

1.3.3 Vi du. Ki hieu Q(i/3, v/2) 1a giao clia cdc trudng con ctia C chita
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Q va chtta céc phan tir iv/3, v/2. Khi d6 truong phan ra cta f(z) = 2° — 2
tréen Q 1a Q(i1/3, v/2). That vay, dé thay 3 nghiém cta 2° — 2 Ia

x1 = V2,19 = \3/5(—% + g),% = \3/5(—1 — ﬁ)

Do d6 x1, 2o, 3 € Q(iv/3, v/2). Nguoc lai, trudng bé nhat chita Q va cac
nghiém x1, x9, x3 phai chita i3 va /2.

Str dung Dinh 1y 1.3.2 v€ su ton tai trudng phan ra cla da thic, ching
ta c6 thé chi ra s6 phan tlr cia mot trudng hitu han va su t6n tai mot trudng
c6 hitu han phan tir. Chd y don gian sau day la rat c6 ich. Néu 7" la mot
truong con cua truong F' thi F' cé cau tric 1a khong gian véc to trén 1" v6i
phép cong la phép cong ctia F' va tich vo hudng 1a phép nhan cac phan tir

ctia 1" véi cac phan tir ctia F.

1.3.4 Ménh dé. Néu F la mot truong hitu han thi s6 phdn i ciia F la lity

thita cuia mot so nguyén to.

Chitng minh. Vi mbi so tu nhién n, ki hieunl = 1+...+11aténg chan
phan tr 1 va (—n)1 la téng clia n phan tir —1. Quy wéc 01 = 0. Ta khang
dinh rang ton tai mot s6 nguyén duong k sao cho k1 = 0. Gia st ngugc
lai, khi d6 twong tng  : Q — F cho bdi p(n/m) = (nl1)(m1)~! la don
céu truong. Do Q c6 vo han phan tir nén F' ¢6 vo han phan tu, di€u nay
12 vo Ii. Vay, ton tai s6 nguyén duong k dé k1 = 0. Goi p 1a s6 nguyén
duong bé nhat cd tinh chat pl = 0. Ta chiing minh p la s6 nguyén t6. That
vay, vi pl =1 # 0 nén p > 1. Néu p khong nguyén to thi p = nm trong
d61<n,m<p. Suyra0=pl=(nl)(ml). Don,m < pnénnl # 0
va ml #£ 0. Do d6 n1 va m1 kha nghich. Goi a,b € F lan luot 1a nghich

dao cua nl va ml. Khi d6

0=0(ab) = (nl)a(ml)b=1.1=1,
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diéu nay la vo 1i. Vay p l1a s6 nguyén t6. Ti€p theo ta khiang dinh m1 = 0
néu va chi néu m € pZ. That vay, néu m € pZ thi rdo rang m1 = 0. Néu
ml = 0 thitaviEtm = ps+r véis,r € Zval < r < p, vado dé
0 =ml=psl+7rl=rl.Dor < pnénr = 0 theo cich chon p, khing
dinh dugc ching minh. Dat

T ={(nl)(ml1)'|n€Zm¢pZ} CF

Dé kiém tra dugc T 1a trudng con cua F. Ta ching minh T ¢6 ding p
phan tr. That vay, véi mdéi m ¢ pZ, do p nguyén t6 nén ged(m,p) = 1.
Suy ra 1 = ms + pt v6i s,t € Z. Suy ra

1 =11=(ml)(sl) + ptl = (m1)(sl).

Do d6 (m1)™ = sl v6is € Z. SuyraT = {nl | n € Z}. V6i mbi
n € Z,vietn =pt+1rvéi 0 <r < ptaduocnl =ptl +r1 =rl. Do dé
T={nl|0<n<p}.Neu0<nn <pvanl=n'lthi(n—n")1=0
va do d6 n — n’ 1a boi clia p, do d6 n = n’. Suy ra T' la trudng con cla
F' ¢6 ding p phan t. Chud y rang F 1a khong gian véc to trén 1. Goi ¢ la
sO phan tir cia F' va d = dimy F' 1a chiéu cia T'—khong gian véc to F.
Goi {e1, ..., eq} 1amot co s ctia F. Khi d6 méi phén tir z € F duge bi€u
dién mot cach duy nhat dudi dang © = ae; + ... +aye,, trong dé a; € T

v6imoi i = 1,...,n. Vi thé, so6 phan tit cia F 13 ¢ = p?. O

1.3.5 Dinh ly. (Galois). V&i méi s6 nguyén 16 p va moi sé nguyén duong

d, ton tai mot truong cé ding p® phdn tir.

Chitng minh. Pat ¢ = p?. Do p nguyén t6 nén Z,, 1a mot truong. Theo
binh 1y Kronecker, ton tai mot trudng K chita Z, va chita cac nghiém
cua da thic 29 —z. Pat £ = {a € K | g(a) = 0}, tic la F la tap tat

ca cdc nghiém ctia g(x) trong K. Ki hiéu ¢'(z) = qz? ! — 1 la dao ham

1986 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



19

clia g(x). Vil € Z, nén ta c6 pl = 0. Do d6 g1 = p?1 = 0. Suy ra
g (z) = (q1)z7! — 1 = —1. Do d6 udc chung 16n nhét cta g(z) va ¢'(z)
bang 1. Suy ra g(x) khong c¢6 nghiém boi trong K. Diéu nay ciing cd
nghia 1a £ c6 ding ¢ phan ti. Nhu vay, dinh 1y duoc chiing minh néu ta
chi ra F 1a mot truong. Néup léthiglé vadodo g(—1) = —-1+1=0
va vi thé —1 € E. Néu p chan thi vi p nguyén té nén p = 2. Suy ra

g—1)=(-1)!4+1=14+1=21=p1=0.

Do d6 —1 € E. Vay trong moi truong hop ta déu ¢6 —1 € E. Cho
a,b € E. Khi d6 g(a) = g(b) = 0. Suy ra a? = a va b9 = b. Suy ra
(ab)? = ab. Do d6 g(ab) = 0 va vi th€ ab € E. Chi y rang

(a+0)'=a’+Cpa® b+ ...+ CIlab"™ " + b = a +b,

trong do C(f 12 s6 t6 hop chap k clia ¢ phan tir. Vi ¢ = p? va p nguyén
t0 nén bing quy nap ta dé dang kiém tra dugc C’g la boi cia p véi moi
k=1...,q— 1. Do d6 tacé C(faq_kbk = (Cgl)aq_kbk = 0 v6i moi
k=1,...,q— 1. Vith€ (a + b)? = a? + b?. Theo trén ta di c6 a? = a va
b?=b.Dod6 (a+b)!—(a+b) =0,vavitha+be E.Cho0#a € F
Khi d6 a? = a. Do a # 0 nén nhan ca hai v& vé6i a~! ta dugc a? ! = 1.

Suy ra a?~? la nghich ddo clia a trong E. Vay E 1a mot trudng. O
Tir dinh 1y trén ta suy ra cdc tinh chat sau.

1.3.6 Vi du. Ton tai truong c6 81 phan tir. Khong ton tai truong c6 100
phan tu.
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Chuong 2

Mot s6 phuong phap xét tinh bat kha
quy trén Q

Dinh 1y co ban ctia Pai s6 phat biéu rang mdi da thitc bac duong véi hé
s6 phtic ludn c6 it nhat mot nghiém phitc. Chu y rang néu f(z) € Clz] c6
nghiém x = o € C thi f(z) = (x — a)g(z) véi g(x) € Clz]. Vi thé néu
deg f(x) > 2 thi f(x) c6 thé phan tich duogc thanh tich cta hai da thiic ¢6
bac thdp hon. Do d6 cdc da thitc bdt khd quy trén C la va chi la cdc da
thitc bdc nhdt. Gia st f(x) € R[z]. Chd y rang néu s6 phitic o« = a + bi
la nghiém cta f(z) v6i a ¢ R thi s6 phic lién hop @ = a — bi ciing la
nghiém cua f(z). Vith€ f(z) chia hét cho (z —a—bi)(z —a+bi). RO rang
(z—a—bi)(x—a+bi) = 2% —2ax+a*+V? € Rlz] va 2* — 2ax + a* + V?
khong ¢6 nghiém thuc. Do d6 cdc da thiic bdt khd quy trén R la va chi la
cdc da thitc bdc nhdt hodc da thitc bdc hai khong cé nghiém thuc.

Mac du bai todn xét tinh bat kha quy cua cac da thitc trén C va trén R
da duoc giai quyét tir khi ngudi ta chiing minh duoc Dinh 1y co ban cua
Pai s6 (chiing minh hoan chinh dau tién cho Dinh ly co ban cua Dai s6
dugc dua ra boi Gauss nam 1816), nhung bai toan xét tinh bat kha quy cua
cac da thuc trén (Q cho dén nay van la bai toan mé. Muc tiéu ctia chuong
nay nham trinh bay mot so tiéu chudn dé€ mot da thiic 1a bat kha quy trén

Q.

20
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Gia st f(z) € Q[z]. Chi ¥ rang f(x) 1a bat kha quy trén Q khi va
chi khi af(x) 1a bat kha quy v6i moi 0 # a € Z. Vi thé, bang viéc
nhan v6i miu s6 chung cia cac hé s6 cua f(x), ta dugc mot da thitc véi
hé s6 nguyén ma tinh bat kha quy trén Q cia né tuong duong véi tinh
bat kha quy cta f(x). Do d6 ta chi can xét tinh bat kha quy trén Q cho
cac da thic véi hé s6 nguyén. Tu nay dén hét chuong nay, luon gia thiét
f(z) =ana™ + ...+ a1z + ap € Z|zx], trong d6 a,, # 0 van > 0.

2.1 Nghiém hiru ty va tinh bat kha quy trén Q

Nhu da trinh bay trong chuong trude, diéu kién di dé mot da thiic bac 16n
hon 1 kha quy trén Q 1a né ¢6 nghiém trong Q. Vi vay, dé xét tinh kha
quy ctia da thic, trong nhiéu trudng hop ta c6 thé ding phuong phdp tim
nghiém hitu ty. Trude hét ching ta dua ra cach tim nghiém hitu ty cho céc

da thiic v6i hé s6 nguyén.

thi r la udc cua ag va s la uoc cua a,,.
7z . .9 2 r 7 N 7 el ~ by
Chitng minh. Gia st — € Q trong d6 r,s la cdc sO nguyén, s > 0 va
s
AN  a ) . N r <
(r,s) = 1. Néu — la nghiém cua da thic f(z) thi f(-) =0. Taco
s s

T T T T
0= f(=)=a,(=)" +a, 1(=)"1+... - .
Q) = ()" + ana (" -+ o+ ao

Suy ra 0 = a,r" + ap_17" s+ ...+ airs" ! 4+ aps”. Vithé ta cé

" = —(ap 17" s+ ars" T+ ags™).

V& phai ctia da thic nay 1a boi ctia s. Vi (r,s) = 1 nén s la udc cua a,
Tuong tu ta ¢6 aps” = —(a, 7" + a,_ 17" 1s+ ... +airs" ). V& phai cha

da thic nay 1a boi ctia 7. Vi (r,s) = 1 nén r la uéc cua ay. O
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2.1.2 Hé qua. Nghiém hitu ty (néu cd) cua f(x) = 2"+ ...+ a1z + ag la

nghiém nguyén va sé nguyén nay la udc cua sé hang tu do.

2.1.3 Ménh dé. Néu phdn so to1 gidn " la nghiém cua f(x) thi r — ms
S

la uoc cua f(m) voi m la s6 nguyén bdt ki. Pdc biét, (r + s) la udc cua

f(=1)va (r —s) la uoc cua f(1).

Chitng minh. Phan tich f(z) theo cac luy thira cia x — m ta duogc
f(iL’) - an(aj - m)n + bn—l(x — m)n—l + ...+ bl(l’ — m) + by.

Céac hé s by, b1,...,b, 1 € Zvim € Z. Taco f(m) :bovachoxzf
s

ta duoc f(z) = (. Chd y rang
S

r r r r
0=f(=)=apn(——=m)"+by_i(——m)" L+ ...+ b (- —m)+ f(m).
s s s s
Tur do ta co

0=an(r—ms)" +b,_1(r —ms)" 's+...+b(r—ms)s" 4+ f(m)s".
Suy ra

f(m)s" = —{an(r —ms)" + bp_1(r —ms)" 's+ ...+ b (r—ms)s" '}

Vé& phai clia da thiic 1a boi ctia » — ms. Do d6 f(m)s" 1a boi clia r — ms
hay r — ms la u6c cua f(m).

Truong hop dac biét, véi m = 1 thir — slaude f(1), m = —1thir +s
la uée f(—1). =

Sau day 1a mot s6 vi du minh hoa vé viéc xét tinh kha quy cua da thitc

bang phuong phédp tim nghiém hitu ty.

2.1.4 Vi du. Xét tinh bat kha quy trén Q cua cic da thic sau.
(i) 1023 + 322 — 106z + 21;
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(i) 923 + 622 — 8z + T;
(iii) 2% — 2? + = — 6;

(iv) 62 + 1923 — 7% — 262 + 12.

Giai. (i) Gia st da thic f(z) = 1023 + 32% — 1062 + 21 ¢6 nghiém hitu
ty =, v6i - 1a phan s6 t6i gian. Theo Menh dé 2.1.1, r|21 va s|10. Tir
d6 Suy rar = £1,43, 47,421 va s = £1,42, 45, +10. Ta tinh duoc
f(1) = =72, f(—1) = 120. Vay céc s6 hitu ty thod man Ménh d¢ 2.1.3
1a i%,%,i&g,ig,ﬂ,—g,ig. Thir lai ta thdy chi c6 é,g,—g 1
nghiém cua f(z). Vay f(x) c¢6 nghiém hitu ty, do d6 n6 kha quy trén Q.

(i1) D€ xét tinh bat kha quy ctia da thitc f(z) = 923+622—8x+7 tanhan
hai vé€ clia f(x) v6i 3 ta dugc f(3x) = 2723 +182* —24x+21. Paty = 3z
ta duoc f(y) = y>+2y*>—8y+21. Gid st f(y) c6 nghiém hitu ty. Via, = 1
nén theo Hé qua 2.1.2, nghiém hitu ty cta f(y) phai 1a nghiém nguyén
va r|21. Suy ra r = +1,4+3, 47, £21. Ta thay f(1) = 16, f(—1) = 30.
Vay chi ¢6 cdc s6 —3, —7 thoa man Ménh dé 2.1.3 nhung thr lai ta thay
f(=3) #0, f(=7) # 0. Vay da thitc f(y) khong c6 nghiém hitu ty. Suy
ra f(x) bat kha quy trén Q.

(iii) Gia st da thitc f(x) = 2° — 22+ — 6 c6 nghiém hitu ty va nghiém
dé6 phai 1a nghiém nguyén via,, = 1. Cicudcctablar = +1, £2, £3, £6.
Ta thdy f(1) = =5 va f(—1) = —9 nén chi ¢6 r = 2 thod man Ménh dé
2.1.3. Thu lai ta thay rang f(2) = 0. Vay da thitc f(x) c6 nghiém hiw ty,
do d6 né6 kha quy.

(iv) Gia st da thic f(r) = 62* + 1923 — 72> — 262 + 12 ¢6 nghiém hitu
ty —, v6i - Ia phan s6 6i gian. Theo Ménh dé 2.1.1 thi |12 va s|6. Suy
far — +1,42 43 14, 46,412 va s — +1,42. 43, £6. Ta tinh duoc
f(1) =4 va f(—1) = 18. Do d6 cac s6 hitu ty thod man Ménh d¢ 2.1.3

1
la 5,—5,2, —3. Thu lai ta thay f(§) = 0va f(=3) = 0. Vay f(x) ¢6
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nghiém hitu ty, do d6 n6 kha quy trén Q.

2.1.5 Chi y. D6i v6i da thiic bac > 4, ta khong thé suy ra tinh bét kha
quy trén Q tir viéc kiém tra da thitic khong c¢6 nghiém hitu ty. That vay, da
thic (22 + 1)(2? + 1) khong c6 nghiém hitu ty, nhung né khong bat kha
quy.

2.2 Phuong phap dung Bo dé Gauss

Trong tiét nay, ching ta trinh bay mot tiéu chudn bat kha quy trén Q thong
qua tiéu chuin khong phén tich duge trén Z|z].
2.2.1 Pinh ly. (B6 dé Gauss). Cho p(x) € Z[x]. Néu p(z) = g(x) f(x) la
su phdn tich p(x) thanh tich cua hai da thicc g(x), f(x) vdi hé so trong Q
thi p(x) ciing phan tich duogc thanh tich cua hai da thic g.(x), f.(x) vdi
hé so trong 7 voi deg g(x) = deg g.(x),deg f(x) = deg f.(x). Pdc biét,
néu p(x) la kha quy trén Q thi né phdn tich duoc thanh tich cua hai da
thitc voi hé so nguyén cé bdc thdp hon.

Dé chiing minh dinh 1y trén, ching ta cin nhéc lai khdi niém da thic
nguyén ban va mot tinh chit cua da thic nguyén ban.
2.2.2 Dinh nghia. Da thic f(x) € Z[z] dugc goi la nguyén ban néu ude

chung 16n nhit cua cac hé s6 cta f(z) 1a 1.
2.2.3 B6 dé. Tich ciia hai da thiic nguyén bdn la da thitc nguyén bdn.
Chitng minh. Gia su f(x) = g(x)h(x), trong do

g(x) =bpx" + ...+ bix + by
h(a:):ckzck+...—l—clx—|—co.
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la cdc da thitc nguyén ban. Viét f(x) = a,, 2™ + ... + a1z + ag € Z[x].
Néu f(x) khong nguyén ban thi ton tai mot s6 nguyén t6 p sao cho né la
udc cua moi hé s6 cia f. Vi h(x), g(x) 1a nguyén ban nén ton tai chi s6
bé nhit s sao cho b, khong 1a boi clia p va ton tai chi s6 ¢ bé nhat sao cho

¢; khong 1a boi cta p. Chd ¥ rang
Astt = bspiCo + bspp—101 + ...+ b + bs_1¢i401 + -+ boCrys.

Theo céch chon s va ¢ ta c6 b;, ¢; 1a boi clia p v6i moi 7 > s va j > . Vi
as.; 12 bOi clia p nén ta suy ra byc; 1a boi cua p, diéu nay la vo i v6i cach

chon b, va ¢;. ]
Bay gid ta c6 thé chitng minh Dinh 1y 2.2.1.

Chiing minh Dinh 1y 2.2.1. Gia st p(z) € Z[z] va p(x) = f(z)g(z) v6i
f,9 € Q[z]. Ta co thé viét f = af; va g = bgy trong d6 a,b € Q va
f1,91 € Z|x] 1a céc da thic nguyén ban. Theo B6 dé 2.2.3, fig; € Z[z]
la da thic nguyén ban. RO rang p = abfigy € Z[x]. Ta ching minh
ab € 7. That vay, gid sit ab ¢ Z. Khi d6 ab = — véir,s € Z, s > 1 va
ged(r, s) = 1. Viét fig1 = apa” + ...+ a1z + aﬁ. Vi fig1 1a nguyén ban
nén ged(ay, an_1,...,a1,a9) = 1. Vi p(x) € Z[z] nén

T, ra; rag
— .., —,— E 7.
s s s
Suy ra s la uéc chung cua a,, ..., ai, ag, di€u nay 1a vo 1i. Vay, ab € Z.

Do d6 p = (abf1)g1. Dat f. = abf; va g, = g1. Khi d6 p = f.g. 1a su
phan tich ctia p thanh tich cta hai da thic véi hé s6 nguyén f, va g, véi

deg f = deg f, va deg g = deg g.. O

Duéi day 1a mot s6 vi du minh hoa viéc xét tinh bat kha quy trén QQ ctia

céc da thic bang viéc st dung B6 dé Gauss.
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2.2.4 Vi du. Xét tinh bat kha quy ctia da thic f(z) = ' + 323 + 22 + 3
trén Q.

Giai. Ta chiing minh da thic nay bat kha quy trén Q. Gia str nguoc lai, khi
d6 theo Dinh 1y 2.2.1, f(z) c¢6 su phan tich thanh tich g(z)h(z) trong d6
g(x) € Z|x] c6 bac 1 hoac bac 2, h(z) € Z[x] c6 bac 3 hoac bac 2. Vi hé
s6 cao nhat ctia f(z) 1a 1 nén ta c¢6 thé gia thi€t hé s6 cao nhat cha g(z)
va h(zx) ciing 1a 1. Néu g(z) bac 1 thi theo Hé qua 2.1.2 f(x) c6 nghiém
nguyén la 3 hoac —3. Tuy nhién, thay vao ta cé f(3) # 0 va f(—3) # 0.
Do d6 g(z) c¢6 bac 2 va vi thé h(x) c6 bac 2. Viét g(z) = 2° + ax + b va
h(z) = 2* + cx +d v6ia,b,c,d € Z. Déng nhat hé s6 & hai vé clia ding
thitc f = gh ta dugc

bd =3,bc+ad =0,ac+d+b=1,c+a=3.

Vi bd = 3 va vai tro cla b, d 12 nhu nhau nén khong mat tinh tong quét ta

c6 thé gid thiétb =1, d =3 hoaicb = —1,d = —3. Néu b = 1,d = 3 thi
3

c+3a=0,ac=—-3,a+c=3. Suyraa = —5 ¢ Z,vo li. Neu b = —1

3
vad=—-3thi —¢c—3a=0,ac=5,c+a=3.Suyraa = —3 ¢ 7, vo i,
Nhu vay, f(z) khong phan tich dugc thanh tich clia hai da thiic bac nho
hon 4 v6i hé s6 nguyén. Suy ra f(x) bat kha quy trén Q.

2.2.5 Vi du. Xét tinh bat kha quy cua da thic f(z) = 2° + 23 + 22 + 5
trén Q.

Gidi. Ta s€ ching minh f(z) la bat kha quy trén Q. That vay, gia su f(x)
kha quy trén Q. Khi d6, theo Pinh 1y 2.2.1 tacé f(z) = g(z)h(z) trong d6
g(x) € Z[z] c6 bac 1 hoac bac 2, h(x) € Z[z] cb bac 4 hoac bac 3. Theo
Hé qua 2.1.2, cdc nghiém hitu ty cha f(z) chi ¢6 thé 1a +5. Tuy nhién
f(5) #0va f(—5) # 0. Do d6 g(x) khong thé ¢ bac 1. Vay g(z) c6 bac

2786 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



27

2 va h(z) cé bac 3. Viet g(x) = 2 +ax+bva h(z) = 2® + ca’ +dr +e
V6i a,b,c,d,e € Z. Dong nhat hé s6 & hai v€ clia ding thitic f = gh ta
duoc

a+c=0,b+d+ac=1,bc+ad+e=1,ae+ bd =0,be =05.

Vi be = 5 nén cac kha nang sau xay ra:
Truong hop 1: b = 1,e = 5. Khi dé

a+c=0,d+ac=0,c+ad=—4,5a+d=0.

9
Suy ra hoac a = —5,c:5,d:5 ¢ 7, vo 1y; hoac a = 0, ¢ = 0 thay vao
c+ ad = —4, vo 1i.
Truong hop 2: Néu b = —1,e = —5. Khi d6
a+c=0,d+ac=2,—c+ad=06,—5a —d=0.
-5+ V17
— ¢ 7, vo li.
Truong hop 3: Néu b = 5, ¢ = 1. Khi d6

Suy ra a =

a+c=0,d+ac=—4,5c+ad=0,a+ dd = 0.

1 + /401
= £Z.wli

Truong hop 4: Néu b = —5,e = —1. Khi d6

Suy ra d =

a+c=0,d+ac=6,—dc+ad=2,a+ 5d=0.

—25 4/
L 5 % 7 vl

Vay khong c6 cac s6 nguyén a, ¢, d nao thoa man cac truong hop trén. Vi

Suy ra d =

vay f(z) khong phan tich dugc thanh tich ctia hai da thiic bac nho hon 5
vGi hé s6 nguyén. Do d6 né6 bat kha quy trén Q.
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2.3 Phuong phap dung tiéu chuan Eisenstein

2.3.1 Pinh ly. [Tiéu chudn Eisenstein]. Gid sit
f=apx" 4+ an12" t+ ... +ax+ag

la da thitc voi hé s6 nguyén sao cho c6 mot s6 nguyén t6 p thod man cdc
tinh chdt

(i) p khong la udc cua hé s6 cao nhdt a,,.

(ii) p la udc ciia cdc hé s6 con lai.

(iii) p* khong la udc ciia hé so tu do ay.
Khi dé f la bdt kha quy trén Q.

Chitng minh. Gia st f khong bat kha quy trén Q. Theo DPinh 1y 2.2.1 ta

c6 thé biéu dién
f=gh=(bg+bix+.. . +bnz™)(co+crz+... +cpa®),

trong d6 g, h € Z[x] v6i degg = m < n vadegh = k < n. Do p la uéc
clia ag = bycy nén p 1a wdc cla by hoic ¢y. Lai do p? khong 12 uée cta ay
nén trong hai so by va ¢y, c6 mot va chi mot so chia hét cho p. Gia thiét ¢
chia hét cho p. Khi d6 by khong chia hét cho p. Vi a,, = b,,c; va a,, khong
chia hét cho p nén b,, va ¢; déu khong chia hét cho p. Goi r 1a chi s6 bé
nhit sao cho ¢, khong 1a boi ciia p. Chi y rang s6 r nhu vay luon ton tai
vi ¢, khong 1a bdi cua p. Trude hét ta xét truong hop » < n. Khi d6 p la
udc cta a,. Vi boe, = a, — (bie,—1 + bacr—o + ... + brcy) v6i chd y rang
cac sO ¢y, ..., c._1 déu la boi cta p nén byc, 1la boi ctia p. Dicu nay la vo
1i vi ca hai s6 by va ¢, déu khong 1a boi ctiia p. Xét truong hop r» = n. Khi
don=r <k<n Suyrak=n,voli Vay f la bat kha quy trén Q. O

Chiing ta cling ding tiéu chuan Eisenstein dé kiém tra tinh chat bat kha

quy cua cac da thic sau day goi la da thic chia duong tron: Cho p 1a s6
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nguyén t6. Pa thiic chia duong tron thir p 1a
O () =Pt + .+t
2.3.2 Hé qua. Vi moi s6 nguyén t6 p, da thitc chia duong tron thit p la
bdt khd quy trén Q.

Chiitng minh. Chud y rang da thic chia duong tron ®,(z) 1a bat kha quy
khi va chi khi ®,(x + 1) la bat kha quy. Ta cé

(J}—I—l)p—l.

Op(z+1) = -

Suy ra
Op(x+1) ="+ Cha" " + ...+ C]I;xp_k_l ...+ C x4 p,

trong do CZ’f 12 s6 t6 hop chap % cta p phén tir. Do p nguyén t6 nén C’]f la
boicuap véimoi k=1,...,p—2. Vith€ ®,(x + 1) la bat kha quy theo

tieu chuin Eisenstein. O

Hé qua don gian sau day chi ra rang v6i moi s6 tu nhién n luon ton tai

cac da thic bat kha quy trén QQ bac n.

2.3.3 Hé qua. Cho a = p\'py?...pi* la sw phdn tich tiéu chudn cia so tw
nhién a thanh tich cdc thita s6 nguyén to. Néu n; = 1 véi mgt s6 j nao

do, 1 < j <k, thi x" — ala bdt khd quy vdi moi n.

Chitng minh. Theo gia thié€t, a 1a boi clia s0 nguyén to6 p; nhung khong la

boi cua p?. Vi thé theo tiéu chudn Eisenstein ta c6 két qua. O

2.3.4 Vi du. Theo tiéu chuin Eisenstein v6i p = 2 ta suy ra da thic
x° —4x + 2 12 bat kha quy trén Q. Chd ¥ rang tinh chat bat kha quy cha da
thic nay khong dé kiém tra bing B6 dé Gauss trong Dinh 1y 2.2.1. Nguoc
lai, tinh bat kha quy clia da thic trong Vi du 2.2.5 da dugc kiém tra bang
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viéc ding B6 dé Gauss, nhung khong dé ki€m tra tinh bat kha quy cia da

thiic nay béng tiéu chuin Eisenstein.

2.3.5 Vi du. Xét tinh bat kha quy trén Q cua cac da thic sau.
(i) 20 + 50;
(i) o't — 92* + 1223 + 362 + 6;
(iii) ¢ — 823 + 102? — 12z + 3.

Giai. (i) Dé thay v6i p = 2 da thiic 'Y + 50 bt khé quy trén Q (theo tiéu
chudn Eisenstein).

(i) Pa thitc 52! — 92* + 1223 + 362 + 6 bat kha quy trén Q theo tiéu
chudn Eisenstein v6i p = 3.

(iii) Pat x = y + 3 ta c6
f(z) = 2* — 82 +102* — 122 + 3 = y* + 4y® — 8y* — 60y — 78 = f(y).

Da thiic f(y) bt kha quy trén Q theo tiéu chuin Eisenstein véi p = 2. Do
d6 suy ra da thic f(z) = 2% — 82% + 102% — 122 + 3 bat kha quy trén Q.

2.4 Rit gon theo modun mot s6 nguyén to

Cho p 12 mot s6 nguyén t6. Ki hiéu Z, = {ala € Z}, trongdé6a = b € Z,
khi va chi khi @ — b chia hét cho p. Ta ¢6 thé kiém tra dugc Z, 1a mot
trudng véi phép cong @+ b = a + b va phép nhan ab = ab. Phan tir khong
12 0, phén tir don vi 1a 1. Trudng Z, c6 p phan tu.

Trong ti€t nay, ching ta trinh bay mdt phuong phap xét tinh bat kha
quy trén Q clia da thic bing cdch dua vao Bo dé Gauss va xét né trén

truong Z, v6i p la mot s6 nguyén to phu hop. Gia st

f(x) =aux" + ...+ a1z + ap € Zlx].
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V6i moi s6 nguyén t6 p, ki hiéu a; € Z, la s6 nguyén a; modun p (hay
16p thang du cua a; theo modun p). Ki hiéu

f(z) =a,2" + ... + @z +ay € Zy[z].

2.4.1 Pinh ly. Cho f(x) € Z|x|. Néu ton tai mét s6 nguyén té p sao cho
deg f(x) = deg f(x) va f(x) bdt khd quy trén Z, thi f(x) bdt khd quy
trén Q.

Chiing minh. Gié st f(x) bt kha quy trong Z,[x] va deg f(x) = deg f(x).
Khi d6 deg f(z) > 0. Suy ra deg f(x) > 0. Ta can chitng minh f(z) bat
kha quy tréen Q. Gia st f(x) khong bat kha quy trén Q. Theo Bo dé
Gauss, f(z) c6 su phan tich f(z) = g(z)h(x) trong d6 g(z), h(z) € Z[z],
deg f(z) > degg(x) va deg f(x) > degh(x). Chu y rang v6i moi s
nguyén a,btacé ab = abvaa+b = a+ b Vithé ta c6 thé kiém
tra dugc f(z) = g(z)h(z). Do d6 deg f(z) = degg(x) + degh(z). Vi
deg f(x) = deg f(x), deg g(z) > degg(x) va degh(z) > degh(z) nén
ta suy ra deg g(z) = degg(z) va deg h(x) = deg h(x). Vi thé f(x) phan
tich duoc thanh tich ctia hai da thitc g(z), k() c6 bac thdp hon, mau thuin
v6i tinh bat kha quy trén Z, cta f(z). O

2.4.2 Chi y. Gia thiét deg f(x) = deg f(x) trong Dinh 1y 2.4.1 1 cin
thi€t. Chang han, xét da thic f(z) = 5(z — 1)? + (x — 1) € Z[z]. Pa
thic nay khong bat kha quy trén Q vi né c6 udc thuc su la x — 1. Ta cé

f(z) = x —1 € Zs[x]. Vi f(x) c6 bac 1 nén rd rang né 1a bat kha quy
trén Zs.
2.4.3 Vi du. Xét tinh bat kha quy trén Q cua cic da thic sau.

(i) 5z + 10z + 4;

(ii) 323 + 72 + 10z — 5;

(iii) 11z* — 523 + 2122 — 92 + 6.

3286 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



32

Giai. (i) Da thic f(z) = 52® + 10z + 4 € Z[z]. Chon p = 3, ta ¢
f(z) = 22 + v + 1 € Z3[z]. Pa thic f(z) khong c6 nghiém trong Z;
nén la bat kha quy. Vi deg f(x) = 2 = deg f(z) nén theo Dinh 1y 2.4.1
da thitic f(z) bat kha quy trén Q.

(i) Rit gon trong Zs|z], da thic f(z) = 32 + 72* + 10x — 5 € Z[z]
tr§ thanh f(z) = 2® + 2% — 1 € Zy[x]. Pa thitc f(x) bat kha quy trén Z,
vi n6 khong c6 nghiém trong Z,. Vi deg f(z) = 3 = deg f(x) nén theo
Dinh 1y 2.4.1 da thic f(x) bat kha quy trén Q.

(iii) Rit gon trén Zs, da thic f(x) = 112t —52%+212% —92+6 € Z[z]
tr§ thanh f(z) = 2* + 22 + 2+ 1 € Zs[z]. Dé thay f(x) khong c6 nghiem
trén Zs nén né khong cé nhan tir bac mot. Gia st néu f(x) kha quy trong
Zs|z] thi f(z) = (22 4+ ax +b) (2 + cx +d) v6i a, b, ¢, d € Zs. Dong nhat

hé s6 & hai vé& clia dang thiic nay ta duoc
a+c=0,b+ac+d=1,ad+bc=1,bd = 1.

Vibd = 1 va vai trd cua b, d 1a nhu nhau nén khong mat tinh tong quét ta c6
thé gia thiét (b, d) = (1,1) hoac (b,d) = (2, 3) hoac (b,d) = (4,4). Néu
(b,d) = (1,1)thia+c¢=0,ac= —1,a+c =1, vo li. Néu (b,d) = (2, 3)
thia+c=0,ac = —4,3a+ 2c = 1. Suy ra a = 1,c = —1 nhung thay
vao phuong trinh ac = —4 ta dugc —1 = —4, vo li. Néu (b,d) = (4,4)
thia+c=0,ac=—-T7T,a+c= i, vo li. Vay f(z) bat kha quy trén Zs.
Videg f(x) = 4 = deg f(x) nén theo Dinh 1y 2.4.1 da thitc f(x) bat kha
quy trén Q.

2.4.4 Chu y. Peter Cameron da sit dung Bo dé Gauss va dung phuong
phap rit gon theo moédun mot s6 nguyén t6 dé dua ra mot chitng minh
khéc cho tiéu chudn Eisenstein nhu sau: Gia st f = gh, trong d6 g, h 1a
cac da thiic v6i hé s6 nguyén va degg = m < n, degh = k < n. Goi
a,t =0,1,...,n; b;,1 =0,1,...,mvacj,j =0,1,...,k tuong tng la
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cac hé s6 cua f, g va h. Vicac hé s6 ag, ..., a,_1 cua f déu chia hét cho
pnéntacé f(r) = @,z". Chi y ring n = m + k va a, = b, Do a,
khong 1a boi cua p theo gia thiét nén b,, va ¢; déu khong la boi ctia p. Vi
thé

b,2™ + da thic bac thap hon € Z,[x],

()
()

Ta c6 thé kiém tra dugc f(x) = g(z)h(x). Do d6 @,2" = g(x)h(z). Chd
y rang a,x" chi ¢c6 duy nhdt mot udc bat kha quy la z. Vi thé g(x) va

g
h Gpe® 4+ da thic bac thap hon € Z,[z].

h(z) ciling chi c6 diing mot wéc bat kha quy 1a z. Do dé g(x) = b,,z™ va
h(z) = ¢ Do d6 b; = 0 va¢; = 0 véi moi i < m va j < k. Dac biét,

co va by déu chia hét cho p. Do d6 ag chia hét cho p?, vo 1i.
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Chuong 3

Tinh bat kha quy trén truong 7,

Muc dich cua chuong nay la xét tinh bat kha quy cua ciac da thic trén
trudng Z, v6i p 12 mot s6 nguyén t6. DE chiing minh cdc két qua trong
chuong nay, ngoai viéc st dung Dinh 1y Kronecker v€ su ton tai truong
phan rd ciia mot da thic, ching ta cAn chudn bi thém mot so két qua vé 1y

thuyét nhém, dac biét 1a nhém nhan Z;,.

3.1 Kién thiic chuan bi vé nhém nhan Z’

3.1.1 PDinh nghia. Nhom 1a mot tap G' cung v6i mot phép toan (ki hiéu
theo 16i nhan) thoa man cac diéu kién

(i) Phép toan c6 tinh két hop: a(bc) = (ab)c v6i moi a, b, c € G.

(i1) G c6 don vi: de € G sao cho ex = xe = x véimoi x € G.

(iii) Moi phan tit cha G déu kha nghich: V6imdiz € G, tontaiz~! € G

1 1

sasochoxxr ™ =z 'x = e.

Mot nhém G duge goi la nhém giao hodn (hay nhém Abel) néu phép
toan la giao hoan, tic la ab = ba véi moi a,b € G. Néu G ¢b hitu han
phan tr thi s6 phan t cua G duoc goi 1a cdp cua G. Néu G ¢ vo han
phan tir thi ta néi G ¢é cdp vé han.

3.1.2 Vi du. Cho m > 1 1a mot s6 nguyén. Véi a,b € Z, ta dinh nghia

34
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@ = b néu va chi néu a — b chia hét cho m. Ki hieu Z,, = {a | a € Z} 1a
tap cac s6 nguyén modun m (hay tap cac 16p thang du theo modun m). Ki
hieu Z!, = {a € Z,, | (a,m) = 1} la tap cac s6 nguyén modun m nguyén
t6 cling nhau vé6i m. Khi d6 Z*, v6i phép nhan @ b = ab 13 mot nhém giao
hoéan cép p(m), trong d6 ¢ 1a ham Euler, tic 1a (1) = 1 va khim > 1
thi p(m) 1a s6 cdc s6 tu nhién nho hon m va nguyén t6 cing nhau véi m.
Phan tir don vi cha Z* 1a 1. RG rang néu m 1a s6 nguyén td thi cap cla

Z: lam—1.

3.1.3 Pinh nghia. Tap con H cua mdt nhém G duoc goi 1a nhom con cua

Gnéue€ H,a '€ Hvaabc H v6imoia,bec H.

Cho G 1a mot nhém véGi phép toan ki hiéu theo 16i nhan. Cho a € G.
bat (a) = {a" | n € Z}. Khi d6 (a) 1a nhém con cua G. Ta goi (a) 1a
nhom con xyclic sinh boi a. Cap cua nhém con (a) dugc goi 1a cdp cuia

phan tir a.

3.1.4 B6 dé. Cho G la mot nhém véi don vi e. Vi méi a € G, cdc phdt
biéu sau la tuong duong

(i) a ¢ cdp n.

(ii) n la s6 nguyén duong bé nhdt sao cho a"™ = e.

k

(iii) a" = e va néu a” = e thi k la boi ciia n vdi moi k € 7.

Chiitng minh. (1)=-(ii). Truéc hét ta khang dinh ton tai mot s6 nguyén
duong k sao cho a* = e. Gia stt nguoc lai, v6i moi cap so tu nhién k < &’
ta c6 a¥* +# e. Suy ra a* # o*. Diéu nay ching t6 (a) c6 cap vo han,
vo 1i v6i gia thiét (i). Do d6, ton tai nhitng s6 nguyén duong k sao cho

a® = e. Goi r 12 s6 nguyén duong bé nhat c6 tinh chat a” = e. Ta thay

2

ring cac phan tlt e, a,a?,...,a" ! la d6i mot khac nhau. That vay, néu

d=a v6i0<i<j<rthiad "=eva0<j—1i<r, dodé theo cich
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chon cuia 7 ta ¢6 i = j. Bay gi¢ ta chiing minh G = {e,a,d?,...,a" '}
Ro rang G D {e,a,a?,...,a" '}. Cho b € G. Khi d6 b = a* véi k € Z.
Vietk=rqg+strongddq,s € Zva0<s<r—1.Tacéd

b=a"=a""" = (") = a’ € {e,a,d®, ... a"'}.

Vithé€ G = {e,a,a® ...,a" '} 1a nhém cdp r. Suy ra r = n va (ii) dugc
chiing minh.
(i)=(iii). Gid st a* =e. Vit k =ng+rvéi0 <r <n.Via" =e

¥ = a™q" = a". Theo c4ch chon n ta phdi c6 r = 0, suy ra k

nén e = a
chia hét cho n.

(iii)=-(1). Goi r l1a s6 nguyén duong bé nhat sao cho a” = e. Theo (iii),
r 1a boi cua n. Do dé n la s6 nguyén duong bé nhat thoa man a" = e.

Tuong tu nhu chiing minh (i)=-(ii) ta suy ra cap cua a la n. O

3.1.5 Vi du. Xét nhém nhan Z%. Cap cua Z% la ¢(7) = 6. Nhém con
xyclic sinh bdi 2 1a (2) = {1,2,4}. Do d6 cép clia 2 trong nhém nhan Z
1a 3. Chi y ring 3 1a s6 nguyén duong bé nhat théa man (2)° = 1 € Z;.

Vi thé theo b dé trén ta ciing suy ra cap cua 2 1a 3.

3.1.6 Pinh nghia. Cho H la nhém con ctia G v6i phép toan ki hiéu theo
16i nhan. Véi a € G, ki hiéu Ha = {ha | h € H}. Chd y rang Ha = Hb
néu va chi néu ab~! € H. Ta goi Ha 1a [6p ghép trdi clia H trong G tng
vG6i phan tir a. Khi H chi c6 hitu han 16p ghép trai thi s6 cac 16p ghép trai

ctia H duoc goi la chi so cua H trong G.

3.1.7 Pinh ly. (Lagrange). Trong m¢ét nhém hitu han, cdp va chi sé ciia

mot nhom con la udc ciia cdp cua toan nhom.

Chitng minh. Gia sit G la nhém c6 cap n va H la nhém con cua G ¢6

cdp m. V6imbi a € G tacd a = ea € Ha. Vi thé€, mdi phan tr clia G
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déu thuoc mot 16p ghép trdi cia H. Gia st Ha N Hb # (). Khi d6 ton tai
h,h' € H sao cho ha = h'b. Suy ra a = h™'h'b. Cho za € Ha, trong
d6 x € H. Khi d6 xa = (xh™'h/)b € Hb. Suy ra Ha C Hb. Tuong tu,
Hb C Ha vado d6 Ha = Hb. Vay hai 16p ghép trai bat ki cia H néu
khac nhau thi phai roi nhau. V6i méi a € G, rorang anh xa f : H — Ha
xdc dinh boi f(h) = ha 1a mot song anh. Vi th€ moéi 16p ghép trai cia H
déu c6 ding m phan tir. Goi chi s6 clia H 1a s. Tur cac 1ap luan trén ta suy

ran = sm. Vi thé s va m déu la uéc cua n. O

3.1.8 Vi du. Xét nhom nhan Z3. Cap cta Z5 la 6. Cap ciia nhém con
(2) = {1,2,4} 1a 3. Theo ching minh Dinh ly Lagrange, chi s6 cia nhém

con {1,2,4}1a6:3 =2,

3.2 Tinh bat kha quy trén truong Z,

Trong sudt ti€t nay, luon gia thiét p la mot so nguyén t6. Khi d6 Z, 1a
mot trudng v6i phép cong va phép nhan céc s6 nguyén modun p. DE thuén
tién, cac phan tir cua Z, van dugc ki hiéu nhu cic s6 nguyén, trong do ta
hiéu hai phan tit a, b € Z, 12 bang nhau néu va chi néu a — b 1a boi cia p.

Gia str f(x) 1a da thic v6i hé s6 nguyén. Coi f(x) nhu da thic trong
Zp|x). Trong trudng hop khi bac cua f(x) khong 16n va p la s6 nguyén to
nho thi ta c6 thé kiém tra tinh bat kha quy cua f(z) trén Z, truc tiép tir

dinh nghia da thac bat kha quy. Sau day 12 mot vi du minh hoa.
3.2.1 Vi du. Da thic 2* + 2 + 1 1a bat kha quy trén Zs.

Chitng minh. Gia st f(z) = x* + x + 1 khong bat kha quy trén Z,. Vi
f(x) khong c6 nghiém trong Zs nén n6 khong c6 nhan tir bac nhit. Vi thé€
no6 phan tich dugc thanh tich cua hai da thic bac hai: f(z) = g(z)h(z)
V6i g(x), h(x) € Zs[x] va deg g(x) = deg h(x) = 2. Cac da thic bac hai

3886 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



38

trong Zs[z] 1a 2%, 2% + x, 2% + 1, 2% + x + 1. D& thdy da thic bac hai duy
nhét trong Zs[x] khong c¢6 nghiém trong Zs 1a 2> + z + 1. Vi f(x) khong
c6 nghiém trong Z, nén g(x) va h(z) cling khong c¢6 nghiém trong Zs.
Do d6 g(x) = h(x) = 2* + x + 1. Rd rang z* + x + 1 khong chia hét cho
2?4+ 2 + 1, tdc 1a f(x) khong chia hét cho g(x), diéu nay 1a vo Ii. Vay,
x* 4+ x 4 1 12 bat kha quy trén Z,. O

Trong trudng hop téng quét, khi p 1a s6 nguyén t6 bat ki, viéc kiém tra

tinh bat kha quy trén trudng Z, nhin chung khong thuc hién dugc. Muc
dich cua tiét nay la st dung Dinh 1y Kronecker vé truong phan ra (Pinh
ly 1.3.2) va Dinh ly Lagrange trong 1y thuyét nhém (Dinh 1y 3.1.7) dé xét
tinh bat kha quy cua da thic trén Z, trong mot s6 trudng hop dac biét.
3.2.2 Ménh dé. Pa thitc x* + 1 la bdt khd quy trén Z,, véi moi s nguyén
10 p thoa man p = 3(mod 4).
Chitng minh. Cho p 1a s6 nguyén t6 théa man p = 3(mod 4). Gia st 2> +1
khong bat kha quy trén Z,. Khi d6 2* + 1 phan tich dugc thanh tich cua
hai da thic bac 1. Do d6 2% + 1 ¢6 nghiém o € Z,. Vi th€ o? = —1.
Suy ra o' = 1. Do p = 3(mod 4) nén p # 2. Vithé€ 1 # —1 € Z,. Suy
ra o # +1 vd o # 1. Ta khiang dinh o # 1. That vay, néu o® = 1 thi
o’a =1. Do d6 —a = 1 hay a = —1. Diéu nay 1a vo li. Vay " # 1 véi
moi n = 1,2,3 va a* = 1. Chi y ring o # 0 vi 0 khong 12 nghiém cla
22+ 1. Do db o € Z.,. Theo B6 dé 3.1.4, cap cua phan tir  trong nhém
nhéan Z; la 4. Vi p la s6 nguyén t6 nén cdp clia nhom nhan Z; 1a p — 1.
Theo Dinh Iy Lagrange, cip clia « 1a uc clia cap cua nhém nhén Z,. Do
d6 4 1a u6c cua p — 1. Tir gia thiét ta ta c6 p — 1 dong du véi 2 theo modun
4. Diéu nay 1a vo Ii. Vay 2% + 1 1a bat kha quy trén Z,,. O
3.2.3 Ménh dé. Pa thicc * + x + 1 la bdt khd quy trén 7, véi moi s6
nguyén to p thoa man p = 2(mod 3).
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Chiing minh. Cho p 1a s6 nguyén t6 thoa man p = 2(mod 3). Gia st
f(z) = 2% + = + 1 khong bat kha quy trén Z,. Khi d6 f(z) 1 tich cha
hai da thic bac 1. Do d6 f(z) c¢6 nghiém « € Z,. Chi y rang 0 khong la
nghi¢ém ctia f(r). Vith€ a # 0 vado d6 a € Z;. Vi

P 1= (-1 +a+1) = (- 1)f(2)

va vi « 1a nghiém ctia f(x) nén « 1a nghiém cta 2° — 1. Suy ra o = 1.
Ta khang dinh 1 khong 1a nghiém cta f(z). That vay, néu 1 1a nghiém
cua f(z)thil+ 141 =0 € Z, va do d6 3 la boi clia p. Tuy nhién,
p = 2(mod 3). Diéu nay la vo li. Vay 1 khong la nghiém cua f(z) va do
d6a#1.Neua? =1thil=0a= a’a = «, diéu nay 1a vo li. Nhu
vay, a” # 1 v6in = 1,2 vd o® = 1. Theo B6 dé 3.1.4, cdp cla « trong
nhoém nhén Z; la 3. Cha y rang Zy c6 cép la p — 1 dong du v6i 1 theo
modun 3. Theo Dinh 1y Lagrange, 3 1a u6c cta p — 1. Diéu nay vo li. Do
d6, 2% + x + 1 la da thic bét kha quy trén Z,,. O

3.2.4 Ménh dé. Da thitc f(x) = 2 + 2% + 2% + 2 + 1 la bdt khd quy trén
Ly, vOi moi s6 nguyén to' p théa man p # 5 va p # £1(mod 5).

Chiing minh. Cho p la s6 nguyén t6 théa man p # 5 va p £ +1(mod 5).
Theo Dinh 1y 1.3.2 (Kronecker), ton tai mot truong K chia Z, va chia
cac nghiém cta f(x). Goi o 1a mot nghiém ctia f(x). RS rang 0 khong 1a
nghiém cta f(z), vi th€ a # 0.

e Khang dinh 1: o™ # 1 véi moi n = 1,2, 3,4 va o® = 1. That vay, 1o
rang 2’ — 1= (x—1)(z* + 2+ 22 +2+1)=(z—1)f(z). Dodé a Ia
nghiém cta 2° — 1. Suyraa® = 1. Neua = 1thi 5 =0 € Z, va do d6
5 1a boi clia p, dieu nay la mau thuan véi gia thiét p # 5. Suy ra o # 1.
Néu a? = 1thil = o® = (o?)?a = «, diéu ndy 1a vo 1i. Néu o® = 1

thil=a’=0d%?=a?, voli. Neua* =1thil =a’ = a*a = a, vo
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li. Nhu vay, o # 1 véi moi n = 1,2,3,4 va o® = 1. Khang dinh duoc
chiing minh.

e Khang dinh 2: f(x) khong c6 nhan tir bac nhét trong Z,[x]. That vay,
gia st f(x) c¢6 nhan tr bac nhat. Khi d6 f(x) cé nghiém a € Z,. Via # 0
nén « € Z;. Theo Khang dinh 1, o™ # 1 v6imoin = 1,2,3,4 va o° = 1.
Vi thé, theo B6 dé 3.1.4, cdp clia o trong nhém nhan Z7 1a 5. Theo Dinh
ly Lagrange, 5 1a u6c cta cap cua Z;. Tir gia thi€t, Z, c6 cap p — 1 khong
chia hét cho 5. Diéu nay 1a vo li.

e Khéng dinh 3: f(x) khong c6 nhan tir bac hai trong Z,[z]. That
vay, gia stt f(z) c6 nhan tir bac hai. Khi d6 f(z) = q(z)r(x), trong dé
q(x),r(z) € Zy[z] va degq(z) = degr(z) = 2. Chd y rang ¢(z),r(x) 1a
bat kha quy trén Z, vi néu ngugc lai thi ¢(x) hoac r(z) cé nhan tlr bac
nhat va do d6 f(x) c6 nhan tlr bac nhat, diéu ndy mau thun v6i Khang
dinh 2. Do « la nghiém cta f(x) nén né la nghiém cua ¢(z) hoac r(z).
Khong mat tinh tdng quat, ta gia thiét « 12 nghiém cta ¢(z). bat F' = Z,
vaT = {a+ba | a,b € Z,}. Rd rang phép cong dong kin trong 7T
Cho u = a + ba,v = ¢ +da € T. Viét q(z) = ag + a1z + asz? véi
ap, a1, ay € Z,. Do « 1a nghiém cha q(x) nén ag + a1 + aza? = 0. Lai

do g(x) c6 bac hai nén ay # 0. Vi thé a? = —a; ' (ag + aa). Do d6

wv = ac + bda* + (ad + be)a
= ac — bdagay* + (ad + be — bdajay )a € T.

Vi th€ T dong kin v6i phép cong va phép nhan. DéE kiém tra duoc 7' 1a
mot truong con cua truong K. Xét T nhu F'—khong gian véc to. RO rang
{1, a} 1a mot hé sinh cua F—khong gian véc to 7. Gia st a.1 + ba = 0
véia,be F.Néub=0thia=0.Neub#£0thia=—ab! € F =17,
vo 1i v6i Khang dinh 2. Do d6 {1,a} 1a mot co s& clia F'—khong gian

véc to T', va vi th€ chiéu cua khong gian nay 1a 2. Do F' ¢6 p phan tir va
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dimpT = 2 nén T c6 p? phan tir. Suy ra nhém nhan 7% = T'\ {0} ¢6 cép
lap?—1=(p—1)(p+1). Via # 0nén a € T*. Theo Khing dinh 1
tacda” # 1véimoin =1,2,3,4vaa® = 1. Vi thé, theo B6 dé 3.1.4,
cap cua « trong nhom nhan 7% 1a 5. Theo Dinh ly Lagrange, 5 1a udc cua
(p—1)(p+1). Vip # £1(mod 5) theo gia thi€t nén 5 khong la uée cla
(p—1)(p+ 1), voli. Vay f(x) bat kha quy trén Z,. O

3.2.5 Ménh dé. Da thicc f(z) = 25+ 2° + 2t + 23 + 22 + x + 1 la bdt
kha quy trén Z, voi moi s6 nguyén t6 p = 3(mod 7) hodc p = 5(mod 7).

Chiing minh. Cho p = 3(mod 7) hoac p = 5(mod 7) véi p 1a s6 nguyén
t0. Theo Dinh 1y 1.3.2 (Kronecker), ton tai mot trudng K chita Z, va chita
tat ca cac nghiém cta f(z). Goi a € K 1a mot nghiém cta f(z). RS rang
0 khong 1a nghiém cua f(z), vi th€ o # 0.

e Khing dinh 1: o # 1 v6i moin = 1,2,3,4,5,6 va o’ = 1. That
vay, o rang ©° — 1 = (z — 1) f(x). Do d6 « 1a nghiém ctia 27 — 1. Suy ra
o’ =1.Neua=1thi7=0 € Z, vado dé 7 1a boi clia p, diéu nay la
mau thuéin véi gia thiét vé p. Néu o? = 1 thi 1 = o’ = (a?)*a = «, diéu
nay [Avo li. Neuo® =1thi1l = af )20 = «, vo Ii. Néu ot = 1 thi

l=a"=dad'a®=0a, voli. Neua® =1thil = a’ = a’a® = o2, vo

:(a

li. Neua® = 1thil =o' = aba = a, vo li. Nhu vay, a” # 1 v6i moi
n=123456vaal =1.

e Khang dinh 2: f(z) khong c6 nhan tlr bac nhit trong Z,[x]. That vay,
néu f(z) cé nhan tir bac nhat thi f(x) c6 nghiém trong o € Z,. Theo
Khang dinh 1, " # 1 véimoin = 1,2,3,4,5,6 vaa’ = 1. Via # 0 nén
« € Zy,. Do d6 cép clia « trong nhém nhan Z; 1a 7. Theo gia thiét, Z, c6
cap p — 1, trong d6 p — 1 dong du vé6i 2 theo modun 7 hoac dong du véi
4 theo modun 7. Theo Dinh 1y Lagrange, 7 1a uéc cta p — 1, di€u nay la

vo li.
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e Khéng dinh 3: f(z) khong c6 nhan tl bac hai trong Z,[z]. That vay,
gid st f(x) 6 nhan tir ¢(z) € Zy[z] bac hai. Theo Khang dinh 2, f(x)
khong c6 nhan tir bac nhat. Vi thé ¢(x) khong c6 nhan tir bac nhat. Suy ra
q(x) la bat kha quy trén Z,,. Lay o € K la mot nghiém cua ¢(x). Tuong
tu nhu ching minh Ménh dé 3.2.4, tasuyratap 7 = {a +ba | a,b € Z,}
12 mot trudong con cta K, trudong niy ¢ p? phan tlr. Via # Onén o € T*.
Theo Khing dinh 1, ta c6 " # 1 v6i moi n = 1,2,3,4,5,6 va o’ = 1.
Vi thé cap ciia « trong nhém nhan 7™ la 7. Theo Dinh 1y Lagrange, 7 1a
udc clia cap ctia nhém nhan 7. Chd y ring T ¢6 cép p* — 1. Tuy nhién
p? — 1 khong chia hét cho 7 vi né déng du véi 1 hodc 3 theo modun 7.
Dicu nay la vo 1i.

e Khang dinh 4: f(z) khong c6 nhan tir bac ba trong Z,[x]. That vay,
gid stt f(z) c6 nhan tir bac ba g(x) € Z,|z|. Theo cdc Khang dinh 2, 3,
da thiic ¢(x) bat kha quy trén Z,. Tuong tu nhu ching minh Khang dinh
3, ta c6 thé chiing minh dugc tap

T ={a+ba+ca®|a,b,c€Z,)
12 mot trudong con cha K, truong niy cé p® phan tr. Via # Onén o € T*.
Theo Khing dinh 1, ta ¢c6 " # 1 v6i moi n = 1,2,3,4,5,6 va o’ = 1.
Vi thé cap ciia « trong nhém nhan 7™ la 7. Theo Pinh 1y Lagrange, 7 1a
wdc ctia cip ctia nhém nhan 7. Nhém nhan T ¢6 cap p* — 1. Chi ¥ ring
p> — 1 khong chia hét cho 7 vi né dong du véi 5 theo modun 7, vo Ii.

Vay f(x) khong c6 nhan tir bac mot, bac hai hay bac ba, do d6 né bat
kha quy trén Z,,. ]
3.2.6 Ménh dé. Pa thic f(z) = 2 +2° + ... + 2 + 1 la bdt khd quy
trén truong 7, voi moi s6 nguyén to p sao cho p = 2,6,7,8 (mod 11).
Chitng minh. Cho p 1a s6 nguyén t6 sao cho p = 2,6,7,8 (mod 11). Theo

binh 1y Kronecker, ton tai mot trudng K chia Z, va chita cdc nghiém cua
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f(z). Goi a € K la moOt nghiém cua f(z). Twong tw nhu ching minh
Ménh dé 3.2.5, ta c6 thé chi raring o # 1 véimoin = 1,2,...,10 va
o'l = 1. R& rang 0 khong 1a nghiém ctia f(x), do d6 o # 0.

Chod € {1,2,3,4,5}. Gia st f(x) c6 nhan tir ¢(z) bat kha quy bac d.
Goi a € K 1a mot nghiém cta ¢(z). Dat

d—1
T = {Zaio/ | a; € Zy, Vz’}.

i=0
Do deg q(x) = ¢ nén T' 1a mot truong. Xét 7' nhu mot Z,—khong gian véc
to. Do ¢(x) bt kha quy nén ta cé thé chi ra rang {1, c,...,a% '} 1a mot
co s0 cta T'. Do d6 dimyz, T = d va vi th€ T' ¢6 p? phan tit. Do o # 0 nén
acT* Via"#1v6imoin=1,2,...,10 vaa!' =1 nén a c6 cip 11
trong nhém nhan 7. Theo Dinh 1y Lagrange, 11 1a uéc ctia p? — 1. Theo
gia thiét, ta co

(i) p — 1 dong du v6i mot trong cac so 1, 5,6, 7 theo modun 11.

(ii) p*> — 1 dong du véi mot trong cdc s6 3,2, 4, 8 theo modun 11.

(ii) p* — 1 dong du véi mot trong cdc s6 7,6, 1,5 theo modun 11.

(iii) p* — 1 déng du véi mot trong cdc s6 4, 8, 2, 3 theo modun 11.

(iv) p° — 1 déng du véi 9 theo modun 11.

Nhu vay, p? — 1 khong 12 boi clia 11 v6i moi d < 5. Suy ra f(x) khong
c6 nhan tir bat kha quy bac d véi moi d < 5. Vi th€ f(z) bt kha quy trén
L. O
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KET LUAN

Trong luan van nay, ching to6i da trinh bay cac noi dung sau day vé da
thic bat kha quy trén mot truong:

e Trinh bay mot s6 kién thic co s vé da thitc bat kha quy.

e Sir dung da thiic bat kha quy dé chitng minh Dinh ly Kronecker vé
su ton tai truong phan rd cia mot da thic (Pinh 1y 1.3.2) va chiing minh
Dinh 1y cia Galois v€ su ton tai mot truong hitu han (Pinh 1y 1.3.5).

e Dua ra mot s6 phuong phap xét tinh bat kha quy ctia da thiic trén
Q nhu phuong phép tim nghiém hitu ty, phuong phap dung B6 dé Gauss
(Pinh 1y 2.2.1), phuong phdp diung tiéu chuin Eisenstein (Pinh 1y 2.3.1)
va phuong phép rit gon theo moédun mot s6 nguyén t6 (Pinh 1y 2.4.1).

e Sir dung Dinh 1y Kronecker vé trudng phan ra (Dinh 1y 1.3.2) va Dinh
ly Lagrange vé cap ctia nhém hitu han (Dinh 1y 3.1.7) dé xét tinh bat kha

quy cua mot vai da thic trén trudng Z, v6i p 1a s6 nguyén to.
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