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DANH MUC CAC KY HIEU

e SL(n,R): nhém cdc ma tran c¢6 dinh thic bang mot,

oGL(n,R): nhém tuyén tinh tdng quat cip n hé so thuc,

e A: ham Hamilton dGng vGiA € G,

e(C>°(M)[[v]]: khong gian cdc chubi luy thira hinh thic theo v hé s6 1a
cac ham trén M,

e(C°: khong gian cac ham kha vi vo han gid compact,

eF,(f): bién déi Fourier by phan theo bién p,

e(G,g: nhom Lie va dai s6 Lie cia nhém Lie,

o) = Qp: quy dao doi phu hop di qua F,

e K=CoAd: tic dong doi phu hgp,

el,: todn tir lugng tir tuong thich,

es-grad: gradient phan do6i xdng,

¢(Q,7): ban d6 tuong thich,

e/A: ma tran symplectic tng v6i dang symplectic w,

ol 4 truong véc to bat bién sinh bdi A.



0.1 MO DAU

0.1.1 Xuat xi& va lich sir cua van dé

Ly thuyét biéu dién 1a mot trong nhitng 1anh vuc quan trong ma giit mot
vai trd cOt yéu trong rat nhi€u hudng nghién ctu cla todn hoc va vat 1y
nhu: giai tich diéu hoa triru tuong, 1y thuyét s6, nhém dai s6, co hoc lugng
tu, vat 1y cac hat co ban, 1y thuyét truong luong tir, hinh hoc dai s6, nhém
luong tir... Su phét trién clia né ¢ thé chia 1am nhiéu giai doan.

Giai doan ddu tién cta ly thuyét biéu dién ra doi vao nhitng nam 1920
cung v6i nhitng tén tudi ctia G. Frobenius, Schur, Molin. Thoi ky nay,
ngudi ta chi quan tim t6i cdc nhém hitu han cling vé6i cac biéu dién hitu
han chiéu. Giai doan nay ciing danh diu su khai sinh ctia cdc khdi niém
nhu dic trung, todn tr bén va biéu dién bat kha quy ma sau dé da tr&
thanh cac khdi niém co ban cta 1y thuyét biéu dién.

Giai doan thit hai dugc ddnh dau bdi su xuat hién cla 1y thuyét biéu
dién nhém compact. K&t qua quan trong trong thoi ky nay la dinh 1y
Haar-Von Neumann vé su ton tai cua do do bat bién va dinh 1y F. Peter-H.
Weyl vé su ddy di cta biéu dién hitu han chiéu. Tuy nhién phai dén thoi
ky tht ba, bat ddu tir nhitng nam 1940, 1y thuyét biéu dién méi dat duoc
nhitng thanh cong ruc 16 vé6i cdc biéu dién unita vo han chiéu. C6 thé néi
thoi ky ndy dugc bat diu boi cong trinh ciia Gelfand va Raikov vé tinh
ddy du cua hé céc biéu dién unita bat kha quy clia mot nhém compact
dia phuong bat ky. Cung lic d6, Von Neumann ciing da hoan thanh cong
trinh cia minh vé dai s6 toan tit. Chi mot thdi gian ngin sau, 1y thuyét
dai s6 Von-Neumann dugc thong nhét véi 1y thuyét biéu dién nhém trong
cic bai bdo cua G. M. Adelson, Mautner va Godement.

Mot céch tu nhién bai todn quan trong nhét cla ly thuyét biéu dién 1a
bai todn phan loai biéu dién ma ngudi ta con goi 1a bai toan vé doi ngiu
unita.

Bai toan vé doi ngau unita: Cho truéc mot nhom G. Hay phan loai tat
ca cdc biéu dién unita bat kha quy ctia G (sai khdc mot phép dang cau).

Dinh 1y dau tién vé€ su phan loai nhan dugc vao nam 1947 boi 1. M.
Gelfand va M. A. Naimark [26]. Tu do6 t6i nay, nguoi ta cling da xay dung
dugc mot s6 phuong phdp nhiam thu duoc 10i gidi clia bai todn d6i ngau
unita ndi trén. VGi nhém G la nhém SL(2,R), bai toan d6i ngau unita da
duoc giai quyét. Nguoi ta chiing minh dugc ring, 16p cdc biéu dién unita
bat kha quy ctia G géom biéu dién chudi chinh, chudi r6i rac va chubi b6
sung, xem [33].

Mot trong nhiing céch ti€p can hién dai cua bai todn nay l1a nhin nhan



vin dé theo quan diém vé tinh d6i xdng trong co hoc luong tir va hinh
hoc khong giao hoan.

Trong co hoc c¢6 dién, khong gian pha 12 mot da tap symplectic hay
tong qudt hon 1a mot da tap Poisson. Khdi niém da tap Poisson 12 mot
khdi niém méi, dugc dat ra vao nhitng nam 1976 mot cach doc lap boi
A. Kirillov va A. Lichnerowicz va da tr& thanh trung tam cta vat ly toan
hién dai trong khoang mudi lam nam gan day.

Thong thuong, mot doi tugng toan hoc duge xac dinh thong qua dai s6
ham cua né. Vi du, moét da tap tron dugc xac dinh hoan toan boéi dai s6
cac ham tron trén nd, mot da tap dai so affine dugc xac dinh badi vanh toa
do cua nd, mot khong gian compact dia phuong duge xac dinh boi dai s6
cac ham lién tuc trén d6 va mot khong gian luong tir duge coi nhu 1a mot
khong gian khong giao hodn ting véi mot dai s6 khong giao hoan nao do.
Mot khong gian luong tir, néi riéng mot hé co hoc luong tur, thuong chi
duoc biét dén nho dai s6 cac phép do trén khong gian do.

Mo hinh cua mot hé co hoc lugng tir 1a mot khong gian Hilbert H cling
mot ho du tot cdac todn tir unita. Cac hé co hoc lugng tir thong thuong
tuong tng mot cdch hinh thic v6i mot hé co hoc ¢6 dién. Vi vay, bing
qud trinh lugng tir héa mot hé co hoc ¢6 dién chdp nhan mot nhém déi
xting G cho trudc, ta c¢6 thé hi vong thu dugc cdc biéu dién unita cla
nhém G 1én khong gian Hilbert H ctia hé lugng t&r tuong tng va ti€n gan
tGi 101 giai cua bai toan doi ngau unita ndi trén.

Luong tir héa 1a qué trinh xay dung mot hé luong tir tir mot hé ¢d dién
cho truéc nhd quy tic luong tir. Mot dai lugng c¢6 dién F dugc luong tir
héa thanh dai luong luong tir Q(f), thoa man nguyén 1y bat dinh Dirac:

Q(f,9) = ih[Q(f), Q(9)].

N6i cach khac, anh xa luong tir 27'Q chinh 1la mot dong cau dai s6
Lie ting v6i méc Poisson va giao hoan tu.

Vé phuong dién to4n hoc c6 thé coi Herman Weyl 12 ngudi khéi xuéng
khdi niém lugng tir khi ong xay dung dugc 4nh xa Q tir cdc dai lugng c6
dién-cdc ham trén khong gian pha R?", dén cdc dai luong luong tir tic 12
cdc toan tu trén khong gian Hilbert L?(R"):

Q : C*(R*) — B(L*(R"™)),
[ Q).
Anh xa nguoc duoc xay dung bdi E. Wigner bang cich coi cdc dai
luong ¢ dién nhu 1a cdc ky hiéu (symbol) clia cdc todn ti.

Cac cong trinh nghién cu todn hoc nham giai quyét bai toan lugng tir
hod dugc Simon Gutt trinh bay trong cac bai giang [23]:
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e Luong tir hod hinh hoc(1970): B. Kostant va J. M. Souriau, mot
ngudi xudt phét tir 1y thuyét biéu dién nhém Lie, mot ngudi xudt phat tir
quan diém symplectic clia co hoc c6 dién, di trinh bay vé luong tir hod
hinh hoc.

e Luong tlr hoa thit cap(1970): Berezin da xay dung mot ho cac dai so6
két hop trén 16p dac biét cac da tap Kahler bang cich st dung cdc tinh
todn trén cédc ky hiéu, tic 1a dua ra mot quy tac lugng ti.

e Luong tu hoa bién dang: Flato, Lichnerowicz va Sternheimer dua ra
nam 1976, trong [31] va trong [7]. Ho dé nghi lugng tr hod dugc hiéu
1a su bién dang ctia ciu tric dai s6 cdc dai luong c6 dién (con goi la cic
quan tric c6 dién) hon 1a su thay déi tan goc tinh tu nhién cla cdc dai
lugng do.

Ngay tir nhitng nam 70, Berezin di dua ra dinh nghia to4dn hoc tong
quat cta khai niém luong tir, d6 12 mot ham tir tir pham tri co hoc ¢6 dién
sang pham tru cdc dai s6 két hgp. Gan nhu cung thoi véi Berezin, cac nha
todn hoc Bayen, Flato, Fronsdal, Lichnorewics va Sternheimer (xem[8],
[9]) da xét lugng tir hod nhu la su bién dang cuta tich giao hodn thong
thuong cac ham thanh mot x,-tich két hop, khong giao hoan, dugc tham
s6 hod bdi hing s6 Plank 7 va thod man nguyén tac tuong thich. Trong
[8] ho da phét trién mot cdch hé thong khdi niém vé lugng tir hod bién
dang, coi né 1a mot 1y thuyét vé x-tich va dua trén khdi niém nay ho da
nhan duogc cac cong thic cii va méi doc 1ap véi co hoc luong tir. Vao nam
1983, De Wilde va Lecomte da ching minh dugc su ton tai cua lugng tix
hoa bién dang trén moi da tap symplectic. Mot ching minh khiac mang
ndi dung hinh hoc hon dugc thuc hién vao nam 1985 bdi Fedosov va boi
Omori, Maeda, Yoshioka vao nam 1988 bing céch st dung phan thé Weyl
(xem [18]).

Bai toan luong tr hod dugc phdt biéu mot cdch tu nhién d6i véi da
tap Poisson. Da tap Poisson la mot da tap M ma sao cho v6i moi u, v
€ C>*(M), 4nh xa

{,}:C°(M) x C*(M) — C*(M),

1a mot todn tir song tuyén tinh phan d6i xding, thoa man déng nhat Jacobi
va quy tac Leibnitz

{u,{v,w}}+{v, {w,u}} +{w,{u,v}} =0.

{uv,w} = {u,wlv + {v,w}u.

Nam 1996, Etingof va Kazhdan da ching minh dugc su ton tai cua bién
dang kha vi hinh thiic d6i véi 16p cac nhom Lie-Poisson. Viéc nghién



ctiu dugc md& rong hon nhiéu khi M. Kontsevich hoan thanh phép ching
minh gia thuyét cia minh nam 1997, tir d6 kéo theo su ton tai cta lugng
tr hod bién dang trén moi da tap Poisson tuy y (xem[29]). Cung véi két
qua d6, M. Kontsevich da thu dugc cong thdc tuong minh vé x-tich doi
vGi moi cau tric Poisson trén R™. Bén canh d6, gan day cac nha toan hoc
Reshetikhin va Takhtajan da xay dung thanh cong cong thic tich phan doi
v6i *-tich hinh thic trén cidc da tap Kahler (xem [37]). Viéc tim ra cic
x-tich cu thé trén céc kiéu da tap khdc nhau tré thanh mot bai todn thd vi
va gap nhiéu khé khan.

Nghién cttu va phan loai biéu dién cta dai s6 Lie hay nhém Lie cho
ta nhitng thong tin vé chinh nhém d6 va cla cdc dai s6 nhém tuong dng.
Viéc giai quyét bai toan nay rat phic tap va hién nay dang dugc cac nha
todn hoc nghién cttu nhim c6 ging xay dung dugc va mo td mot cach
twong minh. Dé gidi quyét bai toidn nay, phuong phdp quy dao cla A.
A. Kirillov, (xem [30]) da ra doi va nhanh chdéng tré thanh mot cong cu
dac luc doi vé6i ly thuyét biéu dién. Trong phuong phdp d6 Kirillov da
xudt phat tir phan thé mot chiéu trén cdc da tap symplectic thuan nhat xay
dung tir cac K-quy dao trong g* dé thu dugc cdc biéu dién cia nhém Lie
G. Tiép theo 6ng cung véi B. Kostant, (xem[31]) da hinh hoc hoa phuong
phédp quy dao bang cdch xay dung ly thuyét lugng tir hod trén céc da tap
symplectic thuan nhat chat ma ta van goi d6 la lugng tir hod hinh hoc.

Vao nhiing nam 79-80, Dd Ngoc Diép cling cdc cong su clia minh da
dé xuat ra quy tac luong tir hod hinh hoc nhiéu chiéu (xem[14]). Dua vao
d6 chiing ta c6 thé thu dugc kh4 nhiéu biéu dién clia nhém Lie G.

Chuong trinh nghién ctu doi ngau unita thong qua lugng tir hod bién
dang dugc Bayen, Flato, Fronsdal, Lichnerowicz va Sternheimer dua ra
nam 1978 trong [8]. Vao nam 1985 va sau d6é nam 1990, D. Arnal va J.
Cortet da 4p dung quy tic lugng tlr hod bién dang vao cdc nhém nilpotent
va nhém exponential va thu duoc céc cong thic lugng tir tong quat, (xem
[6]). Day la mot bai todn khé va két qua duoc nhi€u ngudi quan tam
nhung viéc tinh todn cu thé con rat nhiéu khé khan. Cdc tdc gia khong di
xay dung truc ti€p cac vi phoi tir R?" sang cac da tap symplectic M ma
chi khang dinh ton tai cdc vi phoi can thiét vi thé khong thé 4p dung truc
ti€p cac cong thic d6 vao nhiéu trudong hop cu thé dé c¢6 thé nhan duoc
cac két qua tuong minh. Gan day, Nguyén Viét Hai trong luan dn cua
minh ciing st dung cong cu lugng tir hod bién dang dé nghién cttu cac 16p
nhém M D, va MD va ciing thu duoc biéu thitc tudng minh. Tuy nhién,
doi véi SL(2,R) 1a nhom khong cé tinh exponent thi bai toan hoan toan
chua dugc giai quyét.



0.2 Muc dich, phuong phap va két qua nghién ciu

Muc dich chinh cta luan van:
e MO0 ta buc tranh cac quy dao cua SL(2,R).

e Xay dung cu thé lugng tlr hoa bién dang clia dai s6 cdc ham kha vi
vO han trén cac K-quy dao cua nhém SL(2,R). Tu d6 tim ra tat ca
céc bi€u dién unita bat kha quy bang phuong phép luong tir hod bién
dang

e Tim ra cac doi tugng luong tir méi: cac quy dao doi phu hgp luong
tr.

Dé thuc hién duoc diéu nay ching toi tién hanh luong tr héa theo nhing
budc sau day:

e Xay dung vi phoi toan thé tr R? hay C? sang 2 thod man cdc diéu
kién sau day:
e Ham Hamilton A Gng véi truong véc to 4 1a ham tuyén tinh theo
mot bién.
e Dang Kirillov trén médi ban d6 (£2,¢~!) 1a chinh tac w = dp A dq.

e Ching minh « -tich Moyal-Weyl trén méi K quy dao 1a G-hiép bién,
tr d6 tim duoc biéu dién cla dai s6 Lie g.

o Tiép theo, d4p dung cdc két qua ctia Kostant va Auslander dé thu duoc
ddy di cdc biéu dién cta sl(2,R), qua d6 thu dugc cdc biéu dién vo
cung nho cua SL(2,R) trung véi két qua da biét. Nho do, ta thu duge
tit ca cdc biéu dién unita ctia SL(2,R) va nhan dugc tinh bat kha quy
nho 1y thuyét ¢ dién.

e Cho mot mo ta tang K-quy dao lugng tir hai chiéu cua SL(2,R).

Chd ¥ rdng mot o tac gia khac bang phuong phéap khédc cling da xay dung
dugc d6i ngau unita ctia SL(2,R) bang phuong phép giai tich, (xem [33]).
Tuy nhién, céch ti€p can nay to ra rat phic tap va yéu ciu phai biét rd vé
cau tric ctia SL(2,R), cu thé 1a phan tich Iwasawa cta né. Béng phuong
phap ti€p can hinh hoc, ching t6i da thu duoc cung mot két qua véi cac
phuong phdp c6 dién.

Noi dung cua luan van gom phan md& diu, hai chuong noi dung, phan
két luan va phan phu luc. Phan m& dau trinh bay xudt xi, cdi nguon lich



sir va dat bai toan. Cac chuong sau trinh bay cac ching minh tinh todn
va cic cong thic tuong minh...

Trong chuong mot, sau khi trinh bay vé biéu dién d6i phu hop cung
vGi viéc phan loai cdc da tap Poisson thuin nhit, ching toi nhic lai mot
s6 dinh nghia va tinh chat cia nhém Lie SL(2,R) cin thiét vé sau. Ti€p
theo, bing cdc tinh toan cu thé, ching toi thu dugc dang tudng minh clia
quy dao doi phu hop. Tur d6, ching t6i xay dung phan cuc phic cho cac
quy dao. Day la sy chudn bi cho cdc tinh toan phic tap hon trong chuong
sau.

Trong chuong hai, sau khi nhac lai khdi niém lugng tir hod bién dang,
ching t6i ti€n hanh lugng tir hod bién dang cic quy dao déi phu hop.
Trudc hét ching toi xay dung cdc ban d6 tuong thich va chiing minh tinh
hiép bién cua -tich. Sau khi thu duoc toan tir lugng tu tuong thich tng
véi cac quy dao, ching toi thu duoc biéu dién clia dai s6 Lie sl(2,R). Tiép
theo, ching t0i nhic lai phan loai ctia Bargman va chiing minh su tuong
duong ctia hai cach ti€p can nay.

Trong phan phu luc, chiing toi trinh bay ngan gon cdc két qua cta luan

van nay bang tiéng Anh dudi dang mot bai bdo nghién citu ”Deformation
quatization and quantum coadjoint orbits of SL(2,R)”.
Két qua nghién ciru Nhitng két qua vé phan loai hinh hoc ciac K-quy dao
& chuong I va xay dung biéu dién cua SL(2,R) theo phuong phap luong
to hod bién dang & chuong II thu duoc & day la lan dau tién: hinh hoc
cac K-quy dao cta SL(2,R) dugc mo ta tudng minh, cdc biéu dién cta dai
s6 Lie sl(2,R) dugc cho cu thé bdi cdc todn tir gid vi phan, cdc biéu dién
tuong tng ctia nhém Lie SL(2,R) cling thu duogc theo do su tring nhau cua
céc biéu dién vo cling bé, chiing tdc dong lén khong gian L? cua thuong
ciia nhém Lie G theo phan cuc tuong ing.

Mot hé qua thd vi tr mo ta biéu dién unita bat kha quy ctia SL(2,R)
ndi & trén 1a cac dai s6 luong ti: mat elliptic hyperboloid luong tir, mat
hyperbolic hyperboloid hai tang lugng tr, mat nén lugng tir nhu 1a bién
dang cua dai s6 cac ham tron trén cac K-quy dao. Nhiing doi tuong luong
to nay duoc mo ta & day lan dau tién.

Céac két qua co ban dugc bao cdo tai seminar phong Hinh Hoc va
Topo, Vién Todn Hoc va hoi nghi khoa hoc sinh vién khoa Todn-Co-Tin
hoc, PHKHTN, bHQGHN.
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0.3 Loi cam on

Luan van duoc hoan thanh dudi su huéng dan khoa hoc clia gido su tién si
khoa hoc D6 Ngoc Diép, nguoi thay vo cling tan tAm va nghiém khac. Toi
xin bay to long biét on vo cling sau sic dén nguoi thdy kinh yéu da timg
buéc huéng din toi lam quen véi gidi tich diéu hoa, 1y thuyét biéu dién
nhém Lie cling v6i ly thuyét dai s6 luong tir dé tién t6i nim vitng céc 1y
thuyét do, tu giai quyét duoc bai toan cia minh. To6i xin chan thanh cam
on Tién si Nguyén Viét Diing cung cédc gido su, tién si thudc phong Hinh
hoc va Topo, Vién Toan Hoc, trung tam KHTN va CNQG da giup do toi
nang cao trinh do chuyén mon va phuong phap lam viéc c6 hiéu qua, dac
biét 12 qua cac budi sinh hoat chuyén mon ctia phong. Toi ciing xin chan
thanh cam on thay gido chu nhiém Tién si Nguyén Dic Dat, Tién si Dang
Vi Giang cung cac thay gido trong khoa-nhitng ngudi thay vo cung dang
kinh da c6 cong on diu dat tdc gia trong nhiing nam dai hoc. Luéan véan
nay ciing khong thé hoan thanh néu nhu thi€u su ¢6 vii, dong vién vé mat
tinh than cla gia dinh va ban be cuing khoa.
Luan van dugc hoan thanh tai truong PHKHTN
Thang 5 nam 2003
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Chuong 1

Hinh hoc cac quy dao doi phu hop
cua SL(2,R)

1.1 Téng quan vé phuong phap quy dao

Ching ta s& bit dau bang nhiing khdi niém co ban ctia phuong phap quy
dao cua Kirillov (xem [30]). Phuong phap nay cho mdt moéi lién hé gan
giii gilta cac biéu dién unita vo6 han chiéu va ciac quj dao do6i phu hop
trong g*.

Mot cau tric symplectic trén mot da tap 1a mot dang vi phan cap hai
doéng, phan xiing, khong suy bién. Khong gian pha ctia mot hé co hoc ¢
dién 1a vi du dién hinh clia mot da tap symplectic. Ngudi ta nhan thdy
rang quy dao ctia mot nhém Lie ciing 1a cic da tap symplectic. Vi vay,
né dé xudt ra kha nang sir dung cdc cong cu cua co hoc dé giai quyét cac
van dé vé toan hoc.

V¢ lich stt, phuong phdp quy dao dugc dé xuat 1an dau tién trong [31]
dé miéu ta d6i ngdu unita ciia nhém Lie nilpotent. Tuy nhién sau dé ngudi
ta nhan thdy ring, tat cd cdc cau hdi chinh cua ly thuyét biéu dién nhu ciu
tric tOpod ctia doi ngau unita, cong thiac dac trung, su mo ta tudng minh
clia cac ham tlir cam sinh va han ché déu c6 thé duoc thé hién mot cich tu
nhién dudi dang cdc quy dao. Hon nita, bang mot s6 thay déi nho, ngudi
ta ¢6 thé 4p dung phuong phdp nay cho cidc nhém Lie téng quét hon.

1.1.1 Biéu dién déi phu hop cua nhém Lie
Cho G la mot nhém Lie, tic 1a mot da tap tron cung v6i mot phép todn

ma l1a moét dnh xa tron G x G — G thod man céc tién dé ctia nhém. Vi du
quan trong nhat cia nhém Lie 1a 16p nhdm ma tran, tic 1a cic nhém con
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cta GL(2,R). Xét g=Lie(G) la khong gian ti€p xidc 7,(G) tai diém don vi
e. Nhém G tdc dong lén chinh né béi tu dang ciu trong

i(g) s x> grg™h.
Diém e 1a diém bat dong clia tic dong ndy do d6 ching ta nhan dugc tic
dong dao ham ctia G 1én g

A9):9— 9,

ma thong thuong duge ky hiéu 12 Ad(g). Biéu dién nay dugc goi la biéu
dién phu hop ctia G. D6i véi trudng hop nhém Lie ma tran thi bi€u dién
phu hop don gian chi 1a phép lién hgp ma tran:

Ad(g)X =gXg ', X eg,geC.

Ching ta xét khong gian d6i ngiu clia g ma thong thuong dugc ky hiéu
bang g*. Khi d6 biéu dién d6i phu hop (con goi 1a K-biéu dién) ma déi
ngiu v6i khai niém biéu dién phu hop & trén dugc dinh nghia nhu sau:

(K(9)F, X) = (F, Ad(g™")X),

trong d6 & day F € g*. Gia sit F' € g* va Qp la K-quy dao di qua F trong
g"

bat G = stab(F) 1la nhém con dung cta F va gr = LieGr. Ta c6 day
khép sau
Trén g ton tai mot dang song tuyén tinh phan doi xdng chinh tic Br ma
c6 nhan ding bang gr:

Br(X,Y) = (F,[X,Y]).

Vi vay ching ta c6 thé dinh nghia dugc dang vi phan w trén G\ G ma
gia tri wp cia no tai F duge xac dinh baoi

wr(K.(X)F, K,(Y)F) = Bp(X,Y).

C6 thé chitng minh duoc ring wy 1a mot dang vi phan cip hai déng khong
suy bién va G-bit bién trén G-khong gian thuan nhat Gr \ G ma da dugc
doéng nhét chinh tac véi Qp. Ngudi ta cling biét rang dang vi phan w khong
phu thudc vao viéc ta chon diém F trén quy dao (xem [30] dé biét thém
chi tiét).

Vay tong két lai chiing ta c6 dinh 1y sau day:

Pinh 1y 1.1.1 Trén moi quy dao doi phu hop Q2 cua nhém Lie G, ton tai dang
vi phdn cdp 2 déng, khong suy bién, G-bdt bién ma ta goi la dang Kirillov.
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1.1.2 Phan loai da tap symplectic thuan nhat phang

DPinh nghia 1.1.2 Mot da tap symplectic la mot da tap tron duoc trang bi mot
2-dang vi phdn cdp 2 dong, khéng suy bién w duoc goi la dang symplectic.

Dé thay rang, moi da tap symplectic déu c6 s6 chiéu chan.

Vi du 1 Moi phdn thé doi tiép xiic déu la mot da tap symplectic vdi dang
symplectic la vi phdn cua dang Liouville.

Mot da tap symplectic cling nhu mot da tap Riemann déu cho phép dinh
nghia mot dang cau chinh tac giita khong gian céc trudng véc to va khong
gian cdc dang vi phan cdp mot thong qua dang vi phan cta noé:

Vect(M) — Q(M)

§—i§)w.

Pinh nghia 1.1.3 Mot truong véc to € duoc goi la truong Hamilton va duoc ky
hiéu & € Vect(M,w) néu nhu mot trong hai diéu kién tuong duong sau ddy thod
man:

1. Dao ham Lie ciia w doc theo truong véc to & bang khong.

¢w = Lew = Liegw = 0.
3 3

2. i(§)w la dang vi phdn dong.

Truong véc to £ duge goi 1a Hamilton chat va dugc ky hiéu la £ € Vecty(M)
néu nhu i(¢)w 1a dang khdp, hay ton tai fe € C°°(M) sao cho

Trong trudong hop d6 ngudi ta néi rang £ = &, 1a trudng Hamilton tuong
ung v6i ham f hay gradient symplectic ctua f. Khong khé khan, ta ching
minh dugc rang Vect(M,w)/Vecty(M,w) dang cdu véi nhém d6i dong diéu
de-Rham c&p mot H'(M,R). V6i moi f va g € C>(M), ta dinh nghia méc
Poisson cua f va g 1a ham s0 &;(g9) = w(&, &) = —&,(f), ky hiéu {f,g}.
Moc Poisson c6 céc tinh chat sau:

DD Aifis g} =2 Al fi g}

o{fg,h} = f{g.h} + g{f. h}

DS Ag h}} +{g,{h, [}} +{h.Af. g}} =0

Ta ¢6 cdc ménh dé sau:
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Ménh dé 1.1.4
[Vect(M,w),Vect(M,w)] C Vecty(M,w).
Ménh dé 1.1.5 Anh xa f — & la mot dong cdu dai so Lie.
Ta c6 day khdp cac dai so Lie sau
0 —R-—C®M) — HM) — 0,

0 — Ho(M) — H(M) —>H1(M,R) — 0,

Nam 1976, doc 1ap v6i nhau A. A. Kirillov va Lichnerowic gi6i thiéu khai niém
da tap Poisson. Chi muoi nam sau, ly thuyét da tap Poisson di tr¢ thanh mot
khdi niém c6t yéu cua vat ly toan hién dai.
Mot da tap Poisson la mot da tap tron M ma dai s6 C*°(M) dugc trang bi
mot phép todn
{,}:C%(M) x C*(M) — C*(M),

thod mén cdc tinh chét a), b), ¢), d). Hién nhién rang moi da tap symplectic déu
la da tap Poisson.

Mot cach tu nhién, 16p cac da tap symplectic va 16p cac da tap Poisson lap
thanh cdc pham tri. Cac ciu xa gitia chiing la cdc dnh xa tron ma bao toan cau
tric symplectic va cdu tric Poisson tuong tng.

Cho mot nhém Lie G tdc dong bac cdu lén da tap symplectic M ma tat ca
céc phép bién d6i cia nhém G déu bao toan dang symplectic. Véi X € g , X
sinh ra trén M mot truong véc to {x bat bién véi tic dong cua G thong qua
nhém mot tham s6 exp(tX). Néu nhu ton tai ham Hamilton fy tng véi {x sao
cho tuong tng X —— fx la mot dong céu dai s6 Lie thi ta n6i M la mot G-da
tap symplectic thuan nhat phang, (khdi niém phing & day dugc goi 1an diu tién
bai Dd Ngoc Diép do su twong tu véi do cong Ricci trong hinh hoc Riemann).

Ngudi ta chiing minh duoc ring moi quy dao d6i phu hop déu la cac da tap
symplectic thudn nhat phang. Chiéu ngugc lai cling “hiu nhu ding”. Bang mot
s6 hiéu chinh nho vé mat topo va dai s6, moi da tap symplectic thuan nhat phing
déu Ia cdc quy dao doi phu hgp. Chiing ta sé& phdt biéu diéu ndy dudi mot dang
tong quat hon cho cac G-da tap Poisson.

Pinh nghia 1.1.6 M¢r G-da tap Poisson la mét cap (M, f (A)f) trong dé M la mot
da tap Poisson chiu tdc déng bdc cdu ciia nhém Lie G va f({‘gl cg— C®(M) la
mot dong cdu dai so' Lie sao cho L(X) = s-grad(f¥).
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Vé6i Lx la phép dao ham Lie theo truong véc to sinh bdi X va s-grad(f)
la gradient thay phién cla f c6 dang mot truong véc to trén M sao cho: s-
grad(f)(g) ={f, g}

V6i mot nhom Lie G cho trude, 16p cac G-da tap cling 1ap thanh mot pham tri
P(G) ma sao cho dong cdu o : (M, f) — (N, f§) 1a mot dnh xa tron M — N,
béo toan méc Poisson, {a*(4), a* ()} = a*({¢,v}) va o*(fY) = Y.

Vi du quan trong vé da tap Poisson 1a (g*, (,)). Trong d6, anh xa g— C*°(g*)
xéc dinh bodi f% (F) = (F, X).

Pinh 1y 1.1.7 (g*, (,)) la vdt hdp ddn phé dung trong pham tric P(G).

Y nghia cua dinh 1y nay la v6i moi G- da tap Poisson (M, f{gf ), ton tai anh xa
s (M, f) — (g%, (,)) sao cho (u(m), X) = fy'(m).

Anh xa p ndy dugc goi la 4nh xa momen. Khong khé khin, c6 thé chiing
minh 4nh xa nay 12 mot vi phoi dia phuong. Vay téng két, ta thu duoc:

Pinh 1y 1.1.8 Moi da tap Poisson thudn nhat déu la khong gian phi cia mot
quy dao doi phu hop cua G.

1.1.3 Dai cuong vé ly thuyét biéu dién

Trong muc ndy, ching t6i nhéic lai ngan gon cac khai niém vé 1y thuyét biéu
dién. Ching ta bat dau bang mot nhém topd G. Mot biéu dién cuia G 1a mot
khong gian véc to phiic V cuing v6i mot tic dong lién tuc

GxV —V (g,v) — m(g)v

ma cdc 7(g) 1a cdc todn tir tuyén tinh trén V. Ching ta thudng goi (7, V') hay
don gian la 7 1a mot biéu dién. S6 chiéu clia V goi 1a s6 chiéu cta biéu dién.
Ta n6i W la mot khong gian con bat bién ctia V néu W la mot khong gian con
déng ctia V va bao toan tét ca cac todn ti 7(g). C6 hai vi du vé khong gian con
bat bién la W=V va W={0}. Ta n6i V la bat kha quy néu V chi c6 hai khong
gian con bat bién nay. Do khong gian véc to {0} chi c6 mot khong gian con
nén moi bi€u dién bat kha quy déu khac khong. Moi bi€u dién mot chiéu 1a bat
kha quy.

Khdi niém co s& cho phép ta phan tich mot khong gian véc to thanh téng
céc khong gian con mot chiéu. Trong 1y thuyét biéu dién, ngudi ta cling mong
muon thuc hién dugc diéu tuong tu: phan tich mot biéu dién bat ky thanh téng
céc biéu dién bat kha quy. Tuy nhién, diéu nay khong phai lic nao ciing thuc
hién duoc.

Gia st (7, V) va (p, V) la hai biéu dién clia cing mot nhém G. Mot todn tir
bén 12 mot anh xa tuyén tinh lién tuc 7: V — W théaman Tor = po T.
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Ky hiéu khong gian cac todn tir bén 1a Homq(V, W). Céc toan t bén déng
vai trd cla todn tlr tuyén tinh trong dai s6 tuyén tinh. Hai biéu dién (7, V) va
(p, V) goi la tuong duong néu toan t T c6 nghich ddo ciing 1a mot todn tir bén.

Thong thuong ta yéu cdu V la mot khong gian Hilbert va biéu dién cta G
bao toan tich vo huéng hay T(g) 1a cac toan ti unita trén V. Ta n6i T 1a mot
biéu dién unita lién tuc cta G.

Ky hiéu G = {I6p tuong duong céc biéu dién unita bat kha quy ctia G}

Ta goi G 1a d6i ngdu unita cha G.

1.2 Mo ta cac quy dao doi phu hop cua SL(2,R)

1.2.1 Cac tinh chat co ban cua SL(2,R)

SL(2,R) 1a 16p cdc ma tran vudng cép hai thuc ¢6 dinh thiic bang mot. Nguoi ta
biét rang SL(2,R) 1a mot nhém Lie don. Bang hé thic quen biét det(I+tX)=1+
t. tr(X)+o(t), ta thu dugc dai s6 Lie sl(2,R) chinh la 16p cac ma tran vuong cip

hai c6 vét triét tiéu.
a b
g-{(c _a)\a,b,ce]R}.

Trén SL(2,R), ta trang bi mot dang song tuyén tinh d6i xing B(X,Y) =
Tr(ad(X).ad(Y)) duge goi l1a dang Killing. Ly thuyét Lie ¢6 dién da néi rang,
trén cac dai s6 Lie nita don, dang Killing 1a khong suy bién. Do d6, doi vé6i
SL(2,R), ta thu dugc mot dang cau khong gian véc to tir g 1én g*duoc x4c dinh
bdi dang Killing. Cy thé hon, X — X = 2 (X))

Dai s6 Lie sl(2,R) chdp nhan mot hé co s& tu nhién:

1 0 01 0 1
(o S )= (1) r=(50)
cung vdi cac phép toan: [H,X]=2Y, [H,Y]=2X, [X,Y]=-2H. Xét biéu dién chinh

tac cua sl(2,R) xdc dinh boi: ad(A)B=[A,B]. Trong co sd tao boi {X,H,Y} thi
ma tran cta biéu dién ad doi véi cdc véc to co s& sé 1a:

00 0 00 2 0 -2 0
adX)=[0 0 -2 |,adH)=[ 000 |,ad¥y)=|2 0 0
0 -2 0 2 0 0 0 0 0
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Trén g*, ta chon co s& {X*, H*, Y*} d6i ngdu véi co s6{X, H,Y} cua g. Khi
dé, bang tinh todn cu thé, ta thu dugc dang tudng minh cta dang cau X — X
dudi dang ma tran trong hé co s6 trén la:

0
0
-2

O O N
o N O

Noi1 cach khac R R R
X =2X*Y =-2Y" H=2H"

Chi y g 1a mot G-khong gian véi Ad biéu dién va g* ciing 1a G- khong gian
v6i K-biéu dién. Tuy nhién, qua dang cau sinh b&i dang Killing X + X thi hai
G-khong gian nay tuong duong nhau.

Ménh dé 1.2.1 Todn tur X — X la mot dnh xa tron G-ddng bién ciia cdc
G-khong gian hay noi cdach khac ta co voi moi g € G thi
Ad(g)X = K(g)X.
Chitng minh: Theo tinh chat ctia vét ta c¢6 hé thic sau:
tr(adY.adX.adZ) = tr(adX.adZ.adY).

Do d6 ta c6
tr([adX,adY].adZ) = tr(adX .[adY, adZ)),

hay
B(ad(-Y)X,Z) = B(X,ad(Y)Z).

Ap dung hé thic trén n 1an, ta thu duoc:
B(ad(-Y)"X,Z) = B(X,ad(Y)"Z.

Vay sau khi 14y téng cdc hé thitc nhu vay, ta suy ra:

B} W(;ily))nx, Z)=B(X,} ad(}f)nZ).

n.
n=0

Hay
B(eY)X, 7) = B(X, e 7).

Trong 1y thuyét nhém Lie c6 dién ta c6 hé thic e*¥X) = Ad(exp(X)). Chi tiét
xem [10]. Suy ra v6i moi X, Y, Z € g thi

B(Ad(expY) X, Z) = B(X, Ad(expY)Z).
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Théc trién hé thic nay lén toan bo G, ta thu dugc:
B(Ad(g)X,Z) = B(X, Ad(g7'2).

Do Z dugc chon tuy ¥ nén ta suy ra

binh ly dugc chitng minh.

Nhan xét:Pat J = < (1) (1) ) thi ta c6 J? = I, det]=-1.

Do GL(2,R) Ia tich clia SL(2,R) va R* nén véi moi A € GL(2,R), A c6 thé
phan tich thanh tich cia mot phin tir thuoc SL(2,R) va mot phan tr bang A
hoac A\J.

1.2.2 Phan loai cac quy dao doi phu hop

Chiing ta thay vi nghién citu ciac K-biéu dién trong g* s& nghién citu ciac Ad-biéu
dién trong g. Ménh dé 1.2.1 khang dinh, cic K-quy dao va cic Ad-quy dao 1a
vi phoi G-déng bién véi nhau.

Dai s6 tuyén tinh phat biéu ring moi ma tran vuong déu dong dang v6i mot ma
tran Jordan. Chd y ring & day ta chi xét cdc ma tran cdp hai do tinh chét kém
tong qudt clia bai todn. Nhan xét thém ring todn tir A — X AX ~! 12 tuyén tinh
cho nén biéu dién vo cling bé cla todn tir trén don thudn chi 1a phép 1dy lién
hop trén khong gian tiép xdc tai I va c6 thé dugc thdc trién thanh biéu dién cia
GL(2,R) trén sl(2,R). Do tr(A) = tr(X AX ') nén moi ma tran vuong cip hai
¢6 dinh thic bang mot déu tuong duong véi cdc ma tran c¢6 dang

A0 00
1 A )\ 10 )’
Dinh 1y sau cho ta sy mo6 ta tudng minh hinh hoc ctia cic quy dao d6i phu hop:

Pinh 1y 1.2.2 Méi quy dao doi phu hop ciia SL(2,R) thuéc mot trong cdc dang
sau:

e (a) Mdr Elliptic hyperboloid: Q\={2xX* + 2hH* — 2yY™* | 2* + h* =
y? + A2\ # 0} di qua 2\H*,

e (b) Nita mdt nén trén: Q2 ={2xX*+2hH*—2yY™* | 2+ h? = y*,y > 0}
di qua X* +Y™,
Nita mdt nén dudi: Q? ={ 2z X*+2hH* —2yY™* | 2>+ h? = y?,y < 0}
di qua X* —Y"*,
Quy dao mot diém: Q2={0},
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e (c) Niia trén mdt hyperboloid Q% y={2xX* + 2hH* — 2yY™* | 2* + h* =
y? — N2y > 0} di qua 2\Y*, X\ > 0
Nita dudi mdt hyperboloid Q:)\={ 20 X* + 2hH* — 2yY™* | 2% + h? =
y2+ M2y <0} di qua —2\Y*, X > 0.

Chiing minh: Trudc hét ta chitng minh nhan xét sau: trén moi quy dao phu hop

cta SL(2,R), ta luon c6 thé tim duoc cac diém dac biét ma cho phép ta phan

loai cac quy dao phu hop.
a b

That vay, véi A = ) € sl(2,R), ta xét da thic dac trung:

t b

a_
det(A —tI) —det< e —a—t

>:¢2+ddA:wc—a?+ﬂ,

a) Néu detA < 0 hay A c6 hai gid tri riéng khac nhau A va —\, véi A = v/—detA
thi A chéo hoa duoc ,

N 0N,
(20 Yar

Theo nhan xét trong 2.1.2, ta thay do Ad(al)=Id va tic dong

wn(21)=(5 7))

bao toan 16p cac ma tran chéo nén

_ A0 1
A_S<O _)\>S ,
v6i det S=1, A = +)\.

b) Néu detA=0 hay tat ca cdc gid tri riéng clia A bang 0.
Néu A = 0 thi quy dao chi gébm mébi diém 0. Néu A khac O thi theo dai s6
tuyén tinh, A déng dang v6i mot ma tran Jordan

A:T(?S)T*, T € GL(2,R).

Theo nhan xét 1 thi do 16p ma tran { ( 8

00Y,, (01
(Vo) =(00):
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nén trong trudng hop nay, tuy theo ddu cta detT ma quy dao qua A c6 thé chia

. 4o 0 0 01
mot trong hai diém : 10/ Lo o0/

¢)NEu detA >0 hay cac gia tri riéng cta A la thuan ao.

bat A =+v—a? —bc # 0 taco

A2:<a b )("’ b >:—>\ZI.
cC —a cC —a

Chon X € g\{0} va dat Y = AX. D& thiy do A°X = —\*X nén Y #£ 0
Gid st Y=p.X, p € R thi mot mat do A2X = —\2X, mot mat A2X = A\Y =
AMpX = A\%pY = p?)\?Y nén ta suy ra p* = —1. Mau thuén.

Vay X, Y doc 1ap tuyén tinh va lap thanh co s& cua g. Trong co s6 méi nay thi

A ¢6 dang chuén:
(0 A
AT(A ; >T ,

v6i T 12 ma tran ddi co s6 € GL(2,R).

Dai véi cdc trudong hop con lai, ta ciing 1ap luan tuong tu. Ta thu duogc trén mdi
quy dao phu hop luon chita ding mot diém dac biét thuoc mot trong cdc dang
sau :

0 A 0 =X 00 01 A0 00
-2 0 /LA O "\1 0\ 0 0/)"\L0 =X /)"0 O0)"
Ap dung vao viéc phan loai cic quy dao doi phu hop, ta c6:

1. Quy dao phu hop di qua ( ())\ _O)\

Vé6i S € SL(2,R), ta thu duge

(L ) =s (o ) s =) (s S (s

fu v A0 t —v '\ [ Mut+sv) —2\uv
st 0 —A -s u ) 2\st —A(ut + sv)
hay ta thu dugc 2 = ut + sv, ¥ = —2up, ¥ = 2st.

Suy ra Iz/\_zyz + 2 = —duvst + (ut + sv)? = (ut — sv)? = 1.

Hay 22 + h? — 3% = \2.

2. Quy dao phu hop di qua < (1) 8 > .
Véi S € SL(2,R), ta c6:

21

X



( h x+y>_5<0 0)5_1_<u v><0 0><t —U)
x—y —h 10 s t 1 0 -5 u
[ vt —v?
S\ —ut
0. Chd y rang (z,h,y) # (0,0,0) va y < 0. Vi vay, ta thu dugc
22+ h? =1y?% véiy < 0.

trong d6 h=vt, z+y = —v?, x—y = t*. Hay 2*+h*—y* =

3. Qu¥ dao phu hop di qua ( 8 (1) ), tuong tu la: 22 + h% = 42, véi y > 0.
4. Quy dao di qua (0, 0, 0) chi c6 duy nhat mot diém.

5. Quy dao doi phu hgp di qua < ?\ _OA > .
Véi S € SL(2,R), ta c6:

CE S ) ()
- (AT E D)

hay%:vt-ﬁ-us,LJ)TZ/:_(“Q"‘UQ)’Z_;?/:SQ_’%Q'
hay 228 + 22 —1v6i 0> +y, 2 —y > 0.

Vay phuong trinh quy dao 1a : 2% + h? = y? — A%y < 0.

6. Quy dao phu hop di qua < _0)\ ())\ ) . Thyc hién hoan toan tuong tu ta
thu duoc 22 + h? = 3% — X2,y > 0.

Tém lai bang tinh todn cu thé ta thu duoc tit ca cdc quy dao phu hgp cua
SL(2,R). Bing cidch chuyén qua dang cau sinh bdi dang Killing, ta thu dugc
danh sach tét ca cac K-quy dao ctua SL(2,R) trong dinh 1y 1.2.2.

Nhan xét 1

Trong dinh 1y trén ta da thu dugc danh sach tét ca cdc quy dao doi phu hgp cta
SL(2,R) gém timg phan clia cdc mat miic sinh béi da thic {22 + h? — 3?}. Tuy
nhién cac gia tri cua da thitc nay khong cho mot phan loai hoan toan cac quy
dao d6i phu hgp. Dién hinh 1a v6i cdc quy dao tng véi {z? + h? — y* = 0}.
Tuy vay, da thic nay ciing cho mdt phan muc tuong doi tét cho cac quy dao.

D6i v6i cdc nhém Lie nira don khéc ¢6 s6 chiéu cao hon, ta ciing c6 thé tim
duoc mot 16p da thic c6 tinh chit tuong tu nhu vay. Vi du véi SL(n,R), ta biét
rang det(XAX 1) = detA, VX € SL(2,R). Vay, ta thu dugc

det(X (A — M)XY) = det(A — AI).
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Pao ham ca hai v€ theo \ cap k < n ta thu duge: P,(XAX™!) = P,(A), trong

d6 Py 1a cdc ham cta ma tran, nhan gi4 tri bang s&, dong vai trd nhu 1a cdc hé s

cta da thitc dac trung 1a cdc da thic bat bién. Vidu Py(A) = detA, P, 1 = TrA.
Vé6i G=SL(2,R), thi

h THY N _ 2 2 42
det(z—y _h )—y x° — h®,

chinh la da thic bat bién cuia chiing ta.

1.3 Phan cuc cho SL(2,R)

Mot trong nhitng su phét trién tiéu biéu cta phuong phdp quy dao 1a Iy thuyét
lugng tir hod hinh hoc. Trén mdi quy dao do6i phu hop, ting v6i ham f, ta cho
né tuong ung vdi toan tir f ma dugc xay dung nhd mot lién thong affine. Tuy
nhién, van dé nay sinh lai 1a khong gian ma cac todn tir d6 tic dong. Mot cach
tong quat, trén mdi da tap symplectic, vi cdc nguyén nhan vat 1y, ngudi ta cin
phai xay dung mot khong gian L? theo cdc toa do c6 s6 bién bing mot nira s6
chiéu quy dao. Qua trinh xod di khoi cac toa do ciia mot da tap symplectic mot
ntta s6 cac toa do ’xung luong’ goi 1a phan cuc.

1.3.1 Cac khai niém co ban vé phan cuc

Cho G la mot nhém Lie. Mot phan cuc phitic cua quy dao Qp tai F' € Qp la
mot bo bon (), b, U, p) thoa man:

1. n la dai s6 Lie con cua dai s6 Lie phiic gc = g ® C va chia gp.
R

2. Dai s6 con 7 la bt bién dudi tdc dong cla cic todn tit Adg. .z, x € Gp.
3. Khong gian véc to n-+7) 1a phic héa cua dai s6 Lie con thuc m = (n+7)Ng.

4. Tat ca cdc nhom con My, Hy, M, H déu déng, trong do6, theo dinh nghia
My (twong tGng Hj) 1a nhém con lién thong cua G véi Lie dai s6 Lie m
(twong tng b :=n N g) va M:=Gp.My, H:=Gr.Hy.

5. Tén tai biéu dién unita U ctia H va biéu dién chinh hinh mot chiéu p
clia 1) thod man: U(expX) = e véi X € 7, trong d6 n xdc dinh béi
n(X) =2mi(F, X).

6. Diéu kién Pukanszky thda man: F +n+ C Qp,
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Chi y: diéu kién 5 va 6 thuong dugc thém vao dé ta nhan dugc biéu dién bat
kha quy cua G.
Ky hiéu tap nghiém cua phuong trinh:

f(gh) =U(h).f(9)

(Lx —p(X))f =0
la COO(Gv 777 H7 p? U)
Ta c¢6 dinh 1y sau: (chi ti€t xem [13])

Pinh 1y 1.3.1 Vi cdc diéu kién trén, X = H \ G ldp thanh mot da tap hon
hop kiéu (k, 1) trong dé, k=dim G-dim M ; | = 3(dimM — dimH). Ta c6 thé
dinh nghia mot khong gian phdn thd chinh hinh ting phdan € ,, sao cho biéu
dién ciia G lén khong gian cdc ldt cat chinh hinh timg phdn €y, tuong duong
Vi biéu dién tinh tién cia G lén L(G,n, H, p,U)

Khi d6 ta goi €y, 12 phan thé cam sinh.

Duéi day, chiing t6i s& chon phan cuc phiic tng véi ting quy dao (1, p, H,U)
ting v6i tiing quy dao hai chiéu. Qu§ dao tdm thudng gém diém 0 Gng véi biéu
dién tdm thuong duoc bd qua.

1.3.2  Phan cuc cho quy dao Q}

Ching ta xét F' = 2AH* € QL, dai s6 Lie con phic n = (H, X + Y)¢. Biéu
dién U = ?™F) clhia h = N g c6 thé dugc thic trién lén thanh biéu dién cla
H = H°UeH" thod man U(e) = +1. Xét p 1a thdc trién cta dU lén 1.

Ménh dé 1.3.2 (n,h,U, p) la mot phan cuc ciia Q3.

g a91 )} c6 hai thanh phan lién
thong tng v6i @ > 0 va a < 0. Hién nhién, dai s6 Lie cta n6 1a gr = (H).
Nhan thdy Ad-quy dao di qua F' = \H chia hai dudng thang {F +#(X FY)}.
RO rang, cdc dudng thing nay 1a anh ctia hai dudng thing {F + t(X* £ Y*)}
di qua F' nim trong 2 du6i ding cfiu sinh bdi dang Killing.

Chon n = (H, X +Y)¢. Ching ta thay di¢u kién Pulkansky dugc thoa man.
Chd y rang do [H, X+Y]=2(X+Y) nén 1 1a mot dai s6 Lie con bat bién dudi
Ad-tac dong cua Gp. Ching tacingsuyrah=nNg=m= (H, X +Y), 7=
n,m¢ = n+ 7 = 1. Nhan thdy p(.) = 2mi(F,.) 1a biéu dién chinh hinh mot
chiéu cua n, ma p(aH + b(X +Y)) = 4wila.

Bang tinh toan cu thé, ta thu dugc

(i Sy e (3 ) (3 1) (5 452
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Chitng minh: . Dé thdy ring G = {(




Vay,
b

U <e:cp ( COL 4 )) = ¢'™% hay U < g oﬁl ) = o™ v6i moi o > 0.

Do G ¢6 hai thanh phan lién thong tng véi o > 0 va oo < 0

H:GF.H0:{<8‘ aﬁ_1>|a7é0},

néntacéH—H0U<_01 _01>.H0.

Vay, bang viéc thac trién U Ién trén H, ching ta thu duoc hai biéu dién unita
cta H tuong ting vé6i cdc dac trung cha H/H® = Z,, :

a p _ ANy a — | |AmiN
U( 0 o ) =| o va U< 0 ol > = |a|*™* . sgn(a).

1.3.3 Phan cuc phiic cho quy dao Q2

Xét didm = X* —Y* ¢ 0%, cung dai s6 Lie con phic n = (H,X +Y)c.
Biéu dién U = e>™{") ¢6 thé dwoc mé rong lén tren H = H° U cH° thong qua
U(e) = £1. Xét p 1a théc trién ty nhién cta dU lén 7.

Meénh dé 1.3.3 (n, p, U, p) la mét phdn cuc phiic ciia Q2.

Chiing minh. Dé thdy ring nhém con dimg G = {( g 2 > |ae{-1, 1}}

c6 dai s6 Lie gr = (X 4+ Y) gém hai thanh phan lién thong tng v6i a > 0
via < 0. Chon n = (H,X +Y)c. Do [H, X+Y]=2(X+Y), n la dai s6
Lie, bat bién dudi Ad-tic dong cua Gp. Tuy nhién, doi véi quy dao nay,
diéu kién Pukanszky khong duogc théa man. Khong khé khan, ta suy ra h =
nNg=(H,X+Y),7=mn=mc va0 la biéu dién chinh hinh mot chiéu
2
ctia 7. Hién nhién ring, H = H° U < -0 ) HO va ( -0 ) =1
0 -1 0 -1
-1 0

TacoU< 0 —1

) = 41. Vay, tuong Gng véi cdc dac trung cta H/H°,

ching ta nhan duoc hai biéu dién unita cta H la: U ( o f > =1va

0 a!
U( g aﬁ—1 ) = sgn(a).

Tuong tu, chiing ta cling nhan duoc cing mot két qua doi véi quy dao 22
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1.3.4 Phan cuc cho quy dao Q0

Ching ta xét F' = 2H* € (3 . dai s6 Lie con phttc 7 = (Y, X +iH)¢. Do 6n
dinh tir SO(2,R) clia F' khong don lién, U = e2™{(F) ¢6 thé thac trién lén H khi
va chi khi qu§y dao nay nguyén Q?j\ + (hay noéi céch khac, dang Kirillov thugc
16p doi dong diéu nguyeén).

Ménh dé 1.3.4 (1, p, U, p) la mot phan cyc ciia ¥ va quy dao nay la nguyén
khi va chi khi \ c¢6 dang \ = %.

Proof. Hién nhién rang nhém con dimg Gr = SO(2,R) ting v6i dai s6 Lie
gr = (Y) 1a lién thong nhung khong don lién. Bang viéc chon n = (Y, X +
iH)c,me¢ = g,h = 1N g, ta nhan thiy 7 la dai s6 Lie con phiic cua g, Ad-bat
bién dudi tic dong cta Gr. Ta cling thay viéc xét truc ti€p quy dao nay bang
viéc xét phic héa cua ching. Khi d6, dé thdy diéu kién Pukanszky dugc thoa
man.

= —4mila, ma co

—ia a+b>

Ta nhan thdy 71 c6 biéu dién mot chiéu p ( Catb  ia

han ché 1én h 1a p < _Oa 8 ) = —4mila.
Mat khéc,
exp( 0 a>:< cosa sina >
—a 0 —sina cosa
Vay

cosa sina A
U i —e 4771)\a-
—sina cosa

Do SO(2,R) khong don lién, U c6 thé khong xac dinh don tri trén toan bo H.
Dé thay, di€u kién cin va da cho su ton tai cuia U la A = %.

boi v6i quy dao Qi,— ta cling thuc hién va dat dugc két qua tuong tu.

Hé qua Ta thu dugc tat ca phan cuc d6i vé6i cac quy dao d6i phu hop, kéo
theo thu duoc biéu dién clia nhém SL(2,R) Ién khong gian Hilbert cdc 14t cat
chinh hinh timg phan, binh phuong kha tich cia mot khong gian phan thé véc
to. Tuy nhién, két qua nay khong & dang tudong minh do tich thé néi chung
khong tinh dugc. Ching ta chi ra mot céch ti€p can khac hiéu qua hon trong
chuong sau bang lugng tir héa bién dang,
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Chuong 2

Luong tu hoa bién dang

Chiing ta bit dau bang khai niém lugng tir hod bién dang cta Bayen, Flato va
nhiing ngudi khac, duge Fedosov trinh bay trong [18], cac tinh chit cliia x-tich
néi chung va clia -tich Moyal néi rieng. Dé thuan tién chiing toi ciing néu ngay
cac khai niém md&i nhu x- tich G-hiép bién, ban d6 tuong thich va quy dao doi
phu hop luong tur.

2.1 Luong Tu Hoa Bién Dang

Nhu di néi, lugng tir hod 1a qué trinh xay dung mot hé luong tir tir mot hé cd
dién nho quy tic lugng tir. That khong may, tir tuong Gng & day khong mang
mot y nghia x4c dinh. Co hoc c¢6 dién hiéu theo mot nghia nao dé 1a gi6i han
clia co hoc lugng tir khi cho tham s6 Plank tién dan t6i 0, do d6 khong thé c6
duoc mot quy tic lugng tir duy nhat. Trong mot s6 trudng hop du tot, ta ¢ thé
hi vong ring két qua cudi cling khong phu thudc vao phuong phap ta chon dé
luong tu hoa.

Luong tir hoa bién dang khac véi luong tlr hod hinh hoc vé co ban do hing
s6 Plank c6 thé c6 bac tuy y; lugng tir hod bién dang lai khac luong tir héa Weyl
G cho tham s6 Plank khong phai 1a mot s6 thuc duong ma 1a mot tham bién hinh
thitc. Céc dai lugng luong tir trong lugng tir hod bién dang chi cin 1a mot chudi
luy thira hinh thitc chit khong can la mot ham kha vi vo han nhu trong lugng
tlr hod Weyl. Ngoai ra, uu diém 16n nhét clia luong tir hoa bién dang la c6 thé
duoc dinh nghia trén mot da tap symplectic bat ky chit khong nhat thiét 1a cho
khong gian symplectic chinh tic R*" (theo két qua ctia M. Kontsevich thi moi
céu tric Poisson déu c6 thé luong tir hod.
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2.1.1 «-tich kha vi hinh thirc
(xem[18]).
Dinh nghia 2.1.1

Gia st (M, w) la mot da tap symplectic va Z = C*°(M)[[v]] 1a khong gian
tuyén tinh cdc chudi luy thita hinh thic a(z,v) = > ;2 vFax(z) voi céc he tl
ag(xz) € C>®(M).

Lugng tir hod bién dang ctia C'°(M) (hay con goi la lugng tir hod bién dang
trén da tap M) 1a mot dai s6 két hgp xay dung trén Z véi mot - tich két hop
thoa man cdc tinh chit sau

1. *- tich c6 tinh chat dia phuong, tic 1a hé tr c¢x(x) cua tich

c(z,v) = a(z,v) *xa(z,v) = i vrey(x),
k=0
chi phu thugc vao cdc he tr 9%a; va 9°b; v6i k >| a| + | B | +i+j > 0.
2. x-tich la bién dang cta tich giao hodn thong thuong cic ham trén M
co(x) = ao(x).bo(z).
3. %- tich thoa man tich tuong thich hay
axb—bxa=—iv{ap, by} + o(v),

trong d6 {.,.} 1a méc Poisson cdc ham, con dau ba cham thé hién céc s6
hang bac cao hon v. O day v 12 mot tham bién hinh thic (con goi 1a tham
bién bién dang) khong c6 vai trd gi dac biét, mién 1a khac khong.

No6i cach khic, mot x- tich (kha vi) hinh thidc trén da tap symplectic(M,w) la
mot dnh xa song tuyén tinh

C (M) x C=(M) — C=(M)[[v]],

o0

(u,v) — u*,v= ZVTOT(’LL, v),
r=0
thoa man
(U, v) *, w=ux, (v, w),
ii. Co(u,v) =u.v,Ci(u,v) — Cl(v,u) = 2{u, v},

. 1x, u=ux,1=u,
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iv. Cac C, 1a cac toan tu song kha vi trén M (tinh kha vi cua - tich),

Véiu, ve C*°(M), ta ky hiéu [, r, 1a todn tir nhan trdi va nhan phai trong
dai s6 (Z, x) sao cho [,(v) = u.v = r,(u). Néu %- tich 1a kha vi thi cic todn tir
T4, [, 12 kha vi hinh thic. Céc tinh chat sau cua x- tich dugc suy ra truc tiép tir
dinh nghia:

Ménh dé 2.1.2 xem [6],
(1). Voi moi t € N,u,v, € C°(M), thi

Z Cr(Cy(u,v),w) = Z Cr(u, Cs(v,w)),

r4s=tr,s>0 r4+s=tr,s>0

(2). Cr(u,c) = Crlc,u) =0,¥r > 1,u € C®°(M),c € R,
(3). cxu=uxc=cu,Vc R,

(4). Tinh chdt két hop ciia x- tich tuong duong vdi todn tir l,, giao hodn duoc
voi 1y, voi moi u, v € C>*(M).

Chitng minh Ta néu ciach ching minh tinh chat thi tu.

V6i moi u, v, € C°(M), tacod ux (vrw) = (u*xv)*w <= l,(v*w)=
Tw(uxw) <= 1, (ry(v)) = re(lu(v)) <= 1, 0 ry(v) = ry o l,(v).
Tur d6 ta ¢6 diéu phai ching minh.

Chi ¥

e Mot - tich ¢6 thé chi xdc dinh trén mot tap con tuy y ctia C°°(M) mién
12 né 6n dinh duéi x- tich vd méc Poisson.

e Mot *- tich ¢6 thé khong kha vi, n6i cach khéc, kha vi chi 12 mot tinh chét
ctia x- tich hinh thic. Tuy nhién, vi phan tiép theo clia luan van ta chi
dung dén *- tich kha vi nén ching t6i dung dinh nghia trén cua Fedosov.

e Nguyén tic tuong thich trong dinh nghia, hay ii. & trén kéo theo giao hodn
tr x4c dinh boi [u, v], = u* v — v+« ma hién nhién chuyén Z thanh mot
dai s6 Lie, c6 dang:

[u,v], = —iv{u,v} + -

Tir d6 ta c6 thé ky hiéu - biéu dién phu hop 1a ad,u(v) = [u,v],. Nhu
thé - tich lam bién dang hai cdu tric c6 dién trén C'>°(M):céu tric dai s6 giao
hoan d6i v6i phép nhan cac ham va céu tric dai s6 Lie cho bdi méc Poisson.

Su ton tai clia lugng tir hod bién dang trén da tap symplectic c6 thé néi ngan
gon nhu sau: (chi ti€t chiing minh xem [18]).

Gia st (M, w) 1a mot da tap symplectic 2n chiéu. Dang w dinh nghia trén moi
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T, M mot cau tric cia mot khong gian symplectic. Nguoi ta dinh nghia dai s6
Weyl hinh thiic W, tng v6i mbi khong gian ti€p xdic T, M 1a mot dai s6 két
hop trén C, c6 don vi, cdc phan tl clia n6 1a céc chudi luy thira hinh thic

a(y,h) = Z hkak@ya. 2.1

k,|a|>0

trong d6 h la tham bién hinh thic, y = (y*, 2, ...y*") € T, M 1a véc to ti€p

xtc; o = (ay, g, -+ -, gy,) 12 da chi s6 sao cho y* = (y')™ - - (y?7)2en,
Tich cdc phan tr a, b € W, dugc cho boi quy tic Moyal-Weyl
ih .. 0 0
aob=cxp(——w’——)aly, h)b(z, k) |,—, . 2.2
(=g ol WD) |y @2)

Cong thitic nay chinh la cong thiic tich ctia hai ky hiéu (symbol) a(y), b(y) trong
luong tlr hoa Weyl khai trién thanh chubi luy thira hinh thic theo /. Vi vay ta
c6 thé khang dinh tich nay c6 tinh két hop va khong phu thudc vao viéc chon
co s& trong T, M. Diém khéc nhau & day 1a thay vi xét cac ham tron, ta xét cdc
chubi luy thira hinh thic. Tham bién v thudng duge 14y 1a :Q—Zh dé thé hién y
nghia vat ly ctia khai niém.

Lay hop cac dai s6 W,z € M ta thu dugc mot khong gian phan thg cua dai
s0 Weyl hinh thic. Cac 14t cat cia phan thd nay tai dia phuong 1a cdc “ham”:

a=a(x,y,h)= Z R ag, o (7).y>.
|| >0

Xét khong gian cdc dang vi phan trén M, nhan gié tri trong phan thé Weyl
Q® W. Chi tiét khai niém xem thém trong [1]. Khong gian nay chidp nhan mot
su phan bac tu nhién:

2n
Ce(W e Q) =@ =W e ).
k=0

Xay dung moét phép vi phan hiép bién D trén khong gian cac dang vi phan nhan
gid tri trong phan thé Weyl sao cho D? = 0. Khi d6 ta thu duogc day khép sau,
tuong tu nhu day khép trong d6i dong diéu De-Rham:

0— C®(W) — C*W Q") — C°(WQ?) — -

it H,(W) = % va phép chiéu

o : C*(W @ Q) — C*(M)[[A]],
a(x,y, h,dx) — a(z,0,h,0).
Khi d6 ta c6 dinh 1y sau:
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Pinh 1§ 2.1.3 Ta c6
1) Hy(W) =0 vdi moi p >0 va Wp = KerD® = Ho(W).
2) Véi moi ag € C(M)[[h]] ludn ton tai duy nhdt a € Wp dé o(a) = ag

Dinh 1y trén phét biéu ring o : C°°(M)[[h]] — Wp 1a mot dang cau. Ky hiéu
4nh xa nguoc 12 Q. Do Wp 6n dinh dudi o-tich do d6 Q mang cau triic o- tich
lén Z dé tré thanh mot *- tich.
Cu thé hon
axb=o(Qa) o Q(b))

*- tich nay dugc goi I1a x- tich Fedosov, ky hiéu la xp-tich. Hién nhién ring x-
tich nay thoa man céc tinh chat trong dinh nghia 3.1.1. Nhu vay ta da ching
minh dugc *- tich Fedosov ton tai trén moi da tap symplectic tuy y. Hon nita
vao nam 1995, Nest, Tsygan, Deligne va Berteson déu chiing minh dugc trén
moi da tap symplectic (M, w), moi x- tich déu dang cau véi xp— tich(Hai -
tich x; v x, dugc goi 1a tuong duong néu tén tai dang ciau T, = Yoo VLT
la cdc todn tlr song kha vi trén M, sao cho T, (u x; v) = (T, x1 T,v)).

2.1.2 x-tich Moyal trén R?"

Qua trinh lugng tir hod bién dang doi héi nhitng tinh toan ma trong da so truong
hgp déu cho ra nhiing cong thic khong dep dé. Tuy nhién trong mot s6 trudong
hop ta c6 thé tinh toan dugc x- tich mot cdch tuong minh. Vi du dién hinh la
khong gian R?" cung dang symplectic chinh tac.

Gia st tréen khong gian R?" ta trang bi mot hé toa do chinh tic (p,q) =
(P1,D2s "+ s Pny @1, Q25"+ * 5 Gn) Nghia 12 R?"a khong gian symplectic v6i dang
song tuyén tinh w = >, dp; A dg;. Goi A la ma tran symplectic ing v6i dang
song tuyén tinh w ndi trén, ta ky hiéu
P’ (u,v) = A"t A=z ... \irir g, udj, g0, VT > 2, Vu,v € C°(R?™).

122°n

T . N N N _
Trong d6, 0;,4,...., = %, A™Jk 13 céc phdn tr cha ma tran A1,
. ox™ - - - 0x"
X:(pa Q)=(p17 P g, 7qn)'

Dinh nghia 2.1.4

(xem [6]). C4c cong thic

uxv=u.v+ Z l(E_)TP’“(u, v), (2.3)

31



i(uxv—v*u) =P (u,v)+ Z(%)%ﬁPQT“(u, v), (2.4)
r=1 :

xdac dinh mot bién dang hinh thdc cua tich giao hoan va tich Poisson cta
C>°(R?"), 1an lugt dugc goi 1a x- tich Moyal clia hai ham u va v.

Thyc ra st dung so do tinh todn cta Fedosov vao hai ham u, v € C>(R?"),
ta cling nhan dugc cdc cong thiic 2.3 va 2.4 hoidc c6 thé chiing minh truc ti€p
*- tich Moyal théa man cdac tinh chat trong dinh nghia 3.1.1. Thong thudng ta
chon hing s6 h = 1 dé thuan tién cho tinh toan. Tir day vé sau ta quy uGc *-
tich dugc ndi dén 1a %- tich Moyal. - tich c6 mot s6 tinh chat rat quan trong
sau day:

Ménh dé 2.1.5 [6]Néu u,v € S(R*") (khong gian cdc ham Schwartz) thi

1. u*xv=v%u.

2. [(uxv)(€) (2‘f§)n - f(u.v)(&)@dT%n,

3. Todn tirl, : S — S,v > uxwv lién tuc theo chudn trong L*(R*", %)

nén cé thé thac trién lén L2(R2, 95 ).

(2m)"

4.0 =1z lyoly=luw.

Tiép theo ta nhac lai mot s6 khdi niém lién quan dén quy dao d6i phu hop
va *-tich G-hiép bién.

2.1.3 x-tich G-hiép bién trén cac quy dao doi phu hop

Chiing ta da bi¢t trong chuong 2, cdc quy dao doi phu hop chinh la cdc da tap
symplectic thuian nhat phiang. N6i cach khic tuong tng A — A l1a mot dong
cau dai so Lie.

Khi ta trang bi mot *-tich trén (2, w) ta c¢6 khdi niém -tich G-hiép bién:

Pinh nghia 2.1.6 Gid su §) la mot K-quy dao cuia nhém Lie G trong g*vai tdc
dong Hamilton chdt cia G. Mot x-tich trén Q) duoc goi la G-hiép bién (hay hiép
bién dudi tdc dong cua G) néu nhu:

P

iAxB—iB*iA=i[A,B], VA BEcg.
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Khi -tich 1a G-hiép bién thi tuong tGng
A iAdx. =14(.).

1a mot biéu dién, ma ta s& ky hiéu boi 1 cta g trong Z=C°°(Q)[[%]]. Luogng tir
hod bién dang dp dung vao dai s6 Poisson (C*(2),{.,.}), mot mat cho ta cdc
quy dao déi phu hop luong tir, mat khic 12 nhim muc dich tim biéu dién cla
cac dai s6 con ctia C*°(£2) boi nhiing todn tir trong khong gian Hilbert R nao
d6. Trong cac phan ti€p theo, d6i v6i nhém Lie SL(2,R), sau khi lugng tir hod
hé (2, w), ta s€ c6 bién dang cta dai s6 Poisson cdc ham tron trén ciac K-quy
dao ctia nhém Lie G la khong gian U(H) cac toan tir trén khong gian Hilbert
‘H. Néu nhu G lién thong va don lién thi ta nhan dugc biéu dién unita T cla
nhém Lie G xac dinh bdi:

T(exp(A)) = €',

tiic 12 biéu do sau 1a giao hodn.

Tir mot dai s6 Lie cho trude c6 thé tim dugc nhiéu nhém Lie chua chic lién
thong hay don lién nhan dai s6 Lie d6 la dai s6 Lie cua minh. Vi du cac nhém
SU2) va SO(3) c6 cung mot dai s6 Lie la so(3), xem [10]. Nhung ngusi ta
ching minh dugec ring (nhd dinh 1y thi ba cla Lie) tuong tng v6i mot dai s6
Lie cho truéc luon ton tai mot nhém Lie don lién, lién thong ” 16n nhat ” G
goi 1a nhém phii phé dung. Do tinh chat don lién nén nhém phii phé dung chi
c6 céc biéu dién don tri, xem [31]. Trudc khi di vao tinh todn ching toi dua ra
mot s6 khai niém duoc dung dén cho cac phan sau.

2.2 Ban do tuong thich, ham Hamilton va cic quy
dao doi phu hop luong tir. Cac khai niém co
ban

Dé xay dung lugng tir héa bién dang trén cidc K-quy dao véi tich Moyal, chiing
toi dé xuat khai niém ban do tuong thich. Cic todn tir lugng tlr c6 dang rét cong
kénh cho nén ching ta phai sir dung phép bién d6i toa do sao cho ham Hamilton
va dang Kirillov la don gian nhat. Sy ton tai cta ban do6 tuong thich trén moi
da tap symplectic tong quat di cho chiing t6i mot y tudng vé viéc tim mot ban
d6 théa man nhitng yéu cau dé. Viéc nay con cé y nghia & chd né xay dung
céc pht phd dung ciia quj dao va do d6 n6é cho phép mang *-tich Moyal trén
R?" sang ciac K-quj dao  qua dé kéo theo su xudt hién clia cac dai so6 luong
t ung véi cac quy dao doi phu hgp lugng tir. Vi vay, day la mot trong nhitng
khai niém dong vai tro vo cung c6t yéu trong qua trinh lugng tlr hod.
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Dinh nghia 2.2.1

Cho © 1a mot K- quy dao 2n-chiéu cua nhém Lie G. Néu c¢6 mot vi phoi
Y R*™ — Q;(p,q) — & = (p,q) thi cap (,¢") dugc goi 1a mot ban d6
tuong thich néu:

1. V6i A € g, ham Hamilton trén ) ¢6 dang bac nhat theo bién p

Aol/fi% ZM% pz+M0 )

trong d6, y;(q), (i > 0) la cdc ham kha vi vo han theo bién q.

2. Trén ban d6 do6, dang Kirillov 1a

w = idpi A dg;.

i=1

Tir day cho dén hét, ta s& ding ky hiéu A thay cho ky hiéu A o ¥ (p, q) dé chi
ham Hamilton trong hé toa do chinh tac (p, q).

Véi moi A € g, ky hiéu toan tir x-tich trdi cia i A véi ham f, xac dinh trén khong
gian con tril mat gom cac ham tron cta L(R>", dpdq/(27)*") 1a l4(f) = iA* f.
Khi d6, theo ménh dé 2.1.5 thi [, dugc thac trién duy nhat tré thanh mot toin
tl tuyén tinh lién tuc trén L?(R?", dpdq/(27)?").

Tiép theo, ta nhac lai khéi niém bién d6i Fourier bo phan F,, tr bién p sang bién
x ctia ham f, x4c dinh trén khong gian cdc ham Schwartz trén R?" hoac C*:

Fp(F)(z,q) = (2;)3 /Rn e~ f(p, q)dp,

va phép bién déi Fourier nguoc twong tng

F () q) = ﬁ / e f(p, q)dp

Cic tinh chat cia bién déi Fourier duoc coi 1a da biét.
DPinh nghia 2.2.2 (K-quy dao luong tiv)
Cho 22" 1a mot K-quy dao 2n-chiéu ctia nhém Lie G. Véi 4 € G,

1. Todn tit [y = Fpoly0 F, ! xéc dinh hau khap trén L*(R*", dpdq/(27)*")
la todn tr lugng tur tuong thich

2. (92", 14) 1a K-quy dao luong tir ting v6i nhém Lie G.
3. Hop ctia cdc Q*"cling cic todn tir [y = F,oly0 F, " A € g dugc goi la
tang K-quy dao lugng t&r cia G bac 2n, (quantum strata of K-orbit).

34



2.3 Ban do tuong thich va ham Hamilton trén cac
quy dao

2.3.1 Quy dao 2}

Nhic lai ring Q) = {22 X* + 2hH* — 2yY™* | 2* + h? = y? — A\*} Theo céc két
qua vé phan cuc phic cho quy dao nay, di qua 2\H* € Q c6 mot khong gian
con affine ¢6 d6i chiéu 1, nam trong quy dao (diéu kién L.Pukanszky) la
F4nt={2pX*"+2\H* —2pY* | p e R} C Q.

Hon nita, néu diéu kién L.Pukanszky dugc thoa man tai mot diém thi s& dugc
thdéa man tai moi diém trong quy dao (xem [31] ). Vi vay, khi ta cho diém F
chay trén khap dudng tron {z* + h* = A\*,y = 0} thi khong gian con affine
K(g)F + (Ad(g)(n))* s& quét hét toan bo quy dao. N6i cach khéc, quy dao
nay dugc tham s6 héa bdi p va géc quay q:

x = M(p,q) = pcos(q) — Asin(q),

h = N(p,q) = psin(q) + Acos(q),

y=Pp,q) =p
Cac M, N, P théa man céac hé thic sau:

M, = —N;N, = M; M, = cos(q); N, = sin(q); M. cos(q) + N.sin(q) = p;
(2.5)

Hay néu dat ¢ (p, q) = (2M(p, q),2N(p,q), —2P(p, q)) thi ta c6 thé ching minh
dugc rang, 1 12 mot phép vi phoi dia phuong va do R? 1a don lién nén (R?, Q3 v)
1a khong gian phtt phé dung. Chd y rang, (R?, dp A dg) va Q) vé6i dang Kirillov
déu 1a cdc da tap symplectic. Ménh dé sau day ching to rang ¢ khong chi la
mot vi phoi dia phuong ma con 1a mot cu xa symplectic.
Meénh dé 2.3.1 ) la mot cdu xa symplectic va ham Hamilton Ating véi A=a, X +
biH + 1Y ¢6 dang

A(F) = (F, A) = (2ay cos q + 2by sinq — 2¢1)p + (—2ay sin g + 2b; cos ¢)\

Chiing minh: Theo tinh chat cta quy dao d6i phu hop thi v6i A=a; X +b; H +
1Y thi ham Hamilton tng vdi trudng véc to bét bién sinh boi A lai chinh la
han ché cta A 1én trén Q3. Suy ra v6i F' = 2M X* + 2N H* — 2PY* thi

~

A(F) = (X + b H + ¢|Y,2MX* + 2NH* — 2PY™)
= 2@1M + 2b1N - 201P
= 2ay(pcosq — Asinq) + 2by(psing + Acosq) — 2¢1p
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Trén R? c6 hai cdu tric symplectic, cdu tric thit nhat 1a dang Kirillov cam sinh
bdi 4nh xa v va cu tric thit hai 1a dang symplectic chinh tac dp A dg. Chiing ta
chiing minh su tring nhau cua chiing bang cich nhan thay gia tri tai cdc trudng
véc to bat bién 1a trung nhau.

Trén Q) dang Kirillov xdc dinh bdi wp(£4,€5) = (F, [A, B]). Nhan thdy ring:

{A(p,q). B(p.q)} = wr(€a,&p) = (F.[A, B))
— 2MX* + 2NH* — 2PY*, 2(bics — boey) X +
+ 2(crag — caaq1)H — 2(a1by — aghy)Y)
=AM (bycy — bacy) + AN(cras — caaq) + 4P (a1by — asby).

Mat khéac:

-~ 9AdB 0A0B
dp AN dq(€a,€p) = {A, B} dp Og  0Oq Op

= (2a1 M + 204N — 2¢1 P)(2a9 M, + 2by N, ) —
— (2aaM + 2byN — 2¢5P)(2a; M, + 21 N,)
= 4(byca — bacr) Ny + 4(crag — coar)(—M,)+
+ 4(arby — aghy ) (M,N, — N,M,)

— {4, B}g.

Dinh 1y dugc ching minh.

232 Quy dao 2 va Q2

Nhac lai rang Q2 = {20X* + 2hH* — 2yY™* | 2* + h? = y?,y > 0}
Theo cac két qua vé phan cuc phiic cho quy dao nay, diqua F = X*—Y™* € Q
c6 mot khong gian con affine c6 doi chiéu 1, ma nam trong quy dao

F+nt={pX*—pY*|peR}

Ta ciing giai quyét trudng hop nay tuong tu nhu Q1.
Véi p > 0 dat -

= M(p,q) =pcosq,
h = N(p,q) = psing,
y=P=p

N6i cach khac ¢ (p,q) = 2M (p,q)X* + 2N(p.q)H* — 2P(p,q)Y* la phép vi
phoi dia phuong tir nira mat phang phai H* = {(p,q) | p > 0} 1én quy dao Q.
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Chiing minh hoan toan tuong ty nhu 1.3.1, ta ciing thu duge (H*+,Q}, ) 1a
mot phu symplectic phé dung. Ham Hamilton tng v6i A € g la
A= 2a1.pcosq + 2by.psing — 2cyp.
Quy dao O? ciing dugc gidi quyét hoan toan tuong tu, v6i su thay ddi nhoé:H ~
thay cho H™; p < 0 thay cho p > 0.

2.3.3 Quy dao O3

Nhu da biét, d6i voi quy dao Q3 = {22 X* +2hH* —2yY™* | 22 + h? = y? — \?}
qua mot diém bat ky trong quy dao, ta khong thé nao tim duoc mot khong gian
con affine ¢6 s6 chiéu 1 ndm trong quy dao, du chi Ia dia phuong. Do d6 ta
khong thé tim dugc mot ban do twong thich sao cho ham Hamilton ting véi cdc
truong vecto bat bién.

Tuy nhién, van dé dugc gidi quyét hoan toan bing cdch md rong quy dao
lén trudong phic. Ky hiéu g = (g ® C)* va Q¢ = SL(2, C).F. Trong d6, biéu
dién cta SL(2,R) Ién trén g* dugc md& rong thanh biéu dién cta SL(2,C) Ién trén
phtc hod g*.

Chd y ring, tit ca cdc khai niém, két qua lién quan, déu dugc suy tuong tu
cho cac da tap phec.

Ta xét phép tham s6 hoa sau day cua quy dao

x=M(z,w) = zcosw — isinw,

h = N(z,w) = zsinw + isinw,

y=P(z,w) = z.
bat ¢(z,w) = 2M(z,w)X* + 2N(z,w)H* — 2P(z,w)Y™*). Nhan thdy rang ¢
1a mot 4nh xa chinh hinh nhiéu bién tir C x C 1én trén quy dao Q3. Véi cdc tinh

todn co ban vé ham phic, ta c¢6 thé chiing minh (C x C, Q3 ¢, %) 1a mot khong
gian pha chinh hinh phé dung.

Ménh dé 2.3.2 Ham Hamilton ing vdi truong vecto bdt bién sinh la tuyén tinh
theo zva ) :Cx C — Q%y/\ bdo toan dang symplectic.

Chimng minh:Méi F € QF | c6 dang 2M X* + 2N H* — 2yY™.

Vi A= X +bH 4+ 1Y, B =0ayX + byH + Y € g thi ham Hamilton xac
dinh bdi A c6 dang chinh 1a han ché cta A 1én quy dao:

A(F) = (F, A) = (i, X +by H4+¢,Y, 2M X *4+2N H* —2PY™*) = 2a, M+2b; N—2¢, P.

Vi vay ta ¢6 A(F) = 2a;(z cosw — Asinw) + 2by (z sin w + A cos w) — 2¢, 2, v6i

37



c4c tinh chat:
DA
0z

= 2(aj cosw + by sinw — ¢1); g—i = —2a, N + 20: M aa—? = g—g =0.;
(2.6)

Trén C? ¢6 hai cau tric symplectic, c4u tric thi nhat 1a dang Kirillov cdm sinh
boi dnh xa 1) va céu tric thi hai 1a dang symplectic chinh tic dz A dw +dz A duw.
Ching ta chiing minh su tring nhau ctua ching bang cdch nhan thay gia tri tai
cac truong véc to bat bién 1a trung nhau.

Ma tran clia dang symplectic chinh tic dzAdw+dzAdw trong co s6 (0z, Ow, 9z, Ow)
va ma tran nghich dao la:

0 -1 0 0 01 0 0
(1000 , [ =100 0
"=lo o o1 [N Tl oo 01

00 1 0 0 0 —1 0

Do d6 C(C x C) 1a mot dai s6 Poisson véi méc Poisson xdc dinh boi

of dg 0fdg Of 0g Of Og

U9y =550 " 9wa- T 00 awaz

Cu thé hon, vé6i cac ham Hamilton ung v6i A va B:

{1217 B}wo

2(aj cosw + by sinw — ¢1)2.(—agN + by M) —
— 2(ag cosw + by sinw — ¢1)2.(—ay N + by M)

4(brcg — bact) M + 4(craa — caa1)N + 4(a1ba — azby ) (M cosw + N sinw)
4(bycg — bac1) M + 4(cras — caa1)N + 4(arby — azby) P.

Tuy nhién, méc Poisson ctia A , B ting v6i dang symplectic anh ctia dang Kirillov
qua vi phoi dia phuong 1 1a

{Av B}w(wx) = <F7 [Av B]>
= <2.Z\4)(>‘< + OINH* — QPY*? 2(b102 - b201)X + 2(610,2 - Cgal)H - 2(&1(72 - agbl)Y>
= 4<b162 — bgcl)M + 4(61&2 — Cgal)N + 4(@1()2 — agbl)P = {A, B}wo

binh ly dugc chitng minh.

2.4 Tinh hiép bién ctua *-tich Moyal-Weyl

Chiing ta tong quan nhitng gi di thuc hién dugc. Trong chuongl, ta da mo ta
cac quy dao d6i phu hop cua SL(2,R). N6i cach khéc, ta da phan loai tat ca cac
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hé co hoc ¢é dién phang nhan SL(2,R) 1am nhém doi xtng. Tiép theo, bing qué
trinh xay dung phan cuc phiic, ching ta da phan tich dugc céic toa do p va q,
qua dé c6 thé xay dung duoc khong gian Hilbert trén céc toa do ’khong xung
luong’ 1am khong gian biéu dién cho qué trinh luong tir hod hinh hoc. Thong
qua viéc xay dung phti phé dung ctia cdc quy dao d6i phu hop duéi dang ban do
tuong thich, ta thu dugc hé co hoc ¢é dién phang t6i dai, thuin nhat, v6i nhém
doi xang SL(2,R).

Chung toi s€ thay viéc nghién ciu cdc quy dao d6i phu hgp bang viec xét dai
s6 C(Q) cac ham tron trén d6. Phép chiéu ¢ tir cac khong gian phi phé dung
cho phép nhiing dai s6 C*(Q) vao trong C*(R?), C>°(H*), C*(H ™), C*>(C?)
nhu 1a dai s6 con gébm cdc ham tuan toan theo p (hay z) chu ky 2.

Xét mot trong cdc dai s6 C°(R?), C°°(C?),C>*(H"),... Bang cich xdc
dinh x-tich Moyal-Weyl trén cdc khong gian symplectic chinh tic R% C?, do
tinh dong kin cua cac dai s6 ham nay doi véi x-tich Moyal-Weyl nén cac dai
sO nay bi bién dang trd thanh cac dai s6 luong tir. Mat khac, do x-tich cta hai
ham tuan hoan theo p (hay z) chu ky 27 ciing 1a tudn hoan chu ky 27 nén kéo
theo su lugng tir hod bién dang trén cdc K-quy dao. N6i cach khac, (C'*°(2), %)
duoc bién dang trd thanh cac dai s6 lugng ti.

Chiing ta s& thdy rang biéu dién vo cling bé ctia G Ién cdc quy dao c6 thé
duoc nang Ién tr& thanh biéu dién vo cliing bé ctia G 1én trén cac dai s6 ham két
hop véi x-tich thong qua dinh 1y sau:

Pinh 1y 2.4.1 Trong cdc bdn do tuong thich chiing ta xdy dung duoc, thi x-Moyal
la hiép bién hay iA+iB —iBxiA =i[A, B].

Ching minh:

V6i A =a; X +bH +cY,B=aX +bH+ Y € g, ta s€ chiing minh
iAxiB —iB+ A =i[A, B] cho timg 16p quy dao.

a) Quy dao (Q3,). Ta c6, theo cong thiic Moyal-Weyl,

~ N > < o~ 1,1
= ki d o k
iAxiB = ZP (zA,zB).H(Q—Z_) .
k=0
véi Pk(zfl, ZB) = — A1 AB2Jz L ATRE 8i1i2...ikA8jlj2...jkB,

Bing tich todn cu thé ta thu dugc:
PY(iA,iB) = —A.B,
q P A OB A OB i f
P\(iA,iB) = —(AlQ%—p.%—q~+ AQl%—q.%—p) — —{A, B},
Theo ménh dé 2.3.1 thi A, B la tuyén tinh theo p. Do d6, v6i k& > 2 thi
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P*(iA,iB) = —(A A A,,B,, + A A A, B,,
+ /\12 /\21 ququ+ /\21 /\12 ququ
= —2A,,B,,.
Hay P%(iA,iB) = P*(iB,iA),

PE(iAiB) = — N2 N0z ARG, AD; 5 B =0 Yk >3

Do d6 ta thu dugc

iAxiB — iBrid— (P(AiB) - P'(B.iA)~

21
+(P2(iA,iB) — P2(iB, m»(%y%

—=i{A, B}.
Tuy nhién do tinh phing ctia cic K-quy dao, ta suy ra i AxiB—iBxiA = i[A, B).
Biéng 1ap luan tuong tu ta ching minh dugc tinh hiép bién cta *-tich trén Q2 va
2.

b) DGi v6i phitc hod clia quy dao (€25, %) ta c6 ham Hamilton tng véi
trudng vécto bat bién 12 chinh hinh nén dao ham riéng ctia A theo cdc thanh
phan phan chinh hinh Ia triét tiéu. Ching minh tuong tu nhu trudng hop trén,
ta dé dang c6 dugc:

POiA,iB) = —A.B, PYid,iB) = ~(\* 50 + N 5.58) = ~{A B,
P2(iA,iB) = PX(iB,iA),
PF(iA,iB) = — NitJr N2d2 . Nk ),

ﬂ-zmikA@jljz“.jk =0 Vk > 3,

iAxiB —iBxiA = (P'(iA,iB) — P'(iB, i4)) 5+
o 1.1

+ (P*(iA,iB) — P*(iB, z‘A))(?)Z.5

1 !

—_—

—i{A, B} = i[A, B].

7

Téng két lai ta thu duogc -tich Moyal la hiép bién trén tat ca cdc quy dao.
(d.p.c.m).
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2.5 Toéan tir lugng tir tuong thich /4

Xét biéu dién chinh tic cla dai s6 luong tir C°°(€2) Ién chinh né ma von 1a mot
dai s6 Fréchet-Poisson bdi phép nhan *-trai xac dinh bai:

Iy 1 C®(Q) — C(Q).

g fxy.

Vay ta c6 thé xem dai s6 lugng tir C*°(Q2) nhu 1a mot dai s6 cdc todn tir gid vi
phan trén khong gian Fréchet C'>°(2). Mat khac theo dinh 1y 2.4.1 thi tuong tGng
A1y = iAx . 1a mot déng cdu dai s6 Lie. Vi vay, ching ta c6 thé xét biéu
dién cta dai s6 Lie lén khong gian con trd mat L*(R x [0,27))> (twong tng
L*(R* x [0,27))%°, L*(C x [0,27) x i.R)>°) cdc ham tron béng phép nhan trai
v6i iA * .. Biéu dién nay dugc md rong Ién toan khong gian L2(R x SO(2,R))
(twong ung L?(R* x SO(2,R)), L*(C x SO(2,R) x iR)) theo ménh dé 2.1.5
ctia Arnal va Cortet. Tuy nhién, su lugng tir hod chiing ta vira thuc hién chi la
hinh thitc. Véan dé vé€ su hoi tu clia céc toan tir lugng tir 1a khong rd rang.
Chiing ta s& khao sat & day tinh hoi tu cta cdc chudi luy thira hinh thic. Dé
thuc hién duoc diéu nay, ching ta nhin vao *-tich ctia i A nhu 1a %-tich clia cic
ky hiéu va xdc dinh mot 16p céc toan tir gia vi phan tng véi i A, d6 1a céc todn
tlr gid vi phan G-bét bién trén cidc quy dao. Diéu nay cho ta két qua tuong dng
1a biéu dién clia g bdi cdc todn tir gid vi phan clng véi mot su miéu ta cla céc
quy dao d6i phu hgp lugng ti.

2.5.1 Toan tir luong tit [4 trén Q)

Dai v6i quy dao Q7 = {20X* + 2hH* — 2yY™* | 2% + h? = y?® + \?*} ching ta
c6 b6 dé sau:

Bé dé 2.5.1 PHA, F7H(f) = k(—1)F 1Ay pOppg F H(f)
+(—1)"AgoegOp F, ()

Ching minh: Vé6i k > 2 thi theo 2.3.1 ta ¢ A 12 tuyén tinh theo p nén néu
nhu trong céac chi s6 iq,4,5,- - ,i, c6 hai chi s6 bang 1 thi O A=0.
Do d6, vé6i k& > 2:

Pk(fi)fp_l(f)) = /\ihjl /\izjz M /\ijk Ail”'inajl'"j"fp_l(f)
_ Z /\21 . /\12 e /\21 Aq.‘.p.nqapmq“‘l?]:p_l(f>+

11,052,750k
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Do Al = < _01 (1) ) nén ta c6 A2 = 1,A*! = —1. Suy ra

PHA,FH () = R(=1)* g pgBpegopTy () + (Z D A g0y Py )
Véi k= 0 hay k=1, thi ta thdy b6 dé duogc thoa man. Do do, bo dé 2.5.1 tré
ding v6i moi k.

Ap dung b8 dé trén, ta thu dugc dinh 1y sau:

Pinh Iy 2.5.2 Néu ddt s=q — %, ta c6 todn tit igng tit titong thich 1,
lA—]: olpoF, U= (ay cos s+b; sin s —c1)ds + (—ay sin s+ by cos s)(2Xi + 1).

Chitng minh:

Ta cé
5 _ - B | P
Ia(f) = Fyolao FN) = iF (Y _(5)" 7 PHA 7).
k=0 ’
theo bd dé 2.5.1 ta thu duoc:
(Z VT A D Fy ()

+ Z(ﬂ)kH.(—1)k.Aq...qap...pfp—1(f)) — I+

k=

o

Chii y ring, theo ménh dé 2.3.1 thi A 1a ham bac nht theo p. Do d6 A,.,., 1a
ham chi theo bién p. Do d6 theo tinh chét cha bién d6i Fourier ta thu dugc

_ i ) Ve Ay Fr () @.7)
= ié(%)k%.(_m1.k.fp(Aq...p..,qap...q.‘.pfp1(f))

_ f}%) i VT g f

= 0,4l - $)a,(f)
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pat A =p.M+N trong d6 M, N la ham theo q. Khi dé ta thu duogc:

J = i%AOO(%)k%-(_l)k‘fp((qumq + Nq"'q)’ffjl(f))

=¢Z<3> S ((00.M® N (i) )

N()

:_Z(_§ ' k;' a:f Z_*k k ’“lafﬂz D) '7a“ff

Do d6 ta thu dugc dang tuong minh cia toan tir lugng tlr twong thich:

IA(f) =T+ Ji+ Jo+ Js (2.8)

= %é‘pfl(q - g)aq(f) + %-M’(q - g).f +—=M(q — g).axf +iN(q — g).f
= Mg~ 5)(50 — 0 + 5. /(g 5).f +iN(g—5).f
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Déi bién ¢ — % = s;q+% =t Tacod 05 = %aq — 0,. Ngoai ra, do

A(F) = 2ay(pcos q — Asin q) + 20y (psin g + A cos q) — 2¢1p,
nén M(q) = 2a;(pcosq — Asing) + 2by(psing + Acosq) — 2¢q,
N(q) = —2Xay sin g + 2Ab; cos g,
N
M'(q) = —@7
Vay ta thu dugc
> N(s) .
la(f) = M(s).0sf +2.( 7\ +iNs)f.

Hay [f = 2(ajcoss + bysins — ¢;)0s + 2(—ay sin s + by cos s)(Ni + %)
bPinh ly dugc chitng minh.

2.5.2 Todn tif luong tir [4 trén Q3 ¢

DGi v6i quy dao phiic hod QF o = {20 X* + 2hH* — 2yY™ | 2® + h* = y° —
N2y, h e C}
chiing ta c6 b6 dé sau:

Bo dé 2.5.3 PH(A, F7H(f)) = k(=1)" " Ay Oeo o F () H(—=1)F Ao O F ().

Chitng minh: V6i k > 2 thi theo 2.3.2 ta ¢6 A 1a tuyén tinh theo z va 12 ham
chinh hinh theo z va w nén néu nhu trong céac chi s6 iq,4,5,- - , iz, c6 hai chi
s0 bang 1 thi 9;

A =0. Do d6, v6i k > 2:

158,25, 0k
PEA, FINf)) = Ao Nde o AR A9 FN(f)

= N AR AT O T ()
+ AL AP A 0. FTN).

Do
0 1 0 O
Lo =10 0 0
=l oo o0 1)
0 0 -1 0
nén ta c6 A2 = 1, A%l = —1. Suy ra,

PEA,FNS) = k(=1 Ay e@e 2 FH ) + (1) A0 T ().
Vé6i k=0 hay k=1, thi ta thady duoc thod man. Do d6, b6 dé 2.5.3 trén ding vdi
moi k.

Pinh ly 2.5.4 Néu dat s=w — %, ta co todn tu luong tu tuong thich:
Ig=F.olyoFt = (acoss+bysins—ci)d; + (—ay sin s+ by cos s)(2hi+ 1)
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Chitng minh: Ta c6

IA(f) = Foolao FIUf) = iFu( 2022 P MA, FINE)).
Theo bd dé 2.5.3 ta thu duoc:
Z Vb Ay iOrion s F () (2.9)

+Z (57 7 (D Ao F () =T 4T
=0

Chi ¥ ring, theo ménh dé 2.3.2 thi A 1a ham bac nhét theo z. Do d6 Ay...., 12
ham chi theo bién z. Do dé theo tinh chat clia bién déi Fourier ta thu duoc:

I =iF, Z L Y ke A Oson F () (2.10)

_ Z 21 Yk Fo( A sasOson F(f)

Pat A =z.M+N trong d6 M, N 1 ham theo w. Khi d6 ta thu dugc:

J=iy_ A°°(%)k%.(—l)k.fz((z.Mw...w + Nyooo)-FHF)) (2.11)

S L (a1 4 ) et )

Bl
I
o

()"0 MO ) (i€ +1 Zg) SNEw) ()"

Mg

=1
k=0

:_Z(_f -M() :cf Z_fkikgk laf+zz_* @ :tf
k=0

:J1—|—=]2+J3.
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Trong do,

o )
Jy = —Z(—E)k.m.gkfl.f (2.12)

> M*)
Jo = — Z(—§>’“- Oe f (2.13)

o0 N
Js = iZ(—é)k.W. (2.14)

Do d6 ta thu duoc dang tudng minh cta toan tr lugng tlr twong thich:

~

a(f) =1+ J1+ Jo+ Js

= %@A(w - g)ﬁw(f) + %M’(w - g)-f +—M(w — g).agf +iN(w — g).f
= M(w — g)(%&u —0)f + %.M’(w - §>-f +iN(w — g)_f,

Déibié’nw—%:s;w—l—gzt. Tacé@sz%aw—c?g.

Ngoai ra, do A(F) = 2a;(z cosw — Asinw) + 2by (z sinw + A cos w) — 2¢; 2 nén
M(w) = 2a;1(z cosw — Asinw) + 2by (zsinw + A cosw) — 2¢4,

N(w) = —2Xay sinw + 2Aby cos w,

M (w) = M)

Vay ta thu dugc

~

1
la=2.(a;coss+bysins —c;)0s + 2(—ay sins + by cos s)(Ni + 5)

Dinh 1y dugc ching minh.
Tuong tu, ta cling thu dugc cing mot két qua doi véi cac quy dao con lai, trir
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quy dao 0 s& dGng véi toan tur tam thuong.

Chu y: Ching ta chi xét trudng hgp s va t 1a s6 thuc va do dd, khong gian
L? cha chiing ta chi 1ay theo cdc bién phiic. Theo cic két qui vé phan cuc, ta
thu dugc khong gian biéu dién 12 L?(SO(2,R)) von 1a khong gian L? theo cdc
toa do cua (2 sau khi loai di cac phan cuc tuong tGng.

2.6 Doi ngau unita cua SL(2,R) va phan loai

Trong muc ndy ching ta sé€ nhic lai ngan gon vé cdch xay dung d6i ngu unita
ctua SL(2,R) theo phuong phap giai tich. Chi tiét cia su xay dung nay xem [33],
Xét nhém con

cung biéu dién mot chiéu

Ky hiéu H, = L*(G, H, p,) 1a khong gian cdc ham f trén G thod man:

f(hg) = pu(h).f(g),Vh € H. (2.15)

¢6 han ch€ cua f 1én trén K la binh phuong kha tich theo do do Haar. Cau
tric Hilbert cha L?(K) cam sinh mot cdu tric Hilbert trén H, = L*(G, H, p,)
ma dang cau véi khong gian cic lat cat binh phuong kha tich clia mot khong
gian phan thg cam sinh, nén 1a khong gian thuan nhiat H\G, thé 1a C va céc
ham dédn sinh boi p,. Cu thé hon, moi ham do dugc trén K déu tuong tng 1-1
v6i mot ham do duoc trén G thod man biéu thic 2.15

Xét biéu dién chinh tic cta G lén trén H, = L*(G, H, p;)

‘Pu(g)f(x) = f($g)

va do d6 ciing tuong duong véi mot biéu dién cta G lén L?(K) ma ta goi
1a biéu dién cadm sinh cla p, tir H 1én G, ky hiéu II,,. Pay s& 1a mot khai niém
dong vai tro cot yéu trong xay dung cla chiing ta sau nay.
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V6i T 1a biéu dién ctia G Ién trén C°°(G) ma T(g)f(g1) = f(g1.g9) ta dinh
nghia khdi niém biéu dién vo cuing bé (hay biéu dién dao ham) cta T.

0
L(A)-F(90) = 55 T(e")-£(90) i -
Theo phan tich Iwasawata c6 SL(2,R)=A.N.K trong d6
A:nhém Abel t6i dai.
N:nhém nilpotent toi dai
K:nhém compact toi dai

Cu thé hon, ta ¢6 v6i méi g thuoc G thi

()= (0 ) () (ot )

Vay, moi ham f trén G déu c6 thé coi 1a ham cua x, y, 6. Ta nhan dugc biéu
dién vo ciing bé cua dai so Lie g

Lx =2y cos(29).aa—$ + 2y. sin(20)% — cos(QH)%.

Ly =—-2y sin(20).% + 2y. COS(QQ)% + Sin(QQ)Q

00’
Ly =3,
Chon co s& méi:

W=Y
EtT=H+iX
E-=H—iX
cung v6i mot 16p ham dac biét ¢, € H; ma

a b _ _inf
%(C _a>—e .

Khi do,
L W¢n = iNPn,
Lp-¢n = (u+1—n)pps,
Lg+ ¢ = (u+ 14 n)ppyo.
Theo 1y thuyét gidi tich Fourier c6 dién, thi tap cdc ¢,, 1ap thanh mot co s& topo
cia H,. Phan tich khong glan Hj thanh cic thanh phan truc giao @n ngﬁn =
H @k 1¢2k+1 H+ > @k 1¢ 2k—1 — Hi > (d)l) ; (¢1)

Khi do6, ta thu dugc danh sach cdc biéu dién unita be‘(t khé quy cta SL(Z,R)
bao gdom cdc chubi biéu dién sau:
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a)Céc biéu dién chubi chinh (r,, H,) v6i u=it, ¢ # 0 va (7, HP)

b)C4c biéu dién chubi rdi rac (m,, H, ) v6i u=m-1 hoac u=-m+1 va (o, H?); (mo, H*)
¢)Céc biéu dién chudi b6 sung ( 7, Hy) véi —1 < s < 1, s#£0 va (o, HS); (w0, HE);.
Vay, chiing ta s& chiing minh & day su tring nhau cta biéu dién thu duoc bang
luong tir hod bién dang va biéu dién thu dugc bing phuong phédp giai tich. Cu

thé hon, chiing ta chiing minh su tuong duong nhau ctia bi€u dién vo ciing bé L

va [.

Pinh 1y 2.6.1 Biéu dién vo cung bé [ thu duoc tir luong tir hod bién dang tring
véi biéu dién dao ham L ciia phuong phdp gidi tich.

u+1
Chitng minh :Ta ¢6 f(z,y,0) =y 2 .f(0)
do do,
dy 2y Y 00 :
Suy ra 2y0, =u+1, 9, =0
Vi vay

Lx = (u+1)sin 26 — cos 200y.
Ly = (u+ 1) cos 26 + sin 200y.
Ly = 2.

Y= 00 , . x
Ta thu duoc bi€u thitc cta toan tr bi€u dién v6i A = a1 X + b1 H + 1Y
La = (—ay cos(20) + by sin 20 + ¢1)0y + (u + 1)(ay sin 20 + by cos 26).
bat u = 2\ va —20 = s. Du6i dang nay, thi
La=2(a;coss+bysins —c)ds + 2(—ay sins + by cos s) (A + %) =4
Dinh ly dugc chitng minh
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KET LUAN CUA LUAN VAN

Bai toan thuc hién trong luan van 1a lugng tir hoa bién dang trén cic K-quy
dao cua nhém SL(2,R). Céc két qua chinh cta luan van la:
(i)Xay dung cac ban do tuong thich dua *- tich tir R?" hay C" 1én cic quy dao.
Khang dinh x-tich trén cdc qu§ dao hoi tu.
(ii)Xay dung phan cuc phic doi véi cdc quy dao, thu duge biéu dién clia SL(2,R)
lén khong gian Hilbert céc lat cat binh phuong kha tich, chinh hinh titng phéan
ctia mot khong gian phan thé véc to.
(iii)Nhan lai dugc ddy du céc biéu dién unita bat kha quy cta SL(2,R), doc lap
vGi phuong phép giai tich.

Mot hé qua thu vi la sy mo ta cac quy dao do6i phu hgp luong tlr, d6 1a cac
dai tuong luong tir méi, xudt hién & dang tuong minh.

Sau khi hoan thanh khéa luan, ching t6i nhan thdy mot s6 van dé sau day:
(i)Bai todn hoan toan c6 thé m& rong cho SL(n, R) véi n > 2.
(ii))Khong gian Hilbert tng v6i biéu dién chudi chinh ma chiing t6i chon dé biéu
dién, c6 thé coi nhu 1a khong gian céc 14t cat chinh hinh ting phin ctia mot
khong gian phan thé vécto, mot mat c6 thé coi 1a khong gian cdc dang tu ding
cau trén nira mat phang trén, ciing 1a khong gian doi dong diéu vé6i hé s6 trén
b6. Ching toi dat van dé nghién ctu mot lién hé gilta cdc doi tuong nay, ciling
nhu nghién cttu su tuong tu cho cic trudng p-adic hay cic trudng khong déng
dai s6. Chung toi cling dat van dé nghién citu gidi tich diéu hoa va bi€u dién
cta cdc nhém lugng tir tuong Ung.

Hi vong rang cdc bai toan s& dugc giai quyét trong thoi gian tdi.
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Abstract

In this article, we describe the coadjoint orbits of SL(2,R). After choos-
ing polarizations for each orbits, we pointed out the corresponding quantum
coadjoint orbits and therefore unitary representations of SL(2,R) via defor-
mation quantization.

1 Introduction

Let us recall that quantization is a process associating to each Poisson manifold
M a Hilbert space H of so-called quantum states, to each classical quantity fe
C°°(M) a quantum quantity Q(f) € £(H), i.e., a continuous, perhaps unbounded,
normal operator which is auto-adjoint if f is a real-valued function such that

QUf.9h) = 1R, Q)

Q1) = Idy.

There are some approaches to this problem, such as Feynman path-integral
quantization, pseudo-differential operator quantization, geometric quantization,
etc...In Fedosov deformation quantization, the quantization is considered as the
deformation of the structure of the Poisson algebra of classical observables via
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a family of associated algebras indexed by the so-called deformation parameter
rather than a radical change in the nature of the observables.

It is interesting to construct quantum objects corresponding to the classical
ones. It is well-known that the coadjoint orbits are almost all the classified flat G-
symplectic manifolds. A natural question is to associate to coadjoint orbits some
quantum systems called quantum coadjoint orbits. Following the Kontsevich’
results, every Poisson structure can be quantized. However, this quantizating
is only formal and it is difficult to calculate exactly the corresponding quan-
tum objects and representations in concrete cases. Recently, Do Ngoc Diep and
Nguyen Viet Hai, in [5], [6], described the quantum coadjoint orbits and rep-
resentations of MD and M D, groups. However, the same problem for SL(2,R)
is still open. Although all the irreducible unitary representations of SL(2,R)
are well-known, the correspondence of them with coadjoint orbits has not yet
been clarified. In this paper, we shall use the Fedosov deformation quantization
to find out x-product formulae and representation of SL(2,R). The algebras of
smooth functions on coadjoint orbits of SL(2,R), deformed by exactly computed
*-products give us series of quantum coadjoint orbits: quantum elliptic hyper-
boloids, quantum upper (lower) half-hyperboloids, quantum upper (lower) cones,
etc...To our knowledge, these quantum objects, as we know, are established here
for the first time.

The paper is organized as follows. We describe coadjoint orbits in §2. In §3
we compute for each coadjoint orbit a polarization. The deformation x-products
are computed in §4 and in the last section §5, we show the relation with the
unitary dual of SL(2,R).

For notation, we refer the reader to [10] or [4], [5], [6].

2 Coadjoint orbits of SL(2,R)

Recall that SL(2,R) is a Lie group with Lie algebra consisting of 2 by 2 matrices
with trivial traces. It admits a natural basis of three generators:

10 0 1 0 1
(o ) x=(Va) = (50)

subject to relations: [H,X]=2Y, [H,Y]=2X, [X,Y]=-2H. Denote by X*, H* Y*
the dual basis of g*. Because the Killing form is non-degenerate, we can iden-
tity g with g* in such a way that X(V) = 1B(X,Y) = Tr0@Xad¥) = g
isomorphism maps X into 2X*, H into 2H* and Y into —2Y™*.
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Naturally, the coadjoint action of SL(2,R) on g* is given by:
(K(g)F,Z) = (F,Ad(g")Z) VYF €g*,ge€G, and Z € g.

where g is a G-space with Ad-action. However, there is a natural isomorphism
of G-spaces.

Proposition 2.1 Operator X — X is a smooth G-equivariant isomorphism be-

—

tween G-spaces. In another words, Ad(g)X = K(g)X.

It is well-known that GL(2,R) is a direct product of SL(2,R) and R* = R\(0),
and therefore each B € GL(2,R) can be decomposed as the product of an
element from SL(2,R) and A < (1) (1) ) or \ ? (1) with A € R%. Due to
the G-equivariant isomorphism of g with Ad-action and g*with K-action, we
study the adjoint orbits in stead of coadjoint orbits of g*. It is well-known that

every matrix B € sl(2,R) can be reduced to one of the following normal forms:
0 A 0 —A 0 0 01 A0 00
A 0/)7\A 0 J°\1T 0)/)’\0O0/)’\0 —=Xx)/)"\0O0)"

We obtain the following description of the geometry of coadjoint orbits which
may be known but we could not find in literature.

Theorem 2.2 Each coadjoint orbit of SL(2,R) is one of the following forms:

(a) Elliptic hyperboloid: Q3 ={2xX*+2hH* —2yY* | 2* +h? = y> + N2\ #
0},

(b) Upper half-cones: Q3 ={2xX* + 2hH* — 2yY™* | 2* + h* = y*,y > 0},
Lower half-cones: Q* ={2xX* +2hH* — 2yY* | 2> + h? = y?,y < 0},
One point: Q3={0},

(c) Upper half-hyperboloid: 0% ={2xX* + 2hH* — 2yY™* | 2* + h* = y* —
A2y >0},
Lower half-hyperboloid: * ={2xX* + 2hH* — 2yY* | 2> + h? = y* +
Ny < 0}



Proof. We describe the geometry of adjoint orbits corresponding to €2}, Q2 and
Qf‘\ +- The remaining can be analogously treated.

The adjoint orbit corresponding to 2} contains < 0 _0)\ ) By a direct
computation, for S = ( Z : ) € SL(2,R), we have
h  x+y\ g A0 g1 _ A(ut + sv) —2\uv
r—y —h ) 0 =X N 2\st —Aut +sv) ) -
Hence, % = ut + sv, z—iry = —2uv, ¥ = 2st and therefore, xz/\_zyz + ’;—z —
—duvst + (ut + sv)? = (ut — sv)? = 1.
Moreover, the coadjoint orbit containing 2AH* is
{22 X* + 2hH* — 2yY™* | 2% + h? — y* = \?}.
It is exactly the elliptic hyperboloid.
The adjoint orbit corresponding to 937_ contains g)\ _0)\ . By a direct
computation, for S = ( z : ) € SL(2,R), we have
howty N _of 0 =AY\ g _ Aot —us) —Mu? +v?)
r—y —h ) A0 S\ A2+ vt —us) )
Hence, % = ot + us, & —)'\_ ¥y - —(u? + v?), ac_;y = 52 + t2. And therefore,

2 2 2
95/\72y+%:1f0r0290+y,90—y20-

Moreover, the coadjoint orbit containing 2\Y is {22 X* + 2hH* — 2yY™* | 2° +
h?* = y* — X\?,y < 0}. It is exactly one of the two connected components of the

elliptic hyperboloid.
Let us consider the adjoint orbit corresponding to > containing ( (1) 8 >

By a direct computation, for S € SL(2,R), we have:

h  z+y\ 00 [ vt —0?
<x—y —h >_S(l O)S <t2 —vt )’
2

Hence, h=vt, v +y = —v?, v —y = t2.
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And therefore 22 + h? —y*> = 0,0 > x +y,z —y > 0. Note that (z, h,y) #
(0,0,0). The coadjoint orbit containing X* + Y* is
{22 X* +2hH* — 2yY™* | 22+ h? = %,y > 0}. It is really the upper half-cones.
The theorem is proved.

3 Complex Polarizations of K-Orbits of SL(2,R)

Before quantizing coadjoint orbits we do first describe some polarizations on
orbits. Let us recall some basis concepts concerning polarization, see [4].

Let G be a Lie group. A complex polarization of orbit 2 at F' € Qp is a
quadruple of (n, h, U, p) such that:

1. n is a subalgebra of the complex Lie algebra go = g ® C' containing gp.
R

2. The subalgebra 7 is invariant under the action of all the operators of type
AdgCLL’ , T € G F-

3. The vector space 77 + 7 is the complexification of real subalgebra Lie
m=(n+7n)0Ng.

4. All subgroup My, Hy, M, H are closed, where, by definition M, (reps.,
Hy) is the connected subgroup of G with Lie algebra m (reps., h :=nNg)
and M:=Gr.M,, H:=Gr.H,.

5. U is an irreducible representation of H in some Hilbert space H such that:
1. The restriction U |g,np, is some multiple of xr where by definition
xr(expX) |(Gpyont,:= exp(2my/—1(F, X)); 2. The Nelson condition is
satisfied. See [4], 10.5, theorem 3.

6. The Pukanszky condition is satisfied: F' +n+ C Qp, see [10], §15.3.

Denote by p the one dimension representation 2m/—1(F, X') of Lie algebra 7.
Let C*(G,n, H, p,U) be the set of common solutions of

f(hg) =U(h).f(9),
(Lx —p(X))f=0 Xen.

Remark 1 . The condition 5 and 6 are often included in order to obtain irre-
ducible representations.

In this section, we establish complex polarization for K-orbits.
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3.1 Polarization of 2}

Let us consider a point F = 2\H* € Q) and the complex subalgebra n =
(H, X +Y ). The representation U = ¢*{*>) can be extended to H = H'Us H®
as U(e) = £1. Let p be the natural extension of dU to 7

Proposition 3.1 (1, p,U) is a polarization of Q).

a
0
connected components corresponding to ¢ > 0 and a < 0. Obviously, its Lie
algebra is gr = (H). The Ad-orbit passing through /' = \H contains two lines
{F+t(X FY)}. Clearly, these lines are the images of ones {F +(X*+Y*)}
passing through F on Q) under the isomorphism generated by Killing form.
Chose n = (H, X +Y)¢, we can see that Pukanszky condition is satisfied. Note
that [H, X+Y]=2(X+Y) so 7 is a invariant Lie algebra under Ad-action of G .
We also deduce h =nnNg=m= (H, X +Y),7=nmec=n+1n=mn. Chose
p(A) = 2mi(F, A), where A € 7, to be holomorphic representation of 7. We
have, p(aH +b(X +Y')) = 4mwila. Because G has two connected components,

H:GF.HO:{<(S aﬂl)m;&o}.

By an exact computation, we have

a b B 1 0 01 (et b(%)
exp(o _a>—exp(a.<0 _1)+b<00>>—(0 o .
a b 4miN a [ 4miX
Thus, U | exp 0 — = e or U 0 1 | =a™ for all A > 0.

a a”
-1 0
0 -1

: o 0 .
Proof. It is easy to see that the stabilizer G = ol > } consists of two

On the other hand, H = H°U ( ) .H°, and so we can extend U onto H

-1 0

following U ( 0 -1

> = +1. Corresponding to characters of H/H® = Z,,

. . . a :
we obtain thus two unitary representations of H: U ( aﬁ_ 1 ) = |a|*™* and

0
U< (g 6_1 > = |a|* . sgn(a).

o



3.2 Polarization of Q2

Let us consider a point F=X"—Y*e Qi and the complex subalgebra n =
(H, X +Y)¢. The representation U = ¢?™{¥) can be extended to H = HUe H®
as U(e) = £1. Let p be the natural extension of dU to 7.

Proposition 3.2 (1, p,U, p) is a polarization of 2.

g Ve
consists of two connected components corresponding to ¢ > 0 and a < 0 with Lie
subalgebra gr = (X +Y). Chose n = (H, X +Y)c. Since [H, X+Y]=2(X+Y),
n is a invariant Lie algebra under the Ad action of Gr. Clearly, nt = (X* —
Y*) and it is a space of functionals on g vanishing on 7 when extented to
complexification of g. It also implies h = nNg = (H, X+Y),7=n=mcand 0

Proof. It is easy to see that the stabilizer G = { (

is the one-dimension representation of 7. Naturally, H = H°U ( _01 _01 ) H°

-1 0\’ -1 0
and ( 0 —1 ) = [. Tt follows U( 0 —1 ) = +/. We obtain two
unitary representations of H with respect to characters of H/H®°

U((S &61)—1andU<g aﬁl>—sgn(a).

Analogously, we obtain the same result for Q2.

3.3 Polarization of Q2

Let us consider a point F = 2H* € Qi’ +» the complex subalgebra n =

(Y,X + iH)c. Because of the fact that the stabilizer SO(2,R) of F is not
simply connected, U = e2™/>) can be extented to H only if the orbit is integral.

Proposition 3.3 (1, p,U, p) is a polarization of ¥ , and this orbit is integral
if and only if X is of the form A\ = g.

Proof. It is trivial that the stabilizer Gy = SO(2, R) with Lie algebra gr = (V)
is connected but not simply connected. By choosing 7 = (Y, X +iH)c, me =
—ia  a+b >

= nNg , n admits an one-dimension representation .
g.h=nNg.n p P\ _avd  ia

0 a

—4miAa, which has the restriction on §j, p < —a 0

> = —4mila. On the other

7



hand,
or 0 a) cosa sina
P\' ¢ 0 )7\ —sina cosa /-

cosa sina ~di
U i —e 471'1/\(1.
—sina cosa

Because SO(2,R) is not simply connected, U may not exist. The necessary and
sufficient condition for such an existence is A = %. The orbit 5 _ can be treated
analogously and we gain the same result.

A corollary of polarization for all coadjoint orbits is the representation of
SL(2,R) on the Hilbert space of partial holomorphic, square- integrable sections
of induced vector bundles. See e.g [11], [4]. We follow another approach by

using the Fedosov deformation quantization.

Thus

4 Quantum coadjoint orbits of SL(2,R)

We shall work from now on the fixed coadjoint orbit 2}. Following the scheme
from [5],[6], first we study the geometry of this orbit and introduce some canon-
ical coordinates in it. It’s well known that coadjoint orbits are isomorphism to
the homogeneous spaces G/Gr which are symplectic manifolds. We introduce
a coordinate system on this orbit and it turns out to be a Darboux one. Each
A € g can be considered which is linear functional A on coadjoint orbits, as a
subset of g*, A(F) = (F, A). It is also well known that this function is just the
Hamilton function associated with the Hamiltonian vector field £ 4 generated by
the following formula:

d
EA(f) (@) = - f(zexp (t4)) limg
The Kirillov form wy is defined by the formula

WF(SA?EB) = <F? [Av BD

It is known as the flatness of the coadjoint orbits that the correspondence A +— A
is a Lie homomorphism. Motivated by the constructed polarizations, 2} can be

8



parameterized as

© = M(p,q) = peos(q) — Asin(q);

where M, N, P satisfy

M, = —N;N, = M; M, = cos(q); N, = sin(q); M. cos(q) + N.sin(q) = p;
(D

Let us consider the mapping ¢ : (p, q) — 2M (p, q) X*+2N(p,q)H*—2P(p, q)Y*
Clearly, (R? Q3,%) is an universal covering space.

Proposition 4.1 v is a symplectomophism and Hamiltonian A in coordinates
(p, q) is of the form:

A(F) = (F, A) = (2ay cos q + 2by sin g — 2¢;)p + (—2ay sin g + 2b; cos ¢)\

Proof. Each Fe Q] is of the form 2M X* + 2N H* — 2PY*. From this it
folllows that the Hamiltonian function generated by invariant vector field &4 is

A(F) = (F, A) = 2a; M + 2b;N — 2¢, P.

It implies therefore

A(F) =2a;(pcosq — Asing) + 2by(psing + A cos q) — 2¢1p.

There are two symplectic structures on R?: the first one is the Kirillov form
induced by mapping ¢ and the second is the canonical symplectic form dp A dq.
We prove their coincidence by observing that their values at invariant vector
fields are equal.

Note that wp(€4,&p) = (F,[A, B])

= 2MX*+2NH*—2PY™* 2(bica—byc1) X +2(c1a9—coa1) H—2(a1ba—asby)Y')
= 4M(b162 — b201> + 4N(cla2 — Cgal) + 4P(CL162 — agbl).

On the other hand, o o

(dp ANdq)(a,p) ={A, B} = F 5 — F 5

= 4(b102 — bQCl)Nq + 4(010,2 — Cgal)(—Mq) + 4(@1()2 — agbl)(Mqu — Nqu).
Then WF(§A7 53) = (dp N dq)(gz‘h éB)

The theorem is therefore proven.



Remark 2 The case of diffenrent orbits can be treated similarly with a small

change. With the orbits Q§,+ and Q?/{’Jr, clearly we canllt find out a affine
subspace of a half dimensions, thus there canllt exist a coordinate as above.
However, a good approach is considering the complexification of orbits and we

obtain (C' x C,QX,1) as universal complex symplectic covering space, only by

replacing X by i\. The orbits %, Q2 can be viewed as a part of the case Q§7+

and Q¥ when X = 0.

From now, because of the similarity, we’ll deal mainly with the orbits 2}. The
other orbit can be treated with a simple modification.

Theorem 4.2 With A, B € g, the Moyal x-product satisfies

iAxiB —iB*iA =i[A, B].

Proof. Consider two arbitrary elements A = a1 X +b1H + 1Y, B = ax X +
boH + oY € g, By the Moyal-Weyl formula,

- > -~ 11
AxiB =Y PMiAiB). (=)
1A %1 Z (Z b )k"(21>7
k=0
with Pk(lzi, ZB) = — NI ATz NTRTR ailizwik"zlajljz”'jké'

It’s easy, then, to see that:
P(iA,iB) = —A.B,
WPA OB w0A 0B o
Op Oq dq  Op T
By proposition 4.1, A , B are linear functions of p. Thus for k& > 2, we have

P(iA,iB) = —(A

P2(iA,iB) = —(A"* A2 A, B,y + A AY A By,
+ A AR ApgBop + NPT AgpBpg = —2Ap¢Bgp.
P2(iA,iB) = P(iB,iA),. Therefore ) )
Pk(ZA, ZB) - - /\ilj1~/\i2j2~' . /\ikjk ailjz...%Aajljz...jkNB :~0 Vk Z 3.~ B
We get id «iB — iB x iA = (P'(iA,iB) — P'(iB,iA))y, + (P*(iA,iB) —
P(iB3,iA))(5;)*.5 = i{ A, B} = i[A, B].
The theorem can be proved analogously on 7, Q2 and Q.
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Remark 3 Consider the canonial representation of quantum algebra (C'*(£2), )
on itself which is a Fréchet Poisson algebra by left x-multiplication defined by:

Iy 1 C(Q) — C™(9),

g—fxyg.

Then, C>=(Q2) can be viewed as a algebra of pseudo-diiffefential operators
on C®(Q). On the other hand, the corespondence A — A is a Lie alge-
bra homomorphism. Thus, we can consider the repersentation of Lie algebra
sl(2,R) on dense subspace L*(R x [0,27), %)O" of smooth functions by left -
multiplication by i Ax. This representation is then extended to the whole space
L*(R x SO(2,R), %) by [1]. We study now the convergence 0f~the formal
power series. In order to do this, we look at the *-product of iA as the *-
product of symbols and define the differential operators corresponding to iA .
It is easy to see that the resulting correspondence is a representation of g by

pseudo-differential operators.

On O = {22 X* + 2hH* — 2yY™* | 2% + h? = y? + \?} the following results
hold:

Lemma 4.3

(DFp(0pF,  (f) = i f),

(2)Fp(p-F,  f) = i0.(f),

()P (A, F7Hf) = k(=1)* 1 AggpOpepa T () +(=1)F A0 T 1 ().

p

Proof The first two formulas are well-known from the theory of Fourier trans-
forms. If k£ > 2 then by theorem 4.1, it implies that A is a linear function of
p. Because one of the coordinates is linear, if two of indeces 4;,%,0,- - - , %) are
equal to 1, then 0;

A = 0. Therefore, for all k¥ > 2:

158525750k

PHAF(f)) = Ao st w0, F ()

It is clear that A~ = ( (1) _01 > , So we get A2 =1, A%t = —1 . Tt deduces
Pk(Av}—;l(f)) = k(_1)kilAq---p-"qap---q--'pfgjl(f) + (_1)k71121¢1-~-q8p--~p~7:;1(f)-

With k=0 hay k=1, clearly, the lemma is also satified. Apply this lemma, we
have the followimg theorem:
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Theorem 4.4 .If we set s=q — 3, for each compactly supported smooth function
fe C(R?) we have
la= .7--I,ole,7-"p_1 = (a1 cos s+ by sins —cy)0s + (—ay sins+ by cos s)(2Xi+ 1)

Proof
By Moyal formula, we have:

() = Fyolao 7 (F) = i3 () o,
k=0 '

L PHALF(f),

p

Apply the above lemma, it implies

() =7 (D kA B ()

13

F DG (DA By B () = T4,

Note the fact that A is a linear function of p. Therefore A,..,. ., is a function of
only variable p.

I R -
1= )30 e (D Ay () @
k=0 '

=~ 1.1 N
— iZ(z—i)kﬂ.(—1)’%1.k.f,,(Aq...p...qap...q...pf;( )

12



Set A =p.M+N, where M, N depend only q, by exact computations, we have

() 1 D T Mg+ Ny) 55 (5)

i

(27 (10 M®) + N (i) f)

= Z'Z@)kkl!-’iaac-M(’“)(q)-(iﬂc’)’“-f + ZZ(;)]C;'

k=0 k=0

o (k) ()
:_Z( = .M Ouf — Z——k—k ’“af+z2—— .N—amf

N (q)(ix)".f

1 ME+D(g) |
- 52(_g)kqu — M(q - g)ﬁxf +iN(q— g)f
1

14(1) = 50Ala — 2004 + 5 M (g = 5).F + Mg~ 5).0.f +iN(g — 3).f

= Mg~ 5)(30,— 0)f + 5. Mg~ 5).f +iN(g— 3).f

Put ¢ — 5 = s;q+ 5 =, it follows 0, = J; — 20,. Recall that

A(F) = 2ay(p cos g— A sin q)+2b; (p sin g+ cos ¢)—2¢1p. M(q) = 2a,(p cos g—
Asing) + 2by(psing + Acosq) — 2¢y,

N(q) = —2Xa; sinq + 2Xb; cos g,

() = 4.
Iherefore
[A(f) = M (5).0.f + (55 +iNs) f

= (a1 cos S + by sins — ¢1)0s + (—ay sin s + by cos )(2Ai + 1).
The theorem is proved.
By analogy, we get the same results for all two dimesion coadjoint orbits.

Note that, following the virtual of the polarizations chosen for orbits, we
obtain the representation of sl(2,R) on L?-space on SO(2,R).
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5 Relation with unitary dual of SL(2,R)

We recall some basic results of contructing unitary dual of SL(2, R) by the clas-
sical methods, see e.g. [11].

. a b . . . .
Consider the subgroup H = ( 0 o ) associated with one-dimension repre-

. b sl . .
sentation p; 0 ol )= Let ¢, be the induced representation of pj

on to SL(2,R). Clearly, the space of induced vector bundle is isomorphic to the
space H; of function on G satisfies f(hg) = ps(h).f(g) with restriction on K
lying on L?(K), also isomorphic to L?(K) where K = SO(2,R) ~ G/H

Let T be the representation of G on C*°(G) defined by T'(g1)f(g9) = f(g91)-
The infinitesimal representation of T determined by L(A) f(go) = 2T(e'*) f(g0) li=o-
By the Iwasawa decomposition, each g of SL(2,R) can be viewed as the product

() (2 7) (e .

So a function on G can be viewed as function of x, y, f. We obtain the explicited
fomulars of L as:

Lx = (s+1)sin260 — cos 2600y,

Ly = (s+1)cos260 + sin 200y,

Ly = %7

From this, by considering the algebraic vector subspaces of L*(K), it can imply
all the irreducible unitary representations of SL(2, R) of discrete series, principal
series, the complementary series as in [11]. In order to prove the equivalence of
two approachs, it is enough to show that the corresponding infinitesimal repre-
sentations of Lie algebra sl(2,R) are the same.

Theorem 5.1 The representations [ obtained from deformation quantization are
coincided with the infinitesimal representation L of Lie algebra corresponding
to discrete series, principal series, the complementary series of SL(2,R).

s+ 1

Proof. We know that f(x,y,0) =y = .f(6). So, % = % 9 =0.
Thus 2y0, = s+ 1, 0, = 0. We obtain the explicited formual of representa-
tion: for A= a1 X +biH + 1Y, La = (—ay cos(20) + by sin20 + ¢;)0y + (s +
1)(ay sin 20 + by cos 26).

Setting s = 2\ va —26 = s, then
La=(ajcoss+bysins —c)0s + (—agsins + by coss)(2A+ 1) = L.

14



The proof is therefore achieved.

Remark 4 We demonstrated how irreducible unitary representations of SL(2,R)
could be obtained from deformation quantization. It is reasonable to refer to
the algebras of functions on coadjoint orbits with corresponding x-product as a
quantum ones, namely quantum elliptic hyperboloids (C>(Q}), x;), quantum
elliptic cones (C>(03.), 1), two folds quantum hyperboloids (C*>(Q3), %)
etc.
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