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MG dau

Ching ta da biét Ly thuyét zap xi déu tot nhat 1a mot nhanh cua ly
thuyét xap xi ham, c6 vai tro dic biét quan trong trong toan 1y thuyét
ciing nhu trong céc toan tng dung. Dic biét, né duge ding dé tim da thiic
c6 "do léch” nhoé nhat so v6i ham s6 cho trude trén mot doan xéc dinh.
T viec nghién ctu ki 1y thuyét xap xi déu t6t nhat ching ta cé thé giai
quyét dudge mot s6 dang bai toan tim gia tri 16n nhat, nhé nhat. Va dudi sy
huéng dan ciia TS. Nguyén Van Khai, tac gid da nghién ciu dé tai "Mot
s6 van dé ve 1y thuyét xap xi déu tét nhat va ting dung trong toan so cap".

Noi dung ciia luan van nay la trinh bay vé 1y thuyét xap xi déu tét nhat
tir d6 xay dung lén cac bai tap toan so cap ap dung phan 1y thuyét xap xi
déu tot nhat vao giai bai toan. Luan vin gom 3 chuong:

Chuong 1: Kién thitc chuan bi. Chuong nay trinh bay mot s6 dinh nghia
co ban vé khong gian Métric, khong gian Banach, khong gian Hilbert.

Chuong 2: Ly thuyét xap xi déu to6t nhat. Chuong nay gi6i thieu mot
s6 dinh nghia, dinh 1y vé 1y thuyét xap xi déu tot nhat, cac truong hop
dic biet xap xi da thic bang da thitc bac khong, da thitc bac nhat.

Chuong 3: Mot s6 ting dung ctia 1y thuyét xap xi déu tot nhat vao gidi
mot s6 bai toan so cap. Phan dau ctia Chuong 3 trinh bay vé 15i giai tong
quat clia mot 16p cac bai toan so cap, thong qua 10i giai dua trén 1y thuyét
xap xi déu t6t nhat dé hinh thanh lén 15i giai so caAp. Phan tiép theo ap
dung 15i gidi tong quét vao gidi mot s6 bai tap s cap cu the. Va tit d6 dua
ra cac dang bai tap cé dé bai tuong tu.

Két qua co ban clia luan van duge tham khao trong cudn Numerical
methods ctiia Bakhvalov N.S.

Luan van nay dugc hoan thanh tai truong Dai Hoc Khoa Hoc - Dai
Hoc Thai Nguyen. Téac gid xin bay té long biét on tran trong téi thay TS.
Nguyén Van Khai, thay da tryc tiép huéng dan tan tinh va dong vién tac
gia trong sudt thoi gian nghién citu va viét luan van vita qua.
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Trong subt qua trinh hoc tap va lam luan vin, thong qua cac bai gidng,
tac gia ludn nhan dudge su quan tam gitup dé cua cac gido su cong tac tai
Vién Toan hoc, Vién Cong nghé thong tin thudoc Vién Khoa hoc va Cong
nghé Viet Nam, cidc thay co trong Dai hoc Thai Nguyen. Tu day long
minh, tac gid xin bay t6 long cam on téi cac thay co.

Tac gia xin tran trong cam on Ban Giam hiéu, phong Dao tao, khoa
Toan - Tin cta Truong Dai hoc Khoa hoc - Dai hoc Théai Nguyén da tao
diéu kien giup do tac gia trong sudt qua trinh hoc tap tai nha truong va
hoan thanh luan van nay trong thoi gian qua.

Tac gid xin bay t6 long biét on sau sic t6i gia dinh va nguoi than, cac
anh chi trong 16p cao hoc Toan K4C da quan tam, tao diéu kién, dong vien
co vil tac gia trong sudt qué trinh hoc cao hoc ciing nhu viét luan van dé
dat két qua tot nhat.

Mszc du c¢6 nhiéu ¢6 gang nhung luan van khé tranh khéi nhiing thiéu
s6t va han ché. Tac gid mong nhan dude nhitng ¥ kién déng gop clia cac
thay c¢o va ban doc dé luan vin dude hoan thien hon.

Va xin tran trong cam on!

Quang Ninh, ngay 10 thang 10 nam 2012.
Tac gia

Pham Thi Hai
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L31 cam doan

To6i xin cam doan day 14 cong trinh nghién citu ctia toi. Céac so lieu va
két qua nghién cttu trong luan van hoan toan trung thyc va chua co ai
cong bo trong mot cong trinh ndo khac.

Tac gia

Pham Thi Hai
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Chuong 1

Mot s6 kién thic co ban

Trong chuong nay, ta sé trinh bay nhiing kién thic co ban vé khong
gian meétric, khong gian Banach, khong gian Hilbert. Cac kién thiic nay
duge 1ay tir cac tai lieu [1, 5, 8.

Trong chuong nay, cac khong gian tuyén tinh déu dugc xét trén truong
sO thue R.

1.1 Khong gian métric

Dinh nghia 1.1. Tap X khéc rong dugc goi 1a khong gian métric néu véi
moi cip phan ti x,y déu xac dinh theo mot quy tic nao d6, mot s6 thuc
p(x,y) goi la” khodng cach gitta x va y 7 v thda man cac tien dé sau:

1) p(z,y) > 0 neu z # y;

p(x,y) =0néuz=y.
2) p(:l:,y) - p(y,x), Va,y € X.
3) p(z,2) < p(z,y) + p(y, 2), Vr,y,z € X.
Ham s6 p(x,y) goi la métric clia khong gian X

Vi du 1.1. Trong R", v6i moi x = (1, 29, ..., T,) € R" va

n
Y= (y1,92, -, yn) € R" thi p(z,y) = \/Z(azl — y;)?%, 14 métric tréen R”.
i=1

Dinh nghia 1.2. Cho khong gian métric X. Day {z, } dugc la day Cauchy
( hay day co ban) néu lim p(x,, ;) = 0 tic la: Ve > 0 cho trudc,

n,M—>00

dngy € N* sao cho Vn > ngy,Vm > ng, ta c6 p (z,, Tm) < €.
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D1 nhién mot day hoi tu bao gi cang la day Cauchy ( day co ban), vi
néu z, — x thi theo bat déng thitc tam giac, ta cé:

p(n, xm) < p(xn, )+ p(x,2,) = 0,(n,m — 00).

1.2 Khong gian Banach

Dinh nghia 1.3. (Khong gian tuyén tinh)

Mot tap X dudc goi 1a mot khong gian tuyén tinh néu tng v6i mdi cap
phan tt z,y clia X ta c6, theo mot quy tac nao d6, mot phan tit cia X,
goi 1a tong cta x vdi y dude ki hiéu 1a = + y; tng v6i mdi phan ti x clia
X va mot s6 thuc a ta co, theo mot quy tac ndo d6, mot phan ti ctia X,
goi 1 tich cia x vdi o duge ki hieu 1a ax. Cac quy tac noéi trén théa man
8 tien dé sau:

1) x +y =y + x ( tinh chat giao hoan clia phép cong).

2) (x+vy)+2=ux+ (y+ 2) (tinh chat két hgp ctia phép cong).
3) Iphan tt 0: z + 0 =z,Vr € X.

4) V6i mdi x € X ta ¢6 mot phan tt —x € X : x4+ (—z) =0.
5) lL.x = x.

6) a(fx) = (af)x, v6i v, B 1a nhitng s6 bat ki.

7) (a+ p)xr = ax + Su.

8) a(r +y) = ax + ay.

Trén day la dinh nghia khong gian tuyén tinh thyc. Néu trong dinh
nghia ta thay cac sb6 thiuc bang cac sé phiic thi ta c6 khong gian tuyén tinh
phtic.

Khong gian tuyén tinh ciing thuong goi 1a khong gian vecto va cac phan
tlt ciia n6 cling goi la cac vecto.

Dinh nghia 1.4. (Khong gian tuyén tinh dinh chuan)

Mot khong gian dinh chuan 1a mot khéng gian tuyén tinh X, trong do6
ting v6i mdi phan tit x € X ta c6 mot s6 ||z|| goi 14 chuan clia né sao cho
cac dieu kién sau day théa méan, véi moi z,y € X va moi s thuc a.

1) ||z|| > 0 néu x # 0; ||z|| = 0 néu z = 0.
2) |laz|| = |a|||z]| (tinh thuan nhat ctia chuan).
3) ||z + vyl < |l=|| + ||y]| (bat ddng thic tam gidc ).
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Vi du 1.2. Khéng gian métric R” 1a khong gian tuyén tinh dinh chuan
v6i chuan tuong tng 1

R": o] =

Dinh nghia 1.5. (Khong gian Banach)

Cho khong gian tuyén tinh dinh chuan X, d: X x X — R dudc xéc
dinh: d(z,y) = ||z — y|| thi d(x, y) goi la ham khodng cach, ta n6i khoang
cach nay 1a khoang céch cadm sinh béi chuan.

Khong gian Banach 1a khong gian tuyén tinh dinh chuan day du.

Vi du 1.3. C6 thé chiing minh réing khong gian
Clap) = {f : la,b] — R, f]a lién tuc}

v6i chuan Chebyshev: || f]| = rr1[a>b<}| f(t)] 14 mot khong gian Banach.
te|a,

Dinh nghia 1.6. Khong gian Banach X dudc goi 1 16i thuc sy néu:
Ve,y 0 [lz+yll=lz |+ [yl=y=Ax(A>0)
Vi du 1.4. Khong gian Cy, ;) khong 16i thyc sy

o t—a )
Viveia(t) =1 y(t) = — taco letyll=[ ] +]yl=2
nhung y # A\z.

1.3 Khong gian Hilbert

Trong phan nay ta sé xét X 1a mot khong gian Hilbert thuc.

Dinh nghia 1.7. (Khong gian tién Hilbert)

Mot khong gian tuyén tinh thie X dude goi 1a khong gian tién Hilbert
néu trong dé c6 xac dinh mot ham hai bién (z,y) goi 1a tich vo hudéng clia
hai vecto (z,y) véi cac tinh chat sau:

1) (z,y) = (y, @)

) (& +9,2) = (2, 9) + (3 2)

3) (ax,y) = a(x,y) véi a la s6 thyc.

4) (z,z) >0néuz #0, (r,z) =0néuz =0

Va théa man hé thitc 5) (z,2) = ||z]|* tic 1 ||z]| = +/(z, x) x4c dinh
mot chuan trong khong gian X, néi cach khac khong gian tién Hilbert nhu
trén 1a mot khong gian dinh chuan.

7
786 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



Vi du 1.5. Khong gian Cf,; gom tat ca cdc ham lién tuc trén doan [a, b]
véi cac phép toan thong thuong va véi tich vo huéng cho badi:
b
(z,y) = [x(t)y(t)dt 1a mot khong gian tien Hilbert.
a
Dinh nghia 1.8. Khong gian tién Hilbert day du dugce goi 1a khong gian
Hilbert.

2

Vi du 1.6. Khong gian L[Qa y VO chuan ||z||, = <f lz(t)| dt) 1a mot
khong gian Hilbert.

Nhan xét 1.1. i) Khong gian tién Hilbert 13 khong gian dinh chuan véi
chudn ||z|| = (z,2)z.
ii) Khong gian tién Hilbert luon c¢6 bat dang thiic Schwars:
(@, )| < M| - Nyl
iii) Khong gian tién Hilbert luon théa man dicu kién binh hanh:
o+ gl + e = ol* = 2 (Il=l” + ly]*)
iv) Tich vo huéng (z,y) 1a mot ham s6 lien tuc doi véi bién z va y.

Vi du 1.7. Moi khong gian Hilbert 14 16i thyc si.
That vay, ta c6 || z +y [|=[l 2 || + ||y [|
Binh phuong hai vé ctia dang thitc: ||z +y||* = ||z|)* + 2[|z||[|y]] + ||y
Ma

=
=(z+y,x)+{z+yy)
= (z,2) + 2(z,y) +(¥,9)
= [lz]* + 2(z, y) + [ly]?

Suy ra (z,y) = 2 |||y |-
T bat dang thic Cauchy- Bunhiacovski- Schwartz, suy ra
y=Ax,(A>0).
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Chuong 2

Ly thuyét xap xi déu t6t nhat

Chuong nay trinh bay nhitng két qui quan trong vé 1y thuyét xap xi
déu tot nhat nhu sy ton tai clia xap xi tét nhat trong khong gian Banach,
xap xi déu tot nhat trong khong gian Ci, ;) va mot so truong hop dac biet
xap xi bang da thic bac khong hay xap xi bang da thic bac nhat. Cac két
qué cia chuong nay duge tham khéo trong cac tai lieu [1, 2, 7,10].

2.1 Dat bai toan

Cho ham s6 f € Clay- Goi P, 1a tap hop céc da thic c6 bac khong qua
n tren [a,b]. Ta phai tim da thic P € P, ¢6 "do lech" nhd nhat so véi f
trén [a, b] tic la:

— P(z) |= mi _P 2.1
g[gfg]\f(w) () | gglgigfg[gfg}lf(x) ()] (2.1)

Néu trong Cf, ) ta xét chuan || ¢ [|= m[a>b<] | o(t) |, (¢ € Clop)) thi bai toan
te|a,
(2.1) c6 dang:
Tim P € P, sao cho

If = Pll=Eun(f) = min || f - Q| (2.2)

Phan t dat cue tiéu ki higu 14 P = arg g)m]gl | f—Q |
€P,
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2.2 XA&p xi t6t nhat trong khong gian Banach.

Cho X 1 khong gian Banach, Xy C X 1a khong gian con hitu han chiéu
va ¢ € X 14 mot phan t ¢6 dinh cho truée. Can tim zy € X sao cho:

| x —xg) ||=d(x, Xp) := inf ||z — v || (2.3)

veX)
Néu phan tit 2o ton tai thi dugce goi 1a xap xi t6t nhat cia z trong X
Dinh ly 2.1. Bai toan xap xi (2.3) luon c6 nghiém.
Ching minh. Dat Q = {v € Xy || v ||< 2||z||}
Dé thay néu v € X\ thi |[v]| > 2||z|| = ||v]| — ||=|| > [|z]]
Khido ||v—z[[Z[[v ] = [z [>]z[=[]2z—0]
Do dé v khong xap xi x bang phan tit 6 € Q. Nhu vay ta c6 thé giéi han
viéc tim xap xi t6t nhat trong €.

Ta c6 € 1a tap dong, gidi noi trong khong gian hitu han chiéu X nén
() 1a tap compact.
Xét ham ®(v) :=[| z — v || ta o

| ©(v)=2(V) |= [z—vl|=[la=||| < [[le—v—z+||] = o=/, (v,0" € Q)
T day ta suy ra ® 1a ham lién tuc trén compact, do dé6 ® dat cuc ticu
drg € Q: P(29) = min®(v) = min|| z — v |. O
veEQ) veX)
Dinh 1y 2.2. Trong khong gian Banach 10i thuyc sy, xap xi déu tét nhat
ton tai va duy nhat.

Chitng minh. Su ton tai tot nhat suy ra tiu dinh 1y 2.1.
Ta di chttng minh tinh duy nhét:
Gid st 21, 79 € Xp 1a hai xap xi tot nhat cia z € X, tic la :

|z —xz; ||=d:=d(z,Xy), (i=1,2)

Xét hai truong hop:
a.d=0=>z=z, (=12 = 19=u1.
b.d>0Tacéd§Hx—xl+x2
Nhu vay

1 1
|5 e =] +5 Nz = |=d

r— I
2

r— X r — X9

H A

r — X9 .
+ ==l
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Do X 16i thuc su nén

r— X

2

T day suy ra

d=lz—z||=A]|z—22||= N\

r—Ty T — T
2 2

Vay A = 1. Do d6 hay x9 = x7. ]

2.3 XAap xi déu tét nhat trong khong gian Clay

Trong phan nay ta xét X = Cp,y, Xo = B,. Do mdi da thitc Q) €

n ] .

P, : Q(z) = 3 ¢’ diic trung béi vecto cac he s6 c(co.cr, ..., ¢,) € ROHY
i=0

nén X, la khong gian con cia X va dim Xy =n + 1.

Theo dinh 1y 2.1, bai toan xap xi déu (2.2) luon ¢6 nghiém. Tuy nhién
dinh 1§ 2.1 khéng cho ta tiéu chuan kiém tra xem liéu mot da thic P € P,
c6 phai 1a da thiic xap xi déu tét nhat hay khong.

Dinh 1y 2.3. ( Valleé- Poussin ). Giad st f € Cj,y va Q € P,. Néu
ton tai n + 2 diem phan biet @ < 9 < 71 < ... < Tpp1 < b sao cho
f(ZEZ) — Q(SUO lan lugt doéi dau:

sign{(=1)"[f(x;) — Q(x;)]} = const, (i=0,n+1)

thi
E,(f) > p= min | f(z;) — Q(z;) |

1=0,n+1

Ching minh. a. =0 khi d6 E,(f) > 0= p

b. 1 > 0. Chitng minh bang phan chiing.

Gia st E,(f) < p, P € P, 1a da thtic xap xi déu t6t nhat ctia f trén
.. Khi 6 | £ — P |= E,(f) < p.

Suy ra | P(x;) — f(zi) [<[| P = [ ||< p <[ Q@) — flzi) |-

Do do

sign|Q(z;) — P(z;)] = sign{[Q(z:) — f(xi)] + [f (z:) — P(xi)]}
= sign[Q(z;) — f(z;)], i=0,n+1

11
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Vay da thic Q — P € P, d6i dau n+ 2 lan nén c6 it nhat n + 1 nghiém.

Suy ra ) = P.
Ta c6 p>[| @ = f |2 min| Q(z;) — f(z:) | = .
Mau thuan nhan duge suy ra E,(f) > p. ]

Chii oj: Dinh 1y Valleé- Poussin 14 mot trong so6 it dinh 1y c¢6 gia thuyét
dinh tinh v& két luan dinh luong.
Dinh ly 2.4. (Chebyshev). Diéu kién can va di dé P € P, 1a da thiic
xap xi déu t6t nhat cta f € Clyy la ton tai (n + 2) diém luan phien
Chebyshev a < g < 21 < ... < 2,11 < b sao cho

flai) = P(zi) =a(=1)"[| f= Pl (i=0,n+1) (2.4)

trong d6 a = #1.

Chitng minh. Diéu kien di: Dat L := ||f — P||, tit (2.4) ta c6 L = p.
Theo dinh 1y 2.3, p < E,(f) <|| f =P |=L
Vay E,(f) = L =|| f — P || hay P la da thtic xap xi déu t6t nhat cta
f trén [a, b].

Dieu kién can: Gia st @Q,(z) 1a da thic xap xi déu tot nhat clia f trén
la, b], ta phai chiing minh ton tai n + 2 diém a < g1 < ... < Ynio < b sao
cho:

f(yz) - Qn(yz) - O‘(_l)Hf - QnH
Dat L = |[f — Qnl| , ky hieu y1 = inf{z € [a,0] : | f(z) — Qu(z)[} = L.

Tu dinh nghia cta L va sy lien tuc ctia [f(z) — @,(x)] suy ra sy ton
tai cua y;.

Vay [f(41) = Qu(y1)| = L.

Ta col f(y1) = @n(y1) = +L.

Ky hiéu : yo = inf {z € (y1,b] : f(x) — Qu(x) = —L}.
Yps = inf {x € (y, 0] : f(2) — Qu(z) = (-1)’%}.

Vay : f(yrs1) — Qu(yrt1) = (—1)FL.
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Tiép tuc qua trinh nay cho dén khi c¢6 vy, = b hoac dén v, théa man
diéu kien khong lay dugc v,,.

Néu m > n + 2 thi ta c6 dieu phai chitng minh.

Gid st m < n+ 2. Vi (f(x) — Qu(x)) lién tuc trén [a,b] nén véi mdi k
(2 <k <m) c6 the lay Z;_1 sao cho |f(z) — Qu(x)], v6i Zp_1 < = < yp.

Dat Zy = a, Z,, = b. Theo phép xay dung trén thi mdi [Z;_1, Z;] ,
i =1,...,m co6 diem y; sao cho f(y;) — Qn(y;) = (=1)""'L va khong c6

pat o(e) = T (2~ #), Qi) = Qule) +dola) (3> 0)
i
Xét ham s0: f(x) — Qi(x) = f(x) — Qn — dv(z) tren doan [Zy, Z4].
Tréen [Zy, Z1) thi v(z) > 0 do dé f(z) — Q%(x) < L — dv(z) < L.
Mat khac| f(Z1) — Qu(Z1)| = |f(Z1) — Qu(Z1)| < L.
Tit d6 suy ra f(z) — Q% (x) < L,Vx € [Zy, Z1].
Dong thoi ta lai ¢6: f(x) — Qn(z) > —L,Vx € [Zy, Z1].
Nhu vay ton tai d; duong dit nhé dé Vd € (0, d;) thi ta co:
|f(z) = Qi) <L, Vaxe€l|ZyZ]
Xét ham s6 | f(z) — Q¥ (x)| trén [Z1, Zs), v6i © € (Z1, Z) ta 6 :
v(x) < 0. Suy ra f(z) — Q4(x) > —L — dv(x) > —L.
Ta lai ¢6 f(z) — Qu(x) < L, Vx € [Zy, Zy].

Vay véi d < do thi f(z) — Qi(x) < L, Vx € [Z1, Zs].
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Mat khic : [f(Z1) — Qu(Z1)| = |f(Z1) — Qu(Z1)] < L.
| [(Z2) — QLU Zy)| = |f(Z2) — Qu(Z2)| < L.

Vay ton tai dy duong dit nhé dé d € [0, ds] ta co:

[f(2) = Qu(@)| < L, x€[Z1,Z)].

Lap luan tuong tu nhu trén doan [Zy, Z1] doi véi cac doan [Z; 1, Z;] v6i
i=2k+1,k=0,1,2,... ta dugc két qua: 30 < d; sao cho v6i 0 < d < d;

D61 v6i cac doan [Z; 1, Z;] v6i i = 2k, k = 1,2,... 1ap luan nhu trén
doan [Zy, Z5] ta duge 3 d; > 0 sao cho 0 < d < d; thi:

|f(z) = Ql(x)| < L,Vx € [Zi1, Zi).
Nhu vay chon dy < min {di =1, m}

Suy ra |f(z) — Q¥ (z)| < L tréen [Z;_1, Z;], 1 = 1, ..m.

m

Vi U(l’), Qn(x) e X => Qg(l’) e Xy, L:Jl [Zi—lu ZZ] = [CL, b]

Suy ra |f(z) — Q% (z)| < L,Vz € [a,b)].

Vay m[a%] |f(z) — Q¥ (x)| < L,Vz € [a,b] trai v6i gia thiét Q,(z) la
x€la,

xap xi déu tot nhat. Suy ra m > n + 2
[

Dinh Iy Chebyshev cho ta tiéu chuan kiém tra xem mot da thic ¢é phai
13 da thic xap xi déu tot nhat cia ham f € Clay hay khong. N6 cling
dugce st dung dé ching minh nhiéu tinh chét cia da thitc xap xi déu tot
nhat.

Nhu da néi 6 tréen X = Cj, khong la khong gian 16i thuc su. Do do6 ta
khong ap dung duge dinh 1y 2.2. Tuy nhién ta co:
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Dinh ly 2.5. Da thiic xap xi déu t6t nhat cta f € Clay 12 duy nhat.

Chiing minh.  Gia st P,QQ € P, 13 hai da thtic xap xi déu tét nhat cia
P
f trén [a,b]. Do d6 0

€ P, cling 1a da thic xap xi déu tot nhat, vi:

P+Q, 1 1
Ens| f=—5—ll=5 1 f=Pl+5 11 f-Ql= Eulf)
4 n+1 7« .2 N . o P"’ .
Véi {x;},—, la (n + 2) diem luan phién Chebyshev ctia , ta c6
P(x;) + Q(z;
| ( )2 ( )—f( )| =En(f), (i=0,..,n+1)

Suy ra

28,(f) =| P(xi) — f(z:) + Q) — f(x) |
<| P(x;) — f(xi) | + | Qzi) — f(z:) |
<[P—-fIl+11Q—fl=2E.(f)

Do d6 | P(x;) — f(z:) =] Q(z:) = f(:) |[= En(f), i=0,...,n+1
Hay P(x;) — f(x;) = N[Q(x;) — f(x;)] v6i \; = £1 Ta ¢6

(L+ M) | Qi) — f(z:) |[= (1 + N)ER(f) = 2E,(f)
= )\, = 1 Tuday suy ra P(z;) = Q(z;), i=0,...,n+1hay P=Q. O

Dinh ly 2.6. Da thiic xap xi déu tét nhat P € P, clia mot ham f €
C[—1,1] chén (16 ) cing 1a ham chén ( 1é ).

Ching minh.  Gia st f 1a ham chdn. Va P(x) la da thitc xap xi déu tot
nhat cta f, v6i moi z € [—1,1] ta ¢6 :

| f(x) = Px) [<||f = Pl = Ea(f).
Thay x = —z ta ¢6
| f(=2) = P(=2) |=[ f(z) = P(=x) [< Eu(f), Vrel[-11].

Suy ra P(—x) ciing 14 da thic xap xi déu t6t nhat ctia f. Do tinh duy
nhéat clia xap xi déu t6t nhat ta duge P(—z) = P(x), Ve e [-1,1]. O
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Dinh 1y 2.7. Gia st f € C"[a, b] con f™+Y(x) gidi noi va khong ddi dau
trén [a, b]. Khi d6

b—a)"t (b—a)""
inf (n+1) ( <E, < (n+1)
) ey < B = s L) | e T

Chitng minh.  Goi P 1a da thic noi suy clia f v6i cac moc noi suy 1a
nghiém cta da thitc Chebyshev

a+b b—a (2k—1)7w
= k=1 1
Tk 5 + 5 cos 2(n+1)’ ,n+

sao cho f(z) = P(zg),k=1,n+ 1.
Theo cong thiic uéc lugng sai s6 ctia phép noi suy ta co

h— n+1
)= Pl |< s | 7O | gt o € o
(b i a)n—H

g En < _pl< (n+1)
uy ra ()< f =Pl _felffb” P | i 1

Gia stt Q 1a da thitc xap xi déu t6t nhat ctia ham f tren [a, b]. Khi d6 theo
dinh 1§ Chebyshev f — Q doi dau (n+2) lan nén f — @ c6 it nhat (n+1)
khong diém v; : f(y;) = Q(v:),% = 1,n + 1. Nhu vay @ la da thtic noi suy
clia ham f v6i cac mbc noi suy {y; }il

ERARRIS)
flz) = Q(x) = CES

Wn+1 (I‘)

trong do
n+1

Wn+1(x) = H(LU - yz)7 g = f(.ﬁlﬁ) € [CL, b]

i=1
Gia st |wye1(x)| dat max tai © = g € [a, b]. Ta ¢6

E.(f) = 1f = QI =] f(xo) — Q(x0) |

|l |wnt1(2o)]
= |f (5($o))|m
”wn—HH
(n+1)!

(b— a)n+1
22+l (n 4 1)!

> inf| " (2)]

> inf| /" ()]
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Hé qua 2.1. Da thitc xap xi déu tét nhat bac n cia mot da thic bac
n+1: f(x)=ao+ax+-+az", (a,41 #0) c6 dang

22 — (a +b)\ (b — )"
b—a ) 22n+1

Qz) = f(z) — an+1Tn+1<

Chitng minh.  Ta c6 fO)(z) = (n+ 1).n..2.1.any1 = ap(n + 1) =
const
T dinh 1y 2.7 suy ra

b—a n+1 b—a n+1
En(f) = |an+1‘(n + 1)!22(n+1(n>+ 1)! - |a”+1|( 22n21

Da thiic ) ¢6 bac khong qua n, ngoai ra,

22 — (a+b)\|(b—a)*!
b—a ) ‘ 22n+1

[f(z) = Q(x)] = [an+]

Thy1 <

Cac diém Chebyshev ctia Q 1a

a+b b—a %) S
T = + cos ,
2 2 n+1

v |lf = Qll = Eu(f). s

2.4 Mot s6 trudsng hop dic biét

2.4.1 Xép xi bang da thic bac khong
Ménh dé 2.1. Cho f € Cl,y, M := max f(z), m:= min f(z)

x€la,b] x€la,b]
_ M+m

Khi d6 Q(z)

tren [a, b].

la da thiic xap xi déu to6t nhat bac khong cua f(x)

Chitng minh.  Vim < f(z) < M,Vz € [a,b] nén

M —m
2

gﬂ@—mﬂsM;m

hay
M—m

2

f(z) = Q)] < YV € [a,b].
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Gid st f(x1) = M, f(z2) = m ta cb

flo) = Q) = M5 ) - Q) = -
M —

2

3

va 21, T2 13 hai diem Chebyshev. ]

Vay [|[f — Q| =

2.4.2 Xép xi bang da thic bac nhat

Cho f(z) 1a ham 16i trén [a, b]. Néu f(z) 1a ham tuyén tinh thi da thiic
xap xi déu tot nhat bac nhat Q(x) = f(x).
Bay gio gia stt f(z) khong phai 1a ham tuyén tinh.
Khi d6 goi Q(x) = ap + a1z 1a da thic xap xi déu t6t nhat clia f trén
la,b], ta c6 f(x) — (ap+aix) cling 1a ham 16i, nén dat cyc tri tai mot diém
trong duy nhat ¢ € [a,b]. Theo dinh Iy Chebyshev, ton tai 3 diém luan
phién Chebyshev, tai dé6 |f(x) — (ag + a1z)| dat cuc dai. Do d6 2 diem
Chebyshev con lai phai la a va b. Ta ¢6 :
f(la) — (ap + aja) = aL
f(e) = (ap + aic) = —aL
f(b) = (ap + a1b) = oL
trong d6 L = || f — Q||; o = £1.
f(b) — f(a)
b—a
Néu f kha vi thi diém c tim tit diéu kien f’(c) = a. Sit dung hai hé thiic

dau ta duoc:
W @@ atef®)- @)
2 2 b—a
fla) = fle) c—af(b)— fla)
2 2 b—a

Tt he thitc dau va cudi, suy ra a; =

L=|f(a) = (a + a1a)| =

* Y nghia hinh hoc:
Néi hai diém A(a, f(a)), B(b, f(b)) bang doan thang AB:
y=a(r —a)+ fla) =az+ fla) - an

Ké tiép tuyén song song véi AB: y = a1(x —¢) + f(c) = ez + f(¢) — cay
Duong can tim 1a dudng trung binh ctia hai duong AB va C'D:
fla)+ f(c) a+cf(b)— f(a)

2 2 b—a

Y =ai1x + ap,ag =
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Vi du 2.1. Tim da thitc xap xi déu t6t nhat bac nhat cia ham f(x) = |z
tren doan [—1, 5]

Ta co:
o—1 2 0
= — " —Z..=
Ty (1) 3

) 2 5)
Duong thang qua AB: y = 37 + 3

2 2
Dudng thang qua C(0,0) song song véi AB: y = 37

2 5
Duong trung binh ctia AB,CD la y = gx + G

Vi du 2.2. Tim da thic xap xi déu t6t nhat bac 3 cia ham f(x) = e”
trén doan [—1, 1].

Vi f 1a ham ch&n nén da thiic xap xi déu tot nhat Q3(x) cling chén.
Do d6 Q3(x) = ag + asz®. Dat t = 22; fi(t) = €', t € [0, 1]

2

= Q3(t> = ap + agt
Phuong trinh duong thang qua A(0,1); B(1,e) ¢6 dang y = (e — 1)t + 1.
Tim = C(c, fi(c)) trong d6
e—1

o1
1-0 °©

file) = az =

Ta c6 € = e — 1 suy ra ¢ = In(e — 1). Phuong trinh tiép tuyén véi dudng
cong f1(t) tai C' ¢6 dang

y=(e—=1(t—c)+ filc)
=(e—1({t—In(e—1))+ (e —1)
=(e—1Dt+[(e—1)—(e—1)In(e —1)]

Vay phuong trinh dudng trung binh ctia duong thang AB va tiép tuyén co

dang:
e—(e—1)In(e—1)

2

y=(e—1)t+
Tré lai bién z ta co:

e—(e—1)In(e—1)
2

Qg(x) = (61)%2 +
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Chuong 3

Mot s6 ing dung cta 1y thuyét xap
xi deu vao giai mét 16p cac bai toan
SO cép

T viec nghién ctu 1y thuyét xap xi déu 6 Chuong 2 trong chuong nay
sé trinh bay 161 gidi cho mot 16p cac bai toan so cap dua trén Iy thuyét
xap xi déu tét nhat bang da thitc bac khong va bac nhat, cing véi 161 giai
so cap tuong tng. Chu ¥ rang 10i gidi so cap c6 nhiéu cach gidi, § day chi
trinh bay 16i giai tong quat nhat cho céc bai toan hay gap.

3.1 Loi giai tong quat

3.1.1 Ung dung xip xi bing da thitc bac khong cho 16p cac
bai toan.
Bai toan: Cho ham s6 f () lién tuc trén [, §]. Tim a sao cho m[a:;%] |f(x) —al
x€|a,
dat gia tri nhoé nhat.
* Loi gidi dua trén ly thuyét zap xi déu toét nhat.
+) Bude 1: Tim gia tri 16n nhat (GTLN), gia tri nhé nhat (GTNN) cta
f () tren [a, 5].
bat M = maX]f(:c),m = min f(x).

xe[aﬁ x[a76]

M+m . .
la sO can tim.

+) Buéce 2: a =

(S6 can tim chinh 1a da thitc xap xi déu t6t nhat bac khong ctia
ham s6 f(x) trén [«, 5])
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*Loi gidi so cap:
+) Bude 1: Tim GTLN, GTNN cia f(x) trén [a, ().

Diat M = max f(z),m = min f(z),(m < M)
z€la,f] z[a,f]

+) Bude 2: Dat X = f(x), ta c6 X € [m, M]
Diat g(X) =X —a,khi d6 g(m) =m —a, g(M)=M —a.
Dat K = max X)|, hay K = max |f(x) — al.
K = max 1900, hay K = mox [£(@) —

Ta 6 2K > |g(M)| + |g(m)| > lg(M) — glm)| = |M —m| = M —m.

M —
Suy ra K > m.
M —m
/ M — lg(M)] = [g(m)| =

Tt d6 ta théy: K = " ehi 2

g(M).g(m) <0

M +m

= a=
2
. M M —
+) Buéc 3: Kiem tra lai v6i a = m thi m[ax |f(z) —al = 5 m
HAS

Két luan: Vé6i a =

™ thi m[ax | f(z) —a| dat min va gia tri nhé nhat
HAS

M _
dat duge 1a mn

Chii 4
+ O budc 1 ¢6 thé st dung tinh chat dong bién, nghich bién (néu c6)
ctia ham s6 f (z), st dung do thi (vi du nhu f (z) la da thitc bac hai),hay
tong quat 1a khao sat ham so.
+ O bude 2 ddi v6i hoe sinh phd thong, c6 thé giai thich bing viec

vé do thi mot két qua hién nhién ctia giai tich 1 : Anh lien tuc cua doan

[, B] 1a 1 doan [m, M]. V6i M = max f(z),m = min f(x).
x€la,f] z€la,f]

( diéu nay hoc sinh duge hiéu tuong ty nhu viec ddi bién).

M —
Vay qua buée 2 ta ching minh duge : K = max |f (z) —a| > m

v v z[o Bl -2
—m thi a = + m.

Néu K =
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M M —
LR ma |f(z) ~ o] = = m

Can kiém tra lai v6i a =
Diéu nay sé xay ra néu ta st dung két qua sau:

(X —a| < ana {lm —al,[M —al} (x)
Dicu (*) dung v6i moi a. That vay, 1ay X bat ky € [m, M].
Taco .- m< X< M,suyram—a<X—-—a<M-—a.

+Néu X —a<0.Khido:m—a<X—a<0,suyra|X —a|l <|m—al.

+NéuX—a>0.Khid6:0<|X—a| <|M—al,suyra|X—a| <|M—al.

Xe[m,M]
M —
Khi ma a = +mthig(M):g(m): 2m
M —m
Va X)| =
By max lg (X) | 5

Budc kiem tra lai cudi ciing 1a nhan manh them mtc do chit ché vé miit
logic, ta c6 thé chi ra rang:

. M —

Budc 2 chi ching t6 rang K > 5 m.
g(M)=g(m)= max g(X 1
o (M) = g (m) )](\;[m’M]() (1)
K = & —m
2 g(M)=g(m)=—75— (2)

g (M).g(m) <0 (3)
Tuy nhién chi v6i (2),( ) la ta tim dugc a, do vay v6i a tim duge thi
(2) va (3) dugc théa man. Vi I do nhu vay ma viec kiem tra (1) 14 can
thiét.

22
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3.1.2 Ij’ng dung xap xi bang da thic bac nhat cho 16p cac bai
toan dang:

Bai toan: Cho ham s6 f(x) lien tuc, 16i (ho#c 16m) tren [«, 5]. Tim a,b
sao cho max |f (z) — (ax + b) | dat GTNN. (Hinh 3.1)

z€la,f]

Hinh 3.1:

*Loi gidi dua trén ly thuyét xap xi déu tot nhat:

+ Budce 1: Xac dinh 2 diem A («, f (a)), B (8, f (8)), viét phuong trinh
dusng thing AB: y = kx + m.

+ Bu6c 2: Tim phuong trinh tiép tuyén ctia do thi ham s6 y = f(z) va
song song AB (tiép diém 1a x = c), khi d6 tiép tuyén c6 dang: y = kz +n.
+ Bué6c 3: Duong thang can tim la duong song song cach déu 2 duong

2 Pe Pe 1
thang AB va tiép tuyén tren la :y = kx + 7 (m+n).

. 1
+ Bué6e 4: Két luana =k , b = B (m +mn). GTNN dat duge :

My = ‘f(oz)— (ka+%(m+n)> ‘ = ‘f(ﬁ)— <k6+%(m+n)> ‘
Chi § rang:

* Can kiém tra f(x) c¢6 16i (16m) trén [, 8] hay khong?

* Vé6i gia tri a,b can tim thi |g (zo)| = |g ()| = |g (8) | = My. Dong
thoi ta c6 thé thay chi c6 thé xay ra mot trong hai trudng hop:

+ g (w9) = My, g (a) = g(8) = —My (Hinh 3.2).

+ g (x0) = =My, g (a) = g () = Mo (Hinh 3.3).

23
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Hinh 3.2: Ham 16i

Néu f 1a ham 16m thi luon c6 g (zg) = —My, g (o) = g (8) = M.

Hinh 3.3: Ham 16m
*Loi gidi so cap:

+ Buée 1: Dat g (z) = f(z) — (ax+b) , M = m[a)é] lg (x)|.
€,

Tinh g (), g (B),g(xg) (xg va My tim duge nhd 161 gidi theo phuong
phap xap xi déu).
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+ Bu6ce 2: Ta xét 2 truong hop :
- Truong hop 1 : a>k
- Truong hop 2 : a<k.
Tai mdi trusng hop ta danh gia |g (o) — g (xg) | hodc |g (8) — g (zo) | d&
dua ra két luan M > M,.
+ Budc 3: Truong hop 3: a = k.
Khi dé g (o) = g(8), ta vAn danh gia |g (o) — g (zg) | dé dua ra két
1
luan M > My, M = My khi ma b = §(m—|—n)
1
3 (m+n) thi Xrg[?’%] lg (x) |

+ Buéc 4: Ta ching minh : véi a = k, b =
dang bang M,.
Chi 3 : o) truong hop 3, ta c6 thé chia nhé lam 3 trudng hop:
1
, ta sé chiing minh M > M,

1

1
+ b= §(m—|—n), ta ching minh M = M,

Khi d6 b6 qua budce 4.

Nhan xét :

Nhu & trén toi da dua ra 1oi giai tong quét, dua trén 1 thuyét xap xi déu
tot nhat, cling 101 gidi so cap tuong tng trong viéc van dung mot sd ing
dung xap xi bang da thic bac khong va bac nhat. T d6 gido vien c6 dinh
huéng ra mot 16p cac bai toan so cap cho hoc sinh kha gioi THPT. Tuy
nhién viéc lya chon ham s6 f(x) cling nhu doan [« 5] 1a khong don gian
chat ndo. Can ghi nhé rang : déi v6i xap xi bang da thic bac khong thi
f(z) lién tuc tren doan [a, (], con ddi véi xap xi bang da thitc bac nhat
thi f(x) lién tuc, 161 (ho#ic 16m) trén doan [o, ]. Khi dua ra ham s6 f(x)
tuong ting v6i doan [a, 8] sao cho qua trinh tinh toan khong nén qué cong
kénh, vi 1oi gidi so cap tuong déi 1a ki thuat, cac gia tri dua ra dé danh
gia (vi du nhu @ > k chang han) 13 khong tu nhién, nén gido vién c6 thé
dua ra ggi ¥ vé cic bude, hay cac bai toan dan dit. Sau day 14 mot s6 vi
du cu thé:
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3.2 Ldp cac bai toan cu thé

Bai toan 1: Tim a dé 11’[1ax] | — 922 + 4z + a| dat min.
xe|—1,2

* Loi gidi nho 1y thuyét xap xi déu tét nhat:

Ta c6 ham s6 f () = —922 + 4z lién tuc trén doan [—1,2].
Yéu cau bai toan tuong duong vdi :

Tim a dé g[lalXZ] | — 922 + 42 — (—a) | dat min.
Ttc 1 ta phai tim da thic xap xi déu tét nhat bac khong ciia ham s6
f (z) = —92% + 4x trén doan [—1,2].
Trude hét ta tim GTLN, GTNN ctia ham s6 f (z) = —92° + 42 trén doan
[—1,2]. Xét ham s6 f () = —92% + 42 trén doan [—1, 2]
c6 f'(x) = —18x +4

Bang bién thien:

2
x | -1 5 2
f'(x) - 0 -
i
f(x) / ‘ \
—-13 _28
Tit d6 ta c6 :M fl) =2 in f(z) = —28
6tacé:M = max f(z)=—-,m= min f(z)=—
ve[-1,2] 9’ ve[—1,2]
Suy ra da thiic xap xi déu tot nhat bac khong ctia ham s6
2 o8
124
f(x) = =922 + 42 trén doan [—1,2] 1a : P (x) = 9 =
Va 124 N 124
1y 9 9

Khi d6 GTNN dat dugc :
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124 128 2\% 128
max | — 922 +4r+ —| = max ’—— 3r — — ’:—.
ze[-1,2] 9 ze[-1,2]1 9 3 9
Hudéng dan so cap:

Can ct vao 10i giai cao cap clia bai toan trén, ta c6 thé dua ra mot 16p cac
bai toan sau v6i mot s6 cach dat cau héi nhu:

, 128
Bai tap 1: Tim a de ‘—9:{:2 +4xr+al < 5 Vo € [—1,2].

Bai tap 2: Cho f(x) = —922 + 42 + a. Tim a dé GTLN ctia ham s6
y = |f(x)| trén [—1, 2] dat nho nhat.

Bai tap 3: Vi gid tri ndo cta a thi max |—92% + 4z + a| dat gid tri
1,2

ze[—1,
. 12
nho nhat 1a 78

Bai tap 4: V6i gid tri nao clia a thi GTLN clia ham sd y = |—92% 4+ 4z + a
tren [—1,2] dat GTNN.

Bai tap 5: Tim a dé : n[lax] ‘—9x2 + 4x + a‘ dat GTNN.
re|—1,2

124 )
Bai tap 6: CMR v6i a = o thi GTLN ctia ham so6 y = ‘—93:2 +4x +a
14 nh6 nhat trén [—1, 2].

O day tuy theo timg déi tuong hoc sinh ma ta c6 thé dua ra dé bai toan
. .. , 124
cho thich hgp, bang cac lap luan cudi cung phai tim ra: a = —.

9
Cai hay ctia viec ting dung loai todn nay 1a gido vien cé thé thay ngay

dugce két qua ciia bai toan nhd cach gidi cao cap, ma tit dé c6 dinh huéng
dé huéng dan hoc sinh tim ra két qua theo con duong so cap.

* Loi giai so cap nhu sau:

Dat X = —92? + 4x. Khi d6 ta c6 : |—92? + 4x —|—a‘ =|X +a| = y(X).
Ta dé thay: z € [-1,2] = X € [-28,5].

(C6 thé gai v cho hoc sinh thay duge qua bang bién thién nhu & phan trén.
Néu hoc sinh chua hoc khéo sat ham s6 thi diing dd thi ham bac hai dé
tim GTLN, GTNN).
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Khi do6 bai toan c¢6 dang: Tim a sao cho max
Xe[-28,4]
. 4 4
Ta c6 y(—28) = |-28 + af , y(g) =15 + al.

4 4
Suy ra : y(—28) +y(§) = |-284a| + '§ +a

| X + a| dat min.

4 4 256
— |28 — ~1 > (28 - “) | =22
| a\+a+9'_|( a)+(a+9>' 5
Dat K = max y(X), tit ude lugng trén ta co:
Xe[-28,3]
4 128 124
y(=28) =u(3) = -~ a=-—
128 9 9 9 124
(28—a)<§+a>20 —§§a§28
124 N 128
Viéc con lai 14 chiing minh: max |g(x)| v6i a = — ding bang —.
ze[-1,2] 9 9
/ ) 124
Ta ¢6 g(x) = —9x —|—4x+7 = ¢'(z) = —18x + 4.
Bang bién thien:
2
% | i =y 2
g'(x) 3 0 -
128
g2(x) / ? \
& A28
9 9
- 24 VT 9
Vay véi a = o5 thi gid tri 16n nhat cia ham s6 y = | — 92° + 4x + a|
128
trén [—1,2] dat GTNN va gia tri d6 la : R
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Bai toan 2: Tim m dé I[%%T( 13” + m| dat min.

* Loi gidi nho 1y thuyét xap xi déu tét nhat:

Dat f () = 3%, dé thay ham s6 f (z) = 3 lién tuc trén [0, 2], khi do:
3" +m| = [f () — (=m)|

Yéu cau bai toan tuong ng voéi :

Tim da thiic xap xi déu tot nhat bac khong ctia f(z) tren [0, 2].

Ta ¢6 : xren[(i)g] f(x)=1, ;2[%7)2(} f(x)=09.

Vay da thitc xap xi déu tot nhat bac khong ctia ham s6 f(x) = 3" trén
0,2] 1 P() =5 = —m =5 < m = —5 va GTNN dat dugc : |9— 5| = 4.

* Huéng dan so cap:

Dat X =3%. Khi d6: y (X) = |X 4+ m|, ta thay x € [0,2] = X € [1,9].
Taco:y(l)=|1+m], y(9) =19+ m|

yD)+y9) =14+m|+|9+m|=|—-1—m|+|9+m| >8

Dat K = ;n[ax]y (X) , tit u6c hugng & trén ta ¢6 : 2K > 8 = K > 4.Vay
€[1,9

(y(1)=y(9) =38
m = —5
K=4a{! (1=m)O+m) >0 o & m=—5h
(X) = —-9<m< -1
xerg T
Ta kiém tra lai v6i m = —5 thi max |3* + m| = 4.

z€[0,2]
That vay : véim = =5 =y = [3" — 5| = |¢g (x) |,z € [0, 2].
Taco g () =3".In3>0, Vz
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Bang bién thien:

x |0 2
g'(x) +
4
g2(x) /
—4

Tu bang bién thién ta thay: m[ax g (z) ] = 4.
0,2

Vay m[%>2< 137 + m| dat min < m = —5 va gia tri d6 bang 4.

Nhan xét: Sau day 1a mot s6 bai tap ma hoc sinh c¢6 thé gidi tuong tu:

Bai tap 1: Chiing minh m[ax 13* +m| >4  Vm.
r€(0,2

Bai tap 2 : Tim m dé max |3% + m| = 4.
z€[0,2]

Bai tap 3 : CMR : Véi m = —5 thi m[aX 13" + m| dat GTNN.
z€(0,2

Bai toan 3: Tim m dé m[ax] | cos x + m/| dat min.
r€|(0,5

Loi giai nho 1y thuyét xap xi déu tot nhat:
Z N P o~ ~ m
Ta thay ham so0 y = cosx lién tuc trén {0, 5}
Yéu cau bai todn: Tim m dé max |cosz — (—m) | dat min.

xG[O,%]

Tic 1a tim da thic xap xi déu t6t nhat bac khong clia ham s6 y = cosx

s
trén {O, —}.
2
Ta c6 max cosx =1, min cosz = 0.
z€[0,3] z€[0,3]

Tit d6 c6 da thitc xap xi déu tét nhat bac khong clia ham s6 y = cosx
1 1 1
trén {0, g} la P () = 5 = m = — va GINN dat duge a 5.
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Hudéng dan so cap:
e _ > 0
Ta thay ham so y = cosx nghich bien trén {0, 5} .

Xét f (z) = |cosx + m| trén [O,g] Tinh f (g) = |m|, f(0) =|1+m]|.
Suy ra f (0)+ f (g) = [L+m|+|m| = [L+m|+|—m| > [1+m—m| = L.

1
bat M = max [ (z), tit u6c lugng 6 trén ta c6 : 2M > 1< M > 5

xe[O,g]
( T 1
N=Ff=)== ( 1
: Lol ro+r(5)=1
= — - 1
Vay M 5 (2) <9 |m+1|:§
1
max f(z) =g | —m(1+m)>0
\LUG[O@]
1
—1<m<0

. 1 1
Takiémtra:m:—§ thif(x):\cosx—§| , T E [O,g}
1
Ta c6: g(x) = cosx — o khi d6 ¢' () = —sinx.

Bang bién thién :

b | N

g'(x) —

g(x)

b | —
[a—
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Tt bang bién thién ta thdy max |g(z)|=

NI»—\

xE[O,z]
£ . ) 1 1
Keét luan : V6i m = ——, ta ¢c6 max |cosz — —’ = —.
2 ze[0,%] 2 2
. . 2+ 2x—1
Bai toan 4: Tim a dé max ‘— — a) dat min.
z€[0,2] r+1
* Loi gidi nho 1y thuyét xap xi déu tét nhat:
2
) . ¥4+ 2x —1
Ta thay ham s6 y = QT lién tuc trén [0, 2].
x

Yeéu cau bai toan tuong duong véi : Tim da thitc xap xi déu to6t nhat

) 2422 —1
bac khong ctia ham s6 y = T en 0, 2].
r+1
Z Z 2 2 - 1 N Z
Ta thiy ham s6 y = rer— déng bién tren [0, 2.
r+1
7 :
Suy ra: maxy=-— |, min y = —1.
z€[0,2] 3 z€(0,2]
2
. . . . 20 — 1
Vay da thic xap xi deu tot nhat bac khong ctia ham %
x

SO0 Y =
2 2 )
tren [0,2] la P (x) = 3=~ ae=73 va GTNN dat dugc la 3

* Huéng dan so cap:

24920 —1
Xét f (z) = |% — a tren [0,2] 6
7
FO)=1-1-al.f@ =L~

10
Suy 1a £ (0) 4 £ (2) = [1+a] +|7 —af = 2
g . y ) 10 i)
DatK:m[aX]f(a:),tu’UOC lugng & trén ta c6 QKZE@Kzg.

z€(0,2
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5!
FO)=F@)=2
2
a=-
7 3 2
Vay K = - & < (1+a)<§—a>20 & @azg.
—1<a<z
5 - 3
\xrg[gf;]f (z) =3
. 2 242 -1 2
Kiem tra lai: V6i a = = ta c6 = S
iem tra lai: Vi @ = ¢ aco g (x) 1 3
=g (x)=1+ : > 0,Vz # —1
(z+1)° 7 '
Bang bién thien:
x | @ 2
g'(x) +
3
g(x) /
2
3
< 1.2 £ o < 5!
Tu bang bién thién ta thidy max |g (z)| = =.
2€[0,2] 3

W | ot

Vay véi a = > thi max f (z)

ay v6i a = = thi max f (z) =
i 3 x€[0,2]

Nhan xét: Ti cic bai toan trén ta cé thé dua ra mot sd bai tap co
cach giai tuong tu:

Bai tap 1: Tim a dé m[ax} |v/ + a| dat min.
z€|l,2

1 . )

Bai tap 2: Cho f(x) = — — m. Tim m dé GTLN ctia ham s6 y = | f(z)]
T

trén [—2, —1] dat nho nhat.

Bai tap 3: Vdi gia tri ndo cia m thi GTLN ctia ham s6 y = [logyx + m)|
trén [1,4] dat GTNN.
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Bai toan 5: Tim a, b : H[laX4] |22 — (ax + b) | dat min.
1

Ta dé thay ham s6 f () = 22 1a ham 16m trén [—1, 4].

* Loi gidi nho 1y thuyét xap xi déu t6t nhat:
Yéu cau bai toan tuong duong véi :

Tim da thic xap xi déu tot nhat bac nhat @ (z) = ax + b clia ham s6
f(z) = 22 tren [—1, 4]

Xéthamsézf( ) = 2%, khi dé ta c6 f(—1) =1,
Vay A(—1,1),B(4,16) thuoc do thi ham s f (z)
Tt d6 ta c6 phuong trinh AB 14 y = 3z + 4, hé s6 goc k = 3.

Ta tim phuong trinh tiép tuyén clia do thi ham s6 f (z) = 22 va song song

voi AB, ta c6 f'(x) = 2.

f (4) 16.

P4 4 3 9
Vi tiép tuyén song song AB nén 2xy = 3 & 19 = 5= f(xg) = n
~ < L S . 3 N
Suy ra phuong trinh tiép tuyén tai xo = 5 la:
3 9 9
=3|z—3 — &S y=3r—
Y (:I: 2) + 1 Y x 1

Khi d6 dusng thang can tim la dudng song song cach déu ctia hai dudng
AB va tiép tuyén trén, tit d6 né c6 phuong trinh :

1 9 7
pu— —4—— p— J—
Y 3:E+2( 4)<:>y 3x+8

Vay da thic xap xi déu t6t nhat bac nhat ctia ham so:
7
doan [—1,4] 1a Q (x )—3x—|—8 Tt dosuyraa=3,b=

f(z) = 2? trén
T
8

p 7 25
Gia tri nhé nhat dat duge : max |22 — (3x+ = || = —.
ze[-14] 8 8

* Huéng dan so cap:

Dat g (z) = 22 — (ax + b) , M = n[1a1><4]|9( z) |.
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3 9 3

Truong hop 1: @ > 3. Ta ¢6 : 2M > ‘g(—l)—g(—)

Vi >3:>5>15<:>5 5>15 5 25

ia 4> — & -a——>———=— nén:
2 2 2 4 2 4 4’

5 5 ‘ 25 25

2M > > — =M > —.

4 8

3
Truong hop 2: a < 3. Ta c6 : 2M > ‘9(4) —g(§>' = |— — —al.

Via<3o 2qs 242 5, 00 b 250
1 2 2 4 2 4 2—4,nen.

25 25
> — = M > —.
4 8

2M > §—§a
4 2

Trudng hop 3: a = 3, Ta ¢ :g(—l):4—b:g(4),g<—> =———b.

) 7 7
Neub>-& —-b< —¢
a) Néu 3 3

3 9
VayM2|g(§>‘:‘—Z—b >—= M > —.

b)Néub<g<:>4—b>4—8:—<:>]4—b|>—.

25 25
VayMz\g(—l)\:|4—b\>§:>M>§.

. 7
c)Néub:§:>g(x)::U2—3x——:>g’(:v):2:c—3,
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Ta c6 bang bién thién.

3
x |- 2 4
g'(x) - 0 +
25 25
8 K}
¢ \ e
_
8
:
|
3 |
2 I
—
|
|
|
8
S ~ se 7 N 2 25
Két luan : Véia =3, b= < thi max |2° — (ax+b) | = —.
8 ze[—1,4] 8

Bai toan 6: Tim a,b dé ]‘fn|ax |72 +ax + b| dat min.
z|<1

* Loi gidi nho 1y thuyét xap xi déu tét nhat:
Ta thay ham s6 f(z) = 2% 1om trén [—1, 1].

Cdch 1: Yeu cau bai toan tuong duong véi:

Tim a, b dé max |22 —(—ax — b)| dat min.
x|<1

36
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Ttc 1a ta phal tim da thitc xap xi déu tot nhat bac nhat Q(r) = —ax —
ctia ham 86 f(z) = 2% trén [—1,1]. Tinh f(=1) =1, f(1) = 1.

Vay A(—1,1), B(1,1) thudc do thi ham s6 f(z) = 22.

Khi d6 phuong trinh AB la: y = 1.

Suy ra phuong trinh tiép tuyén ctia do thi ham s6 f(x) = 2? va song song
AB 1a y = 0, hoanh do tiép diém xy = 0.

. . 1
Phuong trinh duong thang can tim la : y = 5

[\)l»—n —_
i

I

b2 |

)\
N

Vay da thitc xap x{ déu tot nhat bac nhat ctia ham s6 f(z) = 2% trén trén

1 1
1 1
GTNN dat duge : max |22 ——\ =—.
ze[-1,1] 2

Cdch 2: Vi ham s6 f(x) = z* 13 ham s6 chin trén [—1,1], nén da thiic
xap xi déu tot nhat clia né trén [—1,1] cing la ham chdn = a = 0. Do
do da thiic xap xi déu t6t nhat bac nhat ctia f(z) = 2? cling chinh la da
thitc xap xi déu t6t nhat bac khong tren [—1, 1].

Ta ¢6 min f(z) =0, maxf( ) =1

jz|<1 |z]<1
Suy ra da thitc xap xi déu tot nhat bac khong tren [-1,1] la:
0+1 1 1

Plo)= =2 op— =
() =—-=5= 2
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* Huéng dan so cap:

Dit g(x) = 22 + ax + b, M = max|g (x)|.

|z[<1

Tacog(—1)=1—a+b,g(1)=14+a+0b, g(0) =b.
Trudng hop 1: a < 0. Ta c6 2M > |g(—1) — g(0)| = |1 — al.
Via<0&e —a>0s1l-a>1<|1l—al>1

1
¢2M2\1—a\>1<:>M>§

1
Trudng hop 2: @ > 0. Ta c6 2M 2> [g(—1)—g(0)| = [1+a| > 1= M > 5
Trudng hop 3: a =0. Tac6 g(—1) =1+ b= g(1),9(0) =b.

1 1 1 1
b> ——<bt+1l>-<|g))>=-=>M > —.
a) b>—5 & b+1> o lg1) > 5 5

1 1 1 1
b) b < —= b - - M > —.
)b < 2@|\>2@\g(0)|>2$ >2

1 1
c)b:—§:>g(x):;UQ——ﬁg’(m):%c,g’(()):()(:)x:().

2
Ta c6 bang bién thién :
x| —l 0 1
g'(x) - o t
1. 1.
g(x)| 2 2
\ | /
2

. 1 1 1
Két luan: a = 0,b = —=. GTNN dat dugc : max |:z:2——\ = —.
2 ze[—1,1] 2 2
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Bai toan 7: Tim a, b dé max |2x + (a+4)z + (b+ 3)| dat min.

—2<x<
* Loi gidi nho 1y thuyét xap xi deu tot nhat:
Yéu cau bai toan tuong duong vdi:
Tim a, b dé¢ max [22? — [ — (a + 4)z — (b + 3)]| dat min.

—2<x<3
Ttc 1a ta di tim da thic xap xi déu tét nhat bac nhat:

Q(x) = —(a+4)x — (b+ 3) clia ham s6 f(x) = 22? tren doan [—2, 3].
Ta c6: f(—2) =8, f(3) =18

Tit d6 A(—2,8), B(3,18) 1a 2 diém thudc do thi ham s6 f(z) = 22°.
Suy ra phuong trinh AB : y = 2z + 12, hé s6 goc k = 2.

1
Cé:f’(x):495.\/@3/43:0:2:950:E:f(xo):_

. ) , 1 1
Suy ra phuong trinh tiép tuyeén tai x¢ = 5 la y =2x — 5

) R 23
Phuong trinh duong thang can tim la : y = 22 + T
Vay da thiic xap xi déu t6t nhat bac nhat ctia ham s6 f(x) = 222 trén
[—2,3] la:
—(a+4) =2 a=—06
Q(x) =2z + 2 = &
xr)=2x+ — :
4 23 35
—(b = — b= ——
vy ! 23 ! 23 25
GTNN dat duge : My = max [22° —2r — —| =12 — — = —,
re[—2,3] 4 4 4
* Huéng dan giai so cap:
Dat g(z) =227+ (a+4)z + (b+3),M = 1(r[1au2x3 lg(x)].
) 1 11  «a
Ta c6 g(—2) =3 —2a+b,9(3) =33+ 3a+ 0, 9(5) = ?+§+b.

Truong hop 1: a > —6. Ta co:

55 5 25
IV > 19(3) — g(3)| = |5 + oal > 2+ Ja(~6) = >
39
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4086 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén

25
SuyraM>?:M0.

Truong hop 2: a < —6. Ta co:

1 5 b5
2M > lg(=2) — g(=)| =| — = — =al.
> [g(~2) ~g(5)| = |~ 5 ~ 5al
5) 5 5 b5 5 30 25
\ﬁa<—6<:)—a>6<:>—§a>§6<:>—§—§a>—§+?—?
25 25
Suyra2M>7:>M Z—Mg
1 5
Truong hop 3: a = —6 = g(—2) = 154+ b = ¢(3), 9(5) =3 +b.
35 35 25 25
b > —— 1 b>15— — = — 1 b —.
a)>4<:>5—|->5 ) 4:>|5+|>4
25
Vay M > |g(—=2)| = [15 + b| > — = M.
35 5) 5) 35 25 5) 25
b)b<—z<:)§+b<§—z Z:>|2 b\>z
25
VayM>\g( )I—!—+bl 7 = Mo
35 23
c) b=——. Tacé g(x) =22* -2z — —.

4 4
1
Suyra ¢'(z) =4x -2, ¢(x)=0&z= 5
Bang bién thien:

1
X -2 5 3
g'(x) - 0 +
25 25
g2(x) 4 4
\ Py /
4

40
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Bai toan 8: Tim a,b dé n’[lax] |zt + ax? + b| dat min.
rze|—1,1
Dit 22 =t =t € [0,1].
* Loi gidi nho 1y thuyét xap xi déu tét nhat:
Ta thay ham s6 f(t) = t* 1om tren [0, 1].
Yéu cau bai toan tuong duong vdi:

Tim a,b dé max [t* + at + b| dat min.
te[0,1]

Tiic 1a ta di tim da thic xap xi déu t6t nhat bac nhat Q(t) = —at — b clia
ham s6 f(t) = t* tren [0, 1].

C6 f£(0) =0, f(1) = 1.

A(0,0), B(1,1) 14 2 diém thudc do thi ham s6 f(¢) = ¢ tren [0, 1].

Suy ra phuong trinh AB: y = t. ,

1
Céo f/(t) =2t. Vay 2tp =1 &ty = 5 = f(to) = 1

. . 1 1 1
Phuong trinh tiép tuyén cua f(t) taitg lac y=t — -+ - < y=t——.

2 4 4
R P2 Z N < N 1 1 1
Phuong trinh tiép tuyén can tim la: y =t + 5(—1) Sy=1t-— 3
Da thic xdp xi déu t6t nhat bac nhat ctia f(t) = ¢* trén doan [0, 1]
1
la: Q) =t — =.
Q) =t |
a=—1
—q =
Suyra{_b_l = b—l
: 8 1 1
vi GTNN dat duge: My = max (ﬂ i+ —‘ _ -
te[0,1] 8 8

* Huéng dan so cap:

Dua trén 10i gidi ciia viéc van dung 1y thuyét xap xi déu tot nhat & trén,
gido vien c6 thé dua ra 16p cac bai toan ma hoc sinh PTTH c6 thé giai
dugc theo so cap:

Bai tap 1: Tim a, b dé rr[lalxl] |z* + ax® + b| dat GTNN,
xe|—1,

Loi giai:
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Dat g(t) = t* + at + b, M = max |g(t)|.
tef0,1]

1 1
Tac@g(()):b,g(1):1+a+b,g(§):1+g+b.

Truong hop 1: a > —1. Ta cé:
3 1 1 1
>———:—=>l\4>§:l\40.

m4>‘1— —’:} ¢
> |19(1) —9(Q)| = |3+35]> 17577
Truong hop 2: a < —1. Ta c6 :
1 1 a
> |9(0) - 95)| = |- - 5
1 1 1

1 a
Via< -1 —a>1& —-—=->—"f - =
Ha < @= 4 2> 4 2 4

1 a 1 1
S 2M>‘———+ S M =M,
uy ra > -1 3> 17 M>3 0
Truong hop 3: a = —1.
) 1 1
Taco g(0) = b= g(1) . 9(3) = b~ ;.
. 1 1 1
a)Néub>§(:>]b|>§.VayM2\g(0)|:]b|>§:Mo.
1 1 1 1 1 1
N DI | A
b) Neub< =< b 15371 8<:>|b 4|>8
1
Vi M 2 [ot)| <[ 5] > § =
1
) Néub=-=g(t)=1 —t+§.
1
Tacég’(t):2t—1,g’(t):0<:)t:§.
Ta c6 bang bién thién:
1
b & 0 5 1
g'(x) - 0 +
MO MO
g(x) \ /
_MO
42
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, 1 1
Tﬁ%mﬂ%nﬁﬁniDMﬁw—i+—- My =3 vdia=—1b=

te[0,1 8 ’ -

. 1
Bai tap 2: Tim a, b dé |2* + ax? + b| < 3 , Vo € [-1,1].

Loi gidi:
Dit x2 =t =1t € [0,1].
\ . 1
Yéu cau bai toan: Tim a, b de \tz—l—at—l—b|§§,Vt€[O,1].
1
Ta xét lai 3 diem : t =1, =0 t_E dat g(t) =t + at + .
/ 11 1
Ta c6 g(0) =b,g(1) =14+ a+0b, 9(5):Z+§a+b'
Tu dé 11+ t+b|< , o] < ! )1+1 +b‘<1
6 suy ra a g 1139 <3
1 1 1 1 1 1
Vay —= < —b< =z (vilb|=|—0]), =< -+-a+b< -
y —g<-bso(pf=[-b), —gs +gat+bs g
Co G t 1<1+1 <1 1<1 <0
n i —— —— <=
ong vé véi vé ta co: 15717505 5 S50 <
—1<a<0 (1)
Ta lai cé 1<1-|— —I—b<1<:> 1< b1 b<1
a lai c6: —= a - =< —-——a-— —.
' 8~ -8 8~ 4 2 -8
o & i vé ta cé: 1<3+1<1<:> 1<1< 1
ong vé vii vé ta co: — < -+ pa < 7 <0< —5
s-2<a<-1 (2
Tw (1) va (2) suy ra a = —1.
1 1 1
Khi do6 ta co: |b| < = va |- —b| < —.
1oaco|]_8va|4 |_8
1 1 1 1 1 3 1 1 3
Ttr‘——b’<—<:>——<——b<— e p< e <ph<
4 1_8 18_4 8 8~ - 8 8~ T 8
Ma b < -=b=-.
al=g 8

1 1
Viéc con lai la ching minh ‘tQ —t+ g‘ < 3 vt € 10, 1]
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Ta ¢6 ‘t2—t+1’<1@——<t2—t+1<1@—1<t2—t<0
81— 8 8 — 8 4 = -
1
—— <t -t (t—=)2>0
& & 2
t2—t<0 (t—1)t <0

ludn duang véi moi ¢ € [0, 1].

Nhu vay ta chiing minh dugce:
1 1
Véia:—l,bzgthi t2 + at + b| <3 vt € [0, 1].
) 1 1
Két luan: a = =1, b= 2 thi )x4+ax2 +b‘ << vel-11)

* Cht y: Néu nhu & bai trén khong dat an phu t = 22t € [0,1], thi

sau khi da tim dugc a = —1,b = 3 phan con lai 13 :

1 1
Phai chitng minh: ‘x —1‘2—|—§‘ < 3 Vo e [—1,1].

C6 thé lam nhu sau:

Dit z = cosa, a € [0,
Tu do ‘x —x —I—S‘—‘cosoz—cos oz+8’——\8<zosoa—8cos a+ 1]
1 1+ cos2a 1 + cos 2a
=8 |l—F] -8 ——FF+1
8 ( 2 ) 2 T

1
= §|3—|—40082a—|—cos4& —4 —4cos2a + 1

1 1
=3 |cosdar| < 3 Va € [0, 7]

Nhan xét: Vay thuc chat cua 101 gidi nay 1a gi? Tai sao lai xét 9(5)

) 1 ) )
ma khong phai vi tri nao khac? So6 ¢ = 5 chinh 1a lay tut két qua ¥ nghia
hinh hoc clia xap xi bac nhat da trinh bay & chuong 1. Con ki thuat xét

. 1
thue chat 1a xét 9(5) —g(0)vag(1l)— 9(5)
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g()

_— e — —
—

0oy

1

2
1

Bai tap 3: CMR véi @ = —1,b = = thi GTLN clia y = |2t + ax? + b| 1a

nho nhat, tim gia tri d6?

Bai tap 4: V6i gia tri ndo ctia a, b thi GTLN ctia ham s6 y = |x4 +ax® + b‘
dat GTNN trén [—1,1].

Bai toan 9: Tim a, b dé max
x€[1,2]

1
— — (ax + b)| dat min.
T
* Loi gidi nho 1y thuyét xap xi déu tét nhat:
Yéu cau bai toan tuong duong vdi:
Tim da thic xap xi déu t6t nhat bac nhat Q(z) = ax + b cia ham s
1
f(z) = — trén [1,2].
T
. 1 1 . 1
Xét hamso: f (x) = —. Suyra f(1) =1, f(2) = 5 Ta thay A(1,1), B(2, 5)
T
, . ) 1
1a 2 diem thudc do thi ham s6 f (z) = — trén [1, 2].
T

) 1 3

Khi d6 phuong trinh ducong thing AB la : y = —5% + X
P4 4 ]—
Ta co : f'(x) = ——;. Vi tiép tuyen song song véi AB nén : —— = —_.
T To 2

Suy ra g = V2 = f(z) = %

Phuong trinh tiép tuyén tai 2o = v/2 1a :

1 1 1
y 2(a: \/_)+\/§<:>y 2x+\/_
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Vay dudng thang can tim 1a dudng song song cach déu ciia duong AB va

1 1 3 2
tiép tuyén tren 1 : y——§x+2< +\/_> @y:—§x+1+§.

T d6 ta c6 da thiic xap xi déu t6t nhat bac nhat cia ham s6 f(x) = —
T

1 3 2 1 3 2

2
1 1 3 2 3 2
4 4 2

T

GTNN dat duge: My = max
x€[1,2]

[\

* Huéng dan so cap:

1
Dit g(2) = — —(ax+b), M = max lg(2)]-

Tacég(l):1—a—b,g(2):%—2a—b,g<\/§):%—\/ﬁa.

1
Truong hop 1: a > 5

Ta c: 2M > |g(v/2 1)‘:‘——\/_a—1—|—a—|(\/§—1)(%—|—a).
N 111
1a > §<:>a+ﬁ>ﬁ 5
1 1 1. 3
@(\/5—1)(%+a)>(\/5—1)(%——):5—\/5>0.
Vay2Mzg—\/§:>§—§:Mo.
Truong hop 2: a < —%.
Ta 6 2M > g(\/§)—g(2)‘:‘%(\/5—1)4—\/5&(\/5—1)‘
- |2 16+ evB)| = 1= VB - avE)
V2 1. 3
>(\/§—1)(7—§):§—\/§-
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3 V2
S M >-—— = M,.
uy ra >4 5 0
1 1 2 1
(Via<—§:>—a>§:>—a 2>§ ———a\/_ £—§>O)
1
Truong hop 3: a = 5
3
Khi d6 g(1) =5 —b=9(2), g(v2)=v2-b
) 3 V2 3 V2
Né T S SN S
a) eub>4+2<:> b<4 5
3 V2 3 V2
2 — 2 Yo _[(Z2_2X2
b<v2-7-3 (4 2)
3 V2
—q 2V
‘J_ :>4¢3
3 2

3 V2 3 3 3 V2 3 V2
b) Néu b V290 _ o2 2 _Vi2_9 V2
JNwb <+ ey b 1 T
3 3 2
WyM>@(N—h—4>Z—%;:MF$M>A%
3 V2 1 1 3 V2
Néub ==+ L= R AT
c) Néu 1 2:>g(x) x+2x (4+2)
1 1
Suy ra ¢'(z) = —P—i—ﬁ,g’(:p) =0 z=+2,rcll,2.
Bang bién thién:
x |1 V2 A
g'(x) — 0 +
M, M,
g(x) \ /
_MO
A7
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Bai toan 10: Tim a, b dé max
x€[1,n]

1
— — (ax + b)‘ dat min.
T

* Loi gidi nho 1y thuyét xap xi déu tét nhat:
Yéu cau bai toan tuong duong vdi:
Tim da thic xap xi déu t6t nhat bac nhat Q(z) = ax + b clia ham s

fz) = % tren [1,n], tinh £(1) = 1, f(n) %

1 . R .
A(1,1), B(n, —) la 2 diém thuoc do thi ham s f(z) = 1 tren [1,n).
n
1 n—+1

Phuong trinh dudng thing AB: y = ——a + , he s6 goc k = ——.
n n
1 1
Xét f(x)=—= fl(x) = ——.
flo)=—= flla) = -5 1 1
Vi tiép tuyén song song AB nén :(—— = —— = 19 = y/n, 39 € [1,n],
x n

suy ra f(xg) = %

Khi d6 phuong trinh tiép tuyén tai zo = y/n la :

1 1 1 2
= ——(z — —ey=——+—.
y=——(z—vn)+ N
. . 1 1 1
Ta c¢6 phuong trinh duong thang can tim la: y = ——x + ( + nt ).
n vn oo 2n

Vay da thic xdp xi déu t6t nhat bac nhat ctia ham s6 f(x) = — tren
T

[1,n] la:
1 1 n+l 1 1 n+l
= — = — b: .
Q(z) n$+(\/ﬁ+ 5, ) SW T Q= ——, NIRRT
1 1 1 1 1 1
GTNN dat duge: My = max |~ — (——a 4+ —— + 2y =252 2
z€[ln] | T n Vn 2n 2n  /n

* Huéng dan so cap:
1

Dat g(z) = — — (ax+b), M = max |g(x)|.
T

x€[1,n]

TaCég(1>:]_—a—b’g(’n,):l—na—b’g(\/ﬁ)zi
n

\/ﬁ—a\/_—b.

1
Truong hop 1: a > ——.
n
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Suy ra 2M > (y/n — 1)(——%) —

1
Truong hop 2: a < ——.
n

Taco 2 2 lo(v) ~ go)l = (Vi = 1) (avii+ )| = (Vi = |3~ av.
Via<—%(:)—a>%<:>—a\/ﬁ>%
1 1 1

& —— - > = —.
n avn n+\/ﬁ

n—+1 2

Vay 20 > (Vi = 1) (== 1) =
n—|—1_ 1
nVa

1
Trudng hop 3: a = ——. Ta c6 g(1) =
n

Suy ra M >

M.

n-+1

1
khi dé:

a) Néu b > ( —|— )
n—l—l 1 2 n+1 1 2
—b< — — + = —( .
2n \/_ Vn 2n NZORRVAD 2n vn
2 +1 1
2 (2 )
Vn on  \/n
n—+1 1

2
M 2 ot = | -0 (-
. 1 n+1 1 n+1
b, Neu b < S —b > — _
e \/ﬁ+ 2n N
(:)n+1 b>n+1 I n+1 n+1 1
n n Vo o 2n  2n  /n

_b<_

Suy ra

) = M.
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1 1 1
Vay M > |g(1)] = |2 —b‘ "L g,
2n n
. 1 1
C)Néub—n+ — :
2n vn
1 1 1 n+1

Khidé: ¢'(z)=——=+—,¢(z) =0z =/n.
2 n
Bang bién thien:

% 1 n 4
g'(x) — 0 +
( ) MO MO
gux /
\ .

Nhan xét:Qua bai todn 9, bai toan 10, ta c6 thé dua ra mot 16p cac
bai toan ¢6 1oi giai tuong tu va don gian hon v6i n = 4,9, 25, ...

Bai toan 11: Tim a, b dé max
2<x<6

2
+ +ax+b‘ dat min.
r—1

* Loi gidi nho 1y thuyét xap xi déu tét nhat:
Yéu cau bai toan tuong duong véi: Tim da thic xap xi déu tot nhat bac
. . 2
nhat Q(z) = —ax — b cia ham s6 f(z) = v : trén [2, 6].
a:' —_
x4+ 2 8
“Ta 6 f(2) = 4, /(6) =

Xét ham s6: f(z) =

. . g.
8 . . . 2
A(2,4), B(6, 5) 14 2 diem thuoc do thi ham s6 f(x) = v : trén [2,6].
x —_
3 26 . 3
Khi d6 phuong trinh AB: y = T + 5 hé so goc k = —%
3
Ta co f'(z) = ———.
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3 3

flle)=ke —F=——sz,=1+b€[2,60].
(2o — 1) D
3+V5
= f(z0) = .
f( 0) \/g
3 6
Phuong trinh tiep t t =1 1 = ——
ng trinh tiép tuyén tai x ++/5 1 Y 5x+< \/3>
Tudot huong trinh dudng tha t ’ + + ’
6 ta co ng trin ng thang can tim: y = ——a + — + —
Vay da thitc xap xi déu t6t nhat bac nhat clia ham s6 tren [1, 2] 1a:
3 17 3 3 17 3
=——2+—+—.85 ==, b=—(—+—.
Q(x) 5:1:—1—5+\/5 uy ra @ =, <5+\/5)
r+2 3 17 3 9 3
GTNN dat duge : My = —-r—(—+—4)|==-— —.
at dugc : My g{%ﬁ]x—1+5x (5+\/g)‘ : =

* Huéne dan so cap:
g p:

5 T+ 2
Dt g(a:):ﬁ—kax—kb M_2I£1;?§6‘g( ).

8
Tacég(2):4+2a+b,g(6):g+6a+b,g(1+\/5):(1+\/3)a+b.

3
Truong hop 1: a > B Ta co:

2M > [ £(1+ VB)| +|£(6)

3 3
’fl—f—\/_ ‘—‘\/_—5)a+(%—5)‘
6= VBt (G-
SuyraM>(§—%):Mo.
3

Truong hop 2: a < 3

Ta c6 2M > | (1 + V/5) —f(z)‘ - ’(JS— a +
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o623
SuyraM>(§—%):Mo.

3
Truong hop 3: a = 5

26 8 6
a co: g(2) = = +b=g(6) , g(1+ V) st ET
a)b>—(£+i)@%+b>%_£_i_g_i
5 V5 5 5 5 b 5 B
26 9 3
S — + b > - — —= = M,.
uy ra 5+ ‘>5 7 0
20
Vay M 2 [g(2)] = | + b > Mo.
17 3
b)b< —(—+ —).
Tacoo+ O ppeS 0 1T 3 9 3,
5 V5 575 5 V5 5 B
8 6 9 3
Suyra |- 4+ —=+b| > - — — = M,.
IR ‘ VA
8 6
Va M2’ 1+\/5‘:‘—+—+b‘>M.
17 3 r+2 3 17 3
b=—(— 4+ ——=). Khi d¢ = —r—(—+—).
3 3
Ta ¢6 ¢'(x) = — s+=, J@)=0e2=1+V5 €[2,6.
(x—1)" 5
Bang bién thien:
g'(x) - 0 e
M, M,
g(x) \ /
_MO
52
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2
. 20 — 1
Bai toan 12: Tim a, b dé max vzl (ax + b)| dat min.
x€[0,1] r+1

* Loi gidi nho 1y thuyét xap xi déu tot nhéat:
Yéu cau bai toan tuong duong vdi :
Tim da thitc xap xi déu t6t nhat Q(x) = ax + b ctia ham s6

fla) = % tren [0, 1]. C6 £(0) = —1, f(1) = 1.

Ta thay A(0,—1), B(1,1) 1a 2 diém thuoc do thi ham s f(x) tren [0, 1].
Khi d6 phuong trinh AB la: y = 2x — 1, hé s6 goc k = 2.
2
Ta co: f'(x) =1+ ——.
(z + 1)
2

fl(wo) =k 1+ — 2o 3)=—14++/2¢€0,1].

(SU() + 1)2

Phuong trinh tiép tuyén ctia f(z) tai 2o = —1 + /2 lay = 20 + 2 — 2V/2
. . 1

Khi d6 phuong trinh duong thang can tim la: y = 2x + 5~ V2.

Vay da thiic xap xi déu t6t nhat ctia ham s6 tren [0,1] 1a

1 1
Q(m):2x+§—\/§.Suyraa:2,b:§—\/§.

2 4+2r—1 3

1
GTNN dat duge: My = max |=————— — 22 — — + /2| =2 — =,
x€[0,1] r+1 2 2

* Huéng dan so cap:

24201
roerm (ax +b), M = max |g(x)|.

Dat g(x) =
atgle) = — rel0]

Taco g(0)=—1—-bg(l)=1—a—b, g(—1+v2) = (1 —v2)a—b.
Truong hop 1: a > 2.
Ta c6 2M > ‘9(0) —g(—1+\/§)‘

- ‘—1+(\/§—1)a‘ > 1+ (V2-1)2=2V2-3

3
SuyraM>\/_—§:M0.
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Truong hop 2: a < 2.
Ta ¢6: 2M > g(l)—g(—1+\/§)’:’1+(\/_—2)a
>14+(vV2-2)2=2/2-3.
SuyraM>\/_—g:M0.
Truong hop 3: a = 2.
Ta c6 g(0) = —1 —b=g(1), g(—1 +2) =2 — 2V/2.
1 1
a)b>§—\/§¢>—b<\/_—§
1 3
@(2—2\/5)—b<\/§—§+(2—2\/§):—<\/_—§).
3
vayleg(—1+\/§)’:’(2—2\/§)—b> 2-5 =M.

b)b<%—\/§<:>—b>\/§—%<:>—1—b<\/§—%—1:(\/_—g)

3
<:>|—1—b\>\/§—§.

3
Vay M > [g(0)] = [=1=b| > V2 — 5 = M,
1 24 2x -1 1
Suy ra ¢'(x) =1+ —2= — 1.
(x+1)2 (x+1)2

Jr)=01=—-1+2
Bang bién thién:

x| 0 ~1++2 1
g'(x) + 0 —
| e .
i, .
54
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Bai toan 13: Tim a, b sao cho m[golc] v/ — (ax + b)| dat min.
xe|U,

* Loi gidi nho 1y thuyét xap xi déu t6t nhat:

Yéu cau bai toan tuong duong vdi:
Tim da thic xap xi déu t6t nhat bac nhat Q(z) = ax + b cia ham s
1
x) =+/x trén [0,1]. Ta c6 f'(x) = —=
o) = VE tren 0,1). Taco ') = 5
1 1

f'(x) = NG <0,

Khi d6 f(z) 16i tren [0,1] va O(0,0), B(1,1) 1a 2 diém thuoc do thi ham
s6 f(x) = y/x. Nen phuong trinh OB la: y = x, hé s6 goc k = 1.

Gid st C 1a diém thuoc do thi ham sé f(x) = 1/, ma tiép tuyén véi dd
thi C' song song v6i OB, nén hoanh do diém C' 14 nghiém phuong trinh:

['(wo) = k. Hay :1©$0:17f($0):—-

2./Z 1 2

. . 1 1 1
Phuong trinh tiép tuyén tai C: y = (z — =)+ - < y=x+ —.

z € [0,1].

47 2 4
2 N P 2 ]-
Duong thang song song cach deu OB va tiep tuyen tai C' la: y = x + 3
y
| B
1| €

Vay da thitc xap xi déu t6t nhat bac nhat ctia f(z) trén [0, 1] la:
1
Q(x) :.T}-l—g. Suyraa=1,b=

oo |
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GTNN dat duce My = max
x€0,1]

* Huéng dan so cap:

Xét tai 3 diem O, B, C véi cac hoanh do z = 0,z =

Cdach 1: Dat g(x) = /x — (ax + b), M = max |g(x)|

1

4

Ta c6 g(0) = =b,g(1) =1—a—10 g(-)

Truong hop 1: a > 1. Khi doé:
o)

3a 1
-)—g(1

Do)

Truong hop 2: a < 1. Khi d6 2M >

MJZP( 42

DN S
a —a > — —— =
2 14

1
>-—-= M >
4

1
2
1 a

S 2M >
uy ra _‘2 1

Truong hop 3: a =1 = g(0) = —b

1 1
b > — —.
a)b> 2 3

1
Vay M 2 |g(0)] = |-b] = o] >

< |b] >

1 1 1
b< - -b< ——&—-——b>
8 8 4

i

) L
)

ol

1
> = M,

S b
8

Vay M > |g( )

1
3 khi d6 g(x) = /x

1

2z

Bang bién thien:

1
- — .

8

c)b

Nén ¢'(z) = 1,
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8

1

VE—a— g

1
3

,x = 1.

| =

z€[0,1]

1 a

S

M.

2 4

1
g

1
g’(:z:):()(:):zjzz
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1
e | o - 1
g'(x) + 0 —
,
g(x) B
L =,
8 8
Cach 2: .
Xét taix:O,x:Z,azzl, dat f(x) = |v/x — (ax + b)|.
) 1 1 a
Ta 06 f(0) = o, £(1) = 1= =t =l + 0 11, £ =[5 = § -]

1
Suy ra f(1)+4f(1) =la+b—1|+1]2—a—4b] > |1 — 30|
Dau” ="xdyra< (2—a—4b)(a+b—1) > 0.
1
Ta lai suy ra duge f(1) +4f(1) +3f(0) > |1 —3b|+3|b] > 1.
(1-3b)3b>0

Dau” =" x4y ra &
(2—a—4b)(a+b—1)>0

. 1
Do d6 neu dat M = m[%a(]\f(x)\ thi SM > 1= M > 3
xe|U,
( 1 1
F1)= FG) = 0) = ¢ -
1
M=2<9 (1-30).3>0 RO T
8
L 2—a—4b)(a+b—1)>0
Vaya=1,b= » va M= NG L1y
aya=1Lb=_va _:512[%,}1{} T-g-gl=g=M
D7
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Bai toan 14: Tim a, b dé mgul( |/r — (ax 4+ b)| dat min.
z€|

* Loi gidi nho 1y thuyét xap xi déu tot nhat:
Yéu cau bai toan tuong duong vdi:

Tim da thic xap xi déu tot nhat bac nhat Q(x) = ax + b ctia ham s6

f(z) = Jx tren [0,1]. Ta co f(0) =0, f(1) =
D& thay A(0,0), B(1,1) 1a 2 diém thuoc do thi ham s6 f(z) = V.

Nén phuong trinh AB 1a : y = x, he s6 goc k = 1.

1
Ta co & =
) = g7 o) =k s
1 1
Suyraxg=——= € |0,1], f(x9) = —.
y 0 3\/§ [ ] f( 0) \/g
) ) 1 2
Phuong trinh tieép tuyen cua f(z) tai xg = lay=o+——.
g p tuy f(x) tai zg 373 Y Wi
1
Khi d6 phuong trinh dusng thang can tim la: y = 2 + ——= Vel
GTNN dat duge My = max |z —x — ! |— !
' T e 3v3| 33
* Huéng dan so cap:
Dit g(x) = & = (az -+ 8), M = max |g(a)]|.
1
Ta 6 g(0) = —b, g(1) = 1 —a— b, g(——r) = — Ly
a co = —b, =1—a-—b, = —a —b.
g ) g 33 /3 33

Truong hop 1: a > 1.

Cle—=1)(BV3-1)+2 2
= ‘(—f) ()| 3v3 T3V
SuyraM>3\1/§—M0

58
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Truong hop 2: a < 1.

1 3—a 3—-1 2
Ta c6 2M > |g(—=) — g(0)| = > = .
_|g(3\/§) 4 )‘ ‘3\/3 3v3  3V3
1
Suy ra M > —— = M,.
y 3\/3 0
1 2
Truong hop 3: a=1. Ta c6 g(0) = —b = ¢g(1), V=" _
g hop 9(0) 9()9(3¢§) 33
1
b>——<|b| >
) b> e >
1
Khi M > |g(0)| = |—b] = |b] > —= = M.
> 1g(0)] = [-b] = [b] Wi 0
1 2 2 1 1
b)b < & —b> — — ,
) 3v3  3V3 3v3 3V3 3V3
1 2 1
Khido M > |g(—=)| = |—= — b| > ——= = M,.
‘|g(3\/§)‘ ‘3%3 | 33
1 1 1
c)b=—~=.Tacog(zx) = /v —2— ——=, Suyra ¢(z) = -1
b= Tacd g(a) = ¥ e veng(e) = 5o
1 1
—0e1-3Ve2=0e Va2 = —@x——éx:—EO,l.
g'(x) o T €01
Bang bién thién:
1
X 0 W 1
g'(x “+ 0 —
MO
g(x) / \
_MO _Mo

Chi y: Ta c6 thé bién dang bai toan nhu sau:

Tim a, b dé m[guf] at’ +t + b‘ dat GTNN.
te

(Néu dat #3 = x thi quay vé bai toan tuong tu nhu trén).

29
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Bai toan 15:Tim a,b dé m[ax] |/z — (ax + b)| dat min.
z€(0,1

* Loi gidi nho 1y thuyét xap xi déu t6t nhat:
Yéu cau bai toan tuong duong vdi:
Tim da thic xap xi déu t6t nhat bac nhat Q(z) = ax + b cia ham s

f(z) = /x trén [0,1]. Ta c6 f(0) =0, f(1) = 1.
Dé thay A(0,0), B(1,1) 1a 2 diém thuoc do thi ham s6 f(z) = /.

Khi d6 phuong trinh AB 1a : y = x, hé s6 goc k = 1.

1 .. 1 1
Taco fl(x) = —axn = —.—
n n €T n
1 1 1 n—
FlO)=ke - —5 =1 =x""

Suy ra f(zy) = ((%) ) _ (%)

. . 1\
Tt d6 ta c6 phuong trinh tiép tuyén cta f(z) tai xg = (—) 1a:
n
1\ 7ot 1\ it 1\ 1\ it
y=xr—|\~- +{ - =r— |- + (=
n n n n
() (-5) = ()
S 1— ) =az+ )
n n n \n
_1

. R n—1 1\~
Suy ra phuong trinh duong thang can tim : y =z + 5 (—) :
n n

Vay da thic xap xi déu t6t nhat bac nhat ciia f(x) tren [0, 1] 1a

1 1
— ]_ ]_ n—1 — ]_ ]_ n—1
Q(x):x+n (—) ,néntacéazl,b:n (—) .

2n n 2n n
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GTNN dat duge: My = max
x€0,1]

n—1/1\m1
—

* Huéng dan so cap:

Dat g(z) = ¢z — (ax +b), M = max |g(2)]-
xe|U,

Tac6 g(0) = —b, g(1) = 1—a—b, g ((%)) _ (%)-ﬁ(%)

Truong hop 1: a > 1.
1\7T 1 /1\nT
n n\n

g <<%)1> —g(1)

1_ 1 1 1
n—a—nns !+ anmnia ann~—n—a—nmnr—1+14+n-—1
1

n.nn-1

Ta c6: 2M >

Truong hop 2: a < 1

y ((%)) —9(0)

Ta co: 2M >

L/1\"1 L1\
Via<1(:>—a>—1<:>—a.—(—> >——<—>
n\n n\n
() =60 S0 60
= | — —a.—\ — > | = - = = — .
n n\n n n\n n o \n
61
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Neén ta c6 2M >

() ()
— —a.—.| —
n n \n

—1/1 "
Hay M > n (-) = M,.
2n n

Truong hop 3: a = 1.

ta 6 g(0) = —b = g(1) . g ((%)) _ ”;1@) Y

) 1 /1\7T 1 /1\
a)Néub>n2 (—) (:)|b]>n (—) :

n n 2n

n—1 /1\m
Vay M = g (0)] = |—b] = bl > * (-) — M,
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Bang bién thien:

clo (AT
g'(x) + 0 -
M,
g(x) / \
M, M,

Nhan xét: Qua cac bai toan 13, 14, 15 ta c6 thé dua ra mot 16p cac
bai tap c6 161 gidi tuong tu:

Bai tap 1: Tim a, b dé m[%}i lv/r — (ax + b)| dat min.
HAS

Bai tap 2: Tim a, b dé Hfai{ |v/z — (ax + b)| dat min v6i k € N.
x€[0,k?

Bai tap 3: Tim a, b dé m[%>5< lv/r — (ax + b)| dat min.
HAS

Bai tap 4: Tim a, b dé maX vz — (ax + b)| véin € N.

x€[0,n]

Bai tap 5: a, b dé maX |/x — (ax + b)|, (v6i n 1a mot s6 chinh phuong).

z€[0,n]

Bai tap 6: Tim a, b dé m{az;; |/z — (ax + b)| dat min, véi k € N,
z€|0
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Két luan

Trong luan van nay, toi da trinh bay vé mot so6 van dé ve 1y thuyét xap
xi déu tot nhat va tng dung trong toan so cap. Cac két qua thu duge cu
the la:

1) Nhic lai mot s6 khéi niém va vi du ctia giai tich vé khong gian Metric,
khong gian Banach, khong gian Hilbert.

2) Nhic lai duge dinh nghia, dinh 1y ctia 1y thuyét xap xi déu tot nhat,
truong hop dic biet xap xi bang da thic bac khong, xap xi bang da thic
bac nhat.

3) Stt dung ly thuyét xap xi déu t6t nhat dé gidi quyét mot 16p cac bai
toan so cap v6i cac ham sé thuong gap.

4) Ap dung cac bai tap da lam dudc dé dua ra mot so6 dang bai tap
tuong tu phuc vu cho qua trinh on tap hoc sinh giéi ¢ Trung hoc pho
thong.

Trong luan van nay, toi chua xét dén viéc tim xap xi déu tot nhat bac
cao hon bac nhat cho mot 16p cac ham s6 phiic tap. D6 1a nhitng bai toan
tuong do6i phic tap doi hoi nhiéu kién thitc sau rong va tinh toan ti mi. Toi
rat mong nhan dudc su gép ¥ ciia quy thay co va cac ban dé hoan thien
hon, mé rong hon luan van nay. Toi xin tran trong cam on!
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